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Abstract. The purpose of our work has been to determine the effective thermal properties of
materials considered heterogeneous at the microscale but which are regarded as homogenous in 
the macroscale environment in which they are used. We have developed a calculation code that
renders it possible to simulate thermal experiments over complex multiconstituent materials
from their numerical microstructural morphology obtained by volume segmentation through
tomography. This modeling relies on the transient solving of the coupled conductive and
radiative heat transfer in these voxelized structures.

1.  Nomenclature
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2.  Introduction
The French Atomic Energy Commission (CEA) works a great deal with porous materials – carbon
composites, ceramics – and aims to optimize their microstructural and thermal properties for specific
uses. A material of interest can be composed of several constituents and generally has a complex 
structure. Its pore size range can be quite large (several tens of micrometers). It is used in large-scale 
systems that are bigger than its own characteristic scale and can be submitted to very high fluxes and
temperatures (until 3000°C). In these conditions, the material is considered as equivalent to a
homogeneous medium for the simulation of its behavior in its using environment. Its local 
morphology is thus not taken into account. 

We are therefore interested in characterizing the effective thermal properties of materials with
heterogeneous microstructural morphologies. The objective is to determine the properties that theses 
materials would have if they were homogeneous. In order to do so, we have developed a methodology
that consists in starting from a 3D-microstructure of the studied materials obtained by X-
microtomography or FIB/SEM-tomography. The observations of the representative rebuilt volumes
enable an understanding and analysis of the structural organization of these materials. The
microstructures constitute the numerical support to compute the numerical experiment simulations.

The results render it possible to estimate the thermal properties of the materials in question. We are 
especially interested in the effective thermal diffusivity of porous multiconstituent materials that we 
estimate as a function of temperature with the help of an inverse method applied to experimental 
thermograms obtained by the flash method [1]. However, the identification of the diffusivity of porous
and/or semitransparent materials is made difficult because of the thermal behavior of these media in
which a strong conducto-radiative coupling can quickly occur when the temperature increases. For this
reason, we have modeled the coupled conductive and radiative heat transfer as a function of the
temperature within porous multiconstituent materials from their morphology discretized into a set of 
homogeneous voxels. The size of the voxel is larger than the wavelength which is the case in practice
because of the studied materials and the high temperature. This modeling rendered it possible, on the
one hand, to simulate any kind of numerical thermal experiments, especially the flash method, and on
the other hand, to reproduce the thermal behavior of our materials in their using conditions. Our 
modeling is only accurate in the context we have here presented.

Considering the coupled heat transfer in porous media is very difficult to take into account, already
in a homogeneous medium and even more in an inhomogeneous one, because it strongly depends on 
the microstructure of the constituents. Consequently, the media are mainly studied at ambient 
temperature where the conductive transfer is dominating and the radiation neglected or they are
interested in their radiative properties and only the radiation is considered. Some researchers estimated
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the effective thermal conductivity especially in foams [2–3] often by being based on analytical model
of the porous structure. Other works deal with only the radiative heat transfer [4–5]. Thus, very few
studies deal with the coupled heat transfer in porous media at high temperatures. But the flash method
was modeled in the case of a coupled conductive and radiative heat transfer within a semi-transparent
material [1, 6–9].

Moreover, among the works dealing with the conductive or radiative heat transfer, most of them
concerns 1D-problems and a weaker number focus on the numerical microstructure of the sample 
obtained by 3D-X-ray tomography. Numerical methods were developed to estimate the effective
thermal conductivity [10–12] and they were applied to 3D-microstructures obtained by X-ray-
tomography [13]. At the same time, the radiative properties (extinction and absorption coefficients,
scattering phase function, etc.) were investigated starting from the microstructure [14–15] and thanks
to the X-ray tomography [16–21].

Finally, in our knowledge, there is no study looking into the modeling of the coupled conductive
and radiative heat transfer from the 3D-microstructure of porous media as a function of the
temperature.

The purpose of this paper consists in describing the modeling approach and explaining the
analytical and numerical resolution of this thermal problem. We have demonstrated how to solve the 
flash method in such voxelized structures and how to organize the analytical resolution of this problem
to compute it in a calculation code giving the transient temperature field in each voxel. Furthermore, 
we have enumerated all the thermophysical and radiative data introduced in the developed calculation
code for each constituent at the voxel scale to carry out our simulations. Finally, we have obtained the
first validation results of the code.

3.  Solving the flash method in a voxelized structure

3.1.  Obtaining the microstructural morphology of materials
First, a numerical volume of the studied sample is required as the support of the numerical thermal
experiment simulation [22]. By using the X-microtomography or FIB/SEM-tomography technique
over the sample, it is possible to obtain a set of 2D images from which the sample can be built in 3D
and then discretized into a set of voxels. These voxels constitute the elementary mesh over which the
considered heat transfer problem is solved. Each voxel is therefore assumed to be homogeneous with
the properties of the constituent of which it is composed. This discretization is a very fine description
of the morphology of the studied samples. We have to make sure that the size of the voxels is larger
than the wavelength of the occurring radiation. It is the case in the context of our study and we present
what follows in the next parts.

3.2.  Analytical solving
Consider a multiconstituent sample, representative of the studied material, in the form of a
parallelepiped some millimeters long. It is composed of cubic homogeneous voxels. Each voxel – with
a size of a few tens of microns– is attributed the thermophysical and radiative properties of the
material that it represents and can be semi-transparent. The upper face of the sample is submitted to a
pulsed energy deposition of short duration at t = 0, which is assumed to be uniform over the surface.
This face and the opposite one are submitted to heat dissipation through a coupled convecto-radiative
coefficient. Moreover, these two faces are assumed to be opaque with emission and diffuse reflection.
The lateral walls are assumed to be adiabatic and totally reflective.

The physics of this thermal problem are governed by two highly coupled equations: the radiative
transfer equation and a flux balance equation. We need to solve these two equations in each voxel to 
model the heat transfer in the previously presented problem. To simplify a complex mathematical 
problem, the following assumptions are made. (i) For each face of each voxel, the intensities are
assumed to be isotropic in each half-space. Two intensities are therefore considered (back and front)
for each face. (ii) The radiative properties and variables of each constituent are presumed to be
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independent of the wavelength (grey media). This is done in order to consider mean radiative
properties and variables. Such an assumption, although it may seem strong, is nevertheless legitimate
because the sought temperature field is the result of energetic variables issued from the integration of
all the contributions of each wavelength. And (iii) the properties are assumed to be independent of the
temperature since the increase in temperature range is small in the case of the flash method. When it
comes to real materials, they can be subjected to greater thermal stresses. This is accounted for by 
making their properties vary as a function of the temperature.

Thus, we have thirteen unknowns in each voxel (and we especially seek to determine the time-
resolved temperature field of each voxel): the temperature and twelve intensities. For each voxel, we
solve the radiative transfer equation between each face and the five others (i.e., six equations), as well
as the flux balance equation involving the conductive and radiative flux exchanged by the voxel with
its six neighbors (i.e., one equation). The mathematical problem is closed with six interface equations
– one on each face – relating the incoming intensity on the face of the voxel to the outgoing one of its
neighbor at the same face. In order to determine these thirteen unknowns, we need to simultaneously
solve these thirteen equations.

3.3.  The radiative transfer equation
Consider a voxel as it was previously described. Its faces are arbitrarily numbered as presented in 
Figure 1. We want an expression of the intensity going outside through one of the faces (for example
the face numbered 6) which is obtained by adding the contributions of the intensities going inside
through the five other faces. It is likely that the intensity going outside through face 6 is not isotropic.
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Figure 1. Geometrical aspects

Thus, the radiative flux going outside through this face is sought and the equivalent isotropic
intensity going inside is deduced.

(1)
To determine the directional intensity in M in the direction of u, the RTE is applied to the voxel

between N and M. As the voxel is homogeneous, there is no scattering within each voxel. Thus, we
only study materials in which there would not be micro- or nano-porosity and consequently scattering
within the voxels. But scattering appears at the sample scale because of its heterogeneity. Indeed, if a 
voxel has a neighbour of different nature, a part of the outgoing radiative transfer is reflected whereas 
an other part is transmitted. At a larger scale (the one of the sample), that causes scattering. Under the
assumption of grey medium, it is written:

Eurotherm Conference No. 95: Computational Thermal Radiation in Participating Media IV IOP Publishing

Journal of Physics: Conference Series 369 (2012) 012001 doi:10.1088/1742-6596/369/1/012001

4



(2)
It is simply solved, giving:

(3)

where is the (isotropic) intensity going inside through face i. After some easy calculations, it is
deduced that:

(4)
Hence:

(5)
where fij is the form ratio of which the sum on the five faces gives 1. Similarly to the form ratio, a 
dimensionless parameter is defined which is called the form ratio with absorption Fij. 

(6)
By setting an equality between the equivalent isotropic intensity going outside through face 6 and

equation 5, we finally obtain:

(7)

(8)

We can show by geometrical considerations that the thirty-six form ratios with absorption can be 
reduced in two. We now have: F61 = F62 = F63 = F64 = FV and F65 = FO. These form ratios with
absorption depend only on the optical thickness κδ in the case of a homogeneous cubic voxel and are
constant and particular to a material.

Finally, here are the six first equations for a voxel:

(9-14)
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The form ratios with absorption can be written in the following way:

(15-16)
Multiple integral calculations render it possible to simplify these quadruple integrals into a simple

one:

(17-18)
We can also write an intensity continuity relation at each face of each voxel (six extra equation for

each voxel). For example, the intensity going inside through face 6 is the sum of the transmitted part
of the intensity going outside through face 5 of the upper voxel and of the reflected part of the
intensity going outside through face 6 of the considered voxel.

(19-24)
By eliminating intensities going outside in equations (19-24), the equations (9-14) enable to reduce

the initial problem with thirteen unknowns for each voxel to a problem with seven unknowns for each 
voxel.

3.4.  The flux balance
The last equation to be formulated is a flux balance: the sum of the conductive and radiative

flux entering a voxel i contributes to increase its temperature.
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(25-26)

3.5.  Boundary conditions
The equations mentioned above are valid for all the problems that can be studied with this modeling
approach. Only the equations related to the boundary conditions, concerning the voxels belonging to
the six faces of the parallelepiped volume, the twelve sides and the eight corners, can change from one
problem to another. In the case of the flash method, in order to take into account the boundary
conditions of the lateral walls, the previous equations have to be adjusted for the concerned voxels in 
the sense that there is no radiation transmitted outside the sample but rather that it is totally reflected
on the lateral walls (i.e., the intensities entering and exiting are equal). Moreover, there is neither a 
conductive flux, nor a radiative one (with the previous consideration) going inside through these walls.
In the case of the boundary conditions on the upper and lower walls, we have that at the lower/upper
wall of each concerned voxel, the intensity going inside through these face is equal to the black body 
intensity at the same temperature. Moreover, a flux balance at the wall of each voxel can be written:
thus, in the upper face, the sum of the conductive and radiative flux going inside is equal to the flux
brought by the flash and exchanged by the convective and radiative dissipation:

(27)
Because of these last considerations, the temperatures at the lower/upper faces of the voxels on the
lower/upper walls also have to be considered as unknowns in the problem.

3.6.  Computation and numerical solving
X is the vector holding all the unknowns of the problem i.e., seven times the number of voxels. This
vector is the solution of a non-linear equation that can be written F(X) = 0 and that is solved
numerically by Newton’s iteration method for systems of 2nd or superior dimension according to:

(28)
Since Xn is known, and with Yn = Xn-Xn+1, the numerical problem amounts to solving a linear

system for each iteration of Newton’s method until the convergence to the solution giving X. There is 
an incredible amount of data to stock in memory (especially the matrix F’(Xn)). To numerically solve
these linear systems while avoiding keeping any data in memory, the iterative algorithm of Fletcher-
Reeves (modified by Polak-Ribiere) has been chosen. It is easy to set up and very efficient in
convergence speed.

Below is the procedure of the numerical solving of our problem. For each time step, Newton’s 
iteration method was applied until the convergence of the sought vector X (whose components were
initialized at the ones resulting from the previous time step or at arbitrarily assumed values for the first
time step). For each iteration, the Polak-Ribiere algorithm was applied until the convergence of the
vector Y (arbitrarily initialized) from which Xn+1 was deduced since Xn was known. Finally, the
components of X giving the temperature in each voxel for each time step rendered it possible to obtain
the temperature field within the sample for the experiment, and especially a thermogram of the
opposite face to the Dirac stimulation in the case of the flash method.
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4.  Thermophysical and radiative properties
The code presented in the previous part is a direct model making it possible to find an unknown
parameter by calculation. Here, this was the transient temperature in each voxel. The different local
thermophysical and radiative properties that are particular to each constituent of the sample have to be 
input in the code.

The voxel size is given by the tomography resolution. The volume specific heat is used for each
constituent at the experiment temperature and these values were either found in the literature or
measured by techniques of calorimetry existing in the laboratory. The thermal diffusivity from the
micrometric scale to one of a few dozen micrometers was measured by photoreflectance and infrared
microscopy as a function of the temperature [23].

The optical index and the absorption coefficient of the constituent were issued from spectral
emission measures thanks to the infrared spectroscopy technique [24]. The emission spectrum of the
constituent made it possible to determine, by means of the dielectric function, the spectrum of the real
part and the imaginary part of the complex refraction index: the spectrum of the optical index and the
extinction index, respectively (from which the absorption coefficient could be deducted). Considering 
the mean radiative properties over the entire spectrum, the optical indexes and the absorption 
coefficients were calculated from the obtained spectrum with the following definitions:

(29)
Finally, the reflection (reflectivities) and transmission (transmitivities) coefficients were 

determined at the interface between the constituents by the Fresnel relation under collimated light. It 
was integrated over all the half-space since an isotropic diffuse radiation is considered.

5.  Code validation
In order to validate the code for which we have presented the theoretical conception, we have 
attempted to compare the results it provides with data obtained with another calculation code. The
considered experiment consisted of a stationary guarded hot plate technique. The code simulated the 
unidirectional coupled conductive and radiative heat transfer between two infinite plates for which the
emissivity was known. One was at a low temperature (cold), the other at a higher one (hot). To solve
the problem, the other code used a discrete ordinates method and an adaptive step of space. 

To be close to this configuration, we considered a monocolumn structure composed of voxels from
the same material. However, our configuration was not strictly 1D. For the sake of comparison, the
lateral walls of our column had to be considered as at infinity, implying that the form ratios with 
absorption had to be recalculated with quite different expressions than the ones defined. They were 
thus function of the form ratios. We could show that the form ratios with absorption between adjacent
faces were equal to zero when the lateral walls were at infinity, as were those between the opposite
faces at infinity. The form ratio with absorption between the opposite faces in the direction of the heat
transfer (perpendicular to the plates) was not equal to zero. Its value tends to 1 when the optical
thickness κδ tends to 0.

The case was the following. The hot wall temperature was 2000 K, and that of the cold wall was
1000 K. Their emissivity was 1, the thickness of the sample was 2 mm, and its conductivity was 2.5 
mW.m-1.K-1. Figure 2 presents three temperature profiles for three values of the mean absorption
coefficient (100, 1000 and 10000 m-1). It can be noticed that the profiles from the two different
modeling runs fit each other exactly, which constitutes a first validation of our model.

Eurotherm Conference No. 95: Computational Thermal Radiation in Participating Media IV IOP Publishing

Journal of Physics: Conference Series 369 (2012) 012001 doi:10.1088/1742-6596/369/1/012001

8



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

z/e

T
(z

)/
T

co
ld

Comparison between a temperature profile with our 3D-code (monocolumn) and a 1D-code

3D : κ = 102 m-1

1D : κ = 102 m-1

3D : κ = 103 m-1

1D : κ = 103 m-1

3D : κ = 104 m-1

1D : κ = 104 m-1

Figure 2. Inter-code comparison

We notice that the two profiles from the two different models are very close, which constitutes a
first validation of our model. The low difference got for the low absorption coefficients is explained 
by the refined mesh near the walls taking into account in the 1D-model contrary to our model.

This study should be continued. The validations carried out during the progressive creation of the
code (inter-codes or comparing with simplified versions for homogeneous media) have shown that this
investigation is headed in the right direction. Future work involves validating the model with flash 
experiments on materials with different semi-transparency characteristics.

6.  Conclusions
We have developed a calculation code in order to model the coupled conductive and

radiative heat transfer within porous multiconstituent materials that are numerically represented by a 
numerical voxelized structure. This discretization corresponds to a very fine description of the
morphology of the studied samples. The purpose of this work was to numerically simulate thermal 
experiments or the real behavior of the studied materials when subjected to any kind of thermal stress. 
The code was validated thanks to simplified conductive and radiative models solving the same 
problem in other ways. The next step will be to validate it by attempting to reproduce the real
experimental behavior of materials of different characteristics.
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