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Abstract

The present paper continues Sjostrand’s study [13] of correlation
functions of lattice field theories by means of Witten’s deformed Lapla-
cian. Under the assumptions specified in the paper and for sufficiently
low temperature, we derive an estimate for the spectral gap of a cer-
tain Witten Laplacian which enables us to prove the exponential decay
of the two-point correlation function and, further, to derive its asymp-
totics, as the distance between the spin sites becomes large. Typically,
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our assumptions do not require uniform strict convexity and apply to
Hamiltonian functions which have a single, nondegenerate minimum
and no other extremal point.

Keywords: Correlation Function, Lattice Spin Systems, Exponential
Decay, Witten Laplacian.
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1 Introduction and Results

The present paper can be viewed as a continuation of works by Helffer-
Sjostrand [9] and Sjostrand [13] on Laplace integrals

/ e 2PH@ (1) da (I.1)

in the limit m — oo and for large # > 0. In particular, we are interested in
the two-point correlation functions

Ef(e;;ah) = Esla; - ax) — Egle;)En(a) (1.2)

when |j — k| — oo (and more precise assumptions will be given below), where

-1
Es(z;) = (/m e 2PH(@) d:zc) /m x; e PH@) dy (L.3)

is the expectation of z;. In [9], the authors studied exponential decay of the
correlations under assumptions on the function H containing that of uniform
strict convexity. They exhibited a certain matrix Schrodinger operator for
gradients and studied it by means of a maximum principle. The global con-
vexity was quite crucial for the maximum principle to apply.

In [13], one of us identified the matrix operator (up to a conjugation) with
the Witten Laplacian in degree 1, i.e., with the Hodge Laplacian associated
to the conjugated de Rahm complex

Ble PH geP  d = exterior derivative , (I.4)

and an explicit identity ((1.27) below) was given for the correlations. A more
systematic use of L%-methods, together with the use of Grushin-Feshbach
reductions led (essentially) to an asymtotic formula for the correlations when
|7 — k| — oo. Unfortunately, some use of the maximum principle remained
and consequently it was still necessary to impose uniform strict convexity, as
well as some other unnatural assumptions.

The purpose of the present paper is to completely eliminate the maximum
principle and to work entirely with L?-methods. This allows us to weaken the
assumptions on H considerably. The present assumptions (see below) imply
that H has a non-degenerate minimum and that this is the only critical point.
Away from the minimum, however, H is allowed to be non-convex. The
novelty (see Section III) is the use of certain weighted estimates on quantities
related to H (like, for instance, H"(x) — H"”(0)) in terms of the derivatives
OH/Ox;. Similar ideas have recently been developed by Helffer [5, 7, 6, §],
who, for a wide range of parameters, derives exponentially decaying upper
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bounds for the two-point correlation function in case that H is strictly convex
or the interaction is quadratic (Gaussian). In other parts of the paper, we
roughly follow [13].

Physically, H is the Hamiltonian (energy) function for a continuous spin
system on the lattice A; C Z? which one may either derive directly from first
principles or from a discrete spin system by a Sine-Gordon transformation.
Even though we have weakened the assumptions on H compared to [13], our
results imply that the system represented by this Hamiltonian function does
not exhibit phase transitions, and the extension of our method to include the
description of multiple phases, our ultimate goal, is not obvious. We remark
that continuous spin systems with multiple phases have been successfully
studied by other methods, e.g., the Pirogov-Sinai theory and contour methods
(7, 7).

We consider a system of real-valued spins on the sequence {Ap} ey of fi-
nite, n-dimensional lattices Ay := (Z/LZ)". Given L € N, the corresponding
spin configuration space is R*2! and the energy of a spin configuration is
determined by a Hamilton function H; € C?(RIAzl | R). To ensure the ex-
istence of the thermodynamic limit, we shall generally assume the following
hypothesis.

Hypothesis 1. There exist constants C(g1y > 0, §' = 6EH1) >0 =91 >0,
independent of L € N, such that, for all * = (;);en, € RIALL

3 (yxj\ﬁ—c(m)) < Hyz) < ¥ <|:cjy5’+c(m)). (L5)

JEAL JEAL

Under this assumption there exists a constant m = m(83, (), 521{1)) such
that, for any inverse temperature 23 > 0,

exp<—2ﬁm]ALD < E(20) = /e*mHL(I) dr < exp(26m|AL\). (1.6)

Thus, replacing Hy, and Cgyy by Hpp = Hp(z) + (26) ' log2(26) and
Cany (B, (m1y: (1)) 2= Clany+m(B, (s 01y ), respectively, we obtain that
Hj, g tulfills Hypothesis 1, as well, and

/e_zﬁHLﬁ(x) de = 1. (L.7)

We note that this replacement does not affect the derivatives of Hy, 5. Hence-
forth, we often neither display the dependence of Hy, 3 on L nor 3 and sim-
ply write H = Hy . Thus we have that e #7 € HO = L2(R*:]) and
le=PH|| = 1. Equivalently, du(z) := e 2@ dz defines a probability mea-
sure, the Gibbs measure, on RIAzl,
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Given a polynomially bounded observable u, i.e., a polynomially bounded,
measurable function RM:l — R, we define its expectation by

Epg(u) = /u(x) e 2L @) o (L.8)

By (L.7), E; 5(1) = 1. The truncated correlation of two polynomially bounded
observables u, v is defined by

Efﬁ(u v) = Epg(u-v) — Epg(u)-Epg(v). (1.9)

To formulate our first main result, we assume the following specific hypothesis
on Hj, 3, remarking that below and henceforth we use the notation

OF O*F

Flw) = 0iF(@) = 5—(), Fja) = 00;F(a) = 5
i ¢ J

(), (1.10)

for any F € C*(RIALl; C).

Hypothesis 2. H; 5 € C2(RIA:I:R) has a unique minimum at x = 0, and
for any other critical point x. € RALI\ {0} of Hy 5, we have Hp g(x.) >
Hp 5(0) + Cma), for some constant C(gay > 0. Furthermore, the Hessian
Hj 5(0) of Hyp at x = 0 is bounded by

0 < >\mm1 S HZﬁ(O) S )\max'l, (111)

neither depend on L nor (3.

Jor two constants Apaz = Amin > 0. These constants Cg2y, Amin, and Apaz

Hypotheses 1-2 guarantee that, for fixed L, the Gibbs measure E g( -)
is concentrated about x = 0, as # — o0o. We do not expect that the system
described by Hj undergoes a phase transition. Rather, we expect to have
exponentially decaying correlations,

for some Cg > 0, pg > 0. Indeed, we give such an upper bound in The-
orem 1.6, and we derive the precise asymptotics of ]E:Lrﬂ(xj ; xg) in Theo-
rem 1.9 below. In Eqn. (I.12), we use the natural euclidean distance function
d: (R/LZ)" — R on the torus, given by

d(k) := min{]/ﬂRn = VE 4+ .. k]

e (k) } , (1.13)
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where 7 : R" — Ap = (R/LZ)" is the canonical projection. In other words,

if we identify Ay with the fundamental domain A} (bo). =[-L/2, L/2)"NZ"
then

(I.14)

is the euclidean length of J(k), where .J : A;, — A" is the natural bijection
given by J~' = 7| vos) -
L
For the derivation of the asymptotics of ]Egﬂ(xj ; xy), for large d(j — k),

the following summability hypothesis, which depends on a weight function
G : Ap — [0, +00), is an important requirement.

Hypothesis 3. [G] For an even function G : A, — [0,400), there exist
weights a;;(k) = aj;(k) > 0, b;j(k) = bj;(k) > 0, where i, j, k € AL, such that,
for alli,j € A, and x € RALL

1) = HL0)| < X {asWIH@] + b 0IH@E} . (115)

keAr

These weights fulfill the summability condition that

max{ > oCi—4) (aij(kj) +bij<k))} , max{ > (aij(k) +bij(k))} (I.16)

JEAL L, LEA, ke \; SeaL

is bounded above by some constant Cys)(G), which neither depends on L nor

B.

In Theorem 1.4 we only require Hypothesis 3 with the trivial weight G = 0
to prove a spectral estimate which implies the existence of a spectral gap for
the relevant operator. To turn this gap estimate into an exponential decay
estimate similar to (1.12), we need to make a slightly stronger assumption,
namely, that Hypothesis 3 holds for G = ud, for some p > 0, where d is
the euclidean distance function on Ay specified in (1.13). Additionally, we
require Hypothesis 4[vd] below, for some v > 0, which is an estimate on the
Hessian of H at z = 0.

Hypothesis 4. [G] Assume Hypothesis 2. For an even function G : Aj —
[0, 4+00), there exists a constant 1 > C(pay(G) > 0, neither depending on L
nor 3, such that the Hessian of H at 0 satisfies

VL, VieAp: Y “ODm0) < Ain (1= Clua (@) |H7,(0)] -
JeAL\{i} Amaa (I 17)
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For the derivation of the precise asymptotics of E% 5(7;; 1), our require-
ment for G in Hypothesis 3 is even stronger. Indeed, starting from the norm
Sy« R" — [0, +00) given by the support function S} defined in (1.40), for
some r > 1, we assume that Hypothesis 3[G] holds with G = 69, where

BS(k) = inf{Sf(l})‘ l%eﬂ_l(k)}. (L.18)

We note here that in general, if S : R” — [0, +00) is a semi-norm then dg :
(R/LZ)™ — [0, +00) defined similarly to (1.18) by dg(z) := infzer1(){5(Z)}
defines a semi-metric which obeys the triangle inequality, dg(x+y) < dg(z)+
ds(y). The choice of G in the three cases decribed above can be expressed
in terms of the underlying semi-norm on R", namely, G = ds = 0, for S =0,
G=ds=vd, for S=v| - |gs,and G =dg = 67, for S = S*.

We remark that Hypotheses 1 and 3 partially strengthens Hypothesis 2,
as they imply that there is only one critical point, namely at the minimum.
To see this, we observe that Hypothesis 3 imposes that any critical point
is a strictly relative minimum. If there were two different critical points,
there would exist a saddle point by the Mountain Pass Lemma (see [3, 14])
in contradiction to Hypothesis 3.

Nevertheless, by using Hypothesis 3[G], we avoid Sjostrand’s requirement
[13] of uniformly strict convexity of H, i.e., H"(z) > ¢-1 > 0, for all z € Rzl

The main example we have in mind is a pair interaction Hamilton function
of the following form, for some v > 0.

Example I.1. [v] There exist 0 < g < 1, f € C*(R;R), obeying [t|° — ¢ <
ft) < |t 4 ¢, for some 8,8, ¢ > 0, and wi; € C*(R%;R), for all i,j € Ay,
wy; = 0, such that

Z flz;) + g Z eV dli= ww(xl,xj) (I.19)

GAL l]GAL

Furthermore f"(0) > 0, and f and {w;;}i en, obey

s,t) [ < () + 1] (1.20)

)|
"(0)]

| Dswiz(s, )|, | Qewiy(
| f1(t) - < |fOI+1FOF,
|0Zwi; (s, 1) — O3wy;(0,0)]
|07 wij (s, t) — OFwi;(0,0)] < [FGI )P+ FOI+1FOF,
|050rw;(s,t) — 050;w;5(0,0)] ,
|8s2w1]<070)’ ) |at2w1]<070)| ) |asatwij(070)‘ < 1.

The function given by (1.19) satisfies Hypotheses 1, 2, and 4[ud], for
some 0 < p < v small enough. Note that in our example, we require that
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f"(xz.) = f"(0) > 0, for any critical point z.. Thus, f has its minimum
at t = 0 and no other critical point. Furthermore, we remark that the
restriction to small values of ¢ > 0 should ensure that e=26Hc(z) [l dx; is
close to a product measure of the form []; e~28f (If)d:vj. For such a Hamilton
function, we prove the following lemma in Section A.

Lemma 1.2. Assume that Hy, is a Hamilton function as in Example I.1]v],
and let My, := 2*(1 — e~ */V™)™ for a > 0. Then, for 0 < g < M;3/24
and any 0 < p < v, the Hamilton function Hy, fulfills Hypothesis 3[ud), with
Cius) = 2+ 12gM,_,, and

aij(k) = bw(/ﬂ) = Zgzj(l)le, (121)

leA],
where ¢;(1) and Ry, are defined in (A.8) and (A.12) in Section A below.

To state our first main result, we introduce some more notation. We
define two operators,

2
AD = AW g1 4 BH"(;U), (1.22)
2
AD = AW g1 4 BH”(O), (1.23)
on HW = L2(RM:el) @ CA2l) the space of square-integrable one-forms on

RIALL where H”(x) is the multiplication by the Hessian matrix of H at z,
and

1 82 ! 2 1 1
AO jezA:L{_ﬁz&U? + H @) - ﬁHM(aj)}
= zAj Z;(H)* Z;(H) (1.24)
JEAL
with
Z;(H) = e’ﬁH(ﬂflﬁj)eﬁH = 719, + Hj(x), (1.25)
Zi(HY = M (-p7'0;))e M = —3710; + Hj(z).  (1.26)

Under the assumption of Hypotheses 1 and 2, both A%) and AM are strictly
positive, invertible operators on H®". While for AM, this follows simply
from AM > 2371\,.;, 1, which is implied by the positivity of Ag), the strict
positivity of A%) is less obvious. It origins from the fact that Ag) and
Ag) can be viewed as restrictions to the space of square-integrable zero- and
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one-forms on RIAzl) respectively, of the Witten Laplacian, Ay, the Hodge
Laplacian conjugated with e ## which acts on forms of all degrees [16, 4].
We outline the argument in Section II.

It is convenient to introduce the set O of observables u € C*(RIAzl: R),
for which both « and Vu are polynomially bounded. We remark that e 7 Vu
e HW, for any v € OW. The importance of the Laplacian Ag) lies in the
following identity, used implicitly by Helffer and Sjostrand [9] and stated
explicitly in [13], and for which we give a new derivation in Section II.

Lemma 1.3. Assume Hypotheses 1 and 2. Then Ag) 15 strictly positive on
HWD | and, for any two observables u,v € OW | the following identity holds:

1 _
Els(usv) = <e—ﬁHvu (a%) le—ﬁva>H(l). (1.27)

= 5
Lemma [.3 allows us to express the truncated correlations by matrix ele-
ments of the resolvent of Ag). Thus, the analysis of the truncated correlation

traces back to the spectral analysis of A%). The latter is not entirely triv-
ial, a priori, as the Hessian H”(x) may become small or even negative, for
some = € R*2l. Our first main result, Theorem 1.4 below, shows that, under
the additional assumption of Hypothesis 3 without exponential weights, i.e.,
G = 0, the values of the Hessian H”(x), for x away from the origin, are
irrelevant.

Theorem 1.4. Assume Hypotheses 1, 2, and 3[0]. Then there exist constants
C >0 and By > 0, both independent of L, such that, for all 3 > By,

C\ ,a () C\ 4a
(1—W>A() < AY < <1+W>A() (1.28)
holds in the sense of quadratic forms on QM) C HW, the form domain of
AD and AY.

We begin the discussion of Theorem 1.4 by deriving a corollary which
immediately follows from A" > 23~1H"(0).

Corollary 1.5. Assume Hypotheses 1, 2, and 3[0]. Then there exist constants
C > 0 and By > 0, both independent of L, such that, for any observable
u € CHRIMIR), for which uw and Vu are polynomially bounded, and any
6 > [y, we have

El s(usu) < ; (1 + 5?/2) <e_ﬁHVu‘ (H”(O))_1 e_ﬁHVu>H(1)
< ; (1 + 5?/2) Amln Em( ]WP) : (1.29)
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We compare this result to the Brascamp-Lieb inequality [2, 13, 7, 11],
which states that

2 -1
T . < Z —BH ‘ " —BH > '
Ep s(usu) < 3 <e Vu (H (x)) e P Vu ) (1.30)
for strictly convex H, i.e., H"(z) > Apin(z) > 0, for all 2 € RIM! where
Amin(2) may become very small, for certain values of . Our result in Corol-
lary 1.5 is stronger in the sense that it only requires H”(0) > A\, and a
certain control of H”(z) — H"(0) by |H'(z)|, specified in Hypothesis 3[0].
Our second main result concerns the low-temperature asymptotics of the
two-point correlation function Ezﬂ(xj ;x). An application of Lemma 1.3
with v := x; and v := x;, yields
T : L/ —sm
E7 5z 521) = @ e ® e;
where {e;}iea, denotes the standard basis in C/ 2l On the other hand, we
trivially have

216 ((H”(O))q)j’k - <eﬂH Re;

and Theorem 1.4 asserts that A(I_}) agrees with A up to a relative error
which becomes small, as § — oco. It is thus reasonable to believe that

1 -1
ELs(j;a) ~ o ((H”(O)) >ij : (1.33)
as [ — oo, in a suitable sense made precise in Lemma 1.8 and Theorem 1.9
below. In fact, under the additional requirement of Hypotheses 3 and 4, it is
fairly straightforward to turn the spectral estimates of Theorem 1.4 into an
upper bound for \Efﬁ(acj ;1 )| with an exponential decay in d(j — k), as the
following theorem makes explicit.

—1
(A9) " er ek>w , (1.31)

(AD) 1 91 ek>w S (132)

Theorem 1.6. Assume Hypotheses 1, 2, 3|ud], and 4[vd], for some p,v > 0,
i.e., G = pd in Hypothesis 3 and G = vd in Hypothesis 4. Then there exist
constants C' > 0 and By > 0, both independent of L, such that
C . .
ELo(am) | < 5 ew(-minGu)aG-k). (@130
for all B > By.

To prove and quantify the relation (1.33), we assume the translation in-
variance of the Hamilton function.
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Hypothesis 5. The Hamilton function is translation invariant. That s,
H(1mz) = Hi(z), for any m € Ap, where (T,,x); := xj_p, denotes the shift
on the lattice by m.

Note that translation invariance of Hj implies the translation invariance
of the Hessian of H; at x = 0. Indeed, since

H3(0) = Hj,0(0), (1.35)

the Hessian H”(0) operates on C*£l as convolution with H” ;(0). We remark
that Hy,(0) > Apin > 0, assuming Hypothesis 2. Furthermore, we assume
the Hessian H”(0) to be ferromagnetic, of finite range, and independent of
L, for L sufficiently large. More precisely, we require the following additional
hypothesis.

Hypothesis 6. Assume Hypotheses 2 and 5, and define a function vy by
setting vp (k) = —Hy ((0)/Hy,(0), for k # 0, and vy (0) := 0. There exists
an even, nonnegative function v : Z" — [0,400), v(k) = v(—k) > 0, of
bounded support such that vy, =voJ (where J is defined in (1.14)), for all L
larger than 2 times the diameter of the support of v. Moreover, the subgroup
of Z" generated by the support of v is 7",

Gr(supp{v}) = 7", (1.36)

i.e., the smallest nontrivial subgroup of Z™, which contains supp{v}, is Z"
itself.

We list two important consequences of Hypotheses 5 and 6. First, they
imply that there exists a set of linearly independent vectors {ky, ..., k,} C Z"
and a constant 0 > 0, such that v(k,) > ¢, for all 1 < v < n. Secondly,
Hypotheses 5 and 6 and a Perron-Frobenius argument imply that the lowest
eigenvalue of H”(0) is given by

0 < Apin = HIo(0) (1 S v(k)) . (1.37)
kezn
Moreover, this eigenvalue is nondegenerate, and the corresponding eigenvec-
tor has constant entries. Note further that, under Hypothesis 6 and the
additional assumption that > jcz» v(k) < 1/2, we can find some v > 0 such
that Hypothesis 4[vd] is satisfied.
Using v, we define a function F, : R™ — [0,400) by the following finite

’ F) = 3 e ulk), (1.38)

kezm
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for all n € R™. We point out that F,(n) = 0(in), where ¢ is the Fourier
transform of v. Moreover, under Hypothesis 2, Eqns. (I.37) and (1.38) imply
that 1 — F,(0) > 0. Next, for r > 1 — F,(0), we introduce the open level sets
and their boundaries

Dy(r) = {neR"| F(ny) < r}, Bu(r) = 0D,(r), (L.39)
and by means of these we define the support function SY : R” — [0, +00) as

Sp(x) = sup{n T ‘ n € D,(r) } : (1.40)
Finally, we need to make use of the following closed subset of R",

A = {zeR"| Si(z) = greliZQ{Sf(x—l—qL)}}, (L.41)

implicitly using that the minimum is attained. The definitions of F,, D, (1),
¥,(1), and S}, in this context, go back to [13] (although no finite range
condition (see Hypothesis 6) is imposed there), and most of the properties
collected in Lemma 1.7 below can already be found there. We give a proof
of Lemma [.7 at the end of Section VI.

Lemma 1.7. Assume Hypotheses 5 and 6.
Let 0 < §p < min{F,(0), 1 — F,(0)}. Then

(i) the function F, is strictly convex, and there exist constants C,C" > 0
such that, for any € > 0 and any n € R,

Fy(n)+Clnl’e < F((1+e)n) < e“MF,(n) ; (1.42)

(ii) for every1—09 < r < 140y, D,(r) is a stricly convex, bounded, open set
with smooth boundary 3,(r) := 0D,(r). More specifically, r — D,(r)
15 monotonically increasing, and there exist two contants Ry, Ry > 0

such that
B(Ry,0) € Dy(r) C B(Ra,0) ; (1.43)

(iii) the support function SY : R™ — Ryq defines a norm on R™, for each
1—0¢ <1 < 1+0. Furthermore, S} (x) = n,(x)-x, where n,(x) € X,(r)
is uniquely determined by V,F,(n,(x)) = px, for some p > 0, and we
have V. SY(x) = n,(x). Moreover, there exist constants C,C" > 0 such
that, for any 0 < e < 1,

T exp

(L) o <SP < (L) p o 5 (144)
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(iv) the set A, is star-shaped. There exist two contants R}, Ry > 0 such that
B(R|L,0) € A; C B(R,L,0). (1.45)

Moreover, there is a fundamental domain (A,)° C A, C A, for the
canonical projection w : R™ — (R/LZ)". That is, R" = U,ezn A, + qL,
and A, +qL N A, +¢L=0, forq#dq, q,¢ € Z".

In [13], these definitions are used to prove the following asymptotics for
the inverse of the Hessian H"(0).

Lemma 1.8. Assume Hypotheses 2, 5, and 6. Then there exists a constant
0 <0 <1/2 such that, for j € Ay with 1 < d(j) = |J(j)| < 0L,

((H”(O))_l>j70 _ (1.46)

2

14+ 0(1/1J()]) laan(m(J(j)))

Hyo(0) (27| 1(5)]) 2 (det[aiFv(%<J(j)))Dl/2

exp|=SY(J(7)]

where ’O(l/d(k‘)) ’S C/d(k), for some constant C > 0 which is uniform in

L — 00 and f — oc.
Here 0 (resp. 01 ) represents the derivative along the direction of J(j)
(resp. along the directions orthogonal to J(j)).

The next theorem quantifies the relation (1.33), as it asserts a formula
for the low-temperature asymptotics of the two-point correlation function
ET 5(x; ; x1) very similar to (1.46).

Theorem 1.9. Assume Hypotheses 1, 2, 5, 6, and Hypothesis 3[S"], for
some 1 < r < 2— F,(0). Denote by Jaq : A, — Ay the natural bijection
given by J ;' = 7|z, (see Lemma L.7(iv)) and fix some O < A < 1. Then, for
B sufficiently large, for j € A such that d(j) is sufficiently large and that
Ja(j) € My, we have

E7 5(z;520) = (L47)

d—3

2

1+ O(1/174()I) ‘0||Fw(77w(JAU>>)

d—1

Ho(0) (27 [Ja()]) 2 (det[aiFw(nw(JA(j)))D

73 exp| =51 (a0
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where the functions F,,, ny,, and S}° are defined below in Sections VI-VII and
Julfill 02 F(nw(k)) = 02F,(ns(k)) + O(B37Y2) and Sy = S} + O(371/2), so

that we futhermore have

g - OO 20 113
L,B8\%j 5 ()(27T|<].A ) g
\v F(n(Ta)|
1/2
(a2, (1490

where the O-symbols in (1.48) are uniform in L — oo and § — oo.

exp|~(1+ O(57/)) SY(Ja))].

Comparing (1.48) to (1.46), we finally notice that the decay rate of the
two-point correlation function Ef 5(Tk 5 20) agrees with the decay rate of the
resolvent matrix elements of the Hessian H”(0), given by the support function
SV of D,(1), modulo a factor of 1+ O(571/2).

Furthermore, we note that in Theorem 1.9 it is natural to use the bijection
provided by J4 : Ap, — A; rather than J. Using J 4 instead of J amounts to
projecting onto the fundamental domain A; rather than A", The difference
between these two maps becomes important when studying the two-point
function B} 5(x;, o) for J(j) which are close to the boundary of A} (o),

We conclude this introduction with a brief survey on the organization of
the following sections. In the next section, we introduce a deformed Dirac
operator Dy, by means of which we rederive Lemma 1.3. In Section III, we
prove our first main result, the operator inequalities (1.28) in Theorem 1.4.
They derive from a form bound proven in slightly greater generality, as to
accommodate for the case of distorted operators, which we have to deal with
in Sections VI-VII when deriving the asymptotics of the two-point function.
In Section IV we give a short proof of exponential decay of the two-point
function under a least hypothesis. Section VI is devoted to the analysis of
the support function S}’ which determines the precise rate of exponential
decay of the two-point function. The estimates derived in Section VI are
then used in Section VII to prove the asymptotics as claimed in Lemma 1.8
and Theorem I.9.

Finally, this paper has three appendices. Appendix A contains the ver-
ification of the admissibility of Example [.1[v], asserted in Lemma [.2. In
Appendix B, the self-adjointness and other basic spectral properties of the
Dirac operator Dy are proven, and Appendix ?? contains an example of a
non-ferromagnetic (i.e., non-positivity preserving) Hessian of H at z = 0,



BJS-1, February 13, 1999 15

for which yet the decay of the matrix elements of the resolvent can be made
precise.

11 Dirac Operator and Witten Laplacian

In the present section, we prove Lemma 1.3, i.e., we show that, for any
two observables u,v € OW . the following relation (I1.27) holds

L, D1 —
Er‘Lpﬂ(u;v) = @<e 5HVU’ (qu)) Le 6HVU>
where A%) was defined in (1.22).
Before turning to the proof, we introduce some more notation. The
fermion Fock space F[C*£]] over ClAtl is defined to be the orthogonal sum

of the N-fermion sectors ]—"J(CN), for N € {0,1,...,|AL|},

o (IL.1)

ALl
N
Frlch) = @ FY. (11.2)
N=0
For each N € {0,1,...,|Az|}, an orthonormal basis in ]—“}N) is given by
(&, Q| Jrdan o in €A, i <o <. <jn}, (11.3)
where ” < 7 is the order on Ay induced by some bijection A, — {1,...,|AL|}.

Here ¢} and ¢; are the standard fermion creation and annihilation operators
on F¢[CI*L]] obeying the canonical anticommutation relations (CAR),

{ci,c;} = 0;;, {ci,cj} = {cf,c}f} =0, (IL.4)
where {A, B} := AB + BA, and (2 is the unique (up to a phase) normalized
vector in Fy[CH2]] such that ¢,Q = 0, for all j € Ap. Note that F;[CH]
is nothing but the space of antisymmetric N-forms over RIAzl frecguently
denoted AM(RIAL]) (see, e.g., [4]). In particular, }'}0) =C-Q, and ]:fl) may
be naturally identified with C*£l. We may therefore identify L?(RI*tl) with
HO and L2(RALL CIALl) with HY | where

HN) .= L2(R|AL\)®]_‘}N) (I1.5)

is the space of square-integrable N-forms, by means of the natural identifi-
cation maps
7O 2R - HO D s e Q, (11.6)
7MW LARMLCA) — HO D () jen, — Y ;@ Q. (ILT)

JEAL
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Equipped with this notation, we return to the proof of Lemma L.3. We
introduce the rank-one projection Py = |e #H)(e=PH| = P} = Py and Py =
1 — F,, and we observe that

]Efﬂ(u V) = <€_’6HU ‘ e_ﬁHU>L2

= <e_ﬁHu ‘ Py G_BH’U>

= (M| ) (e [ )

(1L.8)

2’

where L? is a shorthand notation for L?(RIAtl). Using the isomorphism Z®
defined in (I1.6) and Py ® Pg :=1 — Py ® Py, we find that

E7 s(u;v) = <e’ﬁHu ® 2 ‘ (PO ® Pg) e Py @ Q> (IL.9)

H(0)

Next, we use Z;(H) := 37'0; + Hj(z) and Z;(H)* = —37'0; + Hj(x), as
defined in (1.25)—(1.26), to introduce a deformed exterior differential dy and
its adjoint dj; on ‘H by

JEAL JEAL

Adding these two, we obtain the Dirac operator,

Dy = dy + dy = 3 Zi(H)od + Z(H) ®¢, . (IL.11)
JEAL
Squaring Dy yields the Witten Laplacian Ay, and using d% = (d};)? = 0
and the CAR (IL.4), one easily sees that

2
JEAL 1,JEAL

In Lemma B.1 in the Appendix, we prove that Dy is essentially self-adjoint
on Cg°(RM:l) @ F;[ClALl]. Moreover, we show in Lemma B.3 that

Ker{Dp} = Ker{Ay} = C- (e @Q) = Ran{Py® Po}. (IL13)

We observe that Ay leaves the N-fermion sectors invariant, Ag : HN) —
H®™N | and we denote the restriction of Ay to HWY) by A%V). Recalling the

definitions (1.22) and (1.24) of Ag) and A(HO), we find that

AW = 7O AW 6 (7)1 AW = 70 o AD o (zW)1 - (1114)

Y

and henceforth we do not distinguish between &3), A(hl,) and Aﬁ?, Ag) any-
more.
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Equation (I1.13) implies that Dy is invertible on Ran{Fy ® Po}. Thus
we have 1 = Dy(Ag) 'Dy on Ran{P, ® Py}, and using this identity in
Eqn. (I1.9), we obtain

E7 s(usv) = (I.15)
S —1 S
(Du (Ro® Po)e ™Muw Q| (An)  Du (B@Po)e™ueq) .
Furthermore, an easy computation shows that

1
Dy (PO ® Pg)e*’BHu ®0 = 3 Y e PMu® ;2 € HWD (II.16)

JEAL

We may hence restrict Ay to HY in (I1.15), and inserting (I1.16), we arrive
at

1 _
Egﬁ(u ;1}) — < Z e*ﬁHaju ® C;Q | (Ag)) 1 Z e*ﬁHaj’U X C;Q>H(1) ,

p? JEAL JEAL
(IL.17)
which is equivalent to (1.27).
O
111 Summable Weights
In this section, we show that the operators
2
Ay = A1 4+ 2 > H/j(x)®cjc; and (IT1.1)
6i,jGAL
2
A= AP o1+ 2 Y HL(0) @ (111.2)
/Bi,jEAL

are close to each other, even after deformation by suitable weights. This will
be important in Sections IV, VI, and Appendix B. In particular, the main
result of this section, Theorem III.1 below, implies Theorem 1.4 by restricting
the asserted bound to the invariant subspace H" C H.

Theorem III.1. Assume Hypotheses 1, 2, and 3[0]. Then there exist con-
stants C' > 0 and By > 0, both independent of L, such that, for all B > [y,

(1 - ﬁ?/z) A< Ay < (1 4 610/2> A (111.3)

holds in the sense of quadratic forms on Q@ C 'H, the form domain of A and
Ay.
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Theorem III.1 is a simple consequence of Theorem II1.3 below, in which
we derive a bound on the difference between Ay and A relative to A. We
observe that this difference, Ay — A, is given by 267'W, where W is the
operator of multiplication by the z-dependent matrix

W = Q(Agp ~Ao) = Y {H!(x) - H(0)} @ cle; . (111.4)

2 i,jEAL
Theorem II1.3 below gives an estimate on W conjugated by a diagonal x-
independent matrix of weights, and Theorem III.1 follows in the special case

where the weights are all equal to 1.

As a preparation, we develop some estimates of independent interest.
Recall by (1.24) that, for all j € Ay,
* 1 82 ! 2 1 / 1
SJ(H) Z;(H) = —@@—i—‘[{j(x)‘ ——H > |Hj(o)| ——Hm(a:).
j
(I11.5)

We improve this inequality in the following lemma.

Lemma III.2. Under Hypotheses 1, 2, and 3[0], for any By > 3C(u3)(0) and
B > Bo, we can find a B-dependent matriz (C;r(0));jkes, with nonnegative
entries, satisfying

max{ Z Cix(B } + maX{ Z C'j,k(ﬁ)} < 3Cm3)(0) <1 — ?’O(H?’)(O)>1’

A=Y Rehr Lier, &
(I11.6)
uniformly in L, such that, for 3> By, j € A, and x € Rl

< > (6 + B71C(8)) (Ze(H)" Ze(H) + C57Y),  (IIL7)

keAr,

| H()

‘ 2

where C = Aoz + Crusz)(0)/2.
Proof: By means of (II1.5) and (I.15), we obtain the estimate

\H;(x)f < \H;(x)f—;H;’( )+3 H” \H" — HJ;(0)]
< Z,(H) Z,(H) + ;H’-’-(O) (IL.8)
+;k = (8| + sz: by ()| ()

Next, using .
2
Hi(@)| < o |Hi@)| + g 0<e<oo, (I11.9)
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with € = 1, and thanks to Hypothesis 2, we get

2 1

< LY B e+ 55 S ()
B ﬁ ke,

(55 (k) + by () B )|

|Hj ()

, (I11.10)

which is equivalent to
S (b= M@ < ZHY B + e + 55 3 a(B),
keAr keAL
(IIL.11)
where M; . := a;;(k)/2 + b;;(k). In view of Hypothesis 3[0], > xca, aj;(k) is
bounded by C(g3)(0) and

; <
gg%f{kg Mjk} + ggf{je% Mm} < 3Cms3)(0), (II1.12)
so that the L£(I?;l?)-norm of the matrix M = (M;);xres, is bounded by
3C(u3)(0), uniformly in L and p € [1;00]. Then, for 3y > 3Cus3)(0) and
B > Bo, setting 1 := (0;1)jkeny

-1

( (1 - 87'M) ) = Gt B Cik(B), (I11.13)
gy

where the matrix C(3) := (C;x(05));kea, satisfies (II11.6). Multiplying (III.11)

by the nonnegative numbers 4, + 57 C; () and summing over j € Ay, we

arrive at (IIL7), with C' = A0 + Clus)(0)/2. O

Theorem II1.3. Let S be a semi-norm on RY and assume Hypothesis 3[ds]
in addition to Hypotheses 1 and 2, where dg is the corresponding semi-metric
on Ap. For weights 0 : A, — R satisfying

Vike€Ap: 10(3) —0(k)| < ds(j — k), (I11.14)
we denote
W) == W(x,0) = > O {H{’j(x) - HZ"](O)} ® cie; . (IL.15)
i,jEAL

Then, there exist C, By > 0, such that, uniformly in L, 0, and 3 > [y, for all
u,v € ORIl Fr[ClALl),

(W0 < 0 Ay, Jayl,,, o

where H = LQ(RIAL\;ff[C\AL|])_
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We remark that on HY, W(6) := e?We=? is the conjugation of W by
the diagonal matrix e? := (6;,%9)); ren, (ie., e 1= (e?)71).

Proof of Theorem IIL.3: First, we control the perturbation W (6) by a
diagonal perturbation. To this end, we fix € Rzl denote X;; = X;; :=
|H(x) — H!';(0)|, F := Ff[C*]], and we observe that, pointwise in z €
R‘AL|’

(@)W (@, 0) o))z < > DX lu@)]# ;o) #
,JEAL

< (u(z)| Wz, 0) u(z)) £ ((@)| W(z,0) v(x)) L, (1IL17)

where we use the Cauchy-Schwartz inequality, Eqn. (I11.14), and

W(r,0) = 3 (Z explds(i — 7)) Xm) ® ce, . (I11.18)
i€Ar, “jJEAL

Due to Hypothesis 3[ds], we have X;; < Y {as; (k)| Hy(x)| + by (k)| Hj ()

and thus, for any 0 < e < 1/2,

Wiz.9) < (I11.19)
ZA: (ZA: 6ds<i_j){<215“ij(’f) +bi(k)) |Hi (2)]” + ;aij(k)}> ® i, .

Next, we pass from F to H = L?(RI*t)) @ F. We abbreviate Q;; := d6;; +
B7rC(B)i , and we insert (I11.7) and 0 < ¢f¢; < 1 into (II1.19). This yields

W) < ( > edS(i_j){le (asj (k) + by (k) (Z(H)* Zi(H) + CB7)

€N, “jkJIEANL 2

+ b aij(m} ) ® cle, (IT1.20)

( Z eds(i—7) Qi (aZ]U{;) + bz](/{:))> ZZ(H)*ZZ(H> ®1

2€ yeny Nijkens
€ C
G DR
2 68 iez/\:L

Then (II1.6), (1.16), and the choice ¢ := 371/2 give

1

IN

> e Qu (ay(k) + bij(/f))) ® cic; -

j)k)leAL

W) < ¢ (AP o1 + 18N, (I11.21)
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where C" := (14 C(u3)(0) + Anaz) Clusz)(ds) (1 + Cz)(0)(8 — C(H3)(O))_1)v
and Nz := 37,ca, ¢ic; is the number operator. On the other hand,

A=APg1 4 3 Y H(0)ecde > AY®1 + —LeN, (111.22)
i, JEAL

and we arrive at the claim. O

IV Exponential Decay of the Two-Point
Function.

In this section, we give a direct proof of exponential decay of the two-point
function EJ 4(z; ; x3) under least requirements. For the derivation of its
asymptotics in Section VII, however, our assumptions will be somewhat
stronger.

Asin [6, 9, 13], we use a Combes-Thomas type argument to prove Theo-
rem [.6, i.e., the estimate (1.34) for some C' > 0,

‘Efﬁ(mj P Tk) ’ < g exp(— min{u, v} d(j — k)) : (IV.1)

for (8 large enough.

Proof of Theorem 1.6: Starting from (I.31), we introduce diagonal weights
of the form used in Section III. Using the notation introduced in Theo-
rem III.3, we write

(A;}><9))1eﬂH®eeek> . (1V.2)

1
T (. _ —BH o —6
ELo(a; i) = (e o, "

where 6 satisfies (I11.14), for dg = min(y; v)d, and

2
AD@G) = 1eHADage?) = AL o1 + SaedH e,

(IV.3)
temporarily assuming its invertibility. Using (II1.1)—(II1.2) and the definition
of W(0) given in Theorem IIL.3, we can write

AD@) = AW 4 ;W(l)(ﬁ) + Zl@B(Q). (IV.4)
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where W) () denotes the restriction of W (6) to H") and

B#) = & H"(0)e™® — H"(0). (IV.5)
By Theorem III1.3, we can bound W) () by (HI.16). Furthermore,
sup Y ’B il = sup > )=60) _ ’H” ‘
ZEAL]EAL 1EANT, ]GAL\{Z}

< sup 3 00

z',j(o) )

(IV.6)

and interchanging ¢ and j, we convince ourselves that a similar estimate holds
for sup; ZZ"B(H)L]‘ . Since 6 satisfies (II1.14) for dg = min(u; v)d and H sat-
isfies Hypothesis 4[min(u; v)d], we see that, setting C' := Cpay(min(u; v)d),

)\min !
IBO)| < (1= C) sup|H/,(0)] < Amin(1=C). (IV.7)

>\ma1‘ i€EAL

Since A® > %)\miru we obtain

(Wy-1/2 2
H(A )12ﬁ

uniformly in L. Thus, for §, large enough and 3 > (,, we can explicitly
construct the resolvent of Ag(@) as

(aP@)" = (av)™ (ZQ >( A v

(1@ B(0) (AV) 2| < (1-0), (IV.8)

Q) = ;(A(1)>—1/2 {W(Q) n 1®B(0)} (A(1)>

is a bounded operator of norm less than 1 — C' + O(3~/2). Hence, for
Bo > 0 sufficiently large, the operator norm of (A?(Q))il is bounded by

e [ (AW)=12]12  which, in turn, is bounded by /Apin(1 + C). Inserting
this bound in (IV.2), we obtain

—-1/2

(IV.10)

e q—AO R U€) V.11
‘ - ﬁAmm(lJrC)e ’ ( )

uniformly w.r.t. L and § > [y, and for 6 satisfying (I11.14) with dg =
min(u; v)d. Now we choose 6 = 0, defined by

Vie A, 60k(l) = min(u;v)d(l—k). (IV.12)

Thanks to the triangle inequality, 6; satisfies (II1.14) for dg = min(u;v)d,
and (IV.11) for 6 = 6, yields (IV.1), i.e., (I1.13). O

‘]ELB T T)
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V The Feshbach Operator

In this section, we introduce a suitable Feshbach operator. The Feshbach
map is a key tool in Sections VI and VII and some properties derived in this
section and concerning this Feshbach operator are used in Section VI. Let

P = | e |®1 and P = 1 - P. (V.1)

Note that P is the orthogonal projection onto the ground state of ASS) ® 1.
So we expect that

AY = PAYP (V.2)

restricted to RanP, has a much larger spectral gap above zero than 2,/ 3,
which is the spectral gap of Ag). Indeed, in the following proposition, we
show that the spectral gap of AT]P is almost twice as big as the one of A%).
Proposition V.1. Under Hypotheses 1,2, and 3[0] and for (3 large enough,
AP > ;)\mm(l ~ 0B P. (V.3)

Proof : According to Lemma 77 (see also [13, 11]), we have that
P(AY ®1)P > info(A)P, (V.4)

where o(AY) denote the spectrum of Ag). Using this and (1.28), we there-
fore obtain

BALP CNpAOTP
PAYP > (1—W)PA( )P (V.5)
C . (1) 2 —
by (1.23) and Hypothesis 2. Using (1.28) again, this leads to
= ()5 C C 2 —
PAVP > (1_W) {(1_61/2) + 1} B)\mmP, (V.6)
which proves (V.3). O

The Feshbach operator of A%) associated to P is defined by

—\ —1
Fp = PA%’P—PA;PP(A;})) PAY P (V.7)
2, 2 4 B (AD) B0
= FHOP+ PWOP — 5 PW P(AH> PWEP,



BJS-1, February 13, 1999 24

since Ag)P = 0. Thanks to the invertibility of A%) on RanP, the inverse of
Ag) is given by

_ _ —\ 1 _ —\ 1
(AD) " = <P - P(Aﬁ?) PA?P) Fp' (P - PA&PP(AS)) P)
(A0 5
P (A;R) P (V.8)
(see [?]). If we insert (V.8) in (1.31), we obtain

Er‘fﬂ(xj s xy) = <e_ﬁH ® €

Fple Mo ek> , (V.9)
H(1)

since Pe P @ ¢; = 0, for | = j, k. So we do not loose any information if we

replace A%) by Fp in (1.31). Furthermore, Fp is related to the Hessian at 0
in the following way.

Proposition V.2. Assume Hypotheses 1,2, 3[0]. For 3 large enough, we

have i
[Fa BH”(O)PH = 0(87%?), (V.10)

where the O-symbol is uniform in L — oo and 3 — oo.

Proof : Using the fact that P = (AM)~"2 P (3 H"(0))"/?, we obtain the
estimate

2 2
SNPWOP| < S hpae - CB7Y2, (V.11)
B &)
by Hypothesis 2 and Theorem II1.3. Thanks to (V.3), we also have
4 — (D = 2C? 16
= (1) (1) 1) il 7 (1_ -1/2
| PwoP (AH) PW PH < s (1-0(87).
(V.12)
Using (V.7), the estimates (V.11) and (V.12) imply (V.10). O

VI Analysis of the Support Function

In this section, we analyze the support function S’ which we identify in
Section VII to be the rate of exponential decay of the two-point function
]Ezﬁ(xj ,x1). Throughout this section we require Hypotheses 1, 2, 5, 6 and
Hypothesis 3[S?], for some 1 < r < 2 — F,(0).
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We note that 1 — F,(0) > 0, thanks to (I1.37)—(1.38). We recall that

7 : R" — (R/LZ)" is the canonical projection and that J : (R/LZ)" —

[—L/2, L/2)™ is the natural identification map from the torus to the fun-
A(boa})

damental domain. In particular, J is a bijection from A to A} =
Z"n[=L/2, L/2)".

Another natural bijection is provided by J4 : A — Al, where Jy4 is
determined by J;' = 7|7 4, and A, is described in Lemma 1.7(iv). Using

J4 instead of J amounts to projecting onto the fundamental domain A,
rather than [—L/2, L/2)". The difference between these two maps becomes
important when studying the two-point function Ef 4(x;, o) for J(j) close
to the boundary of A

Next, we recall from Eqns. (V.7)—(V.9) that

(box)

Ep gz, z) = ﬁ_< M@ el Fpt e M ®ek> (VL1)

where

Fp = 20 'PREL4(H") — 4572 PW(I)?(AS))_IFW(”P, (VI1.2)

and P = e ?")(e"PH| @ 1. Thus E] 4(x;; x3) = (25)_1<Q_1) > Where @ is
’ D>

the real, self-adjoint matrix

Qjr = Erp(Hj,) — 267 <6_5H®e

wp (Au)) "By -BH ®€k>
(VL3)

Since H is assumed to be translation invariant, @, = @;_r0. We define a
real, even function w : Z" — R by

| =Quo/Ho(0) if ke A;\ {0},
w(k) = { 0 otherwise. (VL)

In other words, w = 0 outside A; and solves Qrk),0 = H(l)l,o(0><5k,0 — w(k:))

inside .AL. We remark that w is similar to v, Which~also vanishes outside fL
and solves H}! ) ((0) = Hg,(0) (§k,0 - v(k)) inside A4;. Comparing w to v, we
observe that

—1
w(k) = wv(k) - (H(l)/,o(o)) ELﬂ(H;r/(k),O - H;r/(k),O(OD (VL5)
+ 2(111(;',0(0)5)’1 <eﬁH @ exy| WOP( A )*1PW<1> e g eo> :

for any k € A;.
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Given n € R™ and an even function u : Z™ — R of compact support, we
define a smooth (in fact, analytic) function F,, € C*°(R") by

S e u(k) = Y cosh(n-k)u(k), (VL.6)

kezZm kezm

and, for any r € R, we set
Du(r) = {neR"| Fup) <7} (VL)
Then the support function S? : R™ — [0, +00) is defined by

Si(z) = sup{n -z ‘ n € D,(r) } : (VL38)

Recall from Lemma 1.7, which we shall prove at the end of this section,
that F,(n) is strictly convex and that B(C,0) C D,(r) € B(C",0), for some
constants C,C”" and all 1 — ¢y < r < 14 4y, provided §y < F,(0). Thus
D,(r) = —D,(r) is a strictly convex, bounded set with smooth boundary
Y, (r) = dD,(r) C {F,(n) = r}. Moreover, for any z € R" \ {0}, there is a
unique vector 7(z) € X,(r) such that n(z) = Az, for some A > 0, and this
vector realizes the supremum in (VL.8), SY(z) = n(z) - z. Moreover, an easy
computation shows that V,S"(z) = n(z).
Our goal in this section is to prove the following theorem.

Theorem VI.1. Assume Hypotheses 1, 2, 5, 6 and Hypothesis 3[S"]|, for
some 1 < r < 2— F,(0). There exist constants C > 0 and [y which are
independent of L, such that, for any > By and n € D,(r),

05 Fu(n) — OyF(n)| < Cp72, (VL9)
where a € {0, 1,2,3}" is a multiindex.

This theorem has several important consequences, obtained from Taylor
expansions and (VI.9). We collect these in the following corollary.

Corollary VI.2. Assume Hypotheses 1, 2, 5, 6 and Hypothesis 3[S}], for
some 1 < r < 2— F,(0). There exist constants C > 0 and [y which are
independent of B and L, such that, for any 0 > By, 1 —dg <1 < 149y and
0 < dp < min{F,(0),1 — F,(0)},

(T—Cﬂ 12) € Dy(r) € Dy(r+CB7Y2), (VI.10)
(1-Cp?) sy < sv <(1+Cp Y28y (VI.11)

Moreover, D, ( ) is a strictly convez, bounded, open set, with a smooth bound-

ary Yo (r) = 0Dy (r).



BJS-1, February 13, 1999 27

We break up the proof of Theorem VI.1 into several lemmata. Our general
strategy is to apply a Combes-Thomas argument. To formulate this, we
introduce some suitable exponential weights on (R/LZ)".

We construct these weights from a family of uniformly Lipschitz-continu-
ous functions 6, : (R/LZ)" — [0,400), where 1 — §y < r < 1+ 6y, for some
09 > 0. That is, we require that, for some constant C' which neither depends
on r nor L, we have

Or(x) — On(2)| < Cd(z—y), (VI.12)

for all x,y € (R/LZ)". Furthermore, we assume that 9~T(0) = 0 and that, for
almost every x € (R/LZ)",

V.0.(x) € Dy(r). (VL.13)
The main example we bear in the back of our mind is the following.

Lemma VL3. Let 5 : (R/LZ)" — [0, +00) be defined by the seminorm
05 (z) = inf{S(@) [Fer(a)}, (V1.14)

for 1 —268y < r <1+ 68, with 8 < F,(0). Then {05}1_s,<r<14s, is a family
of uniformly Lipschitz-continuous functions obeying (VI.12)-(VI.13).

Proof: We first recall that SY : R® — [0, 400) is a norm, so u{V|Z| <
So(3) < p?|7|, for some 0 < p) < 4@ < 0o and all # € R™. Therefore,
SU(J(z)) < S¥(&), whenever |Z| > 2¥2uP L/uV | and we conclude that the
infimum in (VI.14) is actually a minimum, attained for some Z in the finite
set 71 (2) N B2V P L/uM, 0),

05 (x) = min{Sﬁ(i) ‘ ier Yz)nBERYV* P L/uM,0) } . (VI.15)

Next, we observe that S € C'(R" \ {0}) and V;S¥(z) = n(z) € D,(r) C
B(C",0), for some C" > 0 which is independent of r and L. We conclude
that gf is the minimum over finitely many C! functions and, as such, it
is Lipshitz-continuous. Indeed, for almost every x € (R/LZ)", its gradient
is given by V.05 (z) = V3SY(%), for some Z € B(2¥2uPL/uM,0). Thus,
V.05 (x) € D,(r) C B(C',0), for almost every x € (R/LZ)".

[

Next, we pick x € C5°(B(1,0); [0,+00)) such that [ x(z)d"z = 1, and
we define xg : (R/LZ)" — [0,4+00) by xr(z) :== R %(z/R), for R <
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L/2™. Convolving 6, and g, we obtain a family of smooth functions 6, :
(R/LZ)" — [0, 4+0c0),

0, = 0, % xn, (VL.16)
having the following important properties:
Lemma VI.4. Assume{gr}l,goggl+5o to be a family of uniformly Lipschitz-
continuous functions described in (VI.12)-(VI1.13), and define 0, := 0, % xg,
as in (VI.16). Then,
V.0.(x) € D,(r), (VL.17)

for all x € (R/LZ)". Moreover, there ezists a constant C > 0, neither
depending on r nor L, such that

Or(x) — 6,(x)| < CR (VI.18)

and

Or() = 0n(y) — Valo(y) - J(@—y)| < Cdlx—y? R,  (VL19)
for all z,y € (R/LZ)" with d(z —y) < R.

Proof: Since the convolution with yr defines a probability measure and
D, (r) is convex, the assertion (VI.17) follows from (VI.13).

From the Lipschitz-continuity of 6,, we obtain that

b0 (x) ~b,(a)] < |

and thus (VL.18).
Finally, (VI.19) follows from a Taylor expansion and the observation that

0r(y) = 0n(2)| xr(z —y)d"y < CR,  (V120)

O O, Or

< [wa

|Vexs| < cr (VI1.21)
O

We now come to defining the exponential weights mentioned above. Given
a family of functions 6, with the properties (VI.17)-(VI.19), we denote by
e*% the multiplication operators on CHtl acting as (eieTg0> (k) == eForB (k).
Next, we introduce various operators on C/*zl and H™ obtained from con-
jugating by et and 1 ® e*¥ respectively:

we,) = wO,2) = (1ed) W) (1ee?), (VL22)

B(#,) = " H"(0)e " — H"(0), (V1.23)
A%)(QT) = (1 ® 69*) Ag) (1 ® e_er) (VI.24)

= Ao+ 267 (1@ B(,) + WO(,)).
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We derive various norm estimates on these operators that allow us to analyze
Fyu, Dy(r), and S*. We first estimate the norm of 2Re{B(6,)} = B(0,) +
B(-0,).

Lemma VI.5. Let {0, : (R/LZ)" — [0,4+00) }1_sy<r<i+4,, fOr some g > 0,

be a family of functions with the properties (VI1.17)-(VI.19), and assume
Hypotheses 2, 5, and 6. Then, for some constant C' > 0,

|Re{B©:)}|| < Hio(0) (eC/Rr - FU(O)). (V1.25)

Proof: SinceRe{B(0,)} is a self-adjoint matrix, we may estimate its norm
by

rets@)] < sl T[retmo)s

} (VI.26)

< Hg,(0) sup{ g\: {cosh {Gr(i) - er(j)] - 1} vr(i — j) }

1ENT,

< HJ,(0) Sup{ 5= {eosh |96.) - I = )+ 8(0.)| — 1} enli =) }
iehr \jen,
where [6(7,7)| < Cd(i — 7)?R™', and the last inequality derives from (VI.19),
provided R is chosen larger than C’, where C' is a constant such that
supp{v} C B(C",0). Therefore, |§(i, j)| < CR™" where C' := C(C")2.
Next, we observe that cosh(a + b) < el’l cosh(a), for arbitrary a,b € R.
Inserting this estimate in (VI.26), we obtain

[Re{5(@)]

< 10 (% ] 3 co[T2a0)- 6= )] wli=5) | = R0)

i€EAT

€A

< Hyy(0) (¢ sup{ R (V.0.0))} — Fu(0)
< H{,(0) <eC r — Fy( )) (V1.27)

since V.0,.(i) € D,(r), for all i € Ar, by (VI.17).
O]

Next we need the following estimate on the norm of the resolvent of
AS)(GT) = PAS)(HT) P on RanP, relative to AM
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Lemma VI.6. Let {0, : (R/LZ)" — [0,400)}1-s,<r<1+4y, fOr some &g > 0,
be a family of functions with the properties (VI1.17)-(VI.19), and assume
Hypotheses 2, 5, and 6. Then, for any r < 2 — F,(0), there exist constants
C, By > 0, independent of L, such that, for any 8 > By and R > C,

-1
H 1/2( ’(90) (A 1/2PH < C. (V1.28)

Proof: We recall form (IV.4) and (V1.22)-(VI.24) that
AD@G,) =AM 4+ ;W“)(e,) + ;1®B(9T), (VI.29)

and hence, using Theorem II1.3 and the fact that AP > 4\,,;, 7' P (see
Proposition V.1), we obtain

(A®)"? Re{A<,}>(9 )} (Am)”*P (V1.30)

> (1 g re{m)| - cs) 7

Since, according to (1.37), Apin = H{o(0)(1—F,(0)), Lemma VL5 yields that

~1
HRe{ DY < ( C/Ry. — F,(0)) (1= F,(0) . (V1.31)
By assumption, r < 2 — F,(0), and thus also eClRyp <9 F,(0), provided R
is sufficiently large. Hence, for some small positive constants ¢, ¢/, we have
that

Re{(A 72 Al (g, (A<1>)1/2} P> (c—Cp?) = ¢ P, (VL32)
proving the claim. O

Proof of Theorem VI.1: First, we recall that the family
{605+ (R/LZ)" — [0,400)}1 _sy<r<its,, for some & > 0, is a family of
functions with the properties (VI.17)—(VI.19), according to Lemmata VI.3
and VI.4. Since we have furthermore assumed Hypotheses 2, 5, 6, and
do < min{F,(0), 1 — F,(0)}, we may apply Lemma VI.6.

We first recall from Eqn. (VI.5) that

;(Hé’,o(o))_l<e‘“ ® e
(H(I),O(OW)_l <€_ﬁH @ e

w(k) —v(k) =

4
ﬂ2

W =5 60> (V1.33)

wOP(AY)  PwO e g eo> ,



BJS-1, February 13, 1999 31

for any k € Ap. Using the conjugation by efr , we may rewrite the terms in
Eqn. (VI.33) as

<6—BH ® ex W ¢=BH g €0> — ) <e—6H ® er, W(l)(ﬁr) e PH 60> :
(VL.34)

and similarly
<eﬁH ® ex| WOP(A ) PWO e eo> = (V1.35)

) <e—ﬁH ® e

Using these two identities and the fact that

R

WO P (AF6)) PWOE) e ge).

> 2Hg,(0)
= —) VI

1/2

2
_BH®€1€ = 6_’3H®€k

we obtain from (VI.33) that
(400) 2 g, (a2

2] (400) w0, (40) ™ (a) (AR @) () P
< OBV 4Bt < 2087V, (VL.37)

for any 1 — 0p < r < 1+ d, provided that 6y < min{F,(0), 1 — F,,(0)}. Here
we use Lemma VI.6 and Theorem III.3 to derive the second inequality.

To make use of (VI.37), we recall that according to Lemma I1.7(iii) there
exist constants C, C’" > 0 such that, for any 0 < ¢ < 1,

(I +e)Sh_cep < 57 < (1+8)8 cxp(—cre) s (VL.38)

T exp

Olwtk) - v(k)| < 267

provided that 1 — g < r <14 dy. Thus, for any n € D,(r), 0 < e < 1, and
any multiindex « € {0,1,2,3}", we have the estimate

3Rt = 05 F] < 3 exply K ) = o]
< Znex;[?flnz )] [w(k) = v(k)| [k
< jZ exp[(1+ C(r — 1)) St (k)] [w(k) — v(k)| |k
< (X ewl-esi] ) (VL39)
vtz

sup {exp{(l +C(r—1)+ 5)5{’(1{3)} ‘w(k) - v(kz)‘} :

keANZn
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The important point about using A, rather than [—L/2, L/2)" for the defi-
nition of w is that on A; we have S? = 7. Moreover, by (V1.38) and (VI.18),
there exists a constant C’ > 0 such that

(14 C(r—1)+)Sy(k) = min{(1+C(r—1)+¢)S}(k+qL)}

qEL™
. v ""S
< ;IGHZI%{S(I-‘,-C’(T—I—i-S))(k + qL)} = 9(1+C’(r—1+a))(k>
< 9(S1+0/(r71+s))(k) + . (VL.40)

Thus, if > 1 is sufficiently small such that 1 + C'(r — 1+ ¢) < 1+ Jp, we
obtain

02 =05 Fu)| < Coa 5w {exp[6f, 0] [wk) —o(h)|}, (VA1)

ke AiNZ™

which is bounded by C' 371/2, due to Eqn. (V1.37). This proves (VL9).
[l

We close this section with a proof of Lemma 1.7:
(1) First, Holder’s inequality implies that, for 7,7’ € R" and « € (0, 1),
F, (om + (1 - a)n') = > (e”'mv(m)) . (e”,'mv(m))

kezZm\ {0}
< E(n)*-F(n) ™, (VL42)

-«

and hence convexity of In F,,. To obtain strict convexity, we observe that
equality holds in (VI.42) if and only if there is a constant p > 0 such that
e u(k) = pe"*u(k), for all k € Z". But since Gr(supp{v}) = Z", by
Hypothesis 6, this is equivalent to n = 7. Since In F}, is strictly convex, so is
F,.

Again by Hypothesis 6, there exists a set of linearly independent vectors
{k1,...,k,} CZ" and a constant § > 0, such that v(k,) >4, forall 1 <v <
n. Thus, there exist a constant C' such that maxi<,<, |- k,| > C|n|, and we
observe that, for € > 0,

1
Fv((l + 8)7]) — F, (n) >0 {cosh((l + 6)077) - cosh(C’n)] > §5C|n|5 ,
(VI1.43)
implying the first inequality in (1.42). The second inequality in (1.42) follows
from cosh(a + b) < cosh(a) e/l and the boundedness of supp{v}.
(ii) Similarly to (V1.43), we obtain that F,(n) — F,(0) > C|n|?, for some

constant C' > 0 and thus D, (r) C B(\/(r — F,(0))/C,0), forany r > 1—4§ >
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F,(0). Conversely, since F,(n) < e“"F,(0) < r, for any 7 > 1 — § > F,(0),
provided that |n| is sufficiently small, we have B(C,0) C D,(r), for some
C' > 0. Smoothness and strict convexity of D, (r) follows from (i).

(iii) The support function S} obviously defines a semi-norm on R", for
each 1 —dg < r <144y, and, by additionally using Hypothesis 6, one checks
that SY(x) = 0 implies x = 0. The vector n(z) is the solution of the Euler-
Lagrange equation V,F,(n(z)) = px for SY, and V,S/(x) = n(x) follows
from differentiating F,(n(z)) = r.

The estimate (1.44) follows from Eqn. (1.42) with the additional observa-
tion that we assume |n| > C for some C' > 0 in this estimate. For example,
Fv<(1 + 5)7]) < @M F () implies that D, (r) C (1 +&)D, (6_0”57’) which,
in turn, implies that S;' < (14 ¢€)Sg,—cre),-

(iv) From the definition of A, it is immediate that there is a fundamental
domain (A,)° C A, C A, for 7. That is, R = Ugezn A, +qL, and A, +
gL N A, +¢L=0,forq#¢,q.q €Z"

Next, we note that since SY(k) is a norm on R", there exist two con-
stants 0 < pf < ph such that pi|k| < SP(k) < whlk|. Thus, for given
x € |[-L/2,L/2)" and q € Z™ \ {0}, we have the estimate

Si(e+al) = Si@) = w5 (a2 — (2ub/r) Ial) (VL44)

Therefore, B(p{L/2y15,0) € A, C B(25L/ 115, 0).
Finally, to prove that A, is star-shaped, we notice that, for A > 0, z € R",
and g € Z" \ {0},

L (S}f()\x) _ S0+ qL)) - (n(m) v qL)) Az (V145)

dA
= S/(A\x) —n(Ax+qL)- Az > 0.

Since SY(0) — S¥(qL) < 0, Eqn. (VI.45) proves that A is star-shaped.

VII  Asymptotics of the Two-Point Function

This section is devoted to the proof of Theorem 1.9. We recall from Sections
IV, Eqns. (V.7)-(V.9) and VI, Eqn. (VIL.1) that, for j, k € Ay, the two-point
function is given by

ey m0) = e e

Frle P ek> : (VIL1)
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Thus, Fourier’s inversion formula gives

1 expli(¢. i — j)]
SO T 25 1 (=)’ (VIL2)

where w is defined in (VL5), and A} = 2w (Z/LZ)" is the dual lattice to Ay.
A Poisson formula, derived in [13, Eqn. (4.32)], yields

1

BT 5(zi,2;) =

E] g(zi, ;) =

ker—1(i—j)
where ek gng
e’l . n
Ey(k) = / e as VIL4

and we recall from (VI.6) that F,(n) = Y pczn cosh(n - k) u(k), so F,(i-) is
the Fourier transform of u (u having bounded support),

E,(i€) = > cosh(i€-k)u(k) = > cos(&-k)uk) = > e “Fu(k).

kezn kezn kezn
(VIL5)

In [13] the following asymptotics was shown to hold for E,.

Lemma VII.1. Assume Hypothesis 6. Then there exists Cy > 0 such that,
for any |k| > Cy, we have

n—3

By (k) = (1 4 O(|k|‘1> M) eXp{_SWn)l. (VIL6)

(detlo2 Fufn, (k))]) " (2 1) =

Theorem VI.1 ensures that F, and F, and their derivatives only differ by
terms of order O(5~%/2), and using this, we show Theorem VII.2 below.

We note that while both Theorem VI.1 and Lemma VII.1 require Hy-
pothesis 6, particularly v > 0 and Gr (suppv) = 7", it is possible to derive
an asymptotic formula for FE, like (VIL.6) also for some cases of v without
assuming its positivity. We make the requirements that substitute for Hy-
pothesis 6 more precise in Appendix ?7.

Theorem VII.2. Assume Hypotheses 1, 2, 5, 6 and Hypothesis 3[S}], for
some 1 <r <2— F,(0). Then there exist By > 0 and Cy > 0 such that, for
any B> [y and |k| > Cy, we have

Eu(k) = (1 - O(|kr1 +51/2)) (VILT)

V)] T exp[- (14 0(572) 5¢(8)

(det[o2 Fu(n,(k)]) " (2 [81)
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In view of the Poisson summation formula (VIIL.3), Theorem VII.2 is the

main ingredient for the proof of Theorem 1.9, and we demonstrate below how
Theorem 1.9 derives from it.
Proof of Theorem 1.9: First, fixing 0 < A < 1, the homogeneity of S}
implies the existence of a constant ¢ > 0 such that S} (x) < S} (x+qL)—c|q|L,
for all z € M and ¢ € Z" \ {0}. Thus, by Theorem VIL2, for sufficiently
large (3, we have

Ey(z +qL) < exp|—¢ Lq|] Bu(x), (VILS8)

for some € > 0. Hence, we obtain

1
E(k VII.9
30 o), 2, (VIL9)
1
2

)nE(JA(j)) (1 +O<e‘£L)) ,

EE,B (l'j ) :BO)

203 Hgp(0) (

and thus Theorem 1.9.
O]

Proof of Theorem VII.2: We first recall that F), is a finite sum of expo-
nentials and thus entire. Moreover, Theorem VI.1 implies that

Re{F,(n+i)} < Fy(n) + Cp7* < 1, (VIL.10)

for all n+i& € D,(r)+iT", r < 1, and [ sufficiently large. Thus the integrand
in (VIL4) is regular, and we may deform the contour Cy := 0 + ¢T" into

Ci= { (L= e+ mE)mulh) + i€ € R +iT"

¢ ’JI‘"} . (VIL1L)

where 1, (k) € ¥,(1) is the unique vector such that n,(k) -k = S}’(k). Here,
T, > 0 are two sufficiently small numbers chosen below (independently of 3,
k, and L). Moreover, we identify the Torus T" with the rectangular domain
[—m,m)". Thus we obtain a new representation for E, (k) by the following
integral,

By (k) / exp{(l — e+ 7 (k) - k + i - k} dne
T e 1 — Fw<(1 — &+ TE)M (k) + if) .

(VIL12)

We introduce x € C°(R™; [0,1]), x = 1 on B(1/2,0), and suppy C
B(1,0). We denote y :=1— .
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Lemma VII.3. For any N > 0 there exists constants Cy and ay such that

lim
e—0

/ (g) exp[(1— & + 7€)y (k) - k + i¢ - k| d"
[~ R 1 — Fw((l —e+7E)n,(k) + if)
< Cy exp[=Sy'(k)] [k[~"(VIL13)

where R > 0 is defined by R? :== ay max{ B2 k| In |k ).

Proof: We first recall from Hypothesis 6 that v(k,) > § > 0, for some

linearly independent {k1,...,k,}. Hence, we have
zn: v(ky) cosh(n - k,) cos(§ - k) (VIL.14)
v=1
< Vév(m coshin ) — 5 min L1k}
< u(k,) cosh(n- k) — 8¢,
v=1

for some 0’ > 0, and we thus obtain
R{F,(n+i6)} < F.(n) — 0'¢. (VIL15)
Next, we observe that

= (1—e—7&mu(k) € Dy(1+Cr€?) € D,(14Cre?+C'8'?),
(VIL16)
for some constants C' and C’, by Theorem VI.1 and Corollary VI.2. Further-
more we remark that ¢2 > R?/16 > (ay/16)37Y/2. Using this observation,
(VIL.15), and (VIL.16), we get the following estimate,

Re{F,(i+i€)} < F,(i+i€) + CB2 < F(n) — 0& + Cp7/2

< 1 — (0 =C7—16C"Jayn)E* < 1 — (;52, (VIIL.17)

provided 7 and 1/ay are sufficiently small. We insert this estimate and
S (k) > Clk| into (VIL.13), which yields

‘/ _(§> exp|(1 — & + 7€)y (k) - k + i& - k| d"¢
[—mr)"X R 1 - Fw((l — e+ 1)y (k) + zf)
(1 e C exp[— C [k £%] d"¢
epl-(1-e)syw] [ &
< Oy exp[—(1—&)S¥(k)] k™, (VIL18)

IN
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as one easily verifies using the properties of R and choosing ay sufficiently

large.
O

Proof of Theorem VII.2 (continued): By Lemma VIL3 and (VIL.12),
we have
exp|(1— e+ 1) (k) - k + i€ - k| d"¢
rw = [ (5 1
[~rmr AR 1 — Fw((l — e+ 7E)n(k) + @5)
+ exp[—(1—&)Sy(k)] Ok ™), (VIL19)

where R? := ay max{ B=Y2 |k|7'In|k|}. Since || < 2R < 1 on the
support of the integrand in (VII.19), we can now find a smooth change of

coordinates & — ¢(£) = &+ O(|&]%), 0;dx(§) = . + O(I¢]), and 976(¢) =
O([¢]), for |a| > 2, such that

1= Fu((1-c+ T|€!2)77w( )+ i€)

— 1-F, ( >+1V E, ( 6)nw(/€)> - 9(¢)
1

—5(2(©). F"(( — )nu(k))(€)) - (VII.20)

Integrating first along the direction of V,F, ((1 — s)nw(k)) and using the
cancellation due to the sign change of the variable, we convert the integral
into an absolutely convergent one. Then, using the stationary phase method
as in [13] to compute the asymptotics of the oscillatory integral in (VII.19)
and taking ¢ — 0, we arrive at

Eu(k) = (1 + o(my—l)) eXp[—SiU(k‘)} (VIL.21)

Vo Fu(nw(k 7 N
( 2\ L) S >).
(det[02. Fu(mu(k))]) " (2m|K])

Now, the claim follows by absorbing the errors made by approximating
0°F,y (nuw(k)) = OF, (n,(k)) + O(37Y/?) and by choosing N > (n +1)/2.

]

A Admissibility of Example I.1[v]|

In this appendix, we prove Lemma 1.2, i.e., we justify that Example 1.1[v]
satisfies Hypothesis 3[ud], for all v > u. We recall that in Example [.1[v] the
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Hamilton function H;, is assumed to be of the form

Hp(z) = Y flz) + g Y e "D wy(a;,25), (A1)

JEAL i,jEAL

where v > 0, and g > 0 is sufficiently small, w;; = wj;, w; = 0, and
furthermore, for m = 1 or m = 2, f and {w;;}ijer, obey Eqns. (1.20).
Lemma [.2 is equivalent to the following one.

Lemma A.1. Let M, := 2"(1 — e~ */V™")~", for a > 0. Then, for any > v
and 0 < g < M;3/24, the Hamilton function Hy fulfills Hypothesis 3|ud),
with Cigsy = 2+ 12gM,,_,, and

ai(k) = by(k) = 3 &;()Ru. (A.2)

leA],
where ¢;;(1) and Ry are defined in (A.8) and (A.12) below.

Proof: Denoting by djw (resp. dow) the derivative with respect to the
first (resp. second) variable of w, the derivatives of H are given by

Hy(x) = f'(a) + 9> eyd(kl){alwkl(ﬂfkal‘l) +02wzk(xz,xk)}, (A.3)

leA],
H)(z) = ge_yd(i_j){alawz‘j(%ij)+3132wjz‘(93j71’i)}7 (A.4)
Hz”z($) = f'(z;) + g Z e_”d(i_l){ﬁfwil(xi,xl) +8§wli(xl,xi)}, (A.5)
leAL,

for k # k’. Furthermore, we note that, for v > 0,

Z e—cd(k) < Z e(_o‘zzzl‘k”v‘/ﬁ) < <2>n = M,, (Aﬁ)

kJEAL I;GZ" N 1 - eia/\/ﬁ
uniformly in L. Thus, using Eqns. (1.20), we obtain that

et | HY(2) = H0)] <3 &k) (IF @)l + £/ @)l?) (A7)

keAr,
where
5”(16) = 29 6_(1/_”) d(i_j) (1 — 5”) (5zk + 5jk‘) (A8)
+ 51]{5zk(1 + ng,) + g G_Vd(i_k)} .
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Next, we derive a bound that enables us to control the derivatives of the
form {|f’(xk)|m}keAL in (A.7) by {|H,’€(:v)|m} . By Eqn. (A.3), we may

estimate the differences by

keAr,

@) - Fa)] < 20 5 eI @IlHIF @) (A9

leAp\{k}

for each k € Ap. Hence, for m = 1,2 and k € Ay, we obtain from M, > 1
that

)™ < 3|Hi@)|" + 120M2 |f ()" (A.10)

+H12gM7 S e D ()|,
leAp\{k}

where we have used Schwarz’ inequality, in case that m = 2. Since M, > 1
in (A.6), this implies that

5 (8= Qu) (1@l + 17 @) < (|Ho@)| + |[m@[). @

leA,

for all n € Ay, where @ is the self-adjoint matrix on Cl*#! with matrix ele-
ments given by Qp := 12gM2e¥*=D_ Since these matrix elements only de-
pend on the difference k—{, the norm of @ is bounded by 12gM? 3 e, e~V dlk)
= 12gM3. Thus, for g < M;3/12, the matrix 1 — Q is invertible, and its
inverse R is given by the norm-convergent Neumann series

R = (1—62)_1 - 2@?. (A.12)

Since Qp, > 0, also Ry, > 0, and Inequality (A.11) is preserved under left
multiplication by R. That is, multiplying (A.11) by Ry, and summing over
n, we obtain

@)™ <3 Rin |[Ho(@)

leAy,

-

(A.13)

Inserting (A.13) into (A.7), we arrive at

D HY () — HI(0)] < kZA cii (k) (\H,g(x)\ + \H,g(x)f), (A.14)
with
Cij(l{?) = Z Elj(l) le . (A15)

leAy,
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It remains to check the summability condition (I.16). We first observe
that, for fixed 7,7 € Ay,

> k) = > () Ry = (Z 5@'(5)) <Z le)

keAr, kJleAr leAr, keAr,
- (X a0) (X ), (A.16)
leAr kleAL
since Ry, depends only on the difference k — [. Using the normalized vector
n € CALl .= |AL| 72, we estimate the sum of the Ry, as follows:
A (S Ru) = (| R0) < |R| £ —r  (AID)
e - - 1 — 12gM3
y L

Inserting (A.17) into (A.16) and summing over ¢ and [, we have
14 2gM, 4g e~ dii=j)
S k) < Y {5 F1-by)
ikEAL ! icAp 71— 12gM3 71— 12gM
1+ 6g9M,_,
1 — 12gM3°

(A.18)

for any j € Ap. Next, we note that &;(l) = d;4(1 + gM) + ge 74~V only
depends on the difference ¢ — . Similar to (A.16)-(A.18), we obtain

1+ 6gM,
. < Al
Z Cz](k) = 1 _ 12gM37 ( 9)

i,jEAL

for any k € Ap. m

B Self-adjointness of Dy

In this appendix, we show that Dy is essentially self-adjoint on Cg°(RM* ) ®
F;[CA2l under Hypotheses 1 and 2. To this end, we follow the strategy
in [15], p. 113. Since we assume that the function H is only C? we need
to adapt the arguments, especially the elliptic regularity. Still assuming Hy-
potheses 1 and 2, we derive some useful properties of Dy, in particular a kind
of integration by parts. This allows us to prove (I1.13). Using further some
results from [11], we also show (V.4). Here, we work in the representation

ALl

H o= PHN = (RN Fp[C]) (B.1)
N=0
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Lemma B.1. The Dirac operator, given by (11.11), is essentially self-adjoint
on Cge (RIAL], Fp[CIel]).

Proof: Tt suffices to show that each equation (Dy + ¢)u = 0, for u €
L? (R'AL‘,]—" f]), in the distributional sense, implies u = 0. (Here and hence-
forth we abbreviate F; := F;[C/A21].)

First, we note that, for v € C§° (R'AL|, ]:f),

Dyv = Dgv + Mygv, (B.2)

where Dy = Dy for H = 0 and where My is a multiplication operator by
a matrix with C! entries. Let v € L? with (Dy 4 i)u = 0. Since Mpu €

L} (R'AL|,ff), we see that (Dyti)u € LIQOC(]R‘AL', ]—"f). Since, for any integer

loc

Y

-1
(D3 + 1)« HF(RMLFy) — HM2 (R 7y (B.3)
is bounded (H* being the k" Sobolev space), we have that

(D2 +1) x(Dotiju € H*(RA:L, ), (B.4)

for any y € Cg°(RI*:l C). Since the commutator [y, Do) is a multiplication
by a bounded matrix, we find that

(D2 + 1) (Dotijyu € H (R, 7). (B.5)
Thus, the following equality in H* (R'Aﬂ,}" f),

(Do F)(DE +1) x(Dotiju = (DoFi)(DE +1) [x.DoJu (B.6)
+ (Do F)(D3 + 1) (Do i)xu

holds, and the last term equals in fact yu. This yields yu € H* (]R'AL‘,]-" f)
and u € Hj, (R Fp). Since CHRIEL 7)) © HEL (RIML Fy ), Myu €
H}OC(RML‘,]:f). Following the previous lines again, we prove that u €
HE, (R 7).

Now, let f € C°(RIAI R) with f(z) =1 for |z| <1 and f,(z) = f(z/n). A
direct computation shows that

(D) fu = D@ Tu+ 0 (B.7)

— (Zﬁ (O, [)(x/n) ® (c;—cj))u.

JEAL
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Thus

el + [Pl < g sup| O Ml (B)

Since the norm of f,u converges to the norm of u, as n goes to infinity, we
obtain u = 0. 0

Lemma B.2. ("Integration by parts.”) The domain of Dy is D(dg)ND(d5),
where

Ddn) = {ue L(RM, F(c) ‘dHu e LR, Fyc )}

D) — {u e L(RA, F () | dyu € Lz(RAL',;Ef[CALl])} .

Moreover D(D?%) C D(Dy) and, for u € D(D%) and v € D(Dy),
(Diulv) = (Dpu|Dyv) = {dyuldgv) + (djuldjv) . (B.9)

Proof: We follow a standard argument, e.g., given in [10]. Let u € D(Dp),
fm(x) == f(x/m), and F,(x) := nl*Ll f(nx), where f € C°(R™ 1[0, 1]), as
in the proof of Lemma B.1. Define

(@) = (fn(Fox ) (2) = ful2) [ Fuly = @) u(y)d™ly.  (B.10)

Then u,,,, € C(RALl: F;), and thus we have that
i i

| degttman | + | (B.11)

%
dHum,n - H DHum,n

Since limy, p—oo Umn = w (the order of the limits is irrelevant) and Dy is
closed, it follows that lim,, ,—.coc Dgtm,, = Dgu. Next, as in the proof of
Lemma B.1, we have that
# " Gy
| i = fmdfi(Fuxu) | < - (B.12)
for some constant Cy, since [df}, f.] = O(m™1), where d¥; = dy or df;, = d;.
Similarly, we observe that

dfy (B u)(x) — (Fy o+ djju)(z) (B.13)
N /F”(x_y) > (Hi(x) = Hj(v))(cf u)(y) d™ly

JEAL
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Therefore, for any ¢ € H, an application of Schwarz’ inequality yields
(| fon (A (Fr ) = (Fox dfyu)) )| (B.14)

A sup {max |H(’-(x)|}

S %,
N jg|<m+1 “HIEAL J

/Fn(af =) lp(@)ll, lu(y)ll d*+x d ey

Cy(B,L,m
< GOB) o,

for some constant Cy(3, L, m). Choosing the number m € N sufficiently large
such that C7/m < /2, and afterwards choosing n € N large enough so that
Co(B, L,m)/n < e/2, we observe that for any given € > 0 we have

Hdﬁumn — fm(F, * du) H < e, (B.15)
provided that m and n are sufficiently large. Therefore, dyu, dj;u € H and

il + aiul” = | Pan 10

Thus D(Dy) € D(dy) ND(d};), and since the opposite inclusion is trivial,
we have that
D(Dy) =D(dy) N D(dy) . (B.17)

The remaining parts of Lemma B.2 are now an immediate consequence of
this fact.
O

Lemma B.3. For sufficiently large 5 > 0, the kernels of the Dirac operator
Dy and the Witten Laplacian Ay := D? are given by (II.13), i.e.,
Ker{Dy} = Ker{Agx} = C- (e_ﬁH ® Q) . (B.18)

Proof: First, we note that Ker{Dy} C Ker{D%}, since Dy is self-adjoint
(see [12]). Second, we observe that e ## @ Q) € Ker{ Dy}, and hence we have

span{e P @ O} C Ker{Dy} = Ker{D?%} = Ker{Ay}. (B.19)

Theorem III.1 implies that Ker{Ag} = Ker{A}, for 8 > 0 sufficiently large.
Furthermore we recall from Eqn. (I11.22) that

A>AVe1 4 GrLleN.. (B.20)
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Since the number operator N act as multiplication by the form degree,
(1 ®@Np) | = (1 ®1)|4w, we conclude that

Ker{A} = Ker{AW}®Q C () Ker{Z;(H)} ®9Q. (B.21)

JEAL

So, if f € Njea, Ker{Z;(H)} then fi(x) = —Hj(x)f(z), and elliptic regular-
ity tells us that f € HY (R:) 0 L2 (RIAL)), since H) € C*(RIAL]). Moreover,
ePHf e m2 (RAL) and

Ve (eMf) =0, (B.22)

which implies that e’ f = const, and this in turn gives f € span{e ?#}.
]
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