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ABSTRACT. The Nagaev-Guivarc’h operator perturbation method is well known to provide
various probabilistic limit theorems for Markov random walks. A natural conjecture is that this
method should provide these limit theorems under the same moment assumptions as the optimal
ones in the case of sums of independent and identically distributed random variables. In the
past decades, assumptions have been weakened, without achieving fully this purpose (achieving
it either with the help of an extra proof of the central limit theorem, or with an additional € in
the moment assumptions). The aim of this article is to give a positive answer to this conjecture
via the Keller-Liverani theorem. We present here an approach allowing the establishment of
limit theorems (including higher order ones) under optimal moment assumptions. Our method
is based on Taylor expansions obtained via the perturbation operator method, combined with
a new weak compacity argument without the use of any other extra tool (such as Martingale
decomposition method, etc.).

1. INTRODUCTION

Let (X;)n>0 be a Markov chain with values in €, with transition operator P and with sta-
tionary measure p and f: Q x Q2 x E — R be a measurable function. Let v be the distribution
of Xo (i.e. the initial distribution of the Markov chain). We set P, for the Markov distribution
with transition operator P and initial probability measure v. We are interested in the study of
the Markov random walk (Sy,),>1 given byE|

n
Spi=>_ Yy with Yy = f(Xp_1 X5, Zg) ,

k=1
where Z; are independent and identically distributed (i.i.d.) random variables independent of
(Xk)r and with common distribution P. We assume moreover throughout this article that Y;
is centered with respect to P, ® P. Our goal is to establish probabilistic limit theorems for
(Sn)n>1 under moment assumptions known to be optimal in the case of sums of independent
and identically distributed (i.i.d.) random variables. Recall that if (Yj)r>1 were a sequence of
centered i.i.d. random variables:

e If Y7 € L?(p), then the usual central limit theorem (CLT) holds true : (S,/v/n), >
converges in distribution to a centered Gaussian random variable W with variance E[Y??],
with density hyy.

o If Y7 € L2(p) is Z-valued and satisfies some non-lattice condition, then the usual local
limit theorem (LLT) holds true: P(S,, = k) ~ hw(k/\/ﬁ)n_%, uniformly in k € Z.

e If Y7 € L3(11) and satisfies some non-lattice condition, then there is a first order Edge-

worth expansion: PP (% < :L') =POW <a)+ 280 (2) + o(n_%), uniformly in z € R,
2
where B is a polynomial function. "
o If Y1 € L"2(p) is Z-valued and satisfies some non—lattice condition, then there is an
147

expansion of order r in the LLT: P (S, = k) = hpw(0)n 3 PR T/QJ A4 k) +o(n”2),
where A; is a polynomial function.

o If Y} € L™2(pu) satisfies some non-lattice condition as well as some diophantine condition
of the form E[e*1] < e=ClsI™ for all 5 large enough (see [8]), then there is an Edgeworth
expansion of order r: P (S—” < x) =PW <z)+hw(z)d" ‘B]’g;) +o(n~2), uniformly

n

NG

in x € R, for some polynomial functions B;.

lwe explain in appendix that this notion includes the discrete-time Markov additive processes considered
in [24].
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We will establish such results for Markov random walks. We will also investigate other results
such as

e convergence to a stable distribution in the multi-dimensional setting,

e local limit theorem for observables with values in Z%, including the case of convergence
to stable distributions,

e expansions in the LLT for non Z-valued random variables.

We will state general results in the context of geometrically ergodic Markov chains and will
illustrate all of them on a toy model of Knudsen gas. Let us recall that the Markov chain
(Xn)n>0 (or equivalently its transition operator P) is said to be geometrically ergodic on some
complex Banach space of functions By if its transition operator P satisfies

3 €)0,1[ [P" — Eullll g,y = OW"). (1)

As a consequence of our general results, we will prove limit theorems under optimal moment
assumptions. We illustrate our results on classical families of Markov random walks (for p-
mixing, V-geometrically ergodic Markov chains or Lipschitz iterative Markov chains) and obtain
in particular the following result.

Theorem 1.1. Let m > 2 and k > 0. Assume one of the following conditions holds true:

e cither P is p-mizing, v = p and Y1 € L™ (P, @ P) centered;

e or there exists ¥ €]0,1[, C > 0 and an unbounded continuous function V : Q —
[1,+00[ such that E,[V] 4+ E,[Vm] < co and HWH < CO| - /V|loo- Assume
Sup(z e E | f(2,y,Z21)["] /(V(2) + V(y)) < o0, Y7 is centered with respect to P, @ P.

. OT'%Z,CZ) is a non-compact metric space, P(g) = Elg(F(x,0))] with 6 a random variable
and| with F(-,0) : Q — Q strictly contracting, f : Q — R is Lipschitz continuous (we

consider here Y, = f(X,)) and E [d (mo,F(azo,G))(TH)} + E,[d(x0,-)"] < oo (for some

fix zp € Q).

Then (Sp/+v/N)n>1 converges in distribution to a centered Gaussian random variable with vari-
ance matric Y, ez Cov,gpen (Yl, Y|n|+1> Assume moreover that f is non-lattice (either in Z%

if we precise that f takes its values in Z¢ or in R otherwise). Then

(i) If f is Z%-valued, then (S,)n>1 satisfies the local limit theorem (LLT).
(ii) ifd=1, k > m—1, and m > 3, then (Sy)n>1 satisfies a first order Edgeworth expansion.
(iii) ifd=1, k >m—1, m >r+2 and if f is Z-valued, then (Sp)n>1 satisfies a LLT with
expansion of order .
(iv) ifd=1, k >m—1 and m > r + 2, and if some diophantine condition is satisfied, then
there is an Edgeworth expansion of order r and also an expansion of order v in the LLT.

A simple case in which the diophantine condition holds true is if E[e*Y1]| X, X;] < e ClsI™"
for all s large enough and for some o > 0 (with the additional assumption that r < o~ + % for
r-order Edgeworth expansion). Let us indicate that other examples in compact situations are
given in [9].

This result will appear as an application of general results for Markov random walks, that
are consequences of Taylor expansions for eigenprojectors and for the dominating eigenvalue of

2Actually, we state a much more general result (Theorem ) under weaker assumptions on F' and f.

3In this manuscript, given two d-dimensional square integrable random variables A = (A1, ..., Aq) and B =
<Cov(Ai,Bj)+Co'u(Aj,Bi))
2

(B1, ..., Baq), we write Cov(A, B) for the symmetric matrix
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the operators P, obtained from the transition operator P by Fourier perturbation (P and P,
acting on some complex Banach space B1). The use of operator perturbation techniques to prove
probabilistic limit theorem is usually called the Nagaev-Guivarc’h method in reference to the
seminal works by these two mathematicians [35, B6] 16] (see also [30] and [19]). This method
was first implemented in the case of nice bounded observables so that t — P, € £(B;) is smooth
(continuous, C¥, analytic) implying the smoothness of the eigenprojectors. The Keller-Liverani
theorem [3I] strenghen this approach making possible the study of the case of unbounded ob-
servables for which ¢ — P, € £(B;) is not continuous (see also [LI] for a presentation of this
method in french). The idea consists in considering two Banach spaces B1 C By (with continuous
inclusion) and then in using the continuity of ¢t — P, € £(B1, B2) to prove the continuity of the
eigenprojectors as elements of £(B1, Ba).

In [22, 23], Hervé proved a local limit theorem and a Berry-Esséen estimate (i.e. an edge-

worth expansion with error in (’)('rf%)) for geometrically ergodic Markov chains (including
V-geometrically ergodic) under the optimal assumption by proceeding in two steps: he first
establishes the central limit theorem (CLT) using another method (using a martingale approx-
imation, @ la Gordin [13]) and then deduces from this result an expansion for the dominating
eigenvalue, the continuity of the eigenprojectors being ensured by the Keller and Liverani the-
orem. This argument was reused in [26]. This method relies on the fact that we both have the
continuity of the eigenprojectors and a proof of the CLT by another argument. Note also that
it can only work for limit theorems using only the first non null derivative of the dominating
eigenvalue \; of P;, that is the dominating term of \; — 1 as ¢ goes to 0 (remind that the geo-
metrically ergodicity implies that A\g = 1 is the single dominating eigenvalue of P and that it is
simple with only constant eigenvectors). As soon as we need more derivatives, we have to find
another way.

The idea that continuity of the eigenprojectors and the first order term of A\; — 1 as ¢ goes to 0
are enough to prove convergence in distribution as well as local limit theorems has been imple-
mented to prove convergence to stable distribution or gaussian distribution with non standard
normalization in [I},[89] in the context of dynamical systems (chaotic billiards) and in [I7] in the
context affine random walks.

In [26], motivated by the establishment of further probabilistic limit theorems in Markovian
context under the weakest possible moment assumptions, with Hervé, we extended the continuity
statement of Keller and Liverani in a C"-smoothness result. This approach enabled us to prove
some limit theorems under suboptimal assumptions, with an additional € in the moment-type
assumptions. In particular, we proved the first order Edgeworth expansion under the suboptimal
moment assumption m > 3. The general C"-perturbation theorem of [26] was later used again
in [24] and [25] in the context of Markov random walks and M-estimators, respectively.

In the present paper, using carefully a new weak compacity argument, we obtain the limit
theorems under the optimal moment assumptions without requiring an extra probabilistic argu-
ment (such as martingale approximation). In Section [2] we present the key ideas with a focus on
our new argument. We state in Sections[3|and [4] general results on quasi-compactness and Taylor
expansions (in t) of the resolvant and so of eigenprojectors for general families (P;); of continuous
linear operators. The last sections are devoted to the general context of Markov random walks.
In Section [p, we establish Taylor expansions for the dominating eigenvalue. Probabilistic limit
theorems are then infered in Section @ (CLT, LLT, higher order expansions in the Berry-Esseén
theorem as well as in the local limit theorem) with the use of the general results of [10]. In
Section [7] we state probabilistic limit theorems in a general context of Markov chains and apply
it to examples, proving in particular Theorem Actually, Section [7] contains more general
results (especially for Lipschitz iterative models). We end this article with an appendix, in which
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we explain how the Markov additive processes studied in e.g. [24] are in the scope of the present
work.

2. OVERVIEW OF THE KEY IDEAS OF THE PROOFS

The key idea of the Nagaev-Guivarc’h method [35, [36] [16] consists in

e noticing that
Ep,gpen(e™] = E,[P(1)],

and more generally that
Ep,oper [9(Xo) € h(X,)| = B, [g P ()] ,
with
Pih)(a) = [ P00 (@) dP(w) = B [ h(X0)| Xo = 2] |
E

e using the fact that the geometric ergodicity of the Markov chain (see ), i.e. the quasi-
compactness with single simple dominating eigenvalue 1 of P on some Banach space
Bll

30 €]0, 1], (1P = Epulllzs,) = OW0")
will imply the one of P, for small |t| with a uniform bound:

1 €]0,1[,  sup [|[B — N Lllz(m,) = OWT), (2)
[t|]<b
with A; € C the dominating eigenvalue of P; and with I, € £(B;) the corresponding
eigenprojector,
e in proving the smoothness of t — A; and of ¢ — Iy,
e infering the probabilistic limit theorems using characteristic functions as in the case of
sums of i.i.d. random variables.

In this whole paper, we will work with different Banach spaces satisfying some continuous
embedding property that we introduce now. For two Banach spaces (Bj, || - [|(;)), j € {1,2}, the
notation By < By will mean that By C Bz and || - [|i2) < || - [|(1)-

In [31], Keller and Liverani proved that when ¢t — P, € L£(B;) is not continuous but only
t — P, € L(B1,By) is continuous with B; < Bs, it may still be possible to implement this
method to get and the continuity of ¢ — II; € L£(By, B2).

This idea has been extended in [26] to prove the C"-smoothness of ¢ — II, € L£(By,B2) and
of t = X\, € C. To this end, assuming Y; € L™ and exploiting actually only the fact that
Y1 € L™, we worked with a double chain of Banach spaces:

By < By = By < By < ... = B, < B, — L

such that t — P, € E(Bj,gj) is continuous and such that t — P, € E(gj, Bjtm) is C™ with P,
acting quasi-compactly on each B; and [37]-, It is proved in [26] that the resolvant and so the
eigenprojectors are C" as elements of L£(B;, gj+m) and that ¢ — A; is also C".

This way of proceeding allowed us to prove limit theorems under suboptimal hypotheses (typi-
cally Y7 € L""¢ when the optimal condition in the i.i.d. case was Y7 € L"). This was already a
great improvement, but was not totally satisfactory because of the additional € in the moment
assumptions.

We present here an approach that allows to obtain the optimal moment assumptions. Before
entering deaplier in the presentation of the operator method used here, we explain the key ideas
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making this adaptation possible (in particular a new key weak compacity argument in P com-
bined with tailored adaptations of the chain of Banach spaces). Assuming Y7 € L™, we work
with a single chain of Banach spaces:

By By < By < ... < By — L

such that the operators P; are quasi-compact on By, ..., 5, and such that ¢t — P; admits a Taylor
expansion with error in O(t™) in L(By—m, B;), and with an error in o(t") in L(By_m, Br+1)-
Compared to [26], we establish (see Proposition Theorem [5.5 and Corollary [5.6)):

e Taylor expansions for eigenprojectors
— take the first space By to be the space of constant functions which is preserved just
by P, we do not assume that P, acts on By (gain of space at the begining of the
chain),
— replace C"-smoothness of t — P, and t — II; by Taylor expansions with error in
O(t") in L(By, B;), and with an error in o(t") in £(Byp, Br+1) (gain of space all along
the chain, gain of space at the end of the chain for the estimate in (’)(tT)),ﬁ

41
— choose the spaces B; so that B; — L 7,
e Taylor expansion for the dominating eigenvalue by a key weak compacity argument

— The o(t"*1)-Taylor expansion of the dominating eigenvalue will follow from an o(t")-
Taylor expansion of E,,[IT;(1)] and from o(¢"+1) Taylor expansions of E,[(e?/ — 1)]
and of E,[(e™/ — 1)(II; — Mo)(1)] (Fact . The main issue is to prove this last
expansion. But, to this end, only r-order Taylor expansions of ¢/ — 1 and (I, —
ITp)(1) will be needed. '

— o(t"*!)-Taylor expansion of E,[(e®/ — 1)(II; — IIp)(1)]: make an o(¢")-Taylor ex-
pansion of (e"*/ — 1) and study individually each term EM[(itlg)k (IT; — Ip)(1)], for
k=1,..,r.

— o(t"t1)-Taylor expansion of ]Eu[(it]g!)k (I, — Tp)(1)]: first use an O(t"+'=*)-Taylor
expansion of (IT; — IIp)(1) € B,4+1_ to prove weak compacity in the reflexive space

1
tr-‘rl—k’)

]Lril%k, second use of -Taylor expansions in B,;; < L!(u) to identify the
weak limit. Conclude.

— gather the terms and conclude the desired o(t"*1)-Taylor expansion of E,[(e®/ —
DI, — o) (1),

— The o(t"*!)-Taylor expansion of E,[(e®*/ — 1)] and the o(t")-Taylor expansion of
E,[II;(1)] follow directly from the corresponding Taylor expansions of respectively

(e — 1) in L' () and T,(1) in Byyq < L2 (p).

3. QUASI—COMPACTNESS AND PERTURBATION

Let B; be complex Banach space. We write £(B;) for the set of continuous linear operators
on B;. For any continuous linear operator P € By, we write p(P) for its spectral radius and
pess(P) for its essential spectral radius. Recall that the operator P is said to be quasi-compact

if pess(P) < p(P).

Theorem 3.1 (Browder [4]). Let P € L(B;) be quasi-compact. Let v €|pess(P), p(P)[. Then
the spectrum of P outside B(0,7) consists in a finite number of eigenvalues A1, ..., \s (isolated

AL et us indicate for completness that, in our examples, it has been proved in [26] that t — P € L(Bo, Br+1) is
C". Indeed, in these situations, there is a continuum of Banach spaces and so the space between B, and Br4+1 (to
get o(t")) can be spread along the chain to add spaces gj, up to slightly moving the spaces By, ..., B,. Nevertheless
we do not need this smoothness but just the Taylor expansion with error in o(t").
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in the spectrum of P) and there exist positive integers my, ...,ms such that
B = @jzoé’j, with P(&;) C & and ||P|’§OH =0r"),

with, for all j =1,...;s, & = ker(P — X\;1d)™ and dim(€;) < co. For every j =0, ..., s, there
exists a continuous linear projection Ilj; : By — &; such that

> Uy =1d, Pl =P, TyTly = 6,10
j=0
and

© 2ir

1
Vn >0, Pl = / 2"(z1d —P) tdz, (3)
L

with Ty an oriented circle C(0,79) containing no \j and with ro < r, and with, for j =1,...,s,
I'; an oriented circle C(\;,r;) C C such that \j is the only spectral value of P contained in the
closed disk D(\;,7i].

If moreover mj; =1 for every j = 1,..., s, then

P =Y " X'y + Py, with | P"g || = O(").
j=1

We consider now a quasi-compact operator P € £(B) with simple peripherical spectrum and
a family of quasi-compact operators (Pt)|t|<5 such that Py = P and admitting the same type of
decomposition as P:

S
Pl =3 NI, + NP, with [N = O(")
j=1

with A;; contained in the open disk D(\;,7;[. We will use the Keller-Liverani perturbation
theorem recalled at the end of this section to prove that the family of operators we are considering
satisfies this property.

Due to Theorem the regularity in ¢ of the eigenelements IIj;;; of P will follow from the

regularity in ¢ of the resolvant (z Id —P;)~! uniformly on z € Uj=o I'j. Such results will be stated
in Proposition thanks to Theorem (Keller-Liverani perturbation theorem).

As explained in Section [2| we will deduce from this an higher order Taylor expansion for the
dominating eigenvalues due to the following key formula.

Fact 3.2 (see [I], or [2I]). In this context (assuming m; = 1), if v; € ker(P — \;1d) and
@j € ker(P* — \;1d) are such that p;(vj) = 1 and that t — @; o Ilj;) (vy) ds continuous, then
Pr(pj¢(vy)) = Nje (I, (v5)) and, for t small enough, ¢;j(Ij;4(vj)) # 0, and so

o5 (P = P)(1}54(v;)))
©; (H[j},t(vj))
where we used the fact that p; 0 P = \jip;. Since Tl = p;(-)v;, it follows also that
o ((Pt - P) (Hm,t(vj) — Ty (H[j],t(vj))))
©; (H[th(Uj))

o5 (P = P)(1d Tl ) (TT}5, — TIgy) (v;))
@) (H[j},t(vj)> |

)

PYPp

At —Aj = ¢j (P — P)v;) +

= @j (Pt = P)v;) +
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In Theorem below, an auxiliary space Bs is used to study the spectral properties of a
family of continuous linear operators acting on B;.

Theorem 3.3 (Keller-Liverani perturbation theorem, see [31] and [I1]). Let V' be a neighbour-
hood of 0 in RL. Let (P)icy be a family of continuous linear operators on a Banach space
(B, || - l(1y)- Let (Ba, | - [l(2)) be a Banach space such that By — Ba. Assume that there exist
positive real numbers C > 0, R > p(Py) and r €|pess(Po), R[ such that (P;)iev satisfies the
following uniform Doeblin-Fortet type inequality

VeeV, Vf € B, Vn=20 [[F'fllq) < Crfllq) + B[ fll2) - (4)

Assume moreover that Py € L(Bz). Let € €]0,R —r/2[. Assume Py € L(B1) has eigenvalues
A[1]s - Apm) of modulus strictly larger than r + 2¢ (here the eigenvalues are repeted with their
multiplicities), and with no other eigenvalues of modulus larger than or equal to r + ¢. Assume
moreover that t — Py € L(B1,B2) is continuous at 0. Then there exists a neighbourhood U of 0
contained in V' such that, for any t € U, P, € L(B1) is quasi-compact with pess(P;) < r+ ¢ and
with eigenvalues Ay 4 -..s Aym),¢ 0f modulus strictly larger that r + ¢ and such that, furthermore,

sup |(z1d —Pt)*lHL(Bl) < 400,
teU, z€C:r+e<|z|<R+te, infj |z=Ay)[>e

lim sup (21d—P) "' — (2 1d —Pp)~* =0,
t=0 2€C:r+e<|z|<R+te, inf; [2—A[;)|>e HE(BLBE)
and, for all j=1,...,m,
Hm Ay = A,

vteU, dim Y [ ker(P — \i¢ld)" = dim | ker(P; — A 1),
i:Ai=X\; k>0 k>0

=0,
L(B1,B2)

Oy — > M
ERYEDN]

tg [Ty = Moy, ) =0 and liny

L(B1,B2)

where Il ; are the projectors associated to Py € L(B1) and \;y as considered in Theorem .

This theorem ensures that
m
P = > PMIy. | + N,
j=1

with Ny := P, o Iy, satisfies sup, || N]'||lz5,) = O ((r +¢)"). It will be crucial to notice that
in the particular case where all the characteristic spaces Uy>qker(F — Ay Id)* consist only of
eigenvectors, then this decomposition can be simplified in

P = (Z ’\[T;Ltn[j],t) N

=1

SWe call it Doeblin-Fortet type inequality in reference to [6].
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4. TAYLOR EXPANSIONS FOR THE RESOLVANT AND EIGENPROJECTORS

The continuity in t € R of the eigenprojectors stated in Theoremappears as a consequence
of the continuity in ¢ of the Resolvant R, ; := (z1d —P;)~! of P, due to Formula (taken with
n = 0) providing an expression of I+ as an integral of (21d —P;)~'. In the present section,
we establish higher order Taylor expansions for the Resolvant t — R, ; = (21d —P;) ™, that will
imply immediately the corresponding Taylor expansions for ¢ — Il ; thanks to . This section
is devoted to the proof of the next result providing Taylor expansions of the resolvant. This result
contains estimates of orders 0 and 1 (useful to establish the convergence in distribution to stable
distributions for non square integrable observables) but also higher order Taylor expansions for
the resolvant. Since our result holds true in multi-dimension, we need to introduce some different
notions related to the multilinear forms appearing in multi-dimensional Taylor expansions.

We write B¢ = (B1)? for the set of d-dimensional vectors with entries in B;, and more generally
Bgm for the set of k-linear maps on (R%)¥ with values in By, and we identify its elements H with
H = (hiy,.ip)iv....ip=1...d- We write t¥™ for (t;,...ti,, )iy....im=1....d and . for the scalar product.

Finally, for any H") e £(B;, B;l@’m) and H® e L(B;, lem), we write

1

(2) 1. (2) (1)

e ((m+k)! Z Hia<1>:~--via<m>Hio<m+1>a---’ia<m+k> ’
Wy =1,eensd

0€G 1k

where we write as usual &, for the set of permutations of {1, ..., m+k}. Note that, with these
notations, H? @ HM) € £(B;, Bgl®m+k) and that (H® @ HD).1@k+m) — (H(2) 18k (1) 1&m),
In dimension 1 (when d = 1), ® as well as . both correspond to the usual product, t¥™ simply
to t™ and B@lm to By.

Proposition 4.1. Let § > 0, I' C C and r be a nonnegative integer. Let (Bj, || - |/(;)), j €
{0,...,7 4+ 1} be a chain of (r+2) Banach spaces, increasing in the sense that B; — Bji1 for all
j=0,...,r. Let (P be a family of linear operators acting continuously on By, ..., By11 (for all
t € R? such that |t| < 6). Assume P = Py acts continuously on By and that

Ko:= sup  supsup ([[(z1d=P) " s, + (14 =P) " gsy)) < 00 (5)
J=Lyr 1]t <6 z€T

Let (Pék))kzo,”_vr be a family of operators such that, for all k =0,...,7, Pék) € ﬂ;;gE(Bj,BﬁZ)
and such that Péo) =PFy. Then
(A) forallj=0,..,r,

|z1ra=P)~t = (z1a—P)!||, < K3 P = Plles, 5,1, - (6)

5,Bj+1)
(B) If r =1 then, setting P} = Pél),
|(z1d=P)7! = (z1d=P)" = (:1d = P) "' (Py)(z1d —P) !

L£(Bo,B2)
< Kg HPt - P- P(;-t”L(BO,BQ) + |t‘ KgHPt - PH.C(Bl,Bg)HP(SHL(BO,Bf) : (7)
(©) Iff
r—j P(k) )
Vi=0,.,m, |[P=) ;21 Lo < Kqt|"7,
k=0 £(B;,Br)

6Note that B, +1 does not play any role in this result and thus we can take B,+1 = B,.
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then there exists a constant K, which is given by a polynomial expression in Ky, K1 such
that

(z1d—P) ! — (21d —P)~ ZRU 121 < Kt

L(Bo,Br)
for all [t| <6 and all z € T', with

Ri’?% = (ZId—P)_l Z Ak(g@"'@A/ﬂ?
0>1k1,...ke>1 k1+.. .+ kp=]
and Ay := (z Id - P) ﬂr ( Bdw)

(D) If for all j =0,...,7, — > b J PO 1%k = o(|t|"7), then, on L(Boy, Bri1),

L(B;,Bri1)

(21d—P,) "' — (:1d —P)~ ZR U) 197 = o(|t|")
uniformly in |t| < 0 and z € I', with the same notations as in the previous item.

It may be worthwhile to note that
R 4% = (21d —P) ! 3 (Ap, £5F) - (A, 1251 .
0>1k1,.. ke>1 k14 ke=]

Since, in our examples, P; will have the form P(e®f.), the Taylor expansions of t — P, €
L(Bj, Bj+m) will be proved using Taylor expansions in t of t + (e//.) € L(B;, Bj+m) and the
operators PU(Z) will have the form PO(K) = P((if)®").

Remark 4.2. In practice we will prove the first part of Assumption (about the control
of ||(z1d _Pt>71”L(Bj)) by applying Theorem with Banach spaces Bj — Bjy1 for all j =
1,...,7+1 and thus we will need a (r+3)-th Banach space Byo. For the second part of Assump-
tion (control of ||(z1d —P) ™| z(5,)) a useful idea (used several times in applications) will

be to take the eigenspace associated to the dominating eigenvalue (in our applications, it will be
the space of constant functions).

We could have stated the previous lemma in a much more general way by replacing Pék).t@)k

by ax and Ag.t®* by Lit(zId-P)"t e ﬂ;;g L(Bj,Bj+¢). We have not chosen this presentation
since we do not have application in mind, except maybe the case of convergence to stable distri-
bution, but for which in practice Item (A) is enough (see Proposition and Example |5.12)).

Proof of Proposition [{.1. We will use the following key identity
(2Id=P)" ! — (21d—P)™' = (21d—P,) Y, — P)(z1d—P) .
Observe that Item (A) is a direct consequence of this identity. Analogously
(2Id=P)™t — (21d=P)"! = (21d —P) " Y(P}.t)(21d —P)*
= (2z1d—P) " YP, — P)(z1d—=P)™' — (21d —P) "} (P}.t)(z1d —P) !
= (:1d—P)"Y(P,— P— Plt)(z1d—P)"" + [(zld —P)t—(z1d —P)—l} (P).4)(z1d —P)

The first term has norm less than K2 ||P, — P — PO/'tHE(BO B,) i L(Bo, Bz) and the second one
can be rewritten

(z1d —P) " Y(P; — P)(z1d —P) "' (P}.t)(z1d —P) !
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which ends the proof of (B).
To establish (C), we prove by induction on m = 1,...,r that

m—1 ) )
Rz,t - RZ,O - Z Ri{%.t(@]
j=1

< Knlt|™, (8)
L(Br—m,Br)

for all |t| < 0 and z € I'. Due to Item (A) applied with j =r —1, holds true for m = 1 with
Ky =K K§. forall |t{ < §and 2z €T.

Let N =2,...,r. Assume holds true for all m =0, ..., N — 1, and let us prove it holds also
true for m = N. Observe that
Rz,t - RZO = th(Pt - P)RZ,O

N— 1P(k)
Z 15 R0 + O(tIY)

N— - N—-1
Z - zO -Ak t® +RZO Z Ak t®k+0(|t|N) (9)

k=1

in L(B,_n, B,), with O([t|") bounded by K2 K7 (uniformly in t, z). Recall that A, € L(B,_n, Bf%?wrk).
It follows from the inductive hypothesis that, for any k =1,..., N — 1,

Ret— g = > R Ag 155) -+ (A £551) 1 O(JH1 V)
0>1,k1,. ko> k14 ke <N—k—1

in £L(B,—N+k, Br) uniformly in ¢, z. Using this formula in the first sum in the right hand side of
(9) ends the induction and so the proof of Item (C).

It remains finally to prove Item (D). To this end, it is enough to prove by induction on m = 0, ..., 7
that, on L(B,—m, Br+1),

Rt — Rao— > (21d —P) 7 (Ag, £75) - (A, t%) = o(jt™) - (10)
021,k1 k> 1 k4o kg<m
uniformly in || < § and z € I'. This is true for m = 0 since
Rz,t - Rz,o = Rz,t(Pt - P)Rz,o = 0(1) s
on L(B,, B,+1) uniformly in ¢,z. Fix N = 2,...,r. Assume for all m =0,..., N — 1 and let

us prove it holds also true for m = N. Observe that
Rz,t - RZ,O = Rz,t(]jt - P)Rz,()

=R i i 1R +o (1Y)
2t k! 2,0

N N
= Z (Rz,t — RZ70) Ak.t®k + RZ70 Z Ak.t®k +o0 (|t|N) ,
k=1 k=1

in £L(B,_n,By41) uniformly in ¢,z. Recall that Ay € /J(BT_N,BﬁQjI;\Hk). It follows from the
inductive hypothesis that

Rz,t — RZ,O — Z RZ,O(Ath@)ke) e (Ak1t®k1) + O(It’N_k)
0>1,k1,..,ke>1k14.. 4k <N—k

in £(B,_ N+, Br41) uniformly in ¢, z. This ends the proof of Item (D) and so of Proposition [4.1]
U
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To make easier the comparison with previous works, let us recall the result of [26, Appendix
A] about C"-smoothness.

Proposition 4.3 ([26]). Assume there exists a double chain of Banach spaces
Bgc—>l§0<—>81<—>l§1<—>...<—>l3¢<—>l§r.

Assume (Py)iey is a family of linear operators acting continuously on all these Banach spaces
(with U an open subset of R?) such that

sup supsu zId—P,)~! N [Id=P) Y. 5 ) < oo,
J'=0,P.,rte(5)ze?(”( t) HL(B]) I ) Hﬁ(@'))

and such that t — P; € ﬂ’;:OE (Bj,gj) is continuous on U C R® and such that t — P, €

M=o (gj,8j+m) is C™. Then t — (z1d—P,)~' € L(Bo, B,) is C", with derivatives at 0 given
by the Taylor expansion established in Proposition |4.1].

Proof. This result follows directly [26, Proposition A] applied with I = JJ.,{B;, gj}, To(Bj) =
gj, Ty (EJ) = Bj+1 (up to identify I with a subset of R). O

5. EXPANSIONS OF FOURIER EIGENPROJECTORS AND EIGENVALUES IN MARKOVIAN OR
DYNAMICAL CONTEXTS

5.1. General context and toy model. In this section, we will see how the general results of
Section {4| can be implemented to study dynamical or markovian random walks (Sy,),>1 defined
as follows.

Hypothesis 5.1. Let (Q, F,u) and (E,T,P) be two probability spaces.

(I) either X,, = T™ where T : Q — Q is a p-preserving transformation, with transfer
operator P and f : Q x E — R? is a measurable p @ P-centered function. We consider
v a probability measure on ) absolutely continuous with density h with respect to p. To
unify notations with the markovian setting, we also set P, = p and f(x,y,w) := f(y,w).

(I1) or (Xn)n>0 s a Markov chain (identified with the canonical Markov chain) with values
in Q and with stationary measure p and f : Q x Q x E — R is a measurable function.
Let v be the distribution of Xo (i.e. the initial distribution of the Markov chain). We set
P, for the Markov distribution with transition operator P and initial probability measure
v. We assume that ((x)k,w) — f(xo,x1,w) is Py, ® P-centered.

We set
Pib)(@) = [ P (M1 I0()) () dP(w)
E
and Sy, =Y p_1 Yy with Yy := f(Xk—1, Xk, Z) where Z; are i.i.d. random variables independent
of (Xk)k>0 and with common distribution P.

In the dynamical setting (I), identifying H (z,w) with H(x):
E, [g P (hG)] = E gpen (g0 T")e 5" hG| = B, gpeon [(g o TG . (11)

"Let us indicate for completness that Markov random walks are usually defined as a Markov chain (X, Sn)n>0
satisfying
E [h(Xn,80)| Xn1 =2,80 1 =y] =E[A(Xn,y+ Sn)| Xn-1=2,% 1=0] .

and that we aprove in appendix that these two definitions are equivalent.
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In the Markovian setting (II), Pi(h)(z) = E [e”'ylh(Xl)‘ Xo = x], and so

E, [g P (h)] = Ep,gper [9(Xo)e™ " h(X,)] . (12)

Before considering applications seen in Theorem [I.1], we will state results in the general dy-
namical or markovian context and will illustrate them on the following toy model of Knudsen
gas considered in [3], which is one of the simplest example of uniformly geometrically ergodic
Markov chains (i.e. satisfying with By = L the set of uniformly bounded complex-valued
functions on ).

Example 5.2 (a Toy model of Knudsen gas). Let r be a nonnegative integer. Let (2, F,u) be a
probability space and o €]0,1[. Consider the Markov chain (X,,), with transition operator given
by
P(h) =ah+ (1 —-a)E,h], ide. P (h—Eyh]) =alh—E,Rh|).
This Markov chain describes the evolution of a process which, at each step, remains the same
with probability o and changes to an independent copy of distribution p with probability 1 — a.
We consider also Yy, = f(X,,), with f : Q — R centered and admitting moments of order (r+1)
with respect both to the invariant distribution p and to the initial distribution v. Then P is
given by
Py(h)(z) = ae@h(z) + (1 — a)E, [T h].

More generally, we will consider the context described in the following:

Remark 5.3. Assume Hypothesis and that P is geometrically ergodic on some Banach
space By — LY(p) containing the constant functions, so that || P" —Eullzs) = OW") (for some
v €]0,1[). Let 91 €]9,1[. Assume moreover that the assumptions of Theorem are satisfied
for this choice of (P, B1) and for some Bs. Then there exists g > 0 such that, in L(B),

Vit| <o, P =N+ Ny, with sup [Nz, = OW7), (13)
[t|<do

with t — I, E L(B1,B2) and t — Ny € C continuous and Ily = E,[-]1 and Ao = 1. Moreover
Theorems [3.1] and [3.3 ensure that II; and N; are given by the followmg formulas

1 1
T

2im Jr,

with Ty the oriented circle C(1,8) and Ty the oriented czrcle C(O,a), withhh <a<a+d<1
and that

sup  [(z1d=P) sy < 00,
|t|<(50, zel'1UIl'g

with t — R,y = (21d—P,)~ € L(By,B2) continuous on {t € R : |t| < &} (uniformly in
zelMu Fo)

Example 5.4 (Knudsen gas). We consider again the Knudsen gas introduced in Example .
Note that

Vp € [1,+oo],  |[P*(h) = Eulhlllipg,y = " 1h — Epulb]llLe(
and if v # w, it is worthwhile to notice that we also have
h —Eu[h]
H 1+!f\ H (T+1f)
Thus, since |P*(h)| < P"(|h|), Theorem[3.5 applies wzth

h

Yy € [0, 400, W N

< (L+EL [+ [f)7]) "

o B;:=1LPi(u) for all p1,p2 such that 1 < ps < p1 < 400,



LIMIT THEOREMS UNDER OPTIMAL MOMENT ASSUMPTIONS 14

e and also (useful when v # ) with B; = (1 + |f]) L for all v1,v2 such that 0 < vy <
v2 < 00 and E[|f|"?] < oo, where we write again L> for the set of bounded measurable

complex valued functions on Q and B; being endowed with the norm HW

In the general context of Remark Item (C) (resp. Item (D)) of Proposition applied
to this context will provide the following expansions for I and N™:

7"—1 H(()k’) k r—l (Nn)(()k) k
-y 0t =O(t]) and Ny =3 =0t < O0(a™)O(|t]"),
k=0 k=0 '

L(Bo,Br) L(Bo,Br)

(resp. with (O(t"), B,) being replaced by (o(t"), B41)) with TI§", (N e =k £(8;, BY};)
given by

o
% = o Z (21d—P) ' Ay, ® - @Ay, dz (15)
: YTITY oo ey kg1 kit hg=k
and ®
(N")o 1 n 1
. .%/Foz 3 (:1d—P) Ay, @ - ® Ay dz,  (16)

>1,k1,..., ke>1:ki4...4+ke=k

with A, = 27 (21d—P)~' € (V25 £(B;, BY,).

5.2. Square integrable observables.

Theorem 5.5 (Key result for probabilistic limit theorems). Let 69 > 0. Assume Hypothesis .
Let v be a nonnegative integer and Y1 € L' (P, @ P). Let (Bj, |- ;) 5 =0,...r +1 be a

chain of (r + 2) Banach spaces such that, for all j =1,...,r +1, Bj_1 — Bj, Bj — ]L%‘l(,u).
Assume that P (for |t| < do) acts continuously on Bu, ..., Bry1 and that Py acts continuously on
By. Assume moreover that h,1 € By and that g : Q — R is such that E,[g-] defines a continuous
linear form on B,. We also assume that with hold true on By and that

sup  sup  sup (||(zId—Pt)_1|]3j+||(zId—P)_1H50> < 00, (17)
J=1 41 |t <o z€l0UlN

and that, for allm =0,...,r, P, — >/, k' t®k is both in O(t™) in ﬂ; o' L(Bj, Bjtm) and in
o(t™) in L(Br—m, Bry1), with
r—k

PO (@) = #Quh) = [ P ((if (e, w)*h()) (2) dP(w) € () £(B;, BLLD).
j=0
Then
Tt T 4®t
E, [g P (h)] = A} (;]z' E, [g11f ()] + O@") >+Z B g ()] +0@ i), (18)
with Hé@ and (N”)(()e) given by given by .
If moreover E,[g-] defines a continuous linear form on By11, then
n n . t®K T . t®€ n n T
E, [g P}'(h)] = A (Z B (91157 ()] + ot >> +° B gV ()] + Ofaro(Jt1).
=0 =0
(19)
Moreover
N qil Ep,epl(it.Y1)"] Zk Dyt t@ggoE [Po(’f)(l'[((f)(l) - E“[H((f)(l)])] ol .

! k! 1+ SR, I (1)
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Note that, in the Markovian context,
12040 1, [P (1) (9) — B, [T (9)])] = Covp, e ((it.Y0)F, 1157 (1) (1) 4°°) .
In particular, if f(x,y,z) = f(y) € R, then
E, [Py (115 (g) = B, [ (9)])] = i*Cou,, (£¥, 117 (1)) .
Before proving Theorem [5.5 we state a corollary and apply it to our Knudsen gas model.

Corollary 5.6. Let 6o > 0, ¥ €]0,1[, R > 0 and r be a nonnegative integer. Assume Hypothe-
sis with Y1 € L' (P, @ P). Let (B, || - ||(j))j=o0.,..r+2 be a chain of (r +3) Banach spaces
such that:

o forallj=0,....,r+1, Bj = Bjy1, and forall j=1,....,7r+1, Bj = L J
o forallj=1,..,mr+1, P is geometrically ergodic on B;: ||P" —E,||z,) = O(W"),
e 1€ By, PeL(By) and sup,er,ur, |(z1d —P) 1|5, < oo,

(k
o for allm = 0,...,r, P, — Y0t =% t%% is both in O(t™) in M=o £(Bj, Bj+m) and in
o(t™) in L(Br—m, Bry1), with

r—k

BP0 (@) = #Quh) = [ P ((if (@, w)®h()) (@) dPw) € () £B;, B,

=0
o t— P, € L(Br41,Br42) is continuous at 0, P € L(By12),
o forall|t| <dp and all j=1,..,7r+1,
VfeBj, vn=0 B fllg) <" fllg) + B 1A G+ - (20)
Assume that h € By and that g : @ — R is such that E,[g-] defines a continuous linear form on

B,.. Then the assumptions of Theorem are satisfied (except maybe the fact that E,[g-] is a
linear form on B,41) and

B g Pr(n] = A (S E, g1 (n)] + o) las NP m)]+o@ ), (21
JoPrm) =3 (25 W] +0) )+ 3 G B [g (VI (] 0t 21
=0
with H(Z) and (N”)( ) given by (18] given by (16) and
r . (k+20)
&szmmmm]z“yﬂmﬁ&%%&@wmﬁmumww
=T L S BT (1))

Proof. Observe that, given ¥; €]¢, 1], up to reduce the value of §y, Theorem applied with
B;,Bjt1 for j = 1,...,r + 1 ensures that , and the first part of . We conclude by
Theorem [5.51 O

Example 5.7 (Knudsen gas). Let Q €]r,r + 1[. Since Y1 € L""Y(P, @ P) and since |P,(H)| <

P(|H|), Example satisfies the assumptions of Corollary for g € V1 for and for
9 € Vrp1-q for (19) with B; =V, for j =0,...,7, Bry1 = Vg and By42 = Vi1, with

+1

r+1
o cither, ifv=p, V; :=1L"7 (u) (with convention 5= = 00),

e or, in the general case, V; = (1 + |f|)I L.
This follows from Example and from the two following facts

|FiPWﬁM

!
prrd k!

tf™

wmﬁH
m |
vm m: Vrn

pit-f _ Z (Zt f)

k=0

< 1P

LVjVitm)

= O([t[™),
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and analogously

i Z (it f)k

< |1Pllvg | d

L(V;,Vg) k=0 Vo

<IIPllvg [ief1977]], = 0a97).

Proof of Theorem[5.3,. Items (C) and (D) of Proposition [4.1] apply, so that

n : t® ny (£) n|g|T . t®€ 0) r
N =D (N = 0(@a"|t]"), | =3 T =o(t")  (22)
£=0 L(Bo,Br) =0 £(Bo,Br)
and
n o ny (£) n r £ © r
Nf' =D~ (N = O(@"o(t), e =32 Tl — o(|t]"),
=0 L(Bo,Br+1) L(Bo,Bri1)

(23)

with H(() ), (N”) 2

and .

Due to Fact with vo =1 and g9 =E,[],

By (P — P)(Id 1) (I — ITo)(1)]
B, [T (1)] .

€ Nz (Bj,BﬁZ) given by and (16). This ends the proof of

A —1=Eu[(P = P)(1)] +

The first expectation of the above right hand side is in >}.1} M o(|t|"t1) since Y}

is (r + 1) times integrable and Ep,op[Y1] = 0. Moreover, since 1 € By and Byy1 < L' (u), we

also know that
T t®£

1= T Bl

P (1)) + o(t") .

It remains to study
E, [(P — P)(IL; — o) (1)] .

Due to the dominated convergence theorem, since Y7 is (r + 1) times integrable,

eit.Yl - i (Zt}/l)k

- = o(t").

L5 (P xP)

k=0
Thus, since By — L™™}(P, ® P), in case (I):
E,[(P = P)(I; = TIo)(1)] = Epep [ (" — 1)(IL, = To)(1)]

d it. )1, —
_ 3 BueplOLDZ L =Ty (g, = 110) (D)) - (24)

!
= k!

and, in case (II):
E,[(P: — P)(I — To)(1)] = Ep,op [(¢ — 1)(IL, — L) (1)(X1)]

r it.Y1)F (1T, —
=y Ererl@ BT = RO o (- m@il) . 2)

k=1
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Fix k = 1,...,r. Note that Y} € L% (P, x P). Due to Proposition we know that the

r+1
quantity W15 (1) :=II;(1) — ZZ;%*]C %.Hé@(l) isin O™k in By _p — L7 (1) and
is in o(t"™17%) in B,y1 — L'(u). We will deduce that

Euep [f.0, 1 0(1)] = o([t*17F),  resp. Ep,ep ViP5 W1 ke (1)(X1)] = o175
(26)
Indeed, since (\Ilr+1_k,t(1)/|t|r+1_k)t is bounded in Lril%, it is contained in a relative com-
pact set for the weak topology. Let h be one of its weak limits as ¢ — (0. Recall that
(\Ilwl,k,t(l)/]tl”lfk)t converges to 0 in L'(p). This implies that, for any bounded measurable
function H,

E,ep [H.h] = lim [t~ PR op [H0, 1 1e(1)] =0,
resp. Ep,ep[H.H] = lim [t~ 0T MEp op |[HZ.0, 4 p4(1)(X1)] = 0.

— r+1—k : %
We conclude that h = 0, and so that (\I]r+1_k’t(1)/’t’ )t converges weakly in Lr+1-% to 0.

This ends the proof of since Ylk c L (P, ®@P). We conclude by combining this with

and respectively (and using the fact that ||(II; — ITp)(1)[[(1) = O(t) since 1 € By). O

We now study the consequences on the smoothness of A.

Proposition 5.8. Assume Assumptions of Theorem andr > 1. Then N = 1—5.t%%+0(|t]?),
with
0.t = By[(t.Y1)?] +2 Y Eu[(t.Q1)(P"(t.Q1(1)))] = Y Ep,gpen[(t-Y1)(£.Y]n41)] -
n>0 nez

Proof of Proposition[5.8 We write IIj for H(()l). We study the term of order t? of A — 1. Observe
that E,[Fj(1)] = 0 since Y; is centered. Due to and to Item (B) of Proposition

E, [y(1)] = 2;r/rl E, [(zld —P)"'Pj(z1d —P)—l(l)} dz
— [ (=172, [B(1)] dz =0,

~ 2ir Jr,
since E,[P(h)] = E,[h] and P(1) = 1. Thus E,[I[[(1)] = 0. Therefore, it follows from Theo-
rem [0.5 that
Ep, gper[(t-Y1)?]
2
Ep,gpen[(tY1)?]
i i [(8.Q1) (11T5(1))] + o([t[*).

It follows from combined with (zId —P)~'(1) = (z — 1)~'1 that

A—1=— + 192 B, [R(IT5(1)] + o(lt?)

(1) = % [ (:1a-P) P14 -P) (1) d:
[ P o (1) (s — 1)Lz

- 2 Jr,
-5 (DT @) d:
=iy PY(Qi(1)), (27)

n>0
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where we used the fact that [[27"P"(Q1(1)) 25,y < (1-0)""a"[[Q1(1)l|(1) (since E,[Q:1(1)] =0

and recalling that a < 1 — ¢§). This ends the proof of the expression of a. O
Example 5.9 (Knudsen gas, normal case). Due to Example Ea:ample with v > 1 satisfies
the assumptions of Proposition and so Ny — 1 = —5.t9% + o(|t|?), with
1 —|— a
at® = 3" Bp, [(tF(X0)).(tF(Xjapi1)| = D aBL[(1£)2] = T B, [()7.
nez neZ

If moreover r > 2, then the next proposition (Proposition also applies, with

4 1
Ef*] [1+6 3 o™ +33 20" _dfdatly f @t gpes.
n,m>1 n>1 ( o )
Let us compute now the term of order 3 in the Taylor expansion of t — ;.
Proposition 5.10. Assume the Assumptions of Theorem withr > 2. Then \y = 1— %.t®2 —
D 193 + o(|t|®), with a as in Proposition and with

b.t®% = Z ao,n n+mE73 QP®N [(t Yl)(t Yl-i-n)(t Y1+n+mﬂ )
n,m>0

with agpnim = #{(p,q,7) € 2% = {p,q,7} = {0,n,n +m}}.

Proof. 1t follows from Theorem [5.5] that
+®2 i Zt® " t®3 , 3
e el + B [QuI(1)] - LB [@a(ITy (1)) + o).

Recall that, due to [27)), (1) = i3, P (Q1(1)). It follows moreover from that

o1 %

1
Iy (1) := i ) (z1d —P) (P} 4+ 2P{(21d —P) "' P})(z — 1) }(1) d=
1

1

- /m (2= 1)L (21d = P)" (= Qs + 2iQ1 (2 1d — P)"1iQ1)(1) dz
1

=5 s Li(2) + Ix(2) dz,

with

I(z) = (2 — 1) (Eu[Qzaﬂ + 28,

I(z)=(z—1)"" Y 27" 1P"<Q2() E,[Q2(1)]

n>0

+20; (Z z_m_le(Ql(l))) —2E,

m>0

9 (Z z—m—lpm(glu)))D .
m2>0

It follows that

—Tg(1) = =2 ) (m+ DE, [Q1 (P™(Q1(1)))] + D (P™(Qa(1)) — E,[Qa(1)))
m>0 n>0
2% (P” (91 S (PmQi(1) — YD B[ (P (Qi(1 )>>]>) -
n>0 m>0 m>0

This ends the proof of the lemma. U
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5.3. Non square integrable observable. In view of establishing results of convergence to
a stable random variable, we consider now a less smooth situation. If we assume that the
distribution of Y7 is in the standard domain of attraction of an ag-stable distribution with
ap €]1,2] (so that P(|]Y| > s) ~ |s| 7% as s — +00), then we expect that \; — 1 ~ —c|t|*0. But,
unlike in Theorem we cannot use an argument of weak convergence to conclude, since we do
not have convergence of %O_tpé and thus we cannot hope the convergence of %ﬂ(jma. The
next general statement can be seen as a first step to convergence to stable random variables.
We will apply it immediatly on our easy Knudsen gas model.

Proposition 5.11 (d = 1). Let § > 0. Assume Hypothesis with d =1 and that there exist
two Banach spaces By, By such that 1 € By < By < LY(p), and such that P, (for any |t| < )
acts continuously on By. Assume that P is geometrically ergodic on By and By: |[P" — E,[] =

N{)LHL(BJ,) = O (9") and that Theorem holds true for (P): with this couple of spaces (B1, Ba).
Assume moreover that P, — Py is in O(t) in L(B1,Ba) and in o(1) in L(Ba, L (1)). Let 91 > 9,
v €]0,1[. We assume that | N{||z(s,) + suPp<s [N || c(5) = OW7T), that HNt - NOH =

- L(B1,Bs)
O(t), where Ny := P, — Uy(-)1 with ¥o(1) =+ o(t) in C. Then
Ao =1 =B, [(P — P)(1d—N,) " (1)] + o [t)

= Y B, [(P = P)NP(1)] +o(t?).

n>0

Example 5.12 (Knudsen gas, stable case). Let ag €]1,2] and p €]1, ag be such that || f|lLe () <
0o. Consider the Knudsen gas introduced in Example [5.9 with r = 0 and d = 1. Assume that
the characteristic function @y of f with respect to ju satisfies

pr(t) =1 =Ey[e™] — 1= —Jt|*°(1 —iBsgn(t)) Lo(lt| ), (28)
with || < tan(aopm/2), ¢ > 0 and with Ly slowly varying at infinity. Then

A—1e (pp(t) = 1)(1 =) Y a"(n+1)% = (pg(t) — 1)(1 — )E[G*]

n>0
~(1-a) (E[e"9] 1) ~ (E {ei“—a)"‘l“gf ] - 1) . (29)

ast — 0, where G is a geometric random variable with parameter 1—a (i.e. P(G =n) = (1—a)a”
for all positive integer n) independent of f (up to enlarge the probability space).

The toy Knudsen gas model considered here can also be studied by induction, considering the
successive 'renewal times" T} at which X7, is chosen independently of X7, 1. The increments
T; —Tj_1 of these times are independent with the same distribution as G and the sums Yr,_, +
o+ Yr)1 = (Tj —Tj-1)Yr,_, between these times are independent with the same distribution
as Gf. Furthermore the number IV, of j’s such that ¢t; < n is a sum of n independent Bernoulli
random variables with parameter (1 — ), and so N,, ~ n(1 — «) almost surely. Thus it will not
be surprising that >~ 7_; Y will "behave asymptotically" as Zj-vznl Zj and as Z;;a)n Zj, where
Zj are independent random variables with the same distribution as Gf. This is coherent with
29) (via the arguments of Section [6.1)).

Proof of Example[5.13 We apply Proposition with By = L°°(u) and By = LP(u). We have
already seen in Example that P is geometrically ergodic on B; and on By and that P, acts
continuously on both these spaces. Moreover

1P = Pl s < 1€ = Uliogy = 1Ef ey = O(It) »
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since f € LP(u) and, setting ¢ €]1, 4o00[ such that %—i—% = 1 and using the dominated convergence
theorem, we also obtain that

1P — PHC(BQ,ILl(u)) < Heitf — 1||]L‘1(,u) =o(1),

Here we take Ny(h) := ae¢’/h (taking v = 1 — a and ¥; = (1 — a)E,[Pi(-)]). Observe that
Ny — Np is in O(t) in L(B1,Bz) and in o(1) in £(Ba,L!(1)). Tt follows from Proposition
that

=1 = (1= a)E, (B~ P)1d~N)~(1)] +o(|t?)
= (1- a)E, [(¢" = 1)(1d —ae™ )7 (1)] + o([t[?)

=(1-a)E,

But

itf _q .
i Le— aeitf] N Z By { - (aeltf)n}

n>0

" B [T ] (31)

n>0

Recall that Karamata proved that there exists ug > 0 and two functions c¢,ey such that

u eg(s)
lim,_, o0 ¢(s) > 0 and lims_, 4o €0(s) = 0 such that Lo(u) = c(u)efuo s b Set Ny = |uo/V't]
and let us control as follows

) itf _q itf\Ne+1 Ny ) ‘
Z a™ { i(n+1)tf zntf} ) [(6 : _)(j;tf) + Z ok [ez(n-l-l)tf N ezntf}
n>0 n=0

uo/V't
:O<a0/ ‘eztf
1—a

~ (pp(t) — 1) 1+Za (n+ 1)~ |n|a0)1

L1>+‘Pf —1—Za ((n+1)t) = 1) = (pr(nt) — 1))

: .
~ (or(t) = 1) |14 (@ (N 4 1)°0 —a) = 3 (n+ 1) (an ! a">]

~ (pp(t) = D(1 =) [Z(n + 1)6’004”} : (32)

n>0

due to the dominated convergence theorem since, for all n > 1, Lo(|nt|~!) ~ Lo([t|™!) as t — 0
and, for all n =1, ..., N¢,

Lo(nt] ") _ e(lnt]™) -5 29as (mPtetoivor =2 0
Lo(lt|=1)  e(lt]7)

Combining , , and , we obtain the first equivalent. The others follow since E[G*] =

(1—a)>,5pa"(n+ 1), since E [e“gf} = E[p(Gt)] and since pr(ut) —1 ~ u*(ps(t) — 1)

(using the Lebesgue dominated convergence theorem and again the Karamata representation of

slowly varying functions). O



LIMIT THEOREMS UNDER OPTIMAL MOMENT ASSUMPTIONS 21

Proof of Proposition [5.11. Observe that No(l) = (1 —~)1. It follows from Theorem applied
to (P;); that, for 92 €]91, 1], up to reduce 0 if necessary, Formulas and hold true (with
dp = d) on By and that
1
Iy = — Id-P)~'d 33
o= gim | (Gl P d (33)
is continuous from | — §, ] to L(Bi, B2) and assuming moreover that I'y C {z € C : |z]| > ¥2}.
Furthermore, supyy<s [|V{'[|z(5,) = O(J7) ensures that (»1d —Ny) =502 TIND € L(By)
is uniformly bounded in |z| > 9 (and thus in z € I'1) and that (2 Id —Np) ™! = > on>0 2 ING €
L(B2) uniformly in |z| > J5. Due to Fact since By < L1(u),

By [(P: = P)(IT:(1))]

M T ()

—E,[(P,— P)IL(1)](1+O(t)), ast—0.

Let us observe that

z —~t -1
(21 = P70 = (s14-5) (h+ - ;E (imN?@)(}?{)U) 1) W

Indeed g := (21d —P;)~!(h) satisfies
(21d =Ny)(9) = (21d =Py)(g) + Wi(g)we = h + cr(h)1,
with
cu(h) = Wy(g) = U, ((z1d =N)) ™ (b + ca(h)1)) |

2 a1
from which we infer that c¢,(h) = : \I/;((((Idld N]t\; )_(1}2)1))
— ¥ (2 —4iVt

] and so (34). Thus, applying toh=1,

we obtain that

(21d—P) " (1) = (2 1d—Ny) " (1)by(2), with bi(z) = !

1- 0, ((zId —Nt)—lu)) '

(35)

Note that we can recover the fact that (zId —P)~'(1) = (2 —1)~!. Moreover, we will prove that

sup [b:(2) = bo(2)] = O(Jt]) - (36)

To this end, we first notice that ¥, = E, [(Pt - ]\715)()} and so

sup (¥, — W) (214 ~5) ™ (1) = O() (37)

since sup,cr, ||(z1d _Nt)_IHE(BI) < 00, since By < L!() and since
1P; = Pllz(s, 5y) + INe = Noll (s, 5,) = O(1).- (38)
Second, it follows from and

sup sup ([[(z1d—No) | ¢y + 1(z1d =No) | egsy) ) < o
[t|]<d z€Tl1

that
((21d=Ny)™ = (21d=No) ") = (21d —No) " (Ny — No) (2 1d - ;) oo (39)
in £(B1, B2) uniformly in z € T'; and so that
vo (((21d=Ny) ™' = (:1d=No) 1) (1)) = O(1) (40)
since By < L' (x). Combining and ([40]), we have proved (36).
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It follows also from , that (z1d — Nt) (1) = (2 = 1+7)7'1 + O(#) in Bs. Since moreover
P,—P=o0(1) in £(Bg, () and E,[(P; — P)(1)] = ¢¢(t) — 1 = o(t) (since Y7 is centered),

B, [(P, - P)(z1d—N,) 7 (1)]| = sup

sup
zely

Combining this with , and , we infer that

B (P = P = 5 [ B, [(P = P10 =07 ()] boz)

E, [(P = P)(z = 14+9)7'1)]| +o(t) = o(t).

+ O <0(t) sup |be(z) — bo(Z)|>

zel

=B, [(P = P)1d=N) 7' (1)] +0(?), ast—0,

where we used the fact that by(z) = = ;i“’ O

6. PROBABILISTIC LIMIT THEOREMS

Let 09 > 0. Let (Sp)n>1 be a sequence of X-valued random variables with X = R? or Z4
defined on a probability space (M, P) such that

vneN, VteRy |t <dy, E[e™5] = \Nd; + My, . (41)
We set X* := R? if X = R? and X* := [, 71]¢ if X = Z¢.
Remark 6.1. In Remark we have seen general situations in which E[e?*5] = E, [P (ho)]
(see and (12) ) for some hy and some family of operators (P;); such that holds true with
A and @ = E,[IIt(ho)] continuous in t and with supyy s, |Min| = O (sup|t‘<5o H\Nﬁ(ho)m&)

decaying exponentially fast in n. Recall moreover that further Taylor expansions have been

studied in Theorem [5.9

The goal of this section is to establish probabilistic limit theorems for (S,),>1. More precisely,
we will study situations in which (S,),>1 satisfies the same kind of limit theorems as sums of
independent identically distributed random variables with characteristic function behaving at 0
ast— )\t.

6.1. Central and local limit theorems. Let W be a R%valued random variable.

Theorem 6.2 (Central Limit Theorem (CLT)). Let (Ayn)n>1 be a sequence of (normalizing)
d x d matrices converging to 0. Assume that limy_,q @ = 1, that limy, 1 SUP|¢| <5, | M| =0
and that limp_, oo Ny = E[e®W] for all t € RY (writing A for the transpose matriz of Ap).
Then (ApSn)n>1 converges in distribution to W.

Proof of Theorem [6.4 We prove the convergence of the characteristic functions. We fix t € R?
and write

E [eit.(AnSn)} _ E[ it. W] A*tCDA;;t + MA;;t,n _ ]E[eit.W] — 0(1)’

zt.W]

since limy, s yoo @ax¢ = 1, limy, 5 o0 )\ﬁ*t =Ele and since

lim Masyn < lim  sup |[Myy,|=0.
n——+oo n——+o0o |u| <80 ’

Thus (A,Sy)n>1 converges in distribution to W. O
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The condition limy,, 4o A, = E[eit'w] means that \; behaves at 0 as the characteristic
function of a distribution belgnging to the domain of attraction of the stable distribution of
W. In particular, if \; — 1 ~ —a|Xt|2 as t — 0 with |s| = 2%, |s;|* and with B an invertible
matrix, then, setting A,, = n~= Id and considering W such that E[e?* W] = e~@BUa | the following
estimate holds true for any ¢ € R?

L,
A _e—an|Bt/na|a

[Niza — B = X

1
<n —a|Bt/na |2

") =o(1),

A 1—e
t/na 6%

<no (‘Bt/né

as n goes to infinity.

Remark 6.3. We consider again the context of Remark . We recall that the fact that
holds with lim—,o ®; = 1 and limp,—, o0 SUpjy|<s, |Myn| = 0 follows from Remark . Further-

more,

(a) Under the assumptions of Theorem for r > 1 (and so of Proposition @, Theo-
rem holds true with A, =1d /y/n and W a centered Gaussian random variable with

variance

> = Z CO'UPM®1:»®N(}/17 Yv|n|+1) :
nez

Indeed, Proposition ensure that Ay — 1 = %\E%t\g + o(|t|?), whence we infer that,
for every fized t € R,

n it. W n fanl n|?
g8 =i, =
1
<n|Ayum— e~ 2PVl < no(]t/\/ﬁg) =o0(1).

(b) If Proposition allows to prove that Ay — 1 ~ E[e®™W1] — 1, where (W,,)n>1 is a
sequence of i.i.d. random variables such that (An > jp—q Wi)n converges in distribution
to W, then Theorem 6.2 applies.

This assumption ensures (see e.g. [27, Theorem 2.6.5]) the existence of ag € [1,2] and
of |B| < tan(agm/2) such that

E[e"V] = emcold™0U=8sn() o n — 1~ eolt]*(1 — iBsgn(t)) Lo(t ™)

ast — 0, with L1 slowly varying at infinity, A, — 0 and lim,_s oo n|A,|*° Lo(A; 1) = 1.
Indeed, proceeding as previously, we observe that, for every t € R,

__L
’)‘Znt ) [ezt.W” — Znt _ E[em OtW]n

_ 1
A = E[e™ "W = nft|*|co(1 — iB sgn(t))] [A5 Lo([t]/An) — n~!|
< [t[*0Jeo(1 — iB sgn(t))| [nAZ° Lo([t] /An) 1]

LO(’t’/An)
Lo(Az")

<n

< [t*leo(1 — if sgn(t))| (1+0(1)) =1 =o(1),

since Lqg is slowly varying.

8setting Y2 for the nonnegative symmetric matrix the square of which is 3.
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Example 6.4 (Knudsen gas, convergence to gaussian or stable distributions). Consider the
simple Knudsen gas model introduced in Example[5.2. The continuity of t — ®; = E,[I1;(1)] as
well as the fact that supy s Eu[N['(1)] decays exponentially fast as n — +o00 have been proved
in Example thanks to Theorem[3.3 and Remark[6.1}

Furthermore

o If r > 1, then (X725 f(Xk)/v/N)n>1 converges in distribution to a centered Gaussian
random variable W with variance matriz ¥ = F2E[f$2].
This follows from Theorem [6.3 combined with the first item of Remark[6.3, the desired
second order expansion being proved in Ezample[5.9

e Consider now the situation of Example that is r = 0, d = 1 and there exists o €
11,2] and a function Lo slowly varying at infinity such that the characteristic function

@y of f with respect to u satisfies
©r(t) — 1~ |t]*(1 —ifsgn(t)) Lo(Jt| 1),

as t — 0, for some |B| < tan(aom/2). Then (A, 3075 f(Xk))n>1 converges in distri-
bution to the stable random wvariable VW with characteristic function given by E[eitw]
e~dt*00=iBsen() = for ¢ = (1 — a) ¥, 5™ (n + 1)* and where A, — 0 is so that
limy, s 4 oo 1| An|* Lo(A, 1) = 1.

Indeed, due to Example A — 1 ~ clt|*Lo(Jt|71)(1 — iBsgn(t)) and Theorem
applies with the second item of Remark [6.3

Theorem 6.5 (Local Limit Theorem). Assume Assumptions of Theorem with A, invertible,
SUP|¢|<5, |®(t)] < oo, SUP|¢|<s, | M| = o(det Ay,) and |/\Zit’ < g(t) if |ALt] < do, with g inte-
grable on R%. Assume moreover that W has density hyy and integrable characteristic function,
E[e?5]| = o (det A,). Then

that f takes its values in Z¢ and that SUDPs [, 7]\ B(0,50)

sup [P(Sy = k) — det(AnJhyw(Auk)| = o(det(4,).

Proof of Theorem [6.5 Observe that

1 it.(Sn—k
FUsu =1 =B 165 son ] <F g [0l

1 —itk it.Sn
) /[mﬂ]d e "PEle | dt

1 —1 n
_ W/B(Mo)e ARG, dt + o (det Ay)

where we used the Fubini theorem for integrable functions and the fact that supys, [Min| =
E[eit.sn]

o(det A,) and that supc_r 714\ B(0,60) = o(det A,,). Now, making the change of vari-

able t = A} s, we obtain

_ p) = det(An) —iAys.ky\n
Flon = k) = (em)? /(A:;)—lB(o,ao) ‘ NizsPays ds +o(det Ay)
and
sup / e_iAZS'k/\”*SQA*S ds _/ e—is-Ansz[eis.W] ds
keZ |/ (A3)~1B(0,00) n " R4

<),
R4

L(ax)-1B(0,50) NAz s Pazs — E[e“'w]‘ ds = o(1),
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due to the dominated convergence theorem since g and s — E[e~*"W] are integrable. We end
the proof by using hyy(u) = ﬁ Jpa e B UE[e V] ds. O

Remark 6.6. Consider the context of Remark with (det(Ay)), subexponential in n. We
have already seen in Remark hat SUPJ¢|<g, |9 (t)| < 00 and supy s, [ Min| = o(det A,) for
some &g > 0.

The integrability of t — sup,, ‘)‘Z;tllAthéo’ follows in practice from the control of |\ — 1| (e.g.

a. ®2
in case (a) of Remark if a is invertible, || < e” T as soon as |t| is small enough).

E[e9]| = o (det A,,) is usually a consequence of the

fact that, for t & 277, pess(P:) < 1, p(P;) < 1 and that P, admits no eigenvalue of modulus
1, which implies that ||P;"|| < 1 (for some n:) which, combined with a continuity argument
of t + || P|| on the compact [—m, 7%, leads to the existence of a positive integer n' such that

E[eit.Sn]

Finally, the condition supc(_r x4\ B(0,50)

SUPye[—rm 7]\ B(0,50) |P|| < 1 and implies the exponential decay of SUPye [ ]\ B(0,5)
as n — +00.

To complete this remark, let us indicate that, under the assumptions of Theorem (Keller
and Liverani theorem), it has been proved in [26, Propositions 5.3 and 5.4] that the nonlattice
property together with an additional reasonnable condition imply the exponential decay of

E[e?5]| as n goes to infinity.

SUP¢e[—m,x]4\ B(0,50)

Example 6.7 (Knudsen gas, LLT). Theorem applies in the situation considered in Exam-
ple provided f takes its values in Z¢ but is not supported by a sublattice of Z%.

Proof of Example[6.7. The fact that the assumptions of Theorem hold has already been
proved in Example with the use of Remarks and First, we observe that, either
A, =1d/y/n (if r > 1) or A, = n? L(n) with L slowly varying at infinity (in the situation
of Example The fact that lim,, oo N}, = E[e® W] with either W as in Example has
been proved in this example using Theorem and Remark Let us prove the domination
of [\4.,| using the expansion of A¢ around ¢ = 0.

If » > 1. The nonlattice assumption ensures the invertibility of the matrix ¥. Example [5.9]

ensures that A, — 1 ~ —3.t%2 + o(|¢|?). Thus, there exists § > 0, such that, for all || < &,

IAe| < g(t) := e 1= and so ALl < (g(t/y/n))" = g(t) and g is integrable.

Assume now that A\, — 1 ~ ¢|t|* Lo(|t| 1) (1 — iBsgn(t)) with ag €]1,2] and with Ly slowly
varying at infinity. Then

400 (1—g Lo(Ant|~h)
Vi e R, )\Znt _ 6—nc\Ant|°‘0(l—iﬁsgn(t))Lo(|Ant\—1)) e clt|*0 (1—iB sgn(t)) Lo(ALD) ) .

Due to Karamata’s representation theorem, there exists ug > 0 and two functions ¢, g9 such that
v cols)
limg 100 ¢(8) > 0, limg,1 o0 €0(s) = 0 and such that Lo(u) = c(u)efuo - Let 6y be such
that A, is well defined for all u satisfying |u| < dg. Thus, if |Apt| < dp < 1 and |A,| < do,
Lo(|Ant|™Y)  c(|Ant|™Y) fﬁ‘;“_qtfl 20(s) gg - inf|gs5-1¢(s)
= e n =z
Lo(Az7) c(|4n[~1) SUp|[>g-1 ¢(s)

min(|¢], |t|_1)inf|s|>\571 leo()l

We can choose dy < 1, such that this quantity is larger than & min(¢| e \t\_%) and so, for every

t and n such that |A,t| < dg and |A,| < do,

_ﬁmin<|t|%0 |t|3%°)
INi | <g(t):=e * ’ )
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It remains to prove that sup;ci_x o\ B(0,60) E[e”'s’l]} | = o(det A,,). To this end, we follow the

strategy explained in Remark Let t € R\ 27Z and p €]1, +oo[. Since |||y < allh]l +
(1 = a)[|h|lL1(y), it follows by standard arguments (see e.g. [28| [I8]) that the essential spectral
radius of P, is strictly smaller than 1. Consider now h € LP(y) and A = ¢ € C with d € R and
M= Py(h) = ae h+-(1—a)E,[e/h]. Then E,[|h]] < Eul|ael h|]+|(1—a)E,[eh]| < B[]
and we conclude that \h = e*fh = Eu[e”'fh] p-a.e., thus h = e~/ is constant. So either
h=0ored=e¢tf But e = e would mean that t.f € d 4+ 27Z, which would contradict the
fact that f is not contained in a sublattice of Z¢. Thus h = 0.

Since P, has an essential spectral radius strictly smaller than 1 and does not admit any eigenvalue
of modulus 1, we conclude that its spectral radius is strictly smaller than 1. So there exists ny > 1
such that [Ep, [e™]| < ||[P"1||pp(,) < 1. But u s Ep,[e™5m] = E,[P*(1)] is continuous at
t (since u — P, € L(LY (1), LY (1)) is continuous, for all ' > b > 1, using also the fact that
sup,, || Pull £(re(uy) < 1). We conclude by compacity. O

6.2. Edgeworth expansions (d = 1). We assume d = 1 throughout this section. We recall
now some general Edgeworth expansions results coming from [10]. We first introduce some
assumptions.

Assumption (o/)[F] (Smoothness): Assume \, ® and M enjoys the following Taylor expan-
stons

0_2 2 T+2 =N I =
Me=1= T+ Y opth ot B =3 Bt + 0 (1),
k=3 k=0

~

r n ~
A "My — Y Crpt™| < Ky 2t
k=0

with 0 > 0, supy,,, (|Crpl) = O(n™P) and K, = O(nP) for all p > 0.

36 >0, Vte[-66]

Remark 6.8. In the Markovian context of Section[5, Assumption (o!)[F] will follow from The-
orem and Corollary with v =7+ 1 (up to assume the positivity of o2, the expression of
which is given by a of Pmpositio. Indeed the Taylor expansion of My, combined with the

one of Ay coming from Theorem leads to a Taylor expansion of order r+ 1 of \; " My, with
coefficients C, = O(n*a™) and with error term in O\, "n"T1t|"Ha").
Assumption (f') (Non-arithmeticity): For any compact K of X* \ {0},

Vp >0, supl|E [6“5”} =0(n?),
seK

As already mentioned in Remark in the Markovian context of Section |5 Assumption (/)
will follow from the fact that pess(P;) < 1 (which can be established by using if By — By is
compact, due to a Theorem by Hennion [I8]), combined with the fact that p(P;) < 1 and that
P, admits no eigenvalue of modulus 1 (for ¢ in the compact K).

Assumption (7')[a), a1]: FEither X =7, or there exist § such that, for all p,

\V/’S‘ > K’ ‘E [ezssn:| — O (n_p + |$|1+a’1€_na158|a1> .

Assumption (§')[r']: X =R and for any B > 0, there exists K > 0 such that

B ()
/. :

r’—1
<|s|<Bn"Z~ |5

ds =o(n""/?).
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Remark 6.9. Note that, both Conditions (7')(a},1) and (8")[r'] hold true provided there exist
positive sg, ng, C > 0, such that ' < 20/1_1 + 1 and such that

V|s| > so, Vn > ng, ‘E[eiss"] < e Ol (42)

In the context of Section@ with E [eitsn] =E, [P/ (h)], holds true if there exist Banach
spaces By < Ba containing h and the duals of which contains B, [g-] such that

Vn > ng, V|s| > s1,  [|PslleB.,8,) < Ce=Cnlsl™™
(see [10, Lemma 4.7] ). Note that this holds true if | P ||, < 1— | |(’;, . This condition generalizes
s| 1

the a— Diophantine property of supp X : E[e*V1] < 1 — | |C;, of the i.i.d. case (see [§]).
s| 1

Example 6.10 (Knudsen gas). Consider again Ezample[5.9 Recall that P (h — E,[h]) = a(h—
E,[h]) with o €]0, 1] and that Y, = f(X,), with f : Q@ — R centered. Assume f admits moments
of order (¥ + 2) with respect to v = pu.

The fact that Assumption (')[F] holds true follows from Theorem and Ezample 5.7

Assumption (B') will hold true if, for all t € X*\ {0}, ‘Eu[e“f] < 1. Indeed, as seen in

Example it is enough to prove that Py (for t € X*) admits no eigenvalue A of modulus 1. If
it was the case, there would exist h € By \ {0} such that \h = e/ h = B, [¢?/ h] p-almost surely,

contradicting ‘Eu[e”f]’ <1.
Finally, when X = R, Assumptions (v')[a}, 1] and (8")[[1 + 2o/, '] — 1] hold true as soon as
E,lef] <1 - |%0, Indeed

t| 1

PA(h)(x) = 2T @ h(2) +a(1— ) e E, [ h+a(1 - a)E[e? h]+ (1 - a)?E, [ B, [e*/h]
and so, for all p € [1,+oc], it follows that

/\

IP2() Loy < (1= (1= @)?) [Bllirgy + (1 = @)? (1 e ) B, le/h)

C
< <1 -(1-a)? |t|£i> IRl ()

Set g(s) = [y e "g(x) d\(z) for s € X*, where X is the Lebesgue measure if X = R and
where A is the countlng measure if X = Z. If X =R, we say g € §' if g : R — R is continuous,
A-integrable and if § : X* — C is k£ times continuously differentiable with

Ci'(g) == C™(g) + Cr(g). < o0,

with C™(g) := sup __lgl and  Ci(g) = 1™ ]s0

sex+ min(1, |s|=™)

If X = Z, 3" = §9 is the set of functions g : Z — C satisfying the following summability

condition

> [nl*lg(n)] < oo.

ne”L
Note that Ci(g) < maxo<;<k Jx |z7|g(x)| dA\(z). When X = R, C™(g) < maxo<j<m Hg(j)HL1(R)
Under our assumptions, we set 91 for the distribution function of a centered Gaussian random
variable with variance o and n for the corresponding probability density function (that is n is
the derivative of 9). Let us recall now the general results of [10].
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Theorem 6.11. [I0, Theorem 1.1] Let 7 be a nonnegative integer, oy > 0, a1 > 0 and q¢ >
o) (14 557). Assume (')[F], (B') and (v')[e), ca] hold. Then there exist polynomials R; such
that, for all g € Sg+2,

Efg(Sn)] = ZT: ﬁ /X(Rj ‘) (z/v/n)g(x) dA(x) + CT3(g) - o(n_?/Q) )

Theorem 6.12. [10, Theorem 1.2] Let ¥ be a nonnegative integer, o > 0, oy > 0. Let
q> a1+ %) Assume (/)[7], (B") and (7)[c)}, a1] hold. Then there exist polynomials Q;
such that, for all g € FL™

r+1’
[7/2] 1 , ~
VIE[g(S)] = Y = [ 0@)Q;@) dAa) +CE(a) -oln”T2).
=0

Theorem 6.13. [10, Theorem 1.7] Let 7 be a positive integer and v’ € [1,7] be a real number.
Assume (/)[F], (B") and (8')[r'] hold. Then there exist polynomials Py such that

Sh U p(a .
?EJE P(\/ﬁ < x) — N(x) —n(a:)zsk(/; =o(n"/?).

k=1

Corollary 6.14. [10, Corollary 1.8] Assume (/)[1] and (8") hold with X = R. Then

sup P (5% < x) M) — ill(/”;)n(x)’ —o(n=12).

Corollary 6.15. [10, Corollary 1.9] Assume (')[2], (8") and (8")[ro] hold for some real number
P
sup _h@)

ro € (1,2). Then
Sn o
(320}~ 2] o)

Example 6.16 (Knudsen gas, Edgeworth expansions in CLT, LLT). Consider Example .
Recall that Assumptions (o), (8'), (7) and (8') have been checked in Ezample[6.10 Assume f

admits moments of order (F+2) with respect to v = u and that ‘Eu [eitf]’ <1 forallt € X*\ {0}.

e (Ezpansions of order ¥ — 1 and 7 in the LLT) Assume either X = Z or |E,[e!/]| <

1-— IC\B for some oy > 0, then the conclusions of Theorems|6.11| and|6.14 hold true with
t1*

respectively ¢ > oy (1 + g) and q > o} (1 + ?JrTl) i

e (Edgeworth expansion of order 7) Assume X = R and |E,[e?/]| < 1 — C—O,l for some

£

;L
af < (’" ;1) . Then the conclusion of Theorem |6.15 holds true.

o (First order Edgeworth expansion) Assume X = R and ¥ = 1. Then the conclusion of
Theorem [6.14) holds true. A
e (Edgeworth expansion of order vy €]1,2[) Assume X = R, 7 = 2 and that |E,[e"/]| <

— |%’ for some oy < (“251)7L. Then the conclusion of Corollary|6.15 holds true.
%1

7. LIMIT THEOREMS FOR MARKOV RANDOM WALKS

We focus again in this section on the context of Markov random walks, that is the general
Markovian setting of Section [5| Recall that (X,,),>0 is a Markov chain with states space 2 and



LIMIT THEOREMS UNDER OPTIMAL MOMENT ASSUMPTIONS 29

with invariant distribution g and initial distribution v and that (Zj)g>1 is a sequence of inde-
pendent identically distributed random variables with common distribution P and independent
of the Markov chain (X, ),>0. Recall that we are interested in the behaviour of S, := >"}_; Y,
with Yk: = f(Xk’—lan:a Zk‘)

In a first subsection, we establish probabilistic limit theorems in the general context as a direct
consequence of the results of Section[6] In the three following subsections, we apply our approach
for classical families of Markov chains: the p-mixing Markov chains, the V-geometrically ergodic
Markov chains and Lipschitz iterative model. More precisely, we prove Theorem [I.] in these
three last subsections.

7.1. General results. We set P, for the Markov distribution with transition operator P and
initial probability measure v. We assume that ((zx)r>0,w) — f(20,21,w) is P, ® P-centered.
We set

Pi(h)(x) = E ™Y h(X1)|Xo] -
We establish probabilistic limit theorems under the assumptions of Theorem that we recall
in the following statement for reader’s convenience.

Theorem 7.1. Let 6 > 0. Let r be a positive integer and Y1 € L' (P, @ P). Let (B, || - |l (7)),
j=0,....,7+1 be a chain of (r+2) Banach spaces such that 1 € By and that for allj =1, ...,7+1,

r+1
Bj_1 — Bj, B — L5 (n). Assume that Py (for |t| < o) acts continuously on By, ..., By11 and

(k)
that Py acts continuously on By and that, for allm =0,...,r, P — > "), Pg! A2k s both O(t™)

in ;=o' L(Bj, Bj+m) and o(t™) in L(Br—m, Br41), with

r—k

PP (h)(x) = i*Qu(h)(2) = /E P ((if (@, w)®*h()) (z) dP(w) € () L(B;, BLLy) -

=0
Finally we assume that, in L(By),

S0, €)0,1], Vi € N°, Vii| <6, PP = NTL £ NP, with sup [ N7 [ls, = O(),  (43)

[t|<do
with Iy = E,[-]1, Ao =1 and
1 1
I = — Id-P) 'dz, N':=—— [ 2"(z1d-P) 'd 44

with T'y the oriented circle C(1,0) and Iy the oriented circle C(0,a), with 91 < a <a+6 <1
and that)

sup sup sup ([|(z1d—P) |, + [|(:Td = P) "5, ) < o0 (45)
j=1,...,r+1 |t‘<(50 zelgUIl'y

Assume either E,, € By or, more generally, that there exists some Banach space B (that can be

intermediate between By and By) such that and E, € Eg and such that t — II; € E(Bo,gg) is
continuous at 0 (using e.g. Theorem , then

(i) Theorem (CLT) applies and we conclude that (Sy,/\/n)n>1 converges in distribution to
a centered Gaussian random variable with variance matriz 3, ez Cov gpen (Yl, Y‘n|+1>.

(ii) Theorem (LLT) applies if Y1 is Z¢ valued and if the non-arithmetic condition (8') is
satisfied.

If moreover E,, € BY, then Assumption (/)[F :=r — 1] is satisfied. In particular:

Irecall that, in practice, , and the first part of follow from the Keller-Liverani theorem (Theo-
rem |3.3]) applied with the Banach spaces B; < B,41 up to consider an additional Banach space B,42.
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(iii) (d =1) Theorems[6.11 and[6.13 (Expansions of order 7 —1=r—2 and 7 =r —1 in the
LLT) apply if Y1 is Z-valued and if the non-arithmetic condition (') is satisfied.

(iii") (d = 1) Theorems and [6.19 (Expansions of order 7 —1=r—2and 7 =71 —1 in
the LLT) apply if conditions (') (non-arithmeticity) and (v')[c}, 1] (Diophantine-type
condition) are satisfied.

(iv) (d = 1) Corollary (First order Edgeworth expansion) holds true if r > 2 and if
conditions (8') (non-arithmeticity) is satisfied on X = R.

(v) (d=1) Theorem (Edgeworth expansion of order ¥ = r — 1) applies if r > 2 and if
the non-arithmetic condition (8') and Condition (8")[r'] hold true.

7.2. p-mixing Markov chains. We consider here the case of Markov chains that are p-mixing,
i.e. i.e. when the transfer operator P is geometrically ergodic on L?(y), that is satisfies
3C >0, 39 €)0,1[, Vg e L*(n), [P"(9) —Eulg)ll2, < CY"llgll o) -

Recall that this also implies the geometric ergodicity on each LP(u) for p €]1, 4+o00[ (see [38]).
Let us observe that the study of Markov random walks driven by a p-mixing Markov chain (X})x
can be simplified in an additive function of a p-mixing Markov chainm

Proposition 7.2. If (Xy)k>o is p-mizing, then the Markov chain ()N(k = (Xk—1, Xk: Z1)) k>0
with invariant probability measure i the distribution of (Xo, X1, Zo) with respect to Py, which is
given by

(A % B x C) = E,,[P(15)14] P(C)

is also p-mizing, with same rate.
Proof. Let P be the transfer operator of X. Then, for all n > 1,
P(G)(x,y,2) = E[G(Xn-1, Xn, Zn)| Xo = y]
= [ (PN HC ) ) 4P ).

where H(z,z) = E[G(Xo, X1, 2)| Xo = ], and so

2
du(y)

IP"(G) ~EZlGgy = [ | [ (PG 2)(0) ~ BulH (. 2)]) dP(2)
< [ [Pt ) - B dP ) duty)
< [ Jprtacnw - B2

L2 ()
< [ CRIHC, )l ag dP(:)
E

dP(z)

= / C*9P B [G(Xo, X1, 2)| Xo] [IF2(,) dP(2) < CP0*VGIE, 7 -
E
O
Thus, without any loss of generality, from now on, in this subsection, we replace f(z,y, z) by

f(y) (up to replace the Markov chain X by the Markov chain X ). Note that this replacement
changes the notion of non-lattice, which can be corrected by using [24].

10Note that this change induces a change in the definition of non-lattice.
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Theorem 7.3. Assume P is geometrically ergodic on 2. Assume the initial measure v is the
stationary measure p and Yy = f(X3), with f : Q@ — R, Let r be a positive integer. Assume
f is p-centered and in L™ (). Then the assumptions of Theorem hold true with By = C.1

2r+1

r+1
endowed with the infinite norm and with B; = L5 (n) forallj € {1,....,r} and By11 =Lz (p)
(note that 1 < 2L < ™) In particular

(i) Theorem (CLT) applies and we conclude that (Sy/v/n)n>1 converges in distribution
to a centered Gaussian random variable with variance matriz 3, Covp, Yl,Y|n|+1).

(ii) Theorem (LLT) applies if Y1 is Z%-valued and non-lattice in ZdH
(iii) (d =1) Theorems|[6.11 and[6.19 (Ezpansions of order 7 —1=r—2 and ¥ =r — 1 in the
LLT) apply if Y1 is Z-valued and non-lattice in Z.
(iii") (d =1) Theorems[6.11) and[6.19 (Expansions of order 7 —1 =1 —2 and ¥ =1 — 1 in the
LLT) apply if Assumption (v')[), 1] holds true and if Y1 is non-lattice in RH
(iv) (d=1) Corollary[6.1]] (First order Edgeworth expansion) holds true if r > 2 and if Y1
s non-lattice in R.
(v) (d=1) Theorem (Edgeworth expansion of order ' € [1,7 = r —1]) applies if r > 2,
if Y1 is non-lattice in R and if Assumption (§')[r'] holds true.

Proof. Since P = Id on By, 1 is the single spectral value of P, and |[(z1d—P) ™|z, =
|z — 1|71 We know that for all p €]1,4o0c[, |P" — E,[]1|zwr) decreases exponentially fast.
This implies in particular that P is quasi-compact on B and on By with a single dominating
eigenvalue 1, which is simple and also that

1P (D ller ) < 1P (19Dl uy < 12" = Bul 10l 2wy lgllie ) + 9l »

implying the uniform Doeblin-Fortet inequality for Bj < Bj;1. Moreover, for all j =0, ...,
and m € {1,...,7 — j},

|pt<g>_if°<<%>k9>tk . P<<eitf_i<zkf'>ktk> g)
F=0 . Bjim k=0 : Bjim
T SN A m
< || =32t lalls; < ot™llgls,

k!

k=0 Bm,

due to the dominated convergence theorem. Note that this last inequality implies in particular
the continuity assumption of t — P, € L(Bj, Bj+1) required in Theorem Moreover Po(k) =
P((if)k) € ﬂ;;lg L(B;j,Bj1r). We also apply Theorem with B, — B,11 and with B, —
L'(u). The above inequalities combined with the Keller and Liverani perturbation theorem
(Theorem [3.3) ensure that the assumptions of Items (C) and (D) of Proposition Thus
Corollary with v = p and Proposition apply. For (i), we apply Theorem anks to
the previous facts and we identify the variance matrix of the limit using Proposition [5.8

Condition (P) of [26] is satisfied since the P () are contained and dense in IL!(11). Condition (K)
of [26] follows from the p-mixing. Thus, due to [26, Proposition 5.4], the non-lattice property

implies the non-arithmeticity (exponential decay of sup;c(_r x4\ B(0,50) E[eit‘s"]} | as n — +00).
We conclude by applying Theorem O

11non—latticity for Z%-valued observables means that there exist no triple (a,H,0) with a € 7%, H #+ 7% a
closed subgroup in Z¢ and 6 : Q — Z% such that Y1 + 6(X1) — 0(Xo) € a + H P, x P-ass.

121 0n-latticity in R means that there exist no triple a,b € R and 0 : Q — R such that Y1 +60(X1)—0(Xo) € a+bZ
Pu x P-a.s..
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We illustrate the previous theorem with the following explicit example with a smooth transi-
tion density and an observable that does not admit moment of every order.

Example 7.4. Let kK > 0. We consider the following von Mises Markov chain (X )n>0 on
Q = [—%,%] endowed with the Lebesque measure p (we also take v = p). We assume that
conditionally to Xy, Xki+1 has von Mises distribution with mean Xy, and with concentration k.
Let r be a positive integer and v €]r + 1,7 + 2[. We consider S,, = > p_; Yy, with Yy, = f(Xy)

and f(y) = sgn(y)|y| 7. Then Yi = (X)) € L'+1\ L2 and
(i) Theorem[6.4 (CLT) applies and so (Sy/v/m)n>1 converges in distribution to a centered

Gaussian random variable with variance matriz ), 5 Covp, (Yl, Y|n|+1>.

(ii) Theorem[6.5 (LLT) applies.
(iii’) Theorems and[6.19 (Ezpansions of order 7 —1 =71 —2 and 7 =r — 1 in the LLT)
apply (for any aq and o).
(iv) Corollaryl|6.14| (First order Edgeworth expansion) holds true if r > 2.
(v) Theorem (Edgeworth expansion of order ¥ =1 — 1) applies if r > 2 (for v’ =7 =
r—1).

Proof. We apply Theorem [7.3] This Markov chain has a smooth transition density. The family
of Fourier-perturbed operators (P;); is given by

WER, Pyu)(z) = /Q p(z, y)e Du(y) dy,

with p(z,y) = W, where I is the modified Bessel function of order 0.

o We first observe that the Lebesgue measure ;o on €2 := [—%, %] is invariant. This follows
from the fact that [, p(z,y)dz = 1.
e We observe that

Wt > 27, p(fF > 1) = p(f]F > 1) = p(|1d] <t F) =2 F .
Thus
k oo k
[ iEdi = [ i > by de
Q 0

is finite if and only if v > k. This ensures that f € L™ (u) \ L™ 2 ().

e Now let us prove that the Markov chain (X, ), is p-mixing. To this end, we establish
a Doeblin-Fortet inequality and study the peripherical spectrum. For any n € N and
z € (Q, the following inequalities hold true:

n—1
Pn(’u,)((lj) < /Qn <H p(xi,xi+1)> \u(xn)|dx1dxn
1=0

< |l
= To(k) WL () »

with the convention xzy = x, where we used the fact that p(z,—1,z,) < ﬁl) and that,
for all ¢ = 0,...,n — 2, p(z;,-) are probability density functions. Thus we have proved
that, for any p € [1,4+00] and any n € N,

elﬁ?

1P (u)llLe(u < IO(K)HuHLl(u) (46)

This Doeblin-Fortet inequality combined with e.g. Hennion’s theorem [I§] ensures the
quasi-compactness of P on LP(u) for all p €]1, +o00[ and the nullity of its spectral radius.
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Furthermore P1 = 1 and if h € L”(x) and A € C of modulus one are such that Ph = Ah,
then

h(@)| < [ pla.y) )] dy.
But
[ m@lde= [ plw.y) Ihiy)| dyde.
Q Q2

since y is invariant. Since p(z,y) > 0, this implies that |h| is almost surely constant,
and the relation

Mi(a) = [ ple.)h(y) dy

then implies that h is constant and so also that A = 1. Hence 1 is the only eigenvalue of
modulus one of P and its eigenspace consists in constant functions.
Finally ensures the that sup,, || P"||p2(,) < oo and so that the generalized eigenspace
of P associated to 1 coincide with its eigenspace, ending the proof of the simplicity of 1
as an eigenvalue of P. Thus we ave proved that the Markov chain (X)), is p-mixing.

e Now let us prove Assumptions (8'), (7/) and (¢§'). To this end we will prove that
limy ;4 oo || P?||oc = 0. Observe that P2(u)(z) = [, qi(x, 2)e™ Fu(z) dz, with

¢ (, 2) Z/Qp(w,y)p(y, 2)etIW) dy=/|>2% e,y ply ™, 2)eyly| 7t dy .
Yy

The Riemann-Lebesgue theorem ensures that lim;—, ;o ¢:(z, z) = 0. By uniform continu-
ity of p and since € is compact, (z, z) — g(x, ) is also uniformly continuous (uniformly
in (z,z,t)). Since Q is compact, we conclude that ¢ (z,z) converges to 0 uniformly
in (r,2), as t — 4oo. Thus lim 4o | P?|lec = 0, ensuring and so Assumptions
(v)[eh, ] for any aq,af and (8')[r'] for any ' and also Assumption (8’) (noticing
that the lattice condition f(y) + 6(y) — 6(z) € a + bZ (with b # 0) would imply that

Pm (627,;1'169) _ eQiTlr)ake2igrk )
b

We conclude by applying O

7.3. V-geometrically ergodic Markov chains. Let V : Q@ — [1,4+o00] be an unbounded
measurable function. The random walk (X,,),,, or equivalently its transition operator P, is said
to be V-geometrically ergodic if there exist C' > 0 and 9 €]0, 1] such that

Pr() — Exl]

< V| - 00 -
| e

Vn > 1, H

Again the study of Markov random walks driven by a V-geometrically ergodic random walk
(Xk)k>0 can be reduced to an additive function of a V-geometrically ergodic Markov chain.

Proposition 7.5. If the Markov chain (Xi)g>1 is V-geometrically ergodic, then the Markov
chain (X = (Xk—1, Xk, Zk))r>0 with invariant measure i defined in Proposition is V-
geometrically ergodic with same rate, with V(z,y,z) =V (xz) + V(y).

Proof. Let G : 92 x E — C be a bounded measurable function. We have seen in the proof of
Proposition that the transfer operator P of X satisfies

Vn>2, PY(GV)(z,y,2)) Z/E(P”_I(H(»Z)))(y) dP(2),
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where H(z,z) = E[G(Xo, X1,2)(V(z) + V(X1))| Xo = 2] = K(z,2)V(z). Moreover
E[[|Glloo (V' (Xo) + V(X1))|Xo = ]

V(x)
< |[Glloe M+ 1P(V)/V]oo) -

1K oo <

Thus
P (GV) — E;[GV]

%

o [ (P ECAV) - BK(,2)V]) dP(2)

o0
[e.9]

<C9! /E 1K (-, 2)lloo dP(2) < CO" 1[G lloo (1 + | P(V)/V|oo) -

This ends the proof of the proposition since P acts continuously on the space V.L* endowed
with the norm || - /V||so- O

Thus, without any loss of restriction, from now on, in this subsection, we replace f(x,y, z) by
f(y) (again this complicates the notion of non-lattice, see [25] for a simple one).

Theorem 7.6. Let r be a positive integer, ' €]r,r + 1] be a real number and f : Q — R? be
a p-centered function belonging to L™ (u). Let V : © — [1,+00] be an unbounded measurable
function such that E,[V] < co. Assume that P is V-geometrically ergodic and that

max _ sup sup vy p (\f|m+“thLl>

we{0,r' =7} j=0,....,r m=1,....r—j

< 00, (47)

[e.e]

then the conclusions of Items (C) and (D) of Propositions[{.1], of Corollary[5.¢ (for v = p) and of
Proposition[5.8 hold true with By = C.1 endowed with the infinite norm and with, for j =1,...,r,

Bj = VF.L® and Bry1 = V71 .L® endowed with the respective norms -1y = |l /VﬁHoO

and || - [l gy == [+ /V 7 | oo
IfE,[VE] < 0o for some € > 0, then

(i) Theorem (CLT) applies and we conclude that (Sy,/\/n)n>1 converges in distribution to
a centered Gaussian random variable with variance matriz ez Cov gpen (Yl, Y‘n|+1>.
(ii) Theorem (LLT) applies if Y1 is Z¢ valued and non-lattice in 72,

If moreover B, [V 7] < oo, then

(iii) (d =1) Theorems[6.11] and[6.13 apply with ¥ =1 — 1 if f is Z-valued and non-lattice in
Z.

(iii") (d = 1) Theorems[6.11] and[6.19 (Expansions of order ' in the LLT) apply with 7 =r—1
if Assumption (7')[e}, 1] holds true for Ep, [e**5"] and if Yy is non-lattice in R.

(iv) (d = 1) Corollary[6.1] (First order Edgeworth ezpansion) holds true if r = 2 and f is
non-lattice in R.

(v) (d=1) Theorem (Edgeworth expansion of order v’ € [1,7 =1r —1]) applies if Y1 is

non-lattice in R and if Assumption (8')[r'] holds true for Ep, [e*5] .

Proof. Recall that P is also V7-geometrically ergodic for any v €]0,1] and that Theorem 3.3
applies with the Banach spaces VYL*® «— L!(u) (see e.g. [26, Lemma 10.1]). If V € L!(m), then

1 .
Bj C L7 (m) since

[y et v 2 < HV 2 " VI, Il
r4+1 = T - ~ s ” - = L.
L7 (m) Vi Lrjfl(m) L#(m) = ~ Ll (m) 1B
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In particular, if V € L'(v), then v defines a linear continuous form on B;41. The fact that

B; — Bjy1 follows from v < V7. There exist C > 0 and o €]0, 1] such that, for any
je{l,...,r+1},

1P"(9) = Exlglll ;) < C"llgllc

122(9)lly) < 1P (gDl < €™ gl sy + gl

ensuring the Doeblin-Fortet estimate for Bj < Bjtq for j = 1,...,r. For k = 0,...,7,
B = P((if)*) € N L(B;, Bjyr) since

[BOw .,y < v pastmD|

o0

< |v-Hipgsiv )

1Al )

‘ o0

and due to (47). It remains to check the regularity assumptions. For all j = 0,...,r and

me{l,...,r—j},
(-5 %))
k=0 (+m)

< |v-5# P (jtrm gl v )|
<0 gl

<

!
= k!

(5+m)

and

itmtr’—r

< HP (!tf\m”"’”vri&) A
(r+1)
< O™ ) llgll gy = o™) gl -

HQH(J')

Condition (P) of [26] is satisfied since the Banach spaces are stables under complex modulus and
Condition (K) of [26] follows from the V-geometric ergodicity. Thus, due to [26, Proposition
E[eit.sn]} |
as n — +oo. We end the Eroof by applying Theorem with By := Ve.L> for (applying
Theorem [3.3| for V3.1 — By = Ve.L>). 0

5.4], the non-lattice property implies the exponential decay of SUDye[— 7]\ B(0,50)

Remark 7.7. Assume v = . Observe that is satisfied as soon as || f™/V e < 0o (which
also ensures that f € L™ (pn)) with r > 1, since for j +m <r and v € {0,r' —7r}:

_jtm+tu jtm+tu
< |(|\V7 PV ‘
00

jt+m4u

2 (vt

m-+u
r+1
<
o

fr+1/v

H .
00

Moreover, for the Markov chain (Xy—1, Xk, Z) considered in Proposition with the reference
function V, holds true if HfE If(, - w)|rHt dP(w)/‘N/H < 00. Indeed, setting g(z,y) =
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[ f(@yw)|™+1 dP(w)

Vi(z)+V(y) ’
P (1t ) @) = [P ([ 10 ae@) v + V) ) @)
<P ((f e+ ape) v Vo)
< |P (92 ) (V@) + V)T ) (@)
- mtu jtmtu

Il & (14 v P

Jjt+m+tu
Vi(z) w1,
o
since P is V r+1 -geometrically ergodic.

7.4. Lipschitz iterative models. We consider a non-compact metric space (E,d) in which
every closed ball is compact, and endow it with its Borel o-algebra £. Let (G, G) be a measur-
able space, let (6,),>1 be a sequence of independent identically distributed G-valued random
variables. Let F': E x G — E be a measurable function such that, for all g € G, F, := F(-,g)
is Lipschitz continuous with Lipschitz constant C,. We consider the random walk defined by

Vn > 1, Xn = F(anlven)a

the sequence (6,,)n>1 being independent of the initial value Xg of the random walk. This random
walk is called an iterative Lipschitz model [5] [7] and has transition operator

P(g)(x) = E[g(F(z,01))].
Note that this context includes the autoregressive chains on R? of the form
Vn>1, X,=A4,X,1+0,,

where (A, 0,)n>1 is an ii.d. sequence of r.v. taking values in My(R) x R, independent of X
(Mg(R) denotes the set of real d x d-matrices.) with e.g. |A;| <1 (|- | being a matrix norm).
For one-dimensional autoregressive chains, convergence to stable laws has been investigated in
[17] for f(x) = x. Let z¢ be a fixed point in E. For z € E, we set p(z) = 1+ d(z,x0). We
set, for all g € G, My := Cy + p(F(z0,g)). We are interested in the asymptotic behaviour of
Sp =01 f(Xp), with f: Q — R? satisfying the following condition for some Cj,s > 0:

V(z,y) € ExE, |f(z) = f(y) < Crd(z,y) (p(z) +p(y))" - (48)
Recall that the case f is Lipschitz continuous (i.e. s = 0 in ) has been studied e.g. in
[7 and in [2]. Fix a €]0,1]. We set gg?z’a for the set of functions g : E — C such that

|f|z(zo) + mgg(f) < 00, with

0 .— || £ /0 nd m@(r = [f(z) — f(v)]
= 1 e and w05 S0 e ) mas(ole). )

Remark 7.8. Observe that means that the coordinates of f belong to gg?s),sﬂ C gglﬂ_a’sﬂ.

In the sequel, we set M := My, and C := Cp,. Recall that it has been proved in [20, Th. I]
that if
E {MQ(SH)} <oo and E[C* max{C,1}*] <1,

then the Markov chain (X,), admits a unique stationary distribution  and p € L4+ (1) (see
also e.g [0] [7]), which implies in particular that f € L*(u).
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Theorem 7.9. Let r be a positive integer and a real number 1’ €|r,r+1]. Let v be a probability
measure on 2. Assume that p € L(SH)(’"H)(M) and a €0 ﬂ] Assume that f is p-centered,

satisfies and thaﬁ o
E [M(s+1)(r+1) +CaM(s+1)r'+sa:| < 400 (49)
and
E [C* max{C, 1} ] < 1. (50)
If p e L#(v) for some € > 0, then

(i) Them“em (CLT) applies and we conclude that (Sy,/\/n)n>1 converges in distribution to
a centered Gaussian random variable with variance matriz 3, ez Cov gpen (Yl, Y‘n|+1>.
(ii) Them“em (LLT) applies if Y1 is Z¢ valued and non-lattice in 72,

If moreover p € LTV (1), then

(iii) (d =1) Theorems[6.11] and[6.13 apply with ¥ =1 — 1 if f is Z-valued and non-lattice in
7.

(iii") (d =1) Theorems[6.11] and[6.19 (Exzpansions of order r in the LLT) apply with ¥ =1 —1
if Assumption (7') holds true for E,[e**5*] and if Y1 is non-lattice in R.

(iv) (d=1) Corollary[6.1] (First order Edgeworth expansion) holds true if r > 2 and if f is
non-lattice in R.

(v) (d=1) Theorem (Edgeworth expansion of order ' € [1,7 = r —1]) applies if r > 2,

if Y1 is non-lattice in R and if Assumption (8")[r'] holds true for E,[e**5] .

Let us prove this result. We consider the following notion of weighted Holder-type spaces due
to D. Guibourg [I4] and used in [26] generalizing those introduced [32] (used also in [34], [37]).
For positive real numbers 3,7 such that 0 < 8 < v and for (z,y) € E?, we set

Aa,p(,y) = p(x)*7 p(y)* + p(2)*” p(y)™.

Then B, g~ denotes the space of C-valued functions g on FE satisfying the following condition

lg(z) — g(y)|
z, y)a Aa,ﬁ,7($a y)

mavﬁal‘/(g) = Sup{d( 9 x’y 6 E’ T #y} < +OO.

|g(2)]
p(m)a(7+1)
Banach space. Moreover

Set ‘g‘a,w = Sgg and ”gHaﬁ,’Y = ma,ﬁq(g) + |g|ow- Then (Ba,[im | - Ha,ﬁ,'y) is a
X

<Y = Bapy = Bapgys (51)

K
and By g < L3+ (u) if p € L2 (1). Theorem 7.9 relies on the following propositions combined
with Theorem [7.1]

Proposition 7.10. Assume the Assumptions of Theorem[7.9. Then the assumptions of Corol-
lary are satisfied with By = C.1, B; = Ba i1 26D g forj=1,.r,B.y1 =08

Byyo = L (p).

r/(s+1) )
o,s+1,————=—1

Proof. Since a €]0, zi—;}, s+1< % — 1. Due to Lemmas and 7.12}7 we know that, for all

for j =1,...,r + 1, P is geometrically ergodic on B; and that (F;); satisfies the Doeblin Fortet
assumption of Theoremfor the Banach spaces B; < L!(x). Moreover 1 € By, and P coincide

. 1 1 k P(j).t®j
with Id on By and so (z1d —P)™" = (2 — 1)7" Id on By. Due to Lemma|7.13, F; — 375~

130bserve that these assumptions ensure that p € LD+ (1) thus that f € L™ ().
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is in O(|t|¥) in L(Bs, Biyx) for all i = 0,...,r — k and in O(|t|*+"" ") = o(tF) in L(Br_k, Bri1),
with P := P ((if)®9.).

Moreover B; < p(s+1i[o }Lrﬂi'l(,u) since ptHtD+H) € L(u); and t — Py € L(Bry1, Bri2)
is continuous (we can use e.g. Lemma [7.13)). O

Lemma 7.11. (|26, Lemma B.1]) Let a > a and b € [0,a + ay] and 0 < 3 <. Assume

E [MaJra('erl) + CaMa+a('y+,3) + Conb+oz('y+l)} < 00.

Then there exists C' > 0 such that, for all g € B

a,a,b’

P9 c(Bas. .8 < C/HQHgﬁ’a :

mmax(ﬂ,b“‘%),wg)
and
HP(Q')||£(C.LZ§$?W) < C,”g”gfﬂ,a'
More precisely
|P(9h)]arte < EMITOTD) gD n], , (52)

and
ma,max(ﬁ,bﬂf%),'y—i-g(gh) < E[COCC’il-i-oz(‘/-i-ﬁ)]|g|((10),moé”8;y(h)_‘_IE[Coz_/\/lb-f—a(”/-l—l)]7,15)(0’2)(9)|h|a;Y , (53)

with C1 := max(C, 1) + d(F(xg,0y), o) < M.

Proof. The fact that C; < M follows from [20, p.1945]. We start from [26, Lemma B.1] which
states that

|P(gh)| < E[Ma+a(v+1)]|g|((10)|h‘aﬁpa+a(7+1)
(ensuring (52)) and that

|P(gh)(z) = P(gh)(y)]

< E[CCT g O o (W)p(a)* A - (1,
d(z,y)° <E[c*G llgl 5 (MP(@)* D pq (2, Y)

+E[C M0 Dm0 (9) ko p(2)Pp(y) 0D |
if p(y) < p(x). Still assuming that p(y) < p(z), we conclude by noticing that
(@) Das (2, y) = p(a) (p()* p(y)*7 + p(y)**p(x)*7)
< p(a) " p(y)*” + p(y)* p(x) T

since 8 <« and
p(@)’p(y) O < p(x) T Tp(y)* T
since a(y+1) > a+b—a. O

Lemma 7.12. (|20, Theorem 11.5], [26, Propositions 11.2 and 11.4]) Assume s +1 < <~
and

E [ MO 4 co MO | < b0 and B [C* max{C,1}°0%7) | < 1. (54)
Then P is geometrically ergodic on Bagy: [[P" — Eullzs, 5.0 = OW") and (Py)e satisfies the
assumptions of Theorem with By = Ba . and By = L (p).

We prove the following result (generalizing [26, Proposition 11.6], see also ([26, Propositions
11.5 and 11.7] for C™-smoothness).
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Lemma 7.13. If s+ 1< 8 <~ <+ satisfies a(y —v) < s+ 1 and
E[MOOHD) 4 copme0' )] < oo
then t — Py € L(Ba,g,y: Ba,,y) is continuous at 0.
If m is a positive integer, if m' € [m,m + 1] and if 8,7 are such that 0 < 8 <~ and
E {Mm’(s+l)+a(’y+1) + CaMm’(erl)Jra('er,B) + CaMm’(s+l)+a'y < 00,

Then
Pk ok

Pt—ZT:O(tm')

k=0

in L (Baﬁmlgaﬂ +m/(5+1 ) and in L ((C 1, B(O)

=B : (k) .
a,m/ (s+1)—a,m/ (s+1) — a,Of”l(ZJrl)_l) , with By =
P ((if)@k.)'

Proof. Due to Lemma |7 the continuity at 0 of t — P, € L(Ba 8,y Ba,s,,) Will follow from
the control of ||e?f — 1||~(0) (since 22=042 < s+ 1 < fand 0 < s < a + ay = ).

a sa,a=a(y'—v)

We conclude by noticing, on the first hand (using 71 < 1), that
S = 1] < min(2, [t} f]) < min (2, |t]. (| (@0)| + C1p*))
< 27| (|f (o) | + Cr) T pE Y,
which implies that [t/ — 1| = © (\t\min(s%’a)) and, on the second hand, that
|7 — W] < min (2, [t]. f(2) = f(y)]) < 2" [H*CTd(w, y)* (p(x) + p(y))*™*,

ensuring that ml()o)(eitf -1H)=0 (|t|min(ﬁl’a)> This ends the proof of the first point. Let us
prove the second point. To this end, we first observe that

m (k) m .
oy e ([ )

k=0 k=0
Due to Lemmal [7.11} it i L (it,'j)k B(Q) = O(|t|™).
: e /(s+1) «@ m/(s+1)
We set h(u) :=e™ — 3L, (ZZ!) and notice that
|tf’m, 2|t|m/ (|f|s+1> (s+1)m’
ey < 2B T AT
Observe that there exists C{ > 0 such that |h/(iu)| = ‘ ( iy (Zul )’ < Chlu|™ =1 for all

u € R. Thus
[h(t.f(x)) = ht.f(y))] < Comax (|t.f ()], [£.F@))™ 7 e.(f(2) = F())]
Y1~ max (p(@) ., p(y)*) " [tld(e, ) max(p(a), p(y) "+
< Jt™ d(x, y)* max(p(w), p(y))™ D70
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Proof of Theorem [7.9, Propositionensures that assumptions of Theorem (except maybe
those on v) are satisfied. Observe that the condition p € L+H)7(v) ensures that |, € B? since
B« prsth) 1o,

For Items (i)-(ii) (TCL and LLT), assuming ¢ < 1/3 and ¢ < «(2s + 2), we take By :=
B_c_ 112541 and apply Theorem [3.3/for B_=_ .11 <+ By = B_=_ 119541. This will en-

25427 25427 25427

sure the continuity of ¢t — II; € E(Bg,go). The fact that By := B_= s41,2541 < L(v) will

_ 25427
follow from By < p°.L> and pf € L'(v). Let us check that the assumptions of Theorem [3.3

are satisfied for B I By. The continuity assumption of Theorem is ensured by

Lemma the integrability conditions follows from ¢ < 1/3). The other assumptions follow
from Lemma Indeed Conditions and imply for § =~ = s+1 since «a €0, Z%]
implies a(2s +2) < (s+ 1)’ + sa and a(s +2) < (s+1)(r + 1); and moreover implies that
holds also true with a being replaced by £/(2s + 2) < « (due to the Holder inequality).

Finally it has been proved in [26, Proposition 11.8] that the non-lattice property implies the

exponential decay of max;j—1,._r+1SUDsc[—x x4\ B(0,60) |77l 5, as n — +o00. O

APPENDIX A. MARKOV ADDITIVE PROCESSES

In [24], the authors considered Markov processes (X, Sp)pn on Q x R? such that
E [h(Xna gn)‘ Xp-1 =1, S’nfl = y} =K [h(me + gn)‘ Xn-1 =1, Snfl = O] . (55)

They also considered a continuous version of this form. We concentrate here on the discrete
time process. The first coordinate (X, ),>0 of this process is also a Markov process (driving the

process (Sp)n>1)- )
We explain here how, starting with the process (X,S) and using an independent sequence
(Zk)k>1 of i.i.d. random variables, we can construct a process (Sy)n>0 with

n
S?’L = Z Yk, Yk = f (Xk—lekH Zli‘)
k=1

such that (X, So + Sn)n>0 is Markov with the same transition operator as (X, gn)nZO- Let

(Zn = ( 7(11), - 7({1))) o be a sequence of i.i.d. random variables uniformly distributed on

10, 1[¢ and independent of (So, (Xn)n>0)- Let Fi(x, 2, s1,..., Sp—1, ) be the distribution function
of ka)|(X0 =z,X1=2,5 =0, 59) = s1, ...,S%kil) = sx—1) (Jirina’s desintegration theorem
ensures it is well defined). Consider fi(z,a’, s1, ..., Sx_1,) its inverse, i.e.

fe(@, 2, 81,0y Sp—1,u) = inf {z € R|Fy(z,2', 1, ..., 5-1,2) > u} .

Then we define the coordinates Yn(k) of Y, = <Y751), cey Yéd)) inductively on k by setting, for all
k=1, ..4d,
Y = fio (Xnoa, X, ¥, YD, Z(00)

A crucial well known fact is that fi(...,2) <u < 2z < Fg(...,u). In particular

YO <y o ZW < Fy(Xa_1, X, Y, LY ED )
This ensures that the distribution of erk) given (Xn_l, Xn, Sm_1, (Yéj))jzl,m,k_l) is the same as
the one of S',Qk) given (Xn_l, X, Spo1 =0, (5’7@ = erj))jzl,,..7k_1). Thus, we prove by induction
that, for all £ = 1,...,d, the distribution of (YTSI), - erk)) given X,,_1, X,,, Sn_1 coincides with
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the one of (~7(11)’ ,5'796)) given (Xn_l,Xn,S’n_l = 0). Indeed this holds true for £ = 1 and,
moreover assuming the result holds true at some rank k € {1,...,d — 1}, it follows that

k+1 '
E | T 1=coru (%) Xn-1, Xy Sna
7j=1

=K Xn—thySn—l

[ &

()
,Hll]*OO»"j](Y” )1{Z§f“>SFHl(anl,Xn,YTE”,...,Yé’“lum)}
=

k
=E H 1]7oo,uj](Y75j))Fk+l(Xn—17 er Yrgl)a ceey Yrgk)auk—l-l) Xn—17 Xnu Sn—l
7j=1

k
=E H 1]7oo,uj](Sy(Lj))Fk+l(Xn—lu XTL7 87(1,1)7 cey Sy(Lk)7uk+1) Xn—l; X’I’Lu Sn—l =0
[i=1

[ k41 o
=K Hl]—oo,uj](sfmj)) Xn—1,Xn, 5011 ,
L7=1

and thus the result holds alsg at rank k+1. Therefpre the distribution of Y, given X,,_1, X;,, Sp—1
coincides with the one of S,, given (X,_1,X,,S,—1 = 0). Moreover (X,,S,), is a Markov
process.
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