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Abstract

In this contribution, we recall the derivation of the anti bounce back boundary condition
for the D2Q9 lattice Boltzmann scheme. We recall various elements of the state of the art
for anti bounce back applied to linear heat and acoustics equations and in particular the
possibility to take into account curved boundaries. We present an asymptotic analysis that
allows an expansion of all the fields in the boundary cells. This analysis based on the Taylor
expansion method confirms the well known behaviour of anti bounce back boundary for the
heat equation. The analysis puts also in evidence a hidden differential boundary condition
in the case of linear acoustics. Indeed, we observe discrepancies in the first layers near the
boundary. To reduce these discrepancies, we propose a new boundary condition mixing
bounce back for the oblique links and anti bounce back for the normal link. This boundary
condition is able to enforce both pressure and tangential velocity on the boundary. Numerical
tests for the Poiseuille flow illustrate our theoretical analysis and show improvements in the
quality of the flow.

* Contribution presented to the 14th ICMMES Conference, Nantes (France), 18 - 21 July 2017.
Computers And Mathematics With Applications, volume 79, pages 555-575, February 2020.
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1) Introduction

From the early days of Lattice Boltzmann scheme studies, boundary conditions have been the
object of various proposals. In fact, two popular methods of boundary conditions are used
to impose given macroscopic conditions (velocity, pressure, thermal fields, ...). The first
one, called “half-way” was proposed in the context of cellular automata [6]. The “half-way”
approach [7], consists in using the distributions that leave the domain to define the unknown
distributions by a simple reflection (called bounce back) or antireflection (called anti bounce
back). In this method the physical position of the wall is located between the last internal
domain node and first node beyond boundary. In [23, 15| the exact position of the physical
wall is investigated for some simple problems. The second method proposed first by Zou
and He [29], called “boundary on the node”, uses the projection of the given macroscopic
conditions in the distribution and assumes the bounce back rule for the non-equilibrium part
of the particle distribution. In this method the physical wall is located on the last node of
the domain.

Here, we only focus on “half-way” boundary conditions method. In a previous work [16] a
novel method of analysis, based on Taylor developments, is used for the bounce back scheme.
This linear analysis gives an expansion of the macroscopic quantity, on the physical wall, as
powers of the mesh size. Later in [17] a generalized bounce back boundary condition for the
nine velocities two-dimensional (D2Q9) lattice Boltzmann scheme is proposed. This scheme
is exact up to second order by elimination of spurious density terms (first order terms).

In this contribution, the anti bounce back boundary lattice Boltzmann scheme is investigated.
This scheme is used to impose Dirichlet boundary conditions for the “thermal problem”, id
est the heat equation where one scalar moment is conserved, or to impose a given pressure
for a linear fluid problem. Many works proposed new boundary conditions [1, 5, 19, 24, 27|
intended to yield improved accuracy compared to the anti bounce back boundary scheme.
In this paper, the D2Q9 lattice Boltzmann scheme is first briefly introduced for heat equa-
tion and acoustic system (Section 2). Then in Section 3, the anti bounce back boundary
condition is presented to impose a given thermal field for thermal problem or to impose a
given density /pressure for the linearized fluid. In Section 4, the scheme is analyzed using
Taylor expansion for the heat equation. This asymptotic analysis gives an expansion of the
conserved scalar moment which is exact up to order one. In Section 5, we present the ex-
tended anti bounce back that allows to handle curved boundaries. In Section 6, anti bounce
back is analyzed for the linear fluid problem. A hidden differential boundary condition is put
in evidence. In Section 7, a mixing of bounce back and anti bounce back boundary scheme
[14], is used and analyzed to impose a given density and a given velocity on the physical wall.
Finally in Section 8 a novel boundary scheme is introduced and analyzed to impose a given
pressure and tangential velocity on the boundary. A Poiseuille test case gives convergent
results.
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2) D2Q9 lattice Boltzmann scheme for heat and acoustic problems
The D2Q9 lattice Boltzmann scheme uses a set of discrete velocities described in Figure 1.
A density distribution f; is associated to each basic velocity v;. The two components and
the modulus of this vector are denoted by wvj,, v, and |v;| respectively. The first three
moments for the density and momentum are defined according to

8 8 8

(1) p:ij:mo, Jx:Zijfj:ml, Jy:Zijfj:TTLg.

=0 =0 =0
We complete this set of moments and construct a vector m of moments my using Gram-

Schmidt orthogonalization and an appropriate standardization to have simple expressions of
the moment matrix, as proposed in [25]:

5_32|U]’ fi _4>‘2Zf17
@m:Z[(ij)Q_@Jy fir oy = Zvﬂ?}]y fis
(2) ay

_SZ”U]‘ ijf]—5>\2zvﬂf], 4y = SZ’UJ‘ Uyyf3_5)‘221’yyfw
:§Z|Uj’4fj - _)‘QZ| ]| fi +4)‘4ij
5=0

(

Figure 1: D2Q9 lattice Boltzmann scheme; discrete velocities v; for 0 < 7 <8

The entire vector m € R? of moments is defined by

t
(3) m:(paJxaJya57@x7§0yaqu'z:7anD)
and the previous relations can be written in a synthetic way :

(4) m=DM f.
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The invertible fixed matrix M is usually [25] given by

1 1 1 1 1 1 1 1 1
0 A 0 -\ A=A =2 A
0 0 A 0 -\ A A=A =
—4N =2 AT A2 A% 207 202 207 2N
(5) M = 0 A2 —\2 A2 —\? 0 0 0 0 ,
0 0 0 0 0 D . G
0 —2)3 0 203 0 PRI & S
0 0 —2)\3 0 DS D C S S .
D D SEVD S/ D SIS D SHD S D LD S D &
where \ = Tf is the fixed numerical lattice velocity. For scalar lattice Boltzmann applica-

tions to thermal problems, the density p is the “conserved variable”.

e  We suppose the following linear equilibrium of nonconserved moments and associated
relaxation coefficients. Due to (5) and Table 1, we can explicit the vector f®4 of equilibrium
values of the particle distribution :

eq P p eq P
=—[1- 4—o—2 =—M4—-—a-2
eq P P P
=—4—-—a-2 = 4—o—2 4+ 2
ca _ Pgig Ly _p42
6 36[ +2a+ 4], 36[ +2a+ 4], fi* 36[ +2a+ f].
moment Iz | Jy € Oz | Py | Gz | Gy D
equilibrium 010 |aXNp| 0] 0]0]0|BXp
relaxation coefficient | s; | s; Se Sy | Sz | Sq | Sq Sq

Table 1: D2Q9 linear equilibrium of nonconserved moments and associated relaxation coef-
ficients for a thermal type problem.

e During the relaxation step of the heat diffusion problem, the conserved variable p is
not modified. In the framework of multiple relaxation times [22|, the nonconserved moments
my to mg relax towards an equilibrium value m;* displayed in Table 1. The relaxation
step m — m* needs also parameters s; presented also in the Table 1:

(7) my = my + sp (mpt — my), k>1.

Companion parameters o, have been introduced by Hénon [21] in the context of cellular

automata: 1 1

Op — — — —.
Sk 2

In terms of moments, the linear collision m — m* can be written as
(8) m* = Cm,

4
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with a collision matrix C' given by

1 0 0 0 O 0 0 0 0
0 1-s; 0 0 0 0O 0 0 0

0 0 1=, 0O 0 0 0 0 0

aseX> 0 01-s. 0 0 0 0 0

(9) c=| o0 0 0 0 1-s, 0 0 0 O
O 0 0 0 0 1-s, 0 0 0

o 0 0 0 0 0 l-s, 0 O

0o 0 0 0 0 0 0 l-s,0

BsgAt 0 0 0 0 0 0 01—syg
The iteration of the D2Q9 scheme after the relaxation step follows the relation

filat)=> Mjim;, 0<i<38
l

and the population f;(z, ¢t + At) (0 < j < 8) at the new time step is evaluated according
to

(10) filz,t+ At) = fi(z —v;At,t), 0<j <8.

e In [11] and [12], we have introduced classical Taylor expansions in order to recover
equivalent partial differential equations of the previous internal scheme. For the thermal

model, when Az and At tend to zero, with a fixed ratio A = % and fixed relaxation
coefficients sy, the conserved variable p is solution of an asymptotic heat equation

0
(11) a_i — uAp = O(Az?).

The infinitesimal diffusivity u is evaluated according to
1
B= 5 (a+4)NAzx.
e If we consider a linear fluid problem, the three first moments p, J, = pu, and J, = pu,

are conserved during the collision step. The table of equilibria and relaxation coefficients is
modified in the way specified in Table 2:

moment € Oz | Py Qe Qy D
equilibrium aXNp | 0|0 | =X2J, | =A2J, | BX'p
relaxation coefficient Se Sy | S S¢ Sq Sq

Table 2: D2Q9 linear equilibrium of nonconserved moments and associated relaxation coef-
ficients for a acoustic linear fluid problem.

We can also display for the linear fluid case all components of the linear vector f¢%:
(

=th—a+pl,
eq P 12 uy, eq P 12 u,
1 36[ Q B—i_ )\ ]7 2 36[ o ﬁ—i_ )\ ]7
eq P 12 u, eq P 12 u,
=L 4—a—-25— =L 4—a—-25—
(12) 3 36[ o B Y ]7 4 36[ Q ﬁ ]7
eq:£[4+2a+ﬁ+§(u$+u)] eq:£[4+2a+ﬁ+§(—uz+u)]
> 36 A v e 36 A v
@ b 3w —uy), f= L 3
| /7 —36[4+2a+5+)\( Uy — Uy)], [ kT [4+2a+ﬂ+)\(uw )] -
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In the space of moments, the linear collision is still described by a collision matrix. In the
fluid case, we have

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
ase A2 0 0 1—s. O 0 0 0 0
(13) C= 0 0 0 0 1-s, O 0 0 0
0 0 0 0 0 1-s, 0 0 0
0 —s,A2 0 0 0 0 1-s, 0 O
0 0 —s,A* 0 0 0 0 1—-54 0
Bsa At 0 0 0 0 0 0 01—s4
The sound velocity satisfies L_a +4 3
5= .

The shear and bulk kinematic viscosities v and ( are given [25| according to the relations
A 1 1 Ye! 1 1
da(l-D). —-2a(l-))
O e P A el PR
Note the usual values of the parameters : o = —2 and [ = 1. During the relaxation step,
the conserved variables W = (p, J,, J,) are not modified. The non-conserved moments
follow a relaxation algorithm described in (7).

3) Construction of the anti bounce back boundary condition
Consider to fix the ideas a bottom boundary for the D2Q9 lattice Boltzmann scheme, as
illustrated in Figure 2. For an internal node z, the evolution of populations f; is given
by the internal scheme (10). For a bottom boundary, the values of f;(z —v;At) for j €
{2,5,6} = B are a priori unknown.

X
™ ° °
/ [ \ Ax /2
£ 2| £ £
92 2 AN
° ° °

Figure 2: The issue of choosing a boundary algorithm for the D2Q9 lattice Boltzmann scheme

When the vertex z is near the boundary, and located half a mesh size from the physical
boundary, the internal iteration (10) is still applicable for the discrete velocities with numbers
j=0,1,3,4,7,8, id est for j ¢ B. For j € B, the fundamental scheme (10) has to be
adapted. Our framework is still to try to apply the internal scheme at the boundary. In our

fs(z, t+ At) = fX(x — (Az, Ax),t),

fQ(xwt_’_ At) = f;(x - (O’ A$)7t)7
fo(z,t + At) = fi(z + (Az, —Az),t).

case, we set

6
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Therefore, the boundary scheme is replaced by an extrapolation problem: how to determine
the values f;(z —wv;At, t) for j € B from the known values f;(z, t) at the given vertex
and the extra information given by the boundary conditions imposed by the physics?

e For the thermal case, the construction of the lattice Boltzmann scheme is based on two
arguments. First we can approximate at first order of accuracy (see e.g. [11]) the values
fi(x—v;At, t) at the neighbouring vertices by the equilibrium values f;%(x, t) at the internal
vertex. Second, we have from the relations (6) the following three elementary remarks:

sl=L(4—a—2p), fi'=£L(4—a—2p) and in consequence fyi+ f; =222 5 Ina
sumlar Way, 5= & (4—1—2a+6) and fi%= £ (4+2a+f) implies f5*+ f74 = w p.
Last but not least the relations fg = £ (44+2a+f) and f* = £ (4+2a+ ) show that
fed+ f4 = w p. If we suppose a Dlrlchlet boundary condltlon for the heat equation
(11) then the Conserved ‘temperature” p = pp is given on the boundary. The anti bounce
back boundary condition is obtained by replacing in the previous relations the equilibrium
values by the outgoing particle distribution and the moment p(x) by the given value py on
the boundary, as illustrated in Figure 3.

P @ x=(xy,AxR2)
Ax/2

- ® o

0 Ax
O

Figure 3: Cell center framework for the boundary conditions: given boundary value p, and
conserved moment p in the flow at vertex .

AX

Figure 4: For a boundary node z along an horizontal frontier, the D2Q9 lattice Boltzmann
scheme takes into account the three numbers po(z — &%, t), po(z, t) and po(z + 2L, t).

The fluid node z near the boundary has coordinates equal to (z, AQ’”) as depicted in Fig-

ure 3. In order to be more precise, we observe (see Figure 4) that the diagonal particles (num-
bered by j =5 and j = 6) cross the boundary at locations xl——x and z;+ 5" Az respectively.
If we have a continuous information for the given field on the boundary, we can introduce in

the boundary scheme the exact values py(z1 — &Z, t), po(z1, t) and po(z1 + 5E, t) of the
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given data. Taking into account all the previous remarks, the anti bounce back boundary
condition is written in this case

( . 4420+ Az
f5(l’7 t—f—At) = —f7(l', t) + Tpo(l'l — 77 t)
4 —a—2
(1) Pl £+ 80 =~ fiGa, 1) + 252 (1),
. 44+2a+p Az
\ f6(a:, t—l—At) = —fS(ﬂf, t) + 1—8p0<x1 + 7, t) .

The minus sign in the right hand side of the relations (14) characterizes the denomination
of “anti” bounce back.

e For the linearized fluid, we have three conserved moments: density p and the two
components of the momentum J = pu. The equilibrium of the particle distribution is
now given by the relation (12). We have as previously three simple remarks. First, f3¢ =
£ (4—a— 2ﬁ—1—12“y) and fi% =& (4 a— 25—12“?’) In consequence, o+ it M,0.
Secondly, =L (4+2a+8 —|— S(up +uy)) and fi9= L (44 20+ B+ 2(—uy — uy)).
After a simple addition of these two expressions, f:%+ f79 = a2 a+5 p. Flnally, the relatlons
gq:ﬂ(4+2a+ﬁ+3( u; +uy)) and fg' = & (4+2a+ﬁ+ (uz — uy)) show that
fed+ [t = w p. Applying the same Inethod as in the case of the thermal variant of
the D2Q9 lattlce Boltzmann scheme, we can write the anti bounce back boundary condition
again with the relations (14). The interpretation of the variable p is now the density.
The anti bounce back is associated to a pressure datum, thanks to the acoustic hypothesis

that p = c¢Zp. Observe that in the fluid case, the bounce back boundary condition is
obtained simply by reversing the signs: f3* — f3% = & puy, f' — fi% = & (us +uy) and

fo' = 15" = 5 (ue +uy).

4) Linear asymptotic analysis for the heat problem
In order to analyze the anti bounce back boundary condition (14), we can rewrite this

f;(l” t):—fg($,t)—|-€j($;,t), JEeB,

with B = {2, 5, 6} in our example. As previously the notation ¢ corresponds to the

condition as

opposite direction of the direction number j: v; + v, = 0. The expression fj( ', t) denotes
the given “temperature” py on the boundary at the space location x . In the spec1ﬁc example
considered here, we have

4—a—2p0

a(ah, t) = 13 po(z1, 1),
44+2a+p Ax
15 ! - - "~ _ -
( ) 55($5a t) 18 £0 <ZL’1 2 ) t> )
442a+p Ax
/ _ il
| Gl 1) = = po (w1 + 5 1)

If j ¢ B the above equation is replaced by the internal scheme:
file,t + At) = fi(z —vAtt), j=0,1,3,4,7,8.

8
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We have proposed in [16] a unified expression of the lattice Boltzmann scheme D2Q9 for a
vertex x near the boundary. With the help of matrices 7}, and Uj,, we can write

(16)  fi(z,t + At) = Z gfgxt+ZUﬂf£ — v At ) + &), 1), 0<j <8,

The matrix element U;, is equal to 1 if E =j ¢ B and U;j, =0 if not:

100000000
010000000
000000O0O0O
000100000
(17) U=]000010000
0000000O0O0O0
0000000O0O0O
000000O0T10
0000000O0O01

In an analogous way, the explicitation of the opposite directions (5, 7), (2, 4) and (6, 8)
leads to the following matrix denoted by T in the relation (16):
0000 0O O0OO0O 0O O

00000 00 0 O
0000-100 0 0
00000 00 0 O

(18) T=00000 00 0 0
00000 00=1 0
00000 00 0 —1
00000 00 0 O
00000 00 0 0

A complete picture of the boundary scheme is presented in Figure 5.

N
5/ 2‘14 N

Figure 5: Vertex x near a boundary for the D2Q9 lattice Boltzmann scheme

e The formal asymptotic analysis for infinitesimal space step Az and infinitesimal time
step At is conducted as follows. Multiply the relations (16) by the matrix M of (5) in order

9
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to introduce the moments (4). Thus a complete expression of the D2Q9 lattice Boltzmann
scheme for a node x near the boundary takes the form

my(x,t + At) = (MTM ' C)pe my(z,t) + (Mo Up ijpl Cpq) Mg(x — AL, t) + My o &
Then expand this relation at order 0 and 1. At order zero, we have
my + O(At) = (MTM O mg + (MUM ' C)ie me + O(Az) + My & .
Drop away the indices:

m+ O(At) = (MTM'C) m+ (MUM™'C)m + M ¢ + O(Ax).

We make a hypothesis of acoustic scaling: the ratio i—f is maintained constant as Az and

At tend to zero. We put also all the unknowns in the left hand side:
(I-M(T+U)M'C)m=ME¢+O(Az).

We introduce the matrix K according to

(19) K=I-M(T+UM'C.

We have established asymptotic equations for the moments m in the first cell of the com-
putational domain for anti bounce back scheme at order zero:

(20) Km = M¢&+O(An).

with
£ =& + At + O(A?).

e For the anti bounce back for the thermal D2Q9 scheme, we have:
(4 + as,) 00 gz(1—8¢)552(s.—1) 0 00 0
0 s; 0 0 0 $+(1—5,) 00 0

g 2(4 + ase) 0s; &(1—s¢) 55(s.—1) 0 00 0

(4 —3as. +20sq) 00 3(se+1) 3(1—s,) 0 0 0 53z(1 — s4)

(21) K= |%(-4+as.+285) 00 &(1—s.) L(1+s,) 0 00 5h(1 — sq)
0 00 0 0 1 00 0
0 00 0 0 Al—s5) 5,0 0

Sasc+fsa) 00 5(1-s) Ml=s) 0 05y 55(1—s)

A (ase —2Bsq) 00 ’\;(1 —8e) M (1—=s;) 0 00 5(1+2sq)

The matrix K defined in (21) is regular. The solution of anti bounce back at order zero

myg is the unique solution of the equation
(22) K mo = M&)
obtained by neglecting the first order terms in (20), with &, given by the relations (15):

1 1 1
& = (0,0, E(—a—2@+4)p0,0,0, 1—8(2a+5+4)p0, 1—8(20z+5+4)p0,0,0)t

Then mo = K 'eM§, since the matrix K is regular. With the given temperature p
given on the boundary, we have:

(23) mo = (po, 0, 0, apg A2, 0, 0,0,0, 5po X" .

10
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e At order one, the asymptotic analysis of anti bounce back follows the work done in [16]
for the usual bounce back boundary condition. We introduce the matrices

[ et —1 o
B’%P = E Mkyg Ug’j Uj Mj,q Cq,pa o = 1, 2.
4d.q

The equivalent equations for anti bounce back scheme up to order one are solutions of
Km = M & + At[M O¢ — Oym — B 9,m] + O(Ax?) .
Recall that with the data (15), we have

o€ — (0, 0.0,0,0, 3—);5(—2(1—5—4)335%, %(2a+5+4)8$p0, 0, 0)t.
We search a formal expansion of the type
m = mg + At my + O(Ax?).
We have consequently
my =K' (M 0& — Oymy — BOumy) .

After a tedious computation, the conserved variable p can finally be expanded as

Ax 1
(24) p({[‘h 7) = po({L‘l) + 5 Az 6y,0(x1, 0) + O(ALEQ) .
The derivative Oyp(z1, 0) is the exact value for the continuous problem at the boundary
point. Finally, the relation (24) is nothing else than the Taylor expansion for the conserved
variable between the boundary value po(z) and the value p(z) in the first fluid vertex.
This Taylor expansion is correctly recovered at first order. This indicates that the Dirichlet
boundary condition is correctly taken into consideration and does not induce spurious effects
[28]. Recall that for general bounce back velocity condition, the situation shows several
discrepancies [16, 17].
e In order to illustrate the good quality of the results, we have evaluated numerically the
eigenmodes of the heat equation 0;p — puAp = 0, id est the solutions of the modal problem

—Ap=Tp

in a square domain €2 =]0, L[* with periodic and Dirichlet boundary conditions. The exact
eigenvalues I'y , are proportional to k?+ ¢? (the index of the mode). For periodic boundary
condition, k¥ and ¢ are even integers, then k?+4 (%2 =4, 8, 16, ... For homogeneous Dirichlet
boundary condition, there is no restriction on the integers k and ¢; then k*>+/¢?> =2, 5, 8, ...
We use the D2Q9 lattice Boltzmann scheme with homogeneous anti bounce back boundary
condition on a 71 x 71 grid. The boundary is always located exactly between two grid points
and the previous scheme is used without any modification. The eigenmodes of the problem
are evaluated in the following way : after one step of the algorithm, the field f(z, t + At)
is supposed to be proportional to f(z, t). The modes are computed numerically with the
“ARPACK” Arnoldi package [26].

11
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On Figure 6, we have plotted the relative error (multiplied by 10*)

o l—‘k:,f,cornputed 1
€k, ¢, computed = — L.
k, £, exact

First, this error is very small: less than 0.025 %. Second, it is approximately proportional to
the index k% 4 ¢2. This indicates a second order accuracy with respect to the wave number
W@, with L the size of the computational domain. This second order error can be
minimized by a suitable choice (see e.g. our contribution [13]) of the parameters of the

scheme
s; = 1.20, s, = 1.30, s, = AT 1.27, s, = AT 093, 54 =170, a=-2,3=1.
% T2 ENE)
1754 -
150" *0*
»
.
125
.f
2 1001 ot
@ -
(0]
2 .
& 754 »
e *
.f
50 1 *
*
K,
*
25 - L
R4 *  periodic boundary conditions
*° .
04 «* +  anti bounce back
0 25 50 75 100 125 150 175

value of k% + % for each mode

Figure 6: Relative error ~<ed 1 (multiplied by 10*) as a function of the index k2 + ¢

exact

of the modes for the Laplace equation in a square.

5) Extended anti bounce back for general boundaries

The argument summarized in the previous section for bounce back and anti bounce back
conditions can be extended to consider a boundary at an arbitrary distance n Az (0 <n < 1)
from the last fluid point. It is completely described for bounce back in Bouzidi et al. [3].
Assume that the boundary is on the left for a given space direction e; directed towards in
interior of the computational domain. The boundary node x is located inside the fluid and
the node z+ Az on its right is also inside the fluid. But the node x— Az is not a fluid node.

12
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The outgoing particles ff(z) and f;(z+Az) are known at time ¢ after the relaxation step.
The incoming particle f}(x — Az) for the opposite direction —v; (v; + v, = 0) has to be
determined by the boundary condition. This question is summarized in Figure 7.

fi(r — Ax)‘ n Az fj*(x)‘ fi(z+Axz)
x —'A:I; 4—.:10 «— 1+ Az 4—.:10 +2Ax
fi (2) fi(z+Ax) fi(z+2Az)

Figure 7: Boundary conditions when the boundary is not in the middle of two mesh vertices

Assuming a linear variation of the macroscopic properties of the flow, one gets (see the
original derivation in [3]) extended bounce back to impose the velocity in the fluid case:

* * 1

2nfi(@)+ (A =2n) filz+Ax)+ &  forn<g
1 1 3
g 1— _> . Si
3 1@+ (1= 5, ) Fi @) + 5

or extended anti bounce back (to impose the density in the fluid case):

(25)  fi(w—Az)=
forn >

N | —

(26) £1( Az) =20 f/(x) = (1 =2n) f{(z + Az) + & fornﬁ%
A 1 1 . 1
J i@+ (- @ g

The interpolation is done before the propagation if n < % and after if n > %

e Similar expressions have been written in [3] for extended bounce back assuming a
parabolic variation of the velocity field

((n(1+2n) fi(2) + (1 - 47%) fi (x + Ax) ,
—n(1=2n)fi(z+282)+&  forn<g
27)  fia—Az) = 1 \ | A
1—2n 1
* > —.
k 1+2nfj(x—|—Aa:) forn_2
Similar changes in the signs as above define the extended for anti bounce back
(—n(1+2n) fi(z) — (1 —4n%) i (z + Az) !
tn(1=2n) fi(z+280) + & forn<g
(28) fi(x—Az) = I e a , 1 *
; ey (@ ra) (2o ) @
1—2n 1
* > —.
| 1+2nfj(;1:+Ax) for77_2

13
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e Application with the heat equation

The above anti bounce back boundary condition has been used in our previous contribution
[12] in the context of the heat equation. Numerical experiments are presented in this contri-
bution. Figures 3 and 4 with D2Q5 scheme for thermics inside a circle, and Figures 6 to 9
for D3Q7 lattice Boltzmann scheme for thermics in a three-dimensional ball. The Dirichlet
boundary condition is simply implemented with an extended anti bounce back scheme.

e Applications with linear acoustics.

For linear acoustics, we have used in [13]| the time dependent extended anti bounce back
(28) to enforce a given harmonic pressure on the boundary of a disc (see the Figures 1 to
3 of this reference). No particular difficulty was reported with this treatment of the time
dependent pressure boundary condition.

In this contribution, we have determined the discrete eigenmodes of the lattice Boltzmann
scheme

(29) fi(z,t + At) = exp(I'At) f;(z,t)

for internal or boundary nodes. For a linear fluid problem, we have determined the eigen-
modes (29) with the homogeneous (§; = 0) anti bounce back scheme (28) at the boundary.
We have used the following values of relaxation parameters:

(30) se =130, s,=

The first mode is depicted in Figures 8 and 9. An other mode is presented in Figure 10.
We have no definitive interpretation of the extended bounce back and anti bounce back
boundary condition (25) to (28) in terms of partial differential equations. This question is
still an open problem at our knowledge. Nevertheless, some modes are clearly associated to
Bessel functions. These modes are invariant by rotation as evident from these figures that
include data for all points located in the circle. Recall that this is mainly due to the good
choice of the quartic parameters (30) as presented in [13].

14
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Figure 8: Linear fluid problem in a disc. Density profile as a function of the radius for the

first eigenmode (I'
bounce back boundary condition for a disc with a radius R = 34.85.

—0.03983758 + 0.00019317 ¢ in unit 1/At) with homogeneous anti

0.0175 1

0.0150 1

0.0125 1

ity
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normal veloc
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Figure 9: Linear fluid problem in a disc. Radial velocity profile as a function of the radius for

the first eigenmode (I"' = —0.03983758 + 0.00019317 ¢ in unit 1/At)

with homogeneous anti

bounce back boundary condition for a disc with a radius R = 34.85. A small discrepancy
due to treatment of the boundary condition is visible. The tangential velocity is negligible.
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Figure 10: Eigenmode I' = —1.590 in unit 1/At for a linear fluid problem in a disc with
homogeneous anti bounce back boundary condition for a disc of radius R = 44.2. Tangential

velocity profile as a function of the radius. The density and radial velocity are negligible for
this mode.

6) Analysis of anti bounce back for the linear fluid problem

The anti bounce back boundary condition for the fluid problem is very close to the framework
presented in Section 4 for the scalar case. The boundary iteration still follows a scheme of
the form (16). The collision matrix C' is no longer given by the relation (9), but by (13).
The matrices U and T characterize the locus of the boundary and the anti bounce back

boundary condition. They are still given by the relations (17) and (18) respectively. The
matrix K defined in (19) has a new expression:

t(4+ as.) 0 0 g(1—8¢)gm(sa—1) 0 00 0

0 0 0 0 0 $(1—-s,)00 0
. 2(4 + as,) 0 0 H(1—s) 55(s.—1) 0 00 0
24 —3ase+26s4) 0 0 F(set+1) 2(1—s,) 0 00 52(1—s9)
(31) K= [X(-4+as.+28s)0 0 L(1-s) 2(1+s,) 0 00 g(1—sy)
0 0 0 0 0 1 00 0
0 s, 0 0 0 A1—s5:)5,0 0
X(ase+Bsa) 0 Nsy (1 —s) M1 —s,) 0 0 ¢ 35(1 — sa)
)\2
3

Alase—28sa) 0 0 X(1—s) N(1—s,) 0 00 I(1+2s9)

e The matrix K presented in (31) is singular. The associated kernel is of dimension 2. It
is generated by the following two vectors k, and x, in the space of moments:

(32) ke = (0,1,0,0,0,0, =A%, 0,0)", &, = (0,0,1,0,0,0,0, =A2, 0)" .

16
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This means first that when solving a generic linear system of the type

t
(33) Km = g= (gm Gjxs Gjys Ges Gpxs Joys Gqzs Gqx, gh) >
two compatibility relations have to be satisfied by the right hand side g¢:
(34) ANGp—Gjy =0, ANgjz + (55 — 1) gpy = 0.

Secondly, it is always possible to add to any solution of the model system (33) any combi-
nation of the type j, k; + j, ky. In other terms, two components j, and j, of momentum
remain undetermined by the anti bounce back boundary condition. They have to be evalu-
ated in practice by the interaction with the other vertices through the numerical scheme.

e Following the procedure presented previously for the thermal case, we can try to solve
the boundary condition (20) at various orders. At order zero, no relevant information is
given by the compatibility conditions (34). Then the solution my at order zero depends on
two parameters identified as the momentum (j,, j,) in the first cell. With a given pressure
po or a given density py = 5‘;—(2‘: on the boundary, we have

. . . . t
(35) mo = (p()’ Jzs Jys Oé)\2 Po; 07 OJ _)‘2.]367 _)\2 Jy> 6 )\4/)0) :
At order one, the first compatibility relation is a linear combination of the first order equiv-

alent partial differential equations. The other compatibility relation gives a non trivial
differential condition on the boundary :

(36) Opdy + 0y Jy = 0.

The anti bounce back induces a hidden additional boundary condition. Observe that the
differential condition (36) is not satisfied for a Poiseuille flow. Nevertheless, if this relation
is satisfied, it is possible to expand the resulting density in the first cell:

A 1
(37) p(a:l, _x) = po(z1) + 3 Az dyp(x1) + At (ajp 0uJy + ajy 0y J,) + O(Az?).

2
with
(40 = ! (6505, +5
aﬂ_8(3651—i—sesd—i-szsd)+2(sesx+25€sd)a+2(s€sd—sxsd)6 Se S Se 5d
+78:80—68c+28;, —8554+2(Se Sz +25¢8q — Sy —28q)
+2(sesd—sx5d—se+sx)ﬁ)
! (2 +5
= Se Sy Se 8
T 8(8e 8y + SeSq+ Su8d) +2(Se8p +28840) a0+ 2(8e84 — 5454) 3 d
— 8284+ 28 +28:+88qa+2(Se S+ 28854 — Sx —28q)
+2(sesd—sxsd—se—l—sx)ﬁ>.

This result indicates that the anti bounce back boundary condition gives not satisfactory
results for the field near the boundary. The extra term a;, 0,J, + a;, 0,J, in the relation
(37) is a discrepancy if we compare this relation with a common Taylor expansion of the
density in the normal direction as found in the scalar case (24). The relations (36) and (37)
put in evidence quantitatively various defects of the anti bounce back boundary condition
as proposed at the relations (14).
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e Numerical experiments for a linear Poiseuille flow.

We have considered a two-dimensional vertical channel with wall boundaries at the left and
at the right. At the bottom of the channel a given +F, pressure is imposed through anti
bounce back and —F, is imposed at the top (see Figure 11).

AT

+F

Figure 11: Linear vertical Poiseuille flow. The solid boundaries are at the left and at the
right. A given pressure of Py = 0.001 and —F, are given at the bottom and the top of the
channel. A parabolic profile is generated by the pressure gradient.

We have emphasized in Figures 12, 13, 14 and 15 the results for three meshes with 20 x 40,
40 x 80 and 80 x 160 cells. In Figure 12, the field is represented in the first two layers near
the inflow boundary. Due to the classical Taylor expansion [25]

ANAzx

—g ((9sz + 6?sz) + O(ASL’2) s

Py =
this field is an excellent indicator of the treatment of the hidden boundary condition (36).
The Figure 12 confirms that for the first cell, the hidden condition is effectively taken into
account, except may be in the corners.
In consequence, the Poiseuille flow cannot be correctly satisfied near the fluid boundary. An
important error of 18.2% for the pressure in the first cell is observed for the three meshes
(see Fig. 13). Nevertheless, if we fit these pressure results by linear curves taking only half
the number of points in the middle of the channel, this error is reduced to 6.5% (see Fig. 13).
The tangential velocity is supposed to be identically null in all the channel. In the middle,
the maximal tangential velocity is always less than 0.01% of the maximum normal velocity.
But in the first cells (Fig. 14), the discrepancies are important and can reach 17% of the
maximal velocity.
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Figure 12: Anti bounce back boundary condition for linear Poiseuille flow. Moment field ¢,

in the first layers of the boundary. The hidden boundary condition 9,.J,+d,J, = 0 enforces
the constraint XY = ¢, = 0.
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Figure 13: Anti bounce back boundary condition for linear Poiseuille flow. Pressure field in
the middle of the channel (after a simple interpolation due to an even number of meshes) for

three meshes with 20 x 40, 40 x 80 and 80 x 160 cells. A substantial error does not vanish
as the mesh size tends to zero.
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Figure 14: Anti bounce back boundary condition for linear Poiseuille flow. Horizontal ve-
locity field for three meshes. The maximum value is around 17% of the vertical velocity.
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Figure 15: Anti bounce back boundary condition for linear Poiseuille flow. Vertical velocity
field for three meshes. The parabolic profile is not completely recovered, in particular in the
cells near the fluid boundary.
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In Figure 15, the axial velocity is presented for the three meshes. We keep the same value
of s, and in consequence the kinematic viscosity of the fluid [11, 25]
A 1 1
v=382(3)

is reduced at each mesh refinement by a factor of 2 and the normal velocity is multiplied in
the same proportions. We have fitted with least squares the vertical velocity by a parabola
in the middle of the channel and in the first layer (see Figure 15). The null velocity along
this fitted parabola defines a numerical boundary that is compared to its true geometric
location. The results are presented in Table 3. In the center of the channel, we obtain a
typical error of 1073 between the numerical and geometrical boundaries, measured in cell
units: the axial velocity is of very good quality in the center of the channel. In the first cell,
the gap between numerical and physical boundaries represents a notable fraction of one unit
cell (see Table 3).

mesh 20 x 40 40 x 80 | 80 x 160
center | 5.291072 | 3.981073 | 4.611073
bottom 0.261 0.582 1.26

Table 3: Anti bounce back boundary condition for linear Poiseuille flow. Distance between
the numerical position of the boundary from its theoretical location.

7) Mixing bounce back and anti bounce back boundary conditions
In order to overcome the difficulties with the anti bounce back boundary condition for the
fluid problem, we have adapted a mixing of bounce back and anti bounce back first proposed
in [14] for the thermal Navier-Stokes equations. We suppose that all the fluid information,
id est density and momentum, is given on the boundary. We force this relation by taking
bounce back boundary condition for the particles coming from the left and from the right:

==& (L + ) and fit — f§* = & (—Jo + Jy). We keep the anti bounce back

S+ fit= 470@” p for the particles coming from the bottom, as illustrated in Figure 16.

.X

Figure 16: Mixed bounce back and anti bounce back boundary condition to enforce density
and momentum values on the boundary.

Finally, if density py and the two components J° and JS of the velocity are supposed given
on the boundary, the mixed bounce back and anti bounce back boundary condition can be
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written as:
( . 1 Ax
fs(x, t+ At) = fr(z, t) + 3\ (Jg+ 7)) <a:1 -5 t) ,
4—o—2
(38) fQ(ZE, t+ At) = —fZ(I‘7 t) + Tﬁpo(lﬁ, t) )
« 1 Ax
L fG(ZE, t+At):f8(I, t) + 6—>\(—J£+J5)(ZE1+T, t) .

e The analysis of the discrete mixed condition (38) follows the methodology presented
above. The boundary iteration still follows the general framework (16). The matrices U and
T characterize the locus of the boundary and the mixed bounce back and anti bounce back
boundary condition. The matrix U is still given by (17). On the contrary, the interaction
matrix 7' is no longer given by the expression (18), but by the relation

00000 00 0 0
00000 00 0 0
0000-100 0 0
00000 00 0 0

(39) T=(o0o000 0 00 0 o0
0000 0 00«1 0
00000 00 0 +1
00000 00 0 O
00000 00 0 0

The matrix K introduced in (19) takes the form:

4—as.—2Bsy 0 2—sq Se—1 Sp—1 0 0 1—-s4 sq—1
18 9 3 182 2)2 1 323 g\4
—s —s
0 9 0 0 0Lkx 0 0
AA—ase—28s4) 2—s5q Sse—1 sz—1 1—s4 sqg—1
18 0 3 18X 2\ O O 3)2 93
A2(—4—1Tasc+2B54) 0 A4—2s¢) 1+417se 1—s4 0 0 2(1—sq) 1—s4
)\2( A 18 9854) 3 18 2 3 3\2
—4+ase+2Bs4 1—s, 145, 1-s4
(40) K = | Xlseser2i) g Ls g o 0
18 18 2 9\2
0 A2 s 0 0 s, =2 0 0
) 3 T 3
0 20%s) 0 0 02 o ¢
3 3
A3 (—4+ase+2Bs4) 0 222(1+s4) A(1—se) )\(1—8 )O 0 14254 2(1—sq)
T, 3 9\

9 3
A (—4+as.—78s A3(2—s4) A2(1—s, AM1—s s
(—=4+ ‘ B3sd) 0 (3 ) (3 ) )\2(1_533) 0 0 ( - ) 2+97 d

The matrix defined in (40) is singular. Its kernel is of dimension 1. It is generated by the
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following vector x:
(35 84+ 28e Sy + 84 Sz) Sq
ASgSe Sy (+20—4)
0
1
ANBasesqg+2as.5, —2F545; +4545:) S,
SdSe Sz (v +20 —4)
K= A s
38,
0
0
—2)\?
_/\30zsesx—3ﬁsesd—ﬁsdsx—4sesm)sq

Sd Se Sx (O‘+2ﬂ _4>
We did not find any simple physical interpretation of the kernel Rx of the matrix K defined

by (40) in this case. When solving the generic linear system (33), the right hand side ¢

must satisfy
Agp— gy =0.
Moreover, the solution is defined up to a multiple of the vector x presented above.
e At order zero, the compatibility condition does not give any relevant information. If we
suppose that the component of my along the eigenvector x is reduced to zero, we have for
a given density py and a given momentum (J2, Jg ) on the boundary:
t
moy = (p07 Jg?? Jga a\? Po; 0, 0, N Jg(c)7 —\ Jgga 5 )\4P0) .
At order one the compatibility relations is a linear combination of the first order equivalent
partial differential equations and no constraint is added by this relation. The resulting

moments in the first cell x = (951, %) at first order can be expressed after some formal
calculus:
( Ax 1 Ax
20 = = Azd,p(wy, 0 (a0 Dyp (21, 0
(o 57) = o) =3 8t 0 s (o A
(41) by Dada (1, 0) + ¢ 0,y (1, 0) ) + O(Aa?),
, Ax 0 1 9
\ jx<l‘1, 7) =J, (:vl) + §Ax any(xl, O) + O(Az?),
with .
a4 = (—4(2868x+3868d+8z8d)
+(2805: 50+ 35eSqSd~+ Sz SqSd—65e Sz — 98 Sq— 354 84)
+(28€sx3q+3sesqsd+sx5qsd—45633&—63654—28:55@6),
42
(42) by =25¢(384—28: 84— Sz) +Sz8a(se —1)a+28c5,(sa—1)0,
1
Cp = 3 <4sesx3d—2sesx3q—33€sqsd—s$3qsd—4sesw—123€sd
+23x5d(se—1)a+4(sd—1)sesxﬁ>

23



FrANgOIS DUBOIS, PIERRE LALLEMAND, MOHAMED-MAHDI TEKITEK

and

(43) Ty (a:l, %) = Jy(x1) + O(Az?).

We are puzzled by this result and more work is needed. There is a true discrepancy for the
density with the three terms parametrized by the coefficients a,, b, and c,. Moreover, no
first order term %Aaz 0,J, of a simple Taylor formula is present for the expansion (43) of
the normal momentum.

8) Giving pressure and tangential velocity on the boundary

A natural mathematical question is to know whether a given set of partial differential equa-
tions associated with a given set of boundary conditions conducts to a well posed problem
in the sense of Hadamard. For example, the Poisson equation with Dirichlet or Neumann
boundary conditions conducts to a well posed problem (see e.g. [18]). On the contrary for
the same Laplace equations, the Cauchy problem is defined by the fact to impose the value
of the unknown field and the value of the normal derivative on some part of the boundary.
As well known, this Cauchy problem for the Laplace equation is not correctly posed [4, §].
For the stationary Stokes problem

divu =0, —-vAu+Vp=0,

a set of correctly posed boundary conditions is based on the velocity vorticity pressure
formulation |9]:

(44) divu =0, w—curlu=0, vcurlw+Vp=0.

Considering a variational formulation of the Stokes system (44), natural boundary condi-
tions can be derived and we obtain the following procedure. Consider the two following
decompositions I';,, UT', and I', UTy of the boundary 0€:

oN1=T,,Ul', with meas (FmﬂFp) =0,
0N =T,Uly WithmeaS(Ftﬁfg):O.

Suppose now that on one hand, the normal velocity is given on I',,, and the pressure is given
on I', and on the other hand that the tangential velocity is given on I'; and the tangential
vorticity is imposed on ['y:
(15) {u-n:go on I, , p=1Iy on T,

nxuxn=aoy on [y, nxwxn==H0 on [y.
Then under some technical hypotheses, the Stokes problem (44) with the boundary condi-
tions (45) admits a unique variational solution in ad hoc vectorial Sobolev spaces [10]. A
first particular case is the Dirichlet problem, where both components of velocity are given
(see e.g. |20]). An interesting case is the fact to give pressure and tangential velocity, as
first remarked in [2]:

(46) p=1I and nxuxn=0, on I'.

In the following of this section, we propose to adapt the algorithm proposed in Section 6 to
the set of boundary conditions (46).
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Figure 17: Mixed bounce back and anti bounce back boundary condition to enforce density
and tangential velocity on the boundary.

e We suppose in this section that the density p = p, and the tangential momentum
J, = J? are given on the boundary. The momentum nodal values in the first cell are still

denoted as j, and j,. From the previous given equilibrium (12), we can write the bounce
eq 1 eq eq __

back boundary condition for diagonal edges fs'—f7* = &5 (JO47y), fo'—fs* = 55 (—J0+7y)-

The anti bounce back is unchanged: f5? + f;* = =228 p; for the particles coming from

the bottom, as illustrated in Figure 17. If x = (xl, %) is the notation for the first fluid

node, the boundary condition on pressure and tangential velocity is finally implemented in
the D2Q9 algorithm with the relations

(oo, t+ A1) = f2(w, 1) + 6% [Jg(xl - %, t) + (2, t)} ,
(47) Pl t 4 88) =~ Fifr, 0) + T2 (. 1),
| folw, t+ A1) = f(a, 1) + 6% [— Jg(az1+%, t) + (2, t)} .

e The asymptotic analysis of the condition (47) follows the general framework (16). The
matrix U is still given by (17). The interaction matrix 7" follows now the relation

0000 0 OO0 0 O
0000 0O O0O0O O O
000O0-100 0 0
0000 0 OO0 0 O
(48) T=10000 0 00 0 0
00t ok
o0 Lo il
0000 0 OO0 0 0
0000 0 O0O0O O O

N
ot
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The matrix K of (19) is now equal to

4—ase—203sq O 1—s4 Se—1 Sg—1 0 0 1—s4 sq—1
18 - 3X 1872 222 o 323 9N1
0 35"" 0 0 0 O T‘Z‘? 0 0
Ad—ase—28s4) 1—s —1 z—1 1—s sq—1
18 0 5 o 5 00 Dz o
A2(—4—1Tase+2654) 0 2A(1—sq) 14+17se l-s2 () () 2(1—s4) 1—sq4
B 3 18 2 3X 9A2
(49) K — (— +£i§e+ Bsaq) i 0 0 IISSC l—gsx 0 0 0 19—/\524
0 D 0 0 s, % 0 0
2
0 20dsg) 0 0 0 o 0
A3 (—4+as.+2654) A2(142s4) A(1—s¢) 14254, 2(1—sy)
X (—drrase—T8sy) ’ x( q) A2(1%5e) M0 A(lgq) 247
—44+-ase—"T70s —s —Se 2 —s s
5 0 5 g A ()0 0 T S

The matrix K is singular. Its kernel is of dimension 1. The null eigenvector of the matrix
K is exactly &, introduced in (32):

Ky = (0,0,1,0,0,0,0, =A% 0)".

e The associated compatibility relation for solving the linear system (33) is analogous to
previous ones:
(50) Agp— iy =0.
From the relation (47), the right hand side
£ =& + At 96+ O(AF)
can be easily described:
1 1 1 t
= (0,0, S (~a =28+ 4)p,0,0, = J0, — 2,0, 0)
50 <7 ’18(0[ 15+ )00717 76)\ g;7t6)\ x )
_ ot o _ L 0
o = (0, 0,0,0,0, == 8,2, == 0,J2, 0, 0) .

At order zero, the compatibility relation (50) does not give any condition. At first order, the
compatibility relation reduces to a combination of the associated partial differential equa-
tions. In consequence, no hidden boundary condition is introduced with this mixed bounce
back and anti bounce back boundary condition. As designed by the boundary conditions
(47), the normal momentum j, is not defined on the boundary. Then all the results are
defined up to a multiple j, x, in the kernel of the matrix K. The moments in the first cell
at order zero are specified in the following relation:

. . t
mo = (po, Jos Jyr @A po, 0, 0, =N J2, =A% j,, B Npo) .

The boundary conditions p = py and J, = J? are satisfied at order zero for the density

and tangential momentum. At order one, the conserved moments p and j, in the first cell

have been expanded at order one. Curiously, the relations (41) obtained with the approach
in Section 7 are again valid in this case:

( Az 1 Az
p<331> T) = pﬂ(ml) + §A:U8yp(af1, O) + Su SeSa (0 + 25 — 4) <ap ayp<x1> O)
by 0uda(21, 0) + ¢ 0,y (21, 0) ) +O(Aa?),
\ Jo <x1, %) = Jg(ajl) + %AQZ 8ny(x1, 0) + O(Az?),
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with the coefficients a, and b, given by the relations (42).

e Numerical experiments for a linear Poiseuille flow

We have done the same numerical experiments than in Section 6 with a vertical linear
Poiseuille flow. The pressure field is now converging towards the imposed linear profile with
a quasi first order accuracy, as described in Figure 18 and Table 4. We have observed the
horizontal component of the velocity. A small discrepancy is present in the first layer (see
Fig. 19). Nevertheless, the maximum error is reduced by one order of magnitude compared
to the previous anti bounce back boundary scheme. In the center of the channel, the error is
very low: typically 1.510~% of relative error, that has to be compared to a relative error of
10~* with the previous pure anti bounce back. The profile of vertical velocity (Fig. 20) is
quasi perfect. The position of the numerical boundary, measured with the same technique of
least squares, is presented in Table 5. These results are still not perfect but can be considered
of good quality.

mesh 20 x 40 40 x 80 80 x 160
Vp —1.066871073 | —1.036171072 | —1.018991073
relative error 6.69 % 3.62 % 1.90 %

Table 4: Anti bounce back boundary condition for linear Poiseuille flow. Numerical gradient
of the longitudinal pressure. The process is convergent with first order accuracy

1.0010 {88
1.0005 1
Q
£
2 1.0000 -
(0]
S
0.9995
- nx = 20
+ nx=40
0.9990 80
®  boundary data
000 025 050 075 100 125 150 175  2.00
height

Figure 18: Mixed bounce back and anti bounce back boundary condition for linear Poiseuille
flow. Pressure field for three meshes: the results are numerically convergent.

27



FrANgOIS DUBOIS, PIERRE LALLEMAND, MOHAMED-MAHDI TEKITEK

0.0006 A "'""..
oovon| 8T
q,,. ) “"’ T o::"‘
0.00021 " % a5
>
f: "1-\
2 0.00004 ™ “ o
3 ,
‘r- S
5 —0.0002 1 S, .
< O LA ox T
* nx = 80, boundary c:p:'."'. P
—0.00041 = nx= 280, boundary (2nd cell) A :'."'"' "
* nx = 80, boundary (3rd cell) .‘...-"--..-- *,
*  nx = 40, boundary .'o:. L .
—0.00061 * nx =40, boundary (2nd cell) “e0nee®
*  nx = 20, boundary
0.00 0.25 0.50 0.75 1.00
abscissa

Figure 19: Mixed bounce back and anti bounce back boundary condition for linear Poiseuille
flow. Horizontal velocity field for three meshes. The maximum error is reduced by one order
of magnitude compared to the anti bounce back boundary scheme.
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Figure 20: Mixed bounce back and anti bounce back boundary condition for linear Poiseuille
flow. Vertical velocity field for three meshes. The parabolic profile is recovered in the first
cell.
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mesh 20 x 40 40 x 80 | 80 x 160
center | 4.561072 | 2.401073 | 1.331073
bottom | 0.0165 0.0608 0.108

Table 5: Anti bounce back boundary condition for linear Poiseuille flow. Numerical position
of the boundary measured in cell units. The errors are reduced in a significative manner
compared with the one obtained with the pure anti bounce boundary condition (see Table 3).

9) Conclusion

In this contribution, we have presented the derivation of anti bounce back boundary condition
in the fundamental case of linear heat conduction and linear acoustics. We have recalled
that using this type of boundary condition is now classical, even in the extended version that
allows taking into account curved boundaries. The asymptotic analysis confirms the high
quality of the anti bounce back boundary condition for implementing a Dirichlet condition
for the heat equation. For the linear fluid system, the anti bounce back boundary condition
is designed for taking into account a pressure boundary condition. The asymptotic analysis
puts in evidence a differential hidden condition on the boundary. For a Poiseuille flow
this hidden condition induces serious discrepancies in the vicinity of the input and output.
A variant mixing bounce back and anti bounce back has been proposed in order to set
in a mathematical rigorous way fluid conditions composed by the datum of pressure and
tangential velocity. A test case for Poiseuille flow is very encouraging.

In future works, the analysis of the pure anti bounce back for thermal problem will be ex-
tended up to order two. The novel mixing boundary condition will be investigated more
precisely theoretically and numerically, in particular for unsteady acoustic problems. More-
over, the Taylor expansion method near the boundary needs to be generalized for oblique and
curved boundaries. Finally a more general boundary condition has to be conceived to reduce
the defects at first order and eliminate as far as possible the hidden boundary conditions.
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