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GEVREY CLASS SMOOTHING EFFECT FOR THE PRANDTL EQUATION

WEI-XI LI, DI WU AND CHAO-JIANG XU

ABSTRACT. It is well known that the Prandtl boundary layer equation is instable, and the well-posedness
in Sobolev space for the Cauchy problem is an open problem. Recently, under the Oleinik’s monotonicity
assumption for the initial datum, [1] have proved the local well-posedness of Cauchy problem in Sobolev
space (see also [21]). In this work, we study the Gevrey smoothing effects of the local solution obtained
in [1]. We prove that the Sobolev’s class solution belongs to some Gevrey class with respect to tangential
variables at any positive time.

1. INTRODUCTION

In this work, we study the regularity of solutions to the Prandtl equation which is the foundation of the
boundary layer theory introduced by Prandtl in 1904, [24]. The inviscid limit of an incompressible viscous
flow with the non-slip boundary condition is still a challenging problem of mathematical analysis due to the
appearance of a boundary layer, where the tangential velocity adjusts rapidly from nonzero away from the
boundary to zero on the boundary. Prandtl equation describes the behavior of the flow near the boundary
in the small viscosity limit, and it reads

Up + Uy + VUy + Dy = Uyy, t>0, ze€R, y>0,
Uz + vy = 0,

u|y:0 = 'U|y:0 = 0) ygr-ll:loou = U(t,l‘),

u|t:0 = ’LLO(ZL', y) )

where u(t,z,y) and v(t, z,y) represent the tangential and normal velocities of the boundary layer, with y
being the scaled normal variable to the boundary, while U (¢, z) and p(t,x) are the values on the boundary
of the tangential velocity and pressure of the outflow satisfying the Bernoulli law

U + UdU + 8,q = 0.

Because of the degeneracy in tangential variable, the well-posedness theories and the justification of the
Prandtl’s boundary layer theory remain as the challenging problems in the mathematical theory of fluid
mechanics. Up to now, there are only a few rigorous mathematical results (see [4, 13, 14, 15, 22] and
referencesin). Under a monotonic assumption on the tangential velocity of the outflow, Oleinik was the first
to obtain the local existence of classical solutions for the initial-boundary value problems, and this result
together with some of her works with collaborators were well presented in the monograph [23]. In addition
to Oleinik’s monotonicity assumption on the velocity field, by imposing a so called favorable condition on
the pressure, Xin-Zhang [26] obtained the existence of global weak solutions to the Prandtl equation. All
these well-posedness results were based on the Crocco transformation to overcome the main difficulty caused
by degeneracy and mixed type of the equation. Very recently the well-posedness in the Sobolev space was
explored by virtue of energy method instead of the Crocco transformation; see Alexandre et. all [1] and
Masmoudi-Wong [21]. There is very few work concerned with the Prandtl equation without the monotonicity
assumption; we refer [2, 3, 20, 9, 25, 30] for the works in the analytic frame, and [12, 17] for the recent works
concerned with the existence in Gevrey class. Recall Gevrey class, denoted by G*, s > 1, is an intermediate
space between analytic functions and C* space. Given a domain €2, the (global) Gevrey space G*(2) is
consist of such functions that f € C*°(€2) and that

HaafHL?(Q) < LIl

for some constant L independent of cv. The significant difference between Gevery (s > 1) and analytic (s = 1)
classes is that there exist nontrivial Gevrey functions admitting compact support.
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GEVREY CLASS SMOOTHING EFFECT FOR PRANDTL EQUATION 2

We mention that due to the degeneracy in x, it is natural to expect Gevrey regularity rather than
analyticity for a subelliptic equation. We refer [5, 6, 7, 8] for the link between subellipticity and Gevrey
reguality. In this paper we first study the intrinsic subelliptic structure due to the monotonicity condition,
and then deduce, basing on the subelliptic estimate, the Gevrey smoothing effect; that is, given a monotonic
initial data belonging to some Sobolev space, the solution will lie in some Gevrey class at positive time, just
as like heat equation. It is different from the Gevrey propagation property obtained in the aforementioned
works, where the initial data is supposed to be of some Gevrey class, for instance G7/* in [12], and the
well-posedness is obtained in the same Gevrey space.

Now we state our main result. Without loss of generality, we only consider here the case of an uniform
outflow U = 1, and the conclusion will still hold for Gevrey class outflow U. We mention that the Gevrey
regularity for outflow U is well developed (see [18] for instance). For the uniform outflow, we get the constant
pressure p due to the Bernoulli law. Then the Prandtl equation can be rewritten as

up + utg + vuy —uyy =0,  (t,2,y) €]0,T[xR2,
Uz + vy = 0,

1.1 .
( ) u|y:0 = U|y:0 = Oa ygl}}oou = 1)

u|t:0 = uo(:c,y) )
The main result concerned with the Gevrey class regularity can be stated as follows.

Theorem 1.1. Let u(t,z,y) be a classical local in time solution to Prandtl equation (1.1) on [0,T] with the
properties subsequently listed below:

(i) There exist two constants Cy > 1,0 > 1/2 such that for any (t,z,y) € [0,T] x R2,

CoH{y) ™7 < Oyult,o,y) < Culy)™?,

(12) ’aju(t,x,y)‘ + ’a;’u(t,fl],y)’ < C* <y>_0_1 )

where (y) = (1 +|y[*)"/2.
(i1) There exists ¢ > 0,Cy > 0 and integer No > 7 such that

(1.3) ||€26y3xUHL°°([o,T]; HNo(R2)) T ”eQCyaIaWHLZ([o,T]; avomz)) < Co-

Then for any 0 < Ty < T, there exists a constant L, such that for any 0 <t < T,

(14) Y m >1 —+ ]\707 ||e£y(9;"u S t—g(m—No—l) Lm (m!)3(1+a') 7

(t)HL2(1R2+)

where 0 < ¢ < ¢. The constants L depends only on Cy,T1,Cy,c,¢ and o. Therefore, the solution u belongs
to the Gevery class of index 3(1 4 o) with respect to x € R for any 0 <t < Tj.

Remark 1.2.
1). Such a solution in the above theorem exists, for instance, suppose that the initial data ug can be written
as

uo(z,y) = uy(y) + to(z,y),

where v is a function of y but independent of = such that C~1 (y) ™7 < d,u§(y) < C (y)~ 7 for some constant
C > 1, and 1uyg is a small perturbation such that its weighted Sobolev norm He%yﬂOHHZNO”(RQ) is suitably
+

small. Then using the arguments in [1], we can obtain the desired solution with the properties listed in
Theorem 1.1 fulfilled. Precisely, the solution u(t,z,y) is a perturbation of a shear flow u®(¢,y) such that
property (i) in the above theorem holds for u, and moreover €2 (u — u®) € L> ([0,T]; HNoT(R2)) .

2). The well-posedness problem of Prandtl’s equation depends crucially on the choice of the underlying
function spaces, especially on the regularity in the tangential variable x. If the initial datum is analytic in
x, then the local in time solution exists(c.f. [20, 25, 30]), but the Cauchy problem is ill-posedness in Sobolev
space for linear and non linear Prandtl equation (cf. see [10, 11]). Indeed, the main mathematical difficulty
is the lack of control on the x derivatives. For example, v in (1.1) may be written as — foy uz(y")dy’ by the
divergence condition, and here we lose one derivatives in x-regularity. The degeneracy can’t be balanced
directly by any horizontal diffusion term, so that the standard energy estimates do not apply to establish
the existence of local solution. But the results in our main Theorem 1.1 shows that the loss of derivative in
tangential variable x can be partially compensated via the monotonic condition.
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3). Under the hypothesis (1.2), the equation (1.1) is a non linear hypoelliptical equation of Hormander type
with a gain of regularity of order % in x variable (see Proposition 2.4), so that any C? solution is locally
O, see [27, 28, 29]; for the corresponding linear operator, [8] obtained the regularity in the local Gevrey
space G3. However, in this paper we study the equation (1.1) as a boundary layer equation, so that the local
property of solution is not of interest to the physics application, and our goal is then to study the global
estimates in Gevrey class. In view of (1.2) we see u, decays polynomially at infinite, so we only have a
weighted subelliptic estimate (see Proposition 2.4). This explains why the Gevrey index, which is 3(1 4 o),

depends also on the decay index o in (1.2).

4). Finally, the estimate (1.4) gives an explicit Gevrey norm of solutions for the Cauchy problem with respect
to t > 0 when the initial datum is only in some finite order Sobolev space. Since the Gevrey class is an
intermediate space between analytic space and Sobolev space, the qualitative study of solutions in Gevery
class can help us to understand the Prandtl boundary layer theory which has been justified in analytic frame.

The paper is organized as follows. In Section 2 we prove Theorem 1.1, and state some preliminaries lemmas
used in the proof. The other sections are occupied by the proof of the preliminaries lemmas. Precisely, we
prove in Section 3 a subelliptic estimate for the linearized Prandtl operator. Section 4 and Section 5 are
devoted to presenting a crucial estimate for an auxilliary function and non linear terms. The last section is
an appendix, where the equation fulfilled by the auxilliary function is deduced.

2. PROOF FOR THE MAIN THEOREM

We will prove in this section the Gevery estimate (1.4) by induction on m. As in [21], we consider the
following auxilliary function

(2.1) fon = 0 — 2% gmey — o), (aw “) m>1,
w

x
w
where w = dyu > 0 and w is a solution of equation (1.1) which satisfy the hypotheis (1.2). We also introduce
the following inductive weight ,

(3m+0)o
. 2cy - 1t
2.2 Wi =e?¥ (14— 1 A3, 0<(<3, meN, y>0,
e wh=e (1 g2 (1+e) <0<3 meN, y
where A% = A? is the Fourier multiplier of symbol (£>d with respect to z € R. Notting
(2.3) WO > e (14 cy) " > coe,
forO0<cé¢<e.
Since 5
e E
w

we have that , if u is smooth,

m -1 am
HngmeN(Ri) < |wpo WHLZ(Ri) + C2Wy, (y)~ 0y u”L%Ri)-

x

On the other hand, we have the following Poincaré type inequality.

Lemma 2.1. There exist Cy,Cy >0 independents of m > 1,0 < ¢ < 3, such that

(24) I )™ Wéa?u”m(uﬁ) +] )™ Wéa?w”m(uai) =G ’WﬁlmeLQ(]Ri)'
As a result,

(2.5) HA_IWSLfm‘HHLQ(Ri) = élHWSwmem(Ri)’

and

HAilayW’r(T)Lfm+1HL2(R2+) S C~1 (Hayw’rglme[g(Ri) + HW’SL‘meLZ(Ri)) N
We will prove the above lemma in the section 4 as Lemma 4.2.

Since the initial datum of the equation (1.1) is only in Sobolev space HNoF! we have to introduce the
following cut-off function, with respect to 0 <t < T < 1, to study the Gevrey smoothing effect by using the
hyopelliticity,

(26) d’fn _ ¢3(mf(No+1))+€ _ (t(T _ t>>3(m7(No+1))+l, m>Nog+1, 0< <3,
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We will prove by induction an energy estimate for the function ¢2 WY f,,. For this purpose we need the
following lemma concerned with the link between ¢9, W2 | frm41 and ¢3 W3, f,,,, whose proof is postponed
to the section 4 as Lemma 4.3 and Lemma 4.4.

Lemma 2.2. There exists a constant Cs, depending only on the numbers o, ¢ and the constant C, in
Theorem 1.1, in particular, independents on m , such that for any m > Ng + 1,

2
S 2(j—1)
H¢9n+1W791+1fm+1HLOO([O,T]; LZ(Ri))+2H%A E 9n+1W791+1fm+1HL2([0,T1xRi)
j=1

2
L 20=1)
< 02H¢§7%Wg%meL°°([O,T]; LZ(Ri))—i_CQZHa;A : anSmmeLz([o,T}xRi)’
=1
and
"aSA_1¢?n+1WSm+1fm+1HLZ([O,T]xRi)
2
S 2(-1
= CQ"¢imWSsz"Lw([o,T]; LZ(Ri))+CQZ"a;A ? ‘b?nWSmmeN([o,T]xRi)
j=1
7LC?||83A71 ;Wifmnm([o,ﬂxmi)’
and

|| ()02 ayA1/3A52W7f;1meL2(R2+) < C2Hay/\52wﬁlfm”m(mi) + CQ||A5_2W7€LmeL2(]R2+)'

Now we prove Theorem 1.1 by induction on the estimate of ¢2, WY f,,. The procedure of induction is as
follows.

Initial hypothesis of the induction. From the hypothesis (1.2) and (1.3) of Theorem 1.1, we have firstly,
in view of (2.1),

3
(2.7) 0<m< Ng+1, He2cymeLoc([0,T]; L2(R2)) + Z:ZI Hezcya;fmup([oj]xﬂﬁ) < Cp.

Hypothesis of the induction. Suppose that there exists A > Cy + 1 such that, for some m > Ny + 1 and
for any Ng + 1 < k < m, we have

(2.8) DA W fi € L*(0,T) x R2),
2 2(j—1)
A —2— — 140
29) AW el e (021, L2y + 2 MBIAT T WL full o,y ) < AF ((k = 5))*F7.
j=1

Claim I,,,41: we claim that (2.8) and (2.9) are also true for m 4+ 1. As a result, (2.8) and (2.9) hold for all
k > Ny + 1 by induction.

Completeness of the proof for Theorem 1.1. .
Before proving the above Claim I, 41, we remark that Theorem 1.1 is just its immediate consequence.
Indeed, induction processus imply that for any m > 1 4+ Ny, we have for any 0 <t < T,

65,8 (D] ey < A7 ((m = 5))*UF <A™ (ml)* T+
T
then with (2.2), (2.3), (2.4) and (2.6), we get

VO<t<T, <T<1, tg(m*N"*l)Heéyaén“HLz(w

o) S (T=T) P g

full o
yields, for any m > Ng + 1,

VO<t<Ty <T <1, t3(’"—N0—1>Heéya;"

IN

—3(m—Nop—1 m 3140
UHLZ(Ri) (T —T)) ( o=1) 4 (m!) (14+0)

IN

(T —Ty) 2™ A™ (m1)*+)
As a result, Theorem 1.1 follows if we take L = (T' — Ty) 3 A. O
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Now we begin to prove Claim I,,1, and to do so it is sufficient to prove that the following:
Claim E,, 0,0 < /¢ <3: The following property hold for 0 < /¢ < 3,
ORNTLL WE frn € L2([0,T] x R2),
. _2(3 1)
(2-1()) |‘¢£nW7§1meLOO([O7T]; L2(Ri)) + Z?:l HanA ‘bé W meL2 ([0,T]xR%)
< Am=546 ((m — 5)1)P0T9) (i — 4)f0+0),
In fact, Claim E,, 3 yields 93A~'¢3 W3 f,, € L*([0,T] x R%) and

||¢§nW3meLoc(oT L2( ]R2 +ZH8JA7 3W meLZ([OT]X]R )

AT ((m = 5))T (1m — 4)70H)
A3 [(m+ 1) - 5)1°0F7,
which, along with Lemma 2.2, yields 93A~'¢0, . W) | fmy1 € L*([0,T] x R%) and

IN

2
||¢m+1 7?1+1fm+1HL00([07T]; L2(R2+)) + Z Haqi m+1W +1fm+1HL2 ([0,T]xR?%)

j=1
< CuA™THE[((mo+ 1) - 5)1 20,

recalling C5 is a constant depending only on the numbers o, ¢ and the constants Cy, C, in Theorem 1.1. As
a result, if we choose A in such a way that

A2 > ¢y,
then we see (2.9) is also valid for & = m + 1. Thus the desired Claim I, follows.

Proof of the Claim E,, ¢ .

The rest of this section is devoted to proving Claim E,, ¢ holds for all 0 < ¢ < 3, supposing the inductive
hypothesis (2.8) and (2.8) hold.

We will prove Claim E,, ¢ by iteration on 0 < ¢ < 3. Obviously Claim E;, o holds, due to the hypothesis
of induction (2.8) and (2.9) with £ = m. Now supposing Claim E,, ; holds for all 0 <i < /¢ —1, i.e., for all
0<i</?¢—1 we have

85’/\*1 LW fmo€ L2([0,T] x RE),
i Tr7i jA—2UD
(2-11> |‘¢memeL°°([O7T]; LQ(Ri)) +Z?:1 H@;A O, W} meL2 ([0,T]xR3)
< AT ((m = 5))*F (m — )0+,
we will prove in the remaining part Claim FE,, , also holds. To do so, we first introduce the mollifier

A2 = Agj which is the Fourier multiplier with the symbol (6«£>_2, 0 < 0 < 1, and then consider the

function F = AEQQbanﬁL fm- Under the inductive assumption (2.11), we see F is a classical solution to the
following problem ( See the detail computation in Section 6 and the equation (6.1) fulfilled by f,, ):

(8t + u@ + ’Uay — 65) F= Zm,@,éa
(2.12) OyF|,_, =0,
F‘t 0 O
where
(2.13)  Zmes = NS00 Wh 2o + A5 2 (0eh,) Wi fn + [u0s + 00y — 02, A5, W] s
with Z,, given in the appendix (seeing Section 6), that is,

m—1

Z( D S G [ CHE

= j=1

(TS o= ()]

Jj=
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The initial value and boundary value in (2.12) is take in the sense of trace in Sobolev space, due to the
induction hypothesis (2.9) and the facts that 9, A3 2¢%, fin|y—o = 0 (seeing (6.5) in the appendix) and

—(3m+i)o/2
(o) )

=0.
3m+i)o

y=0

We will prove an energy estimate for the equation (2.12). For this purpose, let t € [0,7], and take
L? ([0,t] x R? ) inner product with F' on both sides of the first equation in (2.12); this gives

e ((0 +udy +vd, — 0;) F, F) pa(ognzz) = Re (Zmtss F)pa(oxmz) -

Moreover observing the initial-boundary conditions in (2.12) and the facts that u|y—o = v|y=0 = 0 and
Ou + 0yv = 0, we integrate by parts to obtain,
1 t
2 _ 2 2
e ((5,5 +ud; + Uay B ay) £ F)L2([0,t]><R2+) - §HF(t)||L2(]R2+) +/0 HayF(t)HL?(Ri)dt'

Thus we infer

2
VI oy 22ry) + 100 F W0z ) < 2|(Bmtds F) iz ey

and thus
2 2 —2/3
HF” ‘x’([O,T]; Lz(]RZ ) + Ha F” (OT X]Rz) + ||ay / FHLZ([O T]X]RZ)
(214) S 2 ‘(Zmé(S) F) 2([0 T]X]R2) + ||62A72/3F||12([0 T]XR2>

< 2||‘l51/2Zm“HL2 [0,T]xR2) ||¢ Y 2FHL2 ([0,T]xR2) + H82 2/3F” L2([0,T)xR%)"

In order to treat the first term on the right hand side, we need the following proposition, whose proof is
postponed to Section 5.

Proposition 2.3. Under the induction hypothesis (2.7) -(2.9) and (2.11), there ezists a constant C3, such
that, using the notation F = AEQ(banflfm and f = ¢1/2A52¢£;1Wf;1fm with ¢ defined in (2.6),

Hgbl/ZZngHLQ([o,T]XRi)

215) < M6V ey + OO s + G (= 5,

([0,T]xR% )
and

IAT 2612 2016 2 10,y )

1/3 1/2 /—1 -1
(2.16) < mCa||ATP6TEATZ G W o a0,y )

+Ca|0,AT AT W )+ CaA™ 6 (m = 5))" 7

HL?([O,T] xR%
and

HA_38 (751/22”%4 15||L2 [0,T]xR?)

(2.17) < Csll{y)~ A1/3fHL2([0 T]xR?%) 03"62 2/3fHL2([O,T]><R2+)
sm Gy (APl Wi L
+C3 A6 ((m — 5)1)>1F)

The constant Cs depends only on o, ¢, and the constant Cy, but is independent of m and 9.

+ (AT 20,6 W |

L2([0,T)xR2 ) L2([07T]XR2+))

Now combining (2.15) in the above proposition and (2.14), we have

VF1 e 0,21 22r2 ) +Z [te

([0,T]xR% )

_ _ 2 1 2
= 2m03||q§ 1/2FHL2([O,T]x]R2) + (203)2||¢ 1mFHL?([O,T]x]Ri) + §||ayFHL2([0,T]x]Ri)

m—6 3(1+0o) 27 —2/3
(470 (0m = 5)0*0) 4 A2, 1y
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which yields, denoting by Cy = 4C5 + 10C% + 2,

20=1)
3

2
F 2
HF||2OO([O,T]; Lz(Ri)) + Zl ||85A FHLZ([O,T]XRi)
j=

< mC4H¢71/2FHiZ( ) 19 (Amffi ((m — 5)!)3(1+a))2 N 2||6§A72/3F||2

[0,T]xR2. L2([0,T]xR% )’

or equivalently,

2-1)

2
HF”LOO([O,T]; L2(R%)) + Z ||8§A_ 2 FHLz([o,T]xRi)
j=1

@18) < Ca (2|67 paomprn ) I o mpu ) ) 2470 (m = ).

It remains to treat the right terms on the right hand side. To do so we need to study the subellipticity of
the linearized Prandtl equation :

(2.19) Pf=0f +udpf +v0yf —05f =h,  (t,x,y) €]0, T[xR3,
where wu, v is solution of Prandtl’s equation (1.1) satisfying the condition (1.2) and (1.3). Then we have

Proposition 2.4. Let h,g € L*([0,T] x R%) be given such that d,h,d,g € L*([0,T] x R%). Suppose that
feL?([0,T]; H*(R?)) with 03f € L? ([0,T] x R%), is a classical solution to the equation (2.19) with the
following initial and boundary conditions :

(2.20) f0,2,y) = f(T,2,y) =0, (z,y) €RY,
and
(2.21) Oyf(t,x,0) =0, 0Ouf(t,x,0) = (0;f) (t,2,0)+ g(t,,0), (t,z) €]0,T[xR.

Then for any € > 0 there exists a constant C¢, depending only on €,0 and the constants C , such that
1 ™" A2 | oo,y + 1052 1| o o, mmz
(222) < el|ATP0u]| gy + Ce (1A Rll oo mynsy + 1008 | caoimrssy + 1l ooy
+Ce (H <y>7% ayA1/6f||L2([o,T]xR1) + || ()" A71/38y9||L2([0,T]><Ri ) :
Moreover
1058722 £ 2 0,77 22
< (16 N Pl oyt + N0 ey + 100l oo my ety + 1L ooyt )
where C is a constant depending only on o,c, and C,Cy in Theorem 1.1.

We will prove this proposition in next section 3. This subellipitic estimate gives a gain of regularity of
order % with respect to x variable, so it is sufficient to repeat the same procedure for 3 times to get 1 order
of regularity.

Continuation of the proof of the Claim FE,, ; .
We now use the above subellipticity for the function f = f, with f defined in Proposition 2.3, i.e.,

f= ¢1/2Ag2¢é—1we—1fm _ Ag2¢3(m—N0—1)+€—%W€—1fm-
Similar to (2.12), we see f is a classical solution to the following problem:

(01 + udy + 00y = 5) f = "2 2 0-15 + (0:0'?) AT Wi fon,
ayf’yzo = Oa
f|t:0 = f}t:T =0,
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where Z,, y_1,5 is defined in (2.13). The initial value and boundary value in (2.12) is take in the sense of
trace in Sobolev space. The validity of Claim E,, o—1 due to the inductive assumption (2.11) yields that
a3f e L?([0,T] x R2) . Next we calculate (8;f — aif)‘yzo. Firstly we have, seeing (6.6) in the appendix,

(atfm - ajfm) |y:0 =-2 |:ay <8zj_w>:| fm

y=0
Then
8tf|y:0 = A2 (8t¢3(mfNo—1)+27§) Wﬁflfm‘y:o I Agz(ﬁ?’(mfNofl)H—;Wf;ﬂatfm‘y:o
_ AgQ (at¢3(mfNof1)+e7%) Wvl;;lfm‘y:o n Ag2¢3(mfNo—1)+e—%Wﬁﬂa;fm’y:o
72A(5_2¢3(m7N071)+27%W£;1 {ay <8zzd_w)] fm‘ )
y=0

= A5 (0PN IR ) NN | AFRGH Mo D g2 g

1 17)
_2A52¢3(m—N0—1)+€—§A(@—l)/?) [Gy (%W)} fn

y=0
This, along with the fact that
_ m—No— _1 _
A§ 2¢3( No—1)+¢ QW'fn 1a§fm‘y:0
24 —2 3(m—No—1)+£L—2% 1770—1 2 £—171 A —2 3(m—No—1)4+£—1
= (%A(; (b ( 0 )+ 2VVm fm‘y:()i I:ayv Wm :IA(; ¢ ( ° )“r 2fm|y:0

2¢2
— 62 o 3 2 A72 3(m—N0—1)+€——A(€ 1)/3
(2 o) i

due to the fact that dyA; 2 fin|y—0 = 0 (seeing (6.5) in the appendix), gives
(atf—52f) ly=o
_ (8 ¢3m No—1)+£— %)AZ 1)/3fm

¢3(m No— 1)+€—5A(€ 1)/3f ‘
(3m+€fl )

def
- g‘y:O
with
_ m—No— _1 _
g = A52(5t¢3( No—1)+¢ 2)A(e n/3gp
B 2c? 2\ A=24B3(m—No—1)+—1 5 (6~1)/3
(2.23) Bl Te +3¢) A% fm

205 2gR(mNo= )=z A= 1)/8 [@ <8y7w)] fm-

Then using Proposition 2.4 for h = ¢1/2Zmyg,115 + (8t¢1/2) AEQ(bfn_lel_lfm and the above g, we have
1) ™72 A2 oo ryeney + 105872 o e
< e[ A0,y + Co (AT o mpmny + 108 | o enzy + 1l o mynz)

(1T 0O o sy + 1 007 AT 2000 a2 )
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We claim, for any £ > 0,

lAT250,h ] gy + Co (A7l sy + 1005 | mpeny + 1] o mpn)
+Ce (1| ™% 0NV F | oo sz + | 07 -1/3aygumw))
(224) < €GCs (H (v)~/? Al/sfHLz(OT x®2) T [o5A 1/3fHL2 (10, xR2 ))
+Em 02 (|| P g oy * [CRa[pm—

+CE gm(1+a)/2Am 54+ L1 6 ((m75)) m(l 1)(1+a),

where C5 is a constant depending only on o, ¢, and the constant C,, but independent of m and J, and
C. ¢ is a constant depending only on €, ¢, 0, ¢, and the constant C,, but independent of m and §. Recall
F = A(;QqﬁanfIfm. The proof of (2.24) is postponed to the end of this section. Now combining the above
inequalities and letting £ be small enough, we infer for any € > 0,

|| (y > 0/2A1/3f||L2(0T xR2) + ||32 1/3f||L2(0T xR2)
(2.25) < Em~(+o)/2 (}’F"Lz({O,T]xRi) + HayFHLZ({O,T]xRi))

+C€m(1+0)/2Am75+% ((m — 5)1)* mED 0+,

Now we come back to estimate the terms on the right side of (2.18). To do so we need the following
technic Lemma, whose proof is presented at the end of Section 4.

Lemma 2.5. Recall F' = AEQQﬁanflfm and f = ¢1/2A52¢£;1Wf;1fm. There exists a constant Cg, de-
pending only on o, ¢, and the constant Cy, but independent of m and 9, such that

lp=1/2 Fllr2qoryxez) + [|05A 2/3FHL2 ([0,T]xR2)
< G ()™ F A oy 1A | oo i)

+CG (H(bﬁ;lwgflfm”LQ([O,T]XRi) =+ Hayﬁbfglwﬁflfm||L2([07T]><R2+)) )
and
1O5AT | oo rycne
(2.26) <O6H82 1/3fHL2( 0,T]xR2) + CGH83 2/3fHL2 ([0,T)xR2)
+ Cs (”Qﬁé IWZ 1f’mHLz([O T]xR2 )+ Ha (be 1W€ 1meL2 (o, T]><]R2)) .

End of the proof of the Claim FE,, ¢ .
We combine (2.25) and the first estimate in Lemma 2.5, to conclude

||¢_1/2F||L2([0,T]><]R2+) + "351\_2/3FHL2

([0.T]xR2 )
< ECem /2 (HFHL2 ([0.T]xR2) + H& FHL2 ([0,T]xR2 ))
+C’GC’~m%+”Am*5+T ((m —5)N) mE-D0+a)
+Cs6 (”Qﬁé 1W€ 1fm||L2([0 T]xR% )+Ha ¢é 1W€ 1meL2 ([0,T]xR% ))
< ECem™'? (HFHL2 ([0.T]xR2) + H& FHL2 ([0.T]xR2 ))

4 (CsC= + Cg) m3+o Am=5+55" ((m — 5)1)31F) (5 — 4)U=-D(+0)
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the last inequality using (2.11). This along with (2.18) yields
2 2(—1)
HFHLoo([O,T]; L2(R2)) + Z HaizA_ ° FHLz([o,T]xRi)
j=1
< €C4Cs (HFHN([O,T]xRi) + HayFHLZ([o,T]xRi))
+Cy (CsCz + Cg) m o A5 ((m — 5)1)3FD) (g — 4)(EDAF0) L9 gm=6 ((y — 5)1)3(1F)
Consequently, letting € > 0 be small sufficiently,

2
. 201
HFHLoo([o,T]; L2(R2)) + Z Haf/A s FHH([O,T]xRi)

j=1

< Crm'TIATTIS (= 5))* ) (m - 4) VO 4 Cr A (m - 5)!)° )
< Cs(m— 4)1+<7Am—5+"'*T1 ((m — 5)!)3(1+a) (m — 4)(e—1)(1+a) 1+ C A6 ((m — 5)!)3(1+g) ,

where C7,Cg are two constants depending only on o, ¢, and the constants Cy, C, in Theorem 1.1, but is
independent of m and 6. Now we choose A such that

A > (205 4 2C7 +1)°.
It then follows that, observing ¢ > 1,

2

\—26=1) S s (4o

1l e o712ty + Do NN Flliao mpeng) S A™778 (= 5)))" (m — 40+,
Jj=1

Observe the above constant A is independent of ¢, and thus letting § — 0, we see (2.11) holds for i = ¢. Tt
remains to prove that 95 A~ ¢ W fmn. The above estimate together with (2.25) gives

1) A 1 o mpay IO o sy < G

with Cy, 1 a constant depending on m but independent of §, and thus, using the last estimate in Proposition
2.4 and (2.24),

1A= 8] 1 < Cin,2,

0,T]xR2) =

with C), 2 a constant depending on m but independent of §. As a result, combining (2.26), we conclude
3A—1

1OyAT F| 2

0,7]xR2) <Cmj3

with C,, 3 a constant depending on m but independent of §. Thus letting § — 0, we see 83A71¢£1W£1fm €

L*([0,T] x R%). Thus Claim E,, e holds. This completes the proof of Claim I,;,41, and thus the proof of
Theorem 1.1.

We end up this section by the following

Proof of the estimate (2.24). In the proof we use C' to denote different constants depending only on o,
¢, and the constants Cy, Cy in Theorem 1.1, but is independent of m and .

(a) We first estimate HA‘l/?’hHLQ( , recalling

[0,T]xR%)
h= "2 2015+ (000"/2) AT205 WA

Using interpolation inequality gives, observing ‘8,5(;51/2’ < ¢~1/2,

|47 (21072 A2 W fo s

< m71/2¢1/2H (3t¢1/2) A5_2¢f{1W571meL2(R“)

D/ 2= D/2 || A -1 5 (5t¢1/2) A5 200 W fon| 2
< NG W ey AT AW
< mT AT W | g, +m TV ATAT b W e,
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the last inequality following from (2.2) which shows W?,i > 1, is a decreasing sequence of functions as i
varies in N, and the fact that
GG <o

Moreover, using (2.5) and the inductive assumptions (2.11) and (2.9), we compute, observing ¢/2 + 1 <
3(1+o0),

m AT W o e,y + R IATIAT G0 W fl| a0 7y
< m_l/Quqﬁfn_lw’i_lfm||L2(Rz) +élm(é-"_l)/QHQﬁgz—le%*lfm_l||L2([O,T]><]Ri)
< mV2AMTE (= 5))P0F) (1 — 4)ED0FO) 4 Gy (D)2 Am=6 (i — 6120

< Cmfl/QAm,5+% ((m . 5)!)3(1+0) (m o 4)(671)(1+a).

Thus we have, combining the above inequalities,

-1/3 1/2) A =2 (—1ppre—1
HA / (at¢/)A6 ¢m Wm meLZ([O,T]xRi)
(2.27) < Om~V2AMHT (= 5)1)P0F) (i — 4) D Ate),
Similarly, we can show that

—1/3 1/2) A =2 b—1yrre—1
HayA / (at¢ / )A6 ¢m Wm meL2([O,T]><R2+)
(2.28) < OmV2AMHT (= 5)1)PAF9) (i — 4) DAt
Using (2.16) in Proposition 2.3, we have

~1/341/2
HA / ¢/ Zmaf—MHLZ([O,T]xRi)

< mCs|| AT T AT WT )+ Col| AT A2 G W o

HL?([O,T}xR?+ HL?([O,T]xRi)
+C3A™ 5 ((m — 5)!)°,
and moreover repeating the arguments as in (2.27) and (2.28), with 9;¢'/? there replaced by ¢~1/2,

mc?’||A—1/3¢_1/2A32¢fn_lwr€_lfmHL2([0,T]xRi) + 03"ayA_l/sA‘;Qqsfn_lel_lfmHLQ([O,T]xRi)
< Oml/2AmsE ((m — 5)!)3(1+0) (m — 4)-D0+a)
and thus
A e (R s R G )
This along with (2.27) yields

HA—1/3hHL2( < COml/2 gm—5+5+ ((m — 5)!)3(1+0) (m — 4)(5—1)(1+U)_

[0,T]xR2 )

(b) In this step we treat HA*2/3athL2([ ) It follows from (2.28) that

0,T]xR2
—2/3 1/2\ A =2 6—1770—1
HA Oy (at¢ ) A6 P Wi, meLZ([O,T]XRi)
< OmV2AMHT (= 5)1)PAF) (i — 4) DAt
On the other hand, by (2.17) we have, recalling f=f= ¢1/2A52¢£{1W,€flfm,
—2 1/2
HA 30y / vaé_la‘sHLZ([O,T]xRi)
—0 A 1/3 2A—2/3
< Gil(y) " A / f||L2([0,T]x1Ri) + C’3||8yA / f”L?([O,T]xRi)
+m G (A2t Wi f
+C3A™ 0 ((m —5)°

A 20,6 W

HLQ([O,T]XRi HL2([07T]XR1))
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and moreover similar to (2.27) and (2.28), we have

Cs (||A_2/3¢fn_lwfflfm n ||A_2/3¢_1/25y¢fn_1wff1fm

HL2([O,T]xRi) HL?([O,T]xRi))

< Cml/2 gm—5+55 ((m — 5)!)3(1+0) (m— 4)(5—1)(1"1‘0),

since ]atqal/ 2‘ > 1. Combining the above three inequalities gives

HA g hHL2 [0,T]xR2) < C (” )™ Al/gf”LZ([OvT]XRi) + ||83A72/3f||L2([0,T]xRi))

+Canl/2Am75+€7T1 ((m . 5)!)3(1+‘7) (m _ 4)(4*1)(@“7)_

(c) Tt follows from the inductive assumption (2.11) that, observing ¢'/? <1,

1
Z H%ﬂ’L?([O,T]xRi)
j=0

IN

HQSf{le:lmeL?([o,T]xRi) + ||8y¢f7:1W7€;1meL2([O,T]><1R2+)

Am,5+% ((m . 5)!)3(1+0) (m o 4)(271)(1+a).

IN

Now we estimate || (y)7 A=1/39, with g is defined in (2.23). It is quite similar as in step (a).

9HL2([0,T] xR2)’
For instance,

[ )7 A730,05% (B0 NomH3) ACDIR,

||A_1/3¢_1/2A52¢fn_1W7€1_1ayfm

HL%[O,T]xRi)

IN

HL?([O,T]xRi)

IN

ClIAT 3 A2 W fonll o 0. ymz ) + COVAT 207 2AT2 0 Wi o] o 10,772 )

Then similar to (2.27) and (2.28), we conclude
)7 A1 30,A52 (B Nom =) A/ g

< OmTY2AmoHS ((m — 5)!)3(1+0) (m — 4)¢-D0+o),

HLZ([O,T]xRi)

The other terms in (2.23) can be estimated similarly, and a classical commutator estimate (see Lemma 3.1
in the following section) will be used for treatment of the third term in (2.23). Thus we conclude

)7 a7 < CATTHT ((m = 5))* ) (m — 400,

ngLZ([o,T]xRi)

(d) It remains to estimate || (y) ) /\1/6fHL2 0.7]xR2 )’ and we have

1467772 0, A sy = [ 6072 0N AT HWE f e

_ (<> 8A1/3A 2 43(m—No— 1)+eWe . 0,A; 2 g3(m—No—1)+(— 1We i )
L2([0,T]xR%)

IN

H (v)~° ayA1/3A52¢an£:1fm"LZ([O,T]XRi) HayA<5_2¢f{1W£:1meL2 ([0,T]xR% )

IN

(H@ As 26 W, fWHLZ([o,T]xRi) + HAgz‘bang fm||L2 [0,T]xR2 ) Hayqﬁé "W 1fm||L2([O7T]XR2+)a

the last inequality following from the third estimate in Lemma 2.2. This, along with the inductive assumption
(2.11) implies, for any £ > 0,

| <y>7”/2 , A 3fHLZ([o T]xR2)

< am R (|F, 10, oy ) + ComH2Am =55 (= ) D),

([0,7]xR%) ([0,7]xRZ

recalling F' = A5 %L, WY, fn.
Now combining the estimates in the above steps (a)-(d), we obtain the desired (2.24). O



GEVREY CLASS SMOOTHING EFFECT FOR PRANDTL EQUATION 13

3. SUBELLIPTIC ESTIMATE

In this section we prove the Proposition 2.4. We need the following commutators estimates. Throughout
the paper we use [Ql, Qg] to denote the commutator between two operators ()1 and Q2, which is defined
by

Q1. Q2] = Q1Q2 — Q2Q1 = —[Q2, Q1].
We have
(3.1) (Q1, Q2Q3] = Q2[Q1, Q3] + [Q1, Q2]Qs.

Lemma 3.1. Denote by [a} the largest integer less than or equal to o > 0. For any 7 € R and a €
C’IE‘TH'H(R?F), the space of functions such that all their derivatives up to the order of [|T|] + 1 are continuous
and bounded, there exists C' > 0 such that for suitable function f and any 0 < < 1,

N, A7A;2) Loy < CIATA;2Fllpacen

and
lada, AAG ) ez ) < ClIATAG 2]l oge .

The constant C' depends on only on T and ||a||cufu+1(R2 )
b +
Since ATA(;2 is only a Fourier multiplier of « variable, so we can prove the above Lemma by direct calculus
or pseudo-differential computation, cf. [16, 19]. In this section, we use above Lemma with a = v or a = v
and 7 = —1/3,—2/3. So that with hypothesis (1.3), the constant in Lemma 3.1 depends only on the constant
Cy in Theorem 1.1.

Proof of the Proposition 2.4. Taking the operator A~2/3 on both sides of (2.19), we see the function A=2/3
satisfies the following equation in ]0,T[ xR%:

AT +ud, A3 f w0, AT2Bf — OINTAf

3.2
32 = AP+ [udy + 00, A7),
and that
—2/3 —2/3 —2/3
(3.3) A /f‘t:O:A /f|t:T:0’ Iy A /f|y:0:0

due to (2.20) and (2.21), since A=2/3 is an operator acing only on z variable. Recall [udy + v0y, A_2/3]
stands for the commutator between ud,. + vd, and A~2/3.
Step 1). We will show in this step that

_ 2
H (ayu)l/2 Oz A 2/3fHL2([0,T]xRi)

(3.4) < 2‘Re (8tA_2/3 £, 0,0,A7%/3 f)L

_ 2
2([0,T]><]Ri) + ||85A 1/3f||L2([O,T]><]R2+)

— 2 2 2
O (IR o sty + 100 2 o rity + 17 o)

To do so, we take L2([0, 7] x R%) inner product with the function 9,0,A=2/3f € L?([0,T] x R2) on the both
sides of equation (3.2), and then consider the real parts; this gives

- R O, N33 f 0,0,A"2/3
¢ (u 1> 9y f)LZ([O,T]xRi)

= Re (8tA*2/3f, 83,893/\’2/3]‘) Re (aiA*2/3f, 3y3x/\72/3f)

(3.5) L2(0,T]xR2) L2(]0,T]xR2)
+Re (vayA*Q/B . 0,0,A7%/3 f) —Re (A*2/3h, 8,8, A"2/3 f)

L2([0,T)xR2) L2([0,T]xR2)

~Re ([u@m +vdy, A23f, GyazA_2/3f) 0TI
’ T
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We will treat the terms on both sides. For the term on left hand side we integrate by parts to obtain, here

we use u’ =
y=0

0,

—Re (ud,A"2/3F, 0,0,A2/3
(5] (U fa Y f)LZ([O,T]X]Ri)

fl —2/3 —2/3 —2/3 —2/3
2{(8IA £, 9,0, f)Lz([OyT]XRiﬁ(ayamA f, w0 A2 )

1 _ 2
5” (Gyu)1/2 Oz 2/3fHL2([o,T]xRi)'

Lz([o,T]xRi)}

Next we estimate the terms on the right hand side and have, by Cauchy-Schwarz’s inequality ,

and

—R

e

IN

IN

2A_2/3f, ayamA—Q/Bf)

(9

1 _ 2
= 5“8;A 1/3fHL2([O,T]

L2([0,T] xR2 )

e (A0, 0,0.257) < A o sy + 190

1 2
xR2) + §HanyL2([o,T]xR2+)’

L2([0,T]xR3) TIxR3)
. A72/3 IA72/3
‘ Re (Uay 1, 940 f)LZ([o,T]xRi)
A—2/3 IA_2/3 A—2/3 IA_2/3
‘(@f, [  0]0,0 f)m([o,T]xRi) + (vayf’ %0 f)LZ([OyT]XRi)

2
CHanyLz([o,T]xRi)’

the last inequality using Lemma 3.1. Finally

IN

IN

<

Re ([ud, +v0,, A1, 0,0,A72/%F)

L2([0,T]xR2)

1472 ude + 00y, AT S| o sz + 10 120 mym2)

2 (|| [u0s + va,, AN 57, ) e + 00y, AN S

[0,T]xR2
2
+HanyL2([o,T]xRi)

2 2
O (112 0.z + 190 2o o rpmey)

These inequalities, together with (3.5), yields the desired (3.4).

]XRi))

Step 2). In this step we will estimate the second term on the right hand side of (3.4) and show that for
any € > 0,

(3.6)

with C. a constant depending on e. We see that the function A=1/3 f satisfies the equation in ]0, T[ xRi,

(3.7)

_ 2
||8§A 1/3f||L2([0,T]><]R2+)

<ell(9yu)'? awA_2/3inz([0,T]><R2+>

2 2 _ 2
+ Ce (1017 ormyry + 1 aqoimiesy + 1Al a0 myce ) -

AT + (udy +v0y) ATHEf — OZNTIB
= A"Bh+ [ud, +vd,, A7Y3]F,

with the boundary condition

(3.8)

A_1/3f’t:0 = A_l/gf‘t:T =0, ayA_l/gf’yzo =0.

Now we take L?([0, 7] x R?) inner product with the function fasA_l/?’f € L*([0,T] x R%) on both sides of
(3.7), and then consider the real parts; this gives

(3.9)

4
[CA S PR D
p=1
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where

J. = |Re -1/3§, 82 1/3f)

L2(]0,T]xR2)

Jo = |Re ((udy +vd,)A"V3Y, ajAfl/Bf)

[0,T]x L2([0,T] x&2 ) |’

L2((0,T]xR2) |’

(08
((

Js = |Re (A7V%h, 92071/°F)
(I

Ji = |Re ([ud, +vd,, ATV)f GIATVF)
4 € u +v Y }fv f ([OT]X]R2)
Integrating by parts and observing the condition (3.8), we see

8A71/3 82 -1/3 ) _ *(88 A71/3 ) A71/3 )

( ! g / 2(0,7] xR2) Y 1, 9y / L2([0,T)xR2)
which along with the fact

Oy NTBf, 9yATHP =0
¢ ( 4 1> 9y f)L2([OT]><]R )

due to (3.8), implies

Ji = [Re (atAfl/B f, O2ATV/3 f) _

L2([0,T]xR2 )

About Jo we integrate by parts again and observe the boundary conditition (3.8), to compute

—1/3 2A—1/3
Re (uazA 1, 9, f)L2 ([0.T]xR2)
— _Re (u@IA_l/?’@y £, A7139, f) ~Re ((%u)@IA_l/g £, A7139, f)

L2([0,T]xR3) L£2([0,T)xR%)

1 B B B B
5 ((awu)A 139, f, A 1/38yf) ~Re ((%u)&cA Usf A 1/38yf)

L2([0,T] xR ) £2([0,T)xR2)

This gives

Re (ud,A"1/3f, 02071/ F)

L2([0,T]xR2)

< AT (Byu) aav/\_1/3f||Lz([o,T]X]}gi)||5yf||L2( 0.711x2) *+ CllOy fll72 (10,7 xr2)

< (|| (3yu)Afl/gafol/ngLz([o,T]X]Ri) +[[ATY3, 0,u] 0, A~ 1/3f||L2(0T ><]R2)) 10y Nl 22 (10,11 x®2)
+O||ayf||2L?([0,T]><]R2+)

< C (1@ 9eh™ Fl a0 myuny + 1 s s ) 100 sqorriay + 00T s oy e

< e | (@) P 0 AT 2, L2(jo,7)xR2) T (H& fHL2 ([0,T]xR2. )+HfHL2 0.7] ><]R2))'

Moreover integrating by part, we obtain

1
Re (vayA*1/3 f, O2ATY3 f) = ‘((ayv) 9,A" V3, 9,A" /3 f)

Cl10uf 122 0,17 m2

L2(]0,T]xR2)

L2(]0,T]xR2)

IN

Thus

(3.10) Jo < e | (9yu)'/? 9, A" 2/3f||Lz([o T)xk2) T (||8 fHLz(OT x®2) T HfHL2 ([0,T]xR2 ))
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It remains to estimate J3 and Jy. Let & > 0 be an arbitrarily small number. Cauchy-Schwarz’s inequality
gives

J3

Re (A3, 92A-1/%F)

L2([0,T]xR2 )

IN

- _ 2 _ 2
0N oyt + CIA 5
and for Jy, Lemma 3.1 implies

Ja

Re ([ua, +vdy, AV3f, 8§A_1/3f)

L2(R2)

IN

. _ 2 2
€ [loga 1/BfHLZ([(J,T]x]Ri) + Ce (HfHLZ(]Ri) + ||anyiZ(]Ri)) 5

where C. is constant depending on &. Now the above two estimates for .J3 and Jy, along with (3.9) - (3.10),
gives

_ 2 - _ 2 _
H8§A 1/3fHL2([O,T]><]R2+) s € H(’?;A 1/3fHL2([O,T]><]R2+) +el (874“)1/2 Oz A 2/3f||2L?([0,T]><]R2+)
2 2
+Ce (110011702182 + 110,01 02

_ 2 2 2
+C€ (HA 1/3h||L2(]R3+) + ||f||L2(]R3+) + ||8yf||L2(]Ri)) ,
and thus, letting € small sufficiently,

24 —1/3 ¢[|2
HayA / fHLz([O,T]x]Ri)
< e (@) 0. AR f |2

2 2 _ 2
L2([0,T]xR? ) +Ce (HanyL%[O,T]XRi) + HfHL2([O,T]><]R2+) + HA 1/3hHL2(R§)) :
This is just the desired estimate (3.6).

Combining the estimates (3.4) and (3.6), we obtain, choosing ¢ sufficiently small,
1/2 —2/3 ¢||2 24 —1/3 ¢]|2
| (@yu)™" 0 A / fHL?([o,T]xRi) +|logA / f||L2([O,T]><]R2)

(3.11) < C‘Re (atA*Q/Bf, ayaIA*Q/Bf)

L2([0,T)xE2)

_ 2 2 2
+C (HA UshHLz([o,T]xRi) + Hanyp([o,T]xRi) + HfHLz([O,T]X]Ri)) :

Step 3) It remains to treat the first term on the right hand side of (3.11). In this step we will prove that,
for any 1 > 0,

’Re (atA*2/3 £, 0,0,A7/3 f)

L2([0,T] xR )
(3.12) g 24 —1/2 2 —~1/3 2
. sel/o /R\(ayA 1) (0| dadt + Co | () A0, o 1

—1 —/2 A1/6 ¢|2 -0 /2 1/6 £|2
o7 () A | oy + 197 O [y ) -
For this purpose we integrate by parts again and observe the boundary condition (3.3) , to compute
O3], 0,002/ )
( ¢ 1> 9y / L2([0,T]xR2 )
e G A )
L2([0,T]xR2)

(azA*2/3 . 0,0,A/3 f)L

2(]0,T]xR2)

T
—(ayamA—”Sf, 9, A2/ f)Lz([O ety T / /R (atA_2/3f(t,x,0)) (81A_2/3f(t,x,0)) dadt,
) + 0
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which, along with the fact that

2 Re (9A~27f, 8,0,A72/°F)

— (8tA‘2/3 £, 0,0,A72/3 f)

L2([0,T]xR2 )

8,0, A3 f, 9,A%/3 f)

L2([0,T]xR?%) ( L2([O,T]><]R2)

yields, for any 1 > 0,

‘Re (atA—W3 £, 0,0,A%/3 f)

L2([0,T]xR2)

T/ (at/\—2/3f(t,x,0)) (511\‘2/3f(t,$,0)) dwdt
0 R

(3.13)

(A1/68tA‘2/3 f(t,x, 0)) (A—l/ﬁazA—2/3 F(t,z, 0)) dudt
R

T 2 T 2
<& / / (atAfl/Qf(t, x, 0)) dadt + &7t / / (Al/Gf(t, x, 0)) daxdt.
0o Jr o Jr

Moreover observing

AYO£(t,2,0) = ()2 A7) (1,,0),
it then follows from Sobolev inequality that
2
1/6 —0/2 A1/6 |2 —0/2 A1/6 £||2
A ra, 0| < ()P AYO Gage,y + 110 ) A e, )

C ([l )= AV [y + 1)~ 0,0 F |, )

with C a constant independent of ¢, z. And thus

T 2
/0 /R(Al/f*f(t,z,())) dadt

(3.14) < C ([ ) Aoy + 195 ) AV s )
< (1™ MY | oy ™72 MO0, A1 oy ) -

Using the fact that

IN

DT f(t,0) = (92ATV2F ) (t,2,0) + A~ 2g(t,2,0)

due to assumption (2.21), we conclude

/T/ (8tA_1/2f(t,:c,0))2d:cdt
0 R

T 2 T 2
/ / ‘(8§A*1/2j‘) (t,x,())’ dzdt + / / ]A*Wg(t,x,()) dadt.
o Jr o Jr
Moreover observe

“+o00
0

+oo 5 1/2 +oo 5
([Taoma) ([ e
0 0
which implies

T 2
/0 /R ’A_l/Qg(t,;L',O)‘ dxdt < C|| {y)° A_1/28y9||2L2([o,T]xR1) < Cllw)” A_l/gangiQ([O,T]xRi)’

IN

9 1/2
V2059t 2,9)| dz?) ,

17
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and thus

/T/R(8,5A_1/2f(t,z,0))2d:cdt
0

/ / ‘(aj/rl/?f) (t’x’o)‘ drdt + CH ) Ail/gangLz([o T|xR2)"
o Jr R
This along with (3.13) and (3.14) yields the desired (3.12).

Step 4) Combining (3.11) and (3.12), we have, for any 1 > 0,

H (Oyu) 1/28 A7 2/ngLZ([O T|xR?) + ||82A Y 3fHL?([O T]xR3)
S 51/ /‘ 65A71/2f) (t,(E,O)‘ d(Edt‘f’CalH<y>0A71/38ngiZ OT]X]R2)
0 JR -
+51_10 (H (y)_U/Q Al/6f”i2([0,T]><]Ri) + H {y) B, Al/ESJL‘HLZ( 0,T]xR3 ))

4 (100 gy + gy IR )

Moreover we use the monotonicity condition and interpolation inequality to get, for any 5 > 0

o —0 2 _ o
)™ Ao ooy < 22l 07 A2 o ayamny 2 11007 £l oo ez
)= _ 2 . 2
= 52” y) 2 0.A 2/3fHL2([O T)xR2) +C€2H (v) /QfHLZ([O,T]x]Ri)
< e (9yu) 1/28 A” 2/3f||L2(0T xR2) +C€2||f||L2(OT xR2)"

From the above inequalities, we infer that, choosing 2 small enough,

_ 2 _ 2
I (ay“)l/2 O\ 2/3f||L2([0,T]><]R2+) +jogA 1/3fHL2([O,T]><]R2+)

T 2
<e / / } 8§A*1/2f (t,x,())’ dedt
0 R

+Ce (H () B’ Al/GfHLZ 0,T]xR2) + H 71/38@/9’@2([01&&&))

_ 2
+Ce, (HanyLZ([o,T]xRi) + HfHLZ([o,T]xRi) + HA UShHL?(Ri)) :

(3.15)

Step 5) In this step we treat the first term on the right side of (3.15), and show that, for any 0 <e <1,
T , 9
24 —1/2
/ / ‘ O2A-V2f (t,:c,())‘ dwdt
1/2 2/3 -2/3 2
(3.16) <C)| @) 20N f|[1a 071 xm2 ) + <CIAT20y ][

o+ Ce (11172 0z )+ uayfumo,mg) -

To do so, we integrate by parts to get

/T/R (95a7172p) (t,ac,O)}2 dudt
0

([0,T]xR% )

) SA—1/2 2A—1/2
Re (ay fa 8y f) Lz([O,T]XRi)

— 9Re (a;A—2/3 f, O2A7V3 f)

/T/R‘(a;"_mf) (t,2,0)|
0

€ _ 2 _ _ 2
5”‘93/\ Q/BfHLZ([O,T]x]Ri) + 2 1”8§A 1/SfHLz([o,T]xlki)

_ 2 2
EHaSA 2/3fHL2([0,T]x1Ri) + CfHanyLz([o,T]xRi)’

£2([0,T]xR2)

This yields

(3.17)

IN

IN
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the last inequality holding because we can use (2.21) to integrate by parts and then obtain

||8§A_1/3f||iz([0,T]><]R2+) = (8§A_2/3f7 aif) < ‘(83/\_2/3]”, 8yf)

L2([0,T]xR%) L2([0,T]xR?% )

(3.18)
= HaSA_Q/sfHLZ([O,T]xRi)HanyLz([o,T}xRi)'

Thus in order to prove (3.16) it suffices to estimate ||03A_2/3fHL2( . We study the equation

[0,T]xR2)

A0, f + ud AT230, f + 00, A"230, f — OINTBf
AT239,h + [udy +v0y, A723]0, f — A=23(0,u)0n f — A™2/3(9,0)0, f,

which implies, by taking L? inner product with —GSA’Q/ 37,

05875 1|72 —Re (8,A72/%0,f, 9jA7/%f)

(0,T]xR2) — L2([0,T]xR2)

_ A-2/3 A2 AT/
Re (udA=2%0,f +v0,A2/%0, f, SN2/ )m([o,mn«i)

1 A—2/3 3A—2/3
(3.19) tRe (A/%0,h, 3 J‘)LZ([QT]XRQ+ |

+ Re ([uds +vd,, A2/, f, agA_2/3f)L2([o 7] xR?)
XIS

—Re (A3 AT
Re ( (Oyu)d. f, 0 ! )L2([0,TJxRi)

~ Re (A*2/3(ayv)8yf, 83A*2/3f)

£2([0,7)xR2)
Next we will treat the terms on the right hand side. Observing
-2/3
o AN~?/ ayf\yzo =0
due to (2.21), we integrate by part to compute

—2/3 SAT2/3
— Re (at/\ /ayfa _ayA / f)LZ([O,T]XRi)

— 2A—2/3 2A—2/3
Re (0,02072/%f, 202/ AU

= 0’
the last equality holding because
24 —2/3 _ a24-2/3 _
ayA / f‘t:O o 8yA / f|t:T =0

due to (2.20). Since u’y:O then integrating by parts gives

- AT239, f, —03AT/3
Re (u@m Ay f, =0, f)L2([07T]><R2+)

_ Aoz f, OpAT®
Re (u@m 9,1, 9, f)L2([O,T]><Ri)

~ Re ((0,w)0:072/%0, f, 920~2/*1)

L2([0,T]xR%)

1
5 ((Gew)A=2202, A=262r )

L2([0,T] xR%)

_ —2/3 24 —2/3
Re ((9,u)0.A"0, 1, 02 f)L?([o,T]xRi)

IN

1 -
5 10sull L 1A 00 F 1 2 0 17

_ _ 2 _ 2
+HA 1/3(61/“)6@A 2/3anyL2([o,T]xRi) + H@;A 1/3fHL2([0,T]xRi)'

19
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On the other hand, using Lemma 3.1 gives

|72 0y )0 A0, 1| 101122

IN

2||A 1/38 A™ 2/3(8 u 8 f||L2 [0,7] sz + 2"/\_1/3 [874“7 azA_Q/g}anyi?

CuanyLZ([o,T]xRi)'

([0,7]xR%)

IN

Thus

~ Re (uazA’Q/gayfv 783A72/3f)L2([01T]><R2+)

2 _ 2
< C (190 (i0mym2 ) + 192872 a0y ))
- - 2 2
=€ H@;’A 2/3fHL2([0,T]x1Ri) + CéHanyLz([o,T]xRi)’
where the last inequality using (3.18). Using (3.18) we conclude
~ Re (00,0230, f, ~03A"2/*1)

L2([0,T]xR2 )

IN

5 _ 2 _ 2
5”82A 2/SfHLZ([o,T]x]Ri) + CéHaiA 1/ngLZ([o,T]x]Ri)

- _ 2 2
- H@;’A 2/3fHL2([0,T]x1Ri) + CéHanyLz([o,T]xRi)'

N

Cauchy-Schwarz inequality gives, for any & > 0,

Re (A=2/%0,h, —0jA~2/4F)

L2([0,T]xR%)
. _ 2 _
< EllO5 AT (1 a0 7y mz ) + € IAT 0 o o 1y cr )
and
_ -2/3 _ a3A-2/3
Re (A (9y0)0y f, =9, f)LZ([o,T]xRi)
. _ 2 ~, 2 2
< &fjogA 2/3fHL2([0,T]x1Ri) te lHay”HLocHanyLZ([o,T]xRi)
and
—2/3 935 —2/3
e ([ud +v,, A=), 1, ~00A f)L2([O,T]XR2+)
5 _ 2 ~, _ 2
(3.20) < 5”83/\ 2/3fHL2([o,T]xRi) + 267 [uds + 00y, A Q/B]ayfum([o,T]xRi)

1193 —2/3 ¢||2 . 2 1192 A —1/3 £]]2
= §||8yA f”Lz([o,T]xRi) + CEHanyLz([o,T]xRi) + CEHayA f”Lz([o,T]xRi)
= 1193 A —2/3 £||2 N 2
s¢€ HayA fHL?([o,T]xRi) + CEHanyLZ([o,T]xRi)7
the second inequality using Lemma 3.1, while the last inequality following from (3.18). Finally,

~ Re (A73(0,u)0,f, ~O3A~%/"F)

L2([0,T]xR2%)

< A )+ IO o

< wwA2“ﬂu2me )+ @A
2 0y, A0

< 2O ) + Ol @ 2N e

—I—CéHpr([o,T]XRi)'
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This, along with (3.19) -(3.20), yields, for any & > 0,
Ha;A_2/3fHQL2 ([0,7xR2)
NO5A2 o rrmey + Cell @) 20 A 1|72 10,77,z

+Cs (||A_2/3ayh||L2([0,T]><]R2+) + HanyN([o,T]x]Ri) + Hf”LZ([o,T}xRi)) :

Thus letting € be small enough, we have

_ 2
10387272 FII .2 0,27 x:2 )
(3.21) < C||(8yu)1/281A‘2/3fHiz([O,T]X]Ri)
_ 2 2 2
+C (HA 2/38yhuL2([o,T]xRi) + HfHLZ([o,T]xRi) + HanyLz([O,T]x]Ri)) ’

This along with (3.17) yields the desired estimate (3.16).
Step 6) Now we combine (3.15) and (3.16) to conclude for any 0 < e,¢e; < 1,

| (@yu)"? 5EA_2/3inz (orxz) T 1OA 1/3fHL2 (10.T]xR2)

< 510” (Oyu) 1/28 A” 2/BJCHLZ [0,T]xR2) +€1€CHA R hHL2 (10,7]xR2)

FCey e (H <y>7”/2 81qu1/6Jc||L2([o T]xR2) +w)? _1/38y9||L2([o T]xR2 ))

2
+Ceve (108132 011082 *+ 17320y + IAT/20 s )
which implies, choosing &1 > 0 sufficiently small,
| (9yu) 1/28 A™ 2/3fHL2([O T xR2) + ||82A_1 3f||L2([o T xR2)

< EHA 2% hHL2 [0,T]xR2)

—0a o — 2
Ce (H y) 20 yAl/GfHLZ([o T]xR2) +{[ )7 A UB@ﬂHLZ([O,T]xRi))
2 _ 2
+Ce (180130 212 + 1122 0,282 + 1470 Faas )
with € > 0 arbitrarily small. This, along with
)™ A2 oy < Ol @)™ A2 e

Cl| ()~ 9,A"

IN

IN

2/3fHL2([O T]xR2) + C||fHL2([0 T]xR2)
due to (1.2), implies, for any € > 0,

1™ A2 o,y + 105872 o,z

EHA a0 hHL2 [0,T]xR2)

—0 o A — 2
Ce (1™ O F 3oy, + 1| 007 A7 2048 o )
2 2 _ 2
+Ce (190 [ aorzycmzy * 1 oz + 1470l agus )

This is just the first estimate in Proposition 2.4. And the second estimate follows from (3.21) since |9, ul is
bounded from above by (y)~ 7. Thus the proof of Proposition 2.4 is complete. O

4. PROPERTY OF INDUCATIVE WEIGHT FUNCTIONS

This section is devoted to proving the Lemma 2.1, Lemma 2.2 and Lemma 2.5, used in Section 2.
Recall, for m > Nog+1and 0< /<3,y >0,0<t<T <1,
_ (Bm+bHo

c 2cy o N
Wh=e (e )T ) A =gt
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thus

(4.1) do, < Bz,

provided Ng+1 < my <mj and 0 < ¥l < {1 < 3.
Next we list some inequalities for the weight WY,. Observe the function

-
v — (1 + %)
5
is a monotonically decreasing function as « varies in the interval [1,+oco[ for y > 0. Thus
¢ ¢
(4.2) 0<£<3, HWmlfHL2(]RI) = HszfHL2(R
and

(4.3) vo<e<i<3s, Wy, fHL2(1R ) > <|[|Wpn, éAé/ngLz(]R ) = <[ f”Lz(]Rm)’

provided that m; > mo > 1, and that 3mso + ¢ — £ > 3ms3 + i. Moreover, since
VO<a<3 Vy>1,

- -
Oy e (1+ %) (1+cy) | < Cae® <1+ %) (14ey),

with C,, a constant independent of ~y, then the following estimates:
(44) 119y Wil fll2ezy < ClWifll gy

12 Wi #l s < € (WA + W0 e

(4.5) 3 _ _
< O (Wt o + 10 F oo )

15 Wil £l < € (Wi e + W00 e, + W02 e

(4.6) % i i 21170
< O (Wit | aqazy + 10Winllaquy + 103Wo N o)

hold for all integers m, ¢ with m > 1 and 0 < ¢ < 3, where C, C are two constants independent of m.

Lemma 4.1. Under the assumption (1.2) and (1.3). Let ¢ be the constant given in (2.2), and A™, A} be
the Fourier multiplier associate with the symbols (€)™ and (66)™, respectively. Then there exists a constant
C, such that for any m,n > 1,0 < /¢ < 3, and for any 0 < ¢ < ¢, we have

(4.7) HeéyATlA?a;nuHL?(Ri) = CHATlAgQW£fWHL2(Ri)’
and
(4.8) HATIAEZG?UHLOO(&; L2(R,)) = CHATIA?W’ﬁfm‘f‘lHL?(R?

Proof. In the proof we use C' to denote different constants which are independent of m. Observe w € L
and w > 0 then

oMu

||eéyATlAg28;cn“||L2(R2 <C||ecyATlAT2 » ||L2(]R )

On the other hand, integrating by parts we have

HecyAnA'rQ aﬂc uHLZ(]RZ) _ / /Oo (AnAm aﬂc u> ATlAT2 8z dyd:c
R JO w

1 e - m
= 5 / / (8,¢2) (ATlATz O ) AnARZE az % dyda
— / / 25y |: (ATl ATz ax ) :|AT1 ATz ax d d(E
w
5 / / (ATIATZa > By AT AT am % ¥ dydz
w

c T T am u C T T 8 u
A A7 2 ez, () e

IN
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which implies

HecyA'rlA‘rz am u

IN

C T T2 a;nu

leA™ AT, < . )HH(M)
TLAT2 .,C — a;n,u

HA A§2e Yw 1way (—w ) HLQ(Ri)

c — T1 AT a U C — T1 AT a;nu
He Y A A2 8 ( w )HL2(R1)+H[6 Yw 1) A ASZ]way (T) ||L2(]Ri)'

Thus we have, by the above inequalities,

HLZ(RZ)

IN

oA A0 < e R (T ) g+ Ol amapon, (%)

=) 2 e -

On the other hand, (1.2) and (1.3) enables us to use Lemma 3.1 to obtain

¢y, ,— TIAT a;nu TLAT: 5 u
H[e YTl A A52]w8y (T) HLZ(Ri) < CHA A5*wdy ( w ) ||L2(R2)
& LATLAT2 8 u
< CllewT AT APwd, < - ) ||L2(R2+).
As a result,
c T2 Qm & — T1AT: a;n TL AT
HecyA7'1A62az “HLz(Ri) < CHe YwTtA 1A62way ( w“) HLZ(]R{2 = CHA A 2VVZJP’"HL%]R{2

the last inequality using the fact that f,, = w0, ( ) and that

5 2Cy _7/2
Yl < Ce¥(1+y) < Ce (1 + 7)

for any v > 1. This is just the desired (4.7). Now we prove (4.8). Recall v(t,x,y) = — foy Oru(t,z,y')dy'.
Then we have

y
ATTAROT Y = —/ AT A0 u(x, y ) dy
0

Therefore

[ATAF O V| Lo vy L2(R))

IN

—C CY ATL A T2 gm+1
el A" A2 0
< CHATIA?WﬁmeHLz(R
the last inequality using (4.7). Thus the desired (4.8) follows and the proof of Lemma 4.1 is complete.  [J

We prove now Lemma 2.1, recall

fmza;”w—ay 0y'u = wiy <8 )
w w

Lemma 4.2. There exists a constant C', such that

(4.9) )™ WhO ] ey + 11 0™ W e < CIWEfonl e
As a result, for some constant C,
AW iy < CIVE ol

and

HA_layW%meHm(R? =C (H@ WOf’"HB R? ) +HWOf’"HL2(R2 )
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Proof. In the proof we use C' to denote different constants which depend only on o, ¢, and C, and are
independent of m. We first prove (4.9). Observe

2cy

w<y>71 <1+ m (14 cy)™?

IN

> —(3m+L)o /2 ) —(3m+L)o /2

o 2cy
C(l+y) "t (1 + G 0o

o . ey —(3m+£)c /2
< CR™ (R 14—
- (R+y) ( Jr(3m—i—€)a> ’
where R > 1 is a large number to be determined later. Thus using the notation
—(3m+L£)o /2
2cy o
bt o) = (14 m——= R ot
we have
-1 m _1 ar u
H <y> Wﬁlaz uHLQ(]Ri) = H <y> W’rl;z( o HL2 ]R2)
_ 6 u _ oalu
1yt Yz L
< wiy)™ Wy, HL2 R2) + [ {v) [Wm’ w]=— HL2 (B2)
A t3gmay, ol'u
o+1|| 2cyr R 14 T
< orjeens ALY g ) e
On the other hand, using Lemma 3.1
1 o' L . T . 0y

H (y) [er;w W] Hp R2) < R||[ 3, ] 2 ybﬁ,e ”L?(Ri) < CR||€2 ybfl, ||L2(]R )

Combining these inequahtles we conclude
-1 m o c a u
(4.10) | ()=t Wi on uHL2(R2 < CR7||e**¥bE Af/3 )
Moreover, observe u| y=0 = 0 and thus we have, by integrating by parts,
oy e oy om
R // e (bF 4(y))’ (Am wu) A3 dyde
1 e , aru\ |, ,.0mu
= — // (Gye4°y) (bﬁ e(y)) (Ag/?’ u) A¢/3 2 — dydw
' w
_ // 4cbe (a b ( )) <A€/3a u>Al/3a udydz
w

- dey (LR 2 8/3a u z/gaz
4C/ﬂq</() e (bm,e(y)) [8 <A » >}A dydx
1 = ey (R /305U o3 [ OFu
40/]11{/0 e (bmﬁe(y)) (A " Oy A " dydz,

0B ] < (c+ (o + DR) ]

m, L

which, along with the estimate

gives

0'u ct+(c+1)R™ H 2(,be Aé/ga u
) 2c

|| 2cbe Aé/?:

H€26yb7}i,€A€/3

olu

ol
g |88 2, (W ) e

Now we choose R =1+ 2(c + 1)c™ !, which gives R > 1 and
(c+ 1R < 5
Then we deduce, from the above inequalities,

o' u . ou
ey < 21 A () [

He2cbe AZ/B
w
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Moreover, observe R > ¢~ + 1 and the monotonicity assumption w > C; (1 +y)~7, and thus

R
bm,é

IN

) —(3m+L)o/2

i) (1 g 2

) —(3m+L)o/2

IN

_ 2c
CC*W(l +cy) ! <1 + m

As a result, we obtain

am o'
||€20be Aé/g uHLz(]RZ = C*waflay (Tu) ”Lz(Ri)’

which along with (4.10) gives
)™ W0l

®2)

olu

< i, (1) e,
oru oy

< Wity (B2 sy + €l 9210 (22

—(3m+L)o
Using the notation p, ¢(y) = €% (1 + (37721%)0) G2 (1+cy)~t,
H[w, Wf;b](?y <T) HLZ(R?Q = ||[W, Af/?’]Pm,l(y)ay( w )HLZ(]Ri)

w

—o 9,
CH<?/> Pm,é(?/)ay( wu) HL?(Ri)
o u
< Cllomatsrd, (E2) nge

’ ou
< ofwiwd, () e,

Then, combining these inequalities we conclude,

= o s A% ) 2y () e

IN

) WAl ey < O, () ey = Wl
For the other terms in (4.9), we have
)~ W
| ()
H (y)_l Wf;lmeLZ(Ri) + H((ayw Jw) {y)~ W’rl;lagluHLZ(Ri)
1@ /s WE] )™ 0] e
< )™ Watmll ogeay + Cll )™ Wiy
< C||W), fm

wHL?(Ri)

< - Wr{zmeLZ(Ri) + | {v) “w, ((Oyw)/w) oy UHLZ(RZ)
<

uHLZ(]Ri)

[

Thus the desired estimate (4.9) follows. As a result, we have
AT We Sl poazy < AT WA full gy + 1A W0 [ 00 (9400)/0) | 070 e

Wl ez + 1100~ W0zl gz ) < ClIWin Sl

IN

IN

L2(R2)’

Similarly, we can deduce that, using (4.4),

1420, W0 s < € (1,08 il ey + Wl e
Thus the proof of Lemma 4.2 is complete.
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We prove now the Lemma 2.2 by the following 2 lemmas .
Lemma 4.3. There exists a constant C' such that, for any m > 1 and 1 < £ < 3,

I ()02 8yA1/3A6—2W§L—1meL2(Ri) < CHayAg?m/ijmHLZ(Rz) +O||As2w meL2<Ri>'

Proof. We can write

(Bm+4L—1)o
9y . 2c T L1 L, _
APAGEW T = et (1 + Gt T (14 ) T AFAT? = ane(9) A7 W,
where
9 _ (3mte—1)o 9 (Bm+o
cy 2 cy 2
m =14 — 14—
am.e(y) ( i Bm+L—1)o i Bm+{)o
Direct computation gives
9 _BmtHo 9 (3m+40)o
cy 2 cy 2
[am.e ()] ( * Bm +£1J) ( Bmil—1Do ) ( +(3m+€)0)
< 1+ 0/2
- (3m + E — 1o

Moreover observe |Oyam. ¢(y)| < 2¢|am.e(y)|, and thus

|0yam.e(y)] < C (y)7/>.

As a result,
)™/ DA AW ol gy = 0070y (s Wi e
< H <y>_0/2 “mafayAEQinmeLZ(Ri) + H <y>_0/2 (ay“ml)AfWgLfWHL?(Ri)
< (10Tl ey + 1AWl )
The proof of Lemma 4.3 is thus complete. O

Lemma 4.4. There exists a constant C, depending only on o, ¢, and C. , such that for any integers
m > No + 1, we have

(] 1)

H¢m+1 +1fm+1HL°° ([0,7; L2(R2)) "’ZHajAf m+1W0+1fm+1HL2 ([0,T)xR2)

= CH(ban3 fWHLw(OT L2(R%)) + CZ HaJA_ W meL?([o,T]xRi)’

and
||83A7 m+1W +1fm+1HL2([O T]xR2 )

2(=1)
3

< C"¢§71ngfm"Lw([O,T]; L2(R%)) + CZ H‘%—Ai
j=1

(b?nw’rimeLZ([O,T]XRi)

FC0yAT G Wi finl 2 10 77 cm2 -

Proof. In the proof we use C' to denote different constants which are independent of m. In view of the
definition (2.1) of f,,, we have, observing (4.1),

H¢m+1 +1fm+1HL°°(OT] L2(R%))

< H¢m+1 +1a meLoo( 0,T]; L2(R2)) + H¢m+1 [al((ayw)/w)}a;nuHLOO([O,T]; L2(R2))
< ||¢ W 1A meLoo([o T); L2(R2)) +CH %Wiai’WHLme] L2(R2))
< CllgnWintmll ooz z2@e )y
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the last inequality using (4.9) and (4.3). Similarly, using (4.4), we can deduce that

3 1173 3 1173
[0y S 41 Wi, +1fm+1HLoo([o T); L?(R2) ) S C||ay¢mefM||Loc([o,T]; r2r2)) T CH(bmemeLOO([O,T]; L2(R2))
The other terms

27 —2/3 3
Hay / ¢m+1 +1fm+1HL°°([O T]; L2(R%))’ H@ A” ¢m+1 +1fm+1||L°°(OT] L2(R?%))
can treated in the same way, thanks to (4.5) and (4.6). So we omit it here. Thus the proof of Lemma 4.4 is
complete. 0
Proof of Lemma 2.5. Observe
_a 3m+€—10 ~2 2cy -3
1 2 =
(1+y) < ) <3m+€—1 (3m+€—1)0>
3

ey )

_e 2cy 3
> 14— .
2 Om 2< Jr(Sm—i—f—l)a)
Then
5 o (Sm,+§71)a 5 - (Sm,z»[)a
_a cy _ o cy
4.11 1 14— > 14+ ——m——
(411) - (1 +y) 2( T Bmr—1o 2 Om 2( T Bmii— 1o
Moreover we find
2 _ (SWL;J)U (37n+l)o‘
Cy _ (@Bm+lo
I+ —F = (-1 2cy)” %
( +(3m+£—1)a) <3m+£—1 ) (Bm 4= 1)+ 2cy)
_ Bm+bHo _ Bm+bHo
_ Bm+ o 2 (3m+€fl)Jr 2cy 2
Bm+L—1)o (3m+¢) (Bm+{)o
5 ’ (3m+e)a 5 _ (3m2+ma
m+ e 2y
3m+0—1 Bm+ o
B (3771;2)0
> C
- ( (3m + E) ) ’
which along with (4.11) gives
2 _ Bm+lo 2 _ Bm+e-1)o
cy 2 o _ cy :
14— < Cm=(1 14 —m——
( +(3m+€)a) - *1+y) 2( +(3m+€—1)a
As a result, recalling
(Bm+e—1)o
2cy B 2 1.t
1 SAVBWIS = (1 s 14— —— 1 A3
(1+y) 2 = (14y) 2e +(3m+£71)0 (1+cy) :

we have, observing ¢~ 2¢! = ¢z pl?

1672 A5 26 Wi funll 2oz xzy < Om?/?||(149) " EAYG2 AT G0 Wi fonl o g0 1y

that is, recalling F' = A5 ?¢f WE f, and f = ¢1/2A5? ¢é_1Wff1fm,
1 /2 Z A1/3
l6="2Fll 2o, T]xRy) < Cm P2 )= A f||L2([O,T]><R2+)'
Moreover, using (4.3) and (4.5) we have, observing ¢%, < q§1/2q§fn—1,

2A—2/3 _ 27N —2/3 A2 0 4
19, A / FHLQ([O,T]XRb - HayA / As ¢mefm||L2([o,T]xR2)

< ClloGAT AT b W fonl 2o, ryxmzy T ClOAT P AT b0 Wi finll 2071082
+C A2 W fonll 2 0,17 2
= CHaiAil/ngLz([O,T]><]R§r) +C (H‘bfv;lwﬁlfmnﬂ([oﬂXRi) + Hay‘bf{lwfflfm||L2([0,T]xR2+)) .
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Then combining the above inequalities, the first estimate in Lemma 2.5 follows. The second one can be
deduced similarly. In fact using (4.3) and (4.6) gives

HaSA_lFHN([o,T]xRi) = HaSA_lAg2¢anT€1fm||L2([O,T]><]R2+)

< CllogAT* A G Wi foull oo ez ) + ClOGATPAT* S W il s g0, rycm

+CH‘9 A_2/3A72¢£H_1W7§%_1fmHL2([O,T]><]R1) + CHA_Q/SAEQ‘bfn_lez_lfmHL2([0 T]xR2)

3A—2/3 24—1/3
< ClRAT N o o,rixrz) + CHOAT Il 2o e
(—1yr/0—1 L—1yr£—1
+C (”d)m Wm fm”LQ([O,T]X]Ri) + Hayd)m Wm meLz([O,T]XRi)) .
This is just the second estimate in Lemma 2.5. The proof is thus complete. (]

5. ESTIMATES OF THE NONLINEAR TERMS

In this section we estimate the nonlinear terms Z,, ¢ 5 defined in (2.13), and prove the Proposition 2.3.
Recall

m—1
Zoes = z( A5t frs = X () AW,

0 i . 0,
e o (%)) X () @i —onzews o, (%) | 1
2 (Ol W+ [0+ 9, — 98, A5, WA o
= Tmis+ A7 (00h,) Wi fn + (00 + 00y — 02, A720k W] fin,

where

m—1
Tmes = Z( > GLWE(Iu) frng1—j — < ) O W5 (050)0y frn—
1

Jj=

m—1
—A320L WE {a <ay—”>} > <m) (D30)(0™ ) — 205 2L WE [ <ay—”)] fm-
w =\ w

We remark it is suffices to prove the estimates (2.15) and (2.17) in Proposition 2.3, since the esimate
(2.16) can be treated exactly similar as (2.15). Next we will proceed to prove (2.15) and (2.17) through the
following Proposition 5.1 and Proposition 5.2. Proposition 5.2 is devoted to treating the term Jp, ¢ s in the
definition of Z,, ¢ 5, while the the other two terms are estimated in Proposition 5.1.

To simplify the notations, we will use C' to denote different constants depending only on o, ¢, and the
constants Cp, Cy in Theorem 1.1, but independent of m and 4.

Proposition 5.1. We have, denoting F' = A72¢€ WE fm and f= ¢1/2A72¢5_1Wé_1fm,
1/2 A =2 ¢ ¢ 1/2 ¢ it
I 12A; (Oem) WmmeL2 ([0,T1xR2) Jr [ P2[udy + 00, — 85, A5 dn W] fm”L2 ([0,T1xR2)

< mO[|e72F] +C[|9y FY .

([0,T]xR% ) ([0,T]xR%)

and
1A~30,61/2A;2 (Bigts ") Wi‘lmeLz (I0.)x22)

H|A=50,0"2[ud, + 00, - 3. A5 Wi funll a0 )

< Ol

= )+0H82A_§fHL2(OT xR3)

L+ CIATS L Wi o

- A%fHLQ([O,T]X]Ri

+mCHA‘gqﬁ‘l”@yqﬁﬁleé‘lmeLz ([0,T]xR2 HLZ([O,T] xR2)"

Proof. 1t is sufficient to prove the second estimate in Proposition 5.1, since the treatment of the first one is
similar and easier and we omit it here for brevity. Observe

|0rl 1| < Bmgpr,? < 3moh, To,
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and thus

(51 [|AT50,0' 2052 (06l ) Wit fim ) < 3ml| AR 20,8 W

HL2([01TlxRi ||L2([O,T]><]Ri)'

We write, using (3.1),

"A7%8y¢1/2 [uaz + Uay - 8»35 A6_2¢f7:1W7€171]meL2([07T]X]Ri)

< |[w0e + 00y = 05, AT50,0 A2 W ol o g0,y
+||[ud + 08, — 82, A5 y¢1/2}A(5_2¢f{1Wv€;1fWHL2([0,T1xRi)

def

= Q51+ Qsp2.
We first estimate Qs.1. Observe
(ke A_%ay‘bl/QAgQ‘z’f;lWr{z_l]fMHLZ([o,T]xRi)
< ||[ud, A_%Ag2¢fn_1WT€“L_18y]¢1/2fm||L2([O,T]><Ri)
+H[u81, A_%AEQ‘bfn_l[ay’ W'l }(bl/QmeL%[O,T]X]Ri)'
On the other hand, we compute, using Lemma 3.1 and (4.4),

H [Uaza A_%Ag2¢fn_lwr€z_15y] ¢1/2fWHL2([0,T] xR3)

< |l[uds, Ai%Ag2¢f{1W’r€;1]ay¢1/2fm"L2([0,T]><]Ri)
HATSAS 2l W [ud,, ay}asl/zmeLz([O,T]xRi)
< OJIATF A0 Wi 00" Fonll o zyz ) 14T AT 80 Wi (000000 | o g0,y
< Cllo AT 3N G Wi Y2 o o ey + CIATIATZ S Wi 62 Fonl s o e
+H(ayu)A_%Ag2¢fn_1Wr€1_18$¢1/2fmHLz([O,T]XRi)
+|| [ATSAG 205 WA, (9yu)] 5w¢1/2meL2([o,T]xRi)
< CHayAiggbfT:lW’fl;;lmeLZ([O,T]xRi)+CHAi%(’bf{le:lfmHL%[O,T]X]R?Q

+C )™ AT AGTEL W Fol| o,y
Similarly we also have, using again Lemma 3.1,

H{Uaz; A_%Ag%ﬁfn_l[aya Wﬁz_l] }¢1/2meL2([O,T]><]Ri)

< CIATS o W ol o e

As a result, combining these inequalities, we have

[z, A=50y6" 205260 Wi ] fnll 2 o 112

= CHayA_%‘bfn_lwfz_lfmHL%[O,T}xRi) + CHA_%Qﬁﬁ%_lWT{l_lmeL%[O,T]><]Ri)

+0|| () ™7 A OPAT2 ST W o o g0,y )

Similarly, repeating the above arguments with u0, replaced by v9, and 85 respectively, one has

[[v0y, A=50,0" 2 A5 %0l W] meLz([o,T] XR2)

< CllGAT3 6 AT G Wi Fanll o rycmy + CIIAT 30000 Wi fnll o e

+CHA7%¢£:1W7€;1fm||L2([O,T]><]R2+)’



GEVREY CLASS SMOOTHING EFFECT FOR PRANDTL EQUATION 30

and

102, A=50,0'/2A5 *0h War 1l 120,y xm2)
< C||O2AT S A2 W +C|[AT3 8,65 W fon

HLZ([O,T}xRi) HL2 ([0.T]xR2)

+CHA7%¢$1W7€;1JCT” ||L2([O,T] xR3)"

As a result, we conclude, combining these inequalities,

Q51 = ||[uds + 00, — 9}, A7%3y¢1/2/\52¢fﬁlwﬁl}fMHLZ([o T]xR2)
< Ol )77 AN ST W il oo ryeme ) + CNOGAT 6 AT S W Fl| oo 77z
+C[0,ATF L W | 2 o 1y ey + CIAT 3G W fonll o o,y )
The term Qs.5 can be treated similarly and easily, and we have
Q2 = ||[uds +0v0, — 8, A=20,0"2]AT2GLT W | oo 7y e

IN

o <y>_aA%¢1/2Ag2¢fn_1W£z_1fmHLZ([O,T]xRi) + CH&SA_E(bl/QA‘;Q(bf”_lW’i—lmeLZ([OﬂT]XR?Q

SN W ol oy CIA R WL
Thus

|A~30,01/2[udl, + v, — 62, AT Wi | a0y

< CH( 7 A3 ¢1/2A ¢€ 1wﬂ 1me +0H62 —3¢1/2A ¢€ 1wﬂ 1me

L2([0,T)xR2) L2([0,T] xR2)
—2 —1yl—1 —2 —1ypl—1
+Cl[a,A S W meL?([o,T]xRi) +C|A S W meLZ([O,T]x]Ri)'
This along with (5.1) gives the second estimate in Proposition 5.1. The proof is thus complete. O

Proposition 5.2. Under the induction hypothesis (2.9), (2.10), we have, denoting F = A(;Qqﬁanflfm,
1/2 m—6 3(1+0o)
H‘vb / jmlﬁHL?([o,T]xRi) < mCHFHLZ([o,T]xRi) +CA ((m =5)1) ’
and
—2/39 11/2
HA / Iy jm74—115HL2([0,T]x1R2+)

< mC (HA72/3A5_2¢£;1W5:1fm + HAiQ/BayA5_2¢fv;1W£:1fmHL?([O T]xRZ))
: s

HL?([O,T]xRi)
+CA™O ((m —5)1)> )
where the constant C' > 0 is independent on m and § > 0.

We first prove the first estimate in Proposition 5.2. In view of the definition given at the beginning of
this section, we see,

H¢1/2«7m,é,6HL2([O,T]xRi) < Hjm’é"sHLZ({OvT}XRi)

<Z( ) [ * O Wf{l(agu)fm"‘l_j”Lz([O,T]xRi)

—1

3

(5.2) + ( )HA ¢é Wy (0 m (03 )ayfm—jHN([o,T]xRi)

+

‘MH HM

< )||A 26 Wi 10y Dy /)] (040) (0" )| 2 10,y )

+2HA 205 W [0y (9yw/w)] meLZ([o,T]xRi)'

And we will proceed to estimate the each term on the right hand side of (5.2), and state as the following
three Lemmas.
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Lemma 5.3. Under the same assumption as in Proposition 2.3, we have

m—1

< )HA ¢e We( )8yfm*jHL2([0,T]><]Ri)

)+ CA™ 6 ((m — 5)1)3F9)

Jj=1

= mCHA 2 WemeLZ([O,T]XRi

Proof. We first split the summation as follows:
m—1

[T -

j=1

<.

m—1

- Z ( >’A 20 Wi (000 )0y fm J||L2 (10,7 xR2)

J

5 (MY W0 o

j=1
Moreover as for the last term on the right hand side, we use (4.3) to compute,

[|As? D Wi (0 U)ayfm—jHLz([o,T]xRi)

< H¢ WOAZ/S(G 0)0y fm_jHL2 ([0,7)xR2)
< @000 Frms ooty + 16 W09, s 17
= H¢e W J”)a fm— JHL2 ([0,T]xR2 ) +H¢ WO aJH )ayfm—jHLZ([o,T]xRi)
+H¢é WO aj )(0y0u fin—j) HLZ([O,T]xRi)'
Thus we have
m—1
> (") 1A% 02000, ol 1m0
j=1
m—1 m B )
= Z < )HA62¢£1W£L(aajc”)ayfm—jHL?([O,T]xRi)
j=m-—2
m—3
53 #3 () 202000, ol 1m0
Jj=1
m—3

+ ( )W W02 0)0y i | 2 0yt

Q
—

+

Mw

( ) £ WO (010)(0y O frnj ||L2 (10.T)xR3 )"

1

<.
Il

Next we estimate step by step the terms on the right side of (5.3).

(a) We treat in this step the first term on the right hand side of (5.3), and prove that

m—1

> <])HA 20 Wi (030)0y i 2 (f0,7) 22 )
j=m—2
(54) < m Ol WSl 2 0,110 ) + CA™ T ((m = 5))"CF7

31
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To do so, direct computation gives

m—1

( )’A ¢e Wé( )0y fn— JHL2 ([0,T]xR%)
2

g\l

—1
< (VIG5 14 )™ @000 sl om0

j=m—2

m—1 m .

< <j) HeQCy(ayfmfj)AEQAé/g (1+ 03/)71 ¢fnagﬁv”L2([o,T]xRi)

Jj=m-—-2

m—1
+ (T) H [eky(ayfmfj), Angl/g] (1+ 03/)71 ¢£zai”||L2([o,T]xRi)'
j=m-—2

On the other hand, by (2.7),

m—1

m o _ — P
(@A (14 )™ 4020l 1)
2

j=m—
m—1
” B B )
< c <j)||(1+cy) 1||L2(R+; Lw([o,T]me))HAé 2¢ane/38iv||Loo(R+; L2([0,T]xR,))
j=m-—2
m—1
m B .
= ¢ <j)||A52¢£1A2/385“HL°°<R+; L2((0,TIXR,))"
j=m-—2

Similarly, we have, by virtue of Lemma 3.1,

1

Z (7) [ [€*¥(By frm—s), AEQAE/B] (L+ey) ™ d’fna;vHLz([O,T]xRi)

j=m-—2
m—1
m 1
: Cj: _z(j)"(1+cy) ¢maIUHL2([0,T]><R2+)
m—1
<

m .
¢ (j ) lomA 200 Lo L2218
2

j=m—
Thus combining these inequalities, we obtain
m—1

22< )’A ¢e We( )0y frm— JHL2 ([0,T]xR%)

J

= C Z < )HA *rm Aé/gaJvHLOO(R+; L2([0,T]xR,.))
Jj=m-—-2
< Cm|Ay ¢anE/38?710}’Lw(R+; L2([0,T)xR,)) T Cm2}’A52¢£1A6/38?72U}’LN(R+; L2([0,T]xR,))"

Moreover, observe

A2 A%02 20l
5260, 40

[0, T]xRz))

NI

UHL“(R+; L2([0,T] xRy U"LW(R+; L2([0,T]xR,))’

32
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and thus
m2HA52¢an€/3agl_2UHLw(R+; L2(0,T] xR.))
< mHAg%ane/ga;nﬂ”HLoo(uh; L2([0,T)xR.)) T m3HA5—2¢anE/38?730HL°°(R+; L2([0,T)xR,))
< mHAi%e Ae/gamﬂ”HLoo(R% L2(0,T)xR,)) T m3HAgQ¢fn8;”*3v||Lx(R% L2([0,T]xR,))
+m? || Ay 2Gm Oy 2’UHL°°(]R+; L2([0,T]xR,))
< m||Ag ¢£1Aé/33§1_1v”mo(11§+; L2([0,T)xR,)) T mBHngzf?a?_%HLw(R% L2([0,T]xR,))

+m3H¢9n*18;n_2’UHL°°(R+; L2([0,T]xR,))"

Then we have, combining the above inequalities,

m—1
ﬂ'l Hezcy(ayfm—j)AEQAl/g (1+ Cy)_l ¢fnaa]c-vHL2 0,T]xR2
PRV (1071x82)
< Cm”A§2¢fn/\€/36;"—1v||Lw(R+; L2([0,T)xR,)) T Cm3||¢9n725£”_3UHLw<R+; L2([0,T]xRy))
+Cm3H¢?n—1aﬂT72UHL°°(]R+; L2([0,T]xR,))
< CmHAg%anﬁlmeLw(R% L2(0,T)xR.)) T Cm3H(bm*QWT?I*Qfm_QHLOO(R+; L2([0,T]xR.))

Jrcmg"¢%—1Wm—1fm*1"L“(R+; L2([0,T]xR,))’

the last inequality following from (4.8). This, along with the estimate
31| 40 0 3
m ||¢m*2Wm*2fm_2HL°°(]R+; L2([0,T]xR,)) T M [ @51 Win—1 fin— 1||Lo<>(1R+ L2([0,T] xR,))
< CA™ O ((m - 5>
due to the inductive assumption (2.9), gives the desired estimate (5.4).

(b) We will estimate in this step the second and the third terms on the right hand side of (5.3), and prove
that

m—

3
(% ) 2002090, oo
1

Jj=

+ Z ( )||¢e WO aJH )ayfm—jHLz([o,T]xRi)
< CAm—6 ((m — 5)1)31+o)

For this purpose we write, denoting by [m/2] the largest integer less than or equal to m/2,

m—

3
( >|¢e Wi D2 0)8y fini | 12 10,y )
1

j=

m/2
m £ 1170 (9i+1
(5.6) <2 (j)"¢mwm(ai+ )@y fm=i) 2 0,102
m—3
+ Z ( )||¢e WO aJH )ayfm—jHLZ([o,T]xRi)
j:[m/2]+1
= S; + 9.

We first treat S;. Using the inequality

¢ 0 0 :
< +3¢m _jy Wy, < W, for j > 1,
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gives
/2]
S1 = Z <3)H¢ W (07w )ayfm—jHLZ([o,T]xRi)
j=1
(5.7) [ }
m/2
m .
<3 (L P O e ey
By Sobolev inequality, we have
H¢0 3aj+1vHLoo (10,7]xR2)
= CH(bJ+3aJ+1UHL°°( 0,T)xR+; L2(R)) T CH¢J+33 +2UHL°°([O,T]><]R+; L2(R,))
= C||¢J+28J+1UHL°°( [0,T)xRy; L2(Ry)) + CH¢J+38]+2UHL°°([O,T]><]R+; L?(Ry))
= CH¢?+2 +2fJ+2HL°° ([0,7); L2(R%) )+CH¢J+3 j+3fj+3HLoo([o,T]; L2(R%))

the secomd inequality using (4.1) and the last inequlaity following from (4.8). As a result, we use the
hypothesis of induction (2.9) and the initial hypothesis of induction (2.7) to conclude that if 4 < j < [m/2]
then

16504+ ) <O (A7 (G- A2 (-2 ) < oA (- ),

”HLO@([O,T}xRi
and if 1 <j <3
"¢9+3a£+1”"Loe([o,T]xRi) <C.

Moreover, using (4.4) and also the inductive assumption (2.9), we calculate, for any 1 < j < [m/2],

"ngm—jWSw—jayfm*j HL?([O,T]xRi)

= Hay g%fjWSI*jfm*jHL%[O,T]xRi) + H‘b?nfj [8 ) Wof'}fm*jHLz ([0,7xRZ)
< Hay 9n—jW7(f)b—jfm_j"LZ([O,T]XRi) +CH¢9n—j fm JHLoo ([0,7], L2(R%))
< CA™ IS ((m— j — 5)1)30 )

Putting these inequalities into (5.7) gives

[m/2]
$1<C Z A (G2 (AMj5((m—j—5)!)3(1+U))

+C§: (A”J5«m—j—5m“””)

WM ,
m m— (140)—1 . (140)—1
(5.8) ¢ ;4 mA T((G =203 (- j — 5y F
+ CA™ 5 ((m — 5)1)>01+)
(o]
SO N AT (m = DY oA ()
j=4

< C(m —5)A™ 7 ((m — 7))L a6 (m — 5)1)20 )
< CA™ 6 ((m — 5)1)*0+9)
We now treat S5. Using the inequality

{4 0
m_ < +2¢m —j+1> W <W J+1f0r]>1
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and thus
m—3
So= > ( )H(be WO (591 )c’)yfm_jHLz([OﬁT]XRi)
[m/Q
m—3 )
= ( )”¢J+26]+1’UHL°°([O,T]><]R+; L2(R,))
(5.9) =[]
H¢ J+1 J+1a fm— JHL2([O T)xR4; L>®(Ry))
m—3
< Z (])H(bjo-‘rQWJ-i-QfJ‘f‘QHLOC ([0,7]; L2(R%))
j:[m/Q}-}-l
”¢ —i+ W J+18 fn— J”L2 ([0,T] xRy ; Lo (Ry))’

the last inequality using (4.8). As for the last factor in the above inequality, we use Sobolev inequality, (4.1)
and (4.2) to compute

||¢ J+1 J+1a fm— J||L2(OT]><]R+, L>(R,))

IN

0H¢m J+1 J+18 fm— JHL2 [0 T]><]R2 +C”¢m J+1WO J+18 O fm— JHL2 0T]x1R2)
= CHgbm—ij—jayfm*jHLZ([O,T]X]Ri) +CH¢m—j+1W0 J+1a O fin— J||L2 ([0,7)xRZ )"

A

On the other hand, in view of the definition of f,,, we have

H¢ —i+1W, y+16 Oa fim— JHL2 ([0,7]xR2)
=< Hqﬁg%*jJerm*jJrla fm—j+1HL2 o,7]xR2) T 65— 1 Win—j 19y (5m_j“)aw((ayw)/w)HLz ([0,7]xR2 )
= H¢m i1V, g+1a fm— J+1HL2 ([0,7]xR%) +H¢m g+1W0 y+1(am Tw)0, ((Oyw)/w) ||L2 ([0,7xRZ)
+||‘75 W, J+1(am J u) 0,0y ((Oyw)/w) HL2 ]><1R2)
= C||¢O J+1W g+18 fm— J+1||L2 ([0,71xR2) +CH ‘750 Win— ga;ni WHLZ([O,T]XM)
+CH<?J>_ 9n— m— ga;n “HLZ([O,T]xRi)’

the last inequality using (4.1) and (4.2). Combining these inequalities, we conclude

[ bm 1 Won 10y Sm=il| 2o 11k L)

< CH(b?n—j m—jayfm—jHLZ ([0,77xR2 ) +0H¢m—j+1WO J+1a S J+1HL2 ([0,T]xR%)
+C| (W)~ g Won 0 WHLZ ([0, 7]xR2) +C|| - 07 W05~ JUHL2 (10,7]xR2)
= CHay ?n—jwv(v)l—jfm*jHLZ([o,T]xW +C’H8y J+1W ]+1fm J+1HL2 ([0,T]xR%)

JrCH(b?n*ij%*jfm*j||L2([O,T]><]R2+) + CH‘ﬁmfjJer —jr1rSm— J+1HL2 ([0,T]xR%)

where the last inequality follows from (4.9) and (4.4). This, along with the inductive assumptions (2.9),
yields, if [m/2] 4+ 1 < j <m — 4 then

Hd)m J+1 J+1a fm— JHL?([O T)xRy; Lo (Ry))
< CATTIE ((m— g = 5))* T CAmTI (m - j = )T
< CAm7j74 ((m —j— 4)!)3(1-1-0) 7

and if j = m — 3 then

H¢ —j+1W, g+1a fm— JHL2 (10,7 xR; Lo=(R,)) = <C
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due to the initial hypothesis of induction (2.7). On the other hand, the inductive assumptions (2.9) yields,

for any [m/2]+1§j§m73,

||¢)J+2 +2fg+2||Lao [0 T); L2(R2 )) < AT—3 ((] _ 3)!>3(1+a') .

Putting these estimates into (5.9), we have

$o< 0y ﬁf‘” (-3 <Amj4((m—j—4)!)3“+°'))
J‘:[mm]
+C Z AJ 3(( 3)!)3(1+0)
j=m— 3
S Z ﬁf‘lm (G -3 ((m - j — a)nPOre
j:[m/2]+1

+CA™ S ((m — 5)1)°1 )

< C Z mAm 7 ((m 7) )3(1+‘7) 1 +CA™ 6((m 5) )3(1+U)
Jj= [m/Q] +1

< C(m=3NA"7 ((m— 7>~ L cqm- 5((m — 5)! )3(1+g)

< CAm—6 ((m _ 5)!)3(1-‘,-0') _

This along with (5.8) and (5.6) yields

m—3

Jj=1
Similarly, we have

m—3

( )HW wo (o )ayfm—jHLz([07T]XR2+) < CA™ 6 ((m — 5)1)30+)

Jj=1
Then the desired estimate (5.5) follows.

(¢) Tt remains to prove that

m—3
(5.10) Z < )||¢e WO )(8 O frm—; ||L2([O,T]><]R§r) <CAmTe ((m — 5>!)3(1+U).

j=1

The proof is quite similar as in the previous step. To do so we first write

Z ( )H‘be WO )((’) O fin—j HL2 ([0.T]xR% )

j=1
m/2
S S (A [ TC BICT ] v
j=1
m—3
+ Z ( >H¢Z WO )(8 O frm—j HL?([O,T]xRi)
j:[m/Q]Jrl
= gl —l—gg.
For the term S, we use
e SO0 < B an iy, WKW, forj>2,

( )H¢ W2 (99t )ayfm—jHLz([OﬁT]X]R2+> <CA™ O ((m — 5)!)3(1+a)_
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to obtain

/2]

I S (L L O R P

j=

Then repeating the arguments used to estimate S; and S5 in the previous step, we can deduce that
Sy < CA™ S ((m — 6)1)> 1+
As for Sy, using the inequality
Bhy < B0, < Y B0, Wo WO _, forj>2,

gives
s S (M) 6y 20,0
2= J+1 Lo ([0,T) xRy ; L2(R,)) Y m—j+2 —j+2 m=JllL2([0,T)xRy; L>(R,))"
j:[m/Q]—i—l

Then repeating the arguments used to estimate S in the previous step, we have
Sy < CA™ 0 ((m — 5)1)>1+)

This along with the estimate on S; yields (5.10). Finally, combining (5.3), (5.4), (5.5) and (5.10) gives the
desired estimate in Lemma 5.3, and thus the proof is complete. O

Lemma 5.4. Under the same assumption as in Proposition 2.3, we have

Z <J ) ||A5 2¢£1W7€1(aa]cu)fm+1*j HL2([0,T] xR2)

+z< V1268 10, 0/ 02000210 1y

< mOlAT e, )+ CA™ = (m = 5))* T

mmeLZ([o,T]xRi
The proof of this Lemma is quite similar as in Lemma 5.3, so we omit it.
Lemma 5.5. Under the same assumption as in Proposition 2.3, we have
2]|A; 264, W%, 0y (@y2) /)] Fnll 0 sty < IS 26 WSl st
Proof. This is a just direct verification. Indeed, Lemma 3.1 gives
(1% & Wi 10y (9y) /)] fnl 2 (10,71 xm2 )

¢ il —27770 7 10
< |10y (9yw) /W) AT W, meL?([o,T]x]Ri) + [0y (Qyw)/w), Aj Wm](bmmeLQ([O,T]x]Ri)
¢ il
= CHA ¢ w, fm”L?([o,T]xRi)'
Then the desired estimate follows and thus the proof of Lemma 5.5 is complete. O

Proof of Proposition 5.2. In view of (5.2), we combine the estimates in Lemma 5.3-Lemma 5.5, to get the
first estimate in Proposition 5.2. The second one can be treated quite similarly and the main difference is
that we will use here additionally the inductive estimates on the terms of the following form

HGSA_Q/3¢?WJ'ij"LZ([O,T]xRi)’ 6<j5<m,

while in the proof of Lemma 5.3, we only used the estimates on the following two forms
077170 07170 .
|65 fi”Lw([o,T]; L2(R2))’ 19y fiHLz([o,T]xRi)’ 6=j=<m.

So we omit the treatment of the second estimate for brevity, and thus the proof of Proposition 5.2 is
complete. 0

Completeness of the proof of Proposition 2.3. The estimates (2.15) follows from the combination of
Propostion 5.1 and the first estimate in Proposition 5.2, while the estimate (2.17) in Proposition 2.3 follows
from Propostion 5.1 and the second estimate in Proposition 5.2. The treatment of (2.16) is exactly the same
as (2.15). The proof of Proposition 2.3 is thus complete. O
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6. APPENDIX

Here we deduce the equation fulfilled by f,, (cf. [21]). Recall that

)
Fn= 0w — 229my > 1,
w

where u is a smooth solution to Prandtl equation (1.1) and w = d,u. We will verify that

(6'1) atfm'i‘uamfm'i_vayfm_ajfm:Zma

where
m m—1
- e E G
1

j=1 =

BRI o o)

To do so, we firstly notice that
(6.2) Ut + Uy + VUy — Uyy = 0,
and
Wi + UWy + Vwy — Wyy = 0.
Thus by Leibniz’s formula, 0 u, 01'w satisfy, respectively, the following equation
0107 u + u0, 0, u 4+ v0, 0 v — 828’"
:_zm:("f‘)(a (O+1) — 3 (020) (0,97 )

(6.3) i=1 =1
1

i(?)(aﬂ Oy — 3 (D)@, ) — (05 0y)

j:l
and
0 w + U0 w + v0, O w — OO w

:_Z( ) )OIty Z )(9,07 I w)

j=1

:_Z( ) A, mzl )(8,0m W) — (9™0)(Dyw).

(6.4)

In order to eliminate the last terms on the right sides of the above two equations, we observe dyu = w > 0
and thus multiply (6.3) (6.4); this gives

O frn + 0y frn + vayfm - a;fm =Zn

where
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On the other hand we notice that

d, <8y_w) +ud, (ay_‘”> + v, (ay_‘”) _ 32 (ay_‘”)
w w w w

(8t8yw + 10z O0yw + v0yOyw — 8§8yw)

Oyw Oyw Oyw
fﬁ (8tw + u0pw + VOyw — 85&1) + 2%(% <y7)

(Ou) (9yw) +26y_wa Iyw
w w Y

1
w

= —Ow+

Therefore we have

z = -3 (") Oy — S (") @200,

Next we will give the boundary value of 8y f,, and 9y fm — 9; fm. In view of (6.2), we infer, recalling
u|y:0 = U|y:0 =0,

— 92 _
ayw‘y:O = 8yu‘y:0 =0.
As a result, observing

Oy fn = 0,0 — {ay (f%wﬂ oM — <afu—w) 0,0,

we have

(6.5) By Fnly=o = 0.

Direct verification shows
Oyw
Zulymo = =2 |0y (2) | fu|
lv=0 {y<w)]f y=0
and thus

(6.6) (Ocfm = 0y fm) ly=0 = Zmly=0 = —2 [C% (ayw)] fm

)

w y=0

due to the equation fulfilled by f,,.
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