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Abstract

We study a class of optimal control problems with state constraint, where the state
equation is a differential equation with delays in the control variable. This class of problems
arises in some economic applications, in particular in optimal advertising problems. The
optimal control problem is embedded in a suitable Hilbert space and the associated Hamilton-
Jacobi-Bellman (HJB) equation is considered in this space. It is proved that the value
function is continuous with respect to a weak norm and that it solves in the viscosity sense
the associated HJB equation. The main result is the proof of a directional C' regularity
for the value function. This result represents the starting point to define a feedback map in
classical sense going towards a verification theorem and the construction of optimal feedback
controls for the problem.

Keywords: Hamilton-Jacobi-Bellman equation, optimal control, delay equations, viscosity so-
lutions, regularity.

A.M.S. Subject Classification: 34K35, 49125, 49K25.

1 Introduction

This paper is devoted to study a class of state constrained optimal control problems with dis-
tributed delay in the control variable and the associated Hamilton-Jacobi-Bellman (HJB) equa-
tion. The main result is the proof of a C! directional regularity for the value function associated
to the control problem, which is the starting point to prove a smooth verification theorem.

*This research has been partially supported by GNAMPA (Gruppo Nazionale per I’Analisi Matematica, la
Probabilita e le loro Applicazioni, Italy). The authors thank Fausto Gozzi for his valuable suggestions, in particular
about the choice of the Hilbert space where to set the problem; Luca Grosset and Bertrand Villeneuve for their
valuable comments about the applications.



The study of control problems with delays is motivated by economic (see, e.g., [1, 2, 3, 12,
29, 23, 32, 33, 39, 42]) and engineering applications (see, e.g., [35]). Concerning the economic
applications, which are the main motivation of our study, we observe that there is a wide variety
of models with memory structures considered by the economic literature. We refer, for instance,
to models where the memory structure arises in the state variable, as growth models with time-
to-build in production (see [1, 2, 3]); to models where the memory structure arises in the control
variable, as vintage capital models (see [12, 23]); advertising models (see [29, 32, 33, 39, 42]);
growth models with time-to-build in investment (see [36, 43]).

From a mathematical point of view, our aim is to study the optimal control of the delay
differential equation

{y'(t) = ay(t) + bou(t) + [° bi(E)ult + £)dE;
y(0) = yo; u(s) = d(s), s € [-7,0);

subject to the state constraint y(-) > 0 and to the control constraint u(-) € U C R. We remark
that the case of state constraint y(-) > 0 can be treated with similar arguments. The objective
is to maximize a functional of the form

/0+°° e Pt (go(y(t)) — ho(u(t))) dt,

where p > 0 is a discount factor and g : Rt — R, hy : U — R are measurable functions®. Our
ultimate goal is to get the synthesis of optimal controls for this problem, i.e. to produce optimal
feedback controls by means of the dynamic programming approach.

The presence of the delay in the state equation (1) renders not possible to apply the dynamic
programming techniques to the problem in its current form. A general way to tackle control
problems with delay consists in representing the controlled system in a suitable infinite dimen-
sional space (see [11, Part II, Ch.1] for a general theory). In this way the delay is absorbed
in the infinite dimensional state, but, on the other hand, the price to pay is that the resulting
system is infinite dimensional and so is the value function V. Then the core of the problem
becomes the study of the associated infinite dimensional HJB equation for V': the optimal feed-
back controls will be given in terms of the first space derivatives of V' through the so-called
verification theorem.

Sometimes explicit solutions to the (infinite dimensional) HJB equation are available (see
[3, 23, 28] and Section 8). In this case the optimal feedback controls are explicitly given and
the verification theorem is easy to prove. However in most cases the explicit solutions are not
available and then one has to try to prove some regularity result for the solutions of the HJB
equation in order to be able to define formally optimal feedback controls and check its optimality
through the verification theorem. This is due to the fact that, to obtain an optimal control in
feedback form, one needs the existence of an appropriately defined gradient of the solution. It is
possible to prove verification theorems and representation of optimal feedbacks in the framework
of viscosity solutions, even if the gradient is not defined in classical sense (see e.g. [9, 45] in
finite dimension and [24, 37] in infinite dimension), but this is usually not satisfactory in applied
problems since the closed loop equation becomes very hard to treat in such cases. The C*
regularity of solutions to HJB equations is particularly important in infinite dimension, since
in this case verification theorems in the framework of viscosity solutions contained in the above

In economic applications typically they are respectively a utility and a cost function.



references are rather weak. For this reason, the main goal of the present paper is to prove a C*
regularity result for the value function V' of our problem.

To the best of our knowledge, C! regularity for first order HJB equation was proved first
by Barbu and Da Prato [4] using methods of convex regularization and then developed by
various authors (see e.g. [5, 6, 7, 19, 20, 25, 30, 31]) in the case without state constraints
and without applications to problems with delay. In the papers [15, 16, 26] a class of optimal
control problems with state constraints is treated using again methods of convex regularization,
but the C' regularity is not proved. To our knowledge, the only paper proving a C' type
regularity result for the solutions to HJB equations arising in optimal control problems with
delay and state constraints is [27]. There a method introduced in finite dimension by Cannarsa
and Soner [17] (see also [9]) and based on the concept of viscosity solution has been generalized
in infinite dimension to get an ad hoc directional regularity result for viscosity solutions of the
HJB equation.

In our paper we want to exploit further the method of [17] to get a C! type regularity
result for our problem. The main difference of our paper with respect to [27] is that therein
the delay is in the state variable, while here the delay is in the control variable. The case
of problems with delay in the control variable is harder to treat. First of all, if we tried a
standard infinite dimensional representation as in the case of state delay problems, we would
get a boundary control problem in infinite dimension (see [34]). However, this first difficulty can
be overcome when the original state equation is linear using a suitable transformation leading
to the construction of the so called structural state (see [44]) and this is why, differently from
[27], here we only treat the case of a linear state equation. But once we have done that, if
we try to follow the approach of [27] to prove a C! regularity result for the value function, it
turns out that much more care is needed in the choice of the space where to perform the infinite
dimensional representation. While in [27] the product space R x L? is used to represent the
delay system, we need here to use the more regular product space R x W2 for reasons that
are explained in the crucial Remark 5.5. We observe that the theory of the infinite dimensional
representation of delay systems has been developed mainly in spaces of continuous function or
in product spaces of type R x L? (see the above mentioned reference [11]). Therefore we restate
the infinite dimensional representation in R x W12 and carefully adapt the regularity method
of [27] in such context. So we get the desired C! type regularity result (Theorem 6.11), which
exactly as in [27] just allows to define an optimal feedback map in classical sense (see Corollary
6.13 and (60)). So, it is the starting point to construct optimal feedbacks for the problem as in
[28].

The paper is structured as follows. In Section 2 we just give the definition of some spaces and
state some notations. In Section 3 we give a precise formulation of the optimal control problem.
In Section 4 we rephrase the problem in infinite dimension and state the equivalence with the
original one (Theorem 4.5). In Section 5 we prove that the value function is continuous in the
interior of its domain with respect to a weak norm (Proposition 5.9). In Section 6 we show that
the value function solves in the viscosity sense the associated HJB equation (Theorem 6.9) and
then we provide the main result, i.e. we prove that it has continuous classical derivative along a
suitable direction in the space R x W12 (Theorem 6.11). In Section 7 we show how our setting
may cover advertising models?. In Section 8, we provide an example (not known in literature)
with explicit solution to the HJB equation in the linear-quadratic case.

It is worth to stress that, even if we focus to the application to optimal advertising problems, the same
approach can be applied to other contexts such as vintage capital models (see [12, 23]) or growth models with
time-to-build in investment (see [36, 43]).



2 Spaces and notations

Throughout paper we use the Lebesgue space
L% .= L*([-r,0;R),

endowed with inner product
0
(f,9)02 = [ f(§)g(&)d¢,

which renders it a Hilbert space. Also we use the Sobolev spaces
Wk2 .= Wh2([—r,0; R), k= 1,2,...

endowed with inner products

k

0
(fo e = | fDOgV©de, k=12, ...,

' i=0 "V "
which render them Hilbert spaces. The well-known Sobolev inclusions imply that

wk? < k(=1 0];R), k= 1,2,...

with continuous embedding. Throughout the paper we will confuse the elements of Wf ’2, which
are classes of equivalence of functions, with their (unique) representatives in C*~1([—r,0];R),
which are pointwise well defined functions. Given that, we define the spaces

Wi ={f e Wr? | fO(=r)=0, ¥i=0,1,...k—1} CWF? k=12...

We notice that in our definition of Wf 62 the boundary condition is only required at —r. The

spaces Wf (’)2 are Hilbert spaces as closed subsets of the Hilbert spaces w2, However, on these
spaces we can also consider the inner products

0
U = [ 19©99©de, k=12,

It is easy to see that, due to the boundary condition in the definition of the subspaces Wf (’)2,

the inner products (-, ), 2 are equivalent to the original inner products (-, ) 2 on Wf 62, in
0 . )

w, w,

the sense that they induce equivalent norms. For this reason, dealing with topological concepts,

we will consider the simpler inner products (2) on the spaces Wf 62.

Also we consider the space
X :=Rx L%

This is a Hilbert space when endowed with the inner product

(1,¢) = noGo + (M, C1) 12,

where 17 = (19, 71(+)) is the generic element of X. The norm on this space is defined as

Inll% = lmol® + [l 7.



Finally we consider the space H C X defined as
H:=Rx W,
This is a Hilbert space when endowed with the inner product
(1, ¢) = moCo + (m1, C1>Wr1,’02'

which induces the norm 0
Il =i + [ i ©)Pde.

This is the Hilbert space where our infinite dimensional system will be embedded.

3 The optimal control problem
In this section we give the precise formulation of the optimal control problem that we are going
to study.

Given yp € (0,+00) and § € L2, we consider the optimal control of the following differential
equation with delay in the control variable

0

y'(t) = ay(t) + bou(t) + 3 b1 (&)u(t + &)dE; )

y(0) = yo; u(s)=0(s), s € [-r,0);

with state constraint y(-) > 0 and control constraint u(-) € U C R. The value yo € (0,+00) in
the state equation (1) represents the initial state of the system, while the function § represents
the past of the control, which is considered as given.

Concerning the control set U we assume the following, that will be a standing assumption
throughout the paper.

Hypothesis 3.1. U = [0,u], where u € [0,+00]. When u = +oo, the set U is intended as
U =1[0,+00).

Concerning the parameters appearing in (1) we assume the following assumptions that will be
standing throughout the paper as well.

Hypothesis 3.2.
(i) a,bp € R;
(i) by € W5, and by # 0.
The fact that b; # 0 means that the delay really appears in the state equation.

Given u(-) € L% ([0,400);R), there exists a unique locally absolutely continuous solution

y : [0,+00] = R of (1), provided explicitly by the variation of constants formula

yw—mW+AEWW@m @)



where
0

£(s) = bouls) + / by()uls + )dE;  u(s) = 8(s), s € [-r,0].

b

We notice that f is well defined, as by is bounded and u(-) € L? ([0,+00),R). We denote by
y(t;y0,0(),u(-)) the solution to (2) with initial datum (yg,d(:)) and under the control u(-) €
L? ([0, +00); R). We notice that y(¢; v, 5(:), u(-)) solves the delay differential equation (1) only

loc
for almost every ¢t > 0.

We define the class of the admissible controls for the problem with state constraint y(-) > 0 as
U(yo, () = {u(-) € Lie(10,+00):U) | (-, 90,8 u(-)) > 0}.

Setting y(t) := y(t;v0,9(-),u(-)), we define the objective functional

+oo
T 50u0) = [ ) = holu(t). Q
where p > 0 and g : [0,+00) — R, hp : U — R are measurable functions satisfying the
following, that will be standing assumptions throughout the paper.

Hypothesis 3.3.

(i) go € C([0,400);R), it is concave, nondecreasing and bounded from above. Without loss of
generality we assume that g(0) = 0 and set

go:= lim go(y). (4)

Yy— +00

(ii) ho € C(U)NCYHU®), where U° denotes the interior part of U. Moreover it is nondecreas-
ing, convex and not constant. Without loss of generality we assume hy(0) = 0.

The optimization problem consists in the maximization of the objective functional Jy over the
set of all admissible strategies U(yo, d(-)), i.e.

max Jo(yo, 6(-); u(+)). 5
o Tofao. () u() o)

Remark 3.4.

(i) The assumption that gy is bounded from above (Hypothesis 3.3-(i)) is quite unpleasant,
if we think about the applications. However we stress that this assumption is taken here
just for convenience and can be replaced with a suitable assumption on the growth of gg,
relating it to the requirement of a large enough discount factor p.

(ii) We consider a delay r belonging to (—oo,0]. However one can obtain the same results even

allowing r = —o0, suitably redefining the boundary conditions as limits. In the definition
of the Sobolev spaces W]f’ozo,o, the boundary conditions required become

Wffo,o — {f e Wh? | EIP D)y =0, Vi=0,1,...k— 1} - Wffo



4 Representation in infinite dimension

In this section we restate the delay differential equation (1) as an abstract evolution equation
in a suitable infinite dimensional space. The infinite dimensional setting is represented by the
Hilbert space H = R x W,rl’ 62. The following argument is just a suitable rewriting in R x er, 62 of
the method illustrated in [11] in the framework of the product space R x L?. We will use some
basic concepts from the Semigroups Theory, for which we refer to [22].

Let A be the unbounded linear operator
A:DA)CH—H, (no,m(-)) = (ano +m(0), —m(-)), (6)
where a is the constant appearing in (1), defined on
D(A) = Rx W25

It is possible to show by direct computations that A is a (densely defined) closed operator
and generates a Cp-semigroup (Sa(t))t.o in H. However, we provide the proof of that in the
Appendix by using some known facts from the Semigroups Theory. The explicit expression of
Sa(t) is (see the Appendix)

0
Sa(tyn = (erat +/(_t)v(_ )m(f)ea(&t)df, m(- =10 —75)> , = (no,m(:) € H. (7)

By [37, Ch. 2, Prop.4.7], there exist M > 0, w € R such that
SA(t)| < Me*t, t> 0.
More precisely (see the Appendix) we have
[Sa@)ll < 247"z, t2 0. (®)
In the space H we set b:= (bg, b1(-)) and define the bounded linear operator
B:U — H, uw— bu.

Often we will identify the operator B with b.
Given u(-) € L? ([0,+),R), n € H, we can consider the abstract equation in H

loc
{Y’(t) = AY (t) + Bu(t), (9)
Y (0) = n.

We will use two concepts of solution to (9), that in our case coincide each other. For details
we refer to [37, Ch.2, Sec.5]. In the definitions below the integral in dt is intended as Bochner
integral in the Hilbert space H.

Definition 4.1.
(i) We call mild solution of (9) the function Y € C(]|0,400), H) defined as

Y(t) = Sa(t)y + /0 "Sa(t— 1) Bu(r)dr. > 0, (10)



(ii) We call weak solution of (9) a functionY € C([0,+00), H) such that, for any ¢ € D(A*),

Y (), 8) = (n,6) + /0 (¥ (1), A*G)dr + /0 (Bu(r). $)dr. Vi 0.

From now on we denote by Y (-;7,u(-)) the mild solution of (9). We notice that the definition
of mild solution is the infinite dimensional version of the variation of constants formula. By a
well-known result (see [37, Ch. 2, Prop. 5.2]), the mild solution is also the (unique) weak solution.

4.1 Equivalence with the original problem

In order to state equivalence between the DDE (1) and the abstract evolution equation (9),
we need to link the canonical R-valued integration with the W: ’02—Valued integration. This is
provided by the following lemma whose proof is standard. We omit it for brevity.

Lemma 4.2. Let 0<a<b and f € L? ([a,b]; W01’2) . Then

</abf(t)dt>(f)= /:f(t)(g)dt, Ve € [—r,0],

where the integral in dt in the left handside is intended as Bochner integral in the space Wol’Z.
We need to study the adjoint operator A* in order to use the concept of weak solution of (9).

Proposition 4.3. We have

D(A*) = {6 = (d0,61(") € H | ¢1 € W??, 1(0) =0}
and
A*p = (ago, &> ¢1(8) + do(E+1) — P (7)), ¢ € D(A). (11)
Proof. Let
D= {p=(do,¢1()) € H | ¢ € W2?, ¢/(0) =0}.
First of all we notice that, defining A*¢ on D as in (11), we have A*¢ € H. Now notice that
0
U= =0, h0) = [ ui©de v eD(A), (12)

Therefore, taking into account (12), we have for every ¢ € D(A) and every ¢ € D
0
(AY, ) = arhodo + 11(0) o — 3 ¥1 (§)¢1(€)dE
0 0
—angn-+ ([ 0116 ) 60— 100640 + vi )k (-0 + [ i@t (13

0
= avogo + [ Yi(€) (¢o + ¢1(€)) dE = (v, A"9)

-r

where

{(A*¢)0 = ago,
(A*0)1(6) = [ (b0 + &1(€))dE = ¢ - (€ +7) + ¢ (E) — (7).



The equality above shows that D C D(A*) and that A* acts as claimed in (11) on the elements
of D.

Now we have to show that D = D(A*). For sake of brevity here we only sketch the proof
of this fact?, as a complete proof would require a study of the adjoint semigroup Sa«(t) in the
space H. We observe that D is dense in H. Moreover an explicit computation of the adjoint
semigroup would show that Sy« (¢)D C D for any t > 0. Hence, by [18, Th. 1.9, p.8], D is dense
in D (A*) endowed with the graph norm. Finally, using (11) it is easy to show that D is closed
in the graph norm of A* and therefore D (A*) = D. O

Let v € L? and consider the function

3
(v*bl)(g):/ b (F)ol(r — E)dr, &€ [-r,0].

-r

First of all we notice that (v * b1)(—r) = 0. Extend by to a W;"*(R) function on R equal to 0
in (—oo, —r) (recall that b;(—r) = 0) and extend v to an L*(R;R) function simply defining it
equal to 0 out of [—r,0]. Then the function above can be rewritten as

(05 1) (€) = / by (P)o(r — €)oo g)(7 — E)dr, €€ [—r0).

R

Since v1(_y ) € L*(R;R) and b; € WH2(R; R), [13, Lemma 8.4] yields v * by € er,bQ and

£
(05 1) (€) = / by (r)o(r — €)dr. (14)

-

Consider still v extended to 0 out of [—r,0] and set ve(7) := v(T — &), 7 € [-r,0] for £ € [—7,0].
Of course v¢ € L? and lvellz2 < |lvf|z2 for every § € [—r,0]. Then, due to (14) and by Holder’s

inequality we have

0 I3 2 0

fostnl: = [ | [ it - ol ac= [
0 —r |J—r —r

0 0 2 0
< [ ([ metriar) de < [ (k1B lels) de < ol ol (15)

-r —r —r

2

€
/ Vy(T)ve(T)dr| dE

-r

Let us introduce the continuous linear map M:

M: R x L*([-r,0;R) — H

(2,0) — (zvxb) = (2 bi(eo(r —)dr). (16)

Due to (15), M is bounded. Call
M = Im(M).

Remark 4.4. Of course M is a linear subspace of H. It should be possible using [10] that is
not closed. O

3To this regard we observe that we will use in the following only the fact D C D(A*) and that (11) holds true on
the elements of D, which has been proven rigorously. More precisely we will use the fact that (1,0) € D C D(A")
in the proof of Theorem 4.5.



Theorem 4.5. Letyg € R, § € L2, u(-) € L2 ([0,+0),R). Set

loc
ni= M(y,d(-)) € M;  Y(t) :=Y(t;n,u()), t=0. (17)
Then
Y(t) = M(Yo(t),ult +-), Vi>0. (18)

Moreover, let y(-) := y(+;yo, 6, u(-)) be the unique solution to (1). Then
y(t) = Yo(t), vt = 0. (19)

Proof. Let Y be the mild solution defined by (10) with initial condition n given by (17).
On the second component it reads

Yi(t) = T(t)m + /0 Tt — s)bi]u(s)ds
(20)

t
— L= Om =) + [ U=tk bl 4 Suls)ds
0
where (T'(t))+>0 is the semigroup of truncated right shifts on I/VO1 2 that is

[T()91(E) = Li—pg(§ = )P — 1), &€ [-r0].

We recall that by hypothesis n = M (yg, d(-)), so we write the second component of the initial
datum

3
771(§)=/ bi(a)d(a — §)da.

T

Then, by (20) and due to Lemma 4.2, the second component evaluated at § is

E—t

YVi(t)() = 1o (E—1) / bi(@)u(a—E+t)da + /0 1oy (E—t+8)bi (E—t+s)u(s)ds. (21)

'

Taking into account that 0 < s <t, wehave £ —t < £ —t+s < &, so that, settinga = £ —t+s
in the second part of the right handside of (21), it becomes

b

E—t §
O = € -0 [ bil@ula - €+ tda + /E 1 pg()bi(a)ula =€+ )da

(E=t)V(=r) 3
= / bi(a)u(a — &+ t)da + / bi()u(a — &+ t)da. (22)
-r (E=t)v(=r)

¢
:/ bi(a)ula+ t — €)da

Therefore, due to (16), the identity (18) is proved.
Let us show now (19). Setting £ = 0 in (22) we get
0
¥4 (6)(0) = / bi(@)ult + )da. (23)

-r

Now we use the fact that Y(+) is also a weak solution of (9). From Proposition 4.3 we know that

(1,0) e D(AY), A*(1,0)=(a, E—&+T1). (24)

10



Therefore taking into account (24) and (23) and Definition 4.1-(ii), we have for almost every
t>0

VH(0) = L (), (1.0)) = (¥(0). A"(1.0)) + (Bu(t). (1.0)
— avolt)+ [ Vi (©de + boult)
— aY(t) + Va(8)(0) — Va(t)(—r) + boult)
— aYo(t) + /_ " ba(E)ult + €)dE + bou(t).
Therefore Yy (t) solves (1) with initial data (yo, 6(-)), ‘o it must cofncide with y(®). 0

We can use the above result to reformulate the optimization problem (3) in the space
H. Let
Hy = (0,400) x W,

Let n € H and define the (possibly empty) set

Ut = {ul) € Li(0,+50);U) | Yo(tim,u() > 0, Ve > 0)
= {u() € Ll2oc([07+oo);U) | Y(t; nvu()) € H+7 Vit > 0}

Given u(-) € U(n) define

+oo
sl = [ epf(gmt;n,u(-)» - ho<u<t>>)dt. (25)

where
g: Hi — R, g(n) = go(m)- (26)
Due to (19), if n = M(yo,d(-)) then

Un) = U(yo,o(-))

and
J(m;u(-)) = Jo(yo,d(-);u(-)),

where Jy is the objective functional defined in (3). Therefore, we have reduced the original
problem (5) to
max J(m;u(+), n= M(yo,6(-)) € M.
sodmax (). n = M. 5()
Although we are interested to solve the problem for initial data nn € M, as these are the initial
data coming from the real original problem, we enlarge the problem to data n € H and consider
the functional (25) defined also for these data. So the problem is

max J(n;u(-)), ne H. 27
e T (), (27)

11



5 The value function in the Hilbert space

In this section we study some qualitative properties of the value function V associated to the
optimization problem (27) in the space H. For n € H the value function of our problem is the
function
V:H—R, V(n):= sup J(nu(-))
u(-)€U(n)

with the convention
supf) = —oc.

We notice that V' is bounded from above due to the Hypotheses 3.3. More precisely

“+oo 1
Vin) < / e Pgodt = ;go, Vne D).
0
The domain of the value function V is defined as
D(V):={ne H | V(n) > —o0o}.
Of course

D(V)C {ne H |Un) # 0}

Before to proceed, we introduce a weaker norm in H, which is the natural one to deal with the
unbounded linear term in the study of the HJB equation.

5.1 The norm |||

We are going to define a norm weaker than || - || we will deal with. To this aim, we introduce
the following assumption, that will be a standing assumption in the rest of the paper and will
not be repeated.

Hypothesis 5.1. a # 0.

Remark 5.2. First of all we notice that Hypothesis 5.1 is not very restrictive for the appli-
cations, as the coefficient a in the model often represents a depreciation factor (so a < 0) or
a growth rate (so a > 0). However, the case a = 0 can be treated translating the problem as
follows. Take a = 0. The state equation in infinite dimension is (9) with

A (60,61()) = (#1(0), =61 ()).

We can rewrite it as

Y'(t) = AY (t) — PyY (t) + Bu(t),

where 3
P0:H0—>H, P0¢:(¢0,0); A:A+P0.

Then everything we will do can be suitably replaced dealing with this translated equation. U

12



Just for convenience from now on we assume that Hypothesis 5.1 holds (Remark 5.2 shows that
it is not strictly necessary). Due to Hypothesis 5.1, the inverse operator of A is well defined.
This is a bounded operator H — D(A) whose explicit expression is

AT D — (DA D,

0
N (Uo—i‘f_rm(s)ds’_/ﬁ nl(s)ds>.

—a L
We define in H the norm || - ||_1 as
nll-1 = A" 9],
SO . )
iz = |2 OB s 9
a —r
Lemma 5.3. The norms || - ||-1 and || - |x are equivalent in H.

Proof. Let n = (no,m) € H. Taking into account (28) and by Hoélder’s inequality, we have

0
ll% = ol + / i (€)Pde

-

m+fm@%—fm@%

-r -r

2

0
+ / i (€) e

2 0 2 0
) +2] /_ m(€)de| + /_ i (€) e

o (/i|n1(§)|d§>2+/i\n1(€)!2d€

2

0 0
py / i (€)[2de + / i (6)]2de

-r -r

IN

0
n + / m(€)de

T

0
m + / m(€)de

-

IN

2

no + f?r n1(&)dE
a

< 242

< Clinl%4,

where C' = max{2a?, 2r? + 1}.
On the other hand, still using (28) and Hélder’s inequality, we have

0 2
o + J_, m(s)ds 0 2 0
Inll?y = . + / m(s)Pds < ol +/ m (s)|*ds < C'[|n]l%
a _r a y
. 2 .
where C" = max { —,1¢. So the claim is proved. O
a

From Lemma 5.3 we get the following

Corollary 5.4. There exists a constant Cy, > 0 such that

Inol < Carlinll-1, VYne H. (29)
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Remark 5.5. Corollary 5.4 represents a crucial issue and motivates our choice of working in
the product space R x er,b2 in place of the more usual product space R x L2. Indeed, embedding
the problem in R x L? and defining everything in the same way in this bigger space, we would
not be able to have an estimate of type (29) controlling |no| by ||nl|—1. But this estimate is
necessary to prove the continuity of the value function with respect to || - ||-1, since in this way
g s continuous in (Hy,| - ||-1). On the other hand, the continuity of V' with respect to || - || -1
is necessary to have a suitable property for the superdifferential of V' (see Proposition 5.14),
allowing to handle the unbounded linear term in the HJB equation.

We show with an exzample that an estimate like (29) cannot be obtained in the R x L? setting.
Consider in R x L? the sequence

nt = (g,nt (), no =1 n'()=-nl_1mg(), n=>1

Let r > 1/n. In this setting, we have

2 0 »
Lo
_ /_O n? (5+i>2d§: $—> 0.

1
n

2

0
v+ (s)ds
Uh) f_rm( ) de

a

||77nH24 =

2 0
d§:0+/1

3
/ nds
_1

Therefore, we have |ng| = 1 and ||n™||—=1 — 0. This shows that an estimate like (29) does not

hold in this setting. O
5.2 Concavity and || - ||_;-continuity of the value function
We are going to prove that V' is concave and continuous with respect to || - ||-1. First of all,

recall that we have defined
Hy = (0,+00) x W, 7.

We introduce also the spaces

G:={ne Hy | 0 Un)},

0
Fo {776 i |+ /Em(s)e‘“ds >0, VEe [—r,O]},

Hyy = (0,400) x {m() € Wi [ m() =0, VEe [-r0]}.
Proposition 5.6.
(i) H.y C F=G Cc D(V) C Hy and V(n) > 0 for everyn € F =G.
(ii) F is open with respect to || - ||—1.

Proof. (i) The inclusions
H ., CFcCH;

14



are obvious. Let n € F and set Y(-) := Y (+;7,0). Due to Definition 4.1-(i) and to the definition
of the set F, we have

0
Yb(t) _ [SA(t)n]() _ noeat+/( . )ea(t+§)n1(§)df,
—t)V(—r

0
= ¥ (770+/ e“5n1(§)d§> >0,Vei>0
(=t)v(-r)

so this claim is proved. This shows that 7 = G. Now let n € G. Since g is nondecreasing and
g(0) = 0, hp(0) = 0, we have

+00 +oo
Vo= S0 = [ e oV (im0 —ho(0)de > [ e o(0) ~ ho(0)) e = .

As a byproduct this shows that V() > 0 on G and that G C D(V), so the proof of item (i) is
complete.
(ii) Let 7 € F. We have to prove that

Jesuch that By _,(7,¢) C F. (30)
Due to Lemma 5.3, (30) is equivalent to
Jesuch that By, (7,¢) C F. (31)

Let € > 0 and n € B (7, ). Then we have
1
|770 - 770’ < ez,

1
[ —mllz < ez.

]@w/}%mm)—@w/}%wm)

0
_m—muﬂ/f“w@%ww»w
1/26\a|r

Therefore

(32)

A

—fille < €2 4+ pl/2elalr 1/2,
m—"NllrL

IN

0 — 7ol + 7
where the second inequality follows from Holder’s inequality. Then (31) straightly follows from
(32) taking a sufficiently small € > 0, so that the proof is complete. O

Definition 5.7. Let n € D(V), ¢ > 0. An admissible control u(-) € U(n) is said e-optimal for
the initial state n if J(n;u®(-)) > V(n) —e.

Proposition 5.8. The set D(V) is convex and the value function V is concave on D(V).
)

Proof. Let n,77 € D(V) and set, for A € [0,1], nx := An+ (1 — A)7. For ¢ > 0, let
u®(-) € U(n) and u*(-) € U(7) be two controls e-optimal for the initial states 7,7 respectively.
Set

y() = y(imut (), 90) = g0m,a (), wt() = M () + (1= Nae().

15



Finally set yx(-) := Ay(:) + (1 — A\)y(-). The function hg is convex so one has
ho(u(£)) < Mo(u®(t)) + (1 = Ao (@ (¢)), ¢ > 0.
Moreover, by linearity of the state equation, we have
Y (Bmaua () = AY (yimaus () + (1= NY (177, 3().
Hence, by concavity of g we have

9O (t5m,00() = Ag(Y (15,0 ())) + (1= Ng(¥ (1:7,5()), £ 0.
So, we have

400
Vim) = T () = [ e (o (b)) = holul0)

+o00
> /O e " (Ag(Y (i, u%)) + (1= Ng(Y (17, 7)) — Mo (u® (1)) — (1 = N)ho(@(1))) dt

=AJ(n,u®)+ (1 =N)J(7,a°) > AV(n)+ (L -NV(7) —¢

Since ¢ is arbitrary, this shows both the claims. ]
Corollary 5.9. The value function V is continuous with respect to || - ||—1 in F.
Proof. The function V is concave and bounded from below in the | - ||-1 open set F.

Therefore the claim follows by a result of Convex Analysis (see e.g. [21, Ch. 1, Cor.2.4]). O

Remark 5.10. F is open also with respect to || - ||. O

5.3 Monotonicity of the value function

Let us introduce the following partial order relation in H. Given n, ( € H, we say
n=¢ <= m= G m§)=al§), vEe [-n 0L (33)
Analogously, denoting by m the Lebesgue measure in [—r, 0], we say that
n>¢ <= n=¢ and n > G or m{m(§) > (&)} >0, V¢ e [-r,0]. (34)

Proposition 5.11. The value function V is nondecreasing with respect to the order relation
defined above. Moreover, for alln € D(V), h > 0 (in the sense of (34)), we have

1
b V(0 -+ sh) = o (35)

s——+00

Proof. 1t is straightforward to check from (7) that S(t) is positive preserving, which means
that
n> 0= Sa(t)n> 0.

Let n, ¢ € D(V) with n > (. Let u(-) € U(n) and consider Y (-;n, u(-)). We have

Y(snu() =Y (5Gu() = Sat) (n—¢) = 0. (36)
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Therefore
Yo(t;m,u(-)) > Yo(t; ¢, u(-)).

This shows that u(-) € U(n). Hypothesis 5.12 implies that g is nondecreasing with respect to
the order relation defined above. Set

A(t) = /0 Salt — 7)Bu(r)dr.
Then, also taking into account (36),
Tul) - (G ul)
B /0+°° e P (g(Y(t;m,u() — g(Y (8¢ ul-)))) dt
= [T i + 50) - asa0©) + 50 .

So also V(n) > V(({) and the first part of the claim is proved.
Let us show the second part. Since h(0) = 0, we have

+00 too
Vir+sh) 2 T +sis0) = [ ey (saon syt = [ et (1S40 + st .

By (7) we have

lim_ [Sa(t)(n+ sh)ly = +00, V12 0.

So, since gg is nondecreasing, by monotone convergence we get

400 1
lim V(n+sh)= / e Ptgodt = ~go,
0 p

s—+00
the claim. ]
Hypothesis 5.12. gg is strictly increasing.

Proposition 5.13. Let Hypothesis 5.12 hold. We have the following statements:
(i) V(n) < ;ga for every n € D(V).
(ii) For everyn € D(V) and h € H with h > 0 in the sense of (34), the function
[0,400) = R, s+ V(n+ sh) (37)
s strictly increasing.
Proof. (i) Let u(-) € U(n). Set C := (2+ 7“3)%. By (8) we have

t t
Y@l < Ce™lnll + /0 Ce® D bl||u(r)|dr < Ce <H77H + Hb\l/0 IU(T)!dT>- (38)

With regard to the structure of U, we distinguish the two cases @ < +o00, 4 = +00.

17



Case u < +o0. In this case (38) yields
w 1 —
Vo)l < IV ()] < Ce t(llnll +a||buut), V>0, (30)

Let 6 be such that

an (ce (Il + 310l ) =0 - 6 (10)

Since g is strictly increasing we have § > 0. Then, for every u(-) € U(n), we have thanks to
(39) and (40) and since hg > 0

+00 +oo
Ju()) = /0 e (g(Y(1)) — ho(u(t))) dt < /0 el g(Yo(t))dt

1 1 “+o00
< / e‘ptgo (Cew <H77|| + a”b”a)) dt +/ e—Ptgodt
0 1

1 1
< Z(go—9) (L—eP) + e "gp.
p( I ) P

Taking the supremum over u(-) € U(n), in the inequality above we get

V)= sup J(pul) < (§0—5)(1—€_p)+;€_p§0<[1)570,

u(-)eU(n)

=

getting the claim in this case.
Case 1 = oo. By Hypothesis 3.3-(ii) there exist Cy, C; constant such that

ho(u) > Cou—Cq, Yuel. (41)
Given (38) we want to find an upper bound for |Yy(¢)| as (39), in order to argue as before and
get the claim. In this case, since 4 = 400, we do not have directly this upper bound over

all u(-) € U(n), but only on good controls (e-optimal, which still suffices). Let ¢ > 0 and let
u(-) € U(n) be an e-optimal control for . Then by (41)

+oo
Vi(n) —e< Jmyu() = /0 e P (g(Y (t)) — ho(u(t))) dt
“+oo
< [ e o e) - Coutt) + iy e
0
So we have

1 +0o0o +o0o
co/ e |u(t)|dt < 00/ e fu(t)|dt < / et (g(Y(8) + C1) dt — V() +
0 0 0
+o0o 1
<[ et @rena -V e = @+ )=V +e< M
0

This means that there exists some M’ > 0 such that

1
/ lu(t)|dt < M, Vu(-) € U(n) € — optimal.
0

18



Therefore an upper bound as (39) holds true for ¢ € [0, 1] for the controls u(-) € U(n) which are
e-optimal. This allows to conclude as before.

(ii) By Propositions 5.8 and 5.11, we know that the real function (37) is concave and nonde-
creasing. Then, assuming by contradiction that it is not strictly increasing, it must exist 5§ > 0
such that V(n + sh) is constant on the half line [s;+00). This fact would contradict claim (i)
and (35), so we conclude. O

5.4 Superdifferential of concave || - ||_;-continuous function

Motivated by Proposition 5.8 and Corollary 5.9, in this subsection we focus on the properties
of the superdifferential of concave and || - || _;-continuous functions. This will be useful to prove
the regularity result in the next section. We recall first some definitions and basic results from
non-smooth analysis concerning the generalized differentials. For the details we refer to [40].

Let v be a concave continuous function defined on some open set A of H. Given n € A the
superdifferential of v at 7 is the convex and closed set

D¥v(n)={p € H [ v(¢) —v(n) < ((—mnp), VCE A}.
The set of the reachable gradients at n € A is defined as
D*v(n):={pe H | I(n,) C A, n, — n, such that IVuv(n,)and Vo(n,) — p}.

As known (see [40, Ch. 1, Prop. 1.11]) D"v(n) is a closed convex not empty subset of H. Moreover
the set-valued map A — P(H), n — D% wv(n) is locally bounded (see [40, Ch. 1, Prop. 1.11]).
Also we have the representation (see [14, Cor. 4.7])

D*v(n) = eo(D*v(n), n € A. (42)
Given p,h € H, with ||h|| = 1, we denote
pn = (p,h).
We introduce the directional superdifferential of v at n along the direction A
Div(n):== {a € R | v(n++h) —v(n) < ya, Vv € R}.

This set is a nonempty closed and bounded interval [a,c] C R. More precisely, since v(n) is
concave, we have

a=v;(n), c=uv, 1)
where v;f (1), v, (1) denote respectively the right and the left derivatives of the real function
s + v(n+ sh) at s = 0. By definition of D%v(n), the projection of DTv(n) on b must be
contained in D} v(n), that is

Dyo(m) D {pn | p € Do)} (43)
On the other hand, Proposition 2.24 in [40, Ch. 1] states that

a= inf{(p,h) | pe DTv(n)} c= sup{{(g,h),| g€ DFw(n)},

and the sup and inf above are attained. This means that there exist p,q € DT wv(n) such that
a= (p,h), c= (q,h).

Since DT v(n) is convex, we see that also the converse inclusion of (43) is true. Therefore

Dfv(n) = {pn | p € DTv(n)}. (44)
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Proposition 5.14. Let v : F — R be a concave function continuous with respect to || - || -1
and let n € F, p € D*v(n). Then

(i) p € D(AY);
(ii) there exists a sequence 1, — n such that for each n € N there exists Vv(n,) and Vu(n,) €
D(A*);
(i1i) Vo(n,) = p and A*NVvu(n,) = A*p.
Proof. See [27, Prop. 3.12-(4)] and [28, Rem. 2.11]. O

6 Dynamic Programming and HJB equation
We are ready to approach the problem by the Dynamic Programming. From now on, just for
convenience, we assume without loss of generality that ||b|| = 1.
Theorem 6.1 (Dynamic Programming Principle). For any n € D(V) and for any 7 > 0,
T
V(n) = sup [/ e (g (Y (tim,u()) — ho(u(t)) dt + e~V (Y (r5m,u(-)))
u()eU(n) LJO
Proof. See e.g. [37, Th.1.1, Ch.6]. O

The differential version of the Dynamic Programming Principle is the HJB equation.
We consider this equation in the set F. It is

pv(n) = (An,Vou(n)) + g(n) + 81615{<BU7W(77)> —ho(u)}, neF. (45)

We introduce the following Inada’s type assumption on hyg.
Hypothesis 6.2. lim, o hg(u) =0, limy,ygho(u) = +oo.
Defining the Legendre transform of hg

H(po) := Slelg{upo — ho(u)}, (46)

due to Hypothesis 6.2, it is easily checked that

H(po) = 0, if po < 0,
H(po) > 0, if pg > 0.

Since

sup {(Bu,p) — ho(u)} = sup {(u, B*p) — ho(u)},
ucU ue U

taking into account that B*p = (b, p), (45) can be rewritten as
po(n) = (n, A"Von)) + g(n) + H({(Ven),b), ne F. (47)

We note that the nonlinear term in (47) can be defined without requiring the full regularity of
v, but only the C''-smoothness of v with respect to the direction b. Indeed, denoting coherently
with (44) by v, the directional derivative of v with respect to b, we can intend the nonlinear
term in (47) as H(vp(n)). So we can write (47) as

pv(n) = (n, A*Vou(n)) + g(n) + H(w(n)), ne F. (48)
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Proposition 6.3. Let Hypothesis 6.2 hold true. Then the function H is finite and strictly convex
in (0, +00).

Proof. Let U := [—4, ). If & = 400, the set U is intended as R. Let

B o h (u) ifu € [Oaﬂ]v
ho(u) := { hg(—U) ifu € [~u,0].

The Legendre transform of hg is

H(po) := sup{up — ho(u)}.
uelU

Due to Hypothesis 3.3-(ii) and to [41, Cor.26.4.1], H(p) is finite and strictly convex in R. In
order to get the claim, we need just to prove that that for py > 0 we have H(pg) = H(po).
Indeed if pg > 0

H(po) = sup{upo — ho(u)} = sup{upo — ho(u)} = sup{upo — ho(u)} = H(po),
uel uelU uelU

where the second equality follows from Hypothesis 6.2. O

6.1 The HJB equation: viscosity solutions

In this subsection we are going to prove that the value function V is a viscosity solution of the
HJB equation (48). To this aim, we need to define a suitable set of regular test functions. This
is the set

T := {Lp € CY(H) | Vo(-) € D(AY), A*Vy: H — H is continuous}.
Let us define, for u > 0, the differential operator £* on T by
[L4](n) = —pp(n) + (n, A"V (n)) + u(Ve(n), b).
The proof of the following chain’s rule can be found in [37, Ch.2, Prop. 5.5].

Lemma 6.4. Letn € H,p € T,u(-) € L} ([0,+<);R) and set Y (t) := Y (t;n,u(-)). Then
the following chain’s rule holds:

t
(Y (1)) — pln) = /0 e PLHD ] (Y (s))ds, Vi > 0. .
Definition 6.5.

(i) A continuous function v : F — R is called a viscosity subsolution of (48) if, for each
couple (nar,p) € F X T such that v — ¢ has a local mazimum at ny, we have

pv(na) < (s AV o)) + g(n) + H (wu(nar)) -

(ii) A continuous function v : F — R is called a viscosity supersolution of (48) if, for each
couple (Nm, ) € F x T such that v — ¢ has a local minimum at n,,, we have

P(Nm) = (1, AV o(0m)) + g(m) + H (wp(nar)) -
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(iii) A continuous function v : F — R is called a viscosity solution of (48) if it is both a
viscosity sub and supersolution of (48).

We introduce the following assumption on U.

Hypothesis 6.6. Fither (i) u < 400 or

h
(i) w= 400 and Fa> 0 such that liminf olu)

u— +oo yltao

> 0. (49)

Remark 6.7. We notice that Hypothesis 6.6-(ii) is just slightly stronger than the assumption
limy,—y 400 hjy(u) = +o00 in Hypothesis 6.2.

Lemma 6.8. Let Hypotheses 6.6 hold. Then, for everyn € F, e > 0, there exists M. such that
“+oo
/ e PHu(t)MTodt < M. Vuf(-) € U(n) e — optimal forn,
0

where « is the constant appearing in (49).

Proof. If Hypothesis 6.6-(i) holds, the proof is trivial. So, let Hypothesis 6.6-(ii) hold true.
By such assumption, there exist constants My, M7 > 0 such that

ho(u) 2 MouH_a(t) — Ml.

Let u*(-) € U(n) an e-optimal control for 7. Then

+oo
Vin) —e< J(n;ug(-))Z/O e (g(Y'()) — ho(u(1))) dt

oo (50)
< / e (g(Y(t)) — Mol|u(®)|"™* + My) dt.
0
From (50) we get
+oo +oo
MO/ e ! fu(t)Fodt < / e (g(Y (£)) + My) dt — V() + ¢
0 0
+o0 = M
< / e P (Go + My)dt — V() +¢ < Wpl —V(n) +e=: M..
0

So the claim is proved. O

Theorem 6.9. Let Hypotheses 6.6 hold. The value function V is a viscosity solution of (48)
on F.

Proof. Subsolution property. Let (nar,¢) € F x T be such that V' — ¢ has a local max-
imum at 7y,. Without loss of generality we can suppose V(nar) = (). Let us suppose, by
contradiction, that there exists v > 0 such that

2v < pV(nu) — ((nar, A"V o)) + g(nr) + H (eu(nar))) -

Let us define the function

() == Vinm) +(Velnn),n—nu), n€ H. (51)
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We have
V() = Vo), VYne H.

Thus @ € T and we have as well
2v < pV(nar) — (g, AV E(nar)) + 9(n) + H (Bo(nar))) -
Now, we know that V' is a concave function and that V — ¢ has a local maximum at 7,;, so that
V() < V) + (Ve (), n = na)- (52)
Thus, by (51) and (52)
plmr) = Vi) @) = V(n), Vn e F. (53)

Let B: := Bg,.|)(nm,€)- Due to the properties of the functions belonging to 7, we can find
€ > 0 such that

v < pV(n) = ((n, A*Vem)) +g(n) +H (Pu(nm))), Vn € Be.

Take a sequence &, > 0 such that 4, — 0. For each n € N, take a J,-optimal control
un(-) € U(n) and set Y™ (-) := Y (:;nar, un(+)). Define

tp:=inf{t> 0| ||Y"(t) —nu| = e} A1

with the agreement that inf () = +o00. Of course ¢, is well defined and belongs to (0, 1]. Moreover,
by continuity of ¢ — Y"(t), we have Y"(t) € Be, for t € [0,t,). By definition of d,-optimal
control, we have as consequence of the Dynamic Programming Principle

Op > — /O e [g(Y ™ (6) — ho(un(D)] i — (VY (t)) — V() (54)

Therefore, by (53) and (54),
tn
o > /0 [g(Y™(8)) = ho(un(t))] dt — (77 (2(Y"(tn))) — @)
= [T o) - hatun(0) + ORI 0)] at

= /Ot” e [g(Y" (1) — pp (Y™ (8) + (A"VR(Y™(1), Y (1)) + H(Gp (Y™ (1)))] dt > tov.
Therefore, since 6, — 0 we also have t, — 0. We claim that ¢, — 0 implies
Y™ (tn) = naell — 0. (55)
This would be a contradiction of the definition of t,, concluding the proof. Let us prove (55).

Using the definition of mild solution (4.1) of Y"(¢,), we have

tn

Sa(tn)na + Sty — 7)Buy(T)dT — nMH

V™ (60) — | = ] 0

< (Salta) = Iy nutll + H [ Sialtn — 1By

in
< I(Saltn) = 1) narll +/0 1Sa(tn = )l () | Bl [un(7)|d7.
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By the estimate (8) of the S4(-), to prove that the right side of above inequality converges to 0,
it suffices to prove that

/0 " () |ds = 0. (56)

We have to distinguish the two case. If Hypothesis 6.6-(i) holds true, since ¢, — 0 we have
directly (56). If Hypothesis 6.6-(ii) holds true, set > 1and 1/5+1/a = 1. Then o = 3/(8—1)
and by Holder’s inequality

1

tn tn ] B-1
/ lun(s)|ds < </ |un(7)|5d7> tn? .
0 0

1
Since by Lemma 6.8 we know that <f0t" \un(T)]5d7> ? is bounded and since t, — 0, we have

again (56). So the proof of this part is complete.

Supersolution property. The proof that V is a viscosity supersolution is more standard. We
refer to [37, Ch. 6, Th. 3.2]. O
6.2 Smoothness of viscosity solutions

In this subsection we are going to show our main result that is the proof of a C! directional
regularity result for viscosity solutions to the HJB (45). In particular, this result applies to the
value function when b > 0 (in the sense of (34)) and all the hypotheses collected so far hold
true.

Lemma 6.10. Letv: F — R be a concave ||-||_1-continuous function and suppose thatn € F
is a differentiability point for v and that Vv(n) = £. Then

1. There exists a @ € T such that v — ¢ has a local mazimum at n and V(n) = £.
2. There exists a p € T such that v — ¢ has a local minimum at n and Vo(n) = £.
Proof. See [27, Lemma 4.5]. O

Theorem 6.11. Let v be a concave || - ||-1-continuous viscosity solution of (48) on F, which
is strictly increasing along the direction b. Then v is differentiable along b at each n € F,
up(n) € (0,+00) and the function n— wvy(n) is continuous in F.

Proof. Let n € F and p, ¢ € D*v(n). Due to Proposition 5.14, there exist sequences
(), (fn) C F such that:

® Nn = 1 N = 105
e Vu(n,) and Vu(n,) exist for all n € N and Vu(n,) — p, Vo(7,) — ¢;
o A*Vu(n,) — A*p and A*Vo(7,) — A*q.
Recall that, given n € H, we have defined
= (1,b).

Due to Lemma 6.10 and Theorem 6.9 we can write, for each n € N,

pv (1) = (o, A*Vo(n)) + g(mn) + H(vs(nn))
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pv(Tin) = (N, A"V (70)) + g(7n) + H(vp(71n))-

So, letting n — oo we get

(n, A*p) + g(n) + H(ps) = pv(n) = (0, A%q) + g(n) + H(q). (57)

On the other hand Ap+ (1 — )¢ € Dtw(n) for any A € (0,1), so that we have the subsolution
inequality

pv(n) < (n, A"[Ap+ (1= N)dg]) + g(n) + H(Apy + (1 = N)ap), YA € (0,1). (58)
Combining (57) and (58) we get
H(App + (L= N)gp) = ANH(pp) + (1 — N)H(qp). (59)

Notice that, since p,q € D*v(n), we have also p,q € DV v(n). Since v is strictly increasing along
b we must have py, g, € (0,400). Since H is strictly convex on (0, 4+00), (59) yields p, = ¢,. Due
to (44) we have that py, go € D; v(n). With this argument we have shown that the projection of
D*v(n) onto b is a singleton. Due to (42), this implies that also the projection of DT v(n) onto
b is a singleton. Due to (44) we have that D, v(n) is a singleton too. Since v is concave, this is
enough to conclude that it is differentiable along the direction b at n and vy(n) € (0, 4+00).

Now we prove the second claim of the Theorem, that is that the map n — wy(n) is continuous
in F. To this aim we take n € F and a sequence (n") C F such that n” — n. We have to
prove that vy(n™) — wvp(n). Being v concave, by definition of superdifferential (44) for every
n € N, there exists p, € Dtu(n,) such that (p,,b) = vy(nn) € D (1,). Since v is concave,
it is also locally Lipschitz continuous, so that the super-differential is a locally bounded multi-
function (see [40, Ch.1, Prop.2.5]). Therefore, from each subsequence (p,,) we can extract a
sub-subsequence (py,, ) such that

Pny, —> PE F

for some limit point p. Due to concavity of v, this limit point must belong to D v(n). We have
shown in the first part of the proof that the projection of D™ v(n) onto b is the singleton wvy(n),
so that it must be

<p7 b> = Ub(77)'
With this argument we have shown that, from each subsequence (vy(n™)), we can extract a

sub-subsequence (vp(n™*4)) such that

op("*1) = (Pny, - 0) = (p,b) = wvp(n).
The claim follows by the usual argument on subsequences. O

Remark 6.12. Notice that in the assumption of Theorem 6.11 we do not require that v is the
value function, but only that it is a concave || - || —1-continuous viscosity solution of (48) strictly
increasing along b.

Corollary 6.13. Let b > 0 (in the sense of (34)) and Hypotheses 5.12, 6.2, 6.6 hold. Then
V' is differentiable along b at any point n € F, Vi(n) € (0,+00) and the function n+— Vjy(n) is
continuous in JF.
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Proof. Due to Proposition 5.8 the function V is concave in F and due to Corollary 5.9
it is || - ||-1-continuous therein. Moreover, since b > 0, due to Proposition 5.13, it is strictly
increasing along b . Finally, by Theorem 6.9 it is a viscosity solution of the HJB equation (48).
Therefore Theorem 6.11 applies to V' and we have the claim. O

Corollary 6.13 allows to define a feedback map in classical form when the assumptions
of this corollary are fulfilled. Indeed we can define the map

P(n) := argmax, ¢y {uVp(n) —ho(u)}, n € F. (60)

Existence, uniqueness and continuity in F of the argmax follow from (46). With this map at
hand, we can try to study the associated closed loop equation and prove a Verification Theorem
stating the optimality of feedback controls, as it is done in [28]. The main problem is represented
by the study of the closed loop equation, which, differently form [27], has to be approached
directly in infinite dimension. These topics are the object of further research.

7 Application to optimal advertising

In this section we show how our setting covers a model for optimal advertising considered in
the classical economic literature. The first model for the optimal advertising problem goes back
to Nerlove and Arrow [38], which has paved the way for the development of a number of more
complex models on the subject?. Here we describe the model proposed by Pawels in [39], which
fits our setting.

In this model a monopolistic firm is considered. The rate of sales of this firm at time t,
indicated by ¢(t), is given by

q(t) = f(p(t), K(1)), (61)

where p(-) is the price at time ¢ of the commodity produced and sold by the monopolist; K ()
is the monopolist’s stock of goodwill at time t; f is a demand function, concave and increasing
on K, convex and decreasing on p. The rate of advertising expenditure at time ¢ is denoted by
5(t)%. This expenditure is transformed by a production function of goodwill G: in the absence
of any time lags, the value of G(s(t)) gives the gross increase in the stock of goodwill resulting
from a rate of advertising s(t¢). It is assumed that

G0)=0, G >0 G"<O0. (62)

However time lags due to the memory of the past advertising are considered in the model and
the resulting state equation is

K(t)= —0K(t)+ [*__w(t — 0)G(s(0))do, (63)
K(O) = Ko, ( ) =50 0)7 (_007 0)7
where ¢ > 0 is a forgetting factor and w : [0, +00) — RT is a function weighting of the past of

the control with the property that

/t w(t —o)do = 1. (64)

—00

“We refer to [29], a survey on this subject that also explains the importance of the introduction of memory
effects in the state equation.

®Goodwill can be interpreted as “image” in the consumer’s mind, with this image being revived through
advertising or, more in general, through an expenditure improving this image (for example, we can suppose that
also the expenditure is in R&D to innovate brings an increase of the consumer’s belief).
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Total costs at time ¢ are C(q(t)) + s(t), where C represents the cost function of production and
is assumed to be increasing and convex. Finally the total revenue at time ¢ is

R(p(t), K(1)) = p(t)f(p(t), K(t)) = C (f(p(1), K(1))) - (65)

The optimal control problem consists in maximize, over the controls s(-),p(-) : [0, +00) — R,
the present value of future profits:

/ T e (R, K (1) - s(1)) (66)

The problem is studied in [39] by means of a Maximum Principle, using the theoretical back-
ground provided by [42]. We stress that no constraints on the state and the control variables
are imposed in [39], while our approach, as we have shown, allows to treat the constrained case.
First of all, we notice that the optimization with respect to p(t) can be performed pointwise
inside the integral (66), as this variable does not appear in the state equation (64). Indeed the
optimality condition for p(t) is
OR
—(p(t),K(t)) =0,
5y (P (1)
ie. .
OR -
t)y=|—{(,K(t 0).
)= | G K@)] O

If we suppose that f is separable in p, K, i.e. in the form f(p, K) = a(p)B(K) and that C is
linear, i.e. in the form C(q) = 7vgq, v > 0, then the optimum p(¢) is constant. More precisely,
supposing suitable assumptions® on «, it is the unique solution p > v to the equation

(p— ) (p) + a(p) = 0.

Suppose that this is the case and that w = 0 on (r,+00) for some r > 0. Then the model above
is covered by our setting through suitable transformations as follows. Setting by (§) := w(—¢),
¢ € [-r,0], and u(o) := G(s(0)), the state equation becomes like ours

0
K(t)= —0K(t)+ [ bi(&)ult + €)d, (67)

T

and the space of control becomes U := [0, G(4+00)]. On the other hand, with these transforma-
tions, the functional (66) becomes

+0o0
/0 e (R(p, K(t) — G (u(t)))dt. (68)

Therefore, setting hg := G~ and go(-) := R(p,-), the functional (68) looks like (3)”. Now we
can apply Theorem 6.11: the value function V of this transformed problem is smooth along the

SFor instance, we may take as in the example of [39], a(p) = Ap~"7, A >0, n > 1.
"Hypotehsis 3.3-(ii) is fulfilled by ho = G~* due to (62). Instead, Hypotheses 3.3-(i), 6.2 and 6.6 on go, ho will
correspond to suitable ones on 3, G:
e Hypothesis 3.3-(i) corresponds just to require S fulfilling Hypothesis 3.3-(i);
e Hypothesis 6.2 becomes G'(0) = +o00, G’ (+00) = 0;
oo _,

e Hypothesis 6.6 becomes either (i) G(400) < 400 or (ii) 3 @ > 0 such that limsup —;
(= +oo (THa
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direction b = (0,b1) in the space H. Therefore, formally the optimal feedback control for the
original problem (66) is
s'(t) = GTH(P(Y* (1)),

where P is the feedback map of the transformed problem defined in (60) and Y™*(¢) is the solution
of the infinite dimensional closed loop equation

{Y’(t) = AY (t) + BP(Y (1)), (69)

Y(0) = 0= (Ko [, bi(7)G(s0(r —)ar).

As observed at the end of the previous section, the problem is now to study the closed loop
equation (69) (existence and uniqueness), the admissibility of the associated trajectory and
prove by verification that the solution found really defines an optimal control for the problem.
If this is true, then the optimal control can be expressed in closed loop form by

s(t) = G~ <73 (K(t), b(©)s(t 7 — -)m)) .

T

8 Explicit solution in a special case

In this section we provide the explicit solution to the HJB equation (48) in a special case.
Consider the case

U= [0,+);  g(yo) = vyo, v>0;  ho(u) = du?, §>0.

We notice that this case is actually out of our assumptions, as the function gy above is not
bounded from above as required in Hypothesis 3.3. Nevertheless, as observed in Remark 3.4-
(ii), the assumption of boundedness from above of gy can be replaced by a suitable assumption
on p. Indeed the right assumption in this case is that the discount factor p is able to kill the
uncontrolled part of the growth rate of y(+), i.e. it amounts to require p > a.

The Legendre transform of A is

2
h*(p) := sup{pu — ho(u)} = sup{pu — 5u2} =2
u>0 46

u>0
where the maximum above is obtained at u*(p) = % Assuming as in Section 6 that ||b|| = 1,
the HJB equation is
. 1
po(n) = (m, A"Vo(m) + yyo + su()®, meE F. (70)

We look for a solution in the affine form
o(y) = (y,o) + B, ae€ DA, fe R (71)

Plugging (71) into (70) we see that it must be

1

Py, ) + B) = {y, A%a) +yyo + 510, a)?. (72)
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This means that we have to solve the following system

{ pa= A%a + (77O)a o€ D(A*)7 ( )
1 . 73
= — R.
We recall that the operator A* is
A'a = (aag, £ (&) +ao- (E+7)—al(-7)), a€ DAY,
and
D(AY) = {a = (a,a1() € H | g € W,,Q’Q, o) (0) = 0}.
Thus (73) can be written as
b 2
pao = aaq + 7, 5= (220, (74)
pai(§) = all(g) +ag- (E+7) — 0/1(—7’) (75)
aj(—r) =0, 4(0) = 0.
By (74) it follows
~y
ap = ——. 76
" (p—a) (76)
To find a solution to (75), consider the equation
pai(§) = ai(§) + ag- (§+7) — o,
(77)
a(—r) = 0.
This equation has solution a4 (§; o) for all o € R given by
3
ar(&o0) = — / e’ (0 + ag - (s+71))ds
o (78)

= % (1 - ef’@”)) + %(5 +7r)+ % (1 - ep(5+7")> .

We note that, for any given o € R, we have

ay(—ro)= T+ 2 - = g,
! p pp

so that the equation
{ por(§) = a1 (§) +ao - (§+7) —ay(=r)
ar(—r) = 0, &4(0) = 0,

admits a family of solutions i (+; /) (—r)). We have the freedom to choose o/ (—r) to match the
e A

/

1
last condition of (75), imposing o/ (0; &/ (—r)) = 0. From (78) we get the equation
% _ a0 _

so that o
ay(—r) =2 (e 1), (79)



Finally, by (78) and (79) the solution of (77) is

(@)= 75 (e =) + ZAer ). (80)
By (76) and (80), we have that
o= Gnen®) = (5255 (=) + Licn). (s1)

and we can get the expression of 3 by (74) and (81). Taking into account « and 3, due to (71)
we have

up(n) = (b, ).
By (60), the feedback map associated to this solution is the constant map
(b, )
25

G(n) = (82)

(b,a)

2

(b, a)

25’ (83)

The state equation associated to the constant control

Y'(t) = AY(t)+ B
Y (0) =n,

which admits the unique mild solution

(b, )

9 dr.

v = Satn+ [ St —)B

On the first component the expression above yields

Y*(t) _ at 0 al <b7 a> ! a(t—r) 0 a(t+&—T)
olt)=¢e"|n+ n(§)e*ds |+ 2% 2 bo + e bi(§)d¢ | dr.
(=t)v(=r) 0 (=t)v(=r)

The admissibility of this trajectory is related to the sign of (b, ). Actually we have

0 0
(b, ) = boao +/_ b’l(é)a’l(g)dgzbopza +/_ b, (€) <_0;0€p§+0;0> dé

(e% 0 «
T 2 (00— [ niersde) + 20a0) (51

0 0
=ﬁ07%—70/h@¢%: 7%+/b@wwg

p—a p—al., p—a r

If b > 0 (in the sense of (33)), we have (b,) > 0. Therefore, since n € F, if b > 0 we have
Yy (t) > 0 for every t > 0. So, by standard arguments we can prove the following verification
theorem.

Theorem 8.1. Let n € F and let b > 0 (in the sense of (33)). Then v(n) = V(n) and the
constant control

1s the unique optimal control starting from 7.
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Appendix: the semigroup 5S4 in the space H

Hereafter, given f € L?, with a slight abuse of notation we shall intend it extended on [—r, +-00)
setting f =0 on (0, +00). Consider the space X = R x L? endowed with the inner product

()x = Gort (e,
which makes it a Hilbert space. On this space we consider the unbounded linear operator
A DAY C X — X, (no,m() — (amo,m()), (85)
defined on the domain
DAY = {n= (no,m())|m € W2, n:(0) = mo}.

It is well known (see [22]) that A* is a closed operator which generates a Co-semigroup (S 5. ())¢>0
on X. More precisely the explicit expression of S 3. () acting on ¢ = (¢, 11(+)) € X is

Sa (b = (eat¢0,1L,nm(t%—§)¢q(t+—§)%—1“L+aﬂ(t4—§)eaa+f)¢okerinm>. (86)
On the other hand it is possible to show (see e.g. [27]) that A* is the adjoint in X of

A: DA C X X

N
(mo,m () —  (ano + m(0), =1, (), (87)

where
D(A) = Rx W,* = H.

It follows (see [22]) that A generates on X the Co-semigroup (S 4(t))i>0 where
Si(t)= Sz@), Vt>0

and the adjoint is taken in X. We can compute the explicit expression of the semigroup Sz(t)
through the relation

(Sa(t),v) = (8,54 ()Y), Vo= (do,01(-)) € X, VY = (¢o,91()) € X.
By (86), we calculate

_ (=t)v(=r)
(S4()b ) = goe + / 61(E) (¢ + €)de

-

0 0
+/ D1(E)oe® ) de = ey + / P1(€ — ) (§)deE (88)
—(@)v(=r) (—r4t)A0
0
4 / 61(€)e™EH e
(=H)V(=7)

So we can write the explicit form of the semigroup S(t) as

0
Sat)g = (%eat + /( ey 1O, T(t)@) . o=(t0hi()EX,  (3)
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where (T(t))¢>0 is the semigroup of truncated right shifts on L? defined as

0, otherwise, (90)

rono={ 1€ nase’

for f € L?. So, we may rewrite the above expression as

0
Si(t)g = (¢0€at+ /( $1(€)e™ g, m(-—t)l[_r,m(-—t)), (o, d1(-)) € X, (91)

—t)V(=r)

Equation (91) yields the explicit expression of the semigroup (S(¢))¢> o-

We have defined the semigroup Sj;(t) and its infinitesimal generator (A,D(A)) in the
space X. Therefore, by well-known results (see [22, chapter II, pag 124]), we get that fl|D( 42)
is the generator of a Cp-semigroup on (D(A), || - |pc4y), which is nothing but the restriction of
S 7 to this subspace. Now we notice that

D(A) = H, || llpay ~ I I, D(A%) = WE2 =D(A), Az = 4,

where A is the operator defined in (6). Hence, we conclude that A generates a Cp-semigroup
on H, whose expression is the same given in (89). We denote such semigroup by S4. We recall
(see e.g. [37, Ch.2, Prop.4.7]) that if S(t) is a Cy semigroup on a Banach space H, then there
exist constants M > 1 and w € R, such that

IS@I < Mest, ¢ 0. (92)

In this case, using Holder’s inequality and taking into account that ¢;(—r) = 0 we compute for
every t > 0

0 2 0 2
oot [ GO < 2P+ 262 (/ |¢1<£>d5>
(=t)V(=r) —r
0
< 2ol 2 ([ o)
0 13 2
< 262“t|¢0\2+262“t7“ / @) (s)ds| d¢
0 3
< 2ion 2 ([ o) ([ ihioas ) ac)
S 262at|¢0‘2+62atr3H¢1H12/V1702'
Moreover
T pgprz) < 1, VE€ 07 T gz =0, V> 7.
The computations above show that
el cemy < (24 77%)H2e™, vt > 0. (93)
So, setting
w=a, M= (2+1%)Y2 (94)

(92) is verified.

32



References

Asea P.K., Zak P.J., Time-to-build and cycles, Journal of Economic Dynamics and Control, Vol. 23,
No.8, pp. 1155-1175, 1999.

Bambi M., Endogenous growth and time to build: the AK case, Journal of Economic Dynamics and
Control, Vol. 32, pp. 1015-1040, 2008.

Bambi M., Fabbri G., Gozzi F., Optimal policy and consumption smoothing effects in the time-to-
build AK model, Munich Personal RePEc Archive, Deposited on September 2009.

Barbu V., Da Prato G., Hamilton-Jacobi Equations in Hilbert Spaces, Pitman, London, 1983.

Barbu V., Da Prato G., Hamilton-Jacobi equations in Hilbert spaces; variational and semigroup
approach, Annali di Matematica Pura e Applicata, vol. 142, No. 1, pp. 303-349, 1985.

Barbu V., Da Prato G., A note on a Hamilton-Jacobi equation in Hilbert space, Nonlinear Analysis,
9, pp. 1337-1345, 1985.

Barbu V., Da Prato G., Popa C., Ezistence and uniqueness of the dynamic programming equation
in Hilbert spaces, Nonlinear Analalysis, Vol. 7, No. 3, pp. 283-299, 1983.

Barbu V., Precupanu Th., Convezity and Optimization in Banach Spaces, Editura Academiei,
Bucharest, 1986.

Bardi M., Capuzzo Dolcetta 1., Optimal Control and Viscosity Solutions of Hamilton-Jacobi-Bellman
FEquations, Birkhauser, Boston, 1997.

Bekes R., The range convolution operators, Pacific Journal of Mathematics, Vol. 110, n 2, pp. 257—
271, 1984.

Bensoussan A., Da Prato G., Delfour M. C., Mitter S. K., Representation and Control of Infinite
Dimensional System, Birkhéuser Boston, Second Edition 2007.

Boucekkine R., Licandro O., Puch Luis A.; Fernando Del Rio F., Vintage capital and the dynamicsof
the AK model, Journal of Economic Theory, Vol. 120, pp. 39-72, 2005.

Brezis H., Functional Analysis, Sobolev Spaces and Partial Differential Equations, Springer, 2010.

Cannarsa P., Regularity properties of solutions to Hamilton-Jacobi-Bellman equations in infinite
dimensions and nonlinear optimal control, Differential and Integral Equations, Vol. 2, No 4, pp.
479-493, 1989.

Cannarsa P., Di Blasio G., A direct approach to infinite dimensional Hamilton—Jacobi equations and
applications to convex control with state constraints, Differential and Integral Equations, Vol. 8, No.
2, pp. 225-246, 1995.

Cannarsa P., Di Blasio G., Dynamic programming for an abstract second order evolution equation
with convex state constraints, Control of Partial Differential Equations, IFIP WG 7.2 Conference,
Villa Madruzzo, Trento, Italy, 1993.

Cannarsa P., Soner H.M. Generalized one-sided estimates for solutions of Hamilton-Jacobi equations
and applications, Nonlinear Analysis, Vol. 13, pp. 305-323, 1989.

Davies E. B., One Parameter Semigroups, Academic Press, 1980.

Di Blasio G., Global solutions for a class of Hamilton-Jacobi equations in Hilbert spaces, Numerical
Functional Analysis and Optimization, Vol. 8, No. 3-4, pp. 261-300, 1985/86.

Di Blasio G., Optimal control with infinite horizon for distributed parameter systems with constrained
controls, STAM Journal on Control and Optimization, Vol. 29, No. 4, pp. 909-925, 1991.

Ekeland 1., Temam R., Convex Analysis and Variational Problem, North Holland Company, 1976.

Engel K. J., Nagel R., One-Parameter Semigroups for Linear FEvolution Equations, Spinger-Verlag,
2000.

Fabbri G., Gozzi F., Solving optimal growth models with vintage capital: The dynamic programming
approach, Journal of Economic Theory 143, pp. 331-373, 2008.

33



[24]
[25]

[26]

[27]

28]

[29]
[30]

[31]

Fabbri G., Gozzi F., Swiech A., Verification Theorems and construction of e-optimal controls, Jour-
nal of Convex Analysis, Vol.17, No.2, pp. 611-642, 2010.

Faggian S., Regular solutions of Hamilton—Jacobi equations arising in FEconomics, Applied Mathe-
matics and Optimization, Vol. 51, No. 2, pp. 123-162, 2005.

Faggian S., Infinite dimensional Hamilton—Jacobi-Bellman equations and applications to boundary
control with state constraints, STAM Journal on Control and Optimization, Vol. 47, No. 4, pp.
21572178, 2008.

Federico S., Goldys B., Gozzi F., HJB Equations for the Optimal Control of Differential Equa-
tions with Delays and State Constraints, I: Regularity of Viscosity, SIAM Journal on Control and
Optimization, Vol. 48, Issue 8, pp. 4821-5546, 2010.

Federico S., Goldys B., Gozzi F., HJIB Equations for the Optimal Control of Differential Equations
with Delays and State Constraints, II: Verification and Optimal, Preprint HAL-00583124, April
2011. Available at http://www.proba.jussieu.fr/prepublications.php.

Feichtinger G., Hartl R., Sethi S., Dynamic Optimal Control Models in Advertising: Recent Devel-
opments, Management Science, Vol. 40, No. 2, pp.195-226, 1994.

Gozzi F., Some results for an optimal control problem with a semilinear state equation II, STAM
Journal on Control and Optimization, Vol. 29, No.4, pp. 751-768, 1991.

Gozzi F., Some results for an infinite horizon control problem governed by a semilinear state equation,
Proceedings Vorau, July 10-16 1988; editors F.Kappel, K.Kunisch, W.Schappacher; International
Series of Numerical Mathematics, Vol. 91, Birkduser - Verlag, Basel, pp. 145-163, 1989.

Gozzi F., Marinelli C., Stochastic optimal control of delay equations arising in advertising models,
In: Stochastic PDEs and Applications VII. Levico, Terme, Italy, Vol. 245, pp.133-148, 2004.

Gozzi F., Marinelli C., Savin S., On controlled linear diffusions with delay in a model of optimal ad-
vertising under uncertainty with memory effects, Journal of Optimization, Theory and Applications,
Vol. 142, No. 2, pp. 291-321, 2009.

Ichikawa A., Quadratic control of evolution equations with delays in the control, STAM Journal on
control and optimization, Vol.20, No.5, 1982.

Koivo H.N., Lee E.B., Controller synthesis for linear system with retarded state and control variables
and quadratic cost, Automatica, Vol. 8, pp. 203-208, 1972.

Kydland, F. E., Prescott, E. C., Time-to-build and aggregate fluctuations, Econometrica, Vol. 50,
No. 6, pp. 1345-1370, 1982.

Li X., Yong J., Optimal Control Theory for Infinite-Dimensional Systems, Birkhauser Boston, 1995.
Nerlove M., Arrow J.K., Optimal advertising policy under dynamic conditions. Economica, Vol. 29,
pp. 129-142; 1962.

Pauwels W., Optimal Dynamic Advertising Policies in the Presence of Continuously Distributed
Time Lags, Journal of Optimization Theory and Applications, Vol. 22, No 1 , pp. 79-89, 1977.
Phelps R., Convexr Functions, Monotone operators and Differentiability (2nd edition), Lecture Notes
in Mathematics, Vol. 1364, Springer-Verlag, 1993.

Rockafellar R.T., Convexr Analysis, Princeton University Press, 1970.

Sethi S. P., Sufficient Conditions for the Optimal Control of a Class of Systems with Continuous
Lags, Journal of Optimization Theory and Applications, Vol. 13, No. 5, 1974.

Tsoukalas J., Time to Build Capital: Revisiting Investment-Cash Flow Sensitivities, Journal of
Economic Dynamics & Control. To appear, available online December 2010.

Vinter R.B., Kwong R.H., The infinite dimensional quadratic control problem for linear systems with
state and control delay: an evolution equation approach, SIAM Journal on control and optimization,

Vol.19, No.1, 1981.

Yong J., Zhou X. Y., Stochastic Controls - Hamiltonian Systems and HJB equations, Springer-Verlag,
Berlin-New York, 1999.

34



