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Résumé

Pour un probleme elliptique bidimensionnel, nous proposons de formuler la
méthode des volumes finis avec des éléments finis mixtes de Petrov-Galerkin qui
s’appuient sur la construction d’une base duale de Raviart-Thomas.

Abstract

For an elliptic problem with two space dimensions, we propose to formu-
late the finite volume method with the help of Petrov-Galerkin mixed finite ele-
mentsthat are based on the building of a dual Raviart-Thomas basis.

Key words : finite volumes, mixed finite elements, Petrov-Galerkin variational
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1) Introduction.

e Let Q be a bidimensional bounded convex domain in IR? with a polygonal
boundary 0€2. We consider the homogeneous Dirichlet problem for the Laplace
operator in the domain 2 :

(1.1) —Au = f in

(1.2) u =0 on the boundary 02 of €.

We suppose that the datum f belongs to the space L?(2),
13)  fel3(9),

where this Hilbert space is classically defined according to

(
L*(Q) = {U : Q—>]R,/ lv|* dz <oo}
Q

(1.4) o (u, v) = / wv do , Yu,v € L*(Q).
Q

| [ w Hg = (u,u), Vu € L*(Q).

We introduce the momentum p defined by

(1.5) p = Vu.

Taking the divergence of both terms arising in equation (1.5), taking into account
the relation (1.1) and the hypothesis (1.3), we observe that the divergence of
momentum p belongs to the space L?(Q). For this reason, we introduce the
vectorial Sobolev space H (div, ) :

H(div, Q) = {qe L*(Q) x L*(Q), divg € L*() }

lql?, . .= [ [lal* + |divg]*]dz,  Vq € H(div, Q)
H(div, Q) Q

(1.6)

and we suppose in the following that the momentum p satisfies the condition
(1.7) p € H(div, Q).

e The variational formulation of the problem (1.1) (1.2) with the help of the
pair & = (u, p) is obtained by testing the definition (1.5) against a vector valued
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function ¢ and integrating by parts. With the help of the boundary condition, it
comes :
(1.8)  (p,q) + (u,divg) = 0, Vg€ H(div, Q).
Independently, the relations (1.1) and (1.5) are integrated on the domain 2 after
multiplying by a scalar valued function v € L?(Q2). We obtain :
(1.9) (divp, v) + (f,v) = 0, Vv e L*(Q).
The “mixed” variational formulation is obtained by introducing the product space
V' defined as
(1.10) V = L*Q) x H(div, Q),
' I p) 15 = Nullz + el + [divp [
the following bilinear form (e, o) defined on V' x V :

(1.11) 7((u, p), (v, q)) = (p, q) + (u, divg) + (divp, v)
and the linear form o(e) defined on V according to :

(112) <o, ¢>= =(f,v), (=(v,q V.

Then the Dirichlet problem (1.1)(1.2) takes the form :
eV

1.13

119 {560 <o weev.

Due to classical inf-sup conditions introduced by Babuska [Ba71], the problem
(1.13) admits a unique solution £ € V.

e We introduce a mesh 7T that is a bidimensional cellular complex (see e.qg.
Godbillon [Go71]) composed in our case by triangular elements K (K € &),
straight edges a (a € A_) and ponctual nodes S (S € S.). We conside also

classical finite dimensional spaces L?(Q) and H_(div, Q) that approximate the
spaces L?(Q2) and H(div, Q) respectively. A scalar valued function v € LZ-(Q)
is constant in each triangle K of the mesh :

(1.14) L?F(Q) ={v:Q—R,VK € Er, Jug ER,Vz € K, v(z) = vk }.

A vector valued function function ¢ € H_(div, §2) is a linear combination of
Raviart-Thomas [RT77] basis functions ¢, of lower degree, defined in the forth-
coming section.

o Leta€e AT be an internal edge of the mesh, we denote by S and N the two
vertices that compose its boundary da (see Figure 1) :

(1.15)  9a = {S, N}
and by K and L the two elements that compose its co-boundary 0%
(1.16) 0% = {K, L}
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in such a way that the normal direction n, is oriented from K towards L and
that the pair of vectors (n,, ST\>I) is direct, as shown on Figure 1. We denote by
W (respectively by E) the third vertex of the triangle K (respectively of the
triangle L) :

(117) K = (S,N,W), L = (N, S, E).
N
E
O
W
S

Figure 1. Co-boundary (K, L) of the edge a = (S, N).

The vector valued Raviart-Thomas [RT77] basis function ¢, is defined by the
relations

L e-w) €K
(1.18)  @a () IR -
1.18) pq(x) = 1
— —E L
2|L‘(x )9 T €
0 elsewhere.

When the edge a is on the boundary 02, we suppose that the normal n points
towards the exterior of the domain, so the element L is absent. We have in all
cases the H(div, Q) conformity :

(1.19) ¢, € H(div, Q)

and the degrees of freedom are the fluxes of vector field ¢, for all the edges of the
mesh (see [RT77]) :

(1.20) /gpaona d’y = 5a,b , Va, b € ./47..
b

A vector valued function ¢ € H_(div, ) is a linear combination of the basis
functions ¢, :

(121) ¢= > Gava € H (div,Q) =<¢p, bEA >
a€cA
-

e The mixed finite element method consists in choosing as discrete linear space
the following product :
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(122) V. = LQT(Q) x H_(div, Q)

and proposes to replace the letter V' by V.

T inside the variational formulation
(1.13) :

5 €
(1.23) {67,<§—<a<> V¢ e,

or in other terms

UL GL?r(Q) ., py € H (div, Q)
(1.24) (pr,q) + (uy,divg) = 0, Vq € H (div, Q)
ivpy o)+ (o) =0, vuerd).

The numerical analysis of the relations between the continuous problem (1.13) and
the discrete problem (1.23) as the mesh 7 is more and more refined is classical
[RT77]. The above method is popular in the context of petroleum and nuclear
industries but suffers from the fact that the associated linear system is quite dif-
ficult to solve from a practical point of view. The introduction of supplementary
Lagrange multipliers by Brezzi, Douglas and Marini [BDM85] allows a simplifica-
tion of these algebraic aspects, their interpretation by Croisille in the context of
box schemes [Cr2k] gives a good mathematical foundation of a popular numerical
method and the possibility to reduce the size of the linear system has also been
explored by Younes, Mose, Ackerer and Chavent [YMAC97].

e From a theoretical and practical point of view, the resolution of the system
(1.24) can be conducted as follows. We introduce the mass-matrix M, ; associ-
ated with the Raviart-Thomas vector valued functions :

(1.25) Ma,b = (Qpa, (pb) , a, b € 'AT
Then the first equation of (1.24) determines the momentum

(126) pr = > pr,
aEA

as a function of the mean values U for K € 5

(1.27) Prqg = — Z Z U pe /Kdivapbdaz.

bE.A K€€

The representation (1.27) suffers at our opinion form a major defect : due to the
fact that the matrix M ~! is full, the discrete gradient pr is a global function of
the mean values Uy and this property contradicts the mathematical foundations
of the derivation operator to be linear and local. An a posteriori correction of
this defect has been proposed by Baranger, Maitre and Oudin [BMO96] and with

an appropriate numerical integration of the mass matrix M, it is possible to lump
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it and the discrete gradient in the direction n, of the edge a is represented by a
formula of the type :

u —Uu

— _TL TK

Pry = ha

with the notations of Figure 1. The substitution of the relation (1.28) inside
the second equation of the formulation (1.24) conducts to a variant of the so-
called finite volume method. In an analogous manner, the family of finite volume
schemes proposed by Herbin [He95] supposes a priori that the discrete gradient in
the normal direction admits a representation of the form (1.28). Nevertheless, the
engineer intuition is not correctly satisfied by a scheme such that (1.28). The finite
difference “Z£—TX must be a priori to be a good (strong ?) approximation of
the gradient p; = Vu, in the direction KT whereas the coefficient P4 is an

(1.28)

approximation of fa Vuen d7 in the normal direction (see again the Figure
1). When the mesh 7T is composed by general triangles, this approximation is
not completely satisfactory at our opinion and contains a real limitation of these
variants of the finite volume method.

e We recall here that the finite volume method for the approximation of the dif-
fusion operators has been first proposed from empirical considerations. Following
e.g. Noh [No64] and Patankar [Pa80], the idea is to represent the normal interface
gradient fa Vu.en dr as a function of neighbouring values. Given an edge
a, a vicinity V(a) is first determined in order to represent the normal gradient

Py = fa Vuen dr with a “derivation formula” of the type
(1.29) /VuTon dr = Z Yok UK -
a KeV(a)

Then the conservation equation
(1.30) divp + f =0
is integrated inside each cell K € £ is order to determine an equation for the

mean values u_ . for all K € ET. The difficulties of such approches have been

presented by Kershaw [Ke81| and a variant of such scheme has been first analysed
by Coudiere, Vila and Villedieu [CVV99]. The key remark that we have done with
F. Arnoux (see [Du89]), also observed by Faille, Gallouét and Herbin [FGH91] is
that the representation (1.29) must be exact for linear functions u . We took this
remark as a starting point for our tridimensional finite volume scheme proposed
in [Du92]. It is also an essential hypothesis for the result proposed by Coudiére,
Vila and Villedieu.

e In this contribution, we propose to discretize the variational problem (1.13)
with the Petrov-Galerkin mixed finite element method, first introduced by Thomas



DuAL RAVIART-THOMAS MIXED FINITE ELEMENTS

and Trujillo [TT99]. In the way, we have proposed in [Du2k], the idea is to construct
a discrete functional space H - (div, Q) generated by vectorial functions ¢, a €
A, that are conforming in the space H (div, Q)

(1.31) ¢ € H(div, Q)

and to represent exactly the dual basis of the family {¢;, b € 'AT} with the L2
scalar product :

(1.32) (cpg,gog) = ab Va, b e A.

(1.33)  H(div, ) =<y, beA. > C H(div, Q).

Then the mixed Petrov-Galerkin mixed finite element method consists just in re-
placing the space HT(div, Q) by the dual space H_ (div, Q) for test functions

in the first equation of discrete formulation (1.24). We obtain by doing this the
so-called Petrov-Galerkin finite volume scheme :

up € L2(9Q), pp € H (div, Q) .
(1.34) (pr,q) + (uy,divg) = 0, Vq € H (div, Q)
[divpy, o) + (fov) =0, YoeL(Q),

We introduce a compact form of the previous mixed Petrov-Galerkin formulation
with the help of the product space V;f defined by

* .
(1.35) VX = L2(Q) x H(div, Q).
Then the formulation (1.34) admits the form :

&r €Vr
(1.36) {7(57,<>=<a,<>, V¢ eV

By doing this choice, it is easy to check that the scheme (1.34) is in fact a finite
volume scheme for the Laplace operator. The key point is to construct the so-called
dual Raviart-Thomas basis functions ¢ in order to guaranty Babuska’s
[Ba71] inf-sup stability property.

e The plan of the article is the following : we derive in the second part sufficient
conditions in order to guaranty the final stability of the finite element scheme.
Then we propose a particular family of dual Raviart-Thomas functions and propose
by doing this a two-parameter family of finite volumes schemes.

2) Stability analysis

e We suppose in the following that the mesh 7T is a bidimensional cellular
complex composed by triangles as proposed in the first section. Following the
work of Ciarlet and Raviart [CR72], for any element K € £_ we denote by hy.
the diameter of the triangle K and by p,. the diameter of the inscripted ball
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inside K. We suppose that the mesh 7 belongs to a family U, of meshes that
satisfies the following definition.

Definition 1.  Family of regular meshes
Let 6 be a strictly positive parameter. The family ¢, of meshes is defined by the
condition

h
21) TelU, «— VKe& , £ <9.
Pr

We suppose also that the dual space H;f (div, ) constructed by the conditions
(1.31), (1.32), (1.33) satisfies the following hypothesis.

Hypothesis 1.  Interpolation operator H_(div, Q) — H;(div, Q).
We suppose that the mesh 7 belongs to the family U, of Definition 1 and that
the dual basis ¥ is constructed in such a way that there exists a linear map-
ping H_(div, Q) 5 ¢ +— IIq € H_(div, Q) and strictly positive constants
A, B, D, E that only depends on the parameter 6 such that we have the following
estimations :

(22) Alqll} < (¢,1q), VqecH_(div, Q)

(23) [[qlly, < Bllqlly, Vg€ H.(div, Q)

(24) [ divllql[, < D || divg], , Vq € HT(diV, Q)
(2.5) (divg,divIlg) > E | divg|?, Vg € H,(div, Q).
Proposition 1.  Divergence lifting of scalar fields

Let 0 be a strictly positive parameter. We suppose that the dual Raviart-Thomas
basis satisfies the Hypothesis 1. Then there exists some strictly positive constant
F' that only depends on the parameter 6 such that for any mesh 7 that belongs
to the family U,, and for any scalar field u constant in each element K € &

(u € L?(Q)) there exists some vector field ¢ € H (d1v 1) such that
26) ¢ lyuee < F lull

2.7) (u,divg) > fu|? .

Proof of Proposition 1.

o Let uc L?r(Q) be a discrete scalar function supposed to be constant in each

triangle K of the mesh 7. Let ¢ € H}(Q)) be the variational solution of the
Poisson problem

(2.8) AP = u inQ, Y =0 on 0.

Since 2 is convex, the solution v of the problem (2.8) belongs to the space H?(Q)
and there exists some constant G > 0 that only depends on €2 such that
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29) v, < Gllull -

e Then the field V¢ belongs to the space H'(Q2) x H*(Q). It is in consequence
possible to interpolate this field in a continuous way (see e.g. Roberts and Thomas
[RT91]) in the space H(div, 2) with the help of the fluxes on the edges :

oY :
(2.10) p, = g 6—nd7, p = Z Pa o € H_(div, Q)
aGAT

and there exists a constant L > 0 that only depends on the parameter 6 such
that

e We observe that we have exactly

(2.12) divp = u in 2.

On one hand, the two fields divp and wu are constant in each element K of the
mesh 7. On the other hand, we have :

/divpda::/ pen dy = %dvz/Awdx:/udx
K K oK On K K

and the relation (2.12) is a consequence of the above property for the mean values.
e Let IIp be defined according to the Hypothesis 1, and

1
2.1 — —TIp.
(2.13) ¢ 7 1y

We have as a consequence of (2.5) and (2.12) :

1
(u,divg) = = (divp, divIlp) > | divpllg = [[u ]
that establishes (2.7). Moreover, we have due to (2.3), (2.4) and (2.11) :
1 B BL
lallp = 5 1Tplly = z liply = — lull
: 1 . D D
ldivglly = & [divIply < 2 [divpl, = 2 ull, -
Then due to the definition (1.6), the two above inequalities establish the estimate
(2.6) with F = £ +/B2L?+ D? and the Proposition is proven. N

Proposition 2.  Discrete stability

Let 0 be a strictly positive parameter. We suppose that the dual Raviart-Thomas
basis satisfies the Hypothesis 1. Then we have the following discrete stability for
the Petrov-Galerkin mixed formulation (1.36) :

(2.14) { 38> 0, VT € U,, VE € V. suchthat [, = 1,
' In e VX, Inll, < 1 and 7 n) > 8.
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with (e, o) defined at the relation (1.11) and 5 chosen such that
B+2D B+ 2A
(2.15) VL— z B — B2 > O+F(L+ z >>¢E

Proof of Proposition 2.
e Weset &= (u,p) satisfying the hypothesis (2.14) :
(216) [l = ul2 + Iplp + [Idivpl]} =

Then at last one of these terms is not too small and due to the three terms that
arise in relation (1.11), the proof is divided into three parts.

e If the following condition
(217)  |ldivp |, = 8,
is satisfied, we set
divp
218) v = +—7——, q =0, ¢ = (v,q) € V.
ZA8) V= Taivp ], ) € Vy

Then || dive ||[,=1 and | ¢ [,< 1. Moreover (¢, ¢) = (divp,v) =
= || divp ||, > B by hypothesis (2.17) and the relation (2.14) is satisfied in this
particular case.

e Under the following conditions

B+ 2D
(219) ldivpl, < 8 and [pl, = /" VB,

A
we set
1
2.2 = = IT = .
(220) v =0, ¢= 5g—plp, (=@qgel;
The following inequalities are a direct consequence of (2.3) and (2.4) :
: D :
laly < 5op Iply and fdival, < 5os [ divpll,

so we deduce :

B? + D?
lal o o < 5 |
H(div, Q) (B+ D)
because B >0, D >0. Then [ (|, < 1 and we have also

(&, ¢) = (p, @) + (u, divg) + (divp, v)

| divp Hg < 1

A D
> _—
> 54D ((B+2D)B — Dp) because | u ||, < 1
> and the property is established in this case.

10
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e If the two previous conditions (2.17) and (2.19) are in defect, i.e. if we have

. B+2D
(2.21) ” divp ||0 < f and H p Ho < A \/7 )

B+2D
Z B8 >8>0

due to the hypothesis (2.15). From the Proposition 1, there exists some vector field

then [[u 2= 1~ [p[2 — [[divp [}y = 1~

q € H(div, Q) satisfying HE]HH(diV’m < Flull, and (u,divg) >
2

fuly - Weset

2.22 =0 . = |7

() v = ) q_FQ7 C_(UaQ)e T

then
1

1y = 5 1Tl < Nuly < 1

due to the hypothesis (2.14) relative to || £ [|,, . Moreover, we have

(&, ¢) = (p, q) + (u,divg) + (divp, v)
= 10D + = divd)

F F
> 7 (VEEVEF el + lul?)
luly (5 el —y 2522 V3
> VB (5 (1er (1 [2E) ) VE - PR VG
> VB (V8 +VF)

Vv

> [ and the property is satisfied for this last case.
The Proposition 2 is established. 1
Theorem 1. Error estimate

Let Q be a two-dimensional open convex domain of IR? with a polygonal bound-
ary, u € H?(€1) be the solution of the problem (1.1)(1.2) considered under varia-
tional formulation and p = Vu be the associated momentum. Let 6 be a strictly
positive parameter, U, a family of meshes 7 and V;f defined in (1.35) and asso-
ciated with a choice of a dual Raviart-Thomas basis that satisfies the Hypothesis
1. Let £ = (ur, pr) € V- Dbe the solution of the discrete problem (1.34). Then
there exists some constant C' > 0 that only depends on the parameter 6 such
that

11
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(228) Nu—uyly + 1205 lyw o) < Chy 11 £ 1o -
Proof of Theorem 1.

e On one hand, it is sufficient to apply the general approximation Theorem
established by Babuska’s for continuous (respectively discrete) variational mixed
systems (1.13) (respectively (1.36)) i.e. to verify that the bilinear form ~y(e, o)
defined in (1.11) is continuous on the Hilbert space V = L2*(Q) x H(div, Q),
which is clear. It is also necessary to verify the so-called discrete inf-sup condition
(2.14), that has been established at the Proposition 2. Last but not least, it is
necessary to satisfy the following infinity condition :

(2.24) VnEV*, n#0 = sup (& n) = +0.
SGVT

e The infinity condition (2.24) is established as follows. Let ¢ = (v, q) € V;f be
a “test vector” different from zero. If there exists some mesh element K € ET such

that f divgdz # 0, then we consider { = (u, p) chosen according to u = Au
and p = 0. We suppose that the field u € LQT is null for all the elements of the

mesh 7 except for the particular element K where we suppose u,. = i) sziv qgdzx.
Then we have ~(&, ¢) = (p, @)+ (u, divq) + (divp, v) = A (fK diqux) ., which
tends to infinity as A tends to infinity. If [ divgdz = 0 for all mesh elements
K € & and if the field ¢ is not null, we can write it on the form ¢ = I[Ip with
p € HT(diV, ) because the mapping II is clearly bijective due to the property
(2.2). Weset p=Ap and u=0. Then v(&,¢) = (p,q) = X(p,q) > NA |
q ||g due to the hypothesis (2.2) ; the infinity property (2.24) is established in this
second particular case because ¢ # 0. If ¢ =0, then v is not null due to the left
hand side of (2.24). Following the proof of Proposition 1, we introduce the vector
field p € H(div, ©2) satisfying the relations (2.11) and (2.12) : divp=wv and
| p HH(div’Q) <L vl,. Weset p=Ap, u=0 and § = (u, p). Then
v(&,¢) = A(divp, v) = A || v ||g tends to infinity when A tends to infinity, and
the infinity condition (2.24) is established.

e The conclusion of the Babuska’s Theorem [BaT71] assures the existence of some
constant C' > 0 that only depends on 6 such that the error between the solution

of the continuous problem (1.13) and the discrete problem (1.23) is majorated by
the interpolation error :

lu—uylly + 122y Dy o) <

(2.25) §C’< inf |Ju—v], + inf lo—qll, . )
ve L " qeH(div, Q) i

Then following classical interpolation results for scalar [CR72] and vectorial [RT77]
fields, we deduce from (2.25) :

12
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lw—urlly + 1P =pr Dy < € (r Tl + e pl)
< C hpfull, < C h|fl

and the Theorem 1 is proven. ]

3) Towards a first Petrov-Galerkin finite volume scheme

e We propose in this section to formulate some ideas in order to construct a dual
Raviart-Thomas basis ¢* where a is an internal edge of the mesh 7 (a € A
Following (1.15) and (1.16), we denote by a = (S, N) this edge, by O the mi dle
of SN and by K, L the two triangles that compose the co-boundary. The normal
ng is supposed to be oriented from the element K towards the element L and
there exists two vertices W and E such that the relation (1.17) holds (see the
Figure 1). We consider the four edges (N, W), (W, S), (S, E) and (E, N) that
compose the boundary of the union K UL. We define four new triangles M, P, Q)
and R and four new vertices A, B, C and D in the mesh 7 by the relations

0°(E,N) = (L, M), M = (N,E,A)
31 0°(N, W) = (K, P) , P = (W, N, B)
B 94w, =(K.Q) . Q=S W, 0
o°(S,E) =(L.R) , R=(ES,D)

as illustrated on the Figure 2.

Figure 2 : support V(S, N) of the dual Raviart-Thomas basis function gpéN.

13
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Hypothesis 2. A simple choice for dual Raviart Thomas basis func-
tions

We suppose first that the Raviart Thomas dual basis ¢¥, (b€ A) satisfies the
H(div) conformity property (1.31) and the orthogonality (1.32). Moreover, we
suppose that for each internal edge a = (S, N), the support of the dual Raviart-
Thomas basis function ¢ is included in a vicinity V(a) = V(S, N) composed
by the six triangles K, L, M, P, Q and R introduced previously (see the Figure
2) :

(3.2) { VS,N) c KULUMUPUQUR,

‘ supp (apgN ) € V(S,N).

We suppose also that the divergence field divy? is constant in each triangle
of the mesh :

. * 2
(3.3) dive!r € LT(Q)’ Va e A_.

Figure 3 : Notations and orientations.

Theorem 2. Necessary condition for a dual Raviart-Thomas basis.
Let goéN be a dual Raviart Thomas basis function satisfying the Hypothesis 2.

We introduce the following fluxes accross the internal edges SN, EN, NW, WS
and SE respectively :

14
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(

n = / Pan ey 47,

gy | SN BN
3.4 { « / or _en. dvy, BE/ Y d,
(3.4) py  ON BN Nnw  SNRW

J— * J— *
\ ’Y:/WSQOSN.nWS dr, 5:/SEQOSNonSE dy.
Then we have the necessary conditions :

(3.5) nﬁ L oM + ﬁ@ + 7@ + §IR = \Sil\ﬂ Ny

(36) { am.m+ﬁ@.@+v@l?§|ég..%i(ﬁ)

e The finite volume approach is then obained with a six point scheme for the
mean gradient in the normal direction in the manner of (1.29) thanks to the first
equation of the mixed variational formulation (1.24) :

(3.7) = Vuren dy = n(u, —ug)+
+oa(uy —up) + Bup —uy) + v(uQ — Uy ) + 0 (ug —up).

We remark that the constraints (3.5) express that the relation (3.7) is exact if the
field u is an affine function.

Begin
Figure 4 : Notations for an arbitrary edge BE.

e We precise some notations that we will use in the next pages. Let (B, E)
be an edge of the mesh (see e.g. the Figure 4), and (L, R) its co-boundary. If
the edge is directed from B towards E, the axis s has its origin at vertex B
and the normal ng is oriented from L to R in such a way that the pair of

vectors (Npp, ﬁ) is direct. If £ = [gn @ engy ds is the flux of the function

¢* accross the edge (B, E), we will denote by &, , &, , §,, and &, the following
momenta :

15
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3 :/ wrengy sds, El = / ¢ eny, (BE —s)ds,
BE BE

&, :/ ©rengL s*ds, 52 = / ©renyL (BE — 5)*ds.
BE BE

The proof of Theorem 2 needs a certain number of technical lemmae and prelimi-
nary propositions.

(3.8)

Lemma 1. Radius of giration
Let M = (N, E, A) be a triangle of the mesh 7 and M its associated center of
gravity (see the Figure 4). We will denote by p,  the radius of giration :

1
39) p, = \/ o (AN? + NE? + EA?)

Then we have

1
(3.10) W/ jo = N[> dz = p2 + NM?.
M

Ay
A h E
OM
y — X
-p N q

Figure 5 : About the radius of giration.

Proof of Lemma 1.
We have on one hand :

1
| M| = §h(p+Q),

h Y

q2
/ |z — N|? dx:/ dy/h
M 0 —p

16
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1
= | M| ( (P> —pg+q°) + §h2>
and on the other hand :

= (AN2 + NE? + EA?) + NM? =

P+ +R+(p+ )] + = [(p—q)® + 4R%]

Nel =

36[

% (6p* + 6¢° — 6pg + 18h7)
1
= 6(102 +¢> — pqg + 3R%).
So the relation (3.10) is established. ]

Proposition 3. First relations between momenta
The Hypothesis 2 implies the following relations inside the triangle M = (N, E, A) :

B PR D | o A O

3.11 _
30 {%(pj}nLEMQ)a, a, = (p2, + NM?)a

and the analogous ones obtained from the Figure 3 in the triangles P = (W, N, B),
Q=(,W,C) and R=(E, S, D) :

B, = NP. W B, = —WP. W
(3.12) , - NW;
By = (pP+NP )B, B, = (p2 + WP*)3
A
(3-13) Y = (05 + WQ )y, A, = (g +5Q°)
314 _Sﬁojé 51 :—ﬁOSEE(S
(3.14) 5 (pR+SR2)5, gzz(p;JrERQ)(S.

Proof of Proposition 3.

e We write the orthogonality (1.32) between the two edges a = (S, N) and the
edge b= (A, N) (see the Figure 3). Inside the triangle M = (N, E, A), we have

—_

- (x—E) = ﬁvu:c—EF)

17
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0 = /QapSNoapANd:E = /MapSNoapANd:E

1 2 * 1 2
— —/ (legDSN) m ‘[IJ—E| d.T + /aM(gOSNOTL) m |$—E‘ d’}/
= (dlvapSN /47 |z —E]* dz

1 *

1 «
= _E2 d — * ° _E2 d
4|M‘<|M| /M g e /EN(SOSN nNE) E | 8)

1 2 2
= aar (@ G + EM®) = oy )

and the third relation of (3.11) is proven.

e We write now the orthogonality (1.32) between the two edges a = (S, N) and
b= (E, A) inside the triangle M = (N, E, A). When we exchange the roles of the
two vertices N and E in the previous relations, we obtain the same result, excepts
that «, has to be replaced by a,. So the fourth relation of (3.11) is established.

e We have from the relation (3.8) : a, NE?a — 2NE a, + a,. Then

(EM? — NM? 4 NE?) E—Nf_.(m+m+m) X

«

2NE 2NE
EN«EM .

NE
and the first relation of (3.11) is established. As previously, the exchange of the
vertices N and E induces the change of o, into &, that establishes the second
relation of (3.11).

e The relations (3.12), (3.13) and (3.14) are obtained by circular permutation,
following the rules that are natural when viewing the Figure 3 :

a—p —-~v—6, E—-N—>W—S N-—W-—S—E
and M P—Q—R. O

L

~

Lemma 2. A mean value of the dual Raviart-Thomas basis function
Let M = (N, E, A) be a triangle of the mesh T associated to the edge a = (S, N)
as in Figure 3 and goéN a dual Raviart-Thomas basis function satisfying the

Hypothesis 2. Then for each constant vector &, we have :

(315) é.o /M ngN de = (ﬁonEN)(l\ﬁonEN) Q.

18
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Proof of Lemma 2.
We have :

_/M Eo(z—M) divps dr + /aM (Wi om) Eo(x—M) dy
— — (diver) /M Celw—M)ds + /NE (5 » (=ngy)) € (@ — M) dy

_ 0+ [EN(¢;N.<_nEN))g.[x_E+E_M} dy
— _‘/EN(ng.nEN)ﬁo[sg + 1\@] dry

= (B ) = e [ Y ]

= —£e {(m.nEN EN}

and the relation (3.15) is established.

EN

)n o

Lemma 3. A simple relation between two triangles

]

Let L = (S,E,N) and M = (N, E, A) be the two triangles of the mesh T
associated to the edge a = (S, N) as in Figure 3. Let cpgN be the dual Raviart-

Thomas basis function satisfying the Hypothesis 2. Then we have :
1 . 1
(316) m /M (A—[IJ)OC)OSN dr = TL‘ (W.REN) (m.TLEN) «

Proof of Lemma 3.

We denote by h the height of the triangle NEA and by h* the height of ENS
chosen such that |M|= 2 hNE and |L|= 1h*NE. We have from the Lemma

2:
= %Mm./ gpéN dr = — (monEN)(monEN)a
= —h mon a = h* m.n

h NE h* NE

= S_1\>fon (EWI.TLEN)@

2 IL\
and the relation (3.16) is proven.
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Proposition 4. Second relation between momenta
The Hypothesis 2 inside the triangles L = (S, E, N) and M = (N, E, A) implies
the following relation :

(02 +SLY) 7y + ES? (SE+SK+5SN) a +
{ +6W.Sﬁ+ﬁ+ﬁ )6

3.17) 7, =
We have also :

(3.18) 7, =

+ 1@ 1@+1ﬁ+ﬁ)5
_ (i + NK?) 7 — —S—ﬁ (NB + NW + N5)
(3.19) 7, = { _ 6N(j « (NW + NC + N8) 4

(02 +SK2)n — —s_ﬁ (SN +SB + SW) 3
{ ——Nﬁ S_1\>I+S—V\>7-|—Sﬁ)’y

{ (2 +NL*)n + éﬁ (NS + NE + NX) o +

(3.20) n, =

Proof of Proposition 4.

e We write the orthogonality (1.32) between the two edges a = (S, N) and the
edge b= (E, N) (see the Figure 3). We have

1 2
.
2] |(x S) = 1L] V(|z —S|*) inside L = (E, N, S)
. 1 A — inside M = (N, E, A
3] ‘( x) inside M = (N, E, A).

I * _ *
0 = /Q@SNocpENdx = /LgpSNocpENdx — /M gpSNogoENda:

*x _S2d - *

1
- - . * o . 2 - * . 2
=—7 L‘(dlngSN)(L) /L\:I: S|* dz + 1L aL(gOSN n) |z —S|* dy

1 5+a—n>/ 9
= — z—S|© dz +
4|L\( Iz , 175

) +SE2a+2ﬁ N

(A —2x)dx

+ a+a—n2)+

1
4|L\(
—l—— S_1\>T.n (m.nEN)a

2|L]

N
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and we have, thanks to the relations (3.10), (3.11) and (3.14) :
—(0 + a —n)(p? +SL%) + (p2 +SR*)d + SE’a +

S TG EHN) (ot X

EN EN

+ 2 STTQ’NJ m.n

o The a coefficient in the rlght hand side of the relation (3.21) is equal to :

2 2 2 2 2
—%(SE +EN?4NS?) — SL? + SE? + 2(SE«EM—(SEen, ) (EMen_ ) +

>a + (pM+EM2)a+

1
+ %(EA2+AN2+NE2) + EM? + 2(SNen, ) (EMen, )

= (ﬁ+ﬁ ~SF) + (AN +N8)« (AN -N8)) — SL2+ (SE+EM)?
= SR E—mmmm) (554 5T). (5 - 81)

- %Sﬁ.(ﬁﬂ%ﬂﬁﬂl@) + (2ST + LM). LM

LR ER B NR W) ¢ (25N +ish). (Lah)
_ %Sﬁ.(ﬂ+@+ﬂ+l@+8(ﬁ+m)+4ﬁ)

_ 3—168?.(E@+Sﬁ+ﬁ+1@+sﬁ+1@+8ﬁ+8ﬁ+4ﬁ)
:éﬁ4ﬁ+ﬁ+ﬁ)

in coherence with the right hand side of the relation (3.17).

e In a similar way, the coefficient of § in the right hand side of the relation
(3.21) is equal to :

—3—16(SE2—|—EN2—|—NSQ) + %(DEQ%—ESQ%-SDQ) + (SR+SL)« (SR - ST))

= - ((DF 4 )« (DF — ER) + (55 + N8)« (3B - 9)) +
+§(S_D>+QSTE’+S_1\>I)-(§W)

_ %ﬁ.(ﬁ+ﬁ+sﬁ+ﬁ+4sﬁ+88@+4ﬁ)

_ %ﬁ.(@+@+@+ﬁ+83+ST>I+483+8S@+4S_1\>I)

_ éﬁ.(s_ﬁ+8@+s_1\?)
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as proposed in the right hand side of the relation (3.17). Then the relation (3.17)
is a direct consequence of (3.21).

e The proof of the relation (3.18) is obtained from the previous relation (3.17)
with the following changes: E<+—E, n<—n, A«—D , N+—S, M +— R,
a ¢ 6 and n, < 17),. In a similar way, the relations (3.19) and (3.20) are
a straightforward consequence of the relations (3.17) and (3.18) with a vision of
the Figure 3 “from the top to the bottom”, id est with the following changes :
E+— W, N«—-S, D«+—-B,A+—~C,L+— K, M<+—>Q,R<+— P,
N+ —n,a+—7,0 <+ 3 and 7, < —1, . So the proposition is established.
]

Proposition 5. Two expressions for the first order momentum
Under the Hypothesis 2 and the notatlonsﬁproposed at the Figure 3, we have :

(322) my = (SLn+LMa+LRd).¢
(323) n, = (S?n—@ﬁ—mfy).s_ﬁl\].

Proof of Proposition 5 .

e We deduce from (3.8), (3.17) and (3.18) :
L
NS 2

_ %((SL2—NL2+SN2)77 n %ﬁ.(ﬁ+ﬁ+ﬁ)a+
+ éﬁ.(s_rSJrsTE‘Jrsﬁ)é - és_Ai.a@H\I_ﬁer)a
- 11@.(1@+1@+1@)5>
_ %([STHW (ST, — NT,) + SN?]
n Eﬁo(ﬁ+ﬁ+ﬁ+ﬁ+ﬁ+m)a
+ éﬁ.(ﬁ+sﬁ+ﬁ+ﬁ+ﬁ+ﬁ)5)
= s (SReEL+NL45%) 5 + S8R5 + 2 NBWSN )

and the relation (3.22) is established.

771 _?]2+SN277)
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e The proof of the relation (3.23) is analogous. It is a consequence of the
relations (3 8), (3.19) and (3.20) :

n = N (1, — 7, +SN?7)

( (SK2 — NK2 + SN?)p + %sﬁ.(ﬁ+1¥,+vﬁ)5+

+ 61@-(1\1_%+\W+@)7 + %@.(1@+W+1@)5+
+1W.(W+W+1@)7)

- L([S_K’HW{’ (SK — NK) + SN?] 7 +

2NS

1
2NS

+ 6S@.(WJA%JFWS\+N1“§+NV\?+1@)ﬁ+
+ 11@.(1@+W+@+W+W+1@)7>

2NS

= N—S<S?<n ~ KP s — KGv)

The relation (3.23) is established and the Proposition 5 is proven. |

Lemma 4. Two usefull integrals
Let K =(S,N, W) and L = (N, S, E) be the two triangles of the mesh T that
compose the co-boundary of the edge a = (S, N) as in Figure 3. Let cpgN be the

a Raviart-Thomas basis function satisfying the Hypothesis 2. Then we have :

(3.24) ﬁfngNo(E—x)dx = NLS(STU + IMa + ﬁé)onSN
L e(W—2z)dr = 1\%(1@7)—@5—@7).7&81\1

3.25 —— x

Proof of Lemma 4.

e  We establish the relation (3.24) by integrating by parts and using the relations

(3.10), (3.11) and (3.14) :
1 1
— * o(E— = —— . —E
1 1
= — (diver ) (L ~E dz - —— ~E* d
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1 —
_ (“O‘ ”/\ —Ef do
4[L] R

~ 15, + a, ~ (n, + 2F.

‘st ESz”)])

1

_ 2 2 2 2y s (.2 2
— i (Gras (¢ B - (2 4 BRYS - (2 + EMP)ak

+ (2 +SLY)n + %S?-(S_E+S?+S_1\>I) a+ él@.(s_ﬁ + SE + SN) 6

TG RS ONE P P Fypn ,)
- it ([ st ea (8. 8) (. 5) vust] e

+ | 55 (BB + ER)+ (58 - BA) + (BN + AR (58 - AN)) + BL* ~ EM*+

SN

[%(ﬁJrS_ﬁ (NS — SD) + (EX + DE) « (EN — DF)) + EL? — ER? +

+ —S?-(S@+S?+ST>I) +2(E@.EEN) (Iﬁ@) ] a +

) (-5

~)])

_ [@@).@_ETHEsqu@.sﬁ_z(E@.nSN)@.nSN>] 0+

L|

b LNB S8+ 5B 8% 4o (18,

W
| =

+ '%@z.<s@+ﬁ+mm | (BT + EM) (BT, — B +
+ 5K (SB 45K+ SN) + 288 DM - Q@.nSN)(L—M.nSN)] ot
i [%mqmm@mﬁ) | (BT + ER) (BT, — ER) +

¢ INBLEB 458 5%+ 2B 2y (Reny) | 5>

4

= ([@ (ST + EL + SE — 28T)) + Q(ﬁ.nSN)(ST-nSN)] n+
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n [%sﬁ.(s@+ﬁ+sﬁ+ﬁ+ﬁ+ﬁ+6(ﬁ+SjJrS?\U)
+m.(ﬁ+m+2ﬁ) + 2(S@'W’SN)(IWi.nSN)] o+
n [%1@.(1@+]ﬁ+1@+8@+1ﬁ+8@+6(@+5@+ﬁ))

+ TR e (TE + RE + 2ES) + 2(SEeng,) (TReng,) ] 5)

— 7<[ ﬁon (ST-HSN)}W‘F

4|L|
+ [ SK+ (2SB+SK4258) 4 L Ko (TS4319) 4 2(SBeng) (D engy)] o

+ [—ﬁo QS@-FS_NI-FSﬁ)‘F %ﬁO(ﬁ‘Fﬁ) +2(S@°nSN)(ﬁ'nSN)} 5)
_ |7 ﬁ.n [(ST.nSN)n + (monSN)a + (ﬁ.nSN)(S}

1
= ﬁ*[ STOTL 7] + mon a + (ﬁ.nSN) 5]

that establishes the relation (3.24).

e The relation (3.25) is a consequence of the previous relation (3.24) with the
following modifications : E<+— W, N+— S, D+—>B,A+—> C,L<+— K,

M<+—Q,R+—=P,n<— —n,a<—7,0+—= 0 and ng <— —ngy - ]

— O =

Proof of Theorem 2.

e We first eliminate the variable 7, between the relations (3.22) and (3.23) ;
we obtain

(326) (KLn + IMa + KPS + KQy + LR6)«SN =

e We write secondly the orthonormality relation (1.32) between the vector func-
tion ¢g and its dual ¢f . with the help of (3.24) and (3.25) :

1 = (ng,<pSN) = / Pin *Pey AT+ /ngN-@SN dz

1
— d R — ¥ o(E — d

:NL(STJFﬁneraJr@BJr@VJFﬁ(S)
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— NLS((STJFWJH@)U + Mo + RP B + RKGry + ﬁ(s)'nSN
= NLS(ﬁn + IMa + @B + mv + ﬁé)onSN

The relation (3.5) is a direct consequence of the above expression and of the
previous relation (3.26).

e Thirdly, we eliminate the variable 7, between the relations (3.17) and (3.20).
The coefficient of the variable 7 is equal to

(pf + SL?) — (p2 + SK?) = % ((EN? +ES?) — (NW? + SW?)) + SL? — SK*

% ((EN +NW)e(EN +WN) + (ES +SW)e(ES + WS) ) + (ST.+SK)e(ST+KS)
— VBN N S5 L WE (LN 5 s a5

_ %ﬁ.(lﬁ+W+S@+S‘\f\>f+SST\I+4S@+4S‘W7)
_ %ﬁ.(l@+ﬁ+l@+ﬁ7+ﬁ+ﬁ>+8ST\>I+4S@+4STN>)
_ lﬁ. SN + SE + SW).

We deduce from (3.17), (3.20) and the previous calculus :

KT S_1\>I+S_P5+ST777+IWT (SE+SA +SN)a + KD 8_1\>I+S_B>+W?
+ KQ e (SN + SW + SC) v+ﬁ 83+S_P§+STI

and taking into consideration the relation (3.26)

KL« (SE+SW)7y + LMo S_E*+S?a+@ S_B>+ST7
+ KQ e (SW + 30) v+ﬁ ﬁ+ﬁ

We eliminate the variable n_between the previous relation and the relation (3.5)
after multiplying it by —(ﬁ + STV)) We get :

LM (SE +SK — SE— SW)a + KD (SB+SW — SE — SW) 8+
+ KGo(SW +SC —SE—SW)y + LR+ (SD + SE — SE— SW)§ =
— — |NS| ngy « (SE + SW)
1d est
IMeWA o + KPeEB S + KQeECH + LReWD 6§ =
— —3 |NS| ngy « (ST + SK)

and the relation (3.6) is a direct consequence of the above relation. The Theorem
2 is established. ]
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4) Perspectives

e We have proposed to formulate the finite volume method for the Poisson
equation in two space dimensions with the help of Petrov-Galerkin mixed finite
elements. The unknown is constant in each triangle and the momentum is dis-
cretized with the Raviart-Thomas vectorial finite elements of lower degree. The
conservation law is integrated in each triangle and our stencil for the discrete gra-
dient operator is composed by six triangles in the vicinity of each edge of the mesh.
The question of the determination of such a scheme conducts to a two-parameter
family for a possible choice of a so-called “dual Raviart-Thomas basis function”
for the finite volume scheme. We have also developed a sufficient hypothesis to
prove the stability and the optimal convergence of the associated finite volume
scheme. The next step of this research is to construct explicitly an interpolation
vector valued function in the particular case where € = IR? in order to determine
free coefficients and to establish the stability property.

e We thank Jean-Pierre Croisille for his kind invitation to first present [Du99] the
results contained in this article and for regular helpfull discussions that convinced
us of the complexity of mathematical links between the present formulation of the
finite volume method and his analysis [Cr2k] of the box scheme.
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