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We show how a two-state diffusion-reaction description of the mobility of ions confined within
compacted clays can be constructed from the microscopic dynamics of ions in an external field. The
diffusion-reaction picture provides the usual interpretation of the reduced ionic mobility in clays, but
the required partitioning coefficient Kd between trapped and mobile ions is generally an empirical
parameter. We demonstrate that it is possible to obtain Kd from the microscopic dynamics of ions
interacting with the clay surfaces by evaluating the ionic mobility using a novel lattice
implementation of the Fokker-Planck equation. The resulting Kd allows a clear-cut characterization
of the trapping sites on the clay surfaces and determines the adsorption/desorption rates. The results
highlight the limitations of standard approximation schemes and pinpoint the crossover from jump
to Brownian diffusion regimes. © 2006 American Institute of Physics. �DOI: 10.1063/1.2194014�

I. INTRODUCTION

Ion mobility near surfaces, and in particular in clays, is
generally understood as the result of an interplay between the
diffusion of mobile ions and their temporary trapping by sur-
face adsorption sites. The interactions between the ions and
the mineral surfaces are the origin of the retention properties
of these materials: the vast majority of ions diffuses more
slowly in a charged confining medium than in a bulk solu-
tion. The reduction of ion mobility in clay materials, in par-
ticular montmorillonite, has made them possible candidates
for the storage of radioactive ions in nuclear waste.1,2 On the
macroscopic scale, geologists usually describe the retention
properties using the sorption concept: an ion can temporarily
adsorb to specific sites on the mineral surfaces, immobilized
for some of its time, thus reducing its mobility. This two-
state picture, though oversimplified, has the advantage of
being easily implemented for engineering applications and is
widely used in the extensive literature on the related sorption

data �empirical partioning coefficients Kd�, thus providing a
convenient tool for the modeling and prediction of ion mo-
bility in these materials.1–5

From a microscopic point of view there is, however, no
clear-cut distinction between bound and mobile species,
since the ionic distribution f�x ,v , t� is a continuous function
of position x, velocity v, and time t. The purpose of the
present investigation is twofold. First, we show how a phe-
nomenological two-state model consistent with the apparent
mobility paradigm can be systematically derived from the
microscopic interactions between the ions and the clay sur-
faces. Second, we examine the influence of the strength of a
model external interaction potential between the clay surface
and the ions on the relevant parameters defining the phenom-
enological two-state model. These objectives are achieved by
describing ion dynamics on a coarse-grained, mesoscopic
level based on a recently proposed lattice implementation of
the Fokker-Planck equation.6,7

The paper is organized as follows. Section II summarizes
the various levels of modeling ion mobility. Section III in-
troduces the details of the starting, mesoscopic level of de-a�Electronic mail: rotenber@ccr.jussieu.fr
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scription and the coarse-graining procedure leading to the
diffusion-reaction scheme is described in detail. The lattice
Fokker-Planck �LFP� equation is presented in Sec. IV, and its
numerical implementation is described for the problem at
hand. Its numerical solution determines the apparent mobil-
ity of ions confined between two clay layers, which define an
external potential surface. The results for the apparent mo-
bility are compared with the predictions of three existing
approximations. This apparent mobility is finally used in Sec.
V to construct explicitly the phenomenological two-state
model. Concluding remarks are made in Sec. VI.

II. MOBILE AND ADSORBED IONS IN CLAYS

A. Diffusion-reaction paradigm

Ion mobility in clays is usually interpreted as resulting
from a balance between the free diffusion of mobile ions and
the adsorption of a fraction of available ions at the clay sur-
faces. The balance between the two species �mobile and
trapped� of ions may be schematically represented as a
chemical exchange reaction as follows:

mobile�
k−

k+

adsorbed, �1�

with k+ �k−� the adsorption �desorption� rate constant. In a
macroscopic tracer diffusion experiment, whose time scale is
much longer than the typical adsorption/desorption time, the
only relevant parameter is the fraction of adsorbed �mobile�
ions, usually described in terms of the distribution coefficient
Kd, defined as the ratio

Kd =
�adsorbed�
�mobile�

. �2�

The fraction of adsorbed ions is thus fa=Kd / �1+Kd�, and
that of mobile ions is fm=1/ �1+Kd�. The mobility of bound
ions is generally assumed to be negligible, and the apparent
diffusion coefficient is simply

Dapp = fa � 0 + fm � D0 = fmD0, �3�

with D0 the diffusion coefficient of the mobile ions. The
measured �or effective� diffusion coefficient is proportional
to Dapp, but also involves the porosity and the tortuosity,
which characterize the morphology of the porous material on
large scales. The porosity and tortuosity can be determined
from independent measurements, so that we may assume that
Dapp is experimentally accessible. In fact, �3� can be used in
practice to determine the experimental value of Kd.3–5 The
other experimental determination of Kd consists of “batch”
sorption experiments, that is, the titration in solution of non-
sorbed ions.2,8,9 However, the values obtained in this case are
not always consistent with the measured apparent diffusion
coefficients,10 because of the different environment of the
ions in solution and in the confined medium, which is “bulk-
like” only for high porosities. This discrepancy, if one is not
to reject completely the widespread concept of reactive trans-
port to account for the retention properties, pinpoints the
need for a better understanding of the meaning of such a
two-state picture. The purpose of the present paper is to

present how one can extract a value of Kd from a micro-
scopic description of ion dynamics in clays.

B. Microscopic description

On the atomic scale, the distinction between adsorbed
and mobile ions is not without its ambiguities. An all-atom
description of the motion of ions in the quasi-two-
dimensional interlayer space of clays can be obtained by mo-
lecular dynamics �MD� simulations.11–13 This approach has
been particularly successful in the determination of the dif-
fusion coefficient of ions �Na+,Cs+ , . . . �, and the influence of
water content on the latter. More recently, the influence of
temperature was also investigated. These studies showed that
the diffusion coefficients of ions confined between the clay
layers is not very different from those in bulk water
��10−9 m2 s−1� as soon as at least three water layers are
formed in the intralamellar space. However, at very low wa-
ter content �mono- and bilayers�, the diffusion coefficients
can be reduced by an order of magnitude, and for some ions
�e.g., Cs+�, the diffusion process is better described by jump
diffusion between specific sites on the clay surfaces than by
the continuous “liquidlike” behavior of Na+. This effect still
persists at elevated temperatures. On the atomic scale, the
specific sites can be identified by the presence of three oxy-
gen atoms belonging to the mineral clay layer in the first
coordination shell of the Cs+ ion. These simulation results
�for the diffusion coefficient of water in clays� have been
confirmed by quasielastic neutron scattering experiments.14

Thanks to thermal motion, induced by the presence of
the solvent �and possibly by the phonons in the mineral layer
itself�, an ion can overcome the energy barrier separating two
adjacent adsorption sites. The presence of the mineral layers
confines the ions to a quasi-two-dimensional space �the in-
terlayer space�, in which these sites are located. Therefore
the picture of “bound” and “mobile” ions seems to find its
justification at the microscopic level. However, the quantita-
tive definition of the fraction of mobile ions is rather arbi-
trary, because the ionic density �and the corresponding en-
ergy profile� is a continuous function. Furthermore, an
arbitrary definition of the sites might not be consistent with
the apparent diffusion coefficient defined by �3�. Therefore, a
relevant definition of the bound and mobile states �and con-
sequently, an operational distribution constant Kd� consists
precisely in defining the two states from the value of Kd; the
latter being deduced from the apparent mobility “measured”
on the microscopic scale.

III. COARSE-GRAINING PROCEDURE

We will describe in detail in Sec. III B the coarse-
graining procedure from the microscopic level to the precise
definition of the two states, and that of the exchange rate
constants. However, we will not start from an atomic de-
scription, but rather from an intermediate level of modeling,
which we are now going to present.

A. Mesoscopic level

Using molecular dynamics to directly measure the diffu-
sion coefficient for each temperature, as already done by
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Malikova et al.,15,16 might not answer the question that we
are trying to deal with. The challenge is twofold. The main
difficulty is that the very concept of the apparent diffusion
coefficient �or equivalently, apparent mobility� needs to com-
pare the observed diffusion coefficient to that of the mobile
ions. This raises the issue of the right reference state to com-
pare with. Indeed, in MD simulations the system is defined
as a whole and cannot be split into a reference state �mobile
ions� and an actual state �mobile and bound ions simulta-
neously�. The second problem arises from the computational
demand of such simulations, which make the rigorous study
more difficult if one is interested in varying �for example�
the temperature over a large range. The reference state issue
could be bypassed by simulating a system where the details
of interactions of the ions with the mineral layers are
switched off. We will not discuss here the technicalities re-
lated to such an approach and will just say that we adopted
an alternative route in order to simplify the problem. Indeed,
a more usual, though approximate, way to study diffusion is
to proceed to a first coarse-graining step and adopt a meso-
scopic view of the system.

In a mesoscopic description, the solvent is treated as a
continuum and the collisions between the solvent molecules
and the ions are characterized by a single friction parameter
�. In addition, the interactions of a particular ion with
the surfaces, on the one hand, and with the other ions, on the
other hand, are described at the mean-field level by an exter-
nal potential V�x ,y�. Finally, the motion of the ions is not
described in terms of trajectories �Langevin dynamics�,
but in terms of a probability density f�x ,v , t�. This mesos-
copic treatment simplifies the description of the system
by considerably reducing the number of degrees of freedom,
and it has proven very efficient to deal with surface
diffusion phenomena.17–20 The evolution of the probability
density is governed by the Fokker-Planck equation21 as
follows:

�t f + v · �f = �v · ��v +
�V

m
+

�kBT

m
�v� f , �4�

with m the mass of the diffusing particle and kBT the thermal
energy. This equation treats the ions as independent particles
or as interacting particles, though only at the mean-field
level, if V�x ,y� contains self-consistent interactions. Note
that the mean-field self-consistent interaction potential van-
ishes in the bulk, due to translational invariance, but is non-
zero in the presence of interfaces �or space-dependent exter-
nal potentials�, which lead to inhomogeneous density
profiles. The evolution of the probability density f�x ,v , t�
gives access to the local ionic density � and local velocity u.
The density and flux at a given position are indeed the mo-
ments of f as follows:

��x,t� =� f�x,v,t�dv , �5�

��x,t�u�x,t� =� f�x,v,t�vdv . �6�

The friction is such that in the absence of an external poten-
tial and of interactions between ions �e.g., at infinite dilution�
the diffusion coefficient of the ions is22

D0 =
kBT

m�
= �0

kBT

m
. �7�

The problem of the reference state discussed above is
simplified here by the treatment of the interactions as an
external potential: the reference state �mobile ions� corre-
sponds to no external potential in the two-dimensional �2D�
surface to which the ions are confined. The task is then re-
duced to the determination of the exact value of the friction
from MD simulations. However, we will see that this step is
not crucial for the construction of the two-state model, since
in the relevant range of friction �high friction regime�, the
reduced diffusion coefficient �Dapp/D0� or reduced mobility
��app/�0�, which is identified with the fraction of mobile
ions fm, is independent of the value of �. This is why we
have chosen to solve Eq. �4� for a reasonable choice of �
instead of extracting it from simulations. A possible reason-
able value would be the Stokes friction, involving the ionic
radius and the solvent viscosity. On top of the force
−�V�x ,y� arising from the interactions with the surfaces, an
applied force �e.g., an electric field� can be included in Eq.
�4�, as will be explained in Sec. III B 1.

In addition to the friction, the second ingredient of the
mesoscopic description is the external potential �which could
also contain a self-consistent contribution due to the interac-
tions with the other ions�. Due to the crystalline structure of
clays, the external potential has a hexagonal symmetry. This
results in particular in an isotropic diffusion along the clay
layers.14 If we want to reproduce this feature of the “true”
potential, we need to respect this symmetry. The simplest
analytical potential with hexagonal symmetry is of the
form23

V�x,y� = Vmax � v�x,y� , �8�

where v�x ,y� takes values between 0 and 1 as follows:

v�x,y� =
1

3
+

2

9
� 	cos

2�

a �x +
y

3

� + cos
2�

a �x −
y

3

�
+ cos

2�

a � 2y

3

�� . �9�

The distance a between two maxima is the only geometrical
parameter and it just sets the length scale of the problem,
while Vmax completely specifies the magnitude of the inter-
actions with the surface. This potential has minima �with
Vmin=0� connected by saddle points with an energy barrier
Vs=Vmax/9. In montmorillonite, a�5.2 Å. Furthermore, pre-
liminary analysis of all-atom MD results suggests an ap-
proximate value of Vs
12–15 kJ mol−1. A crystallographic
unit cell is defined by
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�x,y� � �na,�n + 1�a� � �ma
3,�m + 1�a
3� ,

with n and m as integers. Each cell has an area of a2
3 and
contains two maxima, four minima, and six saddle points.
As an example, the equilibrium density—proportional to
exp�−�V�x ,y��—is shown in Fig. 1 for three values of
�Vmax=Vmax/kBT, corresponding to �Vs=0.1, 1.0, and 2.0.
Four cells are represented �2�2�. For a barrier Vs between
minima larger than kBT, the definition of distinct “sites” is
quite natural, but this partition is less obvious for weaker
interactions with the surface.

In principle, it would be desirable to extract the effective
interaction between the solute and the surface from the po-
tential of mean force obtained by MD simulations. However,
we feel there are at least two reasons for using instead—at
least as a first step—a simplified model potential. The first
reason is that the time needed to obtain sufficient averages
can be very long, and the resulting potential can be “noisy.”
The second reason is that we want to study more generally
the influence of this interaction �or equivalently, the tempera-
ture�, precisely by avoiding to repeat MD simulations for
each temperature. Using a model potential will allow to iden-
tify trends, but of course the precise details of the interac-
tions will be lost. Although this approach neglects the tem-
perature dependence of the potential of mean force and of the
friction, this neglect is apparently not too crude an approxi-
mation, because the model captures the basic physics of the
phenomenon and will be shown to correctly reproduce the
activated hopping process observed in MD simulations.

In the high friction limit �→ +�, the ion velocity relax-
ation is fast so that the Fokker-Planck equation �4� leads via
a multiple time-scale expansion to the Smoluchowski
equation22 as follows:

�t f̃�x,t� = D0 � · �� f̃�x,t� + � f̃�x,t� � V�x�� , �10�

where D0 is given by �7� and f̃�x , t� is the position dependent

part of f�x ,v , t�= f̃�x , t�fMB�v�, the velocity dependent part
fMB�v� being equal to a Maxwell distribution at all times.
Within this regime the diffusion coefficient Dapp of the con-
fined ions can be obtained from24,25

Dapp = D0 −
D0

2

2kB
2T2�

0

+�

�F�t� · F�0��dt , �11�

with F�t�=−�V�x�=−�V�x ,y� the instantaneous force acting
on the particle. Then Dapp/D0 does not depend on D0 �the
integral is proportional to 1/D0, because the relaxation time
is a2 /D0, with a the characteristic length of the external po-
tential variations�. This Smoluchowski limit is the common
level of modeling of transport in bulk electrolyte solutions.26

It allows the well-known Debye-Huckel-Onsager micro-
scopic approach to be recovered.

B. From meso to two-state level

We are now in a position to derive the two-state model
described in Sec. II A from the mesoscopic description just
presented. This derivation proceeds in three steps: �1� deter-
mination of the distribution constant Kd from the apparent
mobility, �2� characterization of the two states from the equi-
librium distribution, and �3� determination of the exchange
rates between these two states. In this section, the details of
these three steps are given.

1. Distribution constant Kd

As explained in Sec. II A, the two-state model is defined
by a chemical exchange equilibrium between mobile and ad-
sorbed species. The distribution constant Kd is defined by Eq.
�2�, and its value is determined from the measure of the
apparent mobility of the ions in the external potential V�x ,y�
�see Sec. IV A 1�. The mobile fraction is

�app

�0
= fm = 1 − fa =

1

1 + Kd
. �12�

We thus have access, for each value of �Vmax, to the value of
the distribution constant as follows:

Kd =
1

fm
− 1 =

�0

�app
− 1. �13�

These quantities are functions of �Vmax, as further elaborated
in Sec. V A.

2. Characterization of the two states

The knowledge of the fraction of fa �or Kd� is then used
to specify the nature of the two states. Although the defini-

FIG. 1. Equilibrium profile in the po-
tential �8� for �Vs=0.1 �a�, 1.0 �b�, and
2.0 �c�. The gray scale code goes from
black �density minima� to white �den-
sity maxima� for each figure; a given
gray level does not correspond to the
same density on two different figures.
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tion of the two states is to a certain extent arbitrary, we
intuitively expect the bound ions to be located near the at-
tractive regions on the surface, that is, on the equilibrium
profile near the minima of V�x ,y�, where the density is
higher. Therefore we will define the border F between “ad-
sorbed” and mobile states so that the fraction of ions with an
equilibrium density larger than that on the border ��F� is
equal to fa. The fraction of ions with a density lower than
that on the border is automatically fm.

fa =
��eq�x,y���F

�eq�x,y�dxdy

��eq�x,y���F
�eq�x,y�dxdy + ��eq�x,y�	�F

�eq�x,y�dxdy

=
Na

Na + Nm
, �14�

where Na �Nm� is the number of adsorbed �mobile� ions per
unit surface. With such a definition, the border is an isoden-
sity curve, and thus an isopotential �remember that �eq


exp�−�V�, where V may be a function of the density itself
if self-consistent interactions are accounted for�. The border
is the reunion of isopotential curves, centered on the minima
of V�x ,y�, where the sites are expected to be. There is no a
priori reason to exclude the possibility for these curves to be
connected, but anticipating the result we can say that they are
in fact disconnected, whatever the magnitude of �Vmax, al-
though the precise location of the border does depend on the
latter, at least in a certain range of values. This delimitation
between mobile and bound ions is not without resemblance
with the Fermi surface of a solid �in momentum space�, be-
cause it is based on a partitioning in the energy space. In our
classical case, however, the potential is defined as a function
of the real-space coordinates, which allows a localization in
real space.

3. Exchange rates

From the definition of the border, we compute the out-
going flux through the border, which is interpreted in the
two-state model as the number of particles per cell switching
from the bound to the mobile state per unit time as follows:

jout = �
F
�

v·dn�0

f�x,v,t�v · dndv , �15�

where dn=dln, with dl the infinitesimal length of the border
and n is the outgoing unit normal to the border. At equilib-
rium, it is of course compensated by the incoming flux jin,
that is, in the two-state model by the reverse reaction.

The integral can be performed analytically. Indeed, the
equilibrium probability distribution is the product of the
equilibrium density by a Maxwellian distribution for the ve-
locity as follows:

feq�x,v� = �eq�x� �
m

2�kBT
e−mv2/2kBT. �16�

The normalization factor corresponds to a two-dimensional
velocity space. Along the border, the density is constant,
equal to �F, and can be factorized. Furthermore, the integral
over the velocity half-plane �v ·dn�0� does not depend on
position and can be performed analytically, with the result


kBT /2�m. Finally, the integral on the border of the elemen-
tary length is just the length of the contour lF �again, per cell,
that is, around the four minima�. The final result for the flux
is thus

jout = �FlF
 kBT

2�m
= �FlF

vT


2�
, �17�

where we have introduced the thermal velocity vT=
kBT /m.
The flux is calculated from �17� using the values of �F and lF
determined numerically via the apparent mobility route ex-
plained above.

In terms of the two-state model, the adsorption/
desorption exchange described by Eq. �1� determines the
evolution of populations as follows:

�tNa = − �tNm = k+Nm − k−Na. �18�

The chemical relaxation time is �
=1/ �k++k−�, and of
course, Kd=k+ /k−. The link between continuous and two-
state representations is provided by the identification be-
tween jout and k−NaAcell, where Acell=a2
3 is the area of the
unit cell. Similarly, jin=k+NmAcell and at equilibrium both
fluxes are equal as follows:

k+ = Kdk− =
�FlFvT


2�AcellNm

. �19�

IV. LATTICE FOKKER-PLANCK RESULTS

A. Method

1. Apparent mobility determination

The apparent mobility is measured as follows. For each
value of the potential maximum �Vmax, the equilibrium so-
lution of �4� is first determined numerically, and the resulting
moments � and j �Eqs. �5� and �6�� are compared with the
analytical results �moments of Eq. �16��. Then, starting from
this equilibrium situation, a force max is applied along the x
direction and the average steady state flux jx,st is sampled.
For low values of ax, one observes a linear relationship be-
tween jx,st and �ax. The proportionality constant defines the
apparent mobility �x,app. The same procedure with an applied
force along the y direction defines �y,app. No flux is observed
�see below for details� in the direction normal to the applied
field �the medium is overall isotropic�. Note that in the ab-
sence of interactions with the surface ��Vmax=0�, the mobil-
ity is isotropic and its value is simply �0=1/�. In fact, in a
potential with hexagonal symmetry, the mobility tensor is
still isotropic �see below�, and the value of �app=�x,app

=�y,app, lower than �0, is interpreted as explained in Sec. I as
the result of adsorption of a fraction fa of the ions �Eq. �12��.

2. Computational details

The Fokker-Planck equation is solved with the D2Q9-
LFP scheme6,7 on a 256�443 grid in order to ensure
Ly /Lx=
3. On this grid, four unit cells �2�2� are simulated
�see Fig. 1�. Therefore the lattice unit length is �x=a /128.
The lattice unit time is then fixed by the relation vT

2 = �1/3�
� ��x /�t�2=kBT /m, where the factor 1 /3 is a characteristic
feature of the D2Q9 lattice. For Cs+ �m=0.133 kg mol−1� at
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room temperature, vT�136 m s−1. The external potential is
introduced directly as the acceleration F /m=−�V /m. Peri-
odic boundary conditions were used in both directions.
Finally, the simulation is performed for a value of the friction
corresponding to the diffusion coefficient of mobile ions
such that D0=vT

2 /�; that is, ��t=Dlatt /D0, with Dlatt= �1/3�
��x2 /�t the lattice unit diffusion coefficient. Unless other-
wise stated, the simulations where done for ��t=0.1; that is,
a mobility �0=10 �in reduced units� in the absence of inter-
actions with the surface. This choice corresponds for Cs+ in
montmorillonite �a�5.2 Å� to a diffusion coefficient at
room temperature of D0�3.10−9 m2 s−1.

A second-order time integration scheme was used, and
we assumed that the validity of the scheme, demonstrated for
a homogeneous applied force,7 could be extended to the case
of a slowly varying inhomogeneous force field. The use of a
large number of grid points for each cell was chosen for that
purpose. Equilibration runs started from a homogeneous dis-
tribution of the ions with density �0��x2=1.0. The numeri-
cal value of the density is not important since the ions are
treated as independent �ideal gas in an effective potential�.
Note that this particular value is in fact much higher than the
experimental one �approximately 0.75 ion per unit cell, that
is, �0��x2�2.6�10−5�. The duration of the run was
3�103 time steps. The resulting density coincides with the
Boltzmann law, but the velocity field is nonzero: even for
weak external fields ��Vmax�1�, a residual velocity is ob-
served whose magnitude increases with increasing external
field. In reduced units, the average residual velocity is of
order 10−9 for �Vmax�0.1, and of order 10−4 for �Vmax

�20, although the stationary state is already reached. Since
these values are small, much smaller at least than the final
velocity in the presence of an applied field �see below and
Fig. 2�, we can consider that the equilibrium solution �16� of
the Fokker-Planck �FP� equation is reached. This residual
value could arise from the discretization of the potential on a
lattice or to a lack of accuracy of the scheme for an inhomo-
geneous force field.

For each �Vmax value, the border described in Sec.
III B 2 was determined from the numerical value of fm by
integrating “à la Lebesgue,” that is, by density “slices,” start-
ing from the lowest density until the integral is equal to fm

��0. For the contour to be well defined, one needs to have
enough grid points in each density slice, and the number of
slices Ns should be chosen accordingly. A compromise be-
tween the accuracy of the integral and that of the definition
of the border must be found. The latter has a strong influence
on the calculated exchange rate �see Sec. III B 3�. Ns=50
was found to be a good compromise, except for the lowest
values of �Vmax. In order to increase the resolution of the
border, the numerically determined curve was fitted to an
isopotential curve using the GNUPLOT software.27 The density
on the border and its length were then numerically deter-
mined to calculate the flux and exchange rates.

3. Results

For the mobility measurements, applied accelerations
ranging from 10−4 to 10−2 �in lattice units� were used. The

average velocity �x and y components� is computed after
3�103 time steps, which is enough to ensure that the steady
state is reached,

�ux,st� =
�cell��x,y�ux�x,y�dxdy

�cell��x,y�dxdy
�20�

and a similar expression for �uy,st�. The linear dependence of
�ux,st� on ax is illustrated in Fig. 2 for an interaction with the
surface characterized by �Vmax=12. The slope of the fit
curve defines the apparent mobility. It is also obvious from
this figure that the average velocity normal to the applied
field is negligible, that is, of the order of the residual velocity
in the absence of any applied field. This justifies the above
statement of an isotropic mobility tensor and the definition of
a single apparent mobility �app. The comparison of the val-
ues of �x,app and �y,app gives an estimate of the error made in
the determination of �app.

The mobility was determined for values of �Vmax rang-
ing from 0 to 27 ��Vs between 0 and 3�. The results are
represented in Fig. 3. As expected, the mobility decreases for
increasing affinity for the surface �increasing �Vmax�. This is
consistent with the two-state picture, in which �app/�0 is
simply the fraction of mobile ions fm. Two regimes are ob-
served that correspond roughly to �Vs�1 and �Vs�1. Their
significance will become more obvious when interpreted in
terms of Kd. Let us first mention that the fraction of mobile
ions does not depend on the solvent friction �that is, on their
“free” mobility �0�, at least in this �high� friction range. This
result is illustrated on the inset of Fig. 3, where the data are
shown for �=0.1 and 0.2 �in lattice units�. This justifies a
posteriori that the exact value of the friction was not neces-
sary to define the two states, because only the reduced mo-
bility is involved. More insight in the meaning of such a
diffusion curve can be obtained by comparing these results to
that of simpler existing approximations.

FIG. 2. Steady-state velocity as a function of the applied field for an inter-
action with the surface characterized by �Vmax=12 ��Vs=4/3�. The slope of
the linear fit is the apparent mobility �app, which is independent of the
considered direction. The residual velocity in the direction normal to the
applied field is negligible. The units are �x /�t2 for a, �x /�t for vst, and �t
for �app.
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B. Comparison with various approximations

We now compare the apparent mobility determined by
direct measurement via the lattice Fokker-Planck scheme
with three other methods, namely, �1� a low-potential ap-
proximation first demonstrated by Bagchi,28 �2� the “quasi-
two-dimensional approximation,”20 and �3� the “diffusion
path approximation.”20 All three approximations are appli-
cable in the high-friction range, which is the relevant one for
ionic transport in clays. Although they are of simpler use
than the LFP method, they all give inappropriate results in at
least one temperature range �generally at low temperature�.
This justifies the use of the LFP method, which may be con-
sidered to be exact for the implicit solvent model of indepen-
dent ions.

1. Perturbative treatment
„low-potential approximation…

In the liquid crystal context, a perturbative treatment of
the diffusion of a particle in an external potential was intro-
duced, in the high-friction �Smoluchowski� regime.28 This
calculation is based on the following formal exact expression
of the �apparent, i.e., potential dependent� diffusion coeffi-
cient:

DP =
1

2
Tr	1

2
�k�k��k��

k=0
, �21�

where in the k→0 limit,

��k� = D0k2 − iD0k ·
�dx exp�− �V� � �k�x�

�dx exp�− �V�
, �22�

where i2=−1, and �k is a solution of the partial differential
equation as follows:

− � · �exp�− �V� � �k� = ik · � exp�− �V� . �23�

Due to the periodicity of the system, it is convenient to
work in reciprocal space. The Fourier components are then
defined from

E�q� =
1

�
� dx exp�− �V�e−iq·x, �24�

F�q� =
1

�
� dx�ke−iq·x, �25�

where q is a reciprocal lattice vector and � is the volume of
the crystallographic cell. A perturbative solution scheme for
F�q� can be derived.28 At high temperature, the first-order
term reads

F�q� =
k · q�V�q�

q2 , �26�

where V�q� are the Fourier components of V�x� in the recip-
rocal space defined similarly to �24� and �25�. Substitution of
�26� in Eqs. �21� and �22� leads to

DP1

D0
= 1 + �

q

�V�q�E�− q�
2E�0�

. �27�

An alternative expression for the apparent diffusion co-
efficient can be derived more directly by writing

F�q� = −
k · qE�q�
q2E�0�

�28�

so that

DP2

D0
= 1 − �

q

E�q�E�− q�
2E2�0�

. �29�

Equations �27� and �29� are equivalent to the solutions
proposed in Ref. 28 in the context of the liquid-crystal inter-
face. The variations of DP1 and DP2 with �Vmax are reported
in Fig. 4 �long and short dashed lines, respectively�. At high
temperature ��Vmax�1�, the perturbative results compare fa-
vorably with the LFP results. At low temperature, however,
the diffusion coefficients predicted by Eqs. �27� and �29� are
too low and even become negative. The domain of validity
of approximation �29� is larger than that of �27�. The break-
down of the perturbative treatment in this regime is not un-
expected.

2. Quasi-2D approximation

A second type of approximation was introduced by Ala-
Nissila and Ying17,18 for the study of surface diffusion. Later
named quasi-2D approximation by Caratti et al.,20 it is
equivalent to an average of the x mobility �y� over the y
direction �x�, that is,

�Q2,x = ��x�y . �30�

The x mobility corresponds in that case to the mobility of
particles evolving along one-dimensional trajectories �in the
x direction�, and the average is performed over parallel tra-
jectories, at variance with the LFP approach where the aver-

FIG. 3. Rescaled apparent mobility �app/�0 as a function of �Vmax. The
vertical line indicates where the thermal energy is equal to the potential at
the saddle point �barrier separating two minima�. The values obtained for the
x and y components are shown for a friction ��t=0.1. The mobility is seen
to be isotropic in the honeycomb lattice. The inset shows the values of the x
mobility for two frictions, ��t=0.1 and 0.2; in this high friction range,
�app/�0 is friction independent �Smoluchowski regime�. As expected, the
mobility decreases for increasing affinity for the surface. This is consistent
with the two-state picture, in which �app/�0 is simply the fraction of mobile
ions.
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age is done over a unit cell without any assumption on the
trajectory followed by the particles. In the case of an asym-
metric unit cell �Lx�Ly�, the result is19,29

DQ2,x

D0
= Lx

2 �
�0

Lydy��0
Lxdx exp��V�x,y���−1

�0
Lydy�0

Lxdx exp�− �V�x,y��
�31�

and a similar result for the y mobility.
The results are reported in Fig. 4. The first observation is

that the quasi-two-dimensional approximation predicts a
strong anisotropy �DQ2,y �DQ2,x�, in contradiction with both
the MD results for ionic diffusion in clays and the general
behavior on a honeycomb lattice.23 The failure in this par-
ticular case was already expected in Ref. 20, where it was
recognized that “ the quasi-2D approximation is expected to
give good results when the minima and saddle points lie on
straight lines �¼�; in a honeycomb lattice, this is not the case
and one could expect a worse agreement between the
quasi-2D approximation and the exact data.” Indeed, the tra-
jectories followed by the particles �roughly connecting the
minima via the saddle points� are broken lines in that case.
The second feature of the quasi-2D approximation is that it
underestimates the diffusion coefficient �the LFP result being
regarded as exact�. This follows from the approximation that
the trajectories followed by the ions are straight lines that
will necessarily cross regions of high potential �this lowers
the mobility�. These regions are in fact never explored by the
particles. An Arrhenius behavior D
exp�−�Ea� is observed
at low temperature, but with an activation energy Ea that is
direction dependent and larger than the difference Vs be-
tween the minima and the saddle points �result not shown�.
These are direct consequences of the above-mentioned limi-
tations of the quasi-2D approximation for the honeycomb
lattice.

3. Diffusion path approximation

The last approximation to be tested is the diffusion path
approximation �DPA�. In this approximation, the 2D problem

is reduced to a one-dimensional �1D� situation by assuming
that the trajectories followed by the particles in the 2D po-
tential are restricted to the minimum-energy paths �MEPs�.
This approximation is expected to be reasonable only at low
temperature, where the trajectories followed in the real situ-
ation are indeed close to the MEP. In the case of a periodic
potential where these are straight lines, the 1D potential is
also periodic, and the classic result19,20

DDPA

D0
=

L2

�0
Lds exp��V�s���0

Lds exp�− �V�s��
�32�

applies, where the distance between two minima was de-
noted by L and the potential V�s� is the restriction of V�x ,y�
to the �one-dimensional� minimum-energy path. In our case,
the MEPs are not straight lines. However, since the deriva-
tion of �32� is based on the mean jump time between two
minima,30 the same result is recovered for the reduced diffu-
sion coefficient DDPA/D0 in this case too, without any geo-
metric correction factor �that relates the jump time to the
diffusion coefficient�.

The results are represented in Fig. 4. The DPA overesti-
mates the diffusion coefficient over the whole temperature
range. This can be understood as follows. In the case of true
two-dimensional diffusion, the particles explore the whole
surface with high probability, resulting in a less efficient dif-
fusion than in the situation underlying the DPA. Indeed, in
the latter case the particles are restricted to one-dimensional
paths �which are relevant for high-potential barriers� on the
2D surface. It is a well-known fact that reducing the dimen-
sionality increases the efficiency of the diffusion process,
and examples, particularly in biological systems, are
numerous.31 Let us, for example, mention the mobilization of
reactants at the �2D� surfaces of �three-dimensional �3D��
cells, and the DNA binding molecules that can find genes on
a DNA strand very efficiently by first binding to the DNA,
then sampling it via a 1D motion �instead of sampling a 3D
space�. Although these systems are infinitely more compli-
cated than the one studied here, they illustrate the concept of
diffusion efficiency enhancement by reduction of the dimen-
sionality. A good feature of the DPA is that it predicts at low
temperature ��Vmax�1� an Arrhenius behavior with an acti-
vation energy of Ea=Vs as expected �result not shown�. The
prefactor is, however, overestimated, leading to too large a
diffusion coefficient.

These three simple approximations lead to inaccurate re-
sults and are unable to reproduce correctly the apparent dif-
fusion coefficient in a hexagonal �honeycomb� lattice over
the whole temperature range studied. This justifies the use of
a more elaborate method, namely, lattice Fokker-Planck, to
determine the apparent mobility. From this determination, we
are now able to construct the two-state model as described in
Sec. III.

V. EXPLICIT COARSE-GRAINING: CONSTRUCTION
OF THE TWO-STATE MODEL

A. Distribution constant Kd

We first translate the apparent mobility determined in
Sec. IV A in terms of the distribution constant Kd, calculated

FIG. 4. Rescaled apparent mobility �app/�0, as a function of �Vmax, ob-
tained with the perturbative treatments of Eqs. �27� and �29� �dashed line�,
the quasi-2D approximation �dotted-dashed line, x and y components� and
the diffusion path approximation �dotted line�. The LFP result �solid line� is
also shown �same as Fig. 3�.
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from �13�. The results are represented in Fig. 5 on a logarith-
mic scale. The first observation is that the adsorption equi-
librium is, as expected, displaced towards the adsorption re-
action upon increasing the affinity for the surface, as
reflected by the increase in Kd with �Vmax. Furthermore, one
distinguishes two regimes: at high �Vmax, ln Kd is a linear
function of �Vmax, while it is not the case for weak interac-
tion with the surface. More precisely, the slope of the linear
part corresponds to ln Kd=�Vs+B, with Vs=Vmax/9 the en-
ergy difference between the minima and the saddle points,
and B�−1.35. The crossover between the two regimes cor-
responds to the shift from a picture of Brownian, liquidlike
diffusion at high temperature �kBT�Vs� to an activated hop-
ping process at low temperature �kBT�Vs�, consistent with
the appearance of well-localized sites �see Fig. 1�. The acti-
vation energy of the hopping process is simply Vs. Interest-
ingly, all approximations presented in Sec. IV B predict a
crossover between Brownian diffusion and activated hop-
ping, but with a wrong activation energy �except for the
DPA, which by construction gives a correct Ea and only
overestimates the prefactor�.

The significance of Vs as an energy gained by the ion by
interacting with the surface is quite natural, although the ap-
parent mobility route would rather suggest an interpretation
in terms of activation energy. The meaning of the shift B is
less obvious. A possible interpretation would be the follow-
ing. The adsorption reaction also involves the trapping site
and is described as the chemical equilibrium,

mobile + site � adsorbed. �33�

The thermodynamic equilibrium constant of this reaction is

Ktrapping =
aads

amobileasite
=

�ads�
�mobile��site�

, �34�

with ai the activity of species i, �i� its surface concentration,
and where ideality has been assumed. The last equation can
be rewritten as

Ktrapping =
Kd

�site�
�35�

or in terms of the free energy of trapping as follows:

− ��Ftrapping = ln Ktrapping = ln Kd − ln�site� . �36�

By identification, this suggests the following:

��Ftrapping = − �Vs, �37�

B = ln�site� . �38�

The site surface concentration would then determine the
value of B. This value is consistent with the fraction of the
surface corresponding to a potential energy lower than Vs.
Indeed, it is easily shown to be

� =
�V�x,y�	Vs

dxdy

�celldxdy
=

1

4
�39�

and ln ��−1.39. Therefore it is tempting to interpret the site
concentration as �. This thermodynamic/geometric route can
be further explored. In particular, the last result can be re-
covered if the system is modeled by a simple two-region
potential, separated by an energy difference Vs. In that case,
the calculation of the partition function shows that the mass
action law reads

ln Kd = ln
Sadsorbed

Smobile
+ �Vs, �40�

with Si the surface corresponding to state i. Hence �
=ln��1/4� / �3/4���−1.1.

B. Characterization of the two states

It seems natural to define the bounding sites as just ex-
plained, because no reference is made to the ions that evolve
in this potential surface. However, this definition is some-
what arbitrary. Furthermore, the fraction of ions that is lo-
cated at equilibrium on these geometrical sites does not in
general correspond to the fraction of adsorbed ions defined in
the first place by Eq. �14�. Since the latter is the one that
corresponds to the mobility approach, it is the relevant one
for our initial purpose, that is precisely to define a two-state
model consistent with the apparent mobility. We now present
the results obtained as described in Sec. III B 2. The border
defined by Eq. �14� is shown as a function of �Vmax in Fig.
6�a�. Only the border around a single minimum of V�x ,y� is
represented. The curves shown are fits to isopotential curves
of the borders determined numerically on the lattice grid �see
Sec. IV A 2�. The values of the corresponding potentials VF
are reported in Fig. 6�b�.

Firstly, let us note that the adsorbed region is always
smaller than the one defined by V=Vs, and it depends on
�Vmax, that is, on the maximum potential �or on tempera-
ture�. Thus the “natural” definition of a site might not be the
most appropriate to describe the change in mobility due to
the interactions with the surface. Secondly, it becomes wider
with increasing potential or decreasing temperature, until it
reaches a limit shape, characterized by VF=�Vs, with �
�1/
3. As seen in Fig. 6�b�, the corresponding VF increases

FIG. 5. Distribution constant Kd, as a function of �Vmax, on a logarithmic
scale. At high interaction potentials �low temperature�, ln Kd is a linear func-
tion of �Vmax.
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approximately as �VF���Vs�2, until a crossover value of
�Vs��. It is not surprising to find a crossover that involves
the ratio between Vs and the thermal energy kBT, however,
the critical value probably arises from the particular shape of
the potential �its analytical form�. A value lower than 1 indi-
cates an overestimation of Kd by defining the sites by V
	Vs. Finally, for high potentials �low temperatures�, the
definition of the border is independent of �Vmax, although
Kd, VF, and �F do depend on it. This justifies the notion of
site for strong interactions with the surface �low tempera-
ture�. A consequence for the calculation of the exchange rate
is that the length of the border lF is independent of �Vmax in
this range, so that the variations of jout are governed by that
of �F �see Eq. �17��.

C. Exchange rates

The flux through the border is now calculated from �17�
with the numerical values of the density �F and the contour
length lF. �F is determined by averaging the density along
the border, and an estimate of the error is provided by the
difference between the maximum and minimum values in the
slice determining the border �see Sec. IV A 2�. The results
are reported in the inset of Fig. 7. The evolution of �F with
�Vmax displays a maximum. For weak interactions, the den-
sity increases because the border is very close to the potential
minimum; for very high potentials, the density is so sharply
peaked that the limit border is already on the tail of the
density profile.

Since the flux is proportional to the thermal velocity, the
results as a function of �Vmax are to be understood at fixed
temperature and variable Vmax. The variations of the flux
�Fig. 7� are governed by that of the density on the contour
�F. The evolution of the adsorption/desorption rate constants
with �Vmax are given in Fig. 8�a� together with that of the
chemical relaxation time �
=1/ �k++k−� �Fig. 8�a��. The ad-
sorption rate increases with increasing interaction with the
surfaces, whereas the desorption rate decreases.

�
 is always �a few times� longer than the inverse fric-
tion and displays a maximum for an intermediate value of

�Vmax. We can compare �
 to the characteristic diffusion
time �diff defined as the time it takes an ion to diffuse over
the mean interionic distance L:

�diff =
L2

D
=

L2

vT
2 � � . �41�

In montmorillonite L�8 Å, leading to a ratio �
 /�diff

�10−4. In other words, we are in a “fast exchange” regime
characterized by a large number of adsorption/desorption
processes during the diffusion time �diff. This is because the
exchange reaction corresponds here to oscillations around
the potential minima �more precisely, to the crossing of the
limiting contour V=VF�, while the diffusion requires the
crossing of the saddle points, which happens much less fre-
quently �at least for low temperature�. Since these oscilla-
tions are driven by the solvent friction, it is not surprising to
find ��
�1. Recent studies investigated the influence of the
ratio �
 /�diff on the frequency-dependent permittivity of

FIG. 6. �a� Frontier between the two states as a function of �Vmax. Only a part of the border, corresponding to one minimum of V�x ,y�, is represented. The
curve shown is a fit of the border determined numerically by an isopotential curve. The isopotential V=Vs is also indicated �dotted line�. For strong potentials,
the location of the border does not depend on �Vmax although Kd and the density on the border �F do. �b� Value of the potential VF on the border as a function
of �Vmax. At high values of the potential �or low temperature�, VF��Vs with ��1/
3, while at low potential �high temperature�, �VF���Vs�2.

FIG. 7. Flux through the border as a function of �Vmax. The result is given
per unit cell, scaled by the value of the friction �=0.1�t−1. The variations of
jout are governed by that of �F, reported in the inset. The density is scaled by
the average density �0. The density shows a maximum as a function of
�Vmax. For strong interactions with the surface, �F decreases because the
profile is sharply peaked around the minimum of V, and the border is far
enough from this minimum to be on the “tail” of the peak.
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clays.32,33 The authors showed that in the fast exchange limit,
only one dielectric relaxation could be observed, whereas
two could be distinguished for slow exchange. However, a
direct comparison is difficult, because the chemical relax-
ation rate was defined in a slightly different way. The influ-
ence of the bound/free equilibrium on the dielectric proper-
ties of water at the surface of biological molecules had also
been established.34 In this case, the dielectric consequences
of the exchange arise from the modification of the rotational
properties of water �which is polar but neutral�, whereas in
the case of �charged� ions the dielectric behavior is affected
by the change in mobility.

VI. CONCLUSION

We have demonstrated how to completely define a two-
state model from the microscopic dynamics of ions in clays.
All the equilibrium �Kd� and dynamic �adsorption/desorption
rates� properties of this two-state model were studied as a
function of temperature. This approach gives a microscopic
basis to the definition of bound and mobile states that is
consistent with the apparent mobility concept. In particular,
the notion of trapping site was shown to be relevant in this
context too, for sufficiently strong interactions with the sur-
faces �low T�. Furthermore, in this regime, the diffusion is
activated, in agreement with the common picture of jump
diffusion.

The comparison of the lattice Fokker-Planck results for
the apparent mobility with simple approximations �low po-
tential, quasi-2D, and diffusion path approximations� illus-
trated the need for the use of this more elaborate method.
Although the present study was done for a model external
potential, which captures all the physics revealed by molecu-
lar dynamics simulations �diffusion mechanism, influence of
temperature�, it would be possible to adapt the same ap-
proach to the effective potential obtained from MD simula-
tions. Furthermore, the particles were treated as independent,
while self-consistent interactions between the ions could be
included at this level of description within the framework of
the Poisson-Boltzmann theory. Finally, only the steady-state
velocity was used to determine the apparent mobility, but

further information can be extracted from the transient. The
latter is influenced by the friction of the solvent, and we are
planning to calibrate the precise value of the friction in order
to reproduce the velocity autocorrelation function of the ions
from MD simulations. This will complete the coarse-graining
procedure from the atomic level to the macroscopic two-state
picture.
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