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Abstract

Let K be a complete algebraically closed field of characteristic 0 and let f be a transcen-
dental meromorphic function in K. A conjecture suggests that f’ takes every values infinitely
many times, what was proved when f has finitely many multiple poles. Here we can generalize
the conclusion just by assuming that there exists positive constants ¢, d such that number of
multiple poles inside the disk || < r is less than erd for all » > 1. Applications are given to
entire functions g in K such that ¢’ divides g, to links between residues and zeros of functions
admitting primitives and finally to the p-adic Hayman conjecture in the cases that are not yet
solved.

1 Introduction and results.

Throughout the paper, K is an algebraically closed field of characteristic 0, complete with respect
to a p-adic absolute value denoted by | . | (example C,). Given a € K and r > 0 we denote by
d(0,r) the disk {x e K | |x — a| < r}.

We denote by A(K) the K-algebra of entire functions in K i.e. the set of power series with
coefficients in K converging in all K and we denote by M(K) the field of meromorphic functions
in K, i.e. the field of fraction of A(K). Given f, g € A(K), we denote by W (f,g) the Wronskian
of f and g.

Let f € A(K) be non-constant. We can factorize f(x) in the form

fa)=cam T =2y,

weN,w#0

where ¢ is a non zero constant, ) is the set of distinct zeros of f and ng = 0 if 0 is not a zero of
f. We set f = x™° H (1- f), with mg = 0 if 0 is not a zero of f and mg = 1 else. So, the
weN,wH#0 w
function f is an entire function admitting as zeros the distinct zeros of f, all with order 1.
We can then set f = ff where the function f is an entire function admitting for zeros the
multiple zeros of f, each with order ¢ — 1 when it is a zero of f of order ¢q. Particularly, if f is
constant, we set f =1 and f = f.
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Now, f(z) is a power series > °  a,z™ of infinite radius of convergence. According to classical
notation [7], we set | f|(r) = sup{|f(z)| | |x| < r}. We know that

[f1(r) = sup |an|r™ =~ lim | f(z)].

neN [z]—r, |a|#r
That notation defines an absolute value on A(K) and has continuation to M(K) as
‘i|(7“) = m with f, g € A(K). In the paper [4], the following Theorems A and B are proven:
) gi\r

Theorem A: Let f,g be entire functions on K such that W(f,g) is a non-identically zero
polynomial. Then both f, g are polynomials.

(Theorem A has been recently generalized to several functions [2])
Theorem B is an easy consequence of Theorem A:

Theorem B: Let f be a transcendental meromorphic function on K having finitely many multiple
poles. Then ' takes every value infinitely many times.

That has suggested the following conjecture:

Conjecture: Let f be a meromorphic function on K such that f' has finitely many zeros. Then
f is a rational function.

This paper is aimed at proving the following theorem which generalizes Theorem B. For this
we will define new expressions.

Notation: Let f € M(K). For each r > 0, we denote by t¢(r) the number of multiple zeros of
fin d(0,r), each counted with its multiplicity and we set ¢ (r) = ¢% (r). Similarly, we denote by

07 (r) the number of zeros of f in d(0, ), taking multiplicity into account and set 7¢(r) = 9% (r).

Theorem 1: Let f be a meromorphic function on K such that, for some c,d €]0,4o00[, ¢ satisfies
op(r) < er® in [1,4o0[. If f' has finitely many zeros, then f is a rational function.

Corollary 1: Let f be a meromorphic function on K such that, for some c,d €]0,+o0[, ¢
satisfies ¢5(r) < er in [1,+oc[. If for some b € K f' —b has finitely many zeros, then f is a
rational function.

Corollary 2: Let f be a transcendental meromorphic function on K such that 74(r) < cr? in
[1,+o0| for some c,d €]0,4+oc[. Then f*) takes every value in K infinitely many times, for each
k e N*.

Corollary 3: Let h be a transcendental entire function on K and P € K[z]. The differential
equation y'h = yP admits no entire solution f different from 0, such that, f for some ¢, d €]0,4o00[,
Yr(r) < erdin [1,4o0[.

By Main Theorem of [5] we can derive this corollary:

Corollary 4: Let f be a a meromorphic function on K such that, for certain d € N, the number
of poles of order > 3, counted each with its multiplicity, in each disk d(0,7) is bounded by r¢ for all
r € [1,400[ and such that all residues at poles are null. Then for every b € K, f — b has infinitely
many zeros.
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According to the p-adic Hayman conjecture, for every n € N* f/f™ takes every non-zero value
infinitely many times. Here Theorem 1 has an immediate application to that conjecture in the
cases n = 1 or n = 2 which are not yet solved, except with additional hypotheses [2], [3], [4], [8].

Corollary 5: Let f be a meromorphic function on K. Suppose that there exists ¢,d €]0,+o0],
such that T¢(r) < cr® ¥r € [1,+o0l. If f'f™ —b has finitely many zeros for some b € K, withn € N
then f is a rational function.

Corollary 5 may be writen in another way:

Corollary 6: Let f be a transcendental meromorphic function on K. Suppose that there exists
¢,d €]0, 40|, such that 0;(r) < er® Vr € [1,+oo[. Then for all m € N, m > 3 and for all b € K*,
f' = bf™ admits infinitely many zeros that are not zeros of f.

Corollary 7: Let f be a transcendental meromorphic function on K. Suppose that there exists
li
¢,d €]0, 40|, such that 1¢(r) < er? Vr € [1,+oc[. Then, for allb € K, % — b has infinitely many

ZETO0S.

Remark: Using Corollary 7 to study zeros of f'4bf? that are not zeros of f is not so immediate,
as done in Theorems 3, 4, 5 [3], because of residues of f at poles of order 1.

Theorem 2: Let f be a transcendental meromorphic function on K such that, for some c,d €
10, +-00[, we have O4/(r) < er in [1,+o0c[. Then for every b € K, b #0, f' —b has infinitely many
2eros.

2 Preliminary results

We will need several lemmas.

U
Lemma 1: Let U,V € A(K) have no common zero and let f = v If ' has finitely many
zeros, there exists a polynomial P € K[z] such that U'V —UV' = PV

Proof: If V is a constant, the statement is obvious. So, we assume that V' is not a constant.
Now V divides V' and hence V' factorizes in the way V' = VY with Y € A(K). Then no zero of
Y can be a zero of V. Consequently, we have

_uvv-uv' UV -UY

- V2 - VZ"; .

f'(=)

The two functions U’V — UY and V-V ‘have no common zero since neither have U and V.
Consequently, the zeros of f are those of U'V — UY which therefore has finitely many zeros and
consequently is a polynomial.

Lemma 2 is known as the p-adic Schwarz Lemma (Lemma 23.12 [6]). Lemmas 3 and 4 are
immediate corollaries:

Notation: Let a € K, ', r” €]0,+00] with ' < 7. We denote by T'(a,r’,r”) the annulus
{zreK|r <|x—a|l<r"}
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Lemma 2: Let r, R €]0,+00] be such that r < R and let f € M(K) admit s zeros and t poles

/I(R) (R)H.

in d(0,r) and no zero and no pole in T'(0,r, R). Then =

[fl(r) A
Lemma 3:  Let r,R €]0,+o0[ be such that r < R and let f € A(K) have ¢ zeros in d(0, R).
e SIR) _ (B
q
< —
[f1(r) (?")

Lemma 4: Let f € A(K). Then f is a polynomial of degree q if and only if there exists a
constant ¢ such that | f|(r) < er? Vr € [1, +o0].

Notation: Let d(a,7~) be the disk {z € K | |z — a] < r}. We denote by A(d(a, R™)) the K-
algebra of analytic functions in d(a, R™) i.e. the set of power series in & — a with coefficients in
K whose radius of convergence is > R and we denote by M(d(a, R™)) the field of meromorphic
functions in d(a, R™), i.e. the field of fraction of A(d(a, R™)).

Lemma 5: Let f € M(d(0,R™)). For each n € N, and for all r €]0, R[, we have

) < 1)

rn

Proof: Suppose first f belongs to A(d(0,R7)) and set f(z) =Y o, arz®. Then

() = i(n!) (n f k) apztm.

k=n

U
The statement then is immediate. Consider now the general case and set f = — with U,V €
A(d(0,R™)). The stated inequality is obvious when n = 1. So, we assume it holds for ¢ <mn —1
and consider f("). Writing U = V(%), by Leibniz Theorem we have

U™ — i (Z) v (n—a) (g)(q)

q=0
and hence .
Uy @) — /n U\ @
v(i= =y _ yn—a (= ]
(V) qz::() (q) (V)
Now, |[U™|(R) < |n!| |U]|%(f) and for each ¢ < n — 1, we have |V""9|(R) < |(n — ¢)!| ‘;L(_]? and
U\ (@ U|(R
‘ (V) ! )(R) < |q!||V|(|](%)I)%‘1' Therefore, we can derive that terms on the right hand side are upper

bounded by |n'|m and hence the conclusion holds for ¢ = n.

Notation: For each n € N*, we set A\, = max{ﬁ, 1<k<n}.
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Remark: For every n € N*, we have ), < n because k|k| > 1 Vk € N. The equality holds for all
n of the form p".

Lemma 6: LetU, V € A(d(0,R™)). Then for all r €]0, R[ and n > 1 we have
{U'v —UV'|(r)

Tnfl

UMYV —ov®|(r) < |n!|An

More generally, given j, 1 € N, we have

[U'V —UV'|(r)
rati—1 :

UV —TOVO|(r) < |1+
U / . .
Proof: Set g = v and f = ¢’. Applying Lemma 5 to f for k — 1, we obtain

\U'V —UV'|(r)
V2

9P = [£5 D) < |k — Py

rk—1

As in the proof of Lemma 5, we set U = V(%) By Leibniz formula again, now we can obtain

oo — Z (Z) (n—a) (%) ) (%)

q=1

hence

(1) g —ym) (%) _ En: <Z) Vo (%)(q)

Now we have

UND| U'V —UV'|(r)
() 0 =161 < lta = 1= e
and
VE=9)(r) < |(n — D).

r

Consequently, the general term in (1) is upper bounded as

@

Therefore by (1) we obtain

(r) < () ((n = @) (¢ = DY [TV = UV'|(r) _ | [TV — UV'|(r)
— ‘ n

(g)((n =) [Vieryrm=t — [VI(ryrn=t

U \u'v —UV'|(r)
™ _ vy (TN < [TV = UVII()
U VO )]0 < i
and finally UV — UV ()

’U(")V vl r) < A,

Tn—l
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We can now generalize the first statement. Set P; = U@V —Uv0U). By induction, we can
show the following equality that already holds for [ < j:

l
Uy _ gpOye) — Z (i) (—1)th(l+71h)
h=0

Now, the second statement gets just an application of the first.

Remark: Suppose the residue characteristic is p # 0 and U(x) = 1,V (x) = 2P, n = p. Then, for
all R > 0, the inequality [U®V — UV®P)|(R) < \(p!)|%+‘(m is not satisfied. So, we can’t
eliminate the factor \,,.

Lemma 7: Let U,V € A(K) and let r, R €]0,400| satisfy r < R. For all x,y € K with || < R
and |y| < r, we have the inequality:

RIU'V —UV'|(R)

U@ +y)V(@) = U@V + o)l < =m0

Proof: By Taylor’s formula at the point z, we have

UM (2)V (x) = U(z)V " (x)
n!

n

U +y)V(z) - U@)V(z+y) =) y

n>0

U™ @)V (x) = U(2)V" () 1 <A UV - UV'|(R)

< A Ton1 r". But as remarked above, we have

Now,

n!
An < n, hence

<nR|U'V — UV’\(R)(%)".

‘U(") (z)V(z) = U(z)V™ (x)
n!

yn

n
And we notice that lim n(%) = 0. Consequently, we can define B = max (n(%)n) and we

n—-+o0o

have |U(z + y)V (z) — U(z)V(z +y)| < BR|U'V — UV'|(R) ¥z € d(0, R), y € d(0,r).

t
We can check that the function h defined in |0, +o00[ as h(t) = t(%) reaches it maximum at
1 1

m' Consequently, B < ———————— and therefore

th int u =
¢ pomt e(log R —logr)

RU'V —UV'|(R)
e(log R —logr)

Uz +y)V(z) = U@)V(z+y)| <

Proof of Theorem 1: Suppose f’ has finitely many zeros. If V is a constant, the statement is
immediate. So, we suppose V' is not a constant and hence it admits at least one zero a. By Lemma
1, there exists a polynomial P € K[z] such that U'V — UV’ = PV. Next, we take r, R € [1,400[
such that |a| < r < R and z € d(0, R), y € d(0,r). By Lemma 7 we have

RIU'V —UV'|(R)

Uz +y)V(z) = U@)V(z+y) < e(log R —logr)
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Notice that U(a) # 0 because U and V have no common zero. Now set | = max(1,|a|) and take

e|U(a)|

r > 1. Setting ¢; = , we have
R|P|(R)|V|(R)

v < .
V(ety)l < e log R — logr

Then taking the supremum of |V (a + y)| inside the disk d(0,r), we can derive

R|P|(R)|V|(R)

1 Vir) <ey—————=.

(1) Vitr) < e log R —logr
1 ~

Let us apply Lemma 3, by taking R = r + —;, after noticing that the number of zeros of V(R) is
r

bounded by 1y (R). So, we have

1 >¢V(T+%d) ~

2) VIR < (14 7 V|(r).

Now, due to the hypothesis: ¥y (1) = ¢¢(r) < erd in [1, +00], we have

1 \¥v(r+-7) 1\ le(r+27)9 1.y 1

The function h(r) = c¢(r + -7)*log(1 + —) is continuous on ]0, 4oco[ and equivalent to € when

r
r tends to +oo. Consequently, it is bounded on [I, +00[. Therefore, by (2) and (3) there exists a
constant M > 0 such that, for all r, R € [I,+o0[, 7 < R by (3) we obtain

(1) VI -+ ) < MITI(r).

1 1
On the other hand, log (7‘ + 7) —logr =log (1 + ﬁ) clearly satisfies an inequality of the form
r r
1
log (1 + ﬁ) > j—il in [I, +oo[ with ¢ > 0. Moreover, we can obviously find positive constants
r r
c3, ¢4 such that

1 1 .
(r+ DIP|(r+ =) < car.

Consequently, by (1) and (4) we can find positive constants ¢5, ¢g such that |V|(r) < esre |V |(r) Vr €
[[,400]. Thus, writing again V = VV, we have |[V|(r)|V|(r) < ¢sr®|V|(r) and hence |V|(r) <
51 Vr € [I, +oo[. Consequently, by Lemma 4, V is a polynomial of degree < cg and hence it has
finitely many zeros and so does V. And then, by Theorem B, f must be a rational function.

Proof of Corollary 1: Suppose f' — b has finitely many zeros. Then f — bz satisfies the same
hypothesis as f, hence it is a rational function and so is f.

Proof of Corollary 2: Indeed, if K = 1, the statement just comes from Theorem 1. Now suppose
k > 2. Each pole a of order n of f is a pole of order n + k of f*) and f*) has no other pole.
Consequently, we have ¢sx-1(r) = Tpe-1 (1) < ker®. So, we can apply Theorem 1 to f*=1) to
show the claim.
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Proof of Corollary 3: Suppose V is an entire solution of the equation V'h = V P such that

VP
Yy (r) < er? Vr € [1,+00[. If V is a rational function, so is Nk contradiction because h is
1 v -P
transcendental. Suppose now V is transcendental and apply Theorem 1: then (V)/ = E =y

admits infinitely many zeros, a contradiction since P is a polynomial.

Definition: Given a meromorphic function in K, we call exceptional value of f (or Picard value
of f) avalue b € K such that f—b has no zero. And, if f is transcendental, we call quasi-exceptional
value a value b € K such that f — b has finitely many zeros.

Proof of Corollary 4: By the Main Theorem of [5], f admits a primitive F and then, by
hypothesis, we have ¢ (r) < r¢. Consequently, by Corollary 1 F' —b = f — b has infinitely many

Zeros.

Proof of Corollary 5: Suppose f is transcendental. Due to hypothesis, f**! satisfies 6 - (r) =
f’rL

Tpnt1(r) < ¢(n+ 1)r? Vr € [1, +oo[ hence by Theorem 1, f'f™ has no quasi-exceptional value.

Proof of Corollary 6: We set g = Then by Corollary 2, ¢’¢™~2 has no quasi-exceptional

1
i
value. Consequently, given b € K*, ¢’¢™ 2 4 b has infinitely many zeros and hence f’ — bf™ has
infinitely many zeros that are not zeros of f.

1
Proof of Corollary 7: Set g = ? again. Since the poles of g are the zeros of f, we have

¢g(r) < crd. Consequently, by Theorem 1, ¢’ has no quasi-exceptional value.

Proof of Theorem 2: Suppose f’ admits a quasi-exceptional value b € K*. Then f’ is of the
P
form — with P € K[z] and h a transcendental entire function. Consequently there exists S > 0

|P(r)
[h|(r)

zeros and poles of f’ in disks d(0,r) are equal when r when r > S. So, there exists S’ > S such
that for every r > S’ we have

(1) T (r) = 0 (r)

On the other hand, of course we have 7¢(r) < 74/(r), hence by (1) and by hypothesis of Theorem
2, we have 74 (r) < re. Therefore by Theorem 1, f’ has no quasi-exceptional value, a contradiction.

such that

< |b| Vr > S and hence |f’|(r) = |b| Vr > S. Then by Lemma 2, the numbers of

References

[1] Bezivin, Jean-Paul. Wronskien et équations différentielles p-adiques. (Preprint).

[2] Boussaf, Kamal. Picard values of p-adic meromorphic functions. p-Adic Numbers Ultrametric
Anal. Appl. 2, no. 4, p.285-292 (2010).

[3] Boussaf, Kamal; Ojeda, Jacqueline. Value distribution of p-adic meromorphic functions. Bull.
Belg. Math. Soc. Simon Stevin, 18, n.4, 2011, p 667-678 (2011).



Zeros of the derivative of a p-adic meromorphic function

[4]

Boussaf, Kamal; Escassut, Alain; Ojeda, Jacqueline. Zeros of the derivative of p-adic meromor-
phic functions and applications. Bull. Belg. Math. Soc. Simon Stevin, vol 19, n.2, p. 237-372

(2012).

Boussaf, Kamal; Escassut, Alain; Ojeda, Jacqueline. Primitives of p-adic meromorphic func-
tions. Contemporary Mathematics, Vol. 551, p.51-56 (2011).

Escassut, Alain. Analytic elements in p-adic analysis. World Scientific Publishing, Co Pte Ltd,

Singapore (1995).

Escassut, Alain. Topics on value distribution and differentiability: p-adic Distribution Value

Scientific Press (2008).

Ojeda, Jacqueline. Hayman’s conjecture in a p-adic field. Taiwanese J. Math. 12 , no. 9, p.

2295- 2313 (2008).

Jean-Paul Bézivin

1, Allée Edouard Quincey
94200 Ivry sur seine
jp-bezivin@orange.fr

Kamal Boussaf and Alain Escassut

Laboratoire de Mathématiques CNRS UMR, 6620
Université Blaise Pascal

Les Cézeaux

63171 Aubiere

FRANCE
kamal.boussaf@math.univ-bpclermont.fr
alain.escassut@math.univ-bpclermont.fr



