N
N

N

HAL

open science

Targeting a simple statistical bandit problem

Antoine Chambaz, Wenjing Zheng

» To cite this version:

Antoine Chambaz, Wenjing Zheng. Targeting a simple statistical bandit problem. 2016.

01359222

HAL Id: hal-01359222
https://hal.science/hal-01359222

Preprint submitted on 2 Sep 2016

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

hal-


https://hal.science/hal-01359222
https://hal.archives-ouvertes.fr

Targeting a simple statistical bandit problem

Antoine Chambaz!?? and Wenjing Zheng?

I Modal’X, Université Paris Nanterre
2 Division of Biostatistics, School of Public Health, UC Berkeley
3 MAP5 (UMR CMRS 8145), Université Paris Descartes

1 Introduction

Statistical challenge. An infinite sequence of independent and identically distributed (iid) random variables
(Wy,Y,(0),Y,(1)),>1 drawn from a common law Qg is to be sequentially and partially disclosed during the
course of a controlled experiment. The first component, W,,, describes the nth context in which we will have
to carry out one action out of two, denoted @ = 0 and a = 1. The second and third components, Y;,(0)
and Y, (1), are the rewards that actions ¢ = 0 and @ = 1 would grant. The set W of contexts may be
high-dimensional. The rewards take their values in ]0, 1].

The controlled experiment will unfold as follows. Sequentially, we will be informed of the new context W, .
We will then carry out a randomized action A, € {0,1} with probability either g,(1|W,) or g,(0|W,,) =
1 — gn(1|W,,) to go for either action a = 1 or action a = 0, where g,,(-|W,,) will be determined by us based
on observations Oy, ...,0,_1 accrued so far during the course of the experiment. We will then be granted
reward Y,, = Y,,(A,,) corresponding to the action undertaken, the alternative reward being kept undisclosed,
hence the nth observation O,, = (W, 4,,,Y,,). This setting is one of the simplest bandits settings in the
machine learning literature, hence the expression “simple bandit problem” in the title of this manuscript.

Our objective justifies why the expression actually reads “simple statistical bandit problem”. Indeed, it
consists in inferring the optimal rule

ro(W) = argmax Eg, (Y (a)|W)

a=0,1

(by convention, ro(W) = 1 if equality occurs) with r,, and the mean reward under 7o,

Yo = Eq, (Y (ro(W))),

trying to get a narrow confidence interval (CI) for ¢y and a sense of how well we sequentially determined
our actions through the estimation of the following regret:

1 n
R, = - ZYi(rn(Wi)) -Y;.
i=1

Regret is one the most central notion in the bandits literature. Seen here as a data-adaptive parameter,
R, compares the actual average of the rewards granted at step n, n~! >, Y;, with the counterfactual
average of the rewards we would have been be granted at step n if we had constantly used r, from the start
of the experiment to decide which action to carry out at the n successive steps, n=* Y7 | Y;(r,(W;)). We
emphasize that the former average is known to us but the latter is not, since it may occur that A; # r,(W;)
for some 1 < i < m, in which case Y;(r,(W;)) is the reward that was kept secret from us at step 4. If all
actions 4; coincide with r,(W;) (1 <14 <n), a very unlikely event, then R,, = 0. In general, nR,, equals



> Yi(l-A)—Yi(A),
1<i<n

A; # r(W5)

this alternative expression showing that nR,, is the counterfactual sum of the differences between the two
possible rewards at each step ¢ where the randomized action A; differs from the optimal action 7, (W;)
according to the estimate of the optimal rule at step n. Since the optimal action is that which has the larger
conditional mean given the context, as opposed to that action which grants the larger reward, it is not
guaranteed that R,, is non-negative.

Inference of data-adaptive parameters are at the core of the present manuscript. We will derive Cls
for ¢y and for R,,, the first data-adaptive parameter we introduced, from a targeted minimum loss estimator
(TMLE, which also stands for targeted minimum loss estimation) of the second data-adaptive parameter

Yr,0 = Eq, (Y(TH(W)»,

the mean reward under 7, thus justifying entirely the title of the manuscript. There is much more to ¥, o
than being a convenient proxy for the inference of 9. In fact, we may argue that v, o is more interesting
than v itself because it is the mean reward under rule r, that we know and can use concretely. The same
reasoning motivates our choice of regret R,, instead of its counterpart with ry substituted for r,,.

Quick review of literature. ( ) present an excellent unified overview on
the estimation of optimal rules. Their focus is on dynamic rules, which actually prescribe successive actions
at successive time points based on time-dependent contexts. The estimation of the optimal rule from iid
observations has been studied extensively, with a recent interest in the use of machine learning algorithms to
reach this goal ( , ; ; ,b;

, ; , ). The estlmatlon of the mean reward under the optimal rule
is more challenging. ( , ) use their theoretical risk bounds evaluating the statistical
performance of the estimator of the optimal rule as measures of statistical performance of the resulting
estimators of the mean reward under the optimal rule. However, this approach does not yield CIs.

Constructing Cls for the mean reward under the optimal rule is known to be more difficult when there
exists a stratum of context where no action dominates the other (if action means treatment, no treatment
is neither beneficial nor harmful) ( , ). In this so called “exceptional” case, the definition of the
optimal rule has to be disambiguated. Assuming non-exceptionality, ( ) derive ClIs for the
mean reward under the (sub-) optimal rule defined as the optimal rule over a parametric class of candidate
rules. ( ) derive CIs for the actual mean reward under the optimal rule. In the
more general case where exceptionality can occur, different approaches have been considered (

, ; , ; , ; , ). Here, we focus
on the non-exceptional case under a companion margin assumption ( , ).

We already unveiled that our pivotal TMLE is actually conceived as an estimator of the mean reward
under the current estimate of the optimal rule. Worthy of interest on its own, this data-adaptive statistical

parameter (or similar ones) has also been considered in ( ; ; ) »D3

Our main result is a central limit theorem (CLT), which enables the construction of various CIs. The

analysis (for the proofs that we omit here, see the full-blown , ) builds upon previous
studies on the construction and statistical analysis of targeted covariate-adjusted, response-adaptive trials
also based on TMLE ( ; , ). The

asymptotic variance in the CLT takes the form of the variance of an efﬁment influence curve at a limiting
distribution, allowing to discuss the efficiency of inference. One of the cornerstones of the theoretical study
is a new maximal inequality for martingales with respect to (wrt) the uniform entropy integral. Proved by
decoupling ( , ), symmetrization and chaining, it allows us to control several empir-
ical processes indexed by random functions.



Organization. The manuscript is organized as follows. Section 2 presents our sampling strategy and how
we implement TMLE. Section 3 describes the convergence of the data-adaptive sampling strategy, states the
CLT satisfied by the TMLE, and Section 4 discusses the construction of CIs based on it. Section 5 illustrates
the manuscript with the results of a simulation study. Section 6 concludes the manuscript (on a twist).

2 Sampling strategy and targeted minimum loss estimation

Let us introduce some notation. We let Q()yy and o,y respectively denote the true conditional expectation
Qoy(a, W) = Eg, (Y (a)|W) (for a = 0,1) and related “blip function” gy (W) = Qo.y (1, W) — Qo.y (0, W).
More generally, every (measurable) function Qy from {0,1} x W to ]0, 1] is associated with its blip function
Gy(W)=Qy(1,W) — Qy (0, W). Thus,

ro(W) = argmax Qo y (a, W) = 1{go.y (W) > 0} = R(Qo.y ) (W) (0.1)

a=0,1

(recall that, by convention, ro(WW) = 1 if equality occurs), 1y equals Eg, (Q07y(r0(W), W)) and 1, o equals
Eq, (QO,Y(TTL(W)’ W)) _ _

The adaptive sampling strategy and TMLE rely on a working model Qy and loss function Ly for Qo y
that we determine prior to starting the controlled experiment. Requirements on the complexity of Qy will
be given in Section 3. They also rely on a non-decreasing, Lipschitz function G from [—1,1] to [0,1] such
that G(0) = 1/2 and, for some fixed and small real numbers p,& > 0, || > £ implies G(z) =p if x < 0 and
Glz)=(1-p)ifz>0

2.1 Sampling strategy

The first ng randomized actions Ay, ..., A,, are drawn from the Bernoulli distribution with parameter 1/2.
In other words, we set g; = g* fori = 1,...,no where g®(1|W) = 1—g¢*(0|W) = 1/2, thus giving equiprobable
chance to each action to be carried out as long as deemed necessary to start estimating Qo y from the accrued
observations. Suppose now that Oq,...,0,_1 have been observed. Explaining how the next observation is
obtained will complete the description of the sampling strategy.

We estimate Qo)y with

n—1

> — A 9" (Ai[W;)

Qny € argmin Ly (Qy)(0;)————=. 0.2
' Gyedy M1 ; v (@) gi(Ai[W;) (0.2)

The weights ¢°(A;|W;)/g:(Ai|W;) (i = 1,...,n) compensate for the fact that our observations are not identi-
cally distributed. We associate the above estimator with its blip function g, y and rule r, = R(Q,v)(W) =
1{Gn,y (W) > 0}. They are substitution estimators of goy and ry. We now define

Ins1(1W) =1 — g1 (0|W) = G(Qn,Y)(W)’

and thus are in a position to sample O,,;1: we request the disclosure of W, 1, draw A, 1 from the Bernoulli
distribution with parameter g, 11(1|W,41), carry out action A, 11, are granted reward Y, 11 = Y, 11(Ant1)
and form On+1 = (Wn+17 An+1, Yn+1).

The randomized action A, 1 rarely differs from the deterministic action r,(W,41) in the sense that

|gn+1(1|Wn+1) - rn(Wn+1)| 1{|@n,Y(Wn+1)| > 5} =p: (03)

if |Gn,y (Wy41)| is sufficiently away from 0, meaning that we confidently believe that one action is superior
to the other, then A, ; equals r,(W;,,41) with (large) probability (1 — p). On the contrary, if |G,y (Wn41)]
is small, meaning that it is unclear whether an action is superior to the other or not, then the probability
that A,11 be equal r,(Wy41) lies between (1 —¢) and 1/2, and is continuously closer to 1/2 as |G,y (Win1)|
gets closer to 0.



2.2 TMLE

The initial substitution estimator of v, o,

30
S\H

Z i) Wi),

may fail to be y/n-consistent and must therefore be enhanced. Fortunately, we can rely on TMLE. Indeed,
just like any mapping ¥, : P 4 — Eg (Y (p(W))) with a fixed rule p from W to {0, 1}, the data-adaptive
¥, is pathwise differentiable from the nonparametric set of all possible data—generating distributions Fg 4
of O = (W, A,Y) with g bounded away from 0 to [0, 1] ( ,b). Tts efficient
influence curve at Py 4 is A, (Q, g) where, for every rule p: W — {0,1}, A,(Q, g) is characterlzed by

2,(Q.9)(0) = (Y — Qy(p(W), W))W L Qu(p(W). W) — 0,(Pa.,). (0.4)

We let ¢ denote the quasi negative-log-likelihood loss function, which is characterized by
—£(Qy)(0) =Y log(Qy (A, W)) + (1 = Y) log(1 — Qy (A, W)),
and introduce the one-dimensional regression model through Qn’y given by

. A o (A 1{A=r,(W)}
logit (Qn)y(e)(A, W)) = logit (Qn,y(A, W)) +€ ATV
for all € € R. It is tailored to the estimation of ¥, o = ¥;, (Pq,.q,) in the sense that 20(Qn,y(€))(0)]e=0
equals (Y — Qv (A, W))1{A = r,,(W)}/gn(A|W), the component of A, (Qn,g,) which is orthogonal to
the set of Pg, g4,-square-integrable and centered functions of W. Here, @, denotes any distribution of
(W, Y (0),Y (1)) such that Eq, (Y (a)|W) = Qny(a, W) for each a = 0,1, Q,-almost surely.

The optimal fluctuation parameter is

1, - 9n(A: W)
€, € argmin — ZE(Qn,Y({f))(Ol)m

n
eeR i—1

Setting Qn v = Qu.y (), the TMLE of v, o finally writes

3-)(—
3\’—‘

Z Q;k Tn i Wz)

3 Convergence of sampling strategy and asymptotic normality of TMLE

We must choose the working model Oy and loss function Ly for Qoy in such a way that Oy and the sub-
sequent working models Ly (Qy) = {L(Qy) : Qy € Qy} and R(Qy) = {R(Qy) : Qy € Qy} be reasonably
large/complex relative to a measure of complexity central to the theory of empirical processes (
, ). Specifically, we must choose them so that Qy, L(Qy), R(Qy) be separable (countable
would be sufficient) and that each admit a finite uniform entropy integral wrt an envelope function (
, , Sections 2.5.1 and 2.6).
Introduce the norm || - ||g, characterized by || f[|3), = Ep, . (f2(0)). We will assume that Qy satisfies

the following assumption:



A1. There exists @1y € Qy such that Qy EPQO qb(Ly(Qy)(O)) from Qy to R is minimized at Q;y.

Moreover, Q1 y is well-separated in the sense that, for all § > 0,

Qo9

Ep , (Ly(Q1y)(0)) < inf{EPQO,gb (Ly (Qy)(0)) : Qy € Oy, |Qy — Q1,y g, > 5}-

Finally, ¢1,v = qo,vy-

The most stringent condition is the equality of the blip functions.
Our second assumption concerns the fluctuation/targeting step in the construction of the TMLE. Let g
be given by
go(LIW) =1 = go(0|W) = G (o, (W)). (0.5)

Just like g,, is an approximation to r,, see (0.3) and its comment, gy is an approximation to the optimal
rule ro. We will soon see that go is the limit of g,,. For every rule p : W — {0, 1}, consider the one-dimensional
regression model through @; y characterized by

(0.6)

logit (Ql,Y,p(E)(A» W)) = logit <Q1"Y(A7 W)+ Em>

for all € € R. We will assume that:

A2. For every rule p: W — {0, 1}, there exists a unique €y(p) € R which minimizes the real-valued mapping
e Epy o (6(Q1,v,p(€))(0)) over R.

The third and last assumption concerns Qg:

A3. The conditional distributions of Y'(0) and Y'(1) given W under @)y is not degenerated. Moreover, there
exist 1,72 > 0 such that, for all t > 0,

Po, (0 < [go,y (W) < 1) < mt™. (0.7)

Taking ¢t = 0 in (0.7) yields go,y (W) = 0 with probability zero under Q. In words, the optimal action ro(W)
is defined without ambiguity Qp-almost surely. In the terminology of ( , ), Qo is non-exceptional.
More generally, (0.7) for ¢ > 0 is a known as a margin assumption. Inspired from the seminal article (
, ), A3 formalizes a tractable concentration of g y (W) around 0, where our inference task
is the most challenging.
We may now state our results. According to the first proposition, the sampling strategy nicely converges
as n tends to infinity:

Proposition 0.1. Under A1, A2 and A3, it holds that ||Qny — Q1.v |los 1@ny — @0,y los lITn — T0llQos
llgn. — gollQ, and the non-negative data-adaptive parameter o — 1y, o all converge in probability to zero as
n tends to infinity.

The second proposition establishes the asymptotic normality of \/n(1} — ., o). Let us introduce Qiy =
Q1.v.ro(€0(r0)) (see (0.6) and A2), Dj given by

HA=ro(W)} | >

Di(0) = (Y - Q1 y(A,W)) AWy T Q1,y (ro(W), W) — 4o, (0.8)

and o7 = Ep,_ . (Di(0)?). Analogously, recalling the definition of Q7 y = Qn.y (€n), let us define

H{A; = rp(Wy)}

Dy:(0;) = (Vi — QZ,Y(Aiv W) 9i(A;|W3)

+ Q5 y (ra(Wi), W) =) (each 1 <i < n)

n

then 02 =n=t 3" | D:.(0;)%



Proposition 0.2. Under A1, A2 and A3, v consistently estimates 1., o hence 1y as well by Proposi-

tion 0.1. Moreover, o2 consistently estimates o3, which is positive, and \/n/o2 (Y} — ., o) converges in law
to the standard normal distribution as n tends to infinity.

Obviously, the larger is vy, from A3, the less concentrated is G,y (W) around zero under @, the less
difficult is our inference task. If we assume that y2 > 1 and that the rate of convergence of G,y to o,y
is sufficiently fast, then a first corollary to Proposition 0.2 shows that /n(¢y — 1) is also asymptotically

_ 1 1
normal. Introduce 3 = 7 + T
Corollary 0.1. Under A1, A2 and A3, if 7o > 1 hence 3 € (%, %] and if 0% ||Gn,y — do,vllQ, converges
in probability to zero as n tends to infinity, then the data-adaptive parameter \/n(y,. o — o) converges in
probability to zero as n tends to infinity. Therefore, \/n/o2 (¥l —1bg) converges in law to the standard normal
distribution as n tends to infinity.

The proofs of Propositions 0.1, 0.2 and Corollary 0.1 rely on arguments typical of empirical processes
theory and the analysis of TMLEs ( , ). The underlying martingale structure of the em-
pirical process proves again a nice extension to an iid structure.

Let @7 be any distribution of (W,Y(0),Y (1)) such that W has the same distribution under Qo
and Q7 and Eg;(Y(a)|W) = Qfy(a,W) for each a = 0,1, Qo-almost surely. The influence func-
tion Di in (0.8) equals A, (Q7,90), the efficient influence curve of ¥, at Pg: 4, (0.4). Consequently,

U% = lijPQoﬂo (7A7'0(Qx1(790)(0)2)' B B
If @1,y = Qo,y (a stronger condition than equality g1,y = go,y in A1), then Q7 y = Qo y (because €y(ro)
from A2 equals zero) hence o7 = Ep, (Ary(Qo,90)(0)?): the asymptotic variance of /n(v; — ¥y, o)
coincides with the generalized Cramér-Rao lower bound for the asymptotic variance of any regular and

asymptotically linear estimator of ¥, (Pg,,¢,) = %o when sampling independently from Pg, 4, (
, ). Otherwise, the discrepancy between oF and Ep, . (4Ar,(Qo,90)(0)?) will vary subtly

depending on that between Q) y and Q07y, hence in particular on our working model Qy-.

4 Confidence intervals

Set a confidence level a €]0,1/2[ and let §;_,/2 be the corresponding (1 — «/2)-quantile of the standard
normal distribution. By Proposition 0.2 and Corollary 0.1, the TMLE can be used to construct Cls for the
data-adaptive parameter v, o or g itself, as stated in this second corollary to Proposition 0.2:

Corollary 0.2. Under the assumptions of Proposition 0.2,

{w;; - fl_a/zf/"ﬁ] (0.9)

contains ., o with probability tending to (1 — «) as n tends to infinity. Moreover, under the stronger as-
sumptions of Corollary 0.1, the above CI also contains 1y with probability tending to (1 — «) as n tends to
infinity.

Deriving a CI for R,, is not as immediate because of its counterfactual nature. We need to introduce a
new assumption:

A4. There exist an infinite sequence (U, ),>1 of iid random variables independent from (Wyn)n>1 and taking
values in U and a deterministic (measurable) function Qo y mapping {0,1} x & x W to |0, 1] such that
Y, (a) = Qo,y (a, Uy, W,,) for all n > 1 and both a = 0, 1.



With A4, we frame the present discussion in the context of non-parametric structural equations mod-
els ( , ). The notation Qo y is justified by the equalities

QO,Y(af’ Wn) = EQO (Yn(a)|Wn) = EQO (@O,Y(ay UTLv Wn)|Wn)

showing that, for each n > 1 and a = 0,1, the conditional mean of Y, (a) given W, is obtained by averaging
out U, from Qo y (a, Uy, W,,) conditionally on W,.
Introduce

3= Epg, . ((D’{(O) + 10 — Qo (ro(W), W))Q) ;

1 & N = 2
s = - > (D;i(00) + 45 = Quy (rn(Wi), Wi)) ™
i=1
The latter is an empirical counterpart to and estimator of the former. We may now state the last result of
this manuscript, which exhibits a conservative CI for R.,,:

Proposition 0.3. Under A1, A2, A3 and A4, s? consistently estimates s3, which is positive. Moreover,

L1y
vn - ;Y + €1-a/2 (0.10)

Sn
N
contains R, with probability converging to (1 —a’) > (1 — «) as n tends to infinity.

The proof of Proposition 0.3 unfolds as follows. Pretending, contrary to facts, that U, is also observed
at each step though not used to define the TMLE, which is thus the same as before, we adapt the proof of
Proposition 0.2 to obtain a similar CLT. The normalization factor involved now depends on Uy,...,U, as
well. We straightforwardly derive from it a CI for R,, whose width A,, depends on Uy, ..., U, too. Fortunately,
we can prove that the width of the CI in (0.10) is always larger than \,. Since it is free of Uy,...,U,, this
yields the desired result. This clever scheme of proof draws its inspiration from ( , ).

5 Simulation study

We now illustrate Sections 2, 3 and 4 with a simulation study. Section 5.1 presents its settings and Section 5.2
its results.

5.1 Settings

Under Qq, the baseline covariate W decomposes as W = (U,V) € [0,1] x {1,2,3}, where U and V are
independent random variables respectively drawn from the uniform distributions on [0,1] and {1,2,3}.
Moreover, Y (0) and Y (1) are conditionally drawn given W from Beta distributions with a constant variance

set to 0.1 and means Qo y (0, W) and Qg y (1, W) satisfying
Go.y (W) = Qo (1,W) = Qoy (0,W) = % (U? = 5U + 2) + 31{U > |2 )}

and

o)

Qoy (LW)+ Qoy(0,W) =5 + 57— (cos (240) 1{4U < V} +sin (gﬁlf:vv) 1{4U >V} — %) :

The conditional means Qo y (0,-), Qo y(1,-) and associated blip function gpy are represented in Fig-
ure 0.2 (left plots). We compute the numerical values of the following parameters: 19 &~ 0.5570 (mean
reward under optimal rule rg); Varon o A(Qo,9°)(0) ~ 0.18122 (variance under Py, ,» of the efficient in-

fluence curve of ¥ at Py b, i.e., under Qo with equiprobability of carrying out action a = 1 or a = 0);



Varp, . A(Qo, 90)(0) ~ 0.15482 (variance under Py, g, of the efficient influence curve of ¥ at Py, 4, i-€.,
under Qo and the approximation go to ro); and Varp, . A(Qo,70)(0) = 0.1512% (variance under Pg, , of
the efficient influence curve of ¥ at Py, r,, @.€., under Qo and ro).

We set p = 10%, £ = 1% and choose G characterized over [—1,1] by

G(z) =pl{z < —€} + (—%@;%3 + 22T+ %) H{-t<z<&+(1-pi{z>e}

Reducing p to 5% did not change the results significantly (not shown). Working model Qy consists of
functions Qy, s mapping {0,1} x W to [0, 1] such that, for each a = 0,1 and v € {1, 2, 3}, logit Qy,s(a, (U,v))
is a linear combination of 1, U, U?,...,U® and 1{% <U< 1%} (1 < j <10). The resulting global parameter
B belongs to R, Neither Qo’y nor go,y belongs to Qy or {qvp : Qy’g S Qy} However, expit(Gy,o) does
belong to the latter working model.

The targeting steps are performed when sample size is a multiple of 25, at least 200 and no more than
1000, when the experiment is stopped. Working model Qy is fitted wrt quasi log-likelihood loss function ¢
using the cv.glmnet function from package glmnet ( , ), with weights given in (0.2) and
the option "lambda.min". This means imposing (data-adaptive) upper-bounds on the ¢!- and ¢?-norms of
parameter § (via penalization), hence the search for a sparse optimal parameter.

We repeat N = 1000 times, independently, the strategy described in Section 2. Each time a targeting
step is performed, we construct the Cls of Corollary 0.2 and Proposition 0.3, with a nominal coverage set to
(1 —a) =95% for each of them.

5.2 Results

Figures 0.1 and 0.2 illustrate a typical realization. Figure 0.2 represents Qo,y, go,y and their estimators
Qn,y, dn,y at final sample size n = 1000. The top plot of Figure 0.1 shows the 95%-CI I,, in (0.9) at every
sample size n where a CI is derived. By Corollary 0.2, the probability of the event “i, o € I,,” is more likely
to be close to 95% than the probability of the event “1Yg € I,,” in the sense that the latter property requires
that the rate of convergence of g, y to goy be sufficiently fast. Nevertheless, we observe on this realization
that each I,, contains both its corresponding data-adaptive parameter ;. o (pink cross) and g (blue line).
Moreover, the difference between the length of I,, and that of the vertical segment joining the two curves of
the same nuance of darker gray at sample size n gets smaller as n grows. This indicates that the variance of
5, gets closer to the optimal variance Varp, . A(Qo,70)(O) as n grows.

The bottom plot of Figure 0.1 shows the actual value of R,, (green cross) and 95%-CI in (0.10) at every
sample size n where a CI is derived. We observe on this realization that the regrets are all positive, a fact
that was not granted. Moreover, each CI contains its corresponding data-adaptive parameter R,,.

We can evaluate if our 95%-Cls achieve their nominal 95%-coverage. To do so, we carry out binomials
tests. By construction, the empirical number of CIs which cover v, ¢ is a random variable drawn from a
Binomial distribution with parameters (N, 7). We choose to test the null “r > 95%” against its one-sided
alternative “m < 95%”. A large p-value is interpreted as the absence of empirical evidence supporting that
the CI does not achieve its nominal coverage. We do the same for vy and R,,, mutatis mutandis.

Instead of reporting 3 x 33 = 99 empirical proportions of coverage and related p-values, we simply plot
the logarithms of the p-values of the tests evaluating the coverage of v, ¢ and vy, see Figure 0.3. Overall,
the orange curve dominates the green one, indicating that empirical coverage tends to be higher for ¥, o
(it ranges between 0.917 and 0.955 with an average of 0.940) than for 1y (it ranges between 0.919 and 0.946
with an average of 0.937). This does not come as a surprise, as argued in the first paragraph of this section.
Moreover, a majority of the p-values are larger than 5% (top grey horizontal line), and even more of them
are larger than the Bonferroni-corrected threshold of 5/33%. Furthermore, the smallest p-values correspond
to sample sizes n = 200 and n = 225, where inference is based on little information. As for the coverage of
R, it is far above the nominal 95%-coverage, ranging between 0.951 and 0.990 with an average of 0.997.
This does not come as a surprise either since the Cls for R,, are conservative by construction.
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Fig. 0.1. Illustrating the data-adaptive inference of the optimal rule, its mean reward and the related
regret (see also Figure 0.2). Top plot. The blue horizontal line represents the value of the mean reward under the
optimal rule, 1. The gray curves represent the mapping n — 1o + €g7.59,0%/+/n (k = 1,2), where o1 = 0.1512 is the
square root of Varp, . A(Qo,70)(0) (darker gray) and o2 =~ 0.1812 is the square root of Varonygb A(Qo, ¢°)(0)
(lighter gray). Thus, at a given sample size n, the length of the vertical segment joining the two darker gray curves
equals the length of a CI based on a regular, asymptotically efficient estimator of 9. The pink crosses represent the
successive values of the data-adaptive parameters v, 0. The black dots represent the successive values of 1, and
the vertical segments centered at them represent the successive 95%-ClIs for 1., o and, under additional assumptions,
for 1o as well. Bottom plot. The green crosses green represent the successive values of regret R,. The black dots
represent the successive values of ¢ — n~! >7_ . Yi, and the vertical segments represent the successive 95%-ClIs for
Rn.
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regret through the representation of the conditional mean Qo vy, blip function oy and their estimators
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6 Conclusion (on a twist)

We acknowledged that assuming the equality iy = @o,v in A1l is a stringent condition. It happens that the
equality is mandatory only in the context of Corollary 0.1, which provides sufficient conditions for the TMLE
to estimate 9y, the mean reward under ry. Yet we argued that we are more interested in the data-adaptive
parameter ¢, o, the mean reward under r,,, than in ¢o. What can be said then without assuming ¢; y = ¢o,v'?

Let A1* be assumption A1l deprived of its condition g1y = Go,y. In light of (0.1) and (0.5), let rule rq
and its approximation g be given by m (W) = 1{g1,y (W) > 0} and ¢g:(1|W) =1 — g1 (0O|W) = G(q1,y (W)).
Introduce

U1 = Eq, (Y(n(W))),
the mean reward under rule r1. Now, let A2* be assumption A2 with e = Ep,  (£( _Q’Y’p(e))(O)) substi-
tuted for e — Ep, (€(Q1,v,0(€))(0)), where Q’LY,p(e) is defined as in (0.6) using g; in lieu of go. Introduce
Q;*,Y,n = Q’Ly’n(eo(rl)) and, in light of (0.8), D;* given by

HA=r (W)}

Dr(O)= (Y = Qv (A )= oy

+ QY y (ri (W), W) — 4,

then X7 = Epq, .o (Dy*(0)?). Finally, consider the following counterpart to A3:

A3*. The conditional distributions of Y'(0) and Y (1) given W under Qo is not degenerated. Moreover, there
exist 71,72 > 0 such that, for all t > 0,

Po, (0 < gy (W) <t) < mt™. (0.11)

In addition, the ratio |go,y/q1,v| can be defined and its (essential) supremum is finite.

The margin condition in A3* now concerns the limit blip function g y. The true blip function goy needs
not take positive values Qop-almost surely anymore. As for the constraint on the ratio |go.y/q1,y| (which is
obviously met when ¢,y = go,y ), we could simply enforce it by choosing Oy in such a way that |gy| >0 >0
for all Qy € Qy. We may now state the final result of this manuscript.

Proposition 0.4. Under A1*, A2* and A3%*, it holds that |Qny — Q1v|0os llGny — @y lloos ' —
r1llQos l1gn — 91llQ, and the data-adaptive parameter yn — b, o all converge in probability to zero as n tends
to infinity. Furthermore, 1y, consistently estimates 1, o hence 11 as well. It does so in such a way that
\/n/o2(E — by, o) converges in law to the standard normal distribution as n tends to infinity, where o2
consistently estimates the positive X?.

Therefore, under the assumptions of Proposition 0.4, the CI defined in (0.9) still contains ), o with
probability tending to (1 — «) as n tends to infinity. The most important result of the manuscript is thus
preserved without assuming that the limit blip function and the true one coincide.
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