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Abstract. In this work, we investigate the thermal fluctuations of dissociated
dislocations in face-centered cubic metals. We first derive an analytical expression of
the energy of perturbed interacting partial dislocations. Combining this expression
with the equipartition theorem yields a prediction for the thermal fluctuations of
interacting partials. Comparing this prediction with atomistic calculations in nickel
allows to extract the core energy of the partials at finite temperature and as function
of their orientation. We also show how to use these values to parameterize the
energetics of perfect dislocations and clarify the scope of validity of representing
dissociated dislocations as perfect dislocation lines, an approximation customarily
made in dislocation dynamics approaches.

1. Introduction

The quantitative study of dislocation behavior is central to predict the mechanical
behavior of metals and alloys (yield stress, strain hardening, etc.) and to build a
quantitative multi-scale simulation framework for crystal plasticity. A key step of
this framework consists in transitioning from an atomistic description of the crystal
to a dislocation dynamics (DD) model where the positions of the dislocation segments
become the degrees of freedom of the system. Describing quantitatively the dislocation
energetics and behavior by means of this coarse-grained description is a challenging task.

The energy of a crystal containing a dislocation loop can be divided into two
contributions, (i) the elastic energy coming from the stress and strain fields around the
dislocation, and (ii) a core energy contribution that is attributed to the defected atoms in
the highly distorted core region of the dislocation. If the dislocation is represented with
the classical singular elastic theory [1], a small length parameter must be introduced as
a cut-off radius around the dislocation core. The non-singular elastic dislocation theory



34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

Investigation of partial dislocations fluctuations yields dislocation core parameters. 2

2] also rely on the introduction of a small length parameter representing the spatial
spreading distance of the Burgers vector. We note that Peierls-Nabarro type approaches
13, 4, 5, 6, 7] and phase-field models for dislocations [8, 9] can be considered as non-
singular descriptions where the spreading length-scale is not prescribed but emerges
naturally from the model.

In multi-scale frameworks relying on DD methods, the dislocation core energy and
core length-scale are input of the coarse-grained DD model and are estimated from
atomistic calculations. The most common strategy to estimate these parameters for a
specific system consists in performing atomistic simulations of straight dislocations and
compare the atomistic energy (obtained either from classical or ab-initio calculations)
with the elastic energy of the same dislocation configuration (obtained with a singular or
non-singular elastic formalism, with isotropic or anisotropic elasticity depending on the
choice of the authors). The difference between the atomistic and elastic contributions is
then the dislocation core energy [10, 11, 12, 13, 14, 15, 16]. However, a limitation of this
approach is that, for straight dislocations, the choice of the core length-scale parameter
is arbitrary. Another strategy [17, 16] circumvents this limitation by comparing the
bow-out of dislocations pinned at their ends between atomistic and non-singular DD
simulations. This comparison allows to obtain the core length-scale that matches best
the atomistic bow-out. However, the influence of the pinning points on the dislocation
shape in atomistic calculations is difficult to assess and to reproduce quantitatively in
DD simulations, which may affect the final results. Moreover, in the literature cited
above, the atomistic calculations are usually performed at 0 K and do not yield the core
energy at finite temperature (with the exception of Ref. [14]). Finally, most studies
extract core parameters for the perfect dislocation while several dislocation problems -
such as the interaction of a dissociated dislocations with a stacking fault tetrahedron
- require to account for the dissociation of the dislocation into partials [18, 19, 20].
It is therefore desirable to extract core parameters for partial dislocations to better
parameterize DD models dedicated to these cases [13].

In a recent contribution [21], the authors proposed to apply the capillary fluctuation
method [22, 23] to dislocations. The objective of this study was two-fold: (i) better
characterize the influence of long-range elasticity on the thermal fluctuations that
dictate the onset of thermally activated events; (ii) extract quantitative estimates
of dislocation parameters at finite temperature (core length-scale, core energy, drag
coefficient and inertial mass) to model dislocations quantitatively in higher-scale models
such as dislocation dynamics. However, this work was limited to slightly dissociated
dislocations as encountered in aluminum. Indeed, for larger dissociation distances, the
partials may fluctuate separately, which may not be representative of the behavior of
perfect dislocations.

In this work, we generalize the capillary fluctuation method to the case of interacting
partial dislocations. We first derive an analytical expression for the interaction energy
between two perturbed partials from the non-singular theory of Cai et al. [2]. This
allows to apply the equipartition theorem and fit the core line tension parameter to
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Investigation of partial dislocations fluctuations yields dislocation core parameters. 3

reproduce the equilibrium fluctuations obtained in molecular dynamics simulations at
different temperatures. Also, when dealing with dislocation microstructures containing
a large number of dislocations, most DD models rely on a common approximation:
representing dissociated dislocations as perfect dislocation lines [24, 25]. In the limit
of small perturbations, we show how to parameterize these simplified DD models in
order to best represent the energy of the dissociated dislocation. We also compare our
results to the common estimate consisting of neglecting the core energy and choosing
the non-singular core parameter arbitrarily (e.g. a = b).

2. Energy of perturbed interacting partials dislocations

The first step of this study consists in deriving an analytical expression for the energy
of an arbitrary perturbation of the dissociated dislocation. Fig. 1 presents a sketch of
the configuration at hand: two partial dislocations of Burger vectors [bgl), bgl),O] and
[bf), bg), 0], parallel on average to the & direction and separated by an average distance
d. The position of both partials is described by the contours C; and C5. We also assume
that the system is L-periodic along the @ direction and isolated in an infinite elastic
medium. We consider also that the distance d is a constant of the problem (e.g. the
average position of both partials remains fixed). Therefore, the stacking fault energy of
a slightly perturbed state is a constant equal to that of the unperturbed configuration.
In the context of thermal fluctuations, this assumption is equivalent to neglecting the
so-called breathing mode of the partials [26].

b@=[b,®,b,®,0]

A 0, /—\ h,(x) _— G
T~

Nl A
b®=[b®,b,®,0] d
y&_, /*91 el BN 'C
27X ~—_" ~—" h® 1
< T >

Figure 1. Sketch of perturbed partial dislocations

The energy associated with given perturbation on the dislocation of length L can
be decomposed as follows:

B = By + EC) + Ef® + Ef + E5f (1)

int int wnt

where Eiizf and Eiizf are the self-energy of the perturbed partial dislocations and the
terms denotes Fy,; refer to the different contributions (screw-screw, edge-edge and
screw-edge respectively) of the interaction energy between partials. In the following
paragraphs, we will focus on these different contributions and derive closed-form
expression for each of them.
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2.1. Self-energy of a perturbed dislocation
The energy of the perturbation on an isolated dislocation has been derived in our
previous paper [21] and can be divided into a core and an elastic contributions:

E(i)

self — E(Z) + E(Z) (2)
We consider that the contours C'; and C5 can be described by continuous functions
hi(z) and ho(x) (see Fig. 1) and we neglect any perturbation in the z direction. For
both partials, the core contribution is expressed as the energy difference between a

perturbed and an unperturbed configurations for a section L of the dislocation:

Egj}:/ (0(x))\/1+ RB(z d:c—/fy )dz (3)
0

where 5(1’) and 6 denotes respectively the local and average dislocation character
(0 = 0° for screw and 6 = 90° for edge orientations) and () is the core energy that
depends on the dislocation character. Assuming that the functions h;(z) vary slowly
(i.e. Va, [|hi(x)| < 1), we derive [22, 21]

L
E® =10 (9) / B (o) da (4)
0

where D4 (0) = 40 (0) + D" (0) denotes the core line-tension.
To express Eq. (4) in a compact form, the functions h; and hy are expressed as
Fourier series:

N

h(z) = Y CcPe with ) =M (5)
n=—N
N

ha(z) = > CPe™ with ) =CP (6)
n=—N

where k,, = 2mn/L and C}(LI) and C’,(f) are Fourier coefficients of h; and hy respectively
(the overline symbol refers to the complex conjugate). The integer N can be chosen
arbitrary large but physically, it is related to the characteristic length of the underlying
atomistic lattice (e.g. N = L/b). With these expressions, we obtained:

L ZHC . (7)

In addition to the core contribution, we also account for the elastic term that has
been derived in our previous article [21]. The elastic energy is described assuming linear
isotropic elasticity and using the non-singular theory of dislocation [2]. The elastic
contribution is given by:
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Investigation of partial dislocations fluctuations yields dislocation core parameters. 5

- (2000 4 00) R o) (2 - 1)

27.2(1
+ akn K (aky) ((3 —p)pD? — i (1 - W))

b1+ v) o
— a*k2 Ky (aky,) - b (8)

where p and v are the isotropic Lamé elastic coefficients and a denotes the core length-

g _ M e
el 271'(1 o V)a2 Z | n |

scale parameter of the non-singular theory. The functions Ky, K; and K, are the
modified Bessel function of the second kind.
2.2. Interaction between screw components

The interaction energy between two dislocation loops is given by Eq. (31) of Ref. [2].
Focusing first on the interactions between the screw components, the interaction energy

is given by

bﬁ”bﬁz’ bgl)bgz)

Wi =" / OO Radl,dl, — 222 / 0,01 R,dl,dl’, (9)
87T Cl C2 47T(1 - V) Cl CQ
pbb
+ 7/ (0202 R, + 0303) dl,,dl,
(1 —v) JeJo

with R, = /a>+ (' —2)2+ (y —y)2 + (¢ — 2)2.  The energy associated with a

perturbatlon is then expressed as the energy difference:
E7 (b ha) = Wi (ha, he) — Wi%(0,0) (10)
To simplify the integrals in this expression, we first assume that the perturbations
are small:
e Ny(x) and hy(x) vary slowly, i.e. Va,|h] o(7)] = O(e) < 1,
e hi(z) and hy(z) are small compared to d , i.e. Va,|hi2(2)|/d = O(e) < 1,

leading to
( 2(2') — ( )?
(h2(€6’) hi(z)) _
) O(e) (12)

Within these limits, the integrands of Eq. (10) can be linearized and further simplified.
We note that in the specific case where h; = hy, the first condition of Vz, [} ,(7)| =
O(e) < 1 is sufficient to fulfill conditions (11-12).
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Investigation of partial dislocations fluctuations yields dislocation core parameters. 6

To express Eq. (10) in a compact form, we use the expression of hy(z) and hy(z) as
Fourier series of Egs. (5-6). For each Fourier mode, the different terms of Eq. (10) can
be expressed as functions of the modified Bessel function of the second kind. Finally,

we obtain:
152 4 2 12 N
/.Lbs bs (d +3a d (1 (2) 2
ES 5 = L § |CY C
wnt 271_ (a2 —l—d2 a +| n | )
Nb(l)b(z) = 1) A(2) (2) ~(1) 2
SR § 2k2 Ko(V a2 + d2k,,
+27T(1_V) ;Zl(cn CY+CHC) 12K Ko (Va? + )

(3 —=v) —d*k2)k, —
+ TP Ki(Va?+ d?k,) (13)

((6 —v)d® + %)
a a’ + d?

<d2 1+;/ ) d2
+ k3 Koy(Va® + d%n)]

21, (Va2 + d2k,)

(a% + d2)3/2

Appendix A provides details for the derivation. We note that this interaction energy
is consistent with the expression of the self-energy of a perturbed screw dislocation
derived in Ref. [21]. Indeed, considering the same perturbations ) = =)
and the same burger vectors (bgl) = = bs) for both partials, and assuming d small
compared to all other distances of the problem (d < a and d < 1/k,,), Eq. (13) tends
towards:

PL &
“78a2 S IC | —2(1 — v) + 202K Ko (k) (14)

s=s
M a<atfk, (1 — v

|
Y 22Ky (k)

+ (3 — v)ak, K1 (ak,) —

which is exactly twicef the energy of a perturbation on a screw dislocation from Eq. (8).

2.3. Interaction between edge components

We proceed in the same way for the edge-edge interactions. Starting from the interaction
energy of two edge dislocations [2]:

1 A self-energy can be defined as half the interaction energy of a dislocation with itself [1].



Investigation of partial dislocations fluctuations yields dislocation core parameters. 7

be be
Wee = / (0 Rl dl!,
87T C1J Oy

pbt" /
=) /C 5 (0,01 Ry + 0305 R,)dl,dl, (15)

bt
e e / (0205 Ryl L.,
47r 1—-v) JeJo,
us  we follow the same steps as above to obtain the interaction energy of two perturbed
10 edge dislocations:

1) ( 2 2 N
_ 11be b2 L (d* —
Ee e =
int 271'(1 _ l/ CL2 + d2) nZ::l ‘l‘ |C | )
(1),(2); N
pbe be” L WA | (@) A 2
— _ 2 2
271 —0) ;(Cn C® +CPCM) | — vk2Ko(Va2 + d2k,)

N ((a® 52 + d*)k2 — 1)k,
Va? + d?

LA +;2 kK2 Ky(Va? + dk,)
d? 3
- Wknl(g(\/mk )]
151 As before, this expression is consistent with the self-energy of an edge dislocation
152 (Eq. (18-19) in the supplemental material of Ref. [21]).

K\(Va® + &ky,) (16)

153 2.4. Interaction between screw and edge components

1ss Applying again the same strategy to the screw-edge interaction yields:

(b @ 4 p? b(l N B
B = Z COCR — CAOCMY | — dk3 Ko(Va? + dPk,)

27(1 —v)
2 — v)dk? 3
%Kl(\/cﬂ + &k,) + —d2k3K2(\/a2 ¥ &k,) | (17)
a

5 We note that CSVCP — ¢PCY is a pure imaginary number, hence E; © is real, as
16 expected.

157 3. Equipartition theorem and equilibrium fluctuations

155 Combining the different interaction terms Eqs. (13),(16) and (17) with the self energy
159 Egs. (7) and (8) of both partials, the total energy of a perturbed dissociated dislocation
10 can be written as
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N
Eior(h1,ha) =Y alD[CVP + aP|CPP + b, (CHUCP + CPCD) + i (CHCS
n=1

(18)
where ag), ag), b, and ¢, are real numbers which depends on the material parameters
(, v, d, b b2)) and the wave-vector.

We note that the interaction factors b, and ¢, are of the same order of magnitude
than o' and a'? for wave-lengths of the order or larger than the dissociation distance
(knd ~ 1), stressing the need to account for the interaction energy of the partials to
reproduce the correct energy of the system. However, the influence of these interaction
terms decreases for negligible wave lengths in the limit k,d > 1.

The equipartition theorem can not be applied directly to OV and C? because
these are not independent quadratic degrees of freedom. To overcome this obstacle, we
first write explicitly the true degrees of freedom of the system, that are the real and
imaginary parts of the complex amplitudes: oM = AV +5BY and 0P = AP +iB?.
Then, Eq. (18) can be written in the following vectorial form:

)

N (1) (1) N

= (AVBYAYBY) . =S xTMx, (19)
)

¢, bn 0 anz) B,(f

Assuming that the matrices M,, are definite positive (in practice, this was shown to
be true for all wave-numbers in the case of Ni), they can be rewritten using the Cholesky
decomposition:

N N
Eiw =Y XJLTL,X,=> UlU,, (20)
n=1 n=1

with U, = L,X,,. The components qu) of U,, are now independent degrees of freedom,
and the equipartition theorem applies:

Vn, Vi, (|u,
vn, Vi # 4, (wPuld) = 0. (22)

n

V) = kT/2 (21)

Finally, by linear combination, we obtain the average of the Fourier coefficients and
predict the amplitudes of the equilibrium perturbations of both partials as a function
of temperature:
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(CR) = 55 SO + (15 (25)
(C2P) = 55 S + () 29

This analytical prediction of the equilibrium fluctuations can now be compared with the
fluctuation amplitudes obtained from molecular dynamics simulations.

4. Molecular dynamics simulations in Ni

The next step consists in running molecular dynamics (MD) simulations of dislocations
to extract the average amplitude of the thermal fluctuations and compare with the
theoretical prediction. Concerning the choice of the system, aluminum would be a
good candidate because of its elastic isotropy. However, in our previous work [21],
we showed that due to the small dissociation distance, spontaneous constriction of the
partials occurs even at moderate temperature (7" = 300 K). Therefore, the thermal
fluctuations in aluminum do not fulfill the condition of Eq. (12), making the analytical
treatment proposed in section 2 inadequate. Instead, we will consider nickel that has
the advantage of presenting a larger dissociation distance. The Embedded Atom Model
(EAM) potential proposed by Mishin et al. [27] was chosen because it reproduces
satisfactorily the appropriate elastic constants and stacking fault energy at 0 K and is
therefore expected to yield reliable results for dislocations properties.

In the following, three different temperatures are considered, 450 K, 600 K and
750 K and simulations are run at zero pressure. These relatively high temperatures are
considered in order to limit the influence of lattice friction on the partial dislocations,
which is not accounted for in our analysis.

We first compute the temperature dependence of the elastic properties to carefully
set the values of elastic constants p and v. After computing the temperature dependence
of the lattice parameter (reported in Tab. 1), elastic constants are deduced from NVT
runs by averaging the stress arising after a small deformation ¢ = 107 of a large
simulation cell. The standard deviations associated to the measure of the elastic
constants are smaller than 1 GPa. The estimates of the elastic constants are reported
in Tab. 1 together with the cubic anisotropy coefficient A = 2Cy,/(C1; — Ci2) and the
isotropic moduli obtained from the Bacon-Scattergood average [28, 29]. Note that the
significant increase of the elastic constant between 0 and 450 K is not realistic and is an
artifact of the interatomic potential.

In order to characterize precisely the fluctuating properties of partial dislocations,
we consider ten different dislocation orientations ranging from screw to edge. In
the following, ¢ and 6 denote respectively the character of the perfect and partial
dislocations. The MD simulations are performed as follows: first we use the software
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T [K] | aie [A] | C1y [GPa] | C1p [GPa] | Cuy [GPa] | A | o [GPa] | v
0 3.52 248 148 125 249 79 ]0.362
450 | 3.5388 292 173 147 245 | 94 [0.359
600 | 3.5447 287 171 145 249 | 92 |0.361
750 | 3.5507 281 169 141 252 89 |0.364

Table 1. Lattice constant and elastic properties of Ni [27] as function of temperature.
A =2Cy44/(Cy1 — Ci2) is the cubic anisotropy coefficient.

Babel [30] to introduce a dislocation dipole in a large simulation cell containing between
6 and 7 million atoms depending on the dislocation orientation. For the various
dislocation characters, the dimensions of the simulation cells are chosen such that the
length of the dislocation, L ~ 210 A is approximately half the distance between the
dislocations of the dipole and their periodic images (Lg ~ 420 A). This choice limits the
influence of the image dislocations on the fluctuations. After a first relaxation step, the
system is equilibrated in the NPT ensemble at the target temperature and zero pressure
during 20 ps. The dimensions of the simulation cell are then kept constant during a
100 ps NVT run during which the dislocation fluctuations are recorded. Keeping the
same simulation dimensions (especially the length of the dislocation L) facilitates the
analysis of dislocation fluctuations. It is checked that during the NVT part of the
simulation, all the components of the average stress tensor remain negligible.

Durin the NVT simulations, the position of the partials is extracted every 0.1 ps
using the Dislocation Analysis (DXA) algorithm [31, 32] implemented in Ovito [33].
No post-processing or smoothing of the dislocation line is applied in order to retain
the raw serrated dislocation path extracted from DXA. We first wish to check that
in the temperature range considered here, the average dissociation distance does not
fluctuate significantly in time, as assumed in our analytical approach. Fig. 2 displays
the evolution of the dissociation distance as function of the dislocation character at
450 K and 750 K. The error bars reported in Fig. 2 show one standard deviation of the
dissociation distance distribution. Even at 750 K, the standard deviation remains of the
order of 5% of the dissociation distance, which justifies to consider d as a constant.

During the MD runs, we also record the shape of both partials. Fig. 3.a shows as an
illustration the position of the partial dislocations (green) and the atoms belonging to the
stacking fault (red) for an instantaneous configuration of a ¢ = 30 © mixed dislocation
at 600 K. From the dislocation lines extracted from DXA, it is straightforward to obtain
the equilibrium power spectra of the fluctuations by averaging over a large number of
snapshots (in practice 2000) obtained during the MD runs. Fig. 3.b displays the power
spectra of both partials of a 30 © mixed dislocation. We note that because of their
different characters, the power spectra of the partials differ: the fluctuation amplitude
of the # = 0° partial is significantly lower than for 6 = 60°, which is directly visible in
Fig. 3.a.

The next step consists in fitting the MD power spectra with the analytical estimate
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35
30] —F T=750K
— T=450K
251
=
he]
20+
15+
10 . :
0 30 60

¢ ()

90

Figure 2. Evolution of the dissociation distance with the character ¢ of the perfect
dislocation at 450 K and 750 K.

100 4
S
~

10—1 4

10—2 4

(ICO(K)|?) [A2]

(b)

10—3 4

¢ =30° O PS of the 6 = 0° partial

O PS of the 6 = 60° partial

10°

o O I(6) from MD
_;__,(y' = == [(8) from fit
N — o
g\\
&
Y
~
A Y
~
Y
\\@\
~
> .
(c) a=3.134
30 60 90
6 (°)

Figure 3. (a) Snapshot of a fluctuating 30° mixed dislocation at 7' = 600 K. Atoms
belonging to the stacking fault and the partial cores extracted from DXA are shown. (b)
Power spectra obtained for both partials (data points) and fits based on the analytical
prediction (dashed lines). (c) Core line-tension extracted for various partial dislocation
characters (data point) and fit with Eq. (25) (dashed line). The line energy obtained
from the fit is shown as a continuous blue line.

of Egs. (23-24). In order to be consistent, the core parameter should be the same for
all partials. Therefore, the power spectra obtained for all partial orientations are fitted
against the analytical prediction and the adjustable parameters are the line tensions
(which depend on the character) and a unique non-singular core parameter a. We
restrict ourselves to the long wave-lengths (A > 16 A) regime because the serrations of
the dislocation lines obtained from DXA (see Fig. 3.a) can overestimate the fluctuation
spectrum at short wave-lengths. For the ¢ = 30° orientation, the fitted power spectra
are shown as dashed lines in Fig. 3.b. We stress the very high quality of the fits obtained
for all the orientations.

The fits performed for all the orientations yield a unique fitted parameter @ = 3.13 A
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and a character dependent line-tension I'(#) shown in Fig. 3.c at 7' = 600 K. We note
that different perfect dislocations can dissociate to form the same partial character (as
an example, the edge and ¢ = 60° mixed dislocations both form a 6 = 30° partials),
which explains why different data points have the same orientation € on Fig. 3.c. Our
analysis yields very close values of the core line tensions for the same partial orientation,
indicating the validity of our approach, and enabling to estimate an uncertainty (of the
order of +5%) on the line tensions extracted from the power spectra. This data set is
then fitted to a continuous periodic function of the form §:

Nm
['0) = po + E Dn s (2n6) (25)
n=1
0.18 0.18 0.18
o [(6) at 450K, a =2.74A —— y(6) at 450K, a =2.744
gt o T(6) at 600K, a=3.134 —— y(6) at 600K, a=3.134 .
o °“~:~,§\ o T(6)at 750K, a=3.224 —— V(0) at 750K, a = 3.224 .
< 0.12 o \o e& < 0.12 < 0.12
S g S 3 _/
) B By Q9 9
= e Y s __/_ =
o ) 2
= 0.06 ;Sg\b\ = 0.06 = 0.06 —— Y(6) at 450K, a = 3.134
“t’“ﬁ"’,‘ —— ¥(6) at 600K, a=3.134
(a) (b) (C) — ¥(6) at 750K, a=3.134
m  Estimates at 0K
0.00 0.00 0.00
0 30 60 90 0 30 60 920 0 30 60 90
6(°) 6(9) 6(°)

Figure 4. (a) Core line tension as a function of the partial character at different
temperatures. (b) Core energy obtained from the fit of panel with best choice of non-

singular parameter. (c) Core energy obtained by fixing the core parameter value to
a=3.13A.

The number of modes NN,, can be chosen arbitrarily, but in practice, we used
N,, = 8 modes to match the evolution of the data points while avoiding over-fitting.
The resulting function is shown as a dash line in Fig. 3.c. From this fit, it is then
possible to deduce the line energy v(#) (shown with a solid blue line in Fig. 3.c) given
by:

Nm
Y(0) =po + Z

n=1
to satisfy the relation I'(#) = ~v(0) +~"(0). We note that () is extracted at finite
temperature and can therefore be referred to as a core free energy. Core line tensions and

1_71”2 cos (2n0) (26)

free energies at various temperatures are shown in Fig. 4.a and Fig. 4.b respectively. We
note that the optimal core parameter obtained from the fits increases with temperature,
froma =274 A at T =450 K to a = 3.22 A at T' = 750 K, and remains of the order of
the lattice spacing, which is consistent with the localized nature of partial dislocation
cores.

§ the form is chosen based on the symmetry of I'(f) which is necessarily m-periodic and symmetric
with respect to # = 0° and 6 = 90°
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It is difficult to compare core energies obtained at different temperatures if the
non-singular parameters are different (see Fig. 4.b). Indeed, the choice of a controls
the amount of line energy carried respectively by the elastic term and the core
term; therefore, if a is arbitrarily increased, the line energy coming from the elastic
contribution decreases and consequently the core energy has to increase to reproduce
the dislocation behavior obtained atomistically. To better compare the core energies
at different temperatures, we fit the power spectra with a prescribed value a = 3.13 A.
The resulting core free energies are displayed in Fig. 4.c and are very close to one
another. This demonstrates that the core contribution does not vary significantly in the
temperature range explored here.

In addition, these values of the core energies are compared with estimates obtained
at 0 K from molecular statics. Following our previous work [15], core energies at 0 K
are obtained by comparing the atomistic energy of a relaxed atomistic cell containing a
dislocation dipole with the elastic energy obtained from the non-singular representation
of dislocations (computed numerically in order to use anisotropic elasticity). Removing
the stacking fault contribution estimated as E,yd (where E; is the stacking fault energy)
yields the core energy of partials shown in Fig. 4.c. We find that, the 0 K estimates fall
within 30% of those obtained from the fluctuations despite the differences between both
approaches. The discrepancy between both methods can be attributed to temperature
effects and to the approximations used in the molecular statics method: in particular,
the fault separating both partials is assumed to be perfect, which may not be accurate
because of the evolution of the disregistry close to the partial cores.

5. Core parameters for perfect dislocations

In the previous section, we focused on partial dislocations and obtained estimates for
their non-singular parameter and core free energy. However, when dealing with length-
scales characteristics of the dislocation microstructure (typically of the order of 1 pm), it
become resource-consuming to integrate the dynamics of both partials. For this reason,
a common approximation consists in modeling dislocations in FCC crystals as perfect
dislocations [24, 34, 35]. Therefore, one may ask if it is possible to derive quantitative
parameters for the perfect dislocation based on the knowledge of the partials discussed
in the previous section. In the following, the subscript pa (resp. pe) refers to the partial
(resp. perfect) description of the dislocation. In this section, we will see how to choose
the core parameters a,. and I'y.(¢), based on the knowledge of a,,, [',(0) and d (the
dissociation distance).

To this end, we compare the energy of a dissociated dislocation slightly perturbed by
a sine perturbation hy(z) = ha(x) = Asin(kz) with the energy of the same perturbation
for a perfect dislocation. Before going into the details of this comparison, we must
discuss the different length-scales of the system and clarify the domain of validity of
the expression derived here. The problem at hand contains three different length-scales,
which are the dissociation distance d, the wave-length A = 27/k and the amplitude A
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of the perturbation. In this work, we always consider the case of small perturbations
A < A, which is one of the assumptions of our analytical approach. However, the
magnitude of the dissociation distance d compared to A and A translates into different
situations: Fig. 5.a where A < A\ < d represents a perturbation of small wave-length and
small amplitude compared to d. In this situation, the partial description is accurate but
we will see that using a perfect description leads to inevitable errors. When A < d < A
(Fig. 5.b), the interactions between partials become important, but the character of
the perfect dislocation does not change significantly, which allows to assume that the
stacking fault energy remains unchanged between the unperturbed and perturbed cases.
In this situation, both partial and perfect descriptions describe accurately the dislocation
energy. In the last case depicted in Fig. 5.c, the dissociation distance is small compared
to both the amplitude and length-scale of the perturbation. In this situation, the
character of the perfect dislocation changes significantly and so does the dissociation
distance which depends on the dislocation character. Therefore, the perturbation leads
to an additional energy contribution which comes from changes of stacking fault width
along the line, and is negligible in cases (a) and (b). In the following, we will restrict
ourselves to the cases (a) and (b) for which the analytical expression derived in section
2 is valid.

(@) A<<r<d (b) A<d<x (c) d<A<<h

r\/\/\/\/
d d | /AN
YA — >
L\/\/\/\/ A
<> < )
A A

Figure 5. Different ordering of length-scales translate into different situations.

Let us now consider a dissociated dislocation with both partials perturbed by the
same sine wave of amplitude A and wave-vector k. The different contributions to the
energy are the self-energy of both partials and their interaction energy. In the limit of
apok — 0, Taylor expansions of the Bessel functions yield (see Supplemental Materials

E ; f(bp(la)> = 1(;)78 k (1 ) v Je hl k re (2 ‘)
sel 167 (1 - I/) v 1 + 2

+ub;2,fA2Lk;2 W - ( Fapa
167(1 — v) P T e e

Similar expressions can be found for the interaction terms between partials in

+ O(k4afm)

the limit k\/a2, + d* — 0, i.e. for perturbation wave-lengths large compared to the
dissociation distance and the non-singular parameter.
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Egl (b(l) b(2)) ~ Mblgl)vsbigl),sA2Lk2 (1 I/) (1 — V) d! + a'lzmdz B 2@;1”1 - 2,}/ —91n k a12?a + d?
e T (I+v) (2, +d)2 ¢
Do ebiae A2 LK 2, +d?/(1-2 ka2, + &
HPpascDpa, (1o | e T2 (Ve T
167(1 —v) az, + d? 2
+ Ok (ap, + d*)?) (28)

An interesting (and reassuring) point is that in the limit of vanishing dissociation
distance d < a, we find Efflt(b,(,i),bz(,i)) = 2E§élf(b,(,i)), which is consistent with the
definition of the self-energy of a dislocation as half the interaction energy with itself [1].

To these elastic terms, we add the core contributions of both partials given by

' F(i)
EY = A?LE* 2 (29)

core 1
where F,(fg is the core line tension of partial (7).

We note that in the present case where hy(z) = ha(x), the cross interaction term
between the screw and edge components Ef,;e(bgl), bg)) is null. Also, in the limit of
small amplitudes (cases (a) and (b) in Fig. 5), the stacking fault does not contribute to
the total energy because the area between partials does not change when their shape
is modified by a periodic perturbation. Finally, in the limit of large wave-lengths, the

total energy of the perturbed partials can be expressed by combining Eqgs. (27-29):

Epa = Egp(b59) + Eglyp (b52) + By (b5, b52) + EL). + EG). (30)
1) (2)
F a F a

~ ALK | apa(apa) + o In(1/k) + ~22 P2 (31)

4

where oy, and f,, are coefficients that depend on material parameters but not on the
wave-vector. Notably a, depends on the core parameter of the partials while 3,, does
not.

Similarly, the energy of the perturbation of amplitude A of a perfect dislocation
can be estimated in the limit of small wave-vectors, yielding a similar expression:

Epe = Bggry(bpe) + B (32)

Ly
~ A2LE? | ape(ape) + Bpe In(1/k) + jf (33)

We note that based on the expressions of Eq. (27-29), we have 8,, = [, these
parameters being independent of the non-singular parameter. Therefore, to reproduce
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the long-distance behavior of the energy of the dissociated system with a single perfect
dislocation, we have the condition:

Do = T + T2 + 4 pa(ap0) = pelape) (34)

This relation uniquely defines I'y. as function of a,. and insures that the long-
range behavior is correctly reproduced. Looking at Eqgs. (31) and (33), one may claim
that for very large wave-lengths, the log terms dominate and both expressions are
equivalent because (,, = [,. However, this term grows logarithmically with 1/k,
and remains of the order of magnitude of the other terms, even for micron-scale wave-
lengths. Therefore, it is preferable to ensure that Eq. (34) is satisfied in order to model
quantitatively dislocations on micro-meter length-scales.

We note that the parameter a,. can be chosen freely to reproduce as accurately as
possible the energy of the dissociated dislocation at short or medium wave-lengths. We
fit a,. based on all ten orientations and obtain a,. = 6.27 A from the data obtained at
600 K for the partials. Fig. 6.a and c displays the fitted energy of the perfect dislocation
for screw and edge orientations (blue lines) and compares them with the energy of the
partials description (red lines). The error associated with representing the dissociated
dislocation as a perfect line is shown with a blue dashed line. A threshold of 20% error
is defined (dashed vertical lines in Fig. 6.a and c¢) and the corresponding wave-vector
is denoted kogy,. We note that the critical wave-vector kqgy scales like the inverse of
the dissociation distance. While the error goes quickly to 0 for & < kggy, the perfect
description fails to reproduce the energy of the perturbation for k > kogy. The error
associated to small wave-lengths is inevitable and shows that using a perfect dislocation
representation is hazardous when considering dislocation curvature radii of the order of
(or smaller than) 27 /kagy, i.e. about 2 nm and 7 nm for the screw and edge dislocations
respectively. This small wave-length regime corresponds to the case depicted in Fig. 5.a.

Fig. 6.c and d also shows with black curves the energy of a perturbation when the
core parameter is chosen arbitrary (e.g. a = b) and the core contribution is neglected,
which is a common approximation in some dislocation dynamics studies [36, 37]. First,
this approach leads to significant errors at small wave-lengths. Especially, the energy of
a perturbation becomes negative for small wave-lengths, which explains the divergence
of the black curves on Fig. 6.b and 6.d. As explained in Ref. [21], this artifact of
the non-singular dislocation theory is overcome by adding a positive core contribution
that is predominant at small wave-lengths. In addition, we stress out that the elastic
estimate fails to converge towards the appropriate behavior for large wave-lengths. For
the edge character, it retains an error as high as 20% at micron-scale wave-lengths. In
dislocation dynamics models, such discrepancy (which comes from neglecting the core
contribution) will translate into a systematic error on the critical stresses to escape from
pinned configurations.

The curves shown in Fig. 6.a and b rely on the choice of I, based on Eq. (34). This
can be done for any dislocation character and the evolution of I'). as a function of the
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Figure 6. Comparison between different descriptions of the dislocation. (a-b)

Comparison between the partial description and the perfect approximation for the
screw and edge characters. The energy is shown in log scale with continuous lines
while the error associated with the perfect approximation is shown on a linear scale
with a dashed line. (c-d) Comparison between the partial description and an elastic
estimate of a perfect dislocation with a = b and neglecting the core contribution. Data
obtained at 600 K are used.

perfect dislocation character is shown in Fig. 7. Therefore, the method proposed here
yields an optimal choice of parameters (a and I'(#)) that minimizes the error attributed
to the representation of a dissociated dislocation as a single perfect dislocation line.
However, we stress out again that these parameters are valid only for small amplitude
perturbations as represented in Fig. 5.b.

Now that parameters have been deduced for the perfect dislocation, we can test
if the power spectra of the perfect dislocation fluctuations can be predicted by the
theoretical estimate derived in Ref. [21] where the core parameters obtained above are
used. Fig. 8.a and b displays this comparison for the screw and edge dislocations.
In both cases, the predicted fluctuations (dashed curve) matches the fluctuations
obtained from MD for wave-vectors smaller than kogy, i.e. in this limit, representing a
dissociated dislocation as a perfect dislocation leads to an acceptable error. However,
for wave-vectors greater than ko, a large error is associated to the perfect dislocation
representation, which explains the growing discrepancy between the predicted power
spectrum and the MD results.

The results shown in Fig. 8 demonstrate that for dissociated dislocations, it may be
hazardous to extract core parameters from the fluctuations of perfect dislocations. Such
strategy requires to consider fluctuations with wave-lengths larger than the dissociation
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Figure 7. Core energy of the perfect dislocation obtained at 600 K using Eq. (34)
and corresponding line energy (blue line).
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Figure 8. Power spectra of the perfect dislocation obtained from molecular dynamics
simulations (symbols) and estimated from theory by considering the fitted core
parameters derived above for (a) the screw case and (b) the edge case.

distance, which may be very expensive computationally in the case of FCC metals
such as nickel, copper or silver. Therefore, the strategy presented here, which consists
in investigating first the partial fluctuations provides an efficient tool to obtain core
parameters for perfect dislocations.

Conclusion

This work builds on our previous contribution [21] in which we investigated the
equilibrium fluctuations of a perfect dislocation line and compared with molecular
dynamics simulations in aluminum. In the present paper, we extend this work to the
case of partial dislocations in FCC metals. We first derive an analytical expression for
the energy of interacting partials based on the non-singular dislocation framework of Cai
et al. [2]. Based on the equipartition theorem, we derive a prediction for the amplitude
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of the thermal fluctuations of interacting partials. Comparing this analytical prediction
with the fluctuations recorded in molecular dynamics simulations in pure nickel yields
quantitative estimates for the core parameters (non-singular core radius and core line-
tension) associated to partials as function of temperature. We note that investigating
curved fluctuating dislocations allows to extract an optimal value for the non-singular
parameter, in contrast with other approaches focusing on straight dislocations where
the non-singular parameter is chosen arbitrarily [10, 11, 12, 13, 14, 15]. We also show
how the parameters of the partials can be used to determine core parameters for perfect
dislocations of various orientations. We note however that these parameters are only
valid for small dislocation perturbation. As clarified in section 5, this representation is
accurate for wave-lengths larger than a critical distance of the order of the dissociation
distance but fails to represent perturbations of short wave-lengths. Finally, we stress
out that the classical approximation consisting of neglecting the core contribution and
choosing a non-singular parameter a = b leads to non-negligeable errors, even on large
micrometer wave-lengths.

The work performed here proposes a rigorous way to obtain core parameters for
partial dislocations, enabling to model quantitatively dislocations on small nanometer
length-scales in a dislocation dynamics framework that relies on a considerably reduced
number of degrees of freedom compared to atomistic calculations. A natural extension of
this work would be to investigate atomistic mechanisms such as screw dislocation cross-
slip with such a quantitative model. Our approach allows to incorporate long-range
elastic effects in contrast with previous models where dislocations are described as elastic
lines [38, 39, 40]. Another prospect of this work applies to the interaction of dissociated
dislocations with a solid solution. In most FCC alloys, the dislocation partials interact
with the underlying solutes and roughen [41, 42]. The analytical expression derived
here can be used to investigate the interaction of a dissociated dislocation with an
underlying solute field and could therefore propose a new treatment of the roughening
of a dislocation line and its influence on plastic events. Finally, the analytical treatment
proposed here can be generalized to the case of N dislocations interacting elastically.
This type of approach would enable to investigate efficiently the collective motion of
dislocations in a single slip configuration.
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Appendix A. Calculation details for the interaction energy

The appendix provides more details for the derivation of Eq. (13). Starting from Eq. (9),
we consider that the contours C; and Cy can be described by continuous functions h (z)
and hy(x) . The energy of the perturbation is given by the difference between the energy
of the perturbed state and the ground state and can be written as:

B (s he) = I/Vzizts(hl’hz - W;..°(0,0) (A1)
+oo
- i“’bl / / S d:cdx’ (A.2)
(1 —v)
(1)7(2) L p+oo
 pbsbs 2 2 // L /
R (2d° + (1 +v)a) ) T Rgdxdx (A.3)
(1)7(2) L p+oo
s bs / 2 2 2 1 1 !
+m/ ((SL’ —LL’) +a +d)<é—2—R—2 dl’dl’ <A4)
“+oo h/ ZL’)h .
27r 1 0 // éa d:)sdx (A.5)
+oo N 271 /
IR / [ ) = ) "
47r 1—v) R3

a

“+oo h/ )
/ / d? 2 dada (A.7)
47T 1 — V

) — (@)W (@)hs()
47T 1_ ” // Fe dxdx (A.8)

with R, = /a2 + (¢ — )2 + (d + ha(2') — hy(2))? and R, = \/a? + (z/ — )% + d2.
The next step consists in simplifying the integrals by linearizing the integrand
assuming that

( o) —ha(@)? s
oy prn ) e O(€) (A.9)
(h2(56’) hi(z))
R O(e) (A.10)

Let us focus on [, the integral of Eq. (A.2). It can be further simplified by
performing a Taylor expansion, keeping only the lower order terms and discarding the
contributions smaller than O(e?):
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/ _1/2
o (14 et 4 ey ™y
I = // +(@'—z)?+d T(@'—z)2+d deda’
\/a2+d2 + (2 — x)?
e — hi(x))? )
- __// a2+d2 (x ) 3/2d:17d:17 (A.11)
“+00
—2d / / (@)
(a? + d2 ( — )

//+OO a2+d2 ( (9;)))2)5/2dxdx/+0(€4)-

w2 We note that, based on parity arguments, the second integral is null. In the following,

)
) dxdz’
2)3/2

as the notation O(e?) is omitted for simplicity. Performing similar Taylor expansions of
as  the other integrands and regrouping the different terms yields:

bgl)bg2) L p+oo Bolz") — hy(x))2 ,
Ejy(ha, ha) = —”7(3—@// a2(+2((x,)_z @) e (A.12)

s7(1—v) )2 IWREE
3ub{ b - e hz — hi(x))?
e (66— (AL
+ ST = 1) (6 —v)d” + // T —z) +d2)5/2dxdx (A.13)
1506 o [FfT (hald)) = y(x))?
— P (9 1 A4
167r(1— V) (24" + (1 +v)a) d // a2+(:)3 — )2 +d2)7/2dxdx (A.14)

b(l +oo h/ ( )
! Al
Tl —) / / Vet —arr (A.15)

bt o h’( )h’( )
47r(1—u // (a® + (2' — x)? +d2)3/2dxdx A

ar7 In order to obtain a compact expression of these integrals, we consider that the real

ws  functions hy(x) and hy(z) are L-periodic and can be written as Fourier series:

N

h(z) =Y CPet with ) =0, (A.17)
n=—N
N

ha(z) = > CPe™ with %) =CP, (A.18)
n=—N

s where k, = 2mn/L are the wave-vectors and C{Y and Y are the Fourier coefficients
w0 of hy and hy respectively (the overline symbol refers to the complex conjugate). The
s integer N can be chosen arbitrary but physically, it is related to the characteristic
w2 length of the underlying atomistic lattice (e.g. N = L/b). Injecting these Fourier series
w3 in Eq. (A.12-A.16) yields analytical expression of the different integrals. As an example,
s let us consider the integral of Eq. (A.12):
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——Nm=—N

485 The first sum (Eq. (A.21)) (and similarly the second sum Eq. (A.22)) can be easily
86 computed:

Z Z C(l / i(kn—+km )z /"‘00 da’ n
oo (@24 A2+ (2 —1)?)3/2

—N m=— o0
Y qr|cVp
s because f ikntkm)z g = 1 iff n = —m and 0 otherwise.
488 The cross product (Eq. (A.23)) can also be reduced and expressed as function of

a0 modified Bessel functions of the first kind:

N N

+o00 ikm (2'—x)
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490 Finally, the integral J; can be expressed analytically as function of the Fourier
w1 coefficients C\Y and C/Y;

n=1

o+ & VeI &

492 The same steps give:

N (1)2 (2) 2 (1 (2) A1
J1:4Lzlcn P+ICP Ch'Ch’ + G Cn kK (Ve T B, (A.26)
n=1
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2(jO P+ 1P Ve + P, s
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493 The fourth integral of Eq. (A.15) can also be expressed as function of modified
04 Bessel functions:
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w05 Similarly, we obtain

N
/{33
Js = COCP + CPCY) ——L—= K, (Va2 + d2k,). A.30
496 Combining all the different terms yields the following interaction energy for the

a7 screw contribution:
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