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KLOOSTERMAN PATHS OF PRIME POWERS MODULI

GUILLAUME RICOTTA AND EMMANUEL ROYER

ABSTRACT. In [KS16], the authors proved, using a deep independence result
of Kloosterman sheaves, that the polygonal paths joining the partial sums of
the normalized classical Kloosterman sums S (a, bo; p) / pl/2 converge in the
sense of finite distributions to a specific random Fourier series, as a varies over
(z/pZ)*™, by is fixed in (Z/pZ)™ and p tends to infinity among the odd prime
numbers. This article considers the case of S (a, bo; p") / p”/ 2 as a varies over
(z/p™2)™, by is fixed in (Z/p"Z)*, p tends to infinity among the odd prime
numbers and n = 2 is a fixed integer. A convergence in law in the Banach space
of complex-valued continuous function on [0, 1] is also established, as (a, b)
varies over (Z/p"Z)* x (2/p"Z)”, p tends to infinity among the odd prime
numbers and 7 = 2 is a fixed integer. This is the analogue of the result obtained
in [KS16] in the prime moduli case.

In memory of Kevin Henriot.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

The shape of the path induced by various partial exponential sums has been
considered by many people since the seventies. See for instance [Leh76], [Lox83]
for the case of Gaul sums, [Lox85] for polynomial exponential sums of higher
degree, [BG13], [BGGS13] and [GS07] for the case of character sums. Very recently,
E. Kowalski and W. Sawin successfully investigated the case of partial Kloost-
erman sums of prime moduli in [KS16]. The main purpose of this work is to
consider the case of partial Kloosterman sums to prime power moduli and to give
a probabilistic meaning to graphs like the one given in Figure 1.1".

More precisely, let p be a prime number and » = 1 an integer. For a and b in
Z/p"Z, the corresponding normalized Kloosterman sum of modulus p” is the
real number given by

1 ax+ bx
Klpn (a,b) = WS (d, b; pn) — W oo e (—p"
ptx

where as usual X stands for the inverse of x modulo p” and e(z) := exp (2inz) for
any complex number z. For a and b in (Z/p"Z) *, the associated partial sums are
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IThe axes are orthonormal but a rotation by n/2 has been applied to the real plot of ¢ —
Klg2 (£ (1,1).
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FIG 1.1. Plotof t— Klg(; (1,1))

the (p™) = p’*~!(p — 1) complex numbers

1
Klj;pn(a, b) := e Y e

1<x<j
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(ax+ bf)
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for jin Jj:=={j€{l,...,p"}, pt j}. lf we write J; = {j1,..., jp(pm} With
J1<J2< < Jppm
then the corresponding Kloosterman path vy, (a, b) is defined by
¢(p")-1

ypr(a,b)= |J [Klj;pn(a b),Klj, pn(a, b)].
=1

This is the polygonal path obtained by concatenating the closed segments
[Klji;pn(a, b),Klj,;pn(a, b))
for j; and j» two consecutive indices in J g. Finally, one defines a continuous map
on the interval [0, 1]
t — Kl (55 (a, b))

by parametrizing the path y,»(a, b), each segment [Kl;;,n(a, b),Kl},;,»(a, b)| for
Jrand j, two consecutive indices in J, being parametrized linearly by an interval
oflength 1/(p(p™) - 1).

For a fixed by in (Z/p"Z)", the function a — Kl (*; (a, by)) is viewed as a
random variable on the probability space (Z/p"Z) * endowed with the uniform

probability measure with values in the Banach space of complex-valued continu-
ous functions on [0, 1] endowed with the supremum norm, say C°([0, 1], C).

Remark 1.1-1In particular, with our definition, KIl pn(0; (a, b)) is defined y
( a+b
e

pn

ElltinéKIpn(t;(a,b)): ): Klyn (0; (a, b)).

pn/Z
The Kloosterman path does not start at the origin, in contrast with [KS16].

Let 1 be the probability measure given by

1
[J=§50 + U (1.1)

for the Dirac measure d, at 0 and

1 2 flodx
ﬂl(f)—gj;:_z -

for any real-valued continuous function f on [-2,2].

Theorem A (Convergence of finite distributions)—Let n = 2 be a fixed integer.
For any odd prime number p, fix an element by in (Z/p"Z)X. Let (Up)pez be a
sequence of independent identically distributed random variables of probability
law p defined in (1.1) and let K| be the C°([0, 1], C) -valued random variable defined
by

vtel0,1], KI(®)=tUp+ ), e(ht)-1

3 h-
neze 2imh

The sequence of C°((0, 1], C) -valued random variables Kl (x; (x, b)) on (2/ p"Z)*
converges in the sense of finite distributions’ to the C°([0,1],C)-valued random
variable K| as p tends to infinity among the prime numbers.

2See appendix A for a precise definition of the convergence in the sense of finite distributions.
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Remark 1.2—We have chosen to parametrize the partial sums of the Kloosterman
sums so that successive sums always correspond to adding one more term. This
implies that partial sums at integers divisible by p are not defined. Another
definition would be to define Klj; ,»(a, b) for all integer j and to interpolate in the
usual way. The geometric path, namely the image of ¢ — Kl (%; (a, b)), would
be unchanged and there is no doubt that the same results hold for this different
definition.

Remark 1.3—All the main properties of the random variable Kl are given in Propo-
sition 3.1. As already said, this theorem is the analogue of the result proved by
E. Kowalski and W. Sawin in [KS16] when n = 1 for a different random Fourier
series given by

Vie(0,1], K@) :=1tSTo+ Y, e(hn -1

ST
hez* 2imth k

where (ST}) 7 is an independent identically distributed sequence of random
variables of probability law ps7, the classical Sato-Tate measure also called the
semi-circle law. The fact that K and Kl have the same analytic shape heavily
depends on the completion method. The fact that K and Kl are different on a
probabilistic point of view is not very surprising since Kl (a, b) is a sum over a
finite field when n = 1, which requires deep techniques from algebraic geometry,
and a character sum when 7z = 2, which can be computed explicitly via elementary
but not so easy techniques. Thus, the fact that Kloosterman paths of prime moduli
and of prime powers moduli behave differently on a probabilistic point of view is
quite expected.

Remark 1.4—Nevertheless, the referee kindly informed us that both this measure
1 and the random series Kl occur when dealing with the path induced by Salié
sums of prime moduli. In addition, let us recall that ygr is the direct image under
the trace map of the probability Haar measure on the compact group SU;(C)
whereas, according to [Kel10, Remark 1.2], u is the direct image under the trace
map of the probability Haar measure on the normalizer of a maximal torus in
SU2(0).

Remark 1.5—1In particular, choosing ¢ = 1, Theorem A implies that the normalized
Kloosterman sums Kl (a, by) get equidistributed in [-2, 2] with respect to the
measure i, as a ranges over (Z/p"Z) * and p tends to infinity among the odd
prime numbers for a fixed integer n > 2 and by is a fixed element in (Z/p"Z) *.

Remark 1.6—It is worth mentioning that the proof of this theorem requires
A. Weil’s version of the Riemann hypothesis in one variable. See Proposition
4.8.

The function (a, b) — Klpn (t; (a, b)) is viewed as a C%([0, 1], C)-valued random
variable on the probability space (Z/p"Z)" x (2/p"Z)" endowed with the uni-
form probability measure. Theorem A trivially implies that the sequence of
C9([0,1],C)-valued random variables Klpn (*; (*, %)) converges in the sense of fi-
nite distributions to the C°([0,1],C)-valued random variable Kl as p tends to
infinity among the prime numbers too.

Theorem B (Convergence in law)— Let n = 2 be a fixed integer and p be an odd
prime number. The sequence of C°((0, 1], C)-valued random variables Klpn (; (x, %))
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on (Z/p"Z)" x (2Ip"Z)* converges in law’ to the C°([0,1],C)-valued random
variable K| as p tends to infinity among the prime numbers.

Remark 1.7—Once again, this theorem is the analogue of the result proved by
E. Kowalski and W. Sawin in [KS16] when n =1.

Remark 1.8—For a fixed n = 2 and a fixed by in (Z/p"Z)”", we expect that the
sequence of CY9([0,1],C)-valued random variables Klpn (% (%, b)) on (Z/p”Z)x
converges in law to the C°([0,1],C)-valued random variable Kl as p tends to
infinity among the prime numbers too. Nevertheless, such result seems to be out
of reach given the current technology. It relies on expected uniform non-trivial
individual bounds for incomplete Kloosterman sums

1 ax+ box _
p"’zze( p" )<<p6

xel

for some 6 > 0 and where [ is an interval of (Z/p"Z)x of length close to p"/2.
See [KS16, Remark 3.3] and [Kow16, Page 52] for a discussion on such issues in
the prime moduli case.

In [KS16], the authors deduce from their limit theorems the distribution of the
maximum of the partial sums of prime moduli they consider. Their techniques
would lead to a straightforward analogue in the case of prime powers moduli
investigated in this work.

One can mention that it seems quite natural to consider the same questions
in the regime* p a fixed prime number and n > 2 tends to infinity. This problem,
both theoretically and numerically, seems to be of completely different nature.

Finally, it makes sense to consider the distribution of paths associated to other
exponential sums of prime powers moduli and to ask whether a distribution
result remains true. For instance, one could be tempted to look at

1 * fa(x)
Kpn(a) = _p}’l/z ls;pn e(_pn )

where f,; = g,/ h, with g, and h, in Z[x] depending on a parameter a modulo
p". The symbol * means that the summation is over the elements x satisfying
pt ha(x). These exponential sums can be computed explicitly. See [IK04, Lemma
12.2, Lemma 12.13] for instance. One key step would be to evaluate asymptotically

1
H Kpn (d+T)IJ(T)

¢ (p") ae(zZ/pnz)* 1€21p"Z

for u = (:“(T))Tez/pﬂz a p"-tuple of non-negative integers.

Organization of the paper. The explicit description of the Kloosterman paths
is given in Section 2. The relevant random Fourier series, which occurs as an
asymptotic process in Theorem A and Theorem B, is defined and studied in
Section 3. Section 4 contains the asymptotic evaluation of the moments of the
random variable Kl pn (5 (%, x)) whereas the tightness of this sequence of random
variables is established in Section 5. The proofs of Theorem A and Theorem B are
completed in Section 6. A probabilistic toolbox is provided in appendix A.

3See appendix A for a precise definition of the convergence in law in the Banach space
c9((0,11,0).
40r even worse any intermediate regime.
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Notations— The main parameter in this paper is an odd prime p, which tends to
infinity. Thus, if f and g are some C-valued function of the real variable then the
notations f(p) = 04(g(p)) or f(p) <4 g(p) mean that|f(p)| is smaller than a
"constant", which only depends on A, times g(p) at least for p large enough.

n =2 is a fixed integer.

For any real number x and integer k, ej.(x) := exp (

For any finite set S, |S| stands for its cardinality.

We will denote by € an absolute positive constant whose definition may change
from one line to the next one.

The notation Y™ means that the summation is over a set of integers coprime
with p.

Finally, if 2 is a property then 64 is the Kronecker symbol, namely 1 if & is
satisfied and 0 otherwise.

2i]7€rx)'

Acknowledgements— The authors would like to thank the referee for her or his un-
usual careful reading of the manuscript and very useful suggestions that improved
the presentation of the paper.

The authors would like to thank E. Kowalski for his encouragements and for
sharing with us his enlightening lectures notes [Kow16]. They also thank E Martin
for fruitful discussion related to Proposition 4.7.

Part of this paper was worked out in Université Blaise Pascal (Clermont-Ferrand,
France) in June 2016. The first author would like to thank this institution for its
hospitality and inspiring working conditions.

2. EXPLICIT DESCRIPTION OF THE KLOOSTERMAN PATH

Let us construct the Kloosterman path y(a, b) for a and b in (Z/ p”Z) *,

We enumerate the partial Kloosterman sums and define z;((a, b); p™) to be the
j-th term of (Kl j;»(a, b))j < i~ More explicitly, we organise the partial Klooster-

P

man sums in p”~! blocks each of them containing p — 1 successive sums. For
1<k< p”_l, the k-th block contains Kl(k_l)pﬁ;pn(a, b),...,KIkp_l;pn (a,b). These
sums are numbered by defining

Z-1(p-1+¢((@ D); p™) = Klg_nprepn(@b)  A<l<p-1).
It implies that the enumeration is given by

pn(a. by (As<j<ep") 2.1)

)

zj((a,b); p™) = Kljﬂj;lJ

p-1
Forany je{l,...,¢(p") — 1}, we parametrize the segment
|zj((a,b); p™), zj+1((a, b); p™)]

and obtain the parametrization of y,~ (a, b) given by

Vit e (0,11, Klpn(t;(a, b)) = aj((a, b); p™) (t— #)1_1) +2zj((a,b); p™)
with
aj((a,b); p™) = (@(p™ = 1) (zj+1((a, b); p") — zj((a, b); p™)
and

j=Tlep"m-1)1].
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Since |zj((a, b); p"), zj+1((a, b); p™) ] has length p~"*/2, we have
n
-1
I¢ﬂmlmpﬁ|<?%%%;— (2.2)
and
1
|Klpn (55 (a, b)) — zj((a, b); p™)| < ST (2.3)

3. ON THE RELEVANT RANDOM FOURIER SERIES

The moments of the measure p defined in (1.1) are given by

f e 1 ifm=0, 5.1
X X) = .
xeR H 62% ( mﬂ/lz) otherwise.

Let U be a random variable of law u on a probability space (Q, <, P). By (3.1),
the value of the expectation of such random variable is 0 and its variance equals
1. In addition, p is also the law of the random variable —U since the probability
measure g is symmetric.

Let (Uy) ez be a sequence of independent random variables of law ¢ on a
probability space (Q, o, P). One defines for ¢ in [0, 1] the symmetric partial sums
e(ht)-1

Klg(t;0) = tUp(@) + ).

- Up(w)
\<imen 2imh

for any integer H=1and anyw € Q. Let r € [0,1] and w € Q. If Kl (f;w) has a
limit when H tends to infinity, we denote by Kl(#; w) this limit, namely

o e(ht)—1
Kl(t;w) == tUp(w) + hé i Uj,(w)

It turns out that Kl(#;w) is closely related to the set of Fourier random series,
which have been intensively studied in [Kah85].

Proposition 3.1 (Properties of the random series)— The following properties
hold.

o Foranyt in[0,1], the random series KI(t; %) converges almost surely, hence
in law.

e Foralmost all w € Q, the random series Kl(*; w) is a continuous function
on [0,1].

o Foranyt inl0,1], the Laplace transform

E (eayee(mu;*))wsm(Kl(r;*)))
is well-defined for all non-negative integers A and u. In particular, Kl(x; w)

has moments of all orders.
e Finally, forany t in[0,1],

[1Kl g (25 %) || oo < log (H) (3.2)

and
IE (KI5 %) = Kl g (£ %)) < H™'? (3.3)
forany H=1.
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Remark 3.2—1In particular, the map

Kl: (Q,P) — (C°(0,11,0),Illl00)
Kl*;w): [0,1] — C

@ t — Kltw)

defines a random variable on the probability space (Q, o, P) with values in the
Banach space of continuous complex-valued functions on the segment [0, 1]
endowed with the supremum norm ||.|| -

Remark 3.3—The proof is omitted since it is very close to the proof of [KS16,
Proposition 2.1]. The reader may have a look at [Kow16, Section 4] too.

4. ASYMPTOTICS OF COMPLEX MOMENTS

In this section, by is a fixed element in (Z/p"Z)*. Let k = 1 be a fixed in-
teger, t = (f,..., ;) be a fixed k-tuple of elements in [0,1] with #; < --- < f,
n=(ny,...,n;) and m = (my,..., my) be two fixed k-tuples of non-negative inte-
gers. Let us define

k
(m+n):=) (m;+n).
i=1
The purpose of this section is to find an asymptotic formula for the complex
moments defined by

1

k TR .
Yo I KIpn(tis(a be)) Klpn(ti5(a, bo)) ™. (4.1)

Mpn (£, m, n; by) =
p(p") ae(z/pnz)* i=1

The following proposition describes the asymptotic expansion of these moments.
Its proof will be given at the very end of this section since it requires a series of
intermediate results.

Proposition 4.1 (Asymptotic expansion of the moments)— If
p>max(¢(m+ n),2n—>5) (4.2)
then

k___
Mpn (8, m, n, bo) = [E(H Ki(z; ) KI(t; *)”")
i=1

_ 4(n-1) _
+O¢(m+n).e (log[(m+n) (pn) (P G e | p 1/2))
for any € > 0 and where the implied constant only depends on ¢(m+ n) and €.

For ain (Z/p"Z) *, let us define a step function on the segment [0, 1] by, for
any ke {1,...,p"1},

(k—l k
Vie|—, ——

pn—l ’ pn—l

X

__ 1 B
, Kipn(t(abo)i=—> ). epn(ax+boX). (43)
1<x<xp (1)

where
X0 =@pht+k-1.
In addition, let us define for hin Z/p"Z and 1 < k< p" !,

Y. epn(hx). (4.4)

I<sx<xi (1)

-1
wrelEh K] e

pn—l’ pn—l pn/2
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These coefficients are nothing else than the discrete Fourier coefficients of the
finite union of intervals given by 1 < x < x4 (f) with (p,x) =1for1 < k < p”_l. All
their useful properties are encapsulated in the following lemma.

Lemma 4.2 (The completion method)—

e For Hyn any complete system of residues modulo p",

p— 1
Klpn (5@, b0) = —= > apn(h; Kl pn(a— h, by). (4.5)
p hEHpn

o For any integer h and any real number t € [0,1],

1 if h=0,
o (s t)sp’”zx{ 7 ) (4.6)
s k< (p"=1)/2 and h #0.
o For any integer h and any real number t € [0,1],
1 W) = B 1
Wapn( D=+ 0 F 4.7)
where
t ifh=0,
ht)=
pthi 0 {% otherwise.

Remark 4.3—The proof is omitted since it is very close to the proof of [KS16,
Lemma 2.3, Proposition 2.4]. The reader may have a look at [Kow16, Section 4]
too.

Let us also define the corresponding moment

1 k _———m; ____
Yoo I KIpn(i5(a,be))  Klpn(ti;(a, bo)) ™. (4.8)

m(t; m, n; by) =
p
p(p") ac(z/pnz)” i=1

The following lemma reveals that it is enough to prove an asymptotic formula
for Myn (t; m, n; by).

Lemma 4.4 (Approximation of the moments)— One has

o lo é(m+n)( n)
I\/Ipn(t;m,n;bo):Mpn(t;m,n;b0)+0 ngp .

Remark 4.5—The proof is omitted but relies on Lemma 4.2, which implies that

Z lapn (h; )| < 4p"/210g(p”) 4.9)
hEHpn

for Hyn = {(1-p™/2,...,(p" —1)/2}, which is admissible since p is odd, and
is close to the proof of [KS16, Proposition 2.4]. The reader may have a look
at [Kow16, Section 4] too. Note that both Lemma 4.7 and (4.9) entail that

|Kipn (5 @, b)) = Kl (5 a, b)) < (4.10)

pn/Z

forany a, bin (Z/p"z)* and any ¢ € [0, 1].
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The crucial ingredient in the proof of Proposition 4.1 is the asymptotic evalu-
ation of the complete sums of products of shifted Kloosterman sums S, (u; bo)
defined by

> [T Kipnla+t,bo)*™ (4.11)

Spn(p; bo) =
s (P™) se(zipnz)* reziprz

for p = (u(1) rez/pnz @ S€quence of p"-tuples of non-negative integers different

from the 0-tuple.
The following notations will be used throughout this section. Let us define for
such sequence pu

T = {tez/p”z,ux)=1}cz/p”z,
T = {rmodpreT(w}cz/pz

Let By () be the subset of the [T (u)|-tuples b = (b,)TeT(m of integers in
{1,...,(p—1)/2} satistying

V(r,7) e T(w? b2-71=b%-7"modp (4.12)

and
vreT(w), pib>-1. (4.13)

Let £ = (/1)7eT () be a | T(p)|-tuple of integers. For any integer j in{1,...,n—1},
let us define

.. —2j-1
mpe(, =Y, Ccb; (4.14)
TeT (W)
and the the following associated object
N(p, 6 w) = Y 1 (4.15)
bEBpn (ﬂ)

myp,¢(1,1)=w mod p
Vje{2,.,n-1}, mpe(j,j)=0 mod p

for any w modulo p.
Finally, let

Ap(w):={ac (2/p"2)* VT e T(w), a+ e ((2/pAsnz))*}. (4.16)

Firstly, let us prove and recall some useful facts related to Kloosterman sums of
prime powers moduli.

Lemma 4.6 (Kloosterman sums of prime powers moduli)— Let p be an odd prime
number satisfying p = 2n—5 and a be an integer.

e Ifaisdivisible by p or a is not a square modulo p then Kl,n(a,1) = 0.
o Ifais a non-zero square modulo p then

S aws
Klpn((l; 1)=2 (W) Cos (W +0pn)
where

/2 if2¢fnandp =3 mod 4

and s is any solution of

{0 if2|norp=1mod 4,
pr=

2:

s“=amod p".
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e The bound
|Klpn(a,1)| <2 4.17)
holds.
o Let a be a non-zero square modulo p. There exists some integers c,...c
satisfying

vmef0,....n—1}, ¢, #0 and v,(c,) =0 (4.18)

!
n-1

and some integers k and b € {0,...,(p —1)/2} depending on a and p so that
n-1 _
Sapr=b Y cpb Mk (4.19)
m=0

is a solution of s> = a mod p", where b stands for the inverse of b modulo
n

p-.

Proof of lemma 4.6. The three first items are standard. See [IK04, Chapter 12
Equation (12.39)]. In particular, recall that a is a non-zero square modulo p is
equivalent to saying that a is a non-zero square modulo p".

Let us consider the last one. The elements of ((Z/pZ) X)2 are given by
b, 1<sbs<(p-1)/2.
Thus,
a=b*>mod p
forsome 1< b=bgp<(p—1)/2so that
a=b*+pk
for some k = kg p,p in Z. The congruence to be solved becomes
s =a=b*+pk=b (1 +Ezpk) mod p”
where b stands for a representative of the inverse of b modulo p”. Let us define
the p-adic integers5 co=1,c1=1/2and

D™ 2em-3)! 1/21/2-1)...(1/12—m+1)
Vm=2, cp= = .

S 2m-Nmi(m-2)! m!
Obviously,
2m-3
Vm=1l, c¢,=- Cm-1
2m
so that
Vme{0,...,n—1}, vp(cm):O (4.20)

since p =2n-5. If x € pZ,, then, by [Kob84, Chapter IV.1], the power series
Y emx™ € Zp([x]]

m=0

converges in the p-adic norm to a square root of 1 + x. As a consequence, one has

= 1 2M o mm n
s=b ) ¢,b p"k™ modp
m=0

where the coefficients c;, are some integers satisfying ¢, = 1 and

/o n / n
Ym=1, c,=cymodp”, 0<c,<p".

SRecall that the prime p is odd.
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In particular, if 0 s m < n—1 then
cn#0 and  v,(cy,) =vplcm) =0.
by (4.20). O

The following proposition contains the upper-bound for N(g, £; w) defined in
(4.15).

Proposition 4.7 (A counting argument)— Let p = (:“(T))rez/p"z be a sequence of
p"-tuples of non-negative integers satisfying | T(u)| = |T ()| and € a|T (u)|-tuple
of integers satisfying

VreT(u), |4<p
and € # 0. One uniformly has

N, € w) <) 1
for any w mod p where the implied constant only depends on |T (u)|.

Proof of proposition 4.7. Let k:=|T (u)| for simplicity.
Let us assume that k = 1. In this case, T () = {7¢} and one has

01 by, = mpe(1,1) = w mod p,

which fixes the value of b;, since ¢;, is coprime with p.
Let us assume from now on that k > 2. One has

N, Gw)= ), > 1. 4.21)
cmod p beB,n ()
(p,0)=1 myp(1,1)=w mod p

Vje{2,.,n-1}, myp(j,j)=0mod p
V7eT(w), b*=c+7 modp
Note that for a fixed c, there is at most one tuple b since their coordinates satisfy
the given quadratic equations modulo p. The basic idea to show that there is a
bounded number of integers ¢ modulo p is to find a polynomial, which vanishes
on these ¢’s and whose degree only depends on k.
Let us consider the polynomial

Qla; X) = I1 (X— Y £Tar) €Fpla, X]
£=(e1)reT( e 1}F TeT (W)
in the variables a;,7 € T(u), and X.
This polynomial can be written as
2k—1
2i 2k
Qa; X)= ) Qi@ X~ +X

i=0
where Q; € Fj, [a] is a homogeneous polynomial of degree 2k —2ifor0<i<2k1,
which only involves even powers of a; (0 < i < k). The fact that only even powers
of X occur easily follows from the fact that if & belongs to {+1}* then so does —¢.
The fact that each monomial only contains even powers of a; for 1 <i < k is due
to the obvious invariance property given by

Vee (+1}F, Qe.a; X) = Q(a; X)

where . stands for the coordinates by coordinates product between tuples.
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The previous discussion implies that

2k

2k ok-1
x%

Q.Y 1 x)= Ri,ﬂ(Y)XZi‘i‘( [IRE
i=0 TeT (W)

Re(Y;X) = ( Il ¥
TeT (W)

where ¥ = (Y7)7e7(y and Yy l= (YT_I)TET(p) andfor0<i<21 R;p¢€ Fp[Y?]is
a homogeneous polynomial of degree (k — 1)2* + 2i, which only involves even
powers of Y; for 7 € T(u). Here, Y2 = (er)reT(p)-

Let us denote by y the ring morphism from F,, [ Y?] to F,[Z] defined by

VieT(w, v(Y2)=Z+t.

Let us assume that (p, w) = 1. Note that if the tuple b satisfies the con-
straints given in (4.21) then Ry (b; w) = 0 since the contribution of € = (1,...,1) in
Q(e.b™Y; w)is exactly w—myp, ¢(1,1) =0 mod p. Thus, cis a root of the polynomial
W (R (Y; w)), which is of degree k2%-1 and leading coefficient wzk #0mod p. As
a consequence, the number of ¢’s in (4.21) is less than k2571,

Let us assume that w =0 mod p. Let 7o in T (p) satisfying

l’*’gtoy

which exists by the conditions of the tuple #.
Let us consider

2k7—l

Se(Y):=

[l v

~ ~—] _ ~
Q.Y 740, ¥y, €Fpl¥, Ve,
TeT(p)

where Y ! = (Yr_l)reT(p)\{ro
nous of degree (k — 1251 and only involves even powers of Y; for 7 € T ().
Thus, the polynomial U = ¢/(S,(Y)) € F,,(Z) is of degree less than (k — 1)2k-2,
Let us show that this polynomial is of degree at least one. If not, all the coefficients
but the constant one of the polynomial U vanish. If the tuple b satisfies the

constraints given in (4.21) then Sy (b) = 0 because of the contribution of € =
(-1,...,-Din Q(i.f/_l;[fo YT‘Ol). This implies that U(c) = 0 and that U is the
constant polynomial of value 0. Choosing Z = —7( leads to

, and /= (€7)1eT(w\(ro) - This polynomial is homoge-

é%ﬁfl [] @- 702" =0 mod p
TeT(u)
T#T
so that
¢, =0mod p

since the 7’s are distinct modulo p. This is a contradiction.

Finally, the c’s satisfy the polynomial equation U(c) = 0 of degree at least 1 and
less than (k—1)2%¥"2. Asa consequence, the number of ¢’s in (4.21) is less than
(k—1)2k=2, O

The following proposition contains the asymptotic evaluation of the cardinality
of the set A () defined in (4.16).
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Proposition 4.8 (Applying A. Weil's version of the Riemann hypothesis)— Let
n= (ﬂ(T))Tez/pnz be a sequence of p" -tuples of non-negative integers. If p is odd

then B
n ITwh T
@(p )(1+0(2 |T(u)|)).

|Apn ()| = (4.22)

2Tl pl/?
Remark 4.9—The equation (4.22) is an asymptotic expansion if and only if
2T T ()| .

pli2
as p tends to infinity among the prime numbers.

(4.23)

Proof of proposition 4.8. Obviously,
|Ape ()] = p™! 2 1
ae(z/pz)”
vreT(w),a+1e((2/p2)")*
= p}’l—l Z 1
ae(z/pz)”
VieT(),a+re((2/p2)*)?

1
:pn_l Z 1_[ 5(}(g(d+ t)+1)
ac(Z/pz)”" teT(w)
(a+t,p)=1

where y» is the quadratic character modulo the odd prime number p.

At this point, the problem becomes a variant of the question considered by
H. Davenport in 1931 of counting elements x modulo p such that both x, x +
1,...,x+ k are quadratic residues modulo p uniformly with respect to the integer
k = 1. See for instance [Kat80, Section 1.4.2]. Thus, the end of the proof is
omitted. U

The core of the proof of proposition 4.1 is the following result.

Proposition 4.10 (Moments of shifted Kloosterman sums)— Ler p = (u(1))

be a sequence of p" -tuples of non-negative integers satisfying e
Y p@<sM (4.24)
T€Z/p"Z
for some absolute positive constant M and | T(@)| = If(p)l. If
p>max(M,2n->5) (4.25)
then
i< [1 ool ) ol ) o

for any € > 0 and where the implied constant only depends on M and ¢.
Remark 4.11-1n particular, for any non-negative integer m,
1

1| m
_— Klyn(a, bg)™ = 6o —
(p(pn) ae(Z/Z‘p‘”Z)x p 0 2|m2(n/l/2

) + Ome ( p= +f) (4.27)
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for any € > 0 under (4.25). In other words, under the same assumption,

Lﬂ S Klpi(a,b)™ = EU™) + Ope (p‘%““)
‘P(P )aE(Z/p”Z)X

where U is any real-valued random variable of law the probability measure
defined in (1.1). Hence, by (3.1), the normalized Kloosterman sums K|pn (a, bo)
become equidistributed in [-2,2] with respect to the measure y as briefly in-
dicated in Remark 1.5. Such equidistribution result was stated without proof
in [Kel10, Remark 1.1]. This measure has already occured in [Kel10], where the
author proves that the twisted normalized Kloosterman sums KI pr(a, x) for a
fixed a in Z/p"Z and y ranging over the Dirichlet characters of modulus p” get
equidistributed with respect to p as p tends to infinity.

Remark 4.12—Tt follows from the results proved in [GVW16] that if 1 < m < p”_l

then )

—— ) K@, )™ =EU™

(p(p ) aE(Z/an)X
where U is any real-valued random variable of law the probability measure p,
which agrees with (4.27).

Remark 4.13—For any integer r = 1, any non-negative integers my,..., m, and
any distinct integers 71, ..., T, the previous proposition implies that

1 r ) r ) _ 4=
- Yo JIKip(a+7i,bo)™ = [E(H Ul.ml) + Oy tetmy e (p 2" +8)
(P(p ) ae(z/pnz)” i=1 i=1

for any € > 0 and for any sequence of real-valued independent random variables
(Ui)1<i<r of law the probability measure p under (4.25) provided that

p> max |t;—71;l.

I<i,j<r

In other words, the r-tuple (Kl (a+7;, by))
with respect to the measure ®” .

1<i<y 8€ts equidistributed in [-2,2]"
Proof of proposition 4.10. Firstly,
Klyn(a+t,bg) = Klyn(bga+ bot,1)
since by is coprime with p. The change of variable a’ = bya in S, (p; by) com-
bined with the change of multiplicities
u’) ift=bet/,
T) =
Mo {0 otherwise

for 7 € Z/ p"Z implies that one has to prove this proposition only for by = 1. Thus,
by = 1 up to the completion of the proof.
Let us come back to the moment Sy (u). By Lemma 4.6,

Z b, u()
&
y »(p") beB n (W) TET (W) p"

),U(T)

AT S g, pn
[T (2003 (—np +0,m
acZ/p"z TeT (1) p
V7€eT (u),a=b2-7 mod p
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Recall that sfl frpn =SA+T mod p". In addition, the second condition in (4.13) is
satisfied since a has to be coprime with p.

Now, recall that®

M
2cos(x)M =Y (Anf) cos (M —2m)x)

m=0

for any real number x and any non-negative integer M. Thus,

b, ()
&
P PP") beB et \P"

I»l(T) (T)
> 1 (H cos
acZ/p"z TeT(p u,=0\ Ur

Y7eT (u),a=b2-7 mod p

4rs n
(u() —2u,) (% + Bpn) :

(4.28)
One can split Syn (u) into Sy (u) = MT pn (@) + Errpn (u) where

b; u(m)
MT g2 —L [2)
¢(p )bEBpn(p)TET(ﬂ) p
4ms n
> (u(ﬂ)cos (,u(r)—Zuﬂ(#%—Gpn)
acZlp"Z TeT (W) 2ur=p(1) Ur p

V7eT(w),a=b?>-7 mod p

and Erryn () is the remaining term. Note that MT ,» (i) is nothing else than the
term obtained when the multiplicities p(t) are even and u; = u(t)/2.
Let us start with MT = (u). Obviously, MT , (1) = 0 unless

VTeT(w), 2|u).

Hence
p@ || [Ap ()
MT () = o _
pribt ,61;!”) 2lpta) (u(r)/z) @(p™
Let us bound Errpn (). Trivially,
Errpn (1) <m sup Errpn(p, £)
Ce[lret(u [—p@),u(@)]
£#0
where
Errpn([,t,é) = p Z Z epn ( Z €TSa+T,p”)
@(p") beB n () acZlp"z TeT ()

Y7€eT (u),a=b2-1 mod p

1
= Err,n(u, €,b)|.
p(p") beB%(u)| rE |

for any | T (p)|-tuple € of integers with the properties written above.

6The referee kindly informed us that this expansion can be interpreted as an expansion in terms
of Chebychev polynomials of the first kind, which are orthogonal polynomials for the measure p.
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Let us fix from now on a [T (p)|-tuple € = (¢7);cT(y) of integers different from
the tuple 0 and satisfying

VieT(w), <su@sM<p (4.29)
by (4.24). Let 7¢ be a fixed element of T (). For b in By« (), (4.12) implies that
VTeT(w),3d; €2, b? -T= bfo —-To—d;p.
One gets a | T(p)|-tuple d = (d;);cT1(y of integers. The change of variables
a= b,g —To+up
with z mod p"*~! so that
a+t1= b$0—70+up+r= bf+(d,+u)p
and (4.19) entail that

Errpr(n€,b)= 3. e”"( 2 fst%Hdﬁu)P,Pn)
u mod p"! €T (W)

Z epn

n-1 _
Y lrb Y cinbrzmpm(d,+u)m)

umod p"! TeT (W) m=0
= Y ep(Ppw)
u mod p"!
where
-1,
Py(w) = )Y l:br ) cpbr  pTdr+w)™ (4.30)
TeT () m=0

is a polynomial in the variable u of degree less than n — 1 with integer coefficients.
Note that all the quantities defined here and below depend on the tuples u, ¢, b
and d but we only state the dependence on b for simplicity. One can check that

n-1 ,
Py(w)=)_ ajb)u’
j=0

where
n-1 r
Vi€, ..,n-1}, ajb)=) j crmy(r, j)p"
r=j
and

Vj€lo,...,n=1,Vrefj,...n-1, mprj= Y frb_rzr_l

TeT (W)

d; .

An important fact is that p/ divides a j(b) for any j €{0,...,n—1}. Note also that
when r = j, the quantity my(r, j) gets simpler and does not depend on the tuple
d since my(j,j) = mp¢(j,j) previously defined in (4.14) for1 < j<n-1. In
particular,
mp(1,1)= ) {:b;.
TeT ()
Let us define

jb)=sup({jefl,...,n-1},p"ta;b)}) efl,...,n—1} U {-oo}.
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Having this notation in mind,

n-1 .
u mod p™! j=0
This new polynomial in the exponential sum is still denoted by P (u) for simplic-
ity, even though some terms are missing.
The strategy to find an upper-bound for Errn (u, £) is to decompose it into

Errpn(p, €) = Z |Err n(p,[,b)|+ Z |Err n(p,f,b)|
g QP pei~ P ped
j(b)=-c0 jb)=1
1
+ — Errpn(u, €,b)| (4.31)
(P(Pn) beB%(p) | p |
jb)e{2,...,n-1}

and to proceed as follows.

¢ In the first term of (4.31), the exponential sum Errpn (1, 2, b) is bounded
trivially by p”~! but the counting of the tuples b is done carefully;

¢ In the third term of (4.31), Weyl'’s differencing process enables us to find
an upper-bound for the exponential sum Errj,» (g, £, b) and the counting
of the tuples b is done trivially by « p. Note that this term only occurs if
n=3.

¢ In the second term of (4.31), both the exponential sum Errpn (i, ¢,b) and
the counting of the tuples b are handled carefully.

Let us define N = p"~! for simplicity.
Let us begin with the third term of (4.31). The purpose is to show that if
be Bpn(l.l) with j(b) € {2,...,n—1} then

n—1-4

n-1)
Errpn(p, €,b) <¢ p am € (4.32)
for any € > 0 and where the implied constant only depends on €. For these tuples
b, Py, (u) is a polynomial of degree j(b) and leading coefficient divisible by p/®.
Let us define ajp)(b) = pkaj(b) where j(b) < k <n-1and p{ajp. We are
tempted to apply Weyl'’s differencing process (see [Wey21]). By [IK04, Proposition
8.2]), one gets

21-j(b)

|Errpn(p, €,b)| <2N x E (4.33)
where

aj(b)j(b)!él .. -[j(b)—l
pn—j(b)

E:= 1 > min (N,

_1)
As usual, || * || stands for the distance to the nearest integer. The contribution to
Z jp) of the integers satisfying ¢ ... ¢ jp)-1 = 0 is trivially bounded by 1/N. Up to
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this error term,

-1
1 ajp) )
= — Z ](b) 1([)1’1’111’1(]\] ‘ —_—
NI® prk
1 (=D(B-D-1 im it
= Y Y djp-1/))min|N, ‘ —'
NJb) s 0#£|0|<NIB-1 n-k
piie

1 @-biB-D-1 aj(h)j(b)!f‘

pn—k—i

Z dj(b)l(pif)min(N,

| NI (b) 1

)

The contribution to E of the non-negative integers i less than n— k—1 can be
written as

T~ NI® yA
i=0 0£10]<

(p.0)= 1

1
Nib) . : _2_4
0<i<(n=1)(j(B)-D-1|y|g(p"*1-1)/2
isn—-k-1 (p,)=1
-1
d; 1¢)mi
j)-1(p"£)min —
0¢|[|<N](b)

n—k—i

l=ap) jb)lv mod p

and is bounded by (pN)¢/N. The contribution of the remaining integers i is
trivially bounded by (pN)¢/ p”_k , which is less than (pN)¢/N. As a consequence,

|Errpn (ﬂ,[, b)| <, (pN)ENl—Zl—j(b) < (pN)ENl—ZZ—n’

which implies (4.32).
About the first term of of (4.31), let us show that
1 pn—l
—_— Errpn(p, €,b)| < N(u, ¢;0) (4.34)
(p(pn) hesz:;(p)| 14 | (P(Pn)
j(b)=—c0

where N(y, €; w) is defined in (4.15) for any w modulo p. The exponential sum
in (4.31) is trivially bounded by p”‘l. Now, let b in Bpn (p) with j(b) = —oo. If
1< j<n-1then p" divides a j(b), which implies that

cmp(j, j)=0mod p

and mp(j, j) = 0 mod p since c}. is coprime with p for p = 2n -5 by (4.18). This
implies (4.34).
Finally, let us prove that

1 1 n—1
_— Errp,n(u,€,b)| < n—k —N O v
¢(p™) beB%(p)' pt | @(p™ k;p Vm(gpnkl I (M wopt )
jb)=1 (p,v)=1

(4.35)
For these tuples b, Py(u) is a polynomial of degree 1 and leading coefficient
divisible by p. By [IK04, Equation (8.6)],

a1 (b)

n

1 -1
|Errpn (e, 0, b)| < Emln (ZN, ) (4.36)
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so that
n-1 k||
Cll(b)/p
Lo [Erpeb<) 3|
bEBpn () k=1 hEBpn (@)
j=1 p*lla; (b)
_ -1
e S |
k=1 v mod p"ik bEBp" (ﬂ) p
(p,v)=1 al(b)/pkzl/mod p”‘k
n—1 r 1
—_ n—
=) p > > L.
k=1 v mod p"F vl beB,n ()
(p,v)=1 a,(b)/ p*=v mod p"*

Now, if bin Bpn (p) satisfies a,; (b) /pk = v mod p”‘k then this implies ci mp(1,1) =
a,(b)/p = vp*! mod p with ¢; coprime with p by (4.18). This is exactly (4.35).
By (4.31), (4.32), (4.32) and (4.34), one gets

n- N(g, €;0) "=l 1 —
Ertpn (i, €) < p~ 7 "< 4 &9, > % 2 N (u,e; civpk_l)
p k=1 p v mod pnfk |U|
(p,v)=1

(4.37)

for any € > 0. Everything boils down to bounding N(g, ; w) uniformly with
respect to w mod p. Proposition 4.7 implies that

4(n-1)
—u— t€

Errpn(u, ) < p™ 2
for any € > 0. (]

The following lemma will be used in the proof of Proposition 4.1.

Lemma 4.14— Let M =2 be an integer. If a;, is a sequence of real numbers indexed
by non-negative integers satisfying

1 ifh=0,
VheN, O<ap<q, / :
7 otherwise
then y
M lo n
Swe Y Tlan <28
0<hy,..,hy<p™ i=1 p
Ji#j,hi=hj mod p
hi#h;j

Proof of lemma 4.14. Let us proceed by induction on M. If M = 2 then

1 n-1 1 n\] n-1
T=2ay Y ap+ Y apap< og(p )+ og(p")log(p )
1$h$}?” 1$h1,h2$p" p p
plh hi=h, mod p

Let us assume that M = 3. We use the combinatorial identity given in [KR14,
Lemma 7.1], which entails that

M s
f— Uu
Su=), ) > [1a;
s=1logeP(M,s) 0<h
Ji#j,hi=hj mod p
hi#hj
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where
Vuell,...,st, oy:=|o" ({u)
and for 1 < s < M, P(M, s) stands for the set of surjective functions
o:{1,..,.M}—{1,...,s}
satisfying
Vje{l,....M}, o(j)=1 or 3Fk<j,o(j)=0(k)+1.

The sum over h;,..., h; can be decomposed into
N

I1 a," + > [Tay + > [Ta5"

u u

0<hy,...hgsp™ u=1 0<hy,..,hss<p” u=1 1<hy,...hesp"  u=1
hi,...,h distinct hy,...,hg distinct hy,...,hs distinct
ﬂio,hiOZO Hio,hiozo Hi#j,h[Ehj I’I’lOdp
Jj#io,hj=0 mod p Yi#io,pthi

Ji#j#ip,hi=hj mod p

The first sum is trivially bounded whereas the second and third sums are bounded
by induction. This gives

M 1 §—2 n\] n-1 1 §—2 n\] n-1
sy<y v (s (plos(p™ ) log™" (p")log(p" )
s=1geP(M,s) p p

which ensures the result. (]
Let us give now the proof of Proposition 4.1

Proof of proposition 4.1. By Lemma 4.4, it is enough to consider K/I:;(t; m, n, by).
Recall that Hy» = {(1-p™)/2,...,(p" - 1)/2}.
By (4.5),

1

m(t; m,n; by) =
p
pni(m+n)/2(p(pn) ae(Z/p"Z)x

nj

[1

k
i=1

m;
Y apn(ug; t)Klpn(a—u;, bo)) ( Y apn (i tp)Klpn(a— v, by)
u,‘EHpn UiEHpn

since the complete Kloosterman sums are real numbers. Expanding the powers,
one gets

. 1 £
My (£;m, 15 bo) = prlm+mi2p(pn) Z H Z Z

aE(Z/an)X i=1 ui:(u,-,l,.l.,u,v,mi)eHﬁ v,-:(viyl,...,vi,ni]EHZ};

m; nj
[T apr i t)Klpn(a— e, bo) [T apn(vi g t)Klpn(@—v; g, bo).
ei=1 fi:1

Letussetforl <i<k,
m;+n;
hi = (hitseoo Bimp Rt o Rimien) = (Wi Uimi Vit Vin) € Hpi ™™

and
h=(hy,... h) € Hﬁf,m”).
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Exchanging the order of summations, one is led to

o 1 m;+n;
Mp”(t;m;n;bo):W Z Hnap"(hl]ytz H (Xpn(hl]ytl)
heH! g i=1j=1 j=mi+1
p
1 k mi+n;

> T Kipe(a—hijbo).

A ac(z/prz)*i=1 j=1

By Lemma 4.14 and (4.6), the contribution of the tuples k different from the
tuple 0 and whose components are not distinct modulo p is bounded by

lo /(m+n) n
<¢(m+n) & —(p ) (4.38)
p
where the implied constant only depends on ¢ (m + n).

Thus, up to all the previous error terms,

P 1 m;+n;
Mp"(t}m;n;bo)zm Z H Hap"(hlj» ti) l_[ ap”(hlj» ti)
14 EH[(m+n)l 1j= j=m;+1
1 k m;+n;

L. [T Kipi(a—hijbo) (439
go(pn)ae(z,zﬂ)xﬂ ]1'[1 P !

where the * means that the summation is over the tuples h = (hl ]) 1<i<k Whose

1<]<ml
components are either equal or distinct modulo p, namely
hijj=hge or pthij—hie
for any (i, j) # (k,¢) in the relevant ranges.
Note that by (4.11),
1 ﬁ mli—[n,
Klpn(a— hi,j, bo) = Spn (in; bo)
@(p") ac(z/pnz)* i=1 j=1

where pj, = (,uh(r))T ezipnz is the p"-tuple of non-negative integers defined by

k
V1ez/p"z, pp()=) |{jell,....mi+n;},—h;;=1mod p"}|.
i=1

Note also that

Y. @ =lm+n)
TeZ/p"Z

so that
{t mod p, 7€ Z/p"Z,up(v) = 1}| = |{T € Z/p"Z, up(v) = 1}| < £ (m + n)

according to the property satisfied by the relevant tuples h in (4.39).
Hence, one can apply Proposition 4.10. By (4.6), the contribution of the error
term is bounded by

/(m+n) (pn) p

4(n-1)
-2 e
<<€(m+n),£ 108 2"
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for any € > 0, where the implied constant only depends on ¢(m + n) and €. Thus,
up to the previous error terms,

- 1 k m; m;+n;
Mpn(&m,mibo) = —res 3 [l T apr(higitd T apn(higitd)
p he g gmm i=1j=1 J=mi+l
p
@ || [Ap (un@)]
IT G2 "
T€Z/phZ Hn(T)/2 ¢(p™

where Ay (up (7)) is defined in (4.16).

Let us apply Proposition 4.8. By (4.6), the contribution of the error term is
bounded by

log[(m+n) (pn)
VP

where the implied constant only depends on ¢(m + n) and, up to all the previous
error terms,

<L¢(m+n)

Mo 1 k mg_  mi+n;
Mpn(t; m,n; bO) = W Z l_[ 1_[ apn(hi'j; ti) ‘ l_[ ap”(hi,j; ti)
heH!\mm i=1j=1 jEmi+l
P
l_[ 5 Hn(T) 1
1€Z/p"Z 2n ) pn(@)/2) | 21T wnl”

It should be pointed out that the fact that

| T ()| = ‘T(I-lh)'

is crucial since recognizing the moments of the measure u requires the left-hand
side of the previous equation whereas the right-hand side appears by Proposition
4.8.

By (3.1),
1 * k m; m;+n;
Mp”(t;m;n;b0)=m Z Hnap”(hi,j;ti) H apn(hi j; t;)
p hEHfgl'"”')i:lf:l j=mi+1
p

k m;+n;
[E(H 1_[ Uhi,j)
i=1 j=1

for any finite sequence of real-valued independent random variables (Up) pez/pnz
of law the probability measure u defined in (1.1). The fact that

[E k mi+n; 3 ,U(T)
H Uhi,j =E 1_[ U;

i=1 j=1 T€Z/p"Z
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has also been used. One can add the missing tuples k at the admissible cost given
in (4.38) so that, up to all the previous error terms,

__ 1 m+n;
Mpn(t;m,n;bo)=m Z Hnap”(hljrtl H apn(hi j; t;)
p hEHfgl””")’ 1j=1 j=m;+1
p

k m;+n;
[E(H I1 Uhl._j).
i=1 j=1

Let us approximate the coefficients a» (h; £). By (4.7) and (4.6), one gets, up to
all the previous error terms,

— 1 mi+n;
Mp"(t;m)n;bO):W Z Hnﬁ(hz],tz l_[ B(hi,j; t;)
p he H'm+m i=1 j=1 j=mi+l
P
k mi+n; logl(m+n)—1 pn)
[E(H H Uhi,j) + Oi(m+n) ( p ( .
i=1 j=1 p

Reverting the computation done at the very beginning of the proof of this propo-
sition, one is led to

. k.
Mpn (£ m, ; by) = [E(H Kl,ml(ti)m'KI,,nl(ti)”")

up to all the previous error terms and where
Klpa (%)= ) Bl ) Up(x).
2

p-1
|hl< =

Finally, by (3.2) and (3.3) in Proposition 3.1, up to all the previous error terms,

i)

— lo
Mpn (8 m, n; by) = (HKI(t, Ki(z)™ +O[(m+n)( &

pn/z
where
KI(t; ) = Y Bh; OUp(*)
hez
for any sequence of real-valued independent random variables (Up,) ¢z of law
the probability measure p. (]

5. THE TIGHTNESS CONDITION

5.1. The counting ingredient. The following lemma states, without any proof,
the version of Hensel’s lemma, which will be used in the proof of Lemma 5.2. This
result is so standard that we do not give any reference too.

Lemma 5.1 (Hensel's lemma)— Let k be a positive integer and f be a polynomial
with integer coefficients. Assume that xy is a solution modulo p* of the congruence
f(x) =0 mod p*.
o Ifp{ f'(x0) then there is exactly one solution modulo p**' of the congru-
ence f(x) =0 mod p**! congruent to xo modulo p*.
e Ifp| f(x0) and f(xo) = 0 mod p**! then there are exactly p solutions
modulo p**! of the congruence f(x) =0 mod p**' congruent to xo mod-
ulo p*. They are given by xo + p* j for j modulo p.
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Lemma 5.2 (Hensel's lemma in degree 2)—Let n =1 be an integer and f(X) =
X? - sX + 1 be a polynomial of degree 2 with integer coefficients satisfying s =
7+ 1mod p”. Assume that p’ || m -1 for some integer ¢ = 1. The number of
solutions of the congruence f(x) =0 mod p" equals

2pt iflsl<n/2-1,
p"? ifni2<l<n,

if n is even, and

2p’ ifl<sf<(n-11/2,
p V2 if(n-1)/2+1<l<n,

ifn is odd.

Remark 5.3—This lemma is proved by a quite technical induction on n = 1 but
understanding the set of solutions for 1 < n <3 of f(x) =0 mod p" gives an idea
of how the induction works.

Proof of lemma 5.2. In this proof, recall that p | 7 — 1.

Obviously, 1 is the only solution of the congruence f(x) = 0 mod p with s =
7 +1 mod p.

Let us quickly check what happens for n = 2. One has f(1) = 0 mod p? and
f'(1) =2-5=0mod p. By Lemma 5.1, the only solutions of f(x) = 0 mod p?
with s = 7+ 1 mod p? are 1 + pk; for 0 < k; < p.

Let us do the case n = 3. For 0 < k1 < p, 1+ pk; is a solution of f(x) =0 mod p?
satisfying f'(1+ pk;) =0 mod p and

f(1+pki) = pky(1 -7+ pky) mod p°.

If k; = 0 then by Lemma 5.1, 1+ p*k; for 0 < k, < p are the only solutions of
f(x) =0 mod p? congruent to 1 modulo p?. Otherwise, p || 7 — 1 and k; , must
be the unique invertible integer modulo p satisfying pk; , = 7 — 1 mod p?. Then,
by Lemma 5.1 1 + pkj 5 + p?k» for 0 < k, < p are the solutions of f(x) =0 mod p*
congruent to 1+ pk; , modulo p?. We have just seen that the solutions of f(x) =
0 mod p® with s =7 + 1 mod p? are
o 1+p’kyfor0<ky<p,
o 1+ pky;+p?kyfor0<k;<pandif p||m—1and pk;,=7m-1mod p>.
Note that the previous simple use of Hensel’s lemma proves Lemma 5.2 for
1 < n < 3. We will conclude by induction on n = 2.
Let us set

(n/2-1,n/2) if n is even,

l1(n), ¢ =
(41(n), €2 (n)) {((n—l)/Z,(n—l)/z) if nis odd.

Let us prove that for any n = 2, the solutions of the congruence f(x) = 0 mod
p" for any polynomial f(X) = X? — sX + m of degree 2 with integer coefficients
satisfying s = 7+ 1 mod p” are

1+ pn_lkn_l
where 0 < k,,—; < p and for any 2 < m < ¢»(n),

1+ p" ke +p" Tk
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where 0 < k-1 < p, 0< kpp—m+1,-.., kn—1 < p provided that p™ | 7 — 1 and for any
2<sm</ti(n),

L+ kn+ 4P " Yepometa + P ke + P e

where 0 < kj—p, ..., kn—1 < p provided that p" || 7 — 1. Here, the numbers k,, ,
m<us<n-m-1, are fixed integers modulo p satisfying

P kgt + " " o1 =~ 1 mod p" ™,

In particular, k;, 5 is invertible modulo p. This fact trivially implies Lemma 5.2
for n=2. The cases n =1, n =2 and n = 3 have just been seen above.

Let n = 2. Let us assume that the result holds at the rank » and let us check
that it remains true at the rank n + 1. For instance, let us assume that 7 is even.
We do not provide the proof when 7 is odd since this is completely similar.

For 0 < k,_1 < p, X, := 1+ p""'k,_1 is a solution of f(x) =0 mod p", which
satisfies f’(x;) =0 mod p and

fx)=p" Yhkpor (1-m+ p" kp—1) mod p™*l.

By Lemma 5.1, the only solutions of f(x) =0 mod p"*!

e 1+ptkyfor0<k,<pifk,—1 =0,
o 1+p" Yy 1+ pkyfor0<k,_1<p,0<k,<pandif p? |7 —1.
Let2<m<¥¢,(n)=n/2. Assume that p” |1 —1. For0 < ky—m+1,..., kn-1 < p
and 0 < kp—m < P, Xmp =1+ p" ky_p +-+-+ p" Lk, is a solution f(x) =
0 mod p", which satisfies f'(x, ;) =0 mod p and

congruent to x, are

1_
FEmn) =p" (kpem+-+p™ Tkn1) p_”jt P M ey P T R
mod p"*L.

If 2 < m < n/2 then by Lemma 5.1, the only solutions of f(x) =0 mod p"*!

congruent to Xy, , are
14+ p" "k + -+ p" ko + p"ky

where 0 < k;,—p, < p, 0< kp—m+1,--., kn < p provided that pm+1 lm—1.Ifm=mn/2
then by Lemma 5.1, the only solutions of f(x) =0 mod p™*! congruent to x,2,,
are

1+ pnlzkn/Z,n + Pn/ZH knjps1+--+ pn_lkn—l + pnkn

where 0 < k241, ..., kn < p provided that p™'? || 7 —1 and p™?ky2,» = m—1 mod
/12+1
pret.

Letlsm</¢,(n)=n/2—1. Assume that p” || r—1. For0 < kj—pm, ..., kn-1 < p,
Xmyn =1+ p" ke + - + pn_m_lkn—m—l,n +p" M kg e+ pn—l kn-1
is a solution f(x) =0 mod p", which satisfies f’(xm,n) =0 mod p and

n-2m-1 k n—ka

f(xm,n)zpn (km,n+"'+p n—m+"'+pn_1_mkn—l)
1=+ p ko ++ P ke 1n

pn—m

n-m-1,g+ P

n-1-m
+kn—m+Ppkpn-ms1 +--+kpo1p

mod p"*L,
By Lemma 5.1, the only solutions of f(x) =0 mod p"*! congruent to x,, , are

1+ pmkm,n +eeet pn_mkn—m,n + pn_m+1kn—m+l +-+p"ky



KLOOSTERMAN PATHS OF PRIME POWERS MODULI 27

where 0 < k- m+1,. .., kn < p and where

P kg + -+ PV kp_mn =7 —1mod p" "L,

This completes the induction on 7. O

Proposition 5.4 (The counting ingredient)—Let n = 1 be an integer and I be a
non-empty interval in (Z/p”Z)X. The number of quadruples (x1, X, X3, X4) € I*
satisfying

X1+X2 = Xx3+x4modp”

Xi+X; = X3+x3modp”
is bounded by an absolute positive constant times n|I|?.

Proof of proposition 5.4. Letus denote by N ,(p"; I) the number of these quadru-
ples (x1, x2, x3, X4) satisfying pk || X3+ x4 and p” | x3 — x4 for some fixed integers
k,?¢ €10,..., n}, which must satisfy k¢ = 0 since p is odd. Let (x1, x2, X3, X4) be such
a quadruple. Let us fix x4. There are at most || such x4. The bijective change of
variables y; = x4x; for 1 <i <3 leads to the system

y3+1 mod p”

yit)2
J1+¥2 = y3+1modp"

where the triple (y1, y2, y3) belongs to (X351 )3 and whose components satisfy p ||
y3+1and p’ [l y3— 1. Let us set

s=y1+y2 and @ =y1)».
The previous system becomes
s=y3+1mod p" (5.1)

and

@s=y3+1mod p".
Thus,

1=y3y3=(s—1)(@s—1) mod p"

so that s(s— (@ + 1)) =0 mod p" and

s=®+1mod p”_k. (5.2)

Let f(X) = X? - sX +®. Obviously, y; and y, are solutions modulo p” of the
congruence

f(x)=0mod p". (5.3)
Note also that
f(X)=(X-1)(X-®) mod p"* ¥ (5.4)
by (5.2). In particular, if n — k = 1 then the only solutions modulo p of
f(x)=0mod p

are 1 and @, which satisfy f'(@) =—f'(1)=@—-1 mod p by (5.2). Let us consider
three distinct cases.

First case: k=0 and 0 < ¢ < n. In this case, p{ s by (5.1) and p’ || @ -1 since
y3—1=s—-2=®-1mod p” by (5.1) and (5.2). Let us fix y3, which implies that s
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is fixed by (5.1) and @ is fixed by (5.2). There are < 1+ |I|/ p’ such y3. By Lemma
5.2, the number N, (p™) of solutions modulo p” of the congruence (5.3) satisfies

pg ifnisevenand0<¥¢<n/2-1,
No(p") < pZ’z if nisevenand n/2<?¢<n,

p ifnisoddand0<?¢<(n-1)/2,

p(”_l)/z ifnisoddand (n-1)/2+1<?¢ < n.

In total,

Noo(p™ D) < |1

1+wmeN("Hm
p[ [p’ *

Second case: 1 < k<n-1and ¢ =0. In this case, pk [| sby (5.1 and pf@—1
by (5.1) and (5.2). Let us fix y3, which implies that s is fixed by (5.1) and @ is
fixed modulo p" ¥ by (5.2). There are < 1+ |I|/p* such y;. By Lemma 5.2, the
congruence f(x) =0 mod p" ¥ has exactly two solutions. Hence, the same holds
for the number of pairs (y1, y2) modulo p”~¥. In total,

N n, |I| |I| 2
ko(p™ D) < ] 1+W 1+pn—k < |-

Third case: k = n and ¢ = 0. In this case y3 = —1 mod p” is fixed and given y,
¥2 is fixed. In total,

Npo(p™; D < 112

Altogether, the number of quadruples (x, X2, X3, x4) equals

n n—1
Y Noo(™;D+ ) Nio(p™; D+ Nuo(p™; D)
/=0 k=1
and is bounded by « n|I2. |

5.2. The fourth moment of incomplete Kloosterman sums.

Proposition 5.5 (Bounding the fourth moment)— Let n = 2 be an integer and I
be a non-empty interval in (Z/ p"Z)”~. One has

1 1

i Z epn (6lJC+ bf)
p xel

n|I2

¢ (p")

M4(I) =

2
@0 (P")” whe@iprz) <(z1pz)”

Proof of proposition 5.5. Expanding the fourth power, one is led to

My(I) =

o (pn)°

2 Y. epr(alxy+x2—x3—x4))
p " (xl:xzyx3,X4)€I4 a€(Z/p”Z)X

Y e (bGr+%2-X5—-%) |-
be(z/pnz)”
The orthogonality of additive characters ensures that

n n-1
Z epn(cz)=p 0220 mod pn— P 0220 mod pn!
ce(z/pnz)*
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forany zin Z/p"Z. Thus,

1 1
Ma(h = —— > . 2 1
n n
' (P ) (x1,Xp,X3,X4)€T* ¢ (P ) p (x1,Xp,X3,X4) €T*
X1+X2=Xx3+x4 mod p” X1+X2=Xx3+x4 mod p”
X +X;=X3+%; mod p" X[+ X =%3+%; mod p"!
1 1
Rpymr )y Tt )y L
P(P")° P ixrmaert P(P") P el
X1 +Xp=Xx3+x, mod p"’1 X1+ X =x3+x4, mod p”’1
X1+X2=X3+%; mod p” X1+X2=X3+%; mod p"!
Proposition 5.4 completes the proof. O

5.3. The tightness condition via Kolmogorov’s criterion.

Proposition 5.6 (Tightness)— Let n = 2 be an integer. The sequence of C°([0,1],C)-
valued random variables Kl (x; (x, *)) on the random space (Z/ p" Z) “x(z1p"z)"
where p is an odd prime number is tight.

Proof of proposition 5.6. Let us show thatif0< s, <1 then
1

> Y |Klpn (25 (@, b)) = Klpa(s; (@, b)|* < nlt = s> (5.5)
<P(P") (a,b)e(Z/pnz)* x(21p"Z)”

where the implied constant is absolute. The bound (5.5) is enough by Proposition
A.1 to ensure the tightness of the sequence of C°([0,1],C)-valued random vari-
ables Kl (x; (*, %)) as p tends to infinity among the odd prime numbers. One
canassumethat0<ss<t<1.

Firstrange: 0< t—s<1/(¢(p")-1) so that

pl<s—. (5.6)

Let us show that
|Klpn (25 (@, b)) = Klpn (s; (a, b)| <2V,

which implies (5.5) in this range. Let us assume that

_J=r T
p(p")-1  o(p")-1
where 1 < j < ¢ (p") - 1. Two cases can occur.
First case:
ik S CS —
¢(pm) -1 ¢(p")-1
In this case,
n
-1
|Klpn (55 (a, b)) = Kl (s; (a, D) | = |aj((a, b); p™)| (£ =) < "’(’;T,)Z(t—s)
<2Vi-s

by (2.2) and (5.6).
Second case:
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where 2 < j < ¢ (p") - 1. In this case,

|Klpn (5 (a, b)) = Klpn(s; (@, b)) | < [Klpn (£; (@, b)) - zj((a, b); p™)|
+|zj((a, b); ") = Klpn(s; (a, b))

The first term is less than

j-1
aj((a, b); p") (r——)
st DO\ = o im

whereas the second term is less than
j-1
aj-1((a,b);p™ (— - S) .
o | ¢(p") -1
Altogether,

") -1
|Klpn (55 (@, b)) = Klpn (s; (a, b)) | < M(t—s) <2Vi-s

pnlz

by (2.2) and (5.6).
Second range: t—s=1/(¢(p") - 1) so that

Let us assume that
/-1 <s< J and L<tsL
¢(p")-1 ¢(p")-1 ¢ (p") -1 ¢(p")-1

where 1 < j < k-1<¢(p")-2. In other words,
i=[@(p")-Ds] and k=[@(p")-D1].
By (4.10) and Holder’s inequality,

1

— |Klpn (£ (@, b)) = Kl (s; (a, b)|*
(P(P ) (a,b)e(Z/p"Z)* x(21p"Z)

1
=My )+ O(ﬁ) =Myl ) + O((l‘— 8)2)

where I ; is the non-empty interval in (Z/p"Z)” given by
(xj(®=@(p")s+j-1, k=@ (p")t+k-1]n(Z/p"Z)".
Its length satisfies

5ol = Lxe(0)] = [x;(5)]
<o(p")t=9+[@(p")-Dt] - [ (p") - Ds]
<4(p(p")-D@E-95)+1
<8(p(p")-D(-s)

since (¢ (p") —1)(¢ — s) = 1. Proposition 5.5 implies (5.5). O
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6. PROOF OF THEOREM A AND THEOREM B

Let us prove Theorem A. By Proposition 3.1, the random variable Kl has
moments to all orders. Thus, we are allowed to use the method of moments.
Proposition 4.1 leads to the result.

Theorem B is implied by Theorem A.3, Theorem A and Proposition 5.6.

APPENDIX A. PROBABILISTIC TOOLS

This section contains some probabilistic results needed in this work. The main
reference for both the statements and their proof is [Kow16].

Let us say a few words about random variables with values in the Banach
space C°([0,1],C) of C-valued continuous function on [0, 1] endowed with the
supremum norm. Confer [Kow16, Section B.9] for more details. For each n =1,
let X,; be a random variable on the random space (Q,, «/,,[P;) with values in
C°([0,1],C). Let X be a C°([0, 1], C)-valued random variable.

The sequence (X;;) ;=1 converges to X in the sense of finite distributions if for
all integers k = 1 and all k-tuples (f3, ..., fx) with

Osh<---<ip<sl,

the sequence of Ck-valued random vectors (Xn(t1),..., Xn(tx)) converge in law to
the random vector (X (#),..., X ().

The sequence (X},),>1 converges in law to X if for any C-valued continuous
and bounded map ¢ on the Banach space C°([0,1],0), the sequence of complex
numbers (E(¢(Xy))),-, converges to E(¢(X)).

Each X, induces a probability measure y,, on the Banach space by

VAcCO([0,11,0), un(A) =P, (X, (4).

The sequence (X},) ;> is said to be tight if for any € > 0, there exists a compact
subset K of C°([0,1],C) satisfying

Vnzl, pp(K)=1l-ec.
A practical criterion for tightness is due to Kolmogorov.

Proposition A.1 (Kolmogorov's criterion for tightness)— If there exists a > 0 and
6 >0 so that

V(s, 0 €[0,11%, E(1Xn(s) - Xn(DI*) < |s—t]'*°
then (X;) ;> is tight.
Remark A.2—This is [Kow16, Proposition B.9.5 Page 82].

Last but not least, the main tool of this work is Prokhorov’s criterion for con-
vergence in law in Cc([0,1],0).

Theorem A.3 (Prokhorov's criterion)—If (X},) ;=1 converges to X in the sense of
finite distributions and (X,) ,»1 is tight then (X,) ,»1 converges in law in the sense
of C9([0, 1], C) -valued random variables.

Remark A.4—This is [Kow16, Theorem B.9.4 Page 82].
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