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Stabilization of locally coupled wave-type systems

Fatiha Alabau-Boussouira* Matthieu Léautaud'*

March, 2010

Abstract

In this paper, we consider a system of two wave equations on a bounded domain Q C RY,
that are coupled by a localized zero order term. Only one of the two equations is supposed to
be damped. We show that the energy of smooth solutions of this system decays polynomially at
infinity. This result is proved in an abstract setting for coupled second order evolution equations
and is then applied to internal and boundary damping for wave and for plate systems. In one
space dimension, this yields polynomial stability for any non-empty open coupling and damping
regions, in particular if these two regions have empty intersection.
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1 Introduction

1.1 Motivation and general context

The decay properties for the energy of a solution of the damped wave equation are well known since
the works [Lio], [Kom] and definitively [BLR92]. More precisely, given a bounded open domain
Q Cc RY with boundary I' = 99, we consider either the internal damped wave equation

u' — Au+bu' =0 in (0,00) x £,
u=0 on (0,00) x T, (1)
(u,u)(0,-) = (uo()’ul()) in Q,

or the boundary damped wave equation

' —Au=0 n (0,00) x Q,
9t lu+bu' =0 on (0,00) x Ty, T C T, @)
u=0 on (0,00) x (I'\ T),

(u,)(0,7) = (u0(),ul() in €.

Here, u = u(t, z), v’ denotes the time derivative of u and v stands for the outward unit normal to T'.
In these two cases, the dissipation is due to the damping term bu’, where b = b(x) is a non-negative
function on Q in (1), on ' in (2). The dissipation of the energy

1

E(u(t)) = %/Q(\u'|2+|Vu|2) dr  or E(u(t)) = i/ﬂ(\u'|2+|Vu|2) d:c+%/F I(x)u’dy

is given by
Emm»:—ﬁw@w&m or Emm»:—Ab@me

respectively in the internal and the boundary damping case. In both cases, the localization of the
damping, supp(b) must satisfy some geometric conditions (see [BLR92], [Lio], [Kom]) in order for
the energy of the solutions to decay exponentially, i.e., such that there exist two constants M, x > 0
satisfying

E(u(t)) < Me " E(u(0)), t>0,

for all initial data (u®,u') of finite energy.

Besides, when no feedback is applied to the wave equation, i.e., b=101in Q in (1) or on I" in (2),
then the energy is conserved, E(u(t)) = E(u(0)) for every t > 0.

The question we are interested in is what are the stability properties of the following systems,
obtained by coupling an exponentially stable wave equation with a conservative one, that is

uf — Auy + dpug +buf =0
ul — Aug +puy =0

U1:UQ:0

uj(07 ) = uQ(') )y Uj

J

in the case of internal damping, and

uf — Aug + dpus =0
uy — Aug +puy; =0
90t Juy + buf =0
’LL1:0
UQZO

u;(0,-) = ul(-), u}(0,-) = u}

J

in (0,00) x €,
n (0,00) x €,
on (0,00) x T,

0,)=ui(-),7=1,2 inQ,

in (0,00) x £,
n (0,00) x Q,
on (0,00) x I, T, C T, @)
on (0,00) x (T'\ T),
n (0,00) x T,
(),7=1,2 inQ,

in the case of boundary damping. Here, § > 0 is a constant and p > 0 denotes the coupling parameter.
The case of a constant coupling p has already been treated in [ACKO02] for (3) (internal damping)



and in [AB99], [AB02] for (4) (boundary damping). One of the goals of this paper is to generalize
these results in cases where the coupling p = p(z) can vanish in some part of Q. It seems natural
that we shall have to suppose some geometric conditions on the localization of the coupling, that is,
on the support of the function p(x). We here also point out the work [LZ99] where the exponential
stabilization and the polynomial stabilization of a coupled hyperbolic-parabolic system are addressed.

In a more general setting, we are interested in the stability properties of systems of second order
evolution equations coupling a conservative equation and an exponentially stable one. The abstract
model that we shall refer to is the following

uf + Aju; + 6Puz + Buy =0 in VY,

ul + Agus + P*u; =0 in Vj, (5)
(uj,u5)(0) = (u9, u}) eV, xH,;j=1,2,

where H and V; C H, j = 1,2 are separable real Hilbert space, A; are positive unbounded selfadjoint
operators on H. The coupling operator P is assumed to be bounded and P* is its adjoint. The
stabilization operator B will be supposed to be either bounded on H (which corresponds to the case
of internal stabilization) or unbounded (which corresponds to the case of boundary stabilization).
The total energy of a solution U = (uy,uz) of (5) is defined by

1
BU®) = 5 (il + 143 s + Sllusl13 + 01145 sl ) + 8(ur, Puz), (6)

where (-,)y denotes the inner product on H and || - ||z the associated norm. Note that we have
to consider different operators A;,j = 1,2, in order to treat the boundary damping case. In the
applications to coupled wave equations, A; and Ao will be the same Laplace operator, i.e., with the
same speed of propagation, but with different boundary conditions.

The question is now: is the full system (5) stable, and if so, at which rate ?

In the papers [ACKO02], [AB02], the authors prove that this system cannot be exponentially stable,
since it is a compact perturbation of the decoupled system (obtained by taking P = 0 in (5)), that
is unstable. However, they prove that the energy decays at least polynomially at infinity, under the
assumption that the operator P is coercive on H. Here, since we want to address locally coupled
equations (see (3), (4) with p(x) locally supported), we have to remove the coerciveness assumption
on P. We shall instead suppose that it is only partially coercive (see Assumption (A1) below). Note
that we have to suppose the natural assumption that § and p™ = || P||z(my = sup{||Pv z, ||v]|# = 1}
are sufficiently small so that the energy is positive.

In this paper, the main result concerning the abstract system (5) is a polynomial stability Theorem
under certain assumptions on the operators P and B (see Theorem 2.4 in the case B bounded and
Theorem 2.7 in the case B unbounded). This abstract result can then be applied to a large class of
second order evolution equations. In Section 4, we treat the case of two locally coupled wave or plate
equations, with an internal or a boundary damping. The problem that first motivated this work is
the case (3) of partially internally damped wave equations. We now detail the results obtained for
this problem, that sum up our study.

1.2 Results for two coupled wave equations

In this section, we consider problem (3) in a domain  C RY with C? boundary. The damping
function b and the coupling function p are two bounded real valued functions on €, satisfying

0<b<brand 0<p<pton,
b>b" >0 on wy,
p>p~ >0 on wpy,



for wy and w, two non-empty open subsets of 2. As usual for damped wave equations, we have to
make some geometric assumptions on the sets w;, and w, so that the energy of a single wave decays
sufficiently rapidly at infinity. Here, we shall use the Piecewise Multipliers Geometric Condition
(PMGCOC).

Definition 1.1 (PMGC). We say that w C Q satisfies the PMGC if there exist ©; C Q having
Lipschitz boundary and z; € RV, j = 1....J such that ©; N Q; = for j # i and w contains a neigh-

borhood in € of the set szl v (x)U (Q \ szl Qj>, where v;(z;) = {z € 0Q;, (x — z;) - vj(z) > 0}
and v; is the outward unit normal to 0€;.

This geometric assumption was introduced in [Liu97] and further used in [AB04, ABO05]. It is
a generalization of the usual multiplier geometric condition of [Zua90], saying that w contains a
neighborhood in Q of the set {z € 99, (v — z¢) - v(x) > 0}, for some zy € RY. For instance in
dimension 2, the PMGC is satisfied in the case where {2 is a disk and w a neighborhood of one
diameter, a situation which is not covered by the condition of [Zua90]. However, the PMGC is
of course much more restrictive than the sharp geometric condition proved in [BLR92] (saying for
example in the previous case that the neighborhood of a radius is sufficient to obtain the same
stability results).

We denote by A the smallest eigenvalue of the Laplace operator on 2, with Dirichlet boundary
conditions. We also have the identity A = 1/ 072,, where Cp is the Poincaré’s constant of 2. Note
that according to (6), the energy of a solution U of (3) is defined by

1
BEU®) =35 (IIU1|\2L2(Q) + 1 Vurl[Zz o) + 0lublZz o) +5||VuQH%z<Q)) + 0(pus, uz)L2(0),

and is positive as soon as pT < XA and 0 < § < p%. With this notations, we can state the stability
theorem for system (3).

Theorem 1.2. (i) Suppose that w, and wy, satisfy the PMGC and that b,p € W>°(Q). Then
there exists px € (0, ] such that for all 0 < p* < p, there exists 6, = d.(pT,p~) € (0, p%],
such that for all § € (0,4.), the solution U(t) = (u1(t), ua(t), ui(t),us(t)) of (3) satisfies for
neNn<gq,

n
EU(®)) < tin S EBEWUD0) V>0, U= (uf,ud,ui,uz) € (H™ N Hy)? x (H" N Hy)?,
1=0

where ¢ is a constant depending on 8, p™, p~ and n. Besides, if UY € (H})? x (L?)?, then
E(U(t)) converges to zero as t goes to infinity.

(i1) If moreover either wy, C wp or w, C wy, then the result holds for 6. = p%.

This theorem is a consequence of Theorem 2.4. The fact that problem (3) satisfies the assumptions
of Theorem 2.4 is postponed in Section 4.1. Note that the constants p, and J, are explicit functions
of the parameters of the problem and of the constants coming from the multiplier method. The
smoothness assumption on the coefficients p and b comes from Lemma 2.6. If these parameters are
not smooth, Theorem 1.2 is still valid for initial data in D( P 5) where the operator Ap; is defined
in (9). But in this case, we cannot explicit the space D(.A% 5) in terms of classical Sobolev spaces.

Some comments can be made about this Theorem. One particularly interesting question for this
type of coupled problem is the case wyNw,, = (). This question first arised in the field of control theory
for coupled evolution equations, and, to the authors’ knowledge, is still unsolved. More precisely,
consider the parabolic system

uy — Auy +opug =1, f  in (0,T) x Q,
uh — Aug + pu; =0 in (0,7) x Q,
up =ug =0 on (0,T) x 09,
u1(0,-) = u¥, uz(0,) =ud in Q,



or its hyperbolic counterpart

uf — Aug + dpug =1, f in (0,T) x Q,
uy — Aug + puy = 0 in (0,7) x Q,
up =uz =0 on (0,T) x 99,
u1(0,-) = U(f, us(0,) = ug in €,

uy(0,) = u}, uh(0,) =u} inQ,

where the function p and the subset w;, are the same as in the stabilization problem. In these two
cases, the null-controllability problem under interest is the following: given a positive time T and
initial data, is it possible to find a control function f so that the state has been driven to zero in time
T? The Parabolic null-controllability problem is fully solved in the case w, Nwy, # O (see [Ter00],
[AKBDO06], [GBPGO6], [Léal0]). However, this problem is open in the case w, Nw, = 0. Only
the approximate controllability has been proved in [KT09] in this case for 6 = 0. Concerning the
hyperbolic null-controllability problem, only the case of constant coupling p have been considered,
to our knowledge, in [ABO03] and [You09].

The second reason for which the case w, Nw, = 0 is of particular interest in the stabilization
problem (3) is that, in this case, we don’t even know if the strong stability property holds, i.e., if
the energy goes to zero as t goes to infinity. To our knowledge, the only strong stability result for
system (3) is the following.

Proposition 1.3. Suppose that wy, Nw, # 0. Then, the energy of every solution of system (3) goes
to zero as t goes to infinity.

This is a direct consequence of the unique continuation property for the associated elliptic system
proved in [Léal0, Proposition 5.1] and Lasalle’s invariance Principle. However this unique continua-
tion property is not known in the case w, Nw, = @) and the strong stability is open.

Now, concerning the stability Theorem 1.2, it first has to be noted that, in dimension N > 2 the
assumption that both wy, and w, satisfy the PMGC implies that w, Nw, # 0 (whereas this is not
the case if wy, and w, satisfy the optimal condition of [BLR92]). This Theorem is hence of particular
interest in dimension N = 1. In this case, Q@ = (0,L) for some L > 0, and any non-empty open
subinterval w satisfies the PMGC. As a consequence, we obtain the following corollary of Theorem
1.2 point (7).

Corollary 1.4. Suppose that Q = (0,L). Then, for any non-empty subsets wy, C ©Q and w, C
(i.e., for any non-vanishing non-negative functions p and b), there exists p. € (0, such that for
all 0 < pT < py there exists 5, = 0,(p*,p~) € (0, p%], such that for all § € (0,04), the polynomial
stability result of Theorem 1.2 holds.

In particular, this yields in this case a strong stability result with w, Nw, = (), improving Propo-
sition 1.3. Moreover, this can be a first step to address the hyperbolic and the parabolic control
problems in the case wy Nw, = 0.

Remark 1.5. In the sequel, C will denote a generic constant, whose value may change from line to
line. Writing C = C(p, (3, ...) means that this constant depends on the parameters p, 3, ....

Acknowledgements. The second author wishes to thank O. Glass and J. Le Rousseau for
very fruitful discussions and encouragements. Both authors were partially supported by 1’Agence
Nationale de la Recherche under grant ANR-07-JCJC-0139-01.

2 Abstract formulation and main results

2.1 Abstract setting and well-posedness

Let H and Vj, j = 1,2, be separable real Hilbert spaces such that the injections V; C H are dense
and compact. We identify H with its dual space and denote by Vj’ the dual space of Vj, so that the



injections V; C H C V] are dense and compact. We denote by (,-)# (resp. (-,)y;) the inner product
on H (resp. Vj), |||l (resp. | -[|v;) the associated norm and || - [lv; the norm on V/. Moreover, we

write (-, )y v, the duality product and A; the duality mapping from Vj to Vj' defined by
¢8
(Ajv,w)

Vi, = (v,w)g Yv,w eV

We shall moreover assume that the subspace V5 is continuously imbedded in V7, so that we have the
following scheme:
V2<—>V1<—>H<—>V1’<—>V2/’

where the first and the last inclusions are continuous and the two central ones are dense and compact.
We denote i : V5 — Vj the natural injection and Ily : Vi +— V5 the natural projection from V; to V5.
We recall that for uy € Vi, IIyuy is characterized by

<A1i(HVU1)ai(¢)>v{,vl = <A1U1,i(¢)>vlr7vl Vo € Vo, ug € V7,
and Ilyu; € Vs,
and that i, A; and As are linked by

<A2¢a1/)>\/2’7\/2 = <A1i(¢)ai(¢)>vl’,vl v¢a1/) eVa.

The coupling operator P is a bounded operator on H and P* is its adjoint, ||P|lzm) = pt.
The damping operator B will be supposed to be at least bounded from V; to V{ and symmetric
non-negative:

<Bv,w>vl,’v1 = <Bw>U>V{,V1 , <BU7U>V{,V1 >0 VYo,we V. (7)

We denote by A;,j = 1,2, the largest constant satisfying
i, > Nllol3 Yo eV,

that is, the smallest eigenvalue of the selfadjoint positive operator A;.
Let us study now the abstract system (5). This linear evolution equation can be rewritten under

the form
U/—FAP,(;U:O (8)
U)=U%€H,

where H = Vi x Vo x H?,

Uy ul 0 0 —-Id o0
0
| owe o | ud 1o 0o 0o -u B
U - vy 7U - ’LL% aAP,é - Al 5P B 0 ,D(AP,(S) — {U S H,AP,5U € H}
U2 ’LL% P* A, 0 0

9)

We recall that the energy of this system is given by
1
EU®) = 5 (1wl + i, + ollual + dllualli,) + dus, Puz)u, (10)

and we will require this energy to be positive for any solution U(t). We have the lower bound for
the energy

517 2 2
—(||u + jlu
9 (H 1HH H 2||H) (11)

1)
ua || + 52 —p ) luz 3

EU®))

%

1
5 (lllZr + Al I + dlludllZr + al|uzl7) —

| 1
> S(luillF +ollualz) + 5(a — dp™)

Therefore, in the sequel, we shall suppose
A
O<p+</\2,amd0<6<p—}r (12)

so that (11) holds with positive constants, i.e., E is a positive energy that measures the whole state

U.



Remark 2.1. Note that for any § > 0, the operator ) is selfadjoint on the space H x H

pP* A,
endowed with the weighted inner product (u, v)s = §(u1,v1) g+ (us2,v2) g (which is the energy space).
This operator is moreover positive under the condition (12). In the case B = 0, the operator Ap s is
skewadjoint and thus generates a group.

Under the assumptions made above, the system (8) (and thus, (5)) is well-posed in the sense of
semigroup theory.

Proposition 2.2. For all0 < pt < X and 0 < 6§ < + , the operator Aps is maximal monotone
on H. As a consequence, for every U° € H, Problem (8 ) has a unique solution U € C°([0, +00); H).
If in addition, U° € D(A’fpyé), for k € N, then, the solution U is in ﬂ?:o ck=i([o, +oo);D(.A§D76)),
Moreover, the energy E(U) of the solution defined by (10) is locally absolutely continuous, and for
strong solutions, i.e., when U° € D(Ap;), we have

E'(U(1) = — (B, u)y, v, - (13)

2.2 Main results

In all the following, we have to suppose some additional assumptions on the operators P and B, in
order to prove the stability results. Let us first precise assumptions (A1) and (A2), related with the
operator P. We assume that P is partially coercive, i.e.,

(A1) there exists an operator IIp € L(H), |[lIp||zx) = 1, and a number p~ > 0
such that  (Pv,v)y > p~||lUpv||3 Vv € H.

Note that p~ < p™ = ||P||z(x) and that (A1) implies that the operators P and P* are non-negative.
We shall moreover make the following assumption (A2) on one decoupled equation, without damping,
but with a right hand-side:

3 g, B2,72 > 0 such that for all fo € C*([0,+00); H) and all 0 < S < T,
the solution ug of

UIQI + Asug = fg in VQ,

(12, ) (0) = (u, ub) € Vi x I,
satisfies, with ea(t) = 1/2 (Hu2HH + Hu2||v2) the inequality

fs ea(t) dt < az(ea(S) + ea(T)) + Be fs 1 f2(0) |3 dt + 2 fs ITLpub (t)||7;dt.

This corresponds to the second equation in which the coupling term is viewed as a forcing term.
This type of estimate will be proved in the applications below by means of multiplier estimates (for
a single equation with a right hand-side). Note that the operator IIp involved in the estimate of
assumption (A2) is the operator given by assumption (Al).

Concerning the operator B, we shall make the following “stability” assumption for a single damped
equation:

(42)

J ay, B1,v1 > 0 such that for all f; € C1([0,+00); H) and all 0 < S < T,
the solution u; of
(43) uf + Ajug + Bu) = f1 in VY,
(ulvu/1>(0) (ulvul)evl x H,
satisfies, with e (t) = 1/2 (||u1||H + ||u1||V1) the inequality

fS ei1(t) dt < aq(e1(S) +ei(T)) + A fs IO dt +7 fs Bu1au1>w v dt.
Remark 2.3. Assumption (A3) implies in particular that the single damped equation is exponen-

tially stable, since for f; = 0, we deduce that e;(t), which is locally absolutely continuous and
nonincreasing, satisfies the classical integral inequality (see [Har78], [Kom]).

T
/ er(t) dt < (201 +m)er(S) YO < S <T.
S

The next assumption we make on the damping operator B depends on its boundedness.



2.2.1 The case B bounded
In the bounded case, we shall moreover suppose
(A4b) |Blle(ry =0T and Vo =V; =V.
As a consequence, we have
A1 =Ay=A, M =X=A and i=Ily=Idy,.

The positivity condition (12) for the energy becomes
4 A
0<p™ <A, and 0<0<—. (14)
p

The main result here is

Theorem 2.4. (i) Suppose (A1), (A2),(A3), (A4b). Then there exists p. € (0, A] such that for all
0 < p* < p. there exists 6, = 6.(pT,p~) € (0, er] such that for all & € (0,4,), the solution

U(t) = exp(—As pt)U° of (5) satisfies

EU() = tcngE(U(p)(O)) Vi >0, U% € D(ALp),

where c is a constant depending on 8, p*, p~ and n. Besides, if U° € H, then E(U(t))
converges to zero as t goes to infinity.

(i) Suppose moreover either

b+
|Pv||% < pT(Pv,v)g and (Buv,v)y < F(Pv,v)H, Vv e H, (15)

or

+

there exists b~ > 0 such that (Pv,v)pg

@"B

—(Bv,v)g, YveH. (16)
Then the result holds for §, = %

Remark 2.5. In Case (i) of Theorem 2.4, the conclusion is much stronger than in Case (7). As one
sees in the proof below, d, is very small in Case (i), whereas in Case (i), the result holds for a large
panel of 4, including the interval (0, 1]. More precisely, the constants p. and J, are explicit, that is,

. _ . Ap— . .
® Dy = mln{ﬁﬂ\} and 0. = 0. (pT,p7) = mln{gﬂz(pﬁ—)Qp—a 2ﬁ1(pp+)2 ) p%} in (i);
® D, = min{ﬁ,)\} and §, = p—)_; in the first case of (i7);

°p, = min{ﬁ, 2% , } and 9, —Jr in the second case of (7).

In this case, we are moreover able to give a simple characterization of the space D(A} p), in terms

of the spaces D(A™), which is useful in the applications. More precisely, setting H,, = (D(AnTH))2 X
(D(A%))% C H, we prove the following lemma, inspired by [ACK02, Lemma 3.1].

Lemma 2.6. Suppose that for every 0 < k <n—1 (no assumption if n = 1), we have
PD(A™* ) C D(A%) , P*D(A"5)CD(A%) and BD(A™>)C D(A%). (17)

Then Hj, = D(AQP) for every 0 < k < n.



Proof. We proceed by induction on n € N. In the case n = 1, there is no need of an additional
assumption since the operators B and P are bounded on H. Now, we assume that H,_1 = D(Ag}l)
and prove H,, = D(A} p). We have

D(Azp) = {U€D(ALLY), AspU € D( ?,p)}

(u1,uz,v1,v2) € (D(A%))? x (D(A™2))?,
(—v1, —va, Auy + 6Pus + Buy, Aus + P*uy) € (D(A%))? x (D(A%)F} :

when using the induction assumption D(A} ') = H,—1. Now using assumption (17) for k =n — 1,
we see that having ’ ’
V1 € D(A%) ;U2 € D(A%),

n—

Auy + 6Pug + By € D(A 21),
Aug + P*uy € D(A™F

=),
is equivalent to having

n—1 n—1

vy ED(AZ) ; v €D(A%) ; Auy €D(AT) ; Aug € D(A'T ),

n+1

that is exactly (ug,us2,vi,v2) € (D(A™2))? x (D(A%))? = H,. This gives D(Aj p) = Hy and
concludes the proof of the lemma. O

2.2.2 The case B unbounded
Here, we replace assumption (A4b) by the following

(A4. ) <Bu17i(¢)>\/1/7v1 =0 V¢ € ‘/27 u; € ‘/'17 and
U Eﬂ > O7 ||U1 - Hvu1||%{ < ﬂ <BU1,U1>V1/7V1 Vul S V1 .

Assumption (A4u) implies that B satisfies a “weak” coercivity property (since the norm on the left
hand side of the second inequality in (A4u) is the weaker H-norm) in the subspace orthogonal to
the closed subspace V5. As will be seen in Section 4, this property is satisfied for most systems (e.g.
wave, plate...). We have the analogous of Theorem 2.4.

Theorem 2.7. Suppose (A1), (A2),(A3), (A4u). Then there exists p. € (0, 2] such that for all
0 < pT < p. there exists 6, = 6.(pT,p~) € (0, ;‘—i], such that for all 6 € (0,0.), the solution
U(t) = exp(—As pt)U° of (5) satisfies

2n
B(U() < 5 Y BUP(0) vt >0, U° € D(AT}),
p=0

where c is a constant depending on §, p™ and n. Besides, if U’ € H, then E(U(t)) converges to zero
as t goes to infinity.

Remark 2.8. e As in Theorem 2.4, the constants p, and J, here are explicit, that is p, =
: 1 _ o= A Aop” A
min {R’ /\2} and 0, = 6,.(pT,p7) = mln{zﬁz(pi)gp_ , 261?Z+)2’171f}'

e Note the difference between the conclusions of Theorem 2.4 and 2.7. For U° € D(.A?;f})),
Theorem 2.4 gives a decay rate of the form C/t?", whereas Theorem 2.7 only gives a decay rate
of the form C/t". This comes from the unbounded nature of the operator B (in the applications
below, the boundary stabilization).

e Note also that item (i7) of Theorem 2.4 has no counterpart here since P and B are not of the
same nature.



3 Proof of the main results, Theorems 2.4 and 2.7

3.1 The stability lemma

In the following, to prove polynomial stability, we shall use the following lemma, which proof can be
found in [AB99], [AB02], [ACKO02].

Lemma 3.1. Let U(t) = exp(—tA)U(0) a strongly continuous semigroup generated by (A, D(A)).
Suppose that t — E(U(t)) is a nonincreasing, locally absolutely continuous function from [0, +00) to
[0, 4+00). Assume moreover that there exists k € N* and ¢, >0, p=0, ...,k such that

k
/ " Bt < S GEUP®) Y<S<T, VUO)eD(AY). (18)
S

p=0

Then, for every n € N, there exists ¢, > 0 such that

kn
B(U(t))dt < %Z ];)E(U@) (t)) ¥t>0, YU(0)e DA™

Besides, if U(0) € H, then E(U(t)) converges to zero ast goes to infinity.

To prove the stability results Theorem 2.4 and 2.7, we only have to perform energy estimates of
the type (18). For this we shall use the dissipation relation (13), that yields, for all 0 < S < T,

T
/S (Bul,ul)yr v dt < B(U(S)) — E(U(T)) < BU(S)). (19)

3.2 Proof of Theorem 2.4, the case B bounded

The link between u; and us in the following estimates is given by the following coupling relation.

Lemma 3.2. Assume (A4b) and (14). Then, for all U = (u,u3,ul,ul) € H, the solution U(t) =
exp(—tAs p)UY = (u1,uz,v1,v2) of (5) satisfies for some C = C(8,pT) >0

T

T T
6/ (Pug,UQ)HdtS/ (Pul,ul)Hdt—Fe/
S

1
o . (BUQ,UQ)Hdt + C (1 + E) E(U(S)) (20)

foralle >0 and 0 < S <T.

Proof. Assume first that U° € D(As p). In this case, the solution U(t) = exp(—tAsp)U° =
(u1,uz2,v1,v2) of (5) is in C°([0,+o0); D(As.p) N CH([0, +00); H). Hence U = (uy,ug,v1,v2) satis-
fies

vr =y, v = U,

uf + Auy + Buj + 0Pus =0 in H,

uy + Aug + P*uy =0 in H,

As a consequence, we have V0 < § < T,
T
/ (u) + Auy + Bul + 0 Pug,uz) g — (uy + Aug + Puy,uy)gdt = 0. (21)
s
We first notice that (Auy,us)g — (Aug, u1)g = 0 since A is selfadjoint, and

T
/ (wll, uz)pr — (ulfyur) e

= ‘[(ull,UQ)H - (Uévul)H]g
S

% > (I (D + I (TN + g (DI + s (TH 1) -
j=1,2

IA
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From (11) and (14), each of the terms here is bounded by the energy, i.e., for j = 1,2,
Il (S)1Z + lu; (S)7r < CEU(S)) and  [[uf (D)7 + llus (D)7 < CEU(T)),
where C = C(d,p™). Since the energy is decaying and T > S, we have E(U(T)) < E(U(S)), so that

T
/ (u/1l7’LL2)H — (’LL/2/7’U,1)Hdt
S

< CE(U(S)).

Now, (21) becomes

T T T
5/ (Puz,uz)Hdtg/ (Pus, ) wdt + / (Bu,, us)wdt| + CE(U(S))
S S S
T O T T
< [ (Puuudt+ S [ (B tyudi e [ (Busugudt + CEU(S), (22
S S S

T
for all € > 0, since B is selfadjoint on H. From (19), we have / (Buy,uy)gdt < CE(U(S)), and

s
(22) yields

T

(5/ST(Pu2,u2)Hdt < /T(Pul,ul)Hdt —|—5/ (Bug,ug)gdt + C (1 + i) E(U(9)) (23)

S S

for alle > 0 and 0 < S < T. By a density argument, we deduce that (23) holds for every U € H. [
We can now prove Theorem 2.4.

Proof of Theorem 2.4. We first prove assertion (7). Assume that U° € D(A; p), then, the solution
U of (5) is in C°([0,40); D(Ap,s)) N CH([0,+00); H) (see Proposition 2.2). We denote by e;(t) =
1/2 (||u;||%{ + luj|I#), j = 1,2, the partial energies. The regularity of U(t) gives in particular Puy €
CY([0,+00); H) and P*uy € C1([0,+00); H), so that assumptions (A2) and (A3) yield

T T

T
/ ex(t) dtSCE(U(S))+ﬁ1/ 16 Pus(t) 1% dt+71/ (Buy,ui)y y dt, (24)
S S S
T T T
/ ea(t) dtSCE(U(S))+/6’2/ 1P s (1)1 dt+w/ TLpusy ()17t (25)
S S S

since e;(t) < CE(U(t)) < CE(U(S)) for t > S. From (19), we have fg (Buy,uy)y. y dt < E(U(9)),
so that (24) yields
[ et de < CEUS) +mP 0 [ fualo) fy a. (26)
S s

On the other side, assumption (A1) and the coupling relation (20) of Lemma 3.2, applied to U’ €
CO([0, +00); H) give, for all € > 0,

T T T T
oo [ el <6 [ (Puumdt <" [ deeb® [ byt CEQ(S)). (20)
S S S S

Replacing (27) in (25), we obtain
T

T
5p_/s es(t) dthE(U(S))+525P_(P+)2/S || dt

T T
- /S e 2t + enabt /S lb|3dt + C.EU'(S)).  (28)

11



Then, recalling that for all v € V, [|[v||% < 1/A||v])?,, and adding (26) and (28), we obtain, for all
e>0,

1 T 1 Bab(pT)2p~ T op~ T
3=t ) [ i+ 1 B0l R e
2 S 2 ) ; 2 s

_ 2/ 4\2 T
i (52 - Mip)) /S luzlliydt < CEU(S)) + C:BU'(S)). (29)

272 2B2(pT)2p~* 281 (pF)2 pt
for all p™ € (0,p,) and & € (0,4,), one can choose 0 < & < ‘;%: so that the following bound on the
energy holds

We now set p*:min{i /\} > 0 and 5*:5*(p+,p_)=min{ A Ap___ A } > 0. Then

A

T T
/S EU®)dt < C(&ﬁ*)/s (lay ONFr + lua O dt + lusOIF + w27 dt
CO,p*,p7) (E(U(S)) + E(U'(S)), YO<S<T, VU°€D(Asp),

A

from (29) and the choice of p, and .. Using now Lemma 3.1, we obtain

n

and (i) is proved.

We now prove the first case of (ii) and suppose (15). Thanks to this assumption, the coupling
relation (20) of Lemma 3.2, applied to U € C*([0, +00); H) gives for all € > 0

T T €b+ T
5/ (PUQ,UQ)Hdt S / (Pul,ul)Hdt + F (PUQ,UQ)Hdt + CEE(U(S))
S S S

This and assumption (15) yield for all 0 < & < p;—f

2 + (p )2 2
P dt < Pu dt < —————— dt + C.E(U ,
/S H 7‘1’2”]‘] —p /S ( 237‘1’2)]’[ — 5 Eb+/ — A ||U1HH C ( (S))

so that (24) gives, for all 0 < e < pb;f,

g Bd*(pt)? g 2

Now we set £ = (1 — n)pb%‘s and we obtain, for all n € (0,1),

1 [T 1 s(pHH)2\ [T
5 [ Wt (5= 22905 [ jalpar < c,Bws). (30)

Choosing p, = min {ﬁ, )\}, we have for every pt < p,

A

+\2 AN
) <355

(p (31)

since § is chosen such that 0 < p™ < A/d. From (31), for all p* € (0,p.) and 6 € (0, \/p™), there
2
exists 0 <7 < 1, such that M < n and (30) implies the existence of C'= C(4,p™), such that

/ ' e1(t)dt < CE(U(S)). (32)

S

12



Besides, the coupling relation (20) of Lemma 3.2, applied to U’ € C°([0, +00); H) implies in this case,
for all € > 0,

T T (T
5/ (Pugy, uy)pdt < / (Pu’,u))gdt + = (Puy, uy) gdt + C.E(U'(9)).
s s s

Proceeding as above, we obtain for all 0 < & < p~d/bT,

_ eb™ r 12 + T 72 !
p 5*pf_ g M pus||gdt < p g [ur[[zdt + C-E(U'(S)). (33)

Fixing € € (0,p~d/b™) and replacing (33) in (25), we obtain for some C = C(5,b7,p~,p "),

T T T
/ es(t) &t < CE(U(S)) + fa(pH)? / lurl dt+C / , |3dt + CEU(S))
S S S

T
< c/ er(t)dt + CE(U(S)) + CEU'(S)).
S
Estimate (32) on e; gives
T
[ el < CEUIS) + CEU(S))

so that the following bound on the energy holds

/ Bt
S

T
C(M*)/ (Il N7 + lua (OIF-dt + lus 7 + luz(D]F,) dt

C@.p*.p") (E(U(S) + EU(S), Y0<S<T, YUOeDAsp).

IA

IN

We conclude the proof of the first part of (i7) as in Case (i) with Lemma 3.1.

To conclude the proof of (i7), suppose now assumption (16), i.e., there exists b~ > 0 such that
(Pv,v)g < pT /b~ (Bv,v)y, for all v € H. In this case, the coupling relation (20) of Lemma 3.2,
applied to U’ € C°([0, +00); H) gives

T T p* T T
5p*/ |\Hpu’2||§th§(5/ (Puly, uh) gdt < 17—/ (Bu’l,u’l)Hdeﬁ/ |ubl|%dt + C.E(U'(S)).
S S S S

(34)
We recall that fST(Bu’hu’l)Hdt < E(U(S)). Replacing (34) in (25), we obtain

5b+’72

T T
5/5 ea(t) dt < CE(U(S)) +625(p+)2/s sl dt +

which, summed with (26), yields

T
[ Il c.Ew ), 69
S
I 12 1L Bad(ph)? T 2 o ebty T
— dt - = dt - — I3 dt
5 [ Ml (5= 2200 [Cpagace (5-222) [l
5 [io*(pt)?

T
+ ( — ) /S |us||}-dt < CE(U(S)) + C-E(U'(S)). (36)

2 A

Now, setting p. = min {ﬁ, ﬁ, )\}, we have for every p* < p,
A A
+)2 : _
< 25, 200, | 37
(p")” < min { 250, 205, } (37)

since ¢ is chosen such that 0 < p™ < A\/é. From (37), for all p* € (0,p,) and 6 € (0, \/p™"), one can
choose 0 < e < 261:17:/2, so that the following bound on the energy holds

T
C(&p*)/ (Il 011 + lua (DT dt + [l (0117 + Nuz (D) dt

C,p+ 1) (B(U(S) + EQU'(S))), YO<S<T, WUOeD(Asp).

IN

T
/ E(U(#))dt
S

A
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We conclude the proof of the last part of (i) as before with Lemma 3.1. This ends the proof of
Theorem 2.4 O

3.3 Proof of Theorem 2.7, the case B unbounded

We first state the analogous of Lemma 3.2, that provides a coupling relation between u; and us.

Lemma 3.3. Assume (Adu) and (12). Then, for all U° = (ul,uS,ui,ul) € D(Asp), the solution
U(t) = exp(—tAs.p)U° = (u1, ug,v1,v2) of (5) satisfies for some C = C(6,pT) >0

T T T
5 [ (Pusu)uat < [ (PurTivunmdt vz [ ualfyd+ SEQ(S) + CEUS)  (39)
S S S

foralle >0 and 0< S <T.

Remark 3.4. The main difference with the bounded case (Lemma 3.3) is that here, the energy of
the derivative of U is needed in the coupling relation.

Proof. Assume first that U° € D(A§p). In this case, the solution U(t) = exp(—tA;p)U° =
(u1,ug,v1,v2) of (5) is in CO([0, +-00); D(AZ p)) N C'([0, +00); D(As.p)) N C*([0,+00); H). Hence
U = (uy,us, vy, vy) satisfies

v = Uy, U2 = U,
uf + Ajuy + Bu} + 6Puy =0 in H,
ulf + Asug + P*uy =0 in H,

As a consequence, we have V0 < S < T,

T
/ (uf + Ayug + Buj + §Pug,us) g — (uy + Asug + P*uy, Iy uy) gdt = 0,
S

i.e., Kl + K2 + K3 = 07 with

T
K, = / (uf s u2) g — (uy, My ui )t
ST
K, = / (A1U1 + Bu’l,ug)H — (AQUQ,HVUl)Hdt,
S
T
Kg = / 5(Pu2,u2)H — (P*ul,HVul)Hdt.
S

We first consider K;. Since U? is taken in D(Ag’P), u; € C%([0,+00);V;) for @ = 1,2. Hence,
(Myuy)” =y (uf) and

T

T

K= / (ulll — Hvu'{,uQ)Hdt + [(Hvull,UQ)H — (Hvul,ué)H]S .
S

As a consequence, for all € > 0,

C T T
K<< / ! = Ty | + < / a2 dt
€ Js S
+ 57 (s () + I (D3 + g ()13 + g (DI - (39)
j=1,2

From (11) and (12), each of the terms of the sum is bounded by the energy, i.e., for j = 1,2,

Il ()7 + llu; ()7 < CEU(S)) and  [[uf(T)I[; + Ilu; ()7 < CEU(T)) < CE(U(S)),

14



since the energy is decaying and T' > S. Replacing this in (39), and using assumption (A4u), we
obtain, for all € > 0,

T
| K| < —/ B (Buf,u) V, v dt+5/ |uz|3;dt + CE(U(S)).
s

On the other side, Proposition 2.2 gives E'(U(t)) = — (Bu'l,u’1>vl,7v1 for UY € D(Asp), so that
we have E'(U'(t)) = — (Bu’{,u'{)vl,yl for U% € D(A p). Recalling that E(U(-)) and E(U'(-)) are
nonincreasing, we obtain, for all € > 0,

T
Kol < [ alfydt+ SEQ/S) + CEU(S)).

We now consider K3. From assumption (A4u), we have,
(Arus + Buy,uz)m = (Arus + Buy,i(uz))yy v, = (Avun,i(uz))yy v,
since U° € D(A(Q;VP) yields us € D(As) C Vo. The definition of Ty also gives
(Avu,i(uz))y, v, = (Ari(Mvu), i(uz))yy v, = (Aedlvus, ug)y, v, = (Agug, vua)y, g, -
Moreover, since ug € D(Az), we have <A2u2,HVU1>V2/,V2 = (Aqug, Iy ug) g, so that
(Ajuy + Bul,us) g = (Agug, My uy) g
and Ko = 0.

Finally, replacing in

T T
/ d(Pusg, ug) gdt = / (P*uy, My uy ) gdt — K1 — Ky
s S
the estimates on |K;| and Ko, we have for all € > 0,
T T T C
/ 5(Pug, )t < / (P un, Ty ) gt +5/ Jusllfdt + < B(U'(S)) + CEWU(S).  (40)
s s s

This concludes the proof of the proposition for an initial datum U° € D(Ai p). By a density
argument, we deduce that (40) holds for every U € D(As p). O

We can now prove Theorem 2.7. This proof follows the same steps as in the proof of Theorem
2.4 point (i). We give it for the sake of completeness.

Proof of Theorem 2.7. Assume that U° € D(Aap), then, the solution U of (5) is in
€°([0, +00); D(AR,5)) N € ([0, +00); D(Ap,5)) N C*([0, +00); H)

(see Proposition 2.2). We recall the notation e;(t) = 1/2 (Hu;H%I + HUJH%/J), j = 1,2. The regularity

of U(t) gives in particular Pus € C*([0,+00); H) and P*u; € C'([0,+o0); H), so that assumptions
(A2) and (A3) yield

T T T
/ e1(t) dt < CE(U(S)) +61/ 6 Puz ()13 dt—l—’yl/ (Bui, uy)yy v, dt, (41)
S S S
T T T
/ ea(t) dt§0E<U<S))+ﬂz/ [1P*ui ()% dt+72/ ITLpusy (8)]17 dt. (42)
S S S

15



From (19), we have fg <B“€L’“/1>V{,V1 dt < E(U(S)), so that (41) yields

T T
/ er(t) dt < CE(U(S)) + fr6*(p*)? / lus()]13 dt. (43)
S S

On the other side, assumption (A1) and the coupling relation (38) of Lemma 3.3, applied to U’ €
CO([0,+0); D(Aps)) give, for all € > 0,

T T

5p_/ ITpu|%dt < 5/ (Pul, )t

s s T T (44)

< pt / |2t + < / || dt + C-E(U"(S)) + CE(U'(S)).
S S
Replacing (44) in (42), we obtain

T T
59 / ea(t) dt < CE(U(S)) + CE(U'(S)) + fadp~ (p*)? / lun(8)|3 di

S S

T T
et /S o |2t + e [S Iyl st + CLEU™(S)).  (45)

Then, recalling that for all v € V;, [|[v||% < 1//\ij||}2/j, Jj =1,2, and adding (43) and (45), we obtain,
for all € > 0,

1 T 1 s(pHzp~\ [T op~ T
(2 B 72p+> / od) |12t + (2 _ W) / Ju|3, dt + <Z - 572) / (b3 dt
s 1 s s

_ 2 2 T
+ (52; - MA(T)) /s |uz|3,dt < CE(U(S)) + CEU'(S)) + C.E(U"(S)). (46)

We now set p, = min{ﬁ,)\g} > 0and d, = d.(pT,p7) = min{wQ(;\j)?p,, 2,6);2(5;)2,1%} > 0. Then

for all p™ € (0,p.) and 6 € (0,d,), one can choose 0 < € < ‘;”T;, so that the following bound on the
energy holds for all 0 < S < T and U € D(.A?P),

C(0,p") / (lax ONIFr + lua (O dt + us 17 + uz(O]F) dt

C6.p+. ) (BU(S)) + EU'(S) + EU"(S))).

IN

/T B(U(t))dt
S

IN

from (46) and the choice of p, and ¢,. Using now Lemma 3.1, we obtain
2n
E(U(t)) < tin S EU®(0)) vt>0, YU e DAY),
p=0

and Theorem 2.7 is proved. O

4 Applications

We now apply the results of Theorem 2.4 and Theorem 2.7 to different second order coupled sys-
tems. In each of the following sections, we first explain how the problem can be formulated in the
abstract setting of Section 2.1. All these systems are well-posed in the spaces we choose, according
to Proposition 2.2. Hence, we only have to check that assumptions (A1) — (A4) in order to apply
Theorem 2.4 or Theorem 2.7 and obtain the expected stability results. All this strategy shall be
followed in Section 4.1 to address internal stabilization of coupled wave equations, in Section 4.2
to address boundary stabilization of coupled wave equations, and in Section 4.3 to address internal
stabilization of coupled plate equations. For the sake of brevity, we do not treat the case of boundary
stabilization of coupled plate equations. However, one can prove as well that Theorem 2.7 can be
applied in this case.
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4.1 Internal stabilization of locally coupled wave equations

Here, we prove Theorem 1.2 in the context presented in the introduction. We recall that Q ¢ RY,
[ = 09 is of class C2, and consider the evolution problem (3). We take H = L?(2), V = H}(Q) with
the usual inner products and norms. We moreover take for B and P respectively the multiplication
in L? by the functions b, p € L>(Q), satisfying

0<b<brand 0<p<p"on,
b>b" >0 on wy,
p=>p- >0 on wpy,

for wp and wy, two open subsets of €2, satisfying the PMGC. As a consequence, assumption (A4b) is
satisfied and assumption (A1) is fulfilled taking for ITp the multiplication by 1,,,. It only remains
to check assumptions (A2) and (A3), that are consequences of the following lemma.

Lemma 4.1. Let w be a subset of Q0 satisfying the PMGC. Then, there exist o, 3,7 > 0 such that
for all f € CYR*; L3(Q)) and all 0 < S < T, the solution u of

u' —Au=f in (0,00) x £,
u=0 on (0,00) x T, (47)
(u,u')(0,) = (u°(),u' (")) € H(Q) x L*(),

satisfies, with e(t) = 1/2 (||u’HL2(Q + IVullfz g ) the inequality

/S e(t) dt < o(e(S) + e(T)) + B /S LF )2y dt +7 /S ot O 2aydt. (48)

This Lemma direcly yields (A2), since w, is supposed to satisfy the PMGC. To prove (A43), we
note that the solution u of (47) is C}(R*; L?(Q)) and apply the lemma to v = u;, w = wy, and
f=fi—buj € CLY{RT; L?(Q)). This yields

T T
/S () dt < alex(S)+er(T)) + B / 1 F1(E) = by (1) 2t -+ /S M (8) 2t
T
< ale(S) +e(T)) +25/S 110172y + (254‘ (57)2>/s [y (D)][72 () dt,

which is (A3) with 8 = 28 and 7, = (25 n ﬁ)
Now applying Theorem 2.4, we have proved the following theorem.

Theorem 4.2. (i) Suppose that wy, and w, satisfy the PMGC. Then there exists p. € (0, A] such
that for all 0 < p* < p, there exists 6, = d.(pT,p~) € (0, p%}, such that for all § € (0,0,), the
solution U(t) = (u1(t), ua(t), u)(t),u5(t)) of (3) satisfies for n € N,

STEUO©) V>0, U0 = (ud,ud, ul, ud) € D(A),

i=0

c

EU®) <

where D(A%p ;) is defined in (9), and c is a constant depending on 0, pt, p~ and n. Besides,
ifUY e H = ( $)?2 x (L?)?, then E(U(t)) converges to zero as t goes to infinity.

(i1) If moreover either wy, C wp or w, C wy, then the result holds for 6, = p—ﬁ

Theorem 1.2 is now a corollary of Theorem 4.2 in the case of smooth coefficients since Lemma
2.6 allows us to explicit the spaces D(A% ;).

Proof of Lemma 4.1. We here prove the energy estimate (48) for the solutions of (47), using the
piecewise multiplier method. We proceed as in [Mar99] and [ABO5]. The subset w satisfies the PMGC.
Hence, denoting by €; and z;, j = 1...J the sets and the points given by the PMGC, we have w D
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N (U] v (@) U (Q\ U, Qj)) N Q. In this expression, N:(0) = {z € RY,d(z,0) < £} with d(-,0)

the usual euclidian distance to the subset O of RY, and 'Yj(xj) = {zely, (z—z;) vj(z) >0},
where v; denotes the outward unit normal to I'; = 09;. Let eg < €1 < €2 < € and define

Qi = N, ij(xj)u(Q\UQj) . i=0,1,2.

Since (€2, \ Q1) N Qo = 0, we can construct a function v; € C§°(RY) which satisfies
0<¢; <1, ¢;=10onQ\Q1, t;=0o0n Qo.
For m;(z) = x — z;, we define the C* vector field on Q:

| Wi(x)my(x) if z e Qy,
h(x)_{o if 2 € 0\ U;Q;

Multiplying (47) by the multiplier 4 - Vu and integrating on (S,T) x €2, we obtain

/ / Vu(u” — Au— f)dzdt=0.

For the sake of concision, we will omit the dx dt in the following integrals. This gives, after integration
by parts

T
/ / (8,,juh-Vu—|—}(h-I/)(u’2—|Vu|2) = [/ u’h-Vu
s Jry 2 Q2
Oh, Ou Ou
/ / = divh (u? — |Vul?) +Z o S L w) (49)

Thanks to the choice of 9}, only the boundary term on (I'; \ v;(z;)) N T is nonvanishing in the left
hand side of (49). But on this part of the boundary u = 0, so that ' = 0 and Vu = d,uv = d,,uv;.
Hence, the left hand side of (49) reduces to

1 T
s (00,05 (m; - v3) < 0
S J(Th\v;(=;)NT

Therefore, since ¥; = 0 on @y and thanks to the above inequality used in (49), we deduce that

T
T
/ 1 .. 2 2 Ohy Ou OJu
. — — - . <
[/Q.uh Vu S+/S /Qj\Qo (2 div h (u” = |[Vul®) + ;k O, 9z, Oay fh Vu) <0

J

T

Using 9; = 1 on (TJ — @1 and summing the resulting inequalities on j, we obtain

Uﬂu’h.vu] //Q\Ql (Nu + (2 — N)|Vu)?) //fh Vu

1 . Ohy Ou Ou
. XJ:/S /Q_le 2 div(ym;) (u” = [Vuf) + Z Ox; Ox; Dy,

T
gc// (W + [Vul2), (50)
s Jano.
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where C'is a positive constant which depends only on +; and m;. We now use the second multiplier
u(N — 1)/2 and therefore evaluate the term

b s =0

N -1 g7 N—1 T 2 e
5 [/Quu]s—i—Q /S /Q|Vu| u” —uf)=0. (51)

We set M(u) = h-Vu+ &=L u. Adding (51) to (50), we obtain

[rewaze [T weerwu [ o] [ [uwr o

We now estimate the terms on the right hand side of (52) as follows. First, we have

[fare],

Second, we estimate the last term of (52) as follows

/ST/QM(u)f SS/ST/QfP—FM/STe(t)dt Vi > 0. (54)

The difficulty is now to estimate the first term on the right hand side of (52). This is where the
piecewise multiplier method takes its place. We just follow techniques developped in [Mar99]. We

give the steps for the sake of the completeness. Since RN \ Q2 N Q1 = 0, there exists a function
¢ € Cg°(RY) such that

Hence, one has

< CO(e(8) + e(T)). (53)

0<€E<1, €=1onQ;, &£=0onRY\ Q..

Multiplying (47) by &u and integrating on [S,T] x €, we obtain after integrations by parts

/ST/QQWZZ/ST/Qé“IU'IQJr;Aéuer— [/quu']:+/;/ﬂguf.
We thus have

[ owueso [ [ wr et s 40 ve)
5 Jang, 5 JonQ.
Since RN \ wN @z = 0, there exists a function 3 € C°(RY) such that
0<B<1, f=1onQy, F=00onRY\w.
Proceeding as in [CR93], we fix ¢ and consider the solution z of the following elliptic problem

Az =p(z)u in Q,
z=0 onI'.

Hence, z and 2z’ satisfy the following estimates
Izllz2 (@) < Cllullzz(),  and  [[2[[72q) < C/Qﬂ\U’\2~ (55)

Multiplying (47) by z and integrating on [S,T] x €, we obtain after integrations by parts

[ =[] [ oo
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Hence, using the estimates (55) in the above relation, we obtain for all n > 0

//QQQJU <*/ /\U\Q / 2If2+77/STe+C(e(S)+e(T)). (56)

Combined with the estimates (53), (54) and (56) in (52), this gives for all u > 0

tée<0<www<»+cg/e+/"L/WF Auﬂ.

Choosing p sufficiently small, we finally have

[ escws ey e [ ] [wes ],

and the lemma is proved. O

4.2 Boundary stabilization of locally coupled wave equations

Here, we are interested in boundary stabilization. The results given generalize the ones of [AB99]
and [AB02] where the case of constant coupling has been considered. Given 2 C RY and T' = 99 of
class C? we shall use the following Boundary Multiplier Geometric Condition (BMGC).

Definition 4.3 (BMGC). Let {X1,%0} be a partition of T' such that ¥; N Xg = (). We say that
{X1, X0} satisfies the BMGC if there exists zy € RY such that m-v <0on g and m-v>m~ >0
on X1, where m(x) = x — xy.

The most simple situation covered by this condition is the case where €2 is star-shaped with
respect to zg. In this case Yo = @ and ¥; = I'. Another interesting and somehow more general
situation is the case where Q = Q; \ Qy, with Q5 and ©; two open subset of RY, both star-shaped
with respect to xo, and such that Qp C ;. In this case, 9Q = 9Q; U 0 with a disjoint union,

= 09 and X1 = 9 satisfy the BMGC.

For Ty, C T, and 'y = I' \ I'y, we consider the following coupled stabilization problem

— Aug + dpug =0 in (0,00) x Q,
— Aug +pu; =0 in (0,00) x Q,
8u1 +m- I/(lul —|—bu1) 0 on (0 OO) x Ty, (57)
u1 =0 on (0,00) x Ty,
Uy = 0 (0,00) x T,
uj(O,-):u?(-), u’;(0, - )—u (),7=1,2 in Q,

where [ is a non-negative function on I',. Note that we added m - v, where m(z) = x — z¢ in the
stabilization term to avoid some technical estimates. This term can be removed, provided that we
do some more assumptions on the functions b and I. Here we make the following assumptions on the
coefficients b and p
0<b<btonTl,andb>b" >0on I},
{ 0<p<ptonQ, andp>p >0 on wpy,
Moreover we set Hp (€2) = {u € H'(),u =0 on I'g}, and we shall assume for the sake of clarity

that [ # 0 or Ineas(I‘O) ;é 0. We take H = L2 (Q) and Vi = H{ (Q) equipped respectively with the
L? inner product and the inner product (u, z)y, = fQ Vu - Vz —|— fr m - vluz and the corresponding

norms. Moreover we take Vo = Hi(Q) equipped with the inner product (u,z)y, = = o Vu-Vz and
the associated norm. We define the duality mappings A; and A, as in Section 2.1. We also define
the continuous linear operator B from V; to V{ by

(Bu,z)vl,yl = m-vbuzdy,
Iy

that satisfies (7). As in Section 4.2, we take for P the multiplication in L? by the function p € L°°.
With these notations, system (57) can be rewritten under the form (5).
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Theorem 4.4. Suppose that w, satisfies the PMGC and {I'y,T'o} satisfies the BMGC. Then there
exists p. € (0, ] such that for all 0 < pT < p, there exists 6, = d.(p*,p~) € (0, p%], such that for
all § € (0,0.), the solution U(t) = (uy(t),u2(t), u)(t), u5(t)) of (57) satisfies, forn > 1,

2n
< SN BEUO©) >0, VU = (u,ud,ul, ub) € DIATR),

where ¢ is a constant depending on &, pt, p~ and n. Besides, if U’ € H = Hllo X HE x (L*)?, then
E(U(t)) converges to zero as t goes to infinity.

We recall that the operator As p is defined in (9). As opposed to the results for internal damping,
we do not have here a simple expression of D(Agf},) in terms of Sobolev spaces.

To prove this Theorem, we just need to check that the assumptions (A1) — (A4u) are satisfied
and then apply Theorem 2.7 in a convenient setting. First, assumption (A1) is satisfied with IIp the
multiplication by 1,,,, and assumption (A2) is a consequence of Lemma 4.5 as in Section 4.1, since
the internal coupling is here the same.

We now check assumption (A4u) and follow the lines of [AB02]. For the sake of clarity, we identify
i(¢) with ¢ for ¢ € V2 (where 7 is the canonical injection from V; in V). We first remark that the
first equality in assumption (A4w) is satisfied thanks to the definition of B and V5. We define Iy
and As as in Section 2.1. Then, ITy uq is the weak solution of

—Allyu; = —Auy;  in ,
HVul S Véa
and A, is defined by

(Ao bhyyy, = [ Vo Ve dn, Vo e

We now check the second relation in (A4wu). For this, we set z = u; — Iy ug, so that z is the weak
solution of

—Az=0 1inQ,
z=u;, onl.

By elliptic regularity, we deduce that there exists a constant ¢ > 0 such that ||z|| g < ¢|luyr, ||z2(r,)-
Since we assume the BMGC, m-vb>m~b~ > 0 on I'y, there exists then 8 > 0 such that

213 < B(Bui,ui)yyy, Vur € Vi,

and (A4u) is satisfied.
The last assumption (A3) is a direct consequence of the following lemma. Theorem 4.4 follows
then from Theorem 2.7.

Lemma 4.5. Suppose that {T'y, T} satisfies the BMGC. Then, there exist o, 3,y > 0 such that for
all f € CHRT;L%(Q)) and all 0 < S < T, the solution u of

' —Au=f m(,oo)xQ
ou . N —
tm-v(lu+bu')=0 n (0,00) x T'y, (58)
u=0 (0 OO) X FOa
(u,w)(0,7) = (u°(-),u' (1)) € Hy() x L*(Q),
satisfies, with e(t) = 1/2 (||U’H%2(Q) + ||Vu||%2(9)), the inequality
T T T
/ e(t) dt < a(e(S) +e(T)) + ﬂ/ ||f(t)\|%2(9) dt + ’y/ m - vbu'*dxdt. (59)
S S S Ty
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Proof. Proceeding as in [Kom, Theorem 8.6], we first use the multiplier Mu = m(x) - Vu + %;Du
and set R = sup{|m(x)|, z € }. Multiplying (58) by Mu, we obtain after integrations by parts

T
/ e(t)dtz/ /fMu—i—[/uMu} / / m-v d’ydt
s To
N -1 u?
2 Ligur - u g by (m - I— ).
/ /Fbm 1/( 2|Vu| (lu + bu’)( 5 u) + 3
2 _ 2 2 N -1
Setting h = % + Rllu + bu'||Vu| + |2 — N\l% — buu'( 5 ), this yields, for all n > 0,

/STe(t)dth’(e(S)Jre / /f2+77/ )dt+/ST [ (60)

We now estimate the term h. Since b > b~ > 0 on I'y, we have for all £ > 0,
1 / 2 2
h<C 1+E bu' + Clu® + eu”. (61)

Concerning the last term, in this equation, we have the trace inequality

T T 2
E/ m-uu2§Ca/ </W+ m-ylu2). (62)
s Jr, s o 2 Ty

Hence, for € and 7 sufficiently small, using (62) and (61) in (60), we obtain

/sTe(t)dt<C(e( )+ elS +C/ /f2/ m‘”b““/sTrm'”l“? o

It only remains to treat the last term in this inequality. For this, we use the method introduced in
[CR93]. Let z be the solution of the following elliptic problem:

Az=0 in,
z=1u on I'y,

z=0 on I'y.

Note that this definition yields

/|Vz\2+z <C and /Vz~Vu=/ V2|2, (64)
rb Q Q

We multiply (58) by z and integrate on (S,T) x Q. Integrating by parts and using (64) and the
boundary conditions for u, we obtain

/ST Fbm,l,lu2 _ [qTT/S2(u'z/|vZ|2+fz)[/ ] / S
E/S /Q“ // / Qf2+cg// (65)

+CO(e(T) +e(S)) + 2 /S L ”b“Q“/ /r

IN

for all € > 0. Now noting that
T T T
/ / 27 < / m b 2% < / m - vbz'?,
s Ja s Jr, S JIy
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and

T T T T
[ fore [ foo [ o f o
S Q S Q S Ty S

the estimate (65) yields, for all £ > 0,

T T c T
/ m-yluQSC’a/ t)dt + — / /f2+C (S))+—/ m - vbu'?.
s Jry s € Js Jry

Finally, replacing this in (63) and taking ¢ sufficiently small, we obtain

/ST e(t)dt < C(e(T) +C/ /f2+C/ Fbm vbu'?,

and the lemma is proved. O

4.3 Internal stabilization of locally coupled plate equations

In this last application, we are concerned with a system of two weakly coupled plate equations. This
generalize the case of constant coupling investigated in [ACKO02]. Here, we assume that the boundary
I' = 09 is at least of class C* and we consider the following system:

uf 4+ A%uy + Spug + buj =0 in (0,00) x €,
uly + Aug 4+ puy =0 in (0,00) x €,
u; =0 and ug =0 on (0,00) x T,
% 811,2 (66)

=0and — =0 on (0,00) x T,
v v
u;(0,-) = ug(~), u;(O, )= ujl()7 ji=12 inQ
We take H = L*(Q), and V; = Vo = HZ(Q) endowed with the inner product (Y, 2z =
/ AyAzdx. Hence, A = A? with Neumann and Dirichlet boundary conditions, and A denotes
Q

its lowest eigenvalue. We moreover take for B and P respectively the multiplication in L? by the
functions b, p € L () satisfying, as in Section 4.1,

0<b<brand 0<p<ptonQ,
b>b" >0 on wy, (67)
p>p~ >0 on wp,

for wy and w, two open subsets of 2. As for coupled waves, we have the following stability result.

Theorem 4.6. (i) Suppose that wy, and w, satisfy the PMGC. Then there exists p. € (0, A] such
that for all 0 < p™ < p, there exists 6, = 6.(pT,p~) € (0, p%}, such that for all § € (0,6,), the
solution U(t)) = (u1(t), ua(t), uy (t), us(t)) of (66) satisfies for n € N,

c

BU) < -

Y BUY0) V>0, U= (uf,uf, ui,uz) € D(Ap),
=0

where ¢ is a constant depending on §, p™, p~ and n. Besides, if U° € (HZ)? x (L?)%, then
E(U(t)) converges to zero as t goes to infinity.

A
.

(it) If moreover either wy, C wy or wy C wy, then the result holds for 6, = -

We recall that the operator Ap ;s is defined in ( ). Under some smoothness assumptions on the
coefficients p and b, we can explicit the space D( P, ' 5) in terms of classical Sobolev spaces thanks to
Lemma 2.6. This gives the following corollary.
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Corollary 4.7. (i) Suppose that wy, and w, satisfy the PMGC and that b,p € W?%>(Q2). Then
there exists p. € (0, ] such that for all 0 < pt < p, there exists 6, = d.(p*,p~) € (0, p%],
such that for all § € (0,0.), the solution U(t)) = (u1(t), ua(t), ui (t),us(t)) of (66) satisfies for
neNn<gq,

U(t) < 1 Y BUD©) Ve >0, U0 = (uf,ul,ul,u3) € (H" N HE)? x (H*" 1 H)?,

where ¢ is a constant depending on §, p*, p~ and n. Besides, if UY € (H2)? x (L?)?, then
E(U(t)) converges to zero as t goes to infinity.

(it) If moreover either wy, C wy or wy, C wy, then the result holds for 6, = pi

To prove Theorem 4.6, we only have to check that assumptions (A1) — (A4b) hold and use
Theorem 2.4. From (67), assumption (A4b) is satisfied and assumption (A1) is fulfilled, taking for
IIp the multiplication in L? by 1, . It only remains to check assumptions (A2) and (A3), that are
consequences of the following lemma.

Lemma 4.8. Let w be a subset of Q0 satisfying the PMGC. Then, there exist o, 3,7 > 0 such that
for all f € CHRY; L%3(Q)) and all 0 < S < T, the solution u of

u' + A%y = f in (0,00) x Q,
u=0 and%:() on (0,00) x T, (68)
(u,u')(0,-) = (u°(),ul(")) € HF(Q) x L*(Q),

satisfies, with e(t) = 1/2 (||u’HL2(Q + ||Au||%2(m>, the inequality

T T T
[ et de<ae() @) +5 [ 1O de+r [ IO et (69)
S S S

This Lemma direcly yields (A2), since w,, is supposed to satisfy the PMGC. Proving (A3) is done
exactly as in Section 4.1, taking v = u1, w = wp and f = f; — bu} in Lemma 4.8. Theorem 4.6 is
then a consequence of Theorem 2.4.

Proof. We give here the details of the piecewise multiplier method for a plate equation, following
[ABOG], so that the proof is selfcontained. We denote by Nz (U;7;(z;) U (2 \ U;£;)) the neighborhood
given by the PMGC (see Definition 1.1 in the introduction). Let 0 < g9 < €1 < €2 < € and define
for i = 0,1,2
Qi = Nz, (U () U (\U;95))

where €, z; and ;(z;) are given by the PMGC. Recall that I'; = 9; and m;(z) = v — x;. Since
(2 \ Q1) N Qo = 0, we can construct a function 1; € Cg°(RY) which satisfies

0<v¢; <1, ¢;=1onQ\Q1, t;=0o0nQo.
We define the C! vector field on Q:

] Yi(x)ymy(z) itxeQy,
h(”:){ o T ey,

Proceeding as in [AB06], we multiply (68) by h - Vu and integrate on each (S,T) x €,

/ / ) - Vu(u” + A%u — f)dedt =0.
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For the sake of concision, we will omit the dx dt in the following integrals. This gives, after integrations
by parts

T .
/ / Bh~1/j(|u’|2 \Au\2)+AuM fhoVuaAu

ov ov
, 9 ou ou
= || Wh-Vu dlvh — | Ayl )+Ahk—Au+2th~V(—)Au—fh-Vu).
Q; 8$k 6],‘k
(70)

Thanks to the choice of ¢}, only the boundary term on (I'; \ v;(z;)) N T is nonvanishing in the left
hand side of (70). But on this part of the boundary, we claim that 9, (h - Vu) = h - vAu (see also
[Lag89] and [Kom]). For this, we first remark that u = 0 = d,u there. Hence, ;u =0 for 1 <i < N
on (I'; \ v;(z;)) NT, and we have

N

0y (h-Vu) =0 Zhau Za (hiOyu)v Zha”uy, (71)
j=1

Setting v = dju, and recalling that Vu = 0 on (I'; \ v;(z;)) N T, we have Vv = g,vv. Hence,
0;v = Ziv:l Orvry; for all 1 < ¢ < N. Coming back to d;u, we obtain

8iju = Z 8kjuu;€ui , (72)
k

and in particular

8jju = Z akjuukz/j . (73)
k

Using (72) in (71), we deduce that

Oy(h-Vu) = Z hiOkjuvgvvy = Zhil/i Z [Z(akjuz/k)z/jl .
i j k

4,5,k

Using (73) in this last identity, we obtain
L (h - Vu) ZthZaﬂufh vAu,

which proves our claim. Since in addition, v’ =0 on (I'; \ 7;(z;)) N T, we deduce that the left hand

side of (70) reduces to
T
1/ / h-v|Au* <0. (74)
2Js Jwp@nar

Therefore, since ¥; = 0 on @y and thanks to the above inequality used in (70), we deduce that

T
T 1
/ u'h-Vu +/ / (f div h (u"? — |Aul?)
0 s Js Jona N2
ou

Ju
+ D At 2Vhy - V() A~ fh- Vu) <0. (75)
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Using 9; = 1 on Qij — @1 and summing the resulting inequalities on j, we obtain

{/Quh Vu] //Q\Q1 (Nu’2+(2— )| Vul?) //fh Vu

ou ou
- = divh (u? — |Auf?) + A2 A+ 2V hy, - V(2D A
Zj:/s [/Qijl 5 divh (u" — |Aul?) + hk@xk u+2Vhy V(axk) u

T 2 2
o0°u 0°u
< 2 2 2
<c /S /Q I N e e e e

where C' is a positive constant which depends only on v; and m;. We now use the second multiplier
u(N — 2)/2 and evaluate the term

o T
M/ /u(u”—i—AuQ—f):O.
2 Js Ja
NQ[/ uu’} +u/ /|Au|2—u'2—uf:O. (77)
2 ) 2 Q

We set M(u) = h-Vu+ Y2 4. Adding (77) to (76), we obtain

T 8211/ T
2 < 2 1 Aul? 24 /M / /M
/sedt C/ /le [“ Al [Vl axzaxkaxzaxk] [ } T Jg S M
(78

We estimate the terms on the right hand side of (78) as follows. First, we have

],

Second, we estimate the last term of (78) as follows

fgi/;/ﬂ|f2+u/;edt Yu>0. (80)

Using (79) and (80) in (78), we obtain for all u > 0:

T T 2 2
0“u 0“u

9 _ dt < C 12 2 A 2

( M)[S = /s /Qle [u Vel Al Ox; 0y, 3%3%}

c [t )
+C’(e(S)+e(T))+E/S /Q|f| @)

We now have to estimate the first term on the right hand side of (81), that we will denote by X:

Hence, one has

< C(e(S) +e(T)). (79)

T 2 2
0“u 0“u
X — 12 \v4 2 A 2 )
/s /Qle {u [Vl Ayl 0x;0xy, axiaxk}

This is where the piecewise multiplier method takes its place.

Step 1: Estimate of the terms corresponding to second derivatives in space in X:

Since RN \ Q2 N Q1 = 0, there exists a function ¢ € C5°(RY) such that
0<€&<1, €=1onQ;, &£=0onRY\ Q.

We need the following result, that is proved in [AB06, Proposition 4.1].
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Lemma 4.9. Let & be defined as above. Then for all v € HZ(Q2), we have

0% ov ov 1
VoAv = — —+= ] A 2, 2
and 0? 0? 0% ov 0
v v v Qv
A i — + AE|Vol? + ¢ Av?] .
/ancciaxk 0x;0xy /Q [ 0x;0x) Ox; Oxy, + ALVl 4 ¢ A } (83)
From (83), we deduce that
0%u  0%u /
< Aul? +C / Vul?. 84
/QﬂQl 0x;0xy, 0x;0xy, — Q£| | QN0Q» Vel (84)

We use now the multiplier {u in the first equation of (68), and consider the expression:

T
/ /(u"+A2u—f)§udmdt:0.
s Ja

After integrations by parts, this gives

/ST/QrSIAuQ—/ST/QEu”2vg.vuAuuAuAf [/quu/}:Jr/ST/quf,

Using (82) in this last identity, we obtain

g T 9% Ou u
2 __ 12 ou
/S /Q§|AU| B /; /Q |:£u ‘ + 28$i8$k 8:@ axk

T T
+ A¢|Vul® + uAuAg] — [/Q fuu’] +/S /quf. (85)
s

2

On the other hand, one has / uAUAE = /Q (%A% — \Vu|2A§). Using this identity in (85), we

] Q
obtain

/ST/§25|Au|2=[gT/Sz [flu'|2+2az;’ka g;ﬁ—fAZs} - Ug}éuu’KwL/;/Q«fuf-

We estimate the second term on the right hand side of the above inequality as previously (see (79)).
Moreover, since £ = 1 on Q1, whereas £ =0 on RV \ @2, we deduce that

T T
2 112 2 2 2
/S /ngu\ gC(e(S)+e(T))+c/S /mQ2 /2 + |Vul2 + 2 + | fI2. (86)

Using (86) in (84), we obtain that

/ Ou Ou C(e(S)+e(T))+C/T/ u'|? + [Vul® + v + | f]? (87)
ong, 010y 0x;0x) — s JonQ. ’

and
T T
/ / Auf® < C(e(S) + e(T)) + C / / W+ [Tl 4 | (38)
S QNQ1 S QNQ2

Using both (87) and (88) in (81), we obtain for all u >0

(Q—M)/STedtgc/ST/mQQ [u’2+|Vu|2+|u|2}+O(e(S)+e(T))+C<1+i) /ST/QUQ.
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Step 2: Estimate of the terms corresponding to first derivatives in space in X:

Since RN \ Q3 N Q2 = 0, there exists a function 8 € C§°(RY) such that
0<B<1, B=1lonQy B=0onR"\Qs.

We fix t and consider the solution 6 of the following elliptic problem:

9:0:% on .

{ A%0 = BAu in Q,
ov

Then, we have

A0 = HAQH:/uA(ﬁe):/ u(BA0+2V5- V0 +0A5) < C w2, (89)
Q Q Q QNQs QNQs

and similarly,
/ AG2 < C 2. (90)
Q QNQs

We now consider the multiplier 6 for (68) and evaluate the expression

/ST/Qa<u”+Au2f) =0.

This yields, after integrations by parts,

/ST/QﬂuAu/ST/QG’u’Jr[/Qﬁu’}:/ST/QGf_O.

Integrating by parts the first term of this expression, we obtain

[ L= [ | e o] [ o

Since 8 =1 on QN Q2, whereas 8 =0 on Q\ @3, and thanks to (89), we obtain for all u > 0:

T w7 1T
[Lorsestf Lo [ Lo
s Jong. 2 Js Ja 2u Js Ja

+O/ST/mQ3 |u|2+C/ST/Q|f|2+0(e(5)+e(T)).

Using, (90) in this last inequality, we deduce that, for all u > 0

T T c [T
e T
S JONQ. S nJs JanQs

+C/ST/W3 |u|2+C/ST/Q|f|2+0(e(S)+e(T)).

Finally, putting this into (89), we obtain for all u > 0

T T 1 T
(Q—Cu)/ edtSC/ / |u2—|—C’<1—|—>/ / u'?
S s JanQs H S JanQs

+C(1+;) /ST/Q|f2+C(e(S)+e(T)). (91)
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Step 3: Estimate of the zero order terms in X:

Since RN \ w N Q3 = 0, there exists a function ¢ € C§°(RY) such that
0<<1, =1onQs, ¢=0onRY\w.
We fix t and consider the solution z of the following elliptic problem

{ A%z =4u inQ,

z=0=— onl.

Then, we have

/|Az\2§0/w|u|2, and /|Az'|2§C/|u’|2. (92)
Q w Q w

We now consider the multiplier z for (68) and evaluate the expression

/ST/Qz(uuAu?_f):o_
[ fowe [ s [ ] [ [ a0

Integrating by parts the first term of this expression, we obtain

[ fpo= [ o] [ e

Hence, using (92) to estimate the third and fourth terms on the right hand side of the above equality,
we obtain for all n > 0, u > 0:

[ o<t [ fwea [ frere s [ e [ ] e ces) s,

Using now the definition of the energy, together with (92), we deduce that

(1—cn//w\UI2<u/ e+ & //W //\f|2+0 +e(T).

As a consequence, since 1) = 1 on Q3 and choosing n sufficiently small, we have for all y > 0:

//sm3|u|2<c“/ e+ — //|u|2+c//|f\2+c +e(T)).

Using this last estimate in (91), we obtain for all © > 0

(2cu)/jedt<0( )//|u|2+c<1+ >//|f|2+0 Te(T)).

Finally, choosing now u sufficiently small, we have

/STedt<C( (S) + +c/ /|f\2+0/ /m?,

and the lemma is proved. O

This yields
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