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NUMERICAL METHOD FOR FBSDES OF MCKEAN-VLASOV TYPE

JEAN-FRANCOIS CHASSAGNEUX*, DAN CRISANT AND FRANCOIS DELARUE?

ABSTRACT. This paper is dedicated to the presentation and the analysis of a numerical
scheme for forward-backward SDEs of the McKean-Vlasov type, or equivalently for
solutions to PDEs on the Wasserstein space. Because of the mean field structure of
the equation, earlier methods for classical forward-backward systems fail. The scheme
is based on a variation of the method of continuation. The principle is to implement
recursively local Picard iterations on small time intervals.

We establish a bound for the rate of convergence under the assumption that the
decoupling field of the forward-bakward SDE (or equivalently the solution of the PDE)
satisfies mild regularity conditions. We also provide numerical illustrations.

1. INTRODUCTION

In this paper, we investigate a probabilistic numerical method to approximate the
solution of the following non-local PDE

atu(ta xz, N) + b(x,bl(t,:c,u), V) ' amu(tv x,u)

4 ST, pale, w)] + F (e, Ult 2, 0), U1, o (2, 12), )
+ fRd Ut 2, 1) (v) - b(v, U(E, v, 1), v)du(v) (1)

+ f %Tr[@xﬁul/{(t,x,,u) (v)a(v, p)]dp(v) =0,
Rd

for (t,z,p) € [0,T) x R% x Py(R?) with the terminal condition U(T, ) = g(-), where
v is a notation for the image of the probability measure y by the mapping R? 3 z —
(z,U(t,z, 1)) € R%. Above, a(x, p) = [ooT](z, ). The set Pa(RY) is the set of probabil-
ity measures with a finite second-order moment, endowed with the Wasserstein distance
ie.

™

1
2
Walpu ) o= inf (f 2 — 2/ Pan(z, x'>) ,
R4 x R4

for (i1, it') € P2(R?%) x Py(RY), the infimum being taken over the probability distributions
7 on R? x R? whose marginals on R? are respectively p and g/

Whilst the first two lines in form a classical non-linear parabolic equations, the last
two terms are non-standard. Not only are they non-local, in the sense that the solution or
its derivatives are computed at points v different from x, but also they involve derivatives
in the argument p, which lives in a space of probability measures. In this regard, the
notation 0,U(t,z, p)(v) denotes the so-called Wasserstein derivative of the function U
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2 JEAN-FRANCOIS CHASSAGNEUX, DAN CRISAN AND FRANCOIS DELARUE

in the direction of the measure, computed at point (¢, x, ) and taken at the continuous
coordinate v. We provide below a short reminder of the construction of this derivative,
as introduced by Lions, see [12] or [I7, Chap. 5].

These PDEs arise in the study of large population stochastic control problems, either of
mean field game type, see for instance [12] [13), 20} 30] or [I8, Chap. 12| and the references
therein, or of mean field control type, see for instance [9, [10, 20, B3]. In both cases, U
plays the role of a value function or, when the above equation is replaced by a system
of equations of the same form, the gradient of the value function. Generally speaking,
these types of equations are known as “master equations”. We refer to the aforementioned
papers and monographes for a complete overview of the subject, in which existence and
uniqueness of classical or viscosity solutions have been studied. In particular, in our
previous paper [20], we tackled classical solutions by connecting ¢ with a system of fully
coupled Forward-Backward Stochastic Differential Equations of the McKean-Vlasov type
(MKV FBSDE), for which ¢ plays the role of a decoupling field. We also refer to [18|
Chap. 12| for a similar approach.

In the current paper, we build on this link to design our numerical method.

The connection between U and FBSDEs may be stated as follows. Basically, i/ may be
written as U(t, z, u) = V""" for all (t,z, u) € [0, T] x RY x Py(R%), where YH%# together
with (Xb®H Z6ZH) solves the following standard FBSDE:

s s
b(Xﬁ,z,u’ Y;nt’x’“, [X;f,§’ Y;t’g])dr + J U(Xﬁ’x’“, [Xﬁ’x’”])dWr (2)

XEok = g 4 f
¢

t
T T

Vi = O (X)) o [ R e 2 (X8 Y dr = |z a,
S

s (3)
which is parametrized by the law of the following MKV FBSDE:

X?E:Hf

BXEE VI X Y + [ (X (X)W, (1)
t

t

T T
Y = QO X & [ PO Y 2 [ Y ar - [ 2w o)
S S
where (W})o<t<r is a Brownian motion and £ has p as distribution. In the previous
equations and in the sequel, we use the notation [#] for the law of a random variable
6. In particular, in the above, we have that [{] = p. So, to obtain an approximation
of U(t, z, 1) given by the initial value of , our strategy is to approximate the system
— as its solution appears in the coefficients of —. In this regard, our approach
is probabilistic.

Actually, our paper is not the first one to address the numerical approximation of
equations of the type by means of a probabilistic approach. In its PhD disserta-
tion, Alanko [4] develops a numerical method for mean field games based upon a Picard
iteration: Given the proxy for the equilibrium distribution of the population (which is
represented by the mean field component in the above FBSDE), one solves for the value
function by approximating the solution of the (standard) BSDE associated with the con-
trol problem; given the solution of the BSDE, we then get a new proxy for the equilibrium
distribution and so on... Up to a Girsanov transformation, the BSDE associated with the
control problem coincides with the backward equation in the above FBSDEs. In [4], the
Girsanov transformation is indeed used to decouple the forward and backward equations
and it is the keystone of the paper to address the numerical impact of the change of
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measure onto the mean field component. Under our setting, this method would more or
less consist in solving for the backward equation given a proxy for the forward equation
and then in iterating, which is what we call the Picard method for the FBSDE system.
Unfortunately, convergence of the Picard iterations is a difficult issue, as the convergence
is known in small time only, see the numerical examples in Section [d] below. It is indeed
well-known that Picard theorem only applies in small time for fully coupled problems. In
this regard, it must be stressed that our system — is somehow doubly coupled, once
in the variable x and once in the variable u, which explains why a change of measure does
not permit to decouple it entirely. As a matter of fact, the convergence of the numerical
method is not explicitly addressed in [4].

In fact, a similar limitation on the length of the time horizon has been pointed out in
other works on the numerical analysis of a mean field game. For instance, in a slightly
different setting from ours, which does not explicitly appeal to a forward-backward system
of the type —, Bayraktar, Budhiraja and Cohen [5] provide a probabilistic numerical
approach for a mean field game with state constraints set over a queuing system. The
scheme is constructed in two steps. The authors first consider a discrete form of the
original mean field game based upon a Markov chain approximation method a la Kushner-
Dupuis of the underlying continuous-time control problem. The solution to the discrete-
time mean field game is then approximated by means of a Picard scheme: Given a
proxy for the law of the optimal trajectories, the discrete Markov decision problem is
solved first; the law of the solution then serves as a new proxy for the next step in the
Picard sequence. The authors are then successful in proving the convergence of their
approximation but again for a small time interval only, see Section 5.2 in [5] for details.

The goal of our paper is precisely to go further and to propose an algorithm whose
convergence with a rate is known on any interval of a given length. In the classical case,
this question has been addressed by several authors, among which [21] 22] and [7], but all
these methods rely on the Markov structure of the problem. Here, the Markov property
is true but at the price of regarding the entire R% x Py(R%) as state space: The fact that
the second component is infinite dimensional makes intractable the complexity of these
approaches. To avoid any similar problem, we use a pathwise approach for the forward
component; it consists in iterating successively the Picard method on small intervals,
all the Picard iterations being implemented with a tree approximation of the Brownian
motion. This strategy is inspired from the method of continuation, the parameter in the
continuation argument being the time length 7' itself. The advantage for working on a
tree is twofold: as we said, we completely bypass any Markov argument; also, we get,
not only, an approximation of the system — but also, for free, an approximation
of the system —, which “lives” on a subtree obtained by conditioning on the initial
root. We prove that the method is convergent and provide a rate of convergence for it.
Numerical examples are given in Section [d] Of course, the complexity remains pretty
high in comparison with the methods developed in the classical non McKean-Vlasov
case. This should not come as a surprise since, as we already emphasized, the problem
is somehow infinite dimensional.

We refer the interested reader to the following papers for various numerical methods,
based upon finite differences or variational approaches, for mean field games: [1l 2, 3]
and [0, 26, 25].

The paper is organized as follows. The method for the system — is exposed in
Section 2] The convergence is addressed in Section [3] In Section [d we explain how to
compute in practice U(¢, z, ) (and thus approximate (2))-(3)) from the approximation of
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the sole — and we present some numerical results validating empirically the conver-
gence results obtained in Section |3} We collect in the appendix some key results for the
convergence analysis.

2. A NEW ALGORITHM FOR COUPLED FORWARD BACKWARD SYSTEMS

As announced right above, we will focus on the approximation of the following type
of McKean-Vlasov forward-backward stochastic differential equation:

ClXt = b(Xt, Y;, [Xt, Y;g])dt + O'(Xt, [Xt])th,
dYy = —f(X4, Yy, Zy, [ Xy, Yi])dt + Zy - dWy, 1€ [0,T7], (6)
YT = g(XT7 [XT]) and XO = 67

for some time horizon T' > 0. Throughout the analysis, the equation is regarded on a com-
plete filtered probability space (Q, F,F,P), equipped with a d-dimensional F-Brownian
motion (Wy)o<t<r- To simplify, we assume that the state process (Xi)o<t<r is of the
same dimension. The process (Y;)o<t<r is 1-dimensional. As a result, (Z;)o<t<r is
d-dimensional.

In @, the three processes (X¢)o<t<r, (Y2)o<t<r and (Z;)o<i<r are required to be F-
progressively measurable. Both (X;)o<t<r and (Y3)o<t<r have continuous trajectories.
Generally speaking, the initial condition X is assumed to be square-integrable, but
at some point, we will assume that Xy belongs to LP(Q, F,P;R?), for some p > 2.
Accordingly, (X¢)o<i<7, (Yi)o<t<r and (Z)o<i<r must satisfy:

T 1/2
(X, Y, Z) o1 :=JE[ (|Xt|2+|Yt|2)+J0 |Zt|2dt} < .

sup
0<t<T

The domains and codomains of the coefficients are defined accordingly. The assump-
tion that o is assumed to be independent of the variable y is consistent with the global
solvability results that exist in the literature for equations like @ For instance, it covers
cases coming from optimization theory for large mean field interacting particle systems.
We refer to our previous paper [20] for a complete overview on the subject, together
with the references [8, 12, 17, 18, [19]. In light of the examples tackled in [20], the fact
that b is independent of z may actually seem more restrictive, as it excludes cases when
the forward-backward system of the McKean-Vlasov type is used to represent the value
function of the underlying optimization problem. It is indeed a well-known fact that,
with or without McKean-Vlasov interaction, the value function of a standard optimiza-
tion problem may be represented as the backward component of a standard FBSDE
with a drift term depending upon the z variable. This says that, in order to tackle the
aforementioned optimization problems of the mean field type by means of the numerical
method investigated in this paper, one must apply the algorithm exposed below to the
Pontryagin system. The latter one is indeed of the form @, provided that Y is allowed
to be multi-dimensional. (Below, we just focus on the one-dimensional case, but the
adaptation is straightforward.)

In fact, our choice for assuming b to be independent of z should not come as a surprise.
The same assumption appears in the papers [21] 22] dedicated to the numerical analysis
of standard FBSDEs, which will serve us as a benchmark throughout the text. See
however Remark [l

Finally, the fact that the coefficients are time-homogeneous is for convenience only.
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As a key ingredient in our analysis, we use the following representation result given in
e.g. Proposition 2.2 in [20],

Ytg = U(t, thv [th]) ) (7)

where U : [0,T] x R? x Py(R%) — R is assumed to be the classical solution, in the sense
of |20}, Definition 2.6], to . In this regard, the derivative with respect to the measure
argument is defined according to Lions’ approach to the Wasserstein derivative. In short,
the lifting U of U to L2(, Fo, P;R?), which we define by

Ut,,6) =Ut,x[€]), te[0,T], zeR? &e L*(Q,Fo,P;RY),

is assumed to be Fréchet differentiable. Of course, this makes sense as long as the space
(Q, Fo,P) is rich enough so that, for any u € Po(R?), there exists a random variable
€ e L*(Q, Fo,P; RY) such that &€ ~ p. So, in the sequel, (2, Fo,P) is assumed to be atom-
less, which makes it rich enough. A crucial point with Lions’ approach to Wasserstein
differential calculus is that the Fréchet derivative of ¢/ in the third variable, which can be
identified with a square-integrable random variable, may be represented at point (¢, z, &)
as O U(t,z,[€])(€) for a mapping U (¢, z, 1) () : RY 3 v > 9,U(t, x, 1) (v) € RL This
latter function plays the role of Wasserstein derivative of ¢ in the measure argument. To
define a classical solution, it is then required that R? 5 v — 0,U(t,z, u)(v) is differen-
tiable, both 0,U and 0,0,U being required to be continuous at any point (¢, z, 1, v) such
that v is in the support of p.

Assumptions. Our analysis requires some minimal regularity assumptions on the co-
efficients b, o, f and the function Y. As for the coefficients functions, we assume that
there exists a constant A > 0 such that:

- (HO0): The functions b, o, f and g are A-Lipschitz continuous in all the variables, the
space Po (Rd) being equipped with the Wasserstein distance Ws. Moreover, the function
o is bounded by A.

We now state the main assumptions on U, see Remark [I| for comments.

- (H1): for any t € [0,T] and ¢ € L?(, Fy, P; R?), the McKean-Vlasov forward-backward
system (6]) set on [t,T] instead of [0,T] with X; = £ as initial condition at time ¢ has a

unique solution (Xﬁ’f7 YSM7 Zﬁ’g)tgsg’f; in parallel, I/ is the classical solution, in the sense
of [20, Definition 2.6], to ; and U and its derivatives satisfy

U, p) — Uz, 1)) + [0U 2y 1) — QU 1)) < AW, ') (8
|0l (t, 2, )| + |0 U (2, [E])(E)], < A (9
02Ut 2, )] + 000U (E 2, [E])(E)], < A (10
and |02,U(t, 2, 1) — 02U (t, o', w)| < Az — 2|, (11

~—_— — ~— ~—

for (t,z,2',&) € [0,T] x R? x R? x L2(Q, Fo, P;R?) and p, 4’ € P2(R?). Also, we require
that

Ut + by, [€]) = Utz [ED] + [0+ h, 2, [§]) — AUt z, [€])]

1 12
< ARz (1+ |z| + €]2) 12
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and for all h € [0,T), (t,z) € [0,T — h] x R?, € € L?(Q, Fo, P;R?) and v,v" € RY,
1
0u0,A(t 3, [E () — 200t [ED(W)] < ALT + o2 + U2 + €2} o — ]

(13)
for some « > 0.

Remark 1. In [20], it is shown that, under some conditions on the coefficients b, f
and o, the PDE has indeed a unique classical solution which satisfies the assumption
(H1).
(1) Estimate is obtained by combining Definition 2.6 and Proposition 3.9 in [20)].
A major difficulty in the analysis provided below is the fact that o may be larger
than 1, in which case the Lipschitz bound for the second order derivative is super-
linear. This problem is proper to the McKean-Viasov structure of the equation
and does not manifest in the classical setting, compare for instance with [21], 22].
Below, we tackle two cases: the case when o« < 1, which has been investigated
in [I3] and |18, Chap. 12| under stronger conditions on the coefficients, and the
case when a > 1 but U is bounded.
(2) Estimates — are required to control the convergence error when the coeffi-
cients (b or f) depend on Z.
(a) The estimate can be retrieved from the computations made in [20]. See
the comments at the bottom of page 60, near equation (4.58).
(b) The estimate comes from the theory of FBSDEs (without McKean-
Viasov interaction). Indeed, using the Lipschitz property of U and 0,U in
the variable w, it suffices to prove

Ut + by [X75]) = Ut [XP D]+ 10U+ by, [X]5,]) = Ut 2, [X4))

< ARZ(1+ |z] + [€]2) -

As stated in Proposition 2.2 in [20], for & ~ p, U(s,z, [X2%]) = ug (S, x)
where uy , s solution to a quasi-linear PDE. Then the estimate follows
from standard results on non-linear PDEs, see e.q. Theorem 2.1 in [21].

In comparison with the assumption used in [21], the condition (H1) is more demanding.
In [21], there is no need for assuming the second-order derivative to be Lipschitz in space.
This follows from the fact that, here, we approximate the Brownian increments by random
variables taking a small number of values, whilst in |21], the Brownian increments are
approximated by a quantization grid with a larger number of points. In this regard, our
approach is closer to the strateqy implemented in [22].

2.1. Description. The goal of the numerical method exposed in the paper is to approx-
imate Y. The starting point is the formula (]?_D and, quite naturally, the strategy is to
approximate the process (X¢,Y¢, Z8) := (X0 y0< 70.€),

Generally speaking, this approach raises a major difficulty, as it requires to handle the
strongly coupled forward-backward structure of @ Indeed, theoretical solutions to @
may be constructed by means of basic Picard iterations but in small time only, which
comes in contrast with similar results for decoupled forward or backward equations for
which Picard iterations converge on any finite time horizon. In the papers [21] 22] —which
deal with the non McKean-Vlasov case—, this difficulty is bypassed by approximating the
decoupling field U at the nodes of a time-space grid. Obviously, this strategy is hopeless
in the McKean-Vlasov setting as the state variable is infinite dimensional; discretizing it
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on a grid would be of a non-tractable complexity. This observation is the main rationale
for the approach exposed below.

Our method is a variation of the so-called method of continuation. In full generality,
it consists in increasing step by step the coupling parameter between the forward and
backward equations. Of course, the intuition is that, for a given time length T, the
Picard scheme should converge for very small values of the coupling parameter. The goal
is then to insert the approximation computed for a small coupling parameter into the
scheme used to compute a numerical solution for a higher value of the coupling parameter.
Below, we adapt this idea, but we directly regard T itself as a coupling parameter. So we
increase T step and by step and, on each step, we make use of a Picard iteration based
on the approximations obtained at the previous steps.

This naturally motivates the introduction of an equidistant grid R = {ro = 0,...,ry =
T} of the time interval [0,7], with ry = kd and § = % for N > 2. In the following we
shall consider that ¢ is “small enough” and state more precisely what it means in the
main results, see Theorem [p] and Theorem [7}

For 0 < k < N — 1, we consider intervals I = [rg,T] and on each interval, the
following FBSDE, for ¢ € L2(F,,) (which is a shorter notation for L2(Q, 7, ,P; R%)):
¢

t
X, :§+J b(Xs, Ys, [Xs, Ys])ds +f o(Xs, [Xs])dWy , (14)
Tk . Tk .
Y; = g(X7,[X7]) +L f(Xs,Ys, Zs,[ X5, Ys])ds L Zs - dWs. (15)

Picard iterations. We need to compute backwards the value of U(ry,§,[£]) for some
¢ e L*(F.), 0 <k <N -2 We are then going to solve the FBSDE — on the
interval I. As explained above, the difficulty is the arbitrariness of T: When k is large,
I is of a small length, but this becomes false as k decreases. Fortunately, we can rewrite
the forward-backward system on a smaller interval at the price of changing the termi-
nal boundary condition. Indeed, from (H1), we know that (X% Y% Z3%), s <
solves:

{ Xp = £+ b(Xe, Ve, [Xe, Yil)ds + §) o(Xe, [Xe])dWs
}/;f = u(rk)+17XTk+1a [XTk+1]) + S:kJrl f(XS71/87 st [X87 }/s])ds - IkJrl ZS . dWs )

for t € [rg, 1]

If ¢ is small enough, a natural approach is to introduce a Picard iteration scheme
to approximate the solution of the above equation. To do so, one can implement the
following recursion (with respect to the index j):

X = e 5 b(XL YL [XL Y ds + 5 o (X2, [X2])dWs
Yt] Z/[(Tk+17 ng—_*—ll, [ng:—ll])

+ S (XYY 2L [T YY) ds — § 24 - AW

with (X0 = 45/, 5(X,0,[X0,0])ds+§!, o (X0 [XI)AW.) s, <azrey and (V2 = 0, cacr,..
It is known that, for ¢ small enough, (X7,Y7,27) —; .o (X,Y,Z), in the sense that
|||(X] - X7 Yj - Y7 Zj - Z)”‘[rk,rkJrl] —j—0 0.

But in practice we will encounter three main difficulties.

(1) The procedure has to be stopped after a given number of iterations J.
(2) The above Picard iteration assumes the perfect knowledge of the map U at time
ri, but U is exactly what we want to compute...
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(3) The solution has to be discretized in time and space.
Ideal recursion. We first discuss 1) and 2) above. The main idea is to use a recursive
algorithm (with a new recursion, but on the time parameter).
Namely, for £k < N — 1, we assume that we are given a solver which computes
solver [k + 11 (&) = U(ri11,,[€]) + €71(9), (16)

where € is an error made, for any & € L?(F,, . ,). We shall sometimes refer to solver [k +

Tk+1
11(-) as “the solver at level k + 17

Taking these observations into account, we first define an ideal solver, which assumes
that each Picard iteration in the approximation of the solution of the forward-backward
system can be perfectly computed. We denote it by picard[] (). Accordingly, we identify
(for the time being) solver[k + 11 () with picard[k + 11 (). Given picard[k + 1]1Q),
picard[k] () is defined as follows.

X7 = g+ § b(XP VM (X8 V) )ds +§) o (X [XE)aws,

Y/ = picardlk + 11 (X577 — §et Z59 aw, (17)

k+1

e F(RE VR, 259, (X597 Y s,
for j = 1 and with
(XE0 =€+ 37, b(x20,0,[XE°,0])ds + 7, o(XE, [XEO)aw) :

TESSS<TE41

and (Y g = 0)r,<s<ry,.- We then define
picard[k] (&) := Y,/ and € (&) := Y —u(ri, &, [€])

where J > 1 is the number of Picard iterations.
At level N — 1, which is the last level for our recursive algorithm, the Picard iteration
scheme is given by

SN-1,5 gN-Li yN-Lj [gN-L1j yN-1;
X, = §+Sr1\, ) ( J Y XS Y ]])ds
No1 N-1,
A +Ser1 (XS jA’ [X ]])dWS ’
YtN—LJ _ g(XéV—LJ—l,[XI{V—LJ—l _St ~ZSN 1'73 ‘EiWs |
+St ( XN-1i-1 Ystl’],Zévfl’J,[XéN*l’jfl YN l,J])ds

Here, the terminal condition g is known and the error comes from the fact that the Picard
iteration is stopped. It is then natural to set, for £ € L?(Fr),

picard[N] (&) = g(£,[€]) and €V (€) = 0. (19)

Practical implemention. As already noticed in 3) above, it is not possible to solve the
backward and forward equations in perfectly, even though the system is decoupled.
Hence, we need to introduce an approximation that can be implemented in practice.
Given a continuous adapted input process X = (Xs)y, <s<ry,, such that E[sup,, <s<,, ., |%4]%] <

o and n e L*(Q, F, P;R), we thus would like to solve

(X Yel)ds + 5 o (X, [Xe])dW,

Xt = %Tk"i_g ( i/ s
Vo= o [ (R0 Ve e [%, Vi) ds r"“Z AW,

(18)

forte [T’k, Tk+1].
Let 7 be a discrete time grid of [0,T] such that & < ,

={to:=0<---<tp:=T} and |n| := max(t;+1 — t;). (20)
<<n



NUMERICAL METHOD FOR FBSDES OF MCKEAN-VLASOV TYPE 9

For 0 <k < N — 1, we note 7* := {t e 7|, <t <71} and for later use, we define the
indices (ji)o<k<n as follows

k - . .t
={tj, =rp <<t <. <rpy =t}

for all k < N. So, instead of a perfect solver for an iteration of the Picard scheme ,
we assume that we are given a numerical solver, denoted by solver[k] (X,n, f), Wthh
computes an approximation of the process (XS,YS, Zs )i <s<ry,, On 7% for a discretiza-
tion (X;);ex of the time continuous process (Xg)p,<s<ry,.,- The output is denoted by
(X4,Y4, Zt)yenr- In parallel, we call input the triplet formed by the random variable 7,
the discrete-time process (X;),cr+ and the driver f of the backward equation. In short,
the output is what the numerical solver returns after one iteration in the Picard scheme
when the discrete input is (1, X, f). Pay attention that, in contrast with b and o, we
shall allow f to vary; this is the rationale for regarding it as an input. However, when
the value of f is clear, we shall just regard the input as the pair (1, (X¢) ek )-

The full convergence analysis, including the discretization error, will be discussed
in the next section in the following two cases: first for a generic (or abstract) solver
solver[](,,) and second for an explicit solver, as given in the example below.

Example 2. This example is the prototype of the solver solver[]1(,,) . We consider
an approximation of the Brownian motion obtained by quantization of the Brownian in-
crements. At every time t € w, we denote by W; the value at time t of the discretized
Brownian motion. It may expressed as

i—1
Wi, i= > AW,
§=0
where .
AW; = h3 @, = Fd(h 2 (Wi, — Wtj)>,

Iy mapping R? onto a finite grid of Rd. Importantly, 'y is assumed to be bounded by
A and each w; is assumed to be centered and to have the identity matriz as covariance
matriz. Of course, this is true if I'g is of the form

Ty(wy, - wa) :== (Cr(wi), -, Ti(wa)), (wi, -, wg) € RY

where I'1 is a bounded odd function from R onto a finite subset of R with a normalized
second order moment under the standard Gaussian measure. In practice, I'y is intended
to take a small number of values. Of course, the typical example is the so-called binomial
approximation, in which case I'1 is the sign function.

On each interval [y, 7e11], given a discrete-time input process X and a terminal condi-
tion n, we thus implement the following scheme (below, Ey; is the conditional expectation
given Fy, ):

(1) For the backward component:
(a) Set as terminal condition, (Ytak i Zt7k+1) = (n,0).
(b) For jr <i < jg+1, compute recursively
Y;f = ]Et [nz+1 ( +1 — tz)f(%tla nm Ztia [%twi/tl])] ) Zti = ]Eti [tﬁldft tz+1:|
(2 (2
(2) For the forward component:
(a) Set as initial condition, th =X,
(b) For ji, < i < jr+1, compute recursively
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Xti+1 = Xti + b(Xti’ th [Xti7 Y;fz]) (tiJrl - ti) + U(Xtm [th])Awl .
Full algorithm for solver[] (). Using solver[](,,) , for each level, we can now give a
completely implementable algorithm for solver[] (). Its description is as follows.

The value solver[k] (£), i.e. the value of the solver at level k with initial condition
¢ e L*(F,,), is obtained through:

(1) Initialize the backward component at ¥;** = 0 for ¢ € 7, and regard (Xf’o)teﬂk
as the forward component of solver[k] (£,0,0)
(2) for1<j<J A
(a) compute Y77/ = solver [k + 11 (X0 1). '
(b) compute (X*J,Y*J ZkJ) = solver [k] (X*7~! ,Yri’il B
ok, J
(3) return Y7, .
Following , we let
solver [N1(6) = g(&,[€]) . (21)

We first explain the initialization step. The basic idea is to set the backward component
to 0 and then to solve the forward component as an approximation of the autonomous
McKean-Vlasov diffusion process in which the backward entry is null. Of course, this
may be solved by means of any standard method, but to make the notation shorten, we
felt better to regard the underlying solver as a specific case of a forward-backward solver
with null coefficients in the backward equation. We specify in the analysis below the
conditions that this initial solver solver[] (,0,0) must satisfy.

It is also worth noting that each Picard iteration used to define the solver at level k
calls the solver at level k+1. This is a typical feature of the way the continuation method
manifests from the algorithmic point of view. In particular, the total complexity is of
order O(JN R), where 8 is the complexity of the solver solver[](,,) . In this regard,
it must be stressed that, for a given length 7', N is fixed, regardless of the time step |r|.
Also, J is intended to be rather small as the Picard iterations are expected to converge
geometrically fast, see the numerical examples in Section [] in which we choose J = 5.
However, it must be noticed that the complexity increases exponentially fast when T
tends to oo, which is obviously the main drawback of this method. Again, we refer to
Section [] for numerical illustrations.

Useful notations. Throughout the paper, | - |, denotes the L” norm on (€2, F,PP). Also,
(Q,]:“ , ]f”) stands for a copy of (Q,F,[P). It is especially useful to represent the Lions’
derivative of a function of a probability measure and to distinguish the (somewhat artifi-
cial) space used for representing these derivatives from the (physical) space carrying the
Wiener process. For a random variable X defined on (2, F,P), we shall denote by (X)
its copy on (Q, F,P).

We shall use the notations Cy,cp for constants only depending on A (and possibly on
the dimension as well). They are allowed to increase from line to line. We shall use the
notation C for constants not depending upon the discretization parameters. Again, they
are allowed to increase from line to line. In most of the proofs, we shall just write C' for
Ch, even if we use the more precise notation Cy in the corresponding statement.

2.2. A first analysis with no discretization error. To conclude this section, we want
to understand how the error propagates through the solvers used at different levels in the
ideal case where the Picard iteration in can be perfectly computed or equivalently
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when the solver is given by solver[k] () = picard[k] (). For j > 1, we then denote by
(Xk3, Yk Zk:3) | the solution on [rg, 1] of (17).

The main result of the section, see Theorem [5] is an upper bound for the error when
we use picard[-] (-) to approximate U. The proof of this theorem requires the following
proposition, which gives a local error estimate for each level.

Proposition 3. Let us define, for je{l,---,J}, ke{l,--- N — 1},

Afc =

sup (V9 —u(t, X1 [X)|

tE[T’k,T‘k+1]
then, there exist constants Cy,cp such that, for 6 == Cpé < ca,

J _
AL < FAY+ 35| F YRR (22)

Tk+1
/=1

We recall that €¥(¢) stands for the error term:
¢(¢) = picard[k] (©) —U(ri, & [€]) . with ¥(¢) =0.

Remark 4. A careful inspection of the proof shows that, whenever o depends on'Y orb
depends on Z, the same result holds true but with a constant Cp depending on N. As N
1s fized in practice, this might still suffice to complete the analysis of the discretization
scheme in that more general setting.

Proof. We suppose that the full algorithm is initialized at some level k € {0, --- , N —1},
with an initial condition & € L?(F,,). As the value of the index k is fixed throughout the

proof, we will drop it in the notations (X'k’j, Yk, Zk’j) and Ai.

Applying Ito’s formula for functions of a measure argument, see [11} 20], we have
e, X417 = (o277 L. 7)) - o0, X7, [K])

+ S Trfa(X7, [X7])e2,u(t, X, [X7))]

N —

+ B[b((XD), (), X, 77)) - e, X, 1X7))]

[5 T (R LT 20,40 X7 L] | + a7, 17D
(t

Expressing the integral in as expectations on (Q, F,P) and combining with and
, we obtain

dlYy = ¥7) = ({b(X7, Y7, X0, 771) = b(X7, Y7 (X7, 7))} - (e, X7 [X7))
+ B[ {0, ), X, V1) = (<KD, 0, (K V7)) - e, X7, 1X7)) |
+ f(Xg7};;SJ7Zg’ [Xg7f/;fj]) - f(ngzjv thv [ngzj])>dt + [Zg - Zi] -dWy,

where Y/ = U(t, X7, [X7]) and Z7 := dpu(t, X}, [X7])o(X],[X7]). Observe that this
argument is reminiscent of the four-step scheme, see [32].
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Using standard arguments from BSDE theory and (H0)—(H1), we then compute

Aj < 606”2/{ rk"‘l’ XTk+1’ [Xg"lwl]) YVTJkJrlH
< 6 (H6k+1 X£k+11 H2 + HZ/[ 74]‘3'*‘1")(7”1H-1’ [X£k+1]) _u(rk"‘l’X?”kH’ X£k+11 ” )

recalling W,;H = picard[k + 1] (X¥k+11) and (16). Since U is Lipschitz, we have

N (H6k+1 ngjl Hz

+2L| K, - XM ,) (23)

Tk+1 Tk+1

We also have that

-2 = [ B L) o S L) s

+ [ (L1 - o (R 1R Jaws

Using usual arguments (squaring, taking the sup, using Biirkholder-Davis-Gundy in-
equality), we get, since b and o are Lipschitz continuous,

sup | X] — X7~ IIH)

te[rr, 1]

sup | X] — X7~ 1|H (5

te[re,re+1]

Observing that

¥ = V37 < |73 U, X2, ()| + (V7 = (s, X (7))
+A(XIT = XY+ X - X ),

sup Y/ — Y7~ 1]” + 62

te[rg,mr1]

we obtain, for ¢ small enough,

sup | X7 — Xﬁ*HHQ < CH(AT + AT, (24)

tE[Tk,Tk+1]

Combining the previous inequality with , we obtain, for § small enough,

A < MU XIT)|, + Cond Tt

Tk+1 H2
which by induction leads to

J
A < (Cd)jAO + 2(05)2—1605“6k+1 X7‘Zk+£1 H2>
=1

and concludes the proof. ]

We now state the main result of this section, which explains how the local error induced
by the fact that the Picard iteration is stopped at rank J propagates through the various
levels k=N —1,---,0.

Theorem 5. We can find two constants Cy,cy > 0 and a continuous non-decreasing
function B : Ry — Ry matching 0 in 0, only depending on A, such that, for § := Crd <
min(ca, 1) and = B(0) satisfying

eﬂCAT

5J
(J—1)A6 1

<1 (25)
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where J is the number of Picard iterations in a period, it holds, for any period k €

{07 7N} and&eLQ(]:rk),

oBCAT
|solver [k1 (&) — U(ry, &, [€]) ], < A—— 5 &1+ | P £(9)],) (26)

where Py, (&) is the solution at time t of the stochastic differential equation
dX? =b(X2,0,[X?2,0])ds + o (XY, [XI])dWs,
with X = € as initial condition, and P} ,(§) = SUPsefry 4] | Pris (§)]-

Py 1(©)], by C(1+[€ly) in (€5).
Theorem [5| may be restated accordingly, but the form used in the statement is more
faithful to the spirit of the proof.

Of course, it is absolutely straightforward to bound ‘

Proof. We prove the claim by an induction argument. We show below that for all
ke{0,...,N},

|€5(©)], = Isotver th1© ~ UG, & [Ny < 06 (1+ B4 r©)],) . @D

where (0)k—0.... n—1 is defined by the following backward induction: 6y := 0, recall ,
and for ke {0,--- | N — 1},

0 = ASJ + 6’859k+1 , (28)
where (3 is such that
A _ 5
<’y + 7(5676(’7 + _5)> <e® | withy:= 16_5 . (29)
With this definition, we have, for all k € {0,--- , N},
N—k—1 B BCAT
_ AST 38 g €
O = AS 20 P <A (30)
j:

which gives the expected result.

We now prove . Observe that it is obviously true for the last step V. Assume now
that it holds true at step k + 1, for £k < N, and that holds true for #;,1. Then,

using , we have

Opi1j <1, forallj<J—1. (31)
From Proposition [3| we have
A .
AL < FAY + 3§ (R (32)
/=1

Using the induction hypothesis , we compute
5 -1

] $i A0 1- K
AL < FA)+ gekﬂ + O Z Py A (XEL ), - (33)
£=0
We study the last sum. Observe that for £ € {1,---,j — 1},

7"1<+1T Tk+1)_ :k+17T( 71?;6111)“ :

” Ti+1,1 ( Tk+1)||2 = H Tk+1,1 Tk+1 ”2 +Z) 2
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Tk,t(f(f,éo) = P (&), for t € [rg1,T]. Hence,
P (XE0 ) < P! 7(§). Also, it is well-checked that there exists a constant C such

Tht+1,1 Tk+1

that each Py is Cy-Lipschitz continuous from L?(F;) into L*(Fr). Then,

We observe that PTHIJ()N(,IY,C’EI) = P

j—1 j—1 ‘ Y4
Z 5] - E” Tk, T(kail)H2 < CA Z 5J_1_€ Z Hlefk:1 - fk:ll + Z 54” Tk, T )H2 :
/=0 /=1 i

Usmg in the proof of Proposmon I 3| and changlng the definition of &, we obtain

253 P (KD < Z +AD 253 . £+Z5ZH rr @y (34)

Observing that, for all i < j — 1, 2‘7 Lgi—1-t < %, we get

26 1 .
Zéﬂ EH i, T Xﬁkil)HQ\ 5Sj 1 _5” Tk,T(g)H27 (35)

where S} := " A%. Inserting the previous estimate into ([33)) and changing d into 26,
we obtain

é
A < A+ =0k (1+ [ 77,2 (O)],) + ekﬂ 55] ! (36)
We note that A < A(1 + 1Py 7(8)ll2). Recalling + in , equation (36]) leads to
AJ <aj+ 76k+1(5$ (37)

where we set a; := (A7 + Y0k41)(1 + 1P 7(&)ll2). We have
S — 87 = Al < aj+ 1051108
and then

N j N .
Si: < 679k+15jslg + Z 679“15(]—5)% ) (38)
/=1
We compute
J

AS
Z ay < (j’79k+1 + fg) (1 + ” Tk 7( )“2) )
/=1

which combined with the properties and leads to, for all j < J —1,

) % A
Sh<e” <7 + 15) (1 + [P ©l,)

where we recall that Sp = A} < A(1 + 1P} 7(§)ll2). We insert the previous inequality
into for j = J and get

= = 5 A
A < <A5J + <7 + 48 (y + 1_5)> 9k+1> <1 + | r*kT(f)H2> :
Using , this rewrites

Al < (AT + P00 ) (1+[P5 r(0)],) -
and validates and thus . We then obviously have that holds true. O
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3. CONVERGENCE ANALYSIS

3.1. Error analysis in the generic case. We now study the convergence of a generic
implementable solver solver[] (), based upon the local solver solver[](,,) as de-
scribed above, as long as the output of the local solver solver[k] (,,) satisfies some
conditions, which are shown to be true for Example

In order to define the required assumption, we use the same letters A and « as in (H0)
and (H1), except that, without any loss of generality, we assume that « is greater than
1. For the same coefficients as in the equation @, and in particular for the same driver
f, we then ask solver[k](,,) to satisfy the following three conditions.

(A1) SupHU(t, Xh [Xt]) - YtHQa S eA(SHu(Tk-&-lv er+17 [erﬂ]) -,

k+1 H2a
temk

% A 1 2 a
FA max K = Ry, + D (rl) + D) (14 €1S.)

(A2) supHXt — Xt,”za < AS Sup”}_/t — Y{”Qa ,
terwk temwk
(AB) ||u(rk+1’ XTk+17 [XTIc+1]) - Y7’k+1 Hga < AHZ/{(T’H‘l’ XTkHv [XTkH]) - Y7“k+1 ||2a ’

where (X,Y, Z) := solver [k] (X,n, f), for f as before, and (X', Y’, Z') := solver [k]1 (X',7, f),
for another f’ either equal to f or 0, are two output values of solver[](,,) associated

to two input processes X, X', with the same initial condition irk = i;k = £, and to two
different terminal conditions n and n’. For i € {1,2}, the function D' : [0,0) — [0, ) is

a discretization error associated to the use of the grid 7, which satisfies limy, g Di(h) = 0.
Importantly, both D' and D? are independent of X, 7, J and N.

In full analogy with the discussion right below Theorem [5] we shall also need some
conditions on the solver solver [k](,0,0) used to initialize the algorithm at each step.
Following the definition of (P, +)o<t<r introduced in the statement of Theorem [5| we let
by induction, for a given k€ {0,--- ,N — 1}:

Pi(6) = (SoTver [K1(£,0,0)),, tent, ¢eL*(F,),

where we recall that (solver (k] (5,0,0))1 is the forward component of the algorithm’s
output, and, for £k < N — 2,

Prk,t(f) = PT@,t(PT‘k,Tz(é-))v te Wea k<t < N — 17

and then P;kyT(ﬁ) = MaXger se[ry, 7] [Pry,,s(§)], for € € L*(F,,.). Tt then makes sense to
assume

(A4> “P;k,T(‘E) - P:k,T(‘EI)Hga < AH£ - €/H2a
(A5) ”P;k,T(g)HQoz S A(l + H€H2a)
where ¢&,¢ € L?**(F,,) and k€ {0,--- , N — 1}.

Remark 6. The main challenging assumption (and maybe the most surprising one) is
(A3). It is obviously satisfied when o = 1 as long as A is assumed to be greater than
1. We refer to [13] and [IT7, Chap. 12| for sets of conditions under which this is indeed
true. When a > 1, Assumption (A3) is checked provided we have an a priori bound
on [U(rks1, Xrgs 1 [Xrpr]) = Yooy |20, see Lemma . This permits to invoke the result
proven in our previous paper [20], which holds true in a weaker setting than the solvability
results obtained in [13] and [17, Chap. 12].
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Theorem 7. We can find two constants Cy,cn > 0 and a continuous non-decreasing
function B : Ry — Ry matching 0 in 0, only depending on A, such that, for § :== Cpd <

min(cp, 1) and = B(0) satisfying

eﬁCAT
<1,

efd —1

(J —1) (ASJ + eﬁ%?qﬂ)) (39)

where J is the number of Picard iterations in a period, it holds, for any period k €
{0,--- , N} and & € L*(F,,),
Hsol'ue'r‘[k] €) —U(rg, &, [{])HQQ
<C (87 + (N = K)D*(Ia])) (1 + [€)3.) + C(N = k)D*(|x]) ,
for a constant C independent of the discretization parameters.

Proof. The proof will follow closely the proof of Theorem [5| but we now have to take
into account the discretization error. We will first show that for all k = {0,--- , N},

" (€]l < O (1 + [P, 2(E)]55) + IxD (I]) (40)
where
e*(€) = solver [k]1 (&) —U(rk, &, [€]),
and (0k,9%)k—0,.. N is defined by the following backward induction: (6n,9n) := (0,0),
recall (21), and for k € {0,--- , N — 1},
O := A8 + €701 + D(|x])} and Uy 1= P (91 + 1), (41)

B being defined as in equation (48)).
Assume for a while that thids holds true. Then, we have, for all k = {0,--- , N — 1},

_BIN-R)F _ q
s ¢
and Y, <e 1

eBO(N—k)
eBd _

O < (A + POD2(|))) (42)

Recalling that SN = CA\T, we get the announced inequality.

We now prove . Obviously, it holds true for the last step N. Assume now that it
is true at step k + 1, for £k < N and that holds for 0,1 and Vg, 1.
In particular, using , we observe that

Opi1j <1, forall j<.J—1. (43)
First Step. For j € {0,...,J}, let

A = suplu(t, X}, [X]) — v

temk

20"

Under (A1)—(A2), we will prove in this first step an upper bound for Al forj=1,---,J,
similar to the one obtained in Proposition [3]
Using (A1) and (H1) and the fact that
Yvk,j _ U(Tkﬂ, X—k,jfl [X-k,jfl]) + 6k+1(Xvk,jfl) 7

Tk+1 Tk+1 Tk+1 Tk+1
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we observe that

IN

A< e [[0d (v, K LX) — i, R (KBS

e (R

Tk+1

+ A max HXI” X’t’z’j_l

Je<St<Jp+1

o + DM (17l + D2(I=) (1 + [€]5,)  (44)

A6H€k+1 ki1

Tk+1 H2a

< Camax|[ X7 — X777, +

+ DN (Jn]) + D(x) (1 + B2, 2 (O)]5,)

Using (A2), we also have

sup [ X} — X7, < Adsup [T — Ut XD, [KF)) ], + MK = X171,
terk temk

2c HQOc

k-1 k-1 g—1
o, XE(XE) - v,
<Cpé (A + A1)
for § small enough. Inserting the previous inequality in , we get

Ai: < CA(SAJ—l —s—eCA‘sHekH Xk 1

Tk+1 HQa

+ D1(|7T|) + D2(’7T|)(1 + Hp:k,T(g)H;oz) ’

. Di(|n])  D*(|n|) a
< FAY 4 ézaf“ek“ K Moat 5+ 15 U+ P ©l5)

Tk+1 1

with 6 := Cp8. We note that compared to (22), there is a new term, namely (D'(|x|) +
D2(|7])(1 + 1Py, (& )”20)/(1 §), which is due to the discretization.

Second Step. Using at the previous step k + 1 and noting that Ag < A1+
7, () |2a) < 2A(1 + HPW £()]3,), we claim that

512 (2AB 4 9D) 1+ P rO,) + (000 + 1P ()

+e 9k+1 Z 5j =t (1 + H Tet1,1 ka€1 H;a) ’ (45)
=0

where v 1= €% /(1 — §).

This corresponds to equation adapted to our context. By (A2), we have, for
(< J—1,

||P* T(Xk,f ) _ P*

Tk+1) Th+1 Tk+17T(XTk+1 ||2a

(46)

Ch supHXf’E — Xt ’
terk

Using (A4), we then compute, recalling that Y*0 = 0,

SupHXké_XkO| <A5sup|‘1—/tk,£|2a

tem temk

< 86 (8] + Asupl X - X, A1+ el,,))
em

< OA6AL + CnS (1 +¢],.)
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where for the last inequality we used the fact that § is small enough. Observing that
H{HZO‘ < HPrk €39} H2a and combining the previous inequality with , we obtain

Sl
P;k+17T(XTk+1) B P:k+17T(X7"k+1 HQa

CAOAL + Cp6(1 + [P ()], -

So that, by using the fact that P7 (kagl) < P p(€) together with a convexity
argument,

[0

HP:M—LT(XWH HQa (CA&A (1 + CA(S) (1 + P:ij(f) “204)) )

< (1+2030)" " (Cad(B0)" + (1 + Cud) [P, 203, )

Appealing to (A3) and redefining 6, we get

HP:IHJ»T( Tk+1 H2a

SAL+ e (1+ 7, r(©)]5,) -

which may be rewritten as

-1 SN i1 (A ¢ o
DI Y e AL TC] W)

Recalling the notation v = €°/(1 — §) and letting Spi= " 0" AL, we obtain a new
version of (37| ., namely

AL < AP (3 + [Pl r(@)15,) + + hi108] (47

where we changed the constant 2A in into %A as we changed the value of 6, and
where we put

a =(v"Ok+1 + D (7)) (L + [P}, 2(©)]3,) +7(Whsr + DD (|a]) -
We straightforwardly deduce that
S)= AL+ 86817 < AF(1+ [Pr, 1

O5.) +a+ (1+ V0541)0S,

7j—1
< O IgiS) 4 Y 5 (AT (1 + [P, 2(€)]5,) + ),
(=0
which yields
g’i < A(] + 2)5j679k+1(j—1) (]_ + HP:k7T(€)||ga) + ﬁ,

where we used S < 2A(1 + [Pf, +(€)[3,). Thanks to (47), we get
a

Ajl < A(SJ( + 6v(J + 2)9k+1679’““(‘]_1)) 1+ [Py, 2(©)]5) + T otning

Recalling that (J — 1)041 < 1, we deduce that, for § small enough,

“) 4 e (W1 + DD (|A])

ri, T )H2a

Af < (A8 + {01 +D*(Ix)}) (1 + [Py, 7

provided that 3 satisfies
2 B

Y 35
TRy <e”. (48)

This validates and concludes the proof. ]
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3.2. Convergence error for the implemented scheme. We now analyse the global
error of our method when the numerical algorithm is given by our benchmark Example

see Section

Lemma 8. (Scheme stability) Condition (A2) holds true for the scheme given in Example
2

Proof. For k < N —1, we consider ( Y, Z) :=solver[k](X,n,f) and (X",Y',Z') :=
solver [k1 (X',n, f") Wlth X, = ¢ Letting AX; = Xy, — X/ and AY; = Y, - Y/,
we observe

i
D (tegr — to) Aby| +
L=y,
for i € {jg,- - 7jk+1_}7 W}Eere Aby = b(‘_)zteaﬁea [Xté’ﬁe]) - b(Xé 7}/;/47 [Xt/g’Yg[]) and,
similarly, Aoy := o(Xy,, [Xy,]) — U(Xl{e, [Xée])
Invoking Cauchy-Schwartz inequality for the first term and the Biirkholder-Davis-Gundy
inequality for discrete martingales for the second term and appealing to the Lipschitz
property of b and o, we get

D Ao AW
l=jk

|AX;1] <

[AXisa],, < €6, max (|aYy,, + |AaX],,) +
oax

Z |Acy|?

fjk

HZa

N|—=

<08 mas (|81l + [8%l,,) + 0 X e - te>|AXe|§a)
koot l=j)

< €6, max (|AYely, +[AXe],,) +C3Y2 max ([AX,,)
=gk, 10 =Tkt

where we used the identity ty11 —t; = 6/(jr+1 — jx). For § small enough (taking the sup
in the sum), we then obtain

max [AX; H2a Cé max HAY”2a> (49)

Je<U<Jk+1 Je<U<Jk+1

which concludes the proof. ]

We now turn to the study of the approximation error.

Lemma 9. Assume that (HO)-(H1) are in force. Then, condition (Al) holds true for
the scheme given in Example |9 with

Dl (|n|) < C/|7| and D*(|x|) < C+/|7|.

Proof. First Step. Given the scheme defined in Example 2] we introduce its piecewise
continuous version, which we denote by (X;)o<s<r. For i <n, t; < s < tj1,

_ _ 1 _

X = Xti + bZ(S — ti) + oi\/s — tiw;, w; = 7—ti+1 — AW; ,
with (b, o) := (0(Xy,, Va,, [X¢,, Y1,]), 0(Xt,, [ X,])). In preparation for the proof, we also
introduce a piecewise cad-lag version, denoted by (X 9))0@@, where A is a parameter
n [0, 1). For 7 < n, t; < s <tjt1,

XV 1= Xp 4 bi(s — 1) + Aoin/s — tiww; .
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For the reader’s convenience, we also set
U, := Z/I(S,Xs, [Xs ]) ,

V= 0.U (s, X, [ Xs ])
Vo= o,U (s, X0, [X,

) Oull (5, X, [X]) (X))
Applying the discrete It6 formula given in Proposition [I4], and using the PDE solved by
U, recall , we compute

_ _ tit1 _ _ _ _
Ut = Uti + J V:gx : {b(Xtm}/;fia [thanz]) - b(Xtia Utm [Xtiv Utz])} ds
t

i

i+1

tiv1 o o o L
+ J E [Vsﬂ ’ {<b(Xti7 Y;fiv [th Y;fz]) - b(Xti’ Utw [Xti7 Utz])}>:| ds
t

— (tiv1 — ti)f<:%ti7 Usiro' (X, [Xe]) VT (R ﬁti])

s (ma(i{m [Xti]>wi>

+RY + R+ RY + R+ RI”+ R + SM(ta, tigr) + 6T (ti, tir1)
with

— 0 —
oX X))
2\/5 *ti ’

Rl = [ t [F(%e 000! (X, [X) P77 (X001

<

Lit1 _ — 0
R [0 - v
t.

=

(%0, U0 (K0, (XD Vi (%4, 01 ]) f s

ti B B _ B _ B _ _ _
erzx ::j " V:gx : {b(tha Utiv [Xtiy Utl]) - b(XS; USa [X87 US])} d87
t;

tivr _ _ _ _ _ _
RY- :j BV {(Xs,, O, Ko On]) — b(Kas Us, [ X, T]))}] ds
t;
and

1 tit1 1 1 tir1 1
RI® = 2f f A*(s,\)d\ds, RJF = 2] f At (s, A)dAds, (50)
) t 0

where
(s, X) = Tr{ 2,1 (s, XO, [X])a( X, [K,]) = 02,0 (s, Ko, [Ke])al( K, [K) |
A#(s, \) = B[ Tr{ 0,0, (5, X [X]) (X)) (X, [X0])
— 0,0,U (5, Ko, [Ke]) (XN al X, [KID} ] -
Also, SM (t;,t;41) is a martingale increment satisfying E[|SM (£, t;1)[2 | F, ]/ <
Chy and [5T (i, ti21) |20 < CahZ, recall Proposition
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Second Step. Denoting w; := w;/+/ti+1 — t; and

1 [ti+1

(sz = hf ‘Zf * {b(tha }_/tia [Xti7 thl]) - b(‘)—(ti? Utz" [Xtﬂ Utz]) } dS
i Jt;
1 (L1, _ o o L L
+ hi J E [Vs'u : {<b(Xti’ Ytiv [Xti’ Ytz]) - b(Xti7 Uti’ [th Utz])>}] ds
i Jt;

the previous equation reads
UtiJrl = Uti + G
+ |8y = f (X O 0 (K, [X0 D) V7 (%1, O ]) + Vi (0 X [Xi ez |

(51)
where
Gi=RY+ R+ R + RI 4RI+ R + 6M(ti, tir1) + 6T (i, ti1) -
On the other hand, the scheme can be rewritten as
Vi, = Yi, + hif (%, Ve, Z,, (X4, Vs,]) — hiZy, - — AM; (52)
where AM; satisfies
Ey,[AM;] =0, Ey,[w; - AM;] = 0 and E[|AM;*] < 0. (53)

Denoting AY; = Y;, — Uy, AZ; = Z;, — o1 (X, [X,]) V)%, and adding and (52)), we
get

AY; = AYq + h (6b; + 0 ;) + G — hiAZ; - wy; — AM; (54)
where
6fi = J (Rt Vi Zaps [X0,, V) = £ (1, O (K, [0 ]) Vi (21, 01 -
For later use, we observe that
0b;] + |6 fi| < CA(JAY;| +||AYG|, + |AZi]) . (55)

Summing the equation from i to jry1 — 1, we obtain

~ Je+1—1 ~ Je+1—1 Jk+1—1
AY; + Z {thZg + AME} = Jk+1 + Z hy 5()3 + 5fg Z Cg
l=1 l=i

Squaring both sides and taking expectation, we compute, using for the left side and
Young’s and conditional Cauchy-Schwarz inequality for the right side,

B Je+1—1 -
E, [|AY:?] + Z heEy, [|AZ]%]
(=4

- Jr+1—1 Jr+1—1
S By, [(1+CO)AY) [P+ C Y] haldbe + 6 fe* + < Z Cz) ] :
=i
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for i = q = ji. Combining (55) and Young’s inequality, this leads to

1 Je+1—1
Eq, [|AY;)?] Z heEe, [| Zo)?]
=i
Je+1—1 Je+1—1
th 05|ijk+1|2+c Z h€|AY€|2+< Z CK) ] .
l=i
Using the discrete version of Gronwall’s lemma and recalling that ij“ ! he = 6, we

obtain, for ¢ = ¢,

Jr+1—1 2
IAY;|? < Ey, | e“|AY;, |2 + ¢ max ki q ,
’ ht (5 Je<i<jp41—1 =

and then,

A= max |AT[ <Ay,

Je<U<Jr+1

(56)

Je+1—1
k+1”2a+ 5 max ( Z CE)

Si<Jp+1—1

Third Step. To Conclude we need an upper bound for the error ||maxjk i<jpsr—1( Z’:;;l_l )3,

where (p is defined in . To do so, we study each term in (p2)) separately. We also

define Ax := maxte,,kHXt ||2 and we recall that X, = &.

Third Step a. We first study the contribution of R{ to the global error term and note
that

Jr+1—1 ; 2 5 Je+1—1 12
We will upper bound this last term.
Let us first observe, that, for t; < s < ¢;11,
VI — V¥ < |0l (5, X5, [Xs]) — 0uld (ti, X, [X2,])|
1
3

<CO&—XM+WMM$MHHWALH&wW&&0,

where we used the Lipschitz property of 0,U given in (H1), together with and .
Hence,

Ve - VE2, <

C (1%, = Kl + hi(1+ 1%0,134)) - (58)

From the boundedness of ¢ and the Lipschitz property of b and U, we compute

|X, — X2 + 021 %5, ) - (59)

t; ”311

< Cn (ki + 03[0, = ¥
Using Lemma [15] from the appendix below, we obtain

[V = Vit < O(ma1+ el3) + R2A3)

From the boundedness of 0,4, o and the lipschitz property of o, we obtain
4 % (/T % vV (/T 2
HGT (st [XS])VS - UT (Xtiv [th])v;fl 2 <C (hi(l + Hf“%a) + h?A%) s
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where we used the same argument as above to handle the difference between the two o
terms. Combining the previous inequality with the Lipschitz property of f and replicating
the analysis to handle the difference between the U terms, we deduce

[REN, < Ch3 (A% + hi(1 + €13,) + h3AY) . (60)

Third Step b. Combining the Lipschitz property of b, the fact that [VZ|? + E[|[V#2] < C
and Cauchy-Schwarz inequality, we get

[R¥ 50 + [R50 < CHENUS = Ti 5, + |Xs = X (61)
Arguing as in the previous step, we easily get
[R5, < On? (hi1+ I13,) + h2AY) - (62)

Third Step c. We now study the contribution of the terms R}" to the global error. From
the independance property of (w;)i=o,... n—1, we may regard each R}’ as a martingale
increment. By Burkholder-Davies-Gundy inequalities for discrete martingales, we first
compute, using the fact that each w; is uniformly bounded,

Jk+1—1 2 Jr+1—1 tit1 ©) VO,x _ VO,x 2
max R“’) <C J o (X [ X)) ————t—ds
Je<U<jp—1 < ; ¢ 20 f;jk t; ti Vs —1 .
Jr+1—1 - ~
<0 % w(mOrleh) + | s X0 -] ).
=7y, s€[tistiv1] @

Since | X" — X,,| < hilb(X,, Vi, [ X0, Yi )|, for s € [t 4], s0 that X3 — X oo <
Cahi(1+ 1 X4, |20 + [ Yall2a) < Cahi(1+ || X4, ]l2a + A2), the previous inequality, together
with Lemma [T5] leads to

Jr1—1
max ( Z RZ)

< Colr|(1+ I3 + ImIA} ) -

Si<Gh-1
Similarly,
Je+1—1 2 Jra1—1 ,
jksrlz‘?ﬁ_l( Z_:Z 6M(t€’t“1)> o <C e;k oMt tern)]7],
< Cd|ml .
Hence,
k11 2 Jrp1—1 9
j’“ggj}il( ; Rzu> | jké?é‘ﬁl( ; (W(té’t“l)) 20 (63)

< Colm| (1 + [€]30) + Coln AT .
Third Step d. (i) We study the contribution of R7*. We observe that
A" (s, V)] <|oz.U (s, X [X ]) = 0l (3, X, [X])| - Ja(Xe,, [X])]

+ 02U (s, X, [Xs])| - a(Xe,, [Xe,]) — a(Xs, [XS])]
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for s € [t;,t;+1]. Using the boundedness and Lipschitz continuity of 02, and o, we get,
from the previous expression,

HAx(S’ >\) ”304 <C (HXé)\) - Xnga + ||X5 B Xti §a> : (64)
Observing that HX}SM — XSHQQ < C+/h;, we obtain using , for t; < s < t;41
|87 (s, V50 < Chi (14 i[O, = Va5, + Rl Xeo[3,) -
which leads, using Lemma [15] again, to
[R7"[5,, < O (hi + b3 (A% + [€[30)) - (65)

(ii) To study R7", we first observe that
A% (5, 2)] < CE [[0,0,U(s, X, [ (X)) = 0u0,U(s, X, [KDUEN]| (66)
+ B [[0,0,4 (s, X, [X (X)) - [€a( Ko, [K,]) = al X, [XID]

For the last term, we combine Cauchy-Schwarz inequality and boundedness and
Lipschitz continuity of o to get

E[|000,U (s, X, [X)((X)| - [(a( K, [X2]) — a(Xe, [X)]]
<C ”th‘ - XSHQ = CHXti - XSHza‘

Recalling from that ||X' s — Xy,
Lemma [I5] that

E []000,U (s, X, [X]) (X)) - Ka( X, [Xe]) — a( X, [X])]]

<ound (14 nH (A +Ielan)) (67)

2 > : :
e < Calhi + h2(A2 + | X4 )3,)), we obtain, using

For the first term in (66)), we use (H1) equation (13 to get
1000 (5, X, [X]) (X)) = 000, (5, X, [X]) (X))
\ o % o v 2e] 2 % %
C {1+ 1RO + [Ty + |2} XDy - (.
By Cauchy Schwarz inequality, we obtain

B [[{0u0. (5, K, [XD(XD)) = 0,0, (5, Ko, [X DX}

< Cv/hi (14 1XV 5 + 1Xl5,) - (65)
We then observe that
XD + 1Kl < € (| Kellpg + hal T = Fasl + v/h)

S O(1+ [€]2a +6Ay) ,

where we used lemma (15| for the last inequality. Combining the last inequality with
and using also , we compute

3
IR < ChE (1 +[[€]2a + 6AY) |
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and then
Je+1—1 2
Y IR < Clnlo® (1+82AF + |€]5,) - (69)
l=jy 20
4. Collecting the estimates , and , we compute
Jk+1—1 2
MR+ RE+ RE7|,,, | < 8% (A% + [7l{1 + [€]3.) + [72A%)
l=Jk
Observing that
Jre+1—1 2
DU6T (tistivn)]y, | < COPIl,

l=ji,
and combining the previous inequality with , and , we obtain
A} < ePTry,, = Vo B + C(68% + Il (1 + €13,) + 71023 )

which concludes the proof for § small enough. O

Lemma 10. Assume that g and f(-,0,0,[-,0]) are bounded. Then (A3) is satisfied what-
ever the value of .

Proof. It suffices to prove that I is bounded on the whole space and that Y is bounded
independently of the discretization parameters.

We refer to [20] for the proof of the boundedness of U.

The bound for Y may obtained by squaring and then by taking the conditional
expectation exactly as done in the second step of the proof of Lemma [9] O

Assumptions (A4) and (Ab) are easily checked. It suffices to observe that (P, +(&))ten t=r),
coincides with the solution of the discrete Euler scheme:

X0

tit1

with )_(Bk = £ as initial condition.
Combining Lemma [0, Lemma [ and Lemma[I0] with Theorem[7} we have the following
result.

Corollary 11. Under (H1)-(HO0), assuming (39), the following holds
Hsolver (k1) —U(rg, &, [5])H2a <C <(C6)J71 + \W]%(Tl(l + H{Hm)) ,

for § small enough.

The first term in the right hand side is connected with the local Picard iterations
on a step of length §. As expected, it decreases geometrically fast with the number of
iterations. The second term is due to the propagation of the error along the mesh. The
leading term ]77]% is consistent with that observed for classical forward-backward systems,
see for instance [2I), 22]. The normalization by § is due to the propagation of the error
through the successive local solvers.
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4. NUMERICAL APPLICATIONS

In practice, we would like to approximate the value of (0, ) at some point (z,u) €
R? x Po(R?). In the first section below, we explain how to retrieve such approximation
using the approximation of U(0,&,[£]) given by the algorithm solver[0] (), for some
& ~ p. In a second part, we discuss the numerical results obtained by implementing
solver[0] OO with two levels, i.e. N = 2. In particular, we show that it is more efficient
than an algorithm based simply on Picard Iterations.

4.1. Approximation of U(0,z, ). The goal of this section is to show how to obtain
an approximation of U(0, z,[£]) with £ ~ p and = € supp(u). We will assume that we
thus have at hand a discrete valued random variable & 7l ~ u‘”' = Zé\i 1 Dedze such that
ul™ is a good approximation of p for the Wasserstein distance. For instance, such an
approximation can be constructd by using quantization techniques. Then, we can use
solver[0] (£I™) to obtain an approximation of 2(0, &I7I [¢I71]).

Note that solver [0 (¢/7]) is a discrete random variable as the algorithm is initialised
by a discrete random variable as well. In practice, this means that each point z¢ will be
the root of a tree and will be associated to an output value y* = U(0, 2%, [¢/™]]) and then
solver [0 (¢I™) ~ Zé\ilpﬁyz. It is important to remark that the computations on the
trees are connected via the McKean-Vlasov interaction.

Using the Lipschitz continuity of U, one easily obtains

U0, 2, 1) = U(0, 2",y < © ( min |y — x|+ Wg(u'”,u)>
yesupp([£1™1])

=:&(|7l,€),

is a point in the support of ,u'”' realising the minimum in the first line.

(70)

where !

Remark 12. In many cases, it will be easy to have x € supp(u‘”') and thus reduce the
above error to the term WQ(M‘“‘,M). This is obviously the case if £ is deterministic.

As mentioned above, the approximation of (0, :gg , 1™ is obtained by running solver [0] (§ Il
and by taking its value on the tree initiated at xf, precisely we have U(0, z*, ,u,|”|) = 9t
The corresponding pointwise error is given by

Ex(7,6,€) := |y" —u(0, 2" [¢M])]. (71)
Of a course, this might be estimated by

Ex(|m],6.6) < - Ju4(0, € ¢l — sorver o1 g™
Dy 2

but this is very poor when the initial distribution p is diffuse and accordingly when ,u'”'
has a large support, in which case p; is expected to be small.

To bypass this difficulty, we must regard E(|x], d,&) as a conditional error. Somehow,
it is the error of the numerical scheme conditional on the initial root of the tree. It requires
a new analysis, but it should not be so challenging: Now that we have investigated the
error for the McKean-Vlasov component, we can easily revisit the proof of Theorem [7]in
order to derive a bound for this conditional error.

Instead of revisiting the whole proof, we can argue by doubling the variables. For &
and z as above, we can regard the four equations , , and as a single forward-
backward system of the McKean-Vlasov type. The forward component of such a doubled
system is X = (X0%# X0¢) and the backward components are Y = (Y%%# Y0£) and
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7 = (Z%%#, Z0%), Except for the fact that the dimension of X is no longer equal to the
dimension of the noise, which we assumed to be true for convenience only, and for the
fact that Y takes values in R?, the setting is exactly the same as before, namely (X, Y, Z)
can be regarded as the solution of a McKean-Vlasov forward-backward SDE in which
the mean field component reduces to the marginal law of (X% Y0¢). We observe in
particular that

0,z, 0,z, 0, 0, 0, 0,
YOO = U, XD X)), Y = U, XD X)), te [0, T,

with similar relationships for Z%®# and Z%¢. Hence, Y; (and Z;) can be represented as
a function of X, which was the key assumption in our analysis. For sure, the fact that
Y takes values in dimension 2 is not a limitation for duplicating the arguments used to
prove Theorem [7] .

Numerically speaking, the tree initiated at root 2% under the initial distribution p'”'
provides an approximation of U(0, 2¢, [¢/™]]), which is equal to y02ilE™ S0 our numer-
ical (implemented) scheme is in fact a numerical for the whole process (X, Y, Z).

This leads us to the following result.

Theorem 13. Let yZ be the approximation of U(0, x, 1) obtained by calling solver [0] &l ly,
where € is defined in (70). Then, the following holds

(0,2, 1) — y'| < E(|n],€) + Ex(|n],6,€)

where E(|m],8,€) can be estimated by Corollary [11, with (1 + |€||l2a) replaced by (1 +
2] + [€]12a)-

4.2. Numerical illustration. In this section, we will prove empirically the convergence
of the approximation obtained by the solver solver[] (). In particular, we will compare
the output of our algorithm solver[] (), when implemented with two levels, i.e. N = 2
(we simply call it two-level algorithm), with the output of a basic algorithm based only
on Picard iterations, which can be seen as a solver solver[] (), but with only one level,
ie. N =1 (we simply call it one-level algorithm). In both cases, we use Example [2| as
discretization scheme, with a standard Bernoulli quantization of the normal distribution,
d being equal to 1. In the numerical studies below, we show that the two-level algorithm
converges in case when the one-level algorithm fails.

4.2.1. The example of a linear model. In this part, we compare the output of both algo-
rithms for the following linear model where a closed-form solution is available:

dX; = —pE[Y],dt + cdW;, Xo=1zx,
dY; = —aYydt + Z,dWy and Ypr = Xp,

for p,a > 0, and the true solution for E[X(] = mg is given by

moeaT

Yo=—1120 .
07 14 2(edT — 1)

The errors for various time steps and for both algorithms are shown on the log-log error
plot of Figure 1. The parameters are fixed as follows: p =0.1, a =025, 0 =1, T =1
and x = 2. Moreover, the two-level algorithm uses 5 Picard Iterations per level, and the
one-level algorithm computes 25 Picard Iterations.
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Fi1GURE 1. Convergence of the algorithms: log-log error plot for the same
data as in the text. We can observe that both algorithms return the same
value which is close to the true value. This validates the convergence of
both methods in this simple linear setting.

4.2.2. Efficiency of the solver[] () algorithm. In this section, we compare the two-level
algorithm and the one-level algorithm on two models, for which existence and uniqueness
to the master equation (or the FBSDE system) hold true for any arbitrary terminal time
T and Lipschitz constant L of the coefficients function. Nevertheless, as stated in the
theorems above, the convergence of the algorithms is guaranted only for a periods of
time which are controlled by L and T'. Here, we fix the terminal date T and allow L
to vary with the use of a coupling parameter p, see equations (72)) (for a case without
McKean-Vlasov interaction) and (for a case with McKean-Vlasov interaction). We
will see below that, as expected, the two-level algorithm converges for a larger range of
coupling parameter than the one-level algorithm.

An example with no McKean-Vlasov interaction.

Here, the model is the following
dX; = pcos(Yy)dt + odW;, Xo==x,

Y, = Eq[sin(X7)] . (72)

On Figure 2, we plot the output of the two-level and one-level algorithm along with
a proxy of the true solution computed by usual BSDE approximation method (after a
Girsanov transform) and with a very high-level of precision. On the graph, the value Y0
stands for the approximation of ¢(0, z): There is no dependence upon the initial measure
as there is no MKV interaction in this example. The parameters are fixed as follows:
oc=1,T =1 and x = 0. Moreover, the two-level algorithm uses 5 Picard Iterations per
level, and the one-level algorithm computes 25 Picard Iterations.
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FiGURE 2. Comparison of algorithms’ output for different value of the
coupling parameter and for the same data as in Example : two-level
(black star), one-level (blue cross), true value (red line). The two-level
algorithm converges for larger coupling parameter than the one-level al-
gorithm. It is close to the true solution up to parameter p = 7, the
discrepancy for large coupling parameter coming most probably from the
discrete-time error. Interestingly, the one-level algorithm shows bifurca-
tions.

An example from large population stochastic control.

For this part, the model is given by

AdX, = —pYidt +dW;, Xo = =,

73
dY; = atan(E[X,])dt + Z;,dW; and Y7 = G'(X7) := atan(X7). (73)

coming from Pontryagin principle applied to MFG

T

ing[G(Xf‘) + J (;pozf + Xto‘atan(E[Xta])) dt]
0

with dX7 = audt + dW, see e.g. [14].

We do not know the exact solution for this model and it is not possible to obtain easily
an approximation as in the previous example. We plot on Figure 3, the output value
of the one-level algorithm and two-level algorithm. On the graph, the value Y0 stands
for the approximation of U(0, z,d,). The parameters are fixed as follows: 0 =1, T =1
and x = 1. Moreover, the two-level algorithm uses 5 Picard Iterations per level, and the
one-level algorithm computes 25 Picard Iterations.
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—— —
—— e

Coupling

FIGURE 3. Algorithms’ output for the same data as in Example (73)): one-
level algorithm (blue line), two-level algorithm (black line). We observe
the same phenomenon as in the previous model: The two-level algorithm
converges to a unique value for a larger range of coupling parameter than
the one-level algorithm, which exhibits a bifurcation. Observe that the
two-level algorithm fails to converge at some points: One should add a
level of computation to shorten the time period §.

5. APPENDIX

5.1. A discrete It6 formula. We consider the following Euler scheme on the discrete
time grid 7 of the interval [0, 7], recall (20)),

Xioy = Xi, + bi(tis1 — ) + 0in/tis1 — tiwi (74)

where (w;);_n are i.i.d. centered R valued random variables such that the covariance
matrix E[wiwg] is the identity matrix and |w@;|3, < Ah;, and (b;,0;) € L*(F,), for all
1< n.

We also introduce a piecewise continuous version of the previous scheme, for i < n,
t; < s <tiy1 and X € [0, 1], the process (Xt(/\)>0<ts’f,

XV = X, 4+ bi(s — t;) + 0iM/s — by (75)

and Xt(;\) = X;,. Following the notation used in the proof of Lemma @ we just write

(Xs)o<s<t for (Xégl))ggng, which defines a continuous version of the Euler scheme given

in .
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Proposition 14. For any i€ {0,--- ,n — 1}, the following holds true:

_ _ _ B tir1 B B
meh&mw&mn=uma%¢&n+j o (s, X, [Xo])ds
t

i

+£”1 (a U(s, X, [Xs]) - bi + ; fl Tr[ang(S,XS(A),[Xs])ai]d/\> ds

+£“Apm&&w]wx»®ﬂw

i

+ % J [ Te(0,0,U(5, Ko, [X (X)) ]dA] ds

0
- 0;TW;

tit1
X0 rx 1y
+LZ axu(sy S 7[ S])Zm

where a; is here equal to aza , and OM(t;, tiv1) is a martingale increment satisfying

3
|6M (ti, tiv1)]2a < CahZ and 6T (ti, tiv1)]2a < Cah?.

ds + 5M<ti, ti+1) + (ST(ti, ti+1) ,

Proof. By writing

0;W;
2\/ S — ti
and by using the standard chain rule for continuously differentiable functions on a Hilbert
space, we get

_ _ tit1
Xty = Xy, + f (bi + )ds,
t;

_ _ B _ tit1 _ _
u(ti-Ha Xti+1’ [Xti+1]) = u(ti7 th‘? [th]) T f (3,51/[(5, XS’ [XS])dS
t;

Lit1 _ 0004

[ (axU(S,Xs,[Xs])'(biJrz\/ﬁ
+E[a#u(s,Xs,[Xs]WXs»'<b2’ \jﬂ>]>

)ds

Now we observe that,

Oul (5, X, [Xs]) = 0l (s, X\ [X]) + \/ﬁf 02 U(s, XN, [Xs])osmid\
= 0uU (s, X0 [XJ]) + /s — 1; 02 (S,Xs(o)a[ XsDoiwi + Vs = tiTi(s),
where 7i(s) is a random variable defined on (€2, F,P) such that |75 (s)|2a < ChZ, and
0l (5, X, [X]) (X)) = 0uld (5, X, [X]) (X))
+¢wujammxg X UED)) o)A

= 0, (s, X5, [X]) (X))
+ Vs — t; 0y0,U (s, X, [X ])(<X >)<Uz~wi>+\/s—ti7’2(s),

where T(s) is a random variable on the enlarged space (2 x €, F @ F,P ® P) such that
. o 1
B[17a(s)/2] " < o,
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We insert these expansions back into the identity we obtained for the term U (t; 11, Xt,,,, [Xt:,,])-
We let

1 [ti+1 _ _
OM(ti,tiy1) = QJ [ﬁng(s,XS(O), [Xs])oiw; - (oiwi)

ti

—Ey [ﬁgm?/{(s, )_(8(0), [Xs])oim; - (ini)”ds ,

1 (ti+1
OT (titiv1) = 2J (Ti(s) + Ta(s)) - oymmids .
¢

i

It defines a martingale increment satisfying By, [|6M (¢, ti41)[**] Y9 < Oh,. Observing
that for ¢; < s < tj41,

B[0,U(s, X, [X)XO) - (iemiy| =0,

E:, [55302/{(5, )oiwo; - (ini)] =E,, [Tr((??cmb{(s, XS(O), [Xs])ai)] ,

X(0)7 (X,
Er, | 02U(s, X0, [ X,
[ 0,0,U(s, X, [XD (XN = tiloimi) - (i)
= B[ Tr(2u0,4 (5, X, [XD(X))a) |
we complete the proof. 0

Noiwi - (i) | = Bu | Dr(e (s, X0 [XD)a) |

5.2. Estimates for the scheme given in Example

Lemma 15. Under (HO0)-(H1), the following holds for the forward component of the
scheme given in Example[q and its continuous version,

ml Xy, < O (14 1Kol + Srmmlite, Ko [%) - Vi, ) (79

tem

Proof. We introduce 0; := |U(t;, X,,[Xy,]) — Y3,| and observe from the Lipschitz prop-
erty of b and U that

|b(Xti?ﬁi’ [th7ﬁz])| < CA(l + |th| + ”th

Recall that the scheme for the forward component reads

pa T 0 [0i,5,) - (77)

7 (2
Xy = X+ D0 b(X, Vi [ Xy Vi, ) (begn — ) + . 0(Xiy, [ X, ]) AW
l=ji =7k
Squaring the previous inequality, using Cauchy-Schwarz inequality for the first sum and
the martingale property for the second sum, we obtain

i
> 2 ) S o v o 12 > =
||Xti+1H2a < CHXTnga +C Z he (5“[)(th Y;Je’ [thne])HQa + HU(Xtea [th])”%a) )
l=j)
where we used again Biirkholder-Davis-Gundy inequality for discrete martingales.
Combining with the boundedness of o, we then have

+046% max |03, +C6 Z thXuH;a) :

Je<t<Jk+1 .
=3k

s 30 < O(1%nil,

Using the discrete version of Gronwall’s lemma, the result easily follows. |
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