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REGULATORS FOR RANKIN-SELBERG PRODUCTS OF MODULAR FORMS

FRANCOIS BRUNAULT AND MASATAKA CHIDA

Dedicated to Professor Glenn Stevens on the occasion of his 60th birthday

ABsTRACT. We prove a weak version of Beilinson’s conjecture for non-critical values of L-functions for the
Rankin-Selberg product of two modular forms.

INTRODUCTION

In his fundamental paper |2, §6|, Beilinson introduced the so-called Beilinson-Flach elements in the higher
Chow group of a product of two modular curves and related their image under the regulator map to special
values of Rankin L-series of the form L(f ® g,2), where f and g are newforms of weight 2, as predicted by
his conjectures on special values of L-functions. These elements were later exploited by Flach [17] to prove
the finiteness of the Selmer group associated to the symmetric square of an elliptic curve. More recently,
Bertolini, Darmon and Rotger [4] established a p-adic analogue of Beilinson’s result, while Lei, Loeffler and
Zerbes [26] constructed a cyclotomic Euler system whose bottom layer are the Beilinson-Flach elements.
These results have many important arithmetic applications ([5], [26]).

Our aim in this paper is to define an analogue of the Beilinson-Flach elements in the motivic cohomology
of a product of two Kuga-Sato varieties and to prove an analogue of Beilinson’s formula for special values of
Rankin L-series associated to newforms f and g of any weight > 2. More precisely, we prove the following
theorem.

Theorem 0.1. Let f € Sp2(I't(Nf), x5) and g € Spp2(I'1(Ng), xg) be newforms with k,£ > 0. Let N =
lem(N¢, Ng), and let j be an integer satisfying 0 < j < min{k,{}. In the case j = k ={, assume that g # f*
and N > 1. Assume that the automorphic factor Ry g n(j + 1) defined in Section 5 is non-zero (this holds
for example if gcd(Ng, Ng) =1 orif k+ € — 25 ¢ {0,1,2}). Then the weak version of Beilinson’s conjecture
for L(f ® g,k + ¢+ 2 — j) holds.

The range of critical values (in the sense of Deligne) for the Rankin-Selberg L-function L(f ® g, s) is given
by min{k, ¢} + 2 < s < max{k, ¢} + 1, so that our L-value L(f ® g,k + ¢ + 2 — j) is non-critical. In fact,
the integers 0 < j < min{k, ¢} are precisely those at which the dual L-function L(f* ® g*, s+ 1) vanishes at
order 1.

We refer to Theorem 7.7 for the explicit formula giving the regulator of our generalized Beilinson-Flach
elements. In the weight 2 case, an explicit version of Beilinson’s formula for L(f ® g,2), similar to Theorem
7.7, was proved by Baba and Sreekantan 1] and by Bertolini, Darmon and Rotger [4]. In the higher weight
case, a similar formula for the regulator of generalized Beilinson-Flach elements was proved by Scholl (unpub-
lished) and recently by Kings, Loeffler and Zerbes [25]. While the article [25] uses motivic cohomology with
coefficients, we choose to work directly with motivic cohomology of the Kuga-Sato varieties. Despite this
different language, the motivic elements and their construction are the same. However, as a difference with
[25], we prove that our generalized Beilinson-Flach elements extend to the boundary of the Kuga-Sato vari-
eties, in accordance with Beilinson’s conjectures which are formulated for motives of smooth proper varieties
(see Sections 8 and 9).

Another interesting problem is the integrality of the generalized Beilinson-Flach elements. In the case f
and g have weight 2, Scholl proved that if g is not a twist of f, then the Beilinson-Flach elements belong to
the integral subspace of motivic cohomology [32, Theorem 2.3.4]. We do not investigate integrality in this
article, but it would be interesting to do so using Scholl’s techniques.
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The plan of this article is as follows. In Section 1, we state a version of Beilinson’s conjecture for
Grothendieck motives. In Section 2, we recall some basic results about modular curves, Kuga-Sato vari-
eties and motives of modular forms, and we describe explicitly the Deligne-Beilinson cohomology associated
to the Rankin product of two modular forms. After recalling Beilinson’s theory of the Eisenstein symbol
in Section 3, we construct in Section 4 special elements Z%%7(3) in the motivic cohomology of the product
of two Kuga-Sato varieties. We recall standard properties of the Rankin-Selberg L-function in Section 5
and give the description of Deligne-Beilinson cohomology of smooth open varieties in terms of currents on a
smooth compactification in Section 6. We carry the computation of the regulator of our elements ZF:67 (8)
in Section 7. We then show in Sections 8 and 9, using motivic techniques, that a suitable modification of
the elements %47 (3) extends to the boundary of the Kuga-Sato varieties. Finally, we give in Section 10 the
application of our results to Beilinson’s conjecture.

We would like to thank Frédéric Déglise and Jorg Wildeshaus for very stimulating discussions on the topic
of motives, José Ignacio Burgos Gil for helpful advice on Deligne-Beilinson cohomology, and Francesco Lemma
and Jan Nekovar for helpful discussions and comments on our work. We also thank the anonymous referee
for improvement suggestions. The first author is partly supported by the research grant ANR Régulateurs
(Grant Number ANR-12-BS01-0002). The second author is partly supported by JSPS KAKENHI (Grant

Number 23740015) and the research grant of Hakubi project of Kyoto University.

1. BEILINSON’S CONJECTURE

Let X be a smooth projective variety over Q. For a non-negative integer ¢ and an integer j, let ij (X,Q(y))
be the motivic cohomology and H}(Xg,R(j)) be the Deligne-Beilinson cohomology. Then one can define
natural Q-structures B; ; and D; ; in detr (Hy * (Xgr, R(5))) (see Beilinson [2, 3.2], Deninger-Scholl [15, 2.3.2]
or Nekovar [27, (2.2)]). Denote the integral part of motivic cohomology by H' (X, Q(j))z (see Beilinson |2,
2.4.2] if X has a regular model over Z and Scholl [32, 1.1.6. Theorem| for the general case). Then Beilinson
defined the regulator map

rp s (X, Q) — HEL(Xa, R()))
and formulated a conjecture for the special values of the L-function L(h*(X),s) as follows.

Conjecture 1.1 (Beilinson [2]). Assume j > (i 4+ 2)/2.
(1) The map rp @ R : HY N (X, Q(4))z ® R — Hi ™ (X, R(4)) is an isomorphism.
(2) We have rp(det Hj\jl(X,Q(j))Z) = L(h(X), ) D;; = L*(h'(X),i+1—34) B, where L*(h*(X), m)
is the leading term of the Taylor expansion of L(h'(X),s) at s = m.

In the case of the near-central point j = (1 + 2)/2, we have the following modified conjecture. Let
NI7H(X) = CH Y X)pom ® Q be the group of (j — 1)-codimensional cycles modulo homological equivalence.
The cycle class map into de Rham cohomology defines an extended regulator map

ip : Hi (X, Q())) & NT7HX) — Hp ™ (X, R(j)).

Conjecture 1.2 (Beilinson [2]). Assume j = (i + 2)/2.
(1) (Tate’s conjecture) We have ords—; L(h*(X), s) = — dimg N~ }(X).
(2) The map ip @R : (Hj\'/’l'l(X, Q())z® N X)) @R — HS (Xg,R(j)) is an isomorphism.
(3) We have ip(det(Hyy' (X, Q(j))z ® NV71(X))) = L*(h'(X), ) - Diy = L*(h'(X),j — 1) - By,

Although Beilinson’s conjectures are most naturally formulated for Chow motives, the motives associated
to modular forms of general weight are Grothendieck motives, but are not known to be Chow motives. We
therefore need to formulate a (weak) version of Beilinson’s conjectures for Grothendieck motives.

Let M = (X, p) be a Grothendieck motive over Q with coefficients in L, where X is a smooth projective
variety over Q and p is a projector in CHE™X (X x X),om ®g L. We define the Deligne-Beilinson cohomology
of M by

Hp(M, j) = p«(Hp(Xr, R(j)) © L).
We have an L-function L(h*(M), s) taking values in L® C. Moreover, there are natural L-structures B; j(M)
and D; ;(M) in detrorHpy ' (M, j). We define Beilinson’s regulator as the composition

rp s HYHX,Q())) ® L — HiH(Xg,R(j)) ® L — HE (M, j),
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where the last map is the projection induced by p.. Similarly, we define an extended regulator map 7p in
the case j = (i +2)/2. Then the weak version of Beilinson’s conjecture for L(h*(M), s) can be formulated as
follows.

Conjecture 1.3. Let MV = (X,*p) be the dual motive of M.
(1) If j > (i +2)/2, then there exists a subspace V of Hii'(X,Q(4)) such that p.(rp(V ® L)) gives an
L-structure of Hiy ' (M, j) and
det pi(rp(V ® L)) = L(h'(M), ) - Dij(M) = L*(B'(M"), i + 1 = j) - Bi j(M).
(2) If j = (i+2)/2, then there exists a subspace V of H}dl'l(X,Q(j)) @ N/=Y(X) such that p.(Pp(V @ L))
gives an L-structure of HZD'H(M,j) and
det ps(fp(V ® L)) = L*(h'(M), 5) - Di,j(M) = L*(h'(M"),i + 1 — j) - Bij(M).

Remark 1.4. We could have required a stronger property in Conjecture 1.3, namely that V' is a subspace of
Hﬁl(X ,Q(7))z. But since we don’t consider the problem of integrality of elements of motivic cohomology
in this paper, we leave Conjecture 1.3 as it is.

2. MOTIVES ASSOCIATED TO RANKIN PRODUCTS
In this section we recall some basic properties of motives associated to Rankin products.

2.1. Modular curves and Kuga-Sato varieties. Let N > 3 be an integer. Let Y () be the open modular
curve with full level NV structure defined over Q. It represents the functor sending a Q-scheme S to the set
of isomorphism classes of pairs (F, ), where E is an elliptic curve over S, and « : (Z/NZ)? S E [N]. The
complex points of Y(IN) are described as follows [14, (3.4)]. Let H be the upper half-plane. Then we have
an isomorphism

(2.1) Y (N)(C) = SLy(Z)\(H x GLa(Z/NZ))

where SLa(Z) acts by Mdbius transformations on A and by left multiplication on GL2(Z/NZ). The isomor-
phism (2.1) sends the class of (7,g) € H x GL2(Z/NZ) to the C-valued point (E-, ) with

E,=C/(Z+7Z)  ang(v) = ( ;f ;) gv.

The group GLy(Z/NZ) acts from the left on Y (N) by the rule v - (E,a) = (E,a o'y). On the complex
points, this action is given by v - [(,9)] = [(T, ¢"7)]-

The modular curve Y(N) is not geometrically connected. Indeed, we have an isomorphism of Riemann
surfaces

(2.2) i (Z/NZ)* x D(N\H = Y(N)

where I'(IV) is the kernel of the reduction map SLa(Z) — SLa(
the C-valued point (E;,«) with a(e;) = [ar/N] and a(es) = [1/
(Z/NTZ)?.

For an integer N > 4, define the modular curve Y;(N) = G1\Y (V) where G; is the subgroup of

GLy(Z/NZ) given by
Gy = {(3 i)} C GLy(Z/NZ).

The modular curve Y7 (V) represents the functor sending a Q-scheme S to the set of isomorphism classes
of pairs (E, P), where E is an elliptic curve over S, and P is a section of F/S of exact order N: for
every geometric point s : Speck — S, the point P o s has order N in E(k) (see [24, 2.1] and [16, 8.2]).
The canonical map Y (N) — Y1(NV) sends a pair (E,«) to the pair (E,a(e2)). We have an isomorphism
Yi(N)(C) 2Ty (N)\'H, where

Ty (N) = {(i Z) € SLy(Z)

C)

: )]

a
Z/NZ). Note that p(a,7) corresponds to
N], where (e1,e2) is the canonical basis of

—~

c=0,d=1 modN}.
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This isomorphism sends the class of 7 € H to the C-valued point (E-, [+]). Note that we have a commutative
diagram
H  —— Y(N)(C)

l !

T (N)\H —— Yi(N)(C)
where v is the holomorphic map defined by

o[ )

Let X(N) (resp. X1(N)) be the smooth compactification of Y (N) (resp. Y;(IV)), obtained by adding a
finite number of cusps. By (2.2), the set of cusps of X (N)(C) is in bijection with (Z/NZ)* x I'(N)\P*(Q).

The set of cusps of X1(N)(C) is in bijection with T'1(N)\P!(Q). The group SLy(Z) acts transitively on
P1(Q), and the stabilizer of oo is given by

o= {23 9)[kez).

Moreover, let £y be the set of pairs (¢,d) € (Z/NZ)? such that (c,d, N) = 1. Then we have a bijection
['(NV)\SL2(Z) = En

sending the class of a matrix b> to the pair (¢,d) mod N. It follows that the set of cusps of X1(N)(C)

d
is in bijection with En /T .

We now recall the interpretation of the cusps of X7 (V) in terms of generalized elliptic curves as in [12].
Recall that for N > 5, the modular curve X (V) represents the functor sending a Q-scheme S to the set
of isomorphism classes of pairs (E, P), where E is a generalized elliptic curve over S, and P is a section of
E™ /S of exact order N such that for every geometric point s : Speck — S, the image of the immersion
(Z/NZ), — E;® meets every component |12, IV.4.14].

Let z € X1(N)(C) be a cusp corresponding to a pair (¢,d) € En. By [16, 9.3|, the cusp = corresponds to
the pair (E, P), where E is the Néron N/(¢, N)-gon defined in [16, 9.2], and P is the point ™% in the
¢/(c, N)-th component of E. We may check this for the cusp oo as follows: when 7 = iy € ‘H approches the
cusp 0o, the elliptic curve (C/(Z + 7Z), [%]) degenerates to (C/Z,[+]). By the exponential map, this is the
same as (C*, 62”/N), which is precisely the pointed Néron 1-gon associated to the pair (0,1) € En.

The Galois action on the cusps of X;(N)(C) is given as follows. Let € X;(N)(C) be a cusp corresponding
to a pair (¢,d) € Ey. For any o € Aut(C), the cusp o(z) corresponds to the pair (¢, tn(0)d), where
ty(0) € (Z/NZ)* denotes the cyclotomic character defined by o(e2™/N) = 2™~ (9)/N ' In particular, the
cusp oo € X1(N)(C), corresponding to (0,1) € Ey, is not defined over Q, but rather over the cyclotomic
field Q(e™/N)+.

Let E be the universal elliptic curve over Y (N). For an integer k > 0, let E* be the k-fold fiber product
of E over Y(N). The complex points of E* are given by [14, (3.4), (3.6)]

(2.3) E*(C) 2 (22 % SLy(Z))\ (7—[ x CF x GLg(Z/NZ))
where the action of SLg(Z) is given by

a b iz thig) = ar+b 2z 2k [(a b
C d 71""’ k?g - CT—'—d’CT—{—d""’CT—'—d’ c d g

and the action of Z2* is given by

(ulyvly"'aukavk‘)'(T;Zla"'7zk;g) = (T;Zl+U1 —UlT,...,Zk—FUk—Uk;T;g)-

The map (7; 21, ..., 2r; g) — det(g) induces a bijection between the set of connected components of E¥(C)
and (Z/NZ)*. The group GLa(Z/NZ) acts from the left on E*. Note that the subgroup of matrices of the

form <3 (1] acts simply transitively on the set of connected components of E¥(C).
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If f € Mpi2(I'1(N)) is a modular form of weight k£ + 2 on the group I'1(N), then there is a unique
G1-invariant holomorphic (k + 1)-form wy on E¥(C) such that
viwp = 2mi)*T f(r)dr Adz AL A dzy,
where v is the holomorphic map

(2.4) v:H xCF - EFC)

(T3 21,0, 2K) > [(T;Z1,.--,2k; <(1) _01>>} :

Since the image of v is a connected component of E*(C), the Gy-invariance determines w ¢ uniquely.

Let E be the minimal regular proper model of E over X (V). Then E — X (N) is the universal generalized
elliptic curve in the sense of [12]. The scheme E is smooth and proper over Q. The fiber of E over a cusp is
a Néron N-gon, that is a chain of N copies of P! meeting transversally at the points 0, co.

For an integer k > 0, let E" be the k-fold fiber product of E over X(N). Note that B is singular if
k > 2. Deligne [9] has constructed a canonical desingularization Ek — E". The scheme fk is a smooth
compactification of E¥, and the complement fk — E¥ is a simple normal crossings divisor. If f € S 2(T'1(V))
is a cusp form, then wy extends to an holomorphic form on Ek (C) [31, 1.2.0].
2.2. Motives associated to modular forms. Let f =3 -, anq" € Sp2(I'1(IV), x)"" be a normalized
eigenform of weight k£ + 2 > 2, level N and character x. Let K; C C be the number field generated by the

:k
Fourier coefficients of f. Then we may consider wy as a Ky ® C-valued holomorphic form on £ (C).
Scholl has constructed in [31] a Grothendieck motive M (f) associated to f. The motive M(f) is a direct

k
factor of h*T1(E") ® Ky. It has rank 2, is defined over Q and has coefficients in K;. By Grothendieck’s
theorem, we have an isomorphism of K ® C-modules

HE ™ (M(f) @ C= HF (M(f) ®C

between Betti and de Rham cohomology. The K; ® C-module HS (M (f)) @ C is free of rank 2, with basis
(wg,wp+), where f*(1) = >, <1 @ng™ is the newform with complex conjugate Fourier coefficients.

Since the cusp oo is not defined over Q, the differential form w; is not de Rham rational. We therefore
need to introduce the differential form w} = G(x) 'wy, where

Ny
G(x) =Y x(u)e™/MNx
u=1

is the Gauss sum of the Dirichlet character x and N, is the conductor of x. By [25, Lemma 6.1.1], we have
w} € Hg;{l(M(f)) and the Hodge filtration of Hg;{l(M(f)) is given by

, HESL(M(f)) if i <0,
Fil' Hi (M (f)) = § Kp - ) if1<i<k+1,
0 ifi>k+2.
By Poincaré duality, we have a perfect pairing of K -vector spaces

HE(M(f) x HETH(M(f*)(k +1)) = K.

2.3. Motives associated to Rankin products. Let f € Sio(I't(Ny), x )"V, g € Se2(T'1(Ng), xg)"™
be normalized eigenforms, with 0 < k < ¢. We consider the Grothendieck motive
M(f®g):=M(f)® M(g).

This motive has coefficients in K¢, := K;K,. Let N be any integer divisible by Ny and N;. Then M (f® g)
is a direct factor of

—k = —k =
WY EY @ (E)® Kry c "(E xE) e Ky,
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—k =/
where F is the universal elliptic curve of level N. We emphasize that £ x E denotes the absolute product,
—k+/{
and is thus distinct from E

Let j be an integer such that 0 < 7 <k and put n =k 4+ £+ 2 — j. The Deligne-Beilinson cohomology of
M(f ® g)(n) can be expressed as follows. The de Rham realization

Hig P (M(f @ 9)) = Hit ' (M(f)) © Hif'(M(g))

has dimension 4 over Ky, . Moreover Fil" H §§£+2(M (f ® g)) is the Ky g-line generated by w} ® wy. Then
we have an exact sequence (see [30, §2, page 9 ()] and [22, 4.9])

(2.5) 0= Fil" Hig "2 (M(f © 9)) @ R & HM(M(f @ g)(n — 1))" @ R — Hpt "3 (M(f © g)(n)) — 0.

In particular HEM 3 (M(f @ g)(n)) is a free K, @ R-module of rank 1.

The exact sequence (2.5) induces a Ky g-rational structure on H$+e+3 (M(f®g)(n)). Let us make explicit
a generator of this rational structure. Let e? be a Kj-basis of HEtH(M(f))*, and let egi be a K -basis
of H'(M(g))*. Under the comparison isomorphism HE™(M(f)) ® C = HY(M(f)) ® C, we have
wp = a?e;{ +oye; for some a;f, o € C. Note that a;f € R and oy € iR. Similarly, let wy = a;re;r +age,.
The K 4-vector space HEH”(M(f ® g)(n—1))* admits as a Ky ,-basis (e1, ez) where

g
(1" @ (2mi)" L.

el = e}f @D g (2mi)" L,

g
The image of w} ® wy in HEF2(M(f @ g)(n —1))* ® R under (2.5) is given by
7wy @) = Gl) " Glxe) agal " 67 @ el V" + Glxg) " Glag) Mafal D et e
= G(Xf)_lG(Xg)_l(27Ti)1_”(a}ra§_1)"+161 + a]?a;_l)neg).

Thus a rational structure of ng“?’(M(f ® g)(n)) is given by
(2.6) t:= G(xs)G(xg) (2mi)"  (agay ™V") e

Since M(f ® g)(n —1)¥ 2 M(f* ® g*)(j + 1), we have a perfect pairing

HptH 2 (M(f @ g)(n — 1)) x HEM (M (f* @ g")(j + 1)) = Ky

Now, let us define a canonical element Q € HEM2(M(f*®¢*)(j +1)) ® C, which we will use to pair with
the regulator of our generalized Beilinson-Flach element. Under the canonical isomorphism

Gar : HEF P2 (M(F*) @ M(g%)(j + 1)) = HAFF2(M(f) © M(xy) © M(g) ® M(xg)(j + 1)),

the element G(X7) 'G(xXg) 'ws+ ® wy corresponds to a K;g—rational multiple of w} ® w(xf) ® wy @ w(xy),
where w(xy) is a basis of H{x (M (x7)).

We recall the periods for motives associated to Dirichlet characters with coefficients in E. Let M () be the
motive associated to x with coefficients in a number field E. Then the period of the comparison isomorphism
HY(M(x)) = E(x) = H3R(M(x)) = G(x) - E is given by G(x)~', where E(x) is the rank one E-vector
space on which the Galois group Gal(Q(e?™/Nx)/Q) acts via x and G(x) - E is the E-vector space generated
by G(x) (for details, see [11, Section 6]).

Under the comparison isomorphism

¢ HEF P2 (M(f) @M (xp) @M (9) @ M (x) (j+1)C — HET (M (f)@ M (xp) @M (9)© M (x,) (j+1)) @ C,
we have

¢ (W ®wxs) ®w, ®w(xyg)) = (afef +aje;) @ (agey +age)) @e(xs) @ e(xg)-
Let e?v be a K s-basis of HiE™ (M(f)V)* with (eF VY =1, and let egi’v be a K -basis of Hfi-),H(M(g)V)i

er,ey’
oof
with (egi,egc’v> = 1, where (-, -) is the Poincaré¢ duality pairing. We have an isomorphism ¢p(f) :
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Hg“(M(f)@M(Xf)) — HEPY(M(f)Y(—k—1)) sending e?@e(xf) toa K7 -rational multiple of (27ri)_k_lejf’v.
Note that (27i)*e(xs) € HS(M (xs)(k +1))~, since x¢(—1) = (—1)*. Therefore we have an isomorphism
b5 HEM P (M(f) ® M(g) @ M(xs) @ M(xg)(j +1)) = HE T (M(f)" @ M(g9)¥(1 = n))
sending (2mi)’ e ij ® ey @ e(xy) ® e(xy) to a rational multiple of (2mi)!~"e }Fv ®eg’”. Let us define
Vi i=¢po qﬁfl(w} @w(xs)) = 2mi)*af aje;’ Vit ase f Yy = (27ri)7k71(a}'e;’v + a;e}_’v)
and

—l—
vg = (2mi)~ l(ozg eg’ + oy e;r ).

Also we define
Uy = Foo(vg) = 2mi) " H—af e, +agelY),
where F._ is the involution defined in [11, 1.4]. We define
Q= G(X7)G(Xg)vy @7y € H5 2(M(f @ 9)'(1-n)) @ C = H" *(M(f* @ ¢")(j +1) @ C.
Since pgo¢p~to PR (W ®¢7§) = ¢pgop ! 0 Par (W QF., (wg+)) is a K}fg—rational multiple of vy ®F;(yg) =
Vi @ Vg, it follows that gZ)Eé o¢go qbl_gl(ﬂ) is a K;g—rational multiple of
G(X7)G(Xg)w)- @ W) = wy- @ Wy € HYF (M (f* @ g7)(j + 1)) © C.
Lemma 2.1. The map
(-, Q) HE'P(M(fog)(n—1)T®R - Kfy®C
factors through H£+Z+3(M(f ® g)(n)).
Proof. 1t suffices to check that (m(w} ® wy), Q) = 0. We have

_ _ _1\n+1 _1\n+1
(m(w) @ w)), Q) = (Glx) ' Glxg) Mool et @el ™" +azal ) e o™,
G(X7)G(Xg)afe; " +azef™) @ (—afe,” +a ef ) (2m) —h—t=2y
— (at o o (1) D 4 s aC D gt (— 1) D G(x7)G(Xy) i) k=2
(afag o) (=1)" oy +aray 7 ap(=1)"ay ) 7G(Xf)G(Xg)( i)
=0
]
Lemma 2.2. Lett be the rational structure of H£+H3(M(f ® g)(n)) giwven by (2.6). We have
(£, Q) = (=1)" I (= 1)xg(—1) Ny, Ny, (20) 2,
Proof. We have
(t,Q) = (G(x7)Gxg)(2mi) " (agaf ") el @ el )",
G(XP)G(Xg)afe; " +aref) @ (—afe,” +agefY) - (2mi) 72
= G(xs)G(X7)G(xg) G () (2mi) ¥ (V) Tl (= 1) g
= (=1)" "X (—1)xg(—1) Ny, Ny, (2d) P27
since for any Dirichlet character x, we have G(x)G(X) = x(—1)Ny. O

3. EISENSTEIN SYMBOLS

Here we recall Beilinson’s theory of the Eisenstein symbol [3].
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3.1. The Eisenstein symbol map. Let N > 3 be an integer. Let X*° = X (N) —Y (N) be the set of cusps

of X (V). We have a bijection X*°(C) = {j: <(1) T) } \GL2(Z/NZ), and the group Aut(C) acts on X*°(C)

by o([g]) = KtNéJ) (1)> g], where ty(0) € (Z/NZ)* denotes the cyclotomic character. In particular X
* ok

seen as a set of closed points of X (IV), can be identified with {j: (0 1

k > 0, define

) } \GL2(Z/NZ). For any integer

Fk = {f : GLy(Z/NZ) — Q ’ f <<g [1)) g> = f(g) = (=1)kf(—g) for all a € (Z/NZ)* and b € Z/NZ} .

Note that F ]lif is non-canonically isomorphic to the space of divisors on X*°.
Recall that for any integer k > 0, E* denotes the k-fold fiber product of the universal elliptic curve E over
Y (N). Beilinson constructed a residue map |[3, 2.1.2]

Res” : HYTY(EX, Q(k + 1)) — F¥.

In the case k = 0, this is just the map sending a modular unit to its divisor. Moreover, Beilinson [3, §3|
constructed a canonical right inverse of Res®. In the case k > 1, it is a map

B*: Ff — HiTH(E", Q(k + 1))
such that Res® o BF = idf];%. In the case k = 0, it is a map
B : F3? — H},(Y(N),Q(1))

such that Res” o B = id 70,0, where ]:R,’O denotes the subspace of ]:R, of divisors of degree 0.
N
Define the horospherical map w* : Q[(Z/NZ)?] — F¥ by

FB= X BB ({F)).
r=(z1,22)€(Z/ NZ)?

where Bjo denotes the Bernoulli polynomial and {z} = x — [z] denotes the fractional part of z. In the case
k=0, w® induces a map Q[(Z/NZ)? — {0}] — ]-'R,’O.

Definition 3.1. The Eisenstein symbol map is defined by Eis* = B* o w*. In the case k > 1, it is a map
Eis* : Q(Z/NZ)% — HiiY(E*,Q(k + 1)). In the case k = 0, it is a map Eis’ : Q[(Z/NZ)? — {0}] —
Hj,(Y(N),Q(1)).

3.2. The GLy(Z/NZ)-action. The group G = GLy(Z/NZ) acts from the left on E* and thus from the right
on Hﬁrl(Ek,@(k +1)). The maps Res® and BF are G-equivariant, where the right action of G on F¥ is
given by

(flo)(h) = f(h'q)  (f € FN,g € G,h€Q).
Moreover, the horospherical map w* is G-equivariant, where the right action of G on Q[(Z/NZ)?] is given by
(Blg)(v) = B('g'v) (B €QUZ/NZ)*), g € G,ve (Z/NL)).
We thus get the following result.

Lemma 3.2. Let k > 0 and 3 € Q[(Z/NZ)?]. In the case k = 0, assume that 3 is supported on (Z/NZ)* —
{0}. Then for any g € GL2(Z/NZ), we have

g*Eis"(8) = Eis"(8]g).
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3.3. Realization of the Eisenstein symbol. We now recall an explicit formula for the realization of the
Eisenstein symbol. Let

rp : HT B, QU+ 1)% — HEP (BS,R(k + 1))
be the Beilinson regulator map. By [27, (7.3)], the Deligne-Beilinson cohomology group is given by

)

{p € HY(Eg ,,,, AF @ R(k)) | dp = 5 (w + (-1)fw),w GQ’““(?MD))}
HEY(BE R(E + 1)) ~ dHO(EI’gan,A’f TS R()

:k
where A’ is the de Rham complex of real valued C*-forms and Q*+1(E" )(D) denotes the space of holomorphic

=k
(k + 1)-forms on E*(C) with logarithmic singularities along D = E (C) \ E¥(C).
We denote by (7;21,...,2;h) the coordinates on E*(C) using the isomorphism (2.3). For any integer
0 < j <k, define

’(/Jk,J Tl Z dzg(l) N - Cro(j) A dzg(j+1) VANEEIRIVAN dzg(k).
ceSy,

Let B € Q[(Z/NZ)?]. In the case k = 0, assume that 3 is supported on (Z/NZ)? — {0}. Then by [14, (3.12),
(3.28)] and [20, Remark after Lemma 7.1], rp(Eis®(8)) is represented by

27i(cvy +dvg)

‘I)k(ﬁ) == Rk +2) 0T Zwka : Z Z Bh™v) e 7N mod dr, dT,

k+1—a a+1
N(27i) (Do ve LN D) (et +d) (cT 4+ d)

where >’ denotes that we omit the term (c,d) = (0,0). For brevity, for any a,b > 1 we put

27i(cvy +dvg)

ab ﬁ( ) N
& (m 1) Z Z (e 4+ d)*(cT + d)b

(c,d)€Z2 ve(Z/NZ)?

4. CONSTRUCTION OF ELEMENTS IN THE MOTIVIC COHOMOLOGY

Let k,¢ be non-negative integers with k& < ¢ and choose an integer j such that 0 < j < k. Write
kK'=k—73>0and ¢ =¢—j>0. We construct the following diagram

BN A gkttt gk gt
lp
Ek’M’7
where the morphisms p, A and 7 are defined as follows:
(1) p: EF+i+t' 5 EF+ is given by forgetting the middle j coordinates:
(T5u1, oy upr b, st 01, O h) = (T un, - ugy, v, ., O h).
(2) A : BN+ g2+ — BR+l i given by duplicating the middle j coordinates:
(T5u1, .oy U b1, -yt 01, O ) = (Tun, g T, ottt v, v ).
(3) i: ¥t — E* x E* is given by
(T5Uy e Uy U1,y 0 h) = ((T5u, oo ugs B, (T501, .0, 03 B)).

Note that F¥ x E! denotes the absolute product and is distinct from E¥*¢. In particular, i is a closed
embedding of codimension 1. Note also that ¢ o A is a closed embedding and is given by

(i o A)(T;u,t,v;h) = ((15u,t; h), (T3 t,v; h)).
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Definition 4.1. Let 3 € Q[(Z/NZ)?]. In the case j = k = £, assume that §3 is supported on (Z/NZ)? — {0}.
Denote by 543 (3) the image of Eish't¢ (8) under the composition of morphisms:
HYFOH BN QU + ¢+ 1)) s HYFO (BRI QU 4 €+ 1))
TSN H’jj”l(Ek”,Q(kJrE—ijl))
Loy HEH (R 5 BL Qk + £ — 5+ 2)).
5. THE RANKIN-SELBERG METHOD

Let V; denote the 2-dimensional K ® Q-representation of Gal(Q/Q) associated to f [9]. Let L(f ® g, s)
denote the L-function associated to the 4-dimensional Galois representation V(f ® g) = Vy ® V. We have

Lifogs)= [[ P(fegs)™
p prime

where the p-Euler factor is defined by P,(f ® g,s) = det(1 — Frob, - p~*|(V(f @ g))!). The polynomial
P,(f ® g, s) coincides up to the shift s — s — w with the automorphic L-factor defined by Jacquet in
21], and L(f ® g,s) converges for Re(s) > &£ + 2.

Assume that k£ < £. Denote I'c(s) = (2r)7*T'(s) and define the completed L-function A(f ® g,s) by

Af®9,8) = Loo(f @ g,8)L(f © g, 9),

where Loo(f ® g,5) = 'c(s)I'c(s — k — 1). Then we have the functional equation [21, Theorem 19.14]
(5.7) Af@gs)=e(f@gs)MfT®@g" k+Ll+3—53),
where £(f ® g, s) is the (automorphic) global e-factor.

Remark 5.1. The global epsilon factor e(f ® g, s) is a product of local epsilon factors:
e(f@g.5) =[] eo(f @ g,510),
v

where v runs through the places of Q, ¥ : Ag/Q — C* is a non-trivial character, and v, : Q, — C* is the
restriction of 1 to @Q,. By a characterization of local Langlands correspondence for GL(n) [19] (proved by
Harris-Taylor [18]), it is known that the automorphic local epsilon factor €,(f ® g, s,,) coincides with the
local epsilon factor e(p,(f) ® py(g), s, ¢y) defined by Deligne [10], where p,(f) and p,(g) are the Weil-Deligne
representations associated to f and g at v. Therefore the global epsilon factor e(f ® g, s) coincides with the
epsilon constant e(M(f ® g), s) defined in [11, Section 5.

Let N be an integer divisible by Ny and Ny. Let x : (Z/NZ)* — C* be the Dirichlet character induced
by xfxg- Put D(f,g,8) :=> 7" an(f)an(g)n~°. By [34, Lemma 1], we have
L(Xv 2s — k - K - 2)D(f797 3) = Rf,g,N(S)L(f & g, S)a

where

Rpgn(s) = [[[ P @ gs) | 3 Gxthants)

p|N neS(N) n
is a polynomial in the variables p~* for p|N by [21, Theorem 15.1]. Here S(IV) denotes the set of integers all
of whose prime factors divide N.
Remark 5.2. Since P,(f ® g, s) is the p-Euler factor associated to a Grothendieck motive M (f ® g) with
coefficients in Ky 4, Py(f ® g,5) is a polynomial of p~* with coefficients in Ky 4. Also by [34, Lemma 1],
Y one S(N) w is a polynomial in the variables p~° for p|N with coefficients in K . Therefore Ry g n(s)
is a polynomial with coefficients in Ky ,.

For any Dirichlet character w : (Z/NZ)* — C*, define the Eisenstein series

(5.8) Ep g n(T,8,w) = Z,

m,nez

w(n)
(Nm7 + n)=F|Nmt + n|?s’
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Theorem 5.3 (Shimura [34, (2.4)]). We have
/ f(T)g(_?)EZ—k,N(Ta s—1— Ea X)ys_ldxdy = 2(4’“—)_SF(8)L(X7 2s —k —{— 2)D(f>gv S)'
Fo(N)\H

Remark 5.4. Let us assume k = ¢. Then by [34, (2.5)] and [35, page 220, Correction|, D(f, g, s) has a pole
at s = k+ 2 if and only if (f*, g) # 0. This is equivalent to g = f*. In this case, we have a decomposition of
the L-function

L(f @ f*,5) = L(Sym?(f) @ x; ", 8)¢(s — k — 1).

By [29, Lemma 2.1], the L-function L(Sym?(f) ® X?,s) is critical and nonzero at s = k + 1. Therefore
L(f® f*,s) is always nonzero at s = k + 1. Hence, by [2, Conjecture 3.7 (a)] it is expected that the integral
subspace of motivic cohomology Hi’fﬁ?’(M(f ® f*),Q(k+2))z is zero (note that the definition of this group
is conjectural, since M (f ® f*) is not known to be a Chow motive).

6. DELIGNE-BEILINSON COHOMOLOGY

In this section, we recall the explicit description of Deligne-Beilinson cohomology in terms of currents |7,
§5].

Let X be a smooth quasi-projective complex variety of pure dimension d. Let X be a smooth compacti-
fication of X such that D := X — X is a simple normal crossings divisor. Let ¢ : D — X be the canonical
embedding. B

Let S'Y be the complex of smooth differential forms on X. Define the subcomplex

SpSy = {we S |i'w=0}.

Let T% denote the complex of currents on X; that is, for any integer n € Z, 1% is the topological dual of
S%”. Define the subcomplex

Tp = {T € T |Vw € £pS5, T(w) = 0}.

For any integer p € Z, let D' (1%/Tp[—2d](—d), p) denote the Deligne complex associated to T%-/Tp[—2d](—d)
(see |7, Definition 5.10] for the definition). By [7, Theorem 5.22 and Theorem 5.44], we have the following
description of the Deligne-Beilinson cohomology of X in terms of currents on X.

Theorem 6.1. For any integer p € Z, we have an isomorphism
Hp(X,R(p)) = H* (D' (T5/Tp[—2d](—d), p)).

Moreover, if an element v € H}(X,R(p)) is represented by a differential form n(xz) on X with logarithmic
singularities at infinity, then the image of x under this isomorphism is represented by a current T,y on X
satisfying

(6.9) T,y (w) = (2;)(1 /X w An(z) = (%le)d /X w A ()

for every w € EDS'Y.

Remark 6.2. The fact that the integral [5w An(z) is (absolutely) convergent if w € X pS% is proved in [6,
Proposition 3.3]. Since D has measure 0, the convergence of the integral implies the last equality in (6.9).
We caution the reader that for an arbitrary differential form w € S, the integral J5w A n(x) needs not
converge. In fact, the form with logarithmic singularities 7(z) might not be locally integrable around D. For
example, if D is given locally by the equation z = 0, the form n(x) might well be of the form log ]2\% A %,
which is not integrable. But in Theorem 6.1 the test form w vanishes along D (that is to say i*w = 0), and
this makes w A n(z) integrable.

We will use Theorem 6.1 in the case X = E¥(C) x E*(C) is the product of Kuga-Sato varieties and
w= 1, =wp @®Wy. In our case w extends to a smooth form on the compactification X, and this smooth
form vanishes along the boundary X — X, so that the formula (6.9) applies.
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We also need to recall the functoriality of Deligne-Beilinson cohomology with respect to proper morphisms
[7, Theorem 5.46]. Let Y be a smooth quasi-projective complex variety. Let f : X — Y be a proper
morphism of relative dimension e. Using the Poincaré duality isomorphism [23, 6.1.1) j)|] and the covariance
of Deligne-Beilinson homology with respect to proper morphisms [23, 6.1.1) b)|, we get an induced map

fo: HE(X,R(p)) = Hp **(Y,R(p — €)).

Let Y be a smooth compactification of Y such that £ := Y — Y is a simple normal crossings divisor.

Assume that f extends to a morphism f : X — Y such that ?71(E) = D. By |7, Theorem 5.46|, we have
the following result.

Theorem 6.3. If an element x € HR}(X,R(p)) is represented by a current T on X, then the element
fe(w) € HE (Y, R(p — e)) is represented by the current f (T) onY.

7. COMPUTATION OF THE REGULATOR INTEGRAL

Let j be an integer satisfying 0 < j < k < /. Recall that we have a Ky, ® C-valued differential form
Q4= wp ®W, on E¥(C) x EY(C). It extends to a smooth differential form on Deligne’s compactification
E (C) x E (C). We first define a pairing

(-, Q) HEFS(BE x B, R(k+04+2—j)) = K;, ®C.

=k =t
Note that D := (E x E ) — (E* x E*) is a simple normal crossings divisor and we have

:k,OO = —k :Z,oo
D=(E xE)UE xE ),
where E .= FE — FEF. Letisx : D — E x E be the canonical embedding. Since wy (resp. wy) is a

holomorphic form of top degree on E (C) (resp. E (C)), we have i5 Q¢ , = 0. Therefore Qf, € ¥ pSkFH2
E xXE

and it makes sense to evaluate a current in 7-F %2 /T [—)k—£—2 on Q.. Since ¢, is the wedge product of
E xXE

two closed forms, it is also a closed form. Hence if 1) is an exact form on £ x E', then we have T, (25 4) = 0
by 6, Proposition 3.3] (also see |6, page 561]). Using Theorem 6.1, we get a well-defined pairing

(-, Q) s HEF3(EBE < B, R(k+£+2—3) = K;,®C.

Note that we have a commutative diagram
HE 3By x Bg, R(k+ (42— 7)) —22 ¢, o C

(7.10) l H

.Q
HE(BE x B R(k+0+2—5) 2 1, s

Furthermore, the upper map in this diagram induces a pairing

(,Qpg)  HEF3(M(f @ 9) k+0+2—j) = Ky ®C.
This pairing coincides, up to a fo g—rational multiple, with the pairing defined in Lemma 2.1 (since € is a
K -rational multiple of Q).

Let B3 € Q[(Z/NZ)?. In the case j = k = {, we assume that /3 is supported on (Z/NZ)? — {0}. In
this section, we compute (rp(E¥47(B)), Q) in terms of the Rankin-Selberg L-function of f and g. At the
beginning 3 is arbitrary, but from Definition 7.4 on, we will use a particular choice of 3.

Lemma 7.1. Let m,n > 0 be two integers and let p : E™T™ — E™ be the canonical projection. Then there

—m-+n =m
exists a morphismp: E — E  fitting into the commutative diagram

—m-+n D —m

—— F

I I

Emtn p N o
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Proof. We refer to [9] and [33, Chapter 7| for the construction of E. Let k be a field and € = A2 seen as a
scheme over Al by the map 7 : (x,y) — xy. Recall that around a singular point E™ is given étale-locally by
the m-fold fiber product C™ = C x a1 -+ x a1 C. We thus have C™ = Spec k[z1, Y1, -, Tm, Ym]/Im where
I, is the ideal generated by x;y; — x;y; with ¢ # j. The semi-direct product I'™ = {£1}™ x &,,, acts on C™.
Then Deligne’s desingularization is given étale-locally by blowing up C™ along the ideal

I = <’y*(m’1”_1x;”_2 C e Tp1) "y € I‘m>.
The projection p : ™" — C™ is induced by the obvious map

¢ : K‘[:Ehylw . 'ammaym] — "{[gjlaylw . 'a:Eernymern]-

It is easy to see that Jy,i, is contained in the ideal generated by ¢(.J,,). Hence p extends to a morphism
Bj,. ..C"™ — B C™ between the blow-ups. O

As in Section 4, write ¥’ =k —j and ¢/ = /¢ — j.

Lemma 7.2. There is a commutative diagram

=k'+j+' T = =
E —— FE X FE

I I

ER i+ A L pk o gt

=k'+j+0,
such that (D) = E T

Proof. Let pry : E¥ x E* — E* and pr, : EF x E* — E* be the two projections. Then the map pryoio A :
EN+itt _y FF g the projection on the first k& components. By Lemma 7.1, it extends to a morphism

=k'+j+0 =k
1 F — F .
Similarly pry o¢ o A extends to a morphism
:kl-‘rj-i-gl —/
9: F — F .
:k’+j+£’,oo
We then define 7 := (71,72). The property 771(D) = E follows from the commutative diagram
=K+t =k =t
E — E xXFE
X(N) —2 X(N)x X(N).
O
Lemma 7.3. We have
. 1 1t
7.11 ERCI(8)), Qpg) = o A Qg A p BN ().
(r.11) D 8), 01) = T [y AT 00 NP B)

Proof. Recall that the realization of the Eisenstein symbol rp(Eisku“el(ﬂ)) is represented by the differential

form with logarithmic singularities ®*+¢ () defined in Section 3. Therefore rp(p*Eis® +¢ (3)) is represented
=k i+

by the differential form p*®¥+¢(B8). Using Theorem 6.1 with X = EFt+t¢' X = E and D =
—k i+l 00 R _ —k i+

E , it follows that rp(p*Eis™ ™ (B)) is represented by a current T' = T . gurv (g on E (©)
satisfying

]. /gt
(w) (27.”)]6 +j+H+1 /Ek/"'j""l/ (©) WAP (ﬂ) (w Doy )
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Using Theorem 6.3 with f = io A and using Lemma 7.2, we see that rp(2F47(3)) = (ioA).rp(p*Eis® T (8))

=k =
is represented by the current 7,7 on E (C) x E (C). Therefore

(rp(EM(8)), Qpg) = (@T) (1)
=T ()

1 / /
(27Ti)k +j+0+1 /Ek/+j+z/((c) LRifg AP (ﬁ)

Let x : (Z/NZ)* — C* be the Dirichlet character induced by x ¢xg-

Definition 7.4. Let 8y € Q(x)[(Z/NZ)? C Kt,4((Z/NZ)?) be the divisor defined by

o Y(—Ug) if v1 =0,
ﬁx@“vﬂ"{o if vy £ 0.

In the case j = k = ¢, we assume that N > 1, so that 3, is supported on (Z/NZ)? — {0}. In particular,
we may consider Z¥7 (3, ).

Recall that G denotes the subgroup of GLy(Z/NZ) of matrices of the form <S i)

Lemma 7.5. The differential form A*i*Qy , A p*®*+(B,) is Gi-invariant.

Proof. Since wy+ and w, are Gi-invariant, it follows that A*i*Q, is Gi-invariant. Moreover 3, is G-
invariant, and Lemma 3.2 implies that Eis® (By) is Gi-invariant. O

By Lemma 7.5, it is enough to compute the regulator integral (7.11) on the connected component given
by the image of the map v : H x CkT¢=7 — EF+=J(C) defined in (2.4).
Let 7,21, ..., 2k+¢—; denote the coordinates on EF+t=3(C). Note that we have

V(A Q) = (— 1)L mi) M2 () g(T)dr AdT A dz A ANdeg ANdZr—jia A A dZ g

Since this differential form already contains d7 A d7, we may neglect the terms of <I>k,+£,(ﬁx) involving dr, dT.
Moreover, we have

; CIJ*(T)Q@)dT/\dT/\/\'-“_f_j dzi Ndz; ifa=Fk,
* A* *Q /\ * / ' a) = 1=
’ ( Z e g wk " ) {O ifa#k’la
with

! - ! / / ; / / ; !/ k,! * EI!
Cy = (_1)1+k 241G (k) (K G+ (K 4540 —1) /2 R (2m.)k+£+2.

It follows that
Ve (A%, A p e (8)

K+ (W +042) 7= _raw 0 -1  (A*i* *
_ _( ) ( ) . 5 .géx"rl,k +1 (7_7 < >> v (A 7 Qf’g/\p wk’-ﬁ-f’,k’)

N (2ri) Lo
Ai_Cy<H+[m-“/+g+2)'T—7.8%HW+1 0 -1 fH( )()d/uzAk7<a&¢uk-
= N (2ri) 5 S AN PR er o

i=1
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Integrating over the fibers of the projection E¥ 4/t — ¥ (N) and using that fC/(ZJrTz) dz Ndz = —2iIm(T),
we get
. 1 1t
Ek,@,j 0 — ' A**0) A *q)k +£
(rp( (Bx))a f79> (27ri)k/+3+£,+1 /Ek/HH’(C) Liifg AP (/BX)

@ri)F T w90 (Bx)

(2T O g(N) - (K + 0+ 2)!
(2mi)ktHt=i+2 . N . (K + 0 + 1)

o rmae (n ()5 e ar
T(N)\H

For an integer w > 0, o« € Q/Z, 7 € H and s € C, define the following standard real-analytic Eisenstein
series as in [26, Definition 4.2.1]:

Im(7)*

N\ —W __—8 !
B (7,8) = (=2mi)"n T (s +w) Y (mT +n+a)|mr +n+af?’

m,ne’

where Z, denotes that the term (m,n) = (0,0) is omitted if @ = 0, and

eZm'amIm(T)s

(mT + n)®|mt + n|2s’

F) (r,8) = (=2mi) “n " T(s +w) 3
m,nEL

/
where Z denotes that the term (m,n) = (0,0) is omitted. For fixed w,« and 7, these functions have
meromorphic continuations to the whole s-plane, and are holomorphic everywhere if w # 0. Note that

o w@ES Y () = (=2mi) TR (s + £ — k)Im(r) N B, v (7, 5,0),
a€(Z/NZ)*

where Ey_j, n(T,s,w) is the Eisenstein series defined by (5.8).
Lemma 7.6. We have

(7.12) gtk (L (0 =1) ) e lim T(s + £ = k) B (7,5, %):
. By 1 0 - E’!Nk/+£/ Im( )k/+€/+1 {—k,N » X

Proof. We have

27i(cvy +dvg)

O 4+1,k'+1 0 -1 . ! By (v2, —v1) - € N
s, <T’ (1 0 >> = Z Z (er + )01 (e + d)F+1

(c,d)€Z? v1,v2€Z/NZ

SIS X(vr) e 7
(cd)ez? v (TN T)* (cr + d)FF1(cF + d)F 1
o)k k! 41 B -
= (6/' : 1111(7')]‘3/"‘1 Z X(Ul)Figl/N) (7—’ K+ 1)
’ v1€(Z/NZ)*
— o)k k1 B ok '
- (g/l : IIL(T);C/H > Xw)E, /N)(T, —{') by [26, 4.2.2(iv)]
' v1€(Z/NZ)X

I pt
k1

g gl'Nk/J,»[’ 3 Im( )k,+€’+1 llmé F(S + K — k)Ee—kJ\/'(T, S,Y).

Using Lemma 7.6, we get

. C
(rp(EF49(8,)), Qp4) = Wﬁ /F . PR g (—)Im(r) lim T(s + £ — k) Er_p n (7, 5, X)dady

s——
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with ‘ o
(—2i)k =0 g (K 0+ 2)) - B(N)
NKHEHL (K + 0 4 1)
Since the integrand is invariant under the group I'g(/N), this can be rewritten as
, Cy- N -¢(N) _ _
—k, 0,5 2" * * s+L
rp(= By)), 2 ——————= lim I'(s4+ /¢ — k/ () g (=T)Er—p,n (1,8, X)y"" dxdy.
(rD(E(30), 010) = 505 e m Lo+ 0= K) [ ()" (T Eepn(ro D
Using Theorem 5.3 with f* and g*, we get
—_ 1 02 N - ¢( ) —s—1—
<T"D(:4k’£"] (BX)) Qf g> W hm F(S + E k’) (47T) 1 KF(S + 1 + E)

'Rf*g*,N(S“Fl‘i‘g) (ff®g*s+1+10)

Co = -Ch.

Cy-N-¢(N L ' ' o
:M@ﬂ) J 1.]!-Rf*,g*7N(]+1)8£IEI€IF(S+£—]§)L(JC @95, s+1410)

Putting everything together, we have the following theorem.

Theorem 7.7. Let x : (Z/NZ)* — C* be the Dirichlet character induced by x¢xg. Let Qg = wpe ® Wy.

Then we have the following identity in Ky, ® C:
Y (k+0—25+2)-5- ¢(N)?
(rp(EM(By)), Qpg) = H(2mi) 2 5. Nk+—2

Note that since Ry« g« n(s) is a polynomial in the variables p~
the number Ry« g« n(j 4 1) belongs to Ky .

Ry o N(j+1)- L'(ff® g% j+1).

S

with coefficients in Ky, by Remark 5.2,

8. COMPUTATION OF RESIDUES

Since Beilinson’s conjecture is formulated for direct factors of motives associated to smooth projective
varieties and EF x E' is not projective, we Want to extend our motivic elements Z%47(3) to the motivic

cohomology of the smooth projective variety E X E . We will do this in two steps. In this section, we
extend the motivic element Z¥%7 () to the product of Néron models E¥ x E*. In the next section, we extend

=k =
the motivic element to £ X E . In the case k = ¢ = 0, Beilinson |2, Section 6] already extended the motivic
element to the boundary of the product of two modular curves. Therefore we may assume that k£ > 0 or
£ > 0. By symmetry, we may assume that £ > k > 0 and ¢ > 1.

8.1. Voevodsky’s category of motives and motivic cohomology. For a field k, let DM, gezfl(k) be the
category of effective geometrical motives over k. For a scheme X over k, we have the motive My, (X) and
the motive with compact support Mg, (X). We consider the Q-linear analogue of DMgegT(k) denoted by
DM ;fn(k:)@. For any object M of DM ;fl(k)Q, we define the motivic cohomology by

Hj\(M,Q(j)) = Homp e 1), (M, Q(5)[3)-
Then it is known that

Hiy (Mg (X), Q(5)) 2 Hjy (X, Q(j)) = CH’ (X, 2] — i)
for a smooth separated scheme X over k, where CH" (X, m) is Bloch’s higher Chow group.

8.2. Motives for Kuga-Sato varieties. Fix an integer N > 3 and an integer £ > 0. Let Y = Y(N) and
X = X(N). Denote X = X \ Y. Recall that E is the universal elliptic curve over Y and E* the k-fold fiber
product of E over Y. The symmetric group &y acts on E* by permutation, (Z/NZ)?* by translations, and
©5 by inversion in the fiber. Therefore we have the action of G = ((Z/NZ)? x p2)* x &y. Let e : G — {1}
be the character which is trivial on (Z/NZ)% is the product on p5, and is the sign character on &. Then
define the idempotent

1
ep = 2N2 k'ZEk -962[72]\[%!}[@}.

geG
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Let E* be the Néron model of E¥ over X and let E¥* be the connected component 9f the identity. We
denote ZF = EF*\ EF = EF* x x X°° ~ GF, xg X*° (non-canonically), E¥* = E¥ x Ef ERA* = pR* 5 ph*,
7kt = 78 x 78 and UMt = ERG*\ ZME Let ' : E¥ — U be the canonical closed immersion. Then 7’
induces the morphism

i s HiFHER Qk + € — § + 1)) — HYF B U, Q6 + £ — j +2)).
Recall that we defined the morphisms:

%

k=i A, phtt EF « EY
E
Fk+—25
Similarly we define the morphisms:

. . A . ; . .
FEH—5% FktLx ¢ N SLEENE 2

E
Ek+€—2j,*

and
gh+l—] N/ Aand ¢ gk « 7t
lpm
Fh+l—2]

By [36, Proposition 3.5.4|, for a smooth scheme X and a smooth closed subscheme Z of codimension ¢ we
have the following Gysin distinguished triangle

My (X \ Z2) = Mg (X) = Mgin(Z)(€)[2¢] = Mgm (X \ Z)[1].
Put m = k 4+ ¢ — 2j. Then the diagram

+1

My (E™) ——— Mgy (E™) —_— My (Z™)(1)[2] L
My, (E™9) —_ Mgy (E45%) —_ Mg (Z™+9)(1)[2] 1

E s s
Mgm(Em+2j)(_j)[_2j] — Mgm(Em+2j’*)(_j)[_2j] — Mgm(Zm+2j)(—j +1)[—25 + 2] =
My (UR) (= = 1)[~2j — 2] —— Mg (EM0*)(=j = 1)[=2j = 2] —— Mg (Z")(—j +1)[-2j+2] ——

is commutative by [8, Proposition 4.10, Theorem 4.32]. Taking cohomology, we get the following commutative
diagram with exact rows:

HYYE™,Qm+1)  ——  HUHE™Qm+1) ——  HR(Z™,Q(m))

p* p* Phe

HY (B Qm+ 1)) ——  HE ™ (E™H,Qm+1))  ——  HE(Z™H,Q(m))
A. A Aco,
HYFALERL: Q(m+ j + 1)) —— HUFH(E Q(m+ 5+ 1)) —— HYFH(ZMQ(m + 7))

~ . .
T Ty loo,*

H (B, Qm+j+2)) —— HG UM, Qm+j+2) —— HG(ZR,Q0m + ).
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Consider the subgroup G’ = u§ x &y, of G. Let €}, be the restriction of e to G’ and let €}, be the idempotent
corresponding to &}..
Denote Z%67(3) = i’ o A, o p*(Eis"*~2(B)). Consider the image of Z%%J(3) under the residue map

Res®07 « HEFESB(URE, Qk + £ — j +2)) %) — HIFH(ZRE, Qk + £ — j)) ),
Note that HY (2%, Q(k+£))(c) can be identified with H%(Z*, Q(k))% g H%((Z¢,Q(¢))% ~ F& ®qFk -
Proposition 8.1. (1) If j > 0, then we have Res®*7 o 2kt = .

(2) If j = 0, then Res®t0 0 ERL0(8) is a nonzero multiple of W™ (8) @ Wi (8).

Proof. (1) The image of Eisenstein symbol is contained in Hﬁg_gj(Zk“‘f_j,Q(k + 0 — 2j))k+t=2. Let
A : GEFI  GFH be the diagonal embedding. We have
m g g
A, : HIXIZ72J(G§Z+Z—3" Q(k: Ny 2j))€;g+f—2j SN Hﬂé(Gﬁje,@(/{ 40— j))egﬁ-é’—%‘,
By [31, 1.3.1 Lemma], one has
HY (GR, Qb + £ — )2 = B (G, Q(j)) ~ CHY(GR)).

Since j > 0, we have CH/(GZ) = 0. Therefore A, = 0.
(2) This follows from the commutativity of the diagram.

The closed embedding
feusp © 2% x BY — UMt
induces .
Hﬁ€+1(zk « EZ,Q(/{? Ty 1)) Zc"ﬂ;* Hﬁ”:s(Uk’z,Q(k: + 0+ 2))
Let us consider Gysin morphisms
0t Mym(Z°)(1)[2] = Mym(E)[1]

for the pair (E%*, Z) and

'+ Mg (2" x Z°)(1)[2] > Mgi(Z*) @ Mgm(Z*)(1)[2] = Mgm(Z* x E°)[1] = Mg (2") ® Mg (E*)[1]

for the pair (Z% x Bl 7k x Z%). By [8, Lemma 4.12], it follows that &' = Lzk , ® 0. Therefore we have the
following commutative diagram:

zZ

HY (ZF,Q(k))% @g Hy ' (B4, Q€ 4 1)) AR HY (ZF,Q(k))% @g HY,(Z*, Q(0))%

! -
HR(Z8 x BL QU+ 0+ D)k 2 B2, QU + 0) )

licusp,* l:

1o esk,Z,O 1
HIHH3(URL QK 4 £+ 2))(hoet) & HIFH(ZRE QK + £)) (€t

where p : H%(Zk,@(k))e;c ®Q Hﬁrl(Ef,@(ﬂ + 1)) — Hﬁ“l(Zk x E' Q(k + € + 1)) is the exterior
product.

Since ¢ > 1, the map 0 is surjective by [3, Corollary 3.1.8], and 14 , ® 0 is also surjective. Hence
Reskt0 Olcusp,« 18 surjective. It follows that there exists an element {g € H/k\j“l(Zk x B Q(k+ £+ 1))(62762)
such that Res0 o icysp «(€5) = Res® 40 (2R40(3)).

—~ k]
Definition 8.2. We define the generalized Beilinson-Flach element BF ](6) by

Bphbi (8) = =hbi () if j >0,
o ék,f,O(B) - iCusp,*(gﬁ) lf] =0.



REGULATORS FOR RANKIN-SELBERG PRODUCTS 19

From the definition, it is clear that BF b (8) belongs to the image of the canonical injection
Hk+e+3(Ek’Z’*,Q(k‘ + 00—+ 2))(62,62) N HﬁHg(Uk’f,Q(k +0—j+ 2))(6%,62)‘

We may thus consider BF wbd (B) as an element of Hljj“?’(Ek’z’*, Qk+ £ — 7 +2))(erer),

9. EXTENSION TO THE BOUNDARY

Recall that E — X is the universal generahzed elhptlc curve over X. Consider the k-fold ﬁber product

E = Exyx---xxE of E over X. Let E 5 E" be Deligne’s desingularization. Then E is a smooth

projective variety over Q. The action of G = ((Z/NZ)? x p2)* x &}, can be extended to E as explained in
31, 1.1.1].

To extend the motivic element Z¥47(3) to the boundary of the product of Kuga-Sato varieties E x E |
we use the following proposition.

Proposition 9.1. We have an isomorphism
N . ;o —k =
HYHS (B 5 B Qh+ £ — 5§ +2)) %) ~ HNFS(E x B, Q(k + £ — j + 2))ewes),

To show the proposition, we prepare the following lemma.

Lemma 9.2. Let Mg, (E¥*)%, My,(E )% € DM;EL(Q)Q be the images of the idempotents €}, ey on
A —k A~ / —k
My (E¥*), My (E) respectively. Then we have Mgy, (E**)% ~ My, (E )% in DM;EL(Q)@,

Pmof of Lemma 9.2. Let E ™ be the complement of the smooth scheme E* in the smooth proper scheme
oo,reg — — —k,00,0 —k,00,reg
. Let E be the intersection of E * with the non-singular part EE of B' and E cCE
k,00,reg =k — —
the intersection of E with E%*. Note that the morphism F — E' is an isomorphism over Eree

p— :k
by [31, Theorem 3.1.0 (ii)|, hence E""® can be identified with a subscheme of E and the open immersion
k

Fk:,reg

— F induces an isomorphism

e ~ 7k7
Mcm(E )ek — Mcm(E reg)Ek
by [37, Remark 3.8 (a)|. Also the connected component EF* is identified with an open subscheme of EhreE
by [31, Theorem 3.1.0 (iii)|]. From these facts and [37, Proof of Theorem 3.3|, one has

k,00 —k,00,reg —k,00,0 ,

Mg (B 2 M (B0 5 g, (B

By [36, Proposition 4.1.5] we have the distinguished triangles:

c 7ke c k\e c 716’006 +1
Mgm(E)k — Mg o (EF)k ——— Mgm(E )k [l] ———

E - R

:k) )
e (B —— Me (B )] —H

! l 5

c Fok,x\ e/ c kye! c —h500,0 e +1
Mgm(E7)k — Mg (B —— Mgm(E )k[l] ———

Moreover one has

Mg, (E¥)s = M, (E®)%,
since we have a decomposition E* = HOS o<k }c}qk of E* into locally closed subsets which are invariant under
the action of &1 - (Z/NZ)?* as in 28, Proof of 4.2 Theorem|, where

?qk = {(a:l, ..., x1) € E¥ | exactly ¢ of the z;’s are in E[N]} :



20 FRANCOIS BRUNAULT AND MASATAKA CHIDA

From this fact, it follows that the inclusion EF* < E""8 induces
Mgm(Ek,reg)ek i> M;m(Ek’*)e;“

and hence

MG (B Y* 5 Mg, (R
By duality for smooth schemes |36, Theorem 4.3.7 (3)], we have

= e = —k.reg e ,= k,x\e
Mg (E ) — Mg (E™ )% — Mg (E™™)%.

O
Proof of Proposition 9.1. Applying Kiinneth formula [36, Proposition 4.1.7], we have
Mg (E** 5 E4*) o) ~ M, (B x E )0,
By Voevodsky’s definition of motivic cohomology, we have
i fok,x nlxs (€].,eh) ~ 1t =k =t A\ (ex,eq)
Hiy (B X E2,Q())) ) ~ Hy (B x E,Q(j))"*
for any ¢, 7. This completes the proof. O

Definition 9.3. We define the generalized Beilinson-Flach element
. =k =
BFMYI(8) € HEF3(E x E,Q(k + € — j + 2))ere0)

as the image of the element BF wbd (B) under the isomorphism of Proposition 9.1.

Proposition 9.4. We have (rp(BF¥49(8)),Q; ) = (rp(EH47(B)), Q4).

: :g
Proof. Let 1 be the open embedding EF x B — E x E . Tt factors as n = T]Q o 11, where 1 is the open

—¢
embedding E¥ x EY — E** x E%* and 15 is the open embedding FF* x Ef* — E x E . By the commutative
diagram (7.10), we have

(rp(BEM(8)),Qy,9) = (rp(n*BF™ (8)), Qp,q).

Since the isomorphism of Proposition 9.1 is induced by 73, we have n*BFEFGI () = *BF o ’J(ﬂ). Now

niERLI(B) = ZR49(B) and it remains to show that in the case j = 0, we have (17])*icusp.« (55) = 0, where 7}

is the open embedding E* x Ef — UL,
Let iy : ZF x E' — E** x E’ be the canonical closed embedding, and let j; : EF x B — EF* x E¢ be the
complementary open embedding. Then 7] factors as jz o j; in the following commutative diagram

EF x Bt Il fhx gt 2kt
2‘11\ Ticusp
Zk x Bt —— ZF x Ef
where the horizontal (resp. vertical) arrows are open (resp. closed) embeddings. Since motivic cohomology

satisfies axiom [23, 6.1.1) e)|, we have j3 (icusp,«(§3)) = (i1)«(§). By the long exact localization sequence for
motivic cohomology [23, 6.1.1) c)|, we have ji o (i1). = 0. O

10. APPLICATION TO BEILINSON’S CONJECTURE
Consider the projection to the f ® g-component

pry, s HEM 3 (Ep x B, Q(k + €42 — 5)) ) — HEFS(M(f @ g),R(k + £+ 2 — j)).

Our results admit the following consequence for Beilinson’s conjecture for the motive M (f®g¢)(k+£+2—7j).
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Theorem 10.1. Let f € Sip12(I'1(N¢), x¢) and g € Ser2(I'1(Nyg), xg) be newforms with k,¢ > 0. Let N
be an integer divisible by Ny and Ng, and let j be an integer satisfying 0 < j < min{k,f}. In the case
Jj =k =1{, assume that g # f* and N > 1. Assume that Ry n(j + 1) # 0. Then there is an element

ae H(E xE,Qk+€+2— ) such that
prygorp(a) = L(M(f®g)(k+£+2—7)"(1),0)-t mod K,
where t is a generator of the Ky 4-rational structure in H%HJ“S(M(f ®g),R(k+0+2—7)).

Proof. Note that Ry g n(j + 1) # 0 is equivalent to Ry« g« n(j + 1) # 0. The theorem follows from Lemma
2.2, Proposition 7.7, Proposition 9.4 and the fact that Q¢ , is a fog—rational multiple of €. O

Using an observation for the compatibility of Beilinson’s conjecture with respect to the functional equation
[27, (2.2)], we get the following corollary.

Corollary 10.2. Under the assumptions of Theorem 10.1, the weak version of Beilinson’s conjecture for
L(f®g,k+{+2—j) holds.

Proof. Here we follow the discussion in [27, Section 2| and [11, Section 5|. Let Myr and Mp be the de
Rham and Betti realization of M = M(f® g)(k+{+2—j) and let I : Mp ® C ~ Myr ® C be the
comparison isomorphism. Denote the determinant of I by §(M) and put d(M) = dimg, Mp = 4 and
d~ (M) = dimg, Mg = 2. Let (M) = ¢(M,0) be the global epsilon constant for M as defined in [11,
Section 5|. Then e(M) =¢e(f ® g,k + £+ 2 — j) by Remark 5.1. Since D = det(M) is of the form [xrx4](n)
with an integer n, e(D) = (2r)@(P)/2 .47 (D) . §(D) mod K;g by [11, (5.6.1) and Proposition 6.5], where
w(D) is the weight of D. By the definitions, it is easy to see 6(M) = §(D), d~ (M) = d~ (D) mod 2 and
w(M)d(M) = w(D). Hence one has

(2mi) =MD (M) = (27) T M (2) DI (D) mod K.
Since (M) = e(det M) mod K;g by [11, Proposition 5.5|, this implies
(2mi) = D (M) = (27) T M (2) DI o (M) mod K.
Moreover we have
Loo(M,0) Loo(MY(1),0) ™ = (2m)wMM/2H7A) - mod K7

and

Bries2,0(M) = (2i) =" M§(M)Dyye12,0(M)
by [27, (2.2)]. Therefore we have L*(MY(1),0)Bite+20(M) = L(M,0)Dytp120(M) by the functional equa-
tion (5.7). O

Remark 10.3. (1) The factor Rs 4 n(j+1) is a product of local terms Ry 4,,(j+1), where p runs through
the prime factors of N. If p divides exactly one of the integers Ny and Ny, then Ry, ,(s) = 1 by [21,
Theorem 15.1]. If p divides N but doesn’t divide NyNy, then Ry, ,(s) = 1 — x;(p)xy(p)pttita—2
by [34, Lemma 1| and it may happen that Ry g, (j + 1) = 0, for example if j = k = £ and p = 1
mod lem(Ny, Ny). Therefore, it is best to choose N = lem(N¢, Ng) in Theorem 10.1. Moreover, it is
easy to see that Ry n(j+ 1) #0if K+ ¢ —25 ¢ {0,1,2} by [21, Theorem 15.1].

(2) The assumption R¢g n(j + 1) # 0 is necessary. We give an example. There is a newform f of
weight 8, level 39 with character (5) such that ag(f) = —27 (it is called 39.8.5a in the modular
forms database http://www.1lmfdb.org/). Also there is a newform g of weight 8, level 3 with trivial
character such that as(g) = —27 (it is called 3.8.a in the modular forms database). Let 7y = @ 7y,
and 7y, = ®; 74,0 be the automorphic representations generated by f and g. Then it is easy to see that

ms3 and 7y 3 are special representations of the form sp(o 3 |_%,af,3\ |%) and sp(oy 3| |_%,0'g,3| |%),
where 073 and 0,43 are unramified characters of Q3 satisfying o73(3) = 043(3) = —1. By [21,
Theorem 15.1|, we have

L(mfs ® mg3,5) = L(0f3043,8)L(0f3043,5 +1) = (1-37°)(1—37°"").
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Hence the Euler factor of L(f ® g,s) = L(ns ® 74,5 — 7) at 3 is given by (1 — az(f)as(g)375"1)(1 —
az(f)asz(g)3=%) = (1 —35.375F1)(1 — 3. 37%). On the other hand, the Euler factor of D(f,g,s) at
3is 1 —ag(f)as(g)3™ =1 —3%-37%. Therefore Rp,n(s) =1—-30-375T1 =1-37.375 If j =6,
then Rf7g73g(j +1)=0.

REFERENCES

[1] S. Baba and R. Sreekantan, An analogue of circular units for products of elliptic curves, Proc. Edinb. Math. Soc. (2) 47
(2004), no. 1, 35-51.

[2] A. A. Beilinson, Higher regulators and values of L-functions, J. Soviet Math. 30 (1985), 2036—-2070.

[3] A. A. Beilinson, Higher regulators of modular curves, Applications of algebraic K-theory to algebraic geometry and number
theory, Part I, Proceedings of Summer Research Conference held June 12-18, 1983, in Boulder, Colorado, Contemporary
Mathematics 55, American Mathematical Society, Providence, Rhode Island, 1-34.

[4] M. Bertolini, H. Darmon and V. Rotger, Beilinson-Flach elements and Euler systems I: syntomic regulators and p-adic
Rankin L-series. J. Algebraic Geom. 24 (2015), 355-378.

[5] M. Bertolini, H. Darmon and V. Rotger, Beilinson-Flach elements and Euler systems II: the Birch and Swinnerton-Dyer
congecture for Hasse-Weil-Artin L-series, J. Algebraic Geom. 24 (2015), 569-604.

[6] J. I. Burgos Gil, Green forms and their product, Duke Math. J. 75 (1994), no. 3, 529-574.

[7] J. I. Burgos Gil, J. Kramer and U. Kiithn, Cohomological arithmetic Chow rings, J. Inst. Math. Jussieu 6 (1) (2007), 1-172.

[8] F. Déglise, Around the Gysin triangle II, Doc. Math. 13 (2008), 613-675.

[9] P. Deligne, Formes modulaires et représentations l-adiques, Sém. Bourbaki vol. 1968/69 Exposés 347-363, Lect. Notes in
Math., Vol. 179, Springer-Verlag, 1971.

[10] P. Deligne, Les constantes des équations fonctionnelles des fonctions L, In Modular functions of one variable, II (Proc.
Internat. Summer School, Univ. Antwerp, Antwerp, 1972), pp. 501-597. Lect. Notes in Math., Vol. 349, Springer, Berlin,
1973.

[11] P. Deligne, Valeurs de fonctions L et périodes d’intégrales, Proc. Sympos. Pure Math., vol. 33. Automorphic Forms.
Representations and L-functions (Oregon State Univ. Corvallis. 1977), Part 2, Amer. Math. Soc. Providence. R.1., 1979, pp.
313-346.

[12] P. Deligne and M. Rapoport, Les schémas de modules de courbes elliptiques, Modular functions of one variable, II (Proc.
Internat. Summer School, Univ. Antwerp, Antwerp, 1972), pp. 143-316. Lect. Notes in Math., Vol. 349, Springer, Berlin,
1973.

[13] C. Deninger, Higher regulators and Hecke L-series of imaginary quadratic fields I, Invent. Math. 96 (1989), no. 1, 1-69.

[14] C. Deninger, Fxtensions of motives associated to symmetric powers of elliptic curves and to Hecke characters of imaginary
quadratic fields, in: F. Catanese (ed.): Proc. Arithmetic Geometry, Cortona, 1994, Cambridge University Press, 1997, pp.
99-137.

[15] C. Deninger and A. Scholl, The Beilinson conjectures, in L-functions and arithmetic (Durham, 1989), 173-209, London
Math. Soc. Lecture Note Ser., 153, Cambridge Univ. Press, Cambridge, 1991.

[16] F. Diamond and J. Im, Modular forms and modular curves, in Seminar on Fermat’s Last Theorem (Toronto, ON, 1993—
1994), CMS Conf. Proc., vol. 17, Amer. Math. Soc., Providence, RI, 1995, pp. 39-133.

[17] M. Flach, A finiteness theorem for the symmetric square of an elliptic curve, Invent. Math. 109 (1992), no. 2, 307-327.

[18] M. Harris and R. Taylor, On the geometry and cohomology of some simple Shimura varieties, Annals of Math. Studies, Vol.
151, Princeton University Press, Princeton, NJ, 2001. With an appendix by Vladimir G. Berkovich.

[19] G. Henniart, Caractérisation de la correspondence de Langlands locale par les facteurs € de paires, Invent. Math. 113 (1993),
339-350 .

[20] A. Huber and G. Kings, Dirichlet motives via modular curves, Ann. Sci. Ec. Norm. Sup. 32 (1999), 313-345.

[21] H. Jacquet, Automorphic forms on GL(2). Part II, Lect. Notes in Math., Vol. 278, Springer-Verlag, Berlin, 1972.

[22] U. Jannsen, Deligne homology, Hodge-D-conjecture, and motives, in Beilinson’s Conjectures on Special Values of L-functions,
305-372, Perspect. Math., 4, Academic Press, Boston, MA, 1988.

[23] U. Jannsen, Mized motives and algebraic K -theory, Springer Lect. Notes in Math., Vol. 1400, xiii+246 pp, Springer-Verlag,
Berlin, 1990.

[24] K. Kato, p-adic Hodge theory and values of zeta functions of modular forms, Cohomologies p-adiques et applications
arithmétiques. I111. Astérisque No. 295 (2004), ix, 117-290.

[25] G. Kings, D. Loeffler and S. L. Zerbes, Rankin-Eisenstein classes for modular forms, Preprint, http://arxiv.org/abs/
1501.03289.

[26] A. Lei, D. Loeffler and S. L. Zerbes, Fuler systems for Rankin-Selberg convolutions of modular forms, Ann. of Math. (2)
180 (2014), no. 2, 653-771.

[27] J. Nekovar, Beilinson’s conjectures, In: Motives (Seattle, WA, 1991), Proc. Symp. Pure Math., 55 Part I, 537-570, Amer.
Math. Soc., Providence, RI, 1994.

[28] N. Schappacher and A. J. Scholl, The boundary of the Fisenstein symbol, Math. Ann. 290 (1991), 303-321.

[29] C.-G. Schmidt, p-adic measures attached to automorphic representations of GL(3), Invent. Math. 92 (1988), 597-631.

[30] P. Schneider, Introduction to the Beilinson conjectures, in Beilinson’s conjectures on special values of L-functions, 1-35,
Perspect. Math., 4, Academic Press, Boston, MA, 1988.

[31] A. J. Scholl, Motives for modular forms, Invent. Math. 100 (1990), 419-430.



REGULATORS FOR RANKIN-SELBERG PRODUCTS 23

[32] A. J. Scholl, Integral elements in K-theory and products of modular curves, The arithmetic and geometry of algebraic cycles
(Banff, AB, 1998), 467-489, NATO Sci. Ser. C Math. Phys. Sci., 548, Kluwer Acad. Publ., Dordrecht, 2000.

[33] A. J. Scholl, L-functions of modular forms and higher regulators, Unpublished book.

[34] G. Shimura, The special values of the zeta functions associated with cusp forms, Comm. Pure Appl. Math. 29 (1976), no.
6, 783-804.

[35] G. Shimura, On the periods of modular forms, Math. Ann. 229 (1977), no. 3, 211-221.

[36] V. Voevodsky, Triangulated categories of motives, in Cycles, transfers, and motivic homology theories, Annals of Mathe-
matics Studies, vol. 143 (Princeton University Press, Princeton, NJ, 2000).

[37] J. Wildeshaus, Chow motives without projectivity, Compositio Math. 145 (2009), 1196-1226.

ENS LyoN, UMPA, 46 ALLEE D’ITALIE, 69007 LyoN, FRANCE
E-mail address: francois.brunault@ens-lyon.fr

MATHEMATICAL INSTITUTE, TOHOKU UNIVERSITY, 6-3 ARAMAKI-AZA-AOBA, AOBA-KU, SENDAI 980-8578, JAPAN
E-mail address: chida@math.tohoku.ac.jp



