N

N
N

HAL

open science

Large deviations for the dynamic ®*" d model

Sandra Cerrai, Arnaud Debussche

» To cite this version:

Sandra Cerrai, Arnaud Debussche. Large deviations for the dynamic ®?” d model. Applied Mathe-

matics and Optimization, 2019, 80 (1), pp.81-102. 10.1007/s00245-017-9459-4 . hal-01518465

HAL Id: hal-01518465
https://hal.science/hal-01518465

Submitted on 4 May 2017

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01518465
https://hal.archives-ouvertes.fr

Large deviations for the dynamic ®3" model

Sandra Cerrai* Arnaud Debussche!
University of Maryland, IRMAR, ENS Rennes, CNRS, UBL,
United States France
Abstract

We are dealing with the validity of a large deviation principle for a class of reaction-
diffusion equations with polynomial non-linearity, perturbed by a Gaussian random forcing.
We are here interested in the regime where both the strength of the noise and its correlation
are vanishing, on a length scale € and §(e), respectively, with 0 < ¢€,0(e) << 1. We prove
that, under the assumption that € and §(e) satisfy a suitable scaling limit, a large deviation
principle holds in the space of continuous trajectories with values both in the space of
square-integrable functions and in Sobolev spaces of negative exponent. Our result is
valid, without any restriction on the degree of the polynomial nor on the space dimension.

1 Introduction

We are dealing here with the equation

Opu(t, &) = Ault, &) + f(u(t, ) + Ve (t,€), t>0, {e€ D,
(1.1)
w(0,6) =x(¢), £€ D,  uté=0 t>0 E€ D,

defined in a bounded smooth domain D C R?, with d > 1. The nonlinearity f is given by the
polynomial
fr)y == L X ir+ Xy, reR,

for some n € N and Aj, Ay € R. The forcing term £°(t,€) is a zero mean space-time Gaussian
noise, white in time and colored in space, with correlation of order §, and ¢ > 0 is the parameter
that measures the intensity of the noise.

If & > 0, then, by using classical arguments in the theory of SPDEs, it is possible to
show that, for every fixed ¢ > 0, equation (1.1) is globally well posed (for a proof, see e.g. [7,
Theorem 7.19]). On the other hand, if the space dimension d is bigger than 1, and the Gaussian
noise is white, both in time and in space, (that is 6 = 0) the well-posedness of equation (1.1)
is a problem and a proper renormalization of the non-linear term f is required. In case of
space dimension d = 2, this renormalization is realized through the Wick ordering (to this
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purpose, see [6], [13] and [15]). In case d = 3 and f is a polynomial of degree 3, the proof of
the well-posedness of the problem requires a considerably more complicated renormalization
of the non-linearity (see [11], and also [16] for the global well-posedness). Nothing of what we
have mentioned applies in dimension d = 4 and higher.

Here, we are interested in the validity of a large deviation principle for equation (1.1),
when both € and ¢ go to zero. In [5] it has been studied this problem when first ¢ — 0 and
then § — 0, in the case f is a Lipschitz-continuous nonlinearity, without any restriction on the
dimension. It has been proved that the action functional I%, that describes the large deviation
principle for the family {u§}eso in the space C([0,77]; L*(D)), is I'-convergent, as § | 0, to the

functional T 2
Fr(w) =5 [ 100(t) = Aut) = £ () gy (1.2

The functional I7 corresponds to the large deviation action functional for equation (1.1), in case
of space-time white noise, when well-posedness is a challenge. In particular, the I'-convergence
of I% to I7 has allowed to obtain the converge of the quasi-potential and, as a consequence,
the approximation of the expected exit times and exit places from suitable functional domains
by the solution of equation (1.1).

In [12], Hairer and Weber have studied the large deviation principle for equation (1.1),
with f(r) = —r3 4+ A1r, in dimension d = 2,3, under the assumption that § = 6(¢). By using
the recently developed theory of regularity structures, they have proved the validity of a large
deviation principle for the family of random variables {u}¢~q, where u, = ug(e), in case

lim 6(e) = 0. (1.3)

e—0

Actually, they have proved that if, in addition to (1.3), the following conditions hold

111%6 logd(e)™t =pe [0,00), ford=2, 111%6(5(6)_1 =pe€ [0,00), ford=3, (1.4)
€E—r €E—r

then the family {u}e>o satisfies a large deviation principle in C([0, 7], C"(D)), where C"(D)
is some space of functions of negative regularity in space, with respect to the action functional

1 T
I (u) = 5/0 |8tu—Au+cpu+u3|%2(D) dt.

Here ¢, is some explicitly given constant, depending on p and d, and such that co = —A;.
In [12], Hairer and Weber have also considered the renormalized equation

Oru(t, §) = Au(t, &) + (e + Bech)) =9 e u(t,€) - u(t,§) + VeI (1,9),

U(O,g) = uO(g)a e D,

(1)

where C5(e) and 0(2)

o(e
have proved that if( i)n this case (1.3) holds, then the family of solutions {u,}~q satisfies a large
deviation principle in C([0, 7], C"(D)), with action functional I9.

Hairer and Weber’s proof of the large deviation principle relies strongly on the understand-
ing of the renormalized equation even for the schemes without renormalization. In particular,

are the constants that arise from the renormalization procedure. They



in [12] they claim that it is not clear whether a large deviations principle holds in higher
dimensions, even in the regime e << §(e)4 2.

In the present paper, by using the so called weak convergence approach to large deviations
(see [2]), we extend Hairer and Weber’s result to polynomials f of any degree and to any space
dimension d > 2. Actually, we prove that the family of solutions {u,}e~o of equation (1.1)
satisfies a large deviation principle in C([0,T]; H *(D)), for every s > 0, with respect to the
action functional I7 defined in (1.2), under the assumption that § = d(¢) satisfies condition
(1.3) and (in case of periodic boundary conditions)

lim € 1 = if d =2
lim e og 0(€) 0, ifd=2,

and

limed(e)~ @2 =0, ifd>3. (1.5)

e—0
Moreover, we prove the validity of a large deviation principle in C([0,T]; L*(D)), with

respect to the same action functional I, under the more restrictive assumption that

limed(e)™ =0, (1.6)

e—0

for some 1 > d — 2. In fact, in the present paper we consider Dirichlet boundary conditions in
a general smooth bounded domain D and, in this case, scalings (1.5) and (1.6) become slightly
different (see Theorem 5.1 for the precise statement).

2 Notations

Let D be a bounded domain in R?, having smooth boundary. In what follows, we shall denote
by H the Hilbert space L?(D), endowed with the usual scalar product

() = /D (€)y(€) d,

and the corresponding norm | - |g. Moreover, we shall denote by E the Banach space C(D),
endowed with the supremum norm

2| = sup [z(§)],
ze D

and the duality (-, ) g g+. For any p € [1,00]\ {2}, the norms in LP(D) will be denoted by |- |,
and the duality between LP(D) and L%(D), with p~1 + ¢~ = 1, will be denoted by (-, ), 4
Next, for any x € E, we denote

My={¢€ D : x| =lz[p}.

Moreover, if x # 0, we set

Ma::{(szv,g € E*;§€ Mm}y
where d, ¢ is the element of the dual £* defined by

Oz, Y) B Ex = %7 ye k.
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For x = 0, we set

Mo={he E*: |h|p-=1}.

Clearly, we have
My € Ofels = { he B [blo = 1, (ha)s e = lalz }.

for every z € FE, and, due to the characterization of J|z|g, it is possible to show that if
#M, = 1, then M, = 9|z|g. In particular, if u : [0,7] — E is any differentiable mapping,
then

q-
yn u(t)|e < (W' (t),6) g g - (2.1)
for any t € [0,7] and § € M, (for all details we refer e.g. to [7, Appendix D] and also to
[3, Appendix A]).

In what follows we shall denote by A the realization in H of the Laplace operator A,
endowed with Dirichlet boundary conditions. That is

D(A)={uce W24(D) : u(x) =0, x € dD }, Au = Au.

In fact, with the same arguments that we will use in the case of Dirichlet boundary conditions,
we can also treat Neumann or periodic boundary conditions.

It is possible to check (see e.g. [9] for all details and proofs) that A is a non-positive and
self-adjoint operator in H, which generates an analytic semigroup e!4 with dense domain. In
[9, Theorem 1.4.1] it is proved that the space L'(D) N L>(D) is invariant under ', so that
!4 may be extended to a non-negative one-parameter contraction semigroup Ty(t) on LP(D),
for all 1 < p < co. These semigroups are strongly continuous for 1 < p < oo and are consistent,
in the sense that T,,(t)u = T (t)u, for all v € LP(D) N LY(D). This is why we shall denote all
T,(t) by e!4. Finally, if we consider the part of A in the space of continuous functions F, it
generates an analytic semigroup which has no dense domain in general (it clearly depends on
the boundary conditions).

The semigroup et is compact on LP(D) for all 1 < p < oo and t > 0. The spectrum
{—ag}ren of A is independent of p and et is analytic on LP(D), for all 1 < p < co. Moreover,
there exists ¢ > 0 such that

ki §ak§ck%, ke N. (2.2)

In what follows, for every s > 0, we denote by H*(D) the closure of H with respect to
the norm

00
’1"%{75([)) - Z xz (X];S.
k=1

Concerning the complete orthonormal system of eigenfunctions {ex}ren, in case D =
[0, L]¢, we have supycy lexloo < 00. In case of a general bounded domain D in RY, with
d > 1, having a smooth boundary, we have that there exists some ¢ = ¢(D) > 0 such that

d—1
lekloo <cap®,  keN
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(for a proof see [10], where the estimate above is proved for d-dimensional compact manifold
with boundary). In particular, due to (2.2), we have

d—1
lekloo <ck2, ke N.
Thus, in what follows, we will assume the following condition
Hypothesis 1. There exist o« = a(d) > 0 and ¢ > 0 such that

lex|?, <ckd, ke N. (2.3)

Now, for every = : D — R we shall denote

where
flr)= 2t XN+ X\, e R,

for some n € N and A\j, Ao € R. It is immediate to check that F' maps F into E continuously,
is locally Lipschitz continuous and

|F(z)|g <c(lz[zt'+1), a2€ E.
Moreover, for every z,y € E and 6 € M,_,, we have
(F(z) — F(y),0)p.px <clr—ylg, =z,y€ E. (2.4)
It is also possible to check that, if we denote

2(n+1)

-y 1 7
Pn=2(n+1), qn 1

then F' maps LP"(D) into L9 (D) and for every z,y € LP*(D) we have
|[F(z) = Fly)lg; < /D [2(€) = y(©I" (J2©F" + [y(©P" +1)™ de

S c ‘x -y ;172 (‘x’pn + ‘y’pn + ]‘)ann .
This implies that for every z,y € LP*(D)
|F(2) = F(W)lga < ¢l = ylpa (J2lor + [ylpr +1) - (2.5)

In particular, we get
|F(x)]q, <c (]x\lz,:f“ + 1) , x€ LP(D). (2.6)

Moreover, there exists some constant ¢ > 0 such that for every r,s € R

(f(r) = F(s)(r = 5) < —clr — s + Ay |r — s,



and this implies that for every x,y € LP*(D), it holds
(F(z) = F(y),x — Y)gnpn < —Clz — y\gz + A1 |z — y\fq (2.7)
In what follows, for every N > 0 we shall define
f(r), Ir| <N,
In(r) =
f(NT/Ir]), Ir| > N.

and we shall denote by Fn the composition operator associated with fy. As fnv : R — R
is Lipschitz continuous and bounded, the mapping F : E — E is Lipschitz-continuous and
bounded. For every M > N, we have

2l < N = Fu(z) = Fy(z) = F(2). (2.8)
Moreover, it is possible to verify that for every N >0 and 6 € M,_,
(Fn(z) = FN(Y), 0—y)EBr < clz —ylp, 9 € E, (2.9)

for some constant ¢ independent of V.

3 The model

As we mentioned in the introduction, we are dealing here with the equation

Opu(t, &) = Au(t, &) + f(u(t,&)) + Ve’ (t,€), t>0, (€D
(3.1)
u(0,8) = x(¢), &€ D, u(t,§) =0, t>0, &e aD.

Concerning the random perturbation w’(t), we assume that for every § > 0 it is a cylindrical
Wiener process in L?(D), white in time and colored in space, with covariance

Qs = (I+5\/3)_26,

for some 5 = f(d) > 0, depending on the space dimension d. This means that w? (t) can be
represented as

w’(t) =D Me(0)ex B(t), >0,
k=1

where {fk(t)}ren is a sequence of independent standard Brownian motions defined on a
stochastic basis (Q, F, {F; }+>0,P), {ex}ren is the complete orthonormal systen of L?(D) that
diagonalizes A (see Section 2) and

M) =(1+0ar) ™, keN, (3.2)



Hypothesis 2. For every d > 1, we assume

d—2+«

f=pd) > —F—, (3.3)

where o = a(d) 1is the non-negative constant introduced in Hypothesis 1.

With the notation introduced in Section 2, for every €, > 0 equation (3.1) can be rewritten
as the following abstract evolution equation

du(t) = [Au(t) + F(u(t))] dt + edw?(t), u(0) = z. (3.4)
Due to Hypothesis 2, for every €, > 0 the linear problem
dz(t) = Az(t) dt + edw(t), 2(0) =0,

admits a unique mild solution z§ belonging to LP(£2; C([0,T; E)), for every p > 1 and T' > 0.
Therefore, as proved in [7, Theorem 7.19], for any initial condition x € H, equation (3.4)
admits a unique mild solution u§ € LP(Q;C([0,T]; H) N L2"+2)((0,T) x D)), for every p > 1
and 7" > 0.

4 The skeleton equation

We are here interested in the study of the well-posedness of the following deterministic problem

du

E(t) = Au(t) + F(u(t)) + ¢(t), u(0) ==, (4.1)

where the control ¢ is taken in L?(0,T; H) and the initial condition z in H.
We recall that a function v in C([0,7]; X) is a mild solution to equation (4.1) if

t t
u(t) = ea + / eU=DAR (u(s)) ds + / =) (s) ds,
0 0

(here we denote by X either H, or E, or LP(D), for p > 1).

Theorem 4.1. For every T > 0 and for every x € H and ¢ € L*(0,T;H), there erists a
unique mald solution u™% to equation (4.1) in C([0,T]; H) N LP*((0,T) x D). Moreover

[u™ o) + U Lon (0,1 <0y < e (1+ |27 + [l r20,7:m) - (4.2)
Proof. For every N > 0, we introduce the approximating problem

W t) = Au(t) + Fx(u(t) + (1), u(0) == (4.3)

As Fy : E — E is Lipschitz continuous, if x € E and ¢ € L?(0,T; E) there exists a unique
mild solution uy € C([0,T]; E). In case we want to emphasize the dependence of uy on the
initial condition x and the control ¢, we will denote it by uy?.



Now, according to (2.1) and (2.9), for every (¢, N) € M, ) we have

%_IUN(WE < (Aun(t),6(t, N))p,p+ + (Fn(un(t)) — FN(0),6(t, N)) B B+

+(EN(0),0(, N))g.gx + (p(8),0(t, N))gp+ < clun(t)le + let)|e + Az,

so that
lun(®)| e < er (|2lg + leleqome) + X2),  te [0,T].

According to (2.8), this means in particular that if we fix
N > cr (|'I|E + |QD|C([0,T};E) + )\2) ;

and define
ut?(t) = ug?(t), te[0,T],

the function u®¥ is a mild solution to problem (4.1). Moreover, u™% is the unique mild solution.
Actually, if v; and vy are two mild solutions in C([0,7]; E) and p = v; — vg, due to (2.4), for
every 0 € M) we have

%]P(t”E < (Ap(t),0) .5+ + (F(01(t)) = F(v2(1), 0) g6+ < c|p(t)| e,

and, as p(0) = 0, we can conclude that vy (t) — va2(t) = p(t) = 0, for every t € [0,T].
Now, if x € H and ¢ € L%*(0,T; H), let {x;}reny C E and {pp}ren C L2(0,T; E) be two
sequences such that
Jm |2k — 2|0 + ok = @lr20r;m) = 0. (4.4)
If we fix k,h € N and define p := u*%k — y*m¥h we have that p is a mild solution to the

problem

% (1) = Ap(t) + [F(u#4(1) — F(u™ o (1) + [oelt) — n(0],  p(0) = i —

Therefore, due to (2.7), we have

1d

5 77 PO < (Ap(®), p(8) 1 + (F (™25 (1)) = F(u™ 24 (1)), p(t)) g

+or(t) — on(t), p(t) g < —clp®)br + c|p(t) |7 + ler(t) — on(t) %
This implies that
2 ! 2 2
[p(8) |31 +/0 [p(s)[pn ds < cr (‘xk‘ —anly + ok — ‘Ph‘L2(o7T;H)) : (4.5)
In particular, due to (4.4), we have

] Tk, Th, Tk, Th, —
k%ﬁx, [u" P — P oo 1y + [ PR — u P o (0,7 % D) = 0,



so that the sequence {u™*%*};cn converges in C([0,T]; H)NLP*((0,T) x D) to some u™%, that
satisfies estimate (4.2).

Thus, in order to conclude the proof of the present theorem, we have to show that u™¥ is
a mild solution to equation (4.1). For every k € N, we have

t t
uTPR (1) = ety + / eU=DAR (u%x (5)) ds + / =40, (s) ds. (4.6)
0 0

According to (2.5), we have

/O et=)A [ (P (5)) — F(u™9(s))] ds

qn

< c/ot [F(u™%(s)) = F(u™7*(s))lg, ds

t
< 6/ [u#(s) = u™ P (s)]p, (Ju™(s)lpn + [u™ P (s)[; +1) ds,
0

Therefore, since both ©™% and u”*%* satisfy estimate (4.2), we get
T
/

1
T o T
< </ ’um,W(s) _ umk,m(s) gz ds> </ (\ui’:’*"(s) ?)Z(In + ‘u:vk,w(s)‘g:qn) ds + 1)
0 0

/0 U= (u®9(s)) — F(u™%%(s))] ds| dt

qn

1

an

< er(@, @) [u™? — U™ Lo 0.1y % D) -

Moreover, since we have

sup

< erle = wklr20,1;m)
te [0,T

/0 )4 [o(5) — oy (s)] ds

H

and

sup ‘etA(x — xk)|H < |z —x|H,
te (0,7

due to (4.4) and (4.7) we can take the limit, as k£ T oo, in both sides of (4.6) with respect to
the L1(0,T; L9 (D))-norm and we get that u®% satisfies the equation

t t
uTP(t) = elx + / U=DAR (W9 (s)) ds + / =945 (s) ds.
0 0

Finally, as any solution u™% satisfies estimate (4.2), uniqueness follows.



5 The large deviation result

In Section 3 we have seen that for every €, > 0 and every initial condition x € H, equation
(3.4) admits a unique mild solution u§ € LP(Q;C([0,T]; H) N L™V ((0,T) x D)). Here and
in what follows, we shall assume that 6 = d(€) > 0, for every € > 0, with

lim é(e) = 0.

20

Our purpose is proving the validity of a large deviation principle in the space C'([0,T]; H*(D)),
for s > 0, and in the space C([0,T]; H), as € — 0, for the family of random variables {u}¢>0,
where ue = ug(g), for every € > 0. If we want to emphasize the dependence of u, from its initial
condition, we denote it by u?.

Theorem 5.1. Let Hypotheses 1 and 2 be satisfied and assume that

lim 6(e) = 0.
e—0
If
ll_)Hé eA(0(e)) =0, (5.1)
where
log 6~ 1, ifa=0and d =2,

A(d) =

§—(d=242)  stherwise,

then, for every initial condition x € H and for every s > 0, the family of random wvariables
{u?}eo satisfies a large deviation principle in C([0,T); H*(D)), with action functional

In(u) = /O (1) — Au(t) — F(u(®)[?, dt. (5.2)

Moreover, if there exists v > d — 2 + « such that

limed(e)™7 =0, (5.3)
e—0
then the family {u?}eso satisfies a large deviation principle in C([0,T]; H), with respect to the
same action functional Ip.

As we have already done in our previous paper [4], where we have studied an analogous
problem for the 2-dimensional stochastic Navier-Stokes equation with periodic boundary con-
ditions, we will prove Theorem 5.1 by using the weak convergence approach to large deviations,
as developed in [2] in the case of SPDEs. To this purpose, we first introduce some notation
and then we give two conditions that, in view of what is proved in [2], imply the validity of the
Laplace principle for the family {u,}eso, with respect to the action functional I, in the spaces
C([0,T); H*(D)) and C([0,T]; H), depending on the different scaling conditions between e
and d(€) (see (5.1) and (5.3)).
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In Theorem 4.1 we have shown that, for every predictable process (t) in L*(Q2 x [0,T]; H),

the problem
du

5 (0 = Au(®) + F(u(®)) + ¢(t),  w(0) =z, (5.4)
admits a unique mild solution u®% € C([0,T]; H)NL*"™+Y((0,T) x D). By combining together
the proof of Theorem 4.1 with [7, proof of Theorem 7.19], it is possible to prove that for every
fixed € > 0 the problem

du(t) = [Au(t) + F(u(t)) + Qs p(t)] dt + Vedw’(t),  u(0) ==, (5.5)
admits a unique mild solution u¢¥ € L*(Q;C([0,T]; H) N L*™+V((0,T) x D)).

Condition 1. If Iy is the functional defined in (5.2), the level sets {Ir(u) <r} are
compact in C([0,T]; H), for every r > 0.

Condition 2. For every fixed T' > 0 and vy > 0, let us define
T
AT = {u € L*(Q x [0,T]; H) predictable : / lu(s)|%; ds <, P— a.s.}.
0

If the family {¢c}eso C AT converges in distribution, as € | 0, to some ¢ € A7, in
the space L?(0,T; H), endowed with the weak topology, then the family {u¢ ¥}~
converges in distribution to u™¥, as € | 0, in the space C([0,T]; H *(D)) or
C([0,T]; H), depending if condition (5.1) or condition (5.3) are satisfied, respec-
tively.

As we already mentioned, in [2] it is proved that if Condition 1 and Condition 2 hold,
then the family of random variables {uc}.~o satisfies a large deviation principle in the space
C([0,T); H), with respect to the action functional I defined in (5.2). This means that Theorem
5.1 follows, once we prove that Condition 1 and Condition 2 are both satisfied.

Condition 1 follows if we can prove that the mapping

e L*0,T;H) — u? € C(0,T]; H),

is continuous, when L?(0, T'; H) is endowed with the weak topology and C([0, T]; H) is endowed
with the strong topology.

As far as Condition 2 is concerned, we use the Skorohod theorem and rephrase such a
condition in the following way. Let (Q, F,P) be a probability space and let {w%()()};50 be a
Wiener process, with covariance Qsc), defined on (2, F,P) and corresponding to the filtration
{Fi}t>0. Moreover, let {@c}e~o and ¢ be {F;}i>o-predictable processes in A7, such that the
distribution of (@, @, @) coincides with the distribution of (¢, ,w ) and

lig(l) e =@ weakly in L2(0,T;H), P—as.
Then, if a7 is the solution of an equation analogous to (5.5), with ¢ and w©) replaced
respectively by @. and @w%(€), we have that

lim |@f — a@?|e =0, P—as.
e—0

where & = C([0,T]; H*(D)) if (5.1) holds and £ = C([0,T]; H) if (5.3) holds. In what follows,

when proving the above statement, we will just forget about the —.
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5.1 Proof of Theorem 5.1

In fact, we only need to prove Condition 2, introduced above. Actually, we will see that
Condition 1 follows from the same arguments, as a special case.

To this purpose, we fix a sequence {¢c}eso C AJ which is P-a.s. convergent to some
¢ € AJ., with respect to the weak topology of L?(0,7T; H), and we denote by u¢*# the solution
of equation (5.5) starting from the initial condition x € H. Our purpose is showing that, if
u™? is the solution of equation (5.4), then

3 1’7@6 3 J—
lgr(l)E {ue —u’“p{c( =0, (5.6)

[0,T];H~*(D))
or

limE |uf’“0€ —u®?
e—0

lcqo,rsm = 0 (5.7)

depending on the different scaling conditions between e and d(e) that we assume in Theorem
5.1. In fact, to prove Condition 2, we would just need P-almost sure convergence.

Before proving (5.6) or (5.7), we introduce some notation and prove a preliminary result.
For every ¢ € L?(0,T; H), we define

t
B(p)1) = [ M) ds.
0
As shown e.g. in [8, Proposition A.1.], for every v < 1/2
@ : L(0,T; H) — C2 ([0, T; D((=A)"), (5.8)

is a bounded linear operator. In particular, due to the continuity of mapping (5.8) and to
the compactness of the embedding C'/2=7([0,T); D((—A)")) <= C([0,T); H), if {pk}ren is a
bounded sequence in L?(0,T; H), weakly convergent to some ¢ € L?(0,T; H), we have

Jm [ 2(px) = @()lo(o,rym) = 0- (5.9)

Next, for every ¢ > 0 and ¢ € L%(0,T; H), we define

@wwwzéétwgmw@wzéw&wwy

Lemma 5.2. If {¢c}teso is a family of processes in Al that converges almost surely, as € | 0,
to some ¢ € A7, in the space L*(0,T; H), endowed with the weak topology, then

lig(l) [Pe(pe) — ‘1>(80)|C([0,T};H) =0, P-as (5.10)
Proof. For every € > 0, we have

Pe(pe) — 2(p) = 2(Qs(e) (e — ©)) + P(Qs0)p — ¥)- (5.11)

Since
lil% Qs(e)(pe — ) =0,  weakly in L*(0,T; H),
e—

with Qs (ve — @) € Ap, and Qs converges to ¢ in L?(0,T;H), as € — 0, our lemma
follows from (5.9) and from the continuity of the mapping ® : L(0,T; H) — C([0,T); H). O
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Now, we can proceed with the proof of (5.6) and (5.7). From now on, z € H is the fixed
initial condition in the statement of Theorem 5.1 and y € H} (D) is some other initial condition

to be determined later on. For every € > 0, we define
pi(t) i= e (t) —u?(t), te [0,T].

‘We have

(1) = Ap3(0) + P (0) = F@2 @), 3(0) =2 -,

so that, thanks to (2.7), we get

e "Pe _ A
uf P (t) — ul e ()3 = |17 < M —ylF.
In the same way, if we define

p(t) = uP (1) — utR(1), e [0,T],

we get
[u (1) —u™? (O = |o(t)|h < M~y

Now, for every € > 0, we define
Ve(t) := ul?<(t) — Vezso(t), te [0,T]

where, for every § > 0, z5(t) is the solution to problem (A.5), that is
t
25(t) = / DA dud(s),  te [0,7).
0

This means that

dv.
dt

so that, thanks to (2.6) and (2.7)

(t) - Aﬁe(t) + F(ﬂE(t) + \/Ezé(e) (t)) + Q&(e)ﬁpe(t% 195(0) =Y

1d
2 dt

HE(Ve 250 (1)), Ve(t)) g pn + (Qo(e) e (1), De(£))

D)7 + [9e()[F = (F0e(t) + Ve zse) (£)) — F(Ve 250 (1)) 0e(£)) g

< —c[Pe(O)fr + MOe()|F + [F(Ve 256 (8)) g [0 ()lp, + ¢ lo0e () 11 [0e()

C n
< =5 W)l + Ve zs O + e W) + clee )

As a consequence of the Gronwall Lemma, since ¢, € A%, this implies

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

t t t
D0+ [ 10 ds [ 100z ds <er (nlh+ [ IVesso@)R s +0).

13



and then, due to (A.2), we conclude that for every A > 0

A
T t
E( sup [0+ [ 10.6) gy ds + [ we(s)@zds)
te 0,7 0 0

<e(@) (Jyi +77) + (D) [ AP

Next, we define

(5.17)

p5(t) = 0c(t) —u?%<(t), te [0,T], (5.18)

where (t) is the process defined in (5.16) and ¢ = Qs pe. We have that p5(t) satisfies the
equation

U2 1) = Ap5 (1) + L) + Veyo(t) — Fb# (1)), p5(0) =0,

and then L4
3 a|ﬂ§(t)|%{ + [p5() 3

= (F(V(t) + Ve z50) (1) — F(u? (1)), p (L) + V€ 25(6) (1)) g pn
<F( ( ) + \/Ez5(e ( )) (uy Lpe(t))a \/22'5(6) (t)>Qn7pn'

According to (2.5) and (2.7), this implies
d

S1o5O + 10503 < elps(®)lfr +eIVe zsio (O

DN |

(DR + Ve 2 (O + [ ()2 ) Ve 2500 (Dl

and from the Gronwall lemma we obtain

T
sup 10503 < er /0 NEOE

te [0,T]

T
+cr A (|196(t)|?):+1 + |\/EZ(5(E)( )|2n+1 + |uy’s06 (t)|§:+1> |\/EZ(5(E) (t)|pn dt.

By taking the expectation of both sides, this yields

1
E sup |p5(t)|} <cr sup E|Vezso ()i +or sup (E|Vezseo(t)Er)mm
te [0,T te [0,T) te [0,T

1

T T an
(E / W dt + sup E|Ve z0 ()2 + / |uyv¢6<t>|zzdt> ,
0 0

te (0,7

and since
|@el 200,70y = 1Qeel 20,130 < V75

14



thanks to (5.1), (5.17), (A.2) and (4.2), we conclude that for every e € (0, 1]

€ 7 2n+1 1
B sup |os(t)ffr < er (1+ g3 +77% ) [eAG(e)]?. (5.19)
te [0,T
Finally, we define )
p5(t) = u??e(t) — u¥?(t), te [0,T]. (5.20)
We have
Ld uYPe (t)]Q + ‘Auy@e (t)\z
9 dt H(D) H

= (F(u?%(t)) = F(0), A% (1)) i + (F(0), Au¥% (1)) iy + (e(t), Au??(8)) mr,

so that p
(1) B ) + | AP ()
(5.21)
< (F(ub?<(t)) — F(0), Au¥%e () + ¢ |@e(t)[F + e
If we assume y € H} (D), integrating by parts we have
(P (0)) = FO), A ) = [ F@ 1, 0) Va1, o
D
<—c / [P (1, ) 2 [T (8, 2) 2 d + ¢ [0 (1) s -
D
Therefore, due to (5.21) we obtain
d YrPe (+)]2 AuY®e ()2 YiPe ()2 5 2
%W (t)|H1(D) + [Au?P< () < clu (t)|H1(D) +clpe)]E + ¢,
which implies
~ T ~
sup [0 (O} )+ [ 14w 0 dt < e oy + 7+ 1)
te [0,T) 0
This means that the family
{u#}e=0 C O([0,T]; Hy (D)) N L*(0, T D(A)) (5.22)

is P-a.s. bounded. Moreover, according to (4.2), we have that the family {u%%<}. is bounded
in LP»((0,T) x D), so that

_dn

{F(u¥9)}es0 € L((0,T) x D) = L¥(0,T; (W"*(D))'(D)), n:= o

is bounded. In particular, we obtain that

(W Jesg © WHR(O.T: (WD) (D)) = CO.TE (WD) (D). o<
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is bounded. This, together with (5.22), implies that
{u¥%<} >0 € C([0,T]; H) is compact.

As a consequence of Lemma 5.2, any limit point of {u¥%<}..( has to coincide with u¥%, so
that we can conclude that

lim sup |p§(t)|gr = lim sup |[u¥%<(t) —u¥?(t)|g =0, P—as.

—=04c0,1) —=04c0,7)
Moreover, due to (4.2), the family {sup;c o, 71 [05()|# }e>0 C LY(9) is equi-integrable, so that
for every fixed y € Hi(D)

ImE sup |[p§(t)|m = 0. (5.23)
=0 10,7

Now, collecting all terms defined above in (5.12), (5.14), (5.16), (5.18), (5.20), we have

3
uP () = u () = 3 pf(t) + p(t) + Vezs (1), te [0,T]
i=1

Thanks to (5.13), (5.15) and (5.19), this implies

E sup |u€x’“’6 (t) —u™%(t)|x
te [0,T

S

<crle—yla+ery (L+ [yl [eA(e)]2 + E sup |ps(t)|m + VER sup |z (t)|x,

te [0,7) te [0,7)

where X = H or X = H*(D). For an arbitrary p > 0, we fix y € H(D) such that
cr |x —y|lg < p. Therefore, from (5.1), (5.3), (5.23), (A.8) and (A.9), we get

limsupE sup |ud #<(t) — u™?(t)|x < p,
e—0 te [0,T]

and, due to the arbitrariness of p, we conclude that (5.6) and (5.7) hold.
A Appendix
For every § > 0 and 6 € (0, 1), we denote
t
z5.0(t) = / (t— s)_%e(t_s)Adw‘s(s), t>0. (A.1)
0

In case § = 0, we denote z;50(t) = z;5(t).

Lemma A.l. Under Hypotheses 1 and 2, there exists 0 € (0,1) such that for any k,p > 1
and T > 0 and for any 6 € (0,1) and § € [0,60) we have

sup Bl zs0(6)]5 < e p(T) Mg (9) 7, (A.2)
te [0,T
where
log 671, ifa=0=0, d=2,

Ag(0) =

6~ d=20=00+a) - otherwise.

16



Proof. According to (2.3), for every p > 2 we have

p

dg

Elzs0(t)[5 :E/D Z/O (t—r)"2e % N (8)en () dBi(r)
=1

[Nl

<¢ /D </0 (t — T‘)‘G ZQ—Q(t—r)ak)\z(5)|ek(£)|2 dT‘) de

k=1

N o ! < \2(5) k'

< ¢p| D )\i(é)kﬁ/o r—le=2ron g < | D] 2217_9
k=1 k

[S1S)
[SIiS]

k=1

Hence, thanks to (2.2) and (3.2), we obtain,

o

o 1 2

Elzs9(t)[5 < cp(T) |D| (Z = 5k§)2ﬁ> . (A.3)
k=1

Notice that, due to (3.3), there exists 6 € (0,1) such that the series above is convergent, for
every fixed 06 > 0 and 6 € [0,0).
We have

oo

> [
Pt kQ(l—g)—a (1 n 6]{:%)26 1 x%(l i 6;5%)25 )

and then, with a change of variable, we obtain

o0

1 S 1
~ 7(d72(179)+a)
kz:l k%u + 5;5)25 do /5 xl—(d—2(1_9)+a)(1 n x)% dx.

Therefore, if « = 0 = 0 and d = 2, since 3 > 0 we have

o0

Z ! c log1
el e e SR A 5

Otherwise, according to Hypothesis 2, there exists § > 0 such that
26—-(d—-2(1-0)+«a) >0,

for every 6 € [0,0). Hence, as d — 2(1 — 0) + a > 0, we get

o0

1
Z 2(1-0)—«a 1

ST (14 0kd)28

& 1
75— (d—2(1-0)+a) —(d—2(1-0)+a)
ds /0 P U (T aE dz < ¢d .

This implies (A.2), in case K = p. The general case follows from the Holder inequality.
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Next, for every s > 0, we have
E |z56(t) Z/ (t—r) —0—20t- r)a’“)\z(5)a;sdr

Therefore, by proceeding as in the proof of Lemma A.1 we conclude

Lemma A.2. Under Hypotheses 1 and 2, there exists 6 € (0,1) such that for any s, T > 0
and for any 6 € (0,1) and 6 € [0,0) we have

sup I |25,0(t)[3-«(py < ¢(T) Tg,5(9), (A4)
te [0,T)
where
log !, if0=s, d=2,
Lps(6) =

§—(d=2(1=0)=2s)  therwise.

)

Now, let us consider the linear problem
dz(t) = Az(t) dt + duw’(t),  2(0) = 0. (A.5)

Its unique mild solution z5(t) coincides with the process z50(t) defined in (A.1), for § = 0.
Notice that, due to (A.2), we have

(logs1)%, ifa=0andd=2,
sup E|z5(t)|70(py < crp(T)|D| (A.6)

te (0,7 _E (] .
0.1} §—2(d=2+a)  Gtherwise.

By using a stochastic factorization argument, for every 6 € (0, 1), we have

sin(f)
2m

t
z5(t) = / (t— 0)%_1e(t_U)Az(;,g(J) do.
0

If we take k > 2/6, we have

T
255 < e (/ 5(5-1) mda> /ym )5 dor < (T /\zw )5 do
0

Therefore, if we fix v > d — 2 +  and we pick 6, € (0,0) such that
d—2(1-0,)+a<y,

thanks to (A.2), we get
YR

E sup |z5(t)|5 < cuo(T)6 2. (A.7)
te [0,T]

Thus, we have proven the following result.
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Lemma A.3. Under Hypotheses 1 and 2, for every k > 2 and > 0 we have that for every

vy>d—2+ «,

it holds

E sup |z5(t)|5 < cen(T)6~ 2, € (0,1). (A.8)
te [0,T

Finally, by using again a factorization argument, for every s > 0 and s > % V 1 we have

T k=l g t
|25(E)] -5y < € (/0 o (G0 do‘) /0 |25,5(0) o (py do < C(T)/O 25,5 ()55 () do

Therefore, due to (A.4) we can conclude that the following result is true.

Lemma A.4. Under Hypotheses 1 and 2, for every s >0, § € (0,1) and k > lwe have that

logé~t, ifd=2,
E sup |z5(t)|5-spy < p(T) : (A.9)
el 52 rd >3,
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