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The lattice Boltzmann scheme in his actual form has been developed with the contribu-
tions of Lallemand, Succi, d’Humiéres, Luo [HSB91, QHL92, DDH92, LL00| and many
others. In order to derive the equivalent partial differential equations, a classical of the
Chapman Enskog expansion is popular in the lattive Boltzmann community (see e.g.
[LLO0]) A main drawback of this approach is the fact that multiscale expansions are used
without a clear mathematical signification of the various variables and functions. Indepen-
dently of this framework, we have proposed in [FD07, FD0§| the Taylor expansion method
to obtain formally equivalent partial differential equations. The infinitesimal variable is
simply the time step (proportional to the space step with the acoustic scaling). This ap-
proach has been experimentaly validated in various contributions [DL10, DL11|. A third
order extension for fluid flow has been proposed in [FD09| and an efficient implementation

up to fourth order accuracy is presented in [ADGL14]|.

In this contribution, we consider a regular lattice £ composed by vertices x separated by
distances that are simple expressions of the space step Az. A discrete time ¢ is supposed

to be an integer multiple of a time step At > 0.

* Edition 22 March 2021. This contribution has been presented to the 16th International

Conference for Mesoscopic Methods in Engineering and Science, Edinburgh, 22-26 July 2019.
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A very general lattice Boltzmann scheme with ¢ discrete velocities of the form
filw, t+ At) = fi(z —v; At 1), 0<j<gq.

The distribution f* after relaxation is defined with moments m such that
mi = My f;.
J

The d’Humiéres matrix [DDH92] M is invertible and we decompose the moments in the

following way:

w
Y

The conserved variables W are not modified after relaxation: W* = W. The microscopic

variables Y are changed in a nonlinear way by the relaxation process:
Y'=Y+S(@W)-Y).

The matrix S is invertible, and ofter chosen as diagonal. It is supposed to be fixed in the
asymptotic process presented hereafter. The equilibrium values Y4 = &(W) are given

smooth functions of the conserved variables. When Y™ is evaluated, we have simply

f* — Mflm*.

We introduce the momentum-velocity operator matrix A defined by the relation
AM:ZM]W'U? (M_l)jgaa, ng‘,€<q
j?a
It is nothing else than the advection operator seen in the space of moments. Then we
have an exponential form of the discrete iteration of the lattice Boltzmann scheme:

m(x,t+ At) = exp(—AtA) m*(z, t).

With this general framework, we follow in this contribution the Chapman-Enskog formal-
ism proposed by Chen—Doolen [CD98| and Qian—Zhou [QZ00]. We suppose that At =¢
is an infinitesimal parameter and we expand the nonconserved moments as differential

nonlinear function of the conserved variables:
Y =®(W)+eS(U(W) + Wy (W)) +O(e?) .
Then we suppose that a multi-scale approach is present for the time dynamics:
Oy =0y, +¢e0,, +°0,, +O(°).

Then we prove that the conserved quantities W follow the following multi-time dynamics:



GENERAL THIRD ORDER CHAPMAN-ENSKOG EXPANSION

oW +T1(W)=0, 0,W+T:(W)=0, 0 ,W+TI5(W)=0.
The differential operators I'y (W), WUy (W), Iy(W), Wo(W) and ['s(IW) of this expansion
are recursively determined as a function of the data v;, M, ®(W) and S. We compare
our result with the particular third order expansion proposed in [FD19| and the linear
approach presented in [ADGL14|. The previous operators I';(W) and ¥;(IW) are of or-
der 7 and are exactly the ones derived in our fourth order expansion of lattice Boltzmann

schemes with the Taylor expansion method [FD19|.
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Outlook

e Multiple Relaxation Times Lattice Boltzmann scheme
e Compact expression

e A general expansion result at third order

e Proof for Chapman-Enskog

e Proof for Taylor expansion method

e Link with the previous expansion at third-order
(DCDS-A, 2009)

e Survey
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Multiple Relaxation Times Lattice Boltzmann scheme

Two steps for one time iteration

(i) Nonlinear relaxation
the particle distribution f is modified locally
into a new distribution *
(ii) Linear advection
method of characteristics when it is exact !

Compact description of the lattice Boltzmann scheme:
fi(x, t+At) = £*(x — vj At, t), eV, xelY.

. : 1%
d'Humieres matrix M for moments: my = My, fy, m= (Y)
Conserved variables W; after relaxation, W* = W

Non-Conserved moments Y
equilibrium value: Y°1 = &(W)

after relaxation: Y* =Y +S5S(Y*9—-Y), m*= <»V,\i)
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Important hypotheses

the discrete function f(x, t) for
x vertex of the lattice

t discrete time

is supposed to be the restriction of a very regular function
denoted in the same way f(x, t, At, sk, ---)

but defined for
x a point of the continuous space R

t continuous time
At the time step
s, the relaxation parameters

The numerical velocity A = % is fixed

The relaxation parameters s, are fixed
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Example of D2Q9

Moo =X 0 0 0 0 XX
0 0 M —X2 A2 —)\2| XY
0 —2X3 0 2X3 0 A3 )3 )3 )3 Jx
0 0 —=2x3 0 2x3 A3 A3 - N3 g
RS RA,) L, ) L, b S, D S I LD L D SN W B

‘@ 12 o5 )\:%
—@ @ T
3 0 1
AX
o ] o
7 4 8
AX
[ 1 1 1 1 1 1 1 1 1 7 P
0 A 0 —A 0 A=A =X A Jy
0 0 A 0 —A A A=A = Jy
—4)%2 X2 )% A% )% 2)% 2)2% 2)% 2)? £
—)\2
0
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Advection operator in the basis of moments 7

Momentum-velocity operator matrix A = Mdiag( Z v Ba) Mt

6
1 < a < d = space dimension

- (A B
Block decomposition A= c D

Example of A operator matrix for the thermal D2Q9 scheme

0 3, 9, 0 0 0 0 0 0
29, 0 0 |%a. 18, 9, 0 0 0
229, 0 o |ia, -8, 4. 0 0 0

0 Mo 9§, | 0 0 0 Ox o, 0
0 Z%an —X5,| o 0 o -la. 1s, o
0 2X29, 2X\%0«| O 0 0 30, 0. 0
0 0 0 |20 —MN3d X9, 0 0 1o,
0 0 0 |29, A9, Ao 0 0o 1o,
| o 0 0 0 0 0 A2, A9, 0 |
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Compact expression of the lattice Boltzmann scheme s

Proposition m(x,t+¢) = exp(—eA\) m*(x, t)
my(x, t + ¢) Z/\/ijf* —vje, t)
= ZMkj(M 1)15 mg(x — vje, t)

1

_ZM"J Zm —EZV da)" My (x, t)
—YY Y’V’kf( = 2 v 0a)" (M1, mi(x, 1)

EnO" l6Y

=3[ 32 5 (- e mite

— Z exp(—¢e A)ke mg(x, t)
14
= (exp(—eA) m*(x, 1))

k
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Chapman-Enskog framework

Introduce a small parameter . For numerical schemes, ¢ = At
f=Ff94+efl4e2f24+0(3)
Chapman-Enskog hypothesis : the perturbation terms f*

are only function of the equilibrium f = 4
apply the d'Humieres matrix:

MFf=MFfd4eMFl4e2MF+0(3)
take the first conserved component : W=W+420
take the second nonconserved component :
Y =Y+ e(Mf)y +e2(MF2)y +0(e3)
The perturbation terms ¢ (M f¢)y depend only

on the conserved moments W.
Then Y =d(W)+ S~ (e V(W) + 2 Wy(W)) + O(e3)

Suppose also a multi-scale approach for the time dynamics:
(9t = 0t1 + Eatz + 82 6t3 + 0(83)
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Chapman-Enskog expansion

10

The conserved quantities W follow a multi-time dynamics :
oy W +T1(W)=0
Op, W +T2(W) =0
O, W +T3(W)=0

The differential operators
Fl(W), lUl(\/V), rg(W), \UQ(W) and F3(W)
of this expansion are recursively determined

coefficients at first order

[1=AW+ Bo(W)
coefficients at second order

Vi = do(W).I1 — (CW + Do(W))

[ =BXVY, Hénon matrix ¥ = S~ 1 — %I
coefficients at third order

Wy =% dV¥; .1 + dO(W)., — DX W,

[3=BXV,+ L BV —2BdV:i.I
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Taylor vs Chapman-Enskog expansion methods

11

Asymptotic hypothesis: emerging partial differential equations
OW +T1 4+ At + At?T3 = O(AtY)

[j: vector obtained after j space derivations
of the conserved moments W
and the equilibrium vector ®(W).

Non-Conserved moments:
Y = o(W) + St (At Yy + A2 W) O(AL?)

®; analogous to I'; but not with the same dimension!
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General nonlinear Taylor expansion method

12

Coefficients at first order
1 =AW+ Bo(W)

Coefficients at second order
V; = do(W).I — (CW + Do(W))

[b=BYWV; with ¥ the Hénon matrix: ¥ =571 — %I

Coefficients at third order
Vo = do(W).Ir + X dV;.I1 — DXV,
[3=BXV,+ ¢ BdVi.l1 — 5 B Wy

We find the same formulas than with Chapman-Enskog:
the two expansions are equivalent!
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Chapman-Enskog expansion : order zero

13

m(t + ¢) = exp(—e \) m*
m+ O(e) = m* 4+ O(e)

first component : W + O(e) = W* + O(e)
no more information because W* = W

second component : Y + O(e) = Y* 4+ O(¢)
relaxation: Y*=Y+S(®(W)-Y)

The matrix S is supposed fixed
then Y =®(W)+ O(e)
and  Y*=o(W)+ O(e)
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Chapman-Enskog expansion : order one

14

m(t + ) = exp(—e \) m*
m+¢e0rm + O(e2) = m* —e Am* + O(&?)
with 0; = Oy, + €0y, + 20y, + O(3)
then m+¢e0y,m+ 0(e?) = m* — e Am* + O(&?)
first component
W +ed,W +0(e?) = W* —e (AW 4 B Y*) + O(£?)
with W*=W and Y*=o(W)+ O(e)
then Oy W =—(AW + Bo(W))

W +T1(W) =0 with T =AW + Bd(W)
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Chapman-Enskog expansion : order one bis 15

second component of m + ¢ 9;,m + O(e2) = m* — e Am* + O(&?)

Y 4+e0,Y +0(e2) = Y* —c(CW + D Y*) + 0(e?)
known: Y*=Y+S(®(W)-Y)
Y =d(W)+0(e) and Y* =d(W)+ O(e)

S(Y-d(W))=Y — Y*
= 20y (P(W) 4+ O(e)) —e(CW + D (¢(W) + O(e)) + O(e?)
=c[— dO(W).0, W — (C W + D d(W))] + O(£?)
= [dO(W).I1 — (CW + Dd(W))] + O(£?)
Then Y =®(W)+eS WU (W) + O(e?)
Vi = do(W).Iy — (CW + D o(W))
Y*=d(W)+e (ST =T) W (W) + O(e?)

MRT compact expression general result Chapman-Enskog Taylor 2009 survey

Chapman-Enskog expansion : Hénon's matrix 16

_¢-1_1
L =5"-5I

Y = d(W)+eS 1w (W) + O(e?)
Then Y =0(W)+e(Z+31I) Vi(W)+0O(?)
Y* = (W) +e(Z—31) V(W) + O(c?)
Wy = do(W).I'1 — (CW + Do(W))
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Chapman-Enskog expansion : order two

17

m—+ecom+ 3202m+ O(3) = m* — e Am* + 1 2 A\ m* + O(&3)
then
m+¢e(0y +€0,)m+ 5% (9 + O(e))?m + O(3)
=m* —eAm* + 32 N2 m* + O(3)
first component
W + (0 +e0p)W + 5202 W + O(3)
=W —-ec(AW+BY*)+ 12 (A W+ B Y*)+ O(ed)
with Y* = ®(W) + e (X Wy — 3¥1) + O(£2)
second order term
Op W+ 202W =—B(XWV; — V1) + 3 (AW + B, 9)
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Chapman-Enskog expansion : order two (ii)

18

O, W+ 202W =—-BEZV;+ 3BV + 1 (AW + B, d)
with 9 W = =0y, (T1(W)) = =0y (AW + BO(W))
= AT + B dd(W). Iy =A(AW + Bd) + B do(W).I',
O W + L (AW +AB®) + 1B dd(W).Iy
=-BYV;+ 1BV +1(AW+B0)
with A, =A>+BC, Bb,=AB+BD

OpW +BEV; = -2 (A2W +AB®)— B dd(W).Iy
+IBY + L (A2 +BCOW+L(AB+BD)®
= —1 B d®(W).I'1 + 3 B(d®(W).F1 — CW — D ®)
+3IBCW+3BD®
=0
O, W +To(W)=0 with T(W)=BIZ WU (W)
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Chapman-Enskog expansion : order two bis

19

m+e(0y +€0y,)m+ 3292 m+ O(3)
=m*—eAm*+ 12N m* + O(3)
second component
Y +e0,Y +e20,Y +3e202Y + 0(e3)
=Y —e(CW+DY*)+32(GW+ Dy Y*)+ O(3)
S(Y —d(W))=Y —Y*
=—0,Y — €% (0,Y +302Y) —c(CW+DY?)
+32(GW + Dy Y*) + O(e)
with Y = ®(W) +¢e (V1 + 2 V1) + O(?)

= —£ 0y, (W) — 2 (05 (Z W1 + 3 V1) + 0, P(W) + 1 52 d(W))
—e(CW+DY*)+ 322 (G W+ D, Y*) + O(e3)
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Chapman-Enskog expansion : order two bis (ii)

20

S(Y — d(W)) = —0,d(W)
—£2 (04 (Z V1 + 2 V1) + 0, ®(W) + 3 02 0(W))
—e(CW+DY*)+3e2(GW+ Dy Y*)+ O(e3)
with Y* = ®(W) + ¢ (ZV; — 2 W) + O(e?)
we have by definition S (Y — ®(W)) = e V1 + 2 W, + O(e3)
second order term
Wy = %0, V1 — 3 0, V1 — 0, ®(W) — 3 020(W)
—D (V1 — V1) + 3 GW + 3D, d(W)
with 0y, W1 = dW1.0, W = —dW; .l
and 0y, Vi = 0y (d®.My — CW — DO(W))
= 0y (dd.T1) — CO,W — D dd.0, W
= 6t1(d<b.l'1) +Cl1+ D do.l';
W =% dV¥y.ly — 3 (0 (dP.T1) + CT1 4+ D dd.T1) — 8, P(W)
—S3RZO(W) =D (V1 — V1) + 3 G W+ 3D, d(W)
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Chapman-Enskog expansion : order two bis (iii) 21
Wy =% dWi.M — 2 (04 (d®.I1) + CTy + D d®.[1) — 9, P(W)
—202O(W) =D (V1 — V1) + 3 GW + 3D, (W)
with 05, ®(W) = dd(W).0, W = —d(W).I;
O O(W) = 0y, (05 P(W)) = 0, (dD.0y, W) = —0y, (dd.T1)
Wy =% dWi.M — 2 (04 (d®.I1) + CTy + D dd.Iy) + &(W).I,
+20,(dP.M1) = DXV + 2DV + 1 G W + 1D, d(W)
with G =CA+BD, D,=CB+ D?
Vo =% dWy.M—2( CT+D do.Iy)+®(W).[o—DE Wi+ DWWy
+3 CAW+B®)+ID(CW + Bo)
with CW + Bd = do.I'; — Wy
Vo =% dWy.M — 3D do.T1 + ®(W).[, — DEZW; + Z D Wy
+3 D (do.Iy — Wy)
Wy =Y AW .l + dO(W).To — DXV,
L T G ST ) L L L ) B
Chapman-Enskog expansion : order three 22

m+edm+ 3e207m+ Le397m+ O(e*)
=m*—eAm*+ 32N m* — 23N m* 4+ O(e)
then
m+e(0y +€0, +E20,)m+ 32 (0, + 20y, + 0(e?))?m
+223(0 +0())’m+ O(e*) = m* —e A m*
+% 2 N2 m* — %53 A3 m* + O(eh)
first component
W+ (0 + €0y, +20,)W + 32 (02 + €04y Or, + € Or, O )W
+E2S3RW+0EH)=W—-c(AW +BY")
+32 (MW 4B Y*)— ¢3 (A3 W+ B3 Y*) + O(c*)
with  Y*=0(W) +e(ZWV; — 2W;) +2(Z WV, — 2W,) + O(3)



MRT compact expression general result Chapman-Enskog Taylor 2009 survey

Chapman-Enskog expansion : order three (ii)

23

W + (0 + €0, + 20, )W + 22 (02 + €04, O, + € Or, O )W
+2SB3RBW+OE)=W—-cAW
—eB(®(W) +e(ZV; — JWy) +¢2 (Z\I!2 — W)+ iAW
+32 By (P(W) +¢e(ZWy — 3Wy)) — L3 (A3 W+ Bs <I>) +0(eh)
third order term
O, W + 3 (04,05, W + 01,04 W) + ¢ O3 W
= —B(ZW, — W) + 1B, (W — 3Wy) — L (A3 W + B3 9)
with
O, 0, W = 0y (~BEZ W) = —BX dV.0, W = BY dV¥;.T,

Op, e, W = 00, (~AW — B®) = AT, — B dd.9, W
—ABYT1+ B do.l,

OpW + 3 BY dV .l + 3 (ABZF1+Bd¢F2)+%8§1W
=—B(ZW, — W)+ 1B (ZW; — 2Wy) — 2 (A3 W + B3 &)
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Chapman-Enskog expansion : order three (iii)

24

O W+ 3 (B dW1.T1 + ABXT1+ B d®.Ip) + ¢ 93 W

= —B(ZWy— Vo) + 3 B (ZWy — V1) — £ (A3 W + B3 ®)
with
RW =0,(AT14+ B dd.I'1) =9, (A(AW + B®)+ B dd.I)
= —A(AT; — Bdo.ly) — B d(de.Ip).Mry

= —A’T; —AB dd.I — Bd(do.ry).I
and As=AA+B,C, B3=AB+ByD

AW+ B3 =A (AW +B®)+ B, (CW + Do)
= (A2+BC)I1+(AB+ BD)(do.lN; — W)
= A(AT1 4+ B d®.I'1)+B(Cly+ D do.I') — BV,
= A(AT1 4+ B dd.I'y) + B(d(dd.I').My — dwi.ly) — B W,
= —0; W — B dV¥1.I'1 — B, ¥y
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Chapman-Enskog expansion : order three (iv) 25

O W+ 2 (BE dV1.I1 + ABET + B dd.l) = —BTX W,
+3 By + 2 By (ZWy — W) + £ (B dVq.l1 + By Wq)
with Wy =% dV¥y.l + do.[ — DTV,
O W+ 1 (BX dV1.I1 + ABXT1+ B do.lp)=-BX Y,
+3B(ZdVi.M + Al — DX V) + 3 B X Wy

—(7—¢) B2V1 4+ 1 B dvy.l,
then  9,W+BXV,+ 5B,V — 2B dVW;.l1 =0

[3=BYXVy+ 15 BV — § BdVy.l,
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Taylor second-order expansion 26

m+ Atorm+ 2 At202m + O(At3) =
=m* — AtAm* + 3 At2 A2 m* + O(At3)

We replace the vector m by its two components W and Y

W+ At O W + 3 At202W + O(At3) =
=W —At(AW + BY*)+ 2 At? (Ao W + B, Y*) + O(At3)

Y + At0:Y + 2 At292Y + O(At3) =
=Y*—At(CW+DY*)+ 3 A2 (G W + Dy Y*) + O(At3)

At zero-order: Y —Y*=0(At)and Y=Y 4+ S(®(W)—-Y)

The matrix S is supposed fixed
then Y =®(W)+ O(At) and Y* = d(W) 4+ O(At)
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Taylor second-order expansion (ii)

27

Y* = o(W) + O(At)
Second-order partial differential equations:
W + L AtO2W + O(At?) =
= —(AW +BY*)+ 2 At (AW + By Y*) + O(At?)
at first-order:
oW + O(At) = —AW — Bo(W) + O(At)
then OW=-T1 with T1=AW+ Bd(W)

then 0;Y = d®(W).0:W + O(At) = — dd(W).I1 + O(At)

Y - Y*=—-Atd;Y — At (CW + D Y*) + O(At?)
then S(Y —®) = At (dd(W).l'1 — CW — D) + O(At?)
Y =04+ AtS7H(dO(W).I1 — CW — D®) + O(At?)
and Wy = d®(W).I'; — (CW + Do)
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Taylor second-order expansion (iii)

28

O:W = —T1 4+ O(At) = —(AW + Bd(W)) + O(At)

Then OFW = 0;(—T1+ O(At)) = —dl.9:W + O(At)
= ATl 4+ B do.0;W + O(At)
= Al + B do.I'1 + O(At)

Second-order partial differential equations:
W + L AtO2W + O(At?) =
= (AW +BY*)+ At (AW + By, Y*) + O(At?)
HW =—-AW —B(®+ (- L) AtW;) — 2 At(AT1+ B do.I)
+3 At ((A2+BC)W + (AB+ BD)®) + O(At?)
=—AW-Bo+At(—BZV;+1B(dd.M1—CW—Do)
—(AAW + B®)) — 3B dd.I + 3 (A2 +BC) W
+1 (AB + BD)®) + O(At?)
O:W = -1 — At B V1 + O(At?) and [ =BXV,
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Link with the original Taylor expansion method (2007) 29

First-order 9,W = —T'1 + O(At) = —AW — BO(W) + O(At)
idest  0:W; + N 9gW; + A 050(W), = O(At)
or B Wi + No,9smst = O(At)

with the notation m{? = ®(W),

Defect of conservation 6y = 9ym,* + Z Afe dgm,"

2B
vector of conservation defect

0 = 0, D(W) + A.md
= do.(—Ty —AtTy+--- )+ (CW + DO(W))
= (—do.'1 + O(AL)) + (C W + D o(W))
= —V; + O(At) 0 =—-V; + O(At)

Second-order term

(BXW1), =Y Biok(—0k+O(At)) = Y Ny 0y 9s0k + O(At)
k k
and Wi+ AJagmSt = At S, N ok 950k + O(AL?)
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Taylor third-order expansion 30

m+ Atdm+ 3 A?20im+ t A I3m+ O(At*) =
=m* — AtAm* + 1 AN m* + 2 A A3 m* + O(At?)
We replace the vector m by its two components W and Y
W+ At W + S A2 02W + L A O3W + O(At?) =
=W —At(AW + BY*)+ 3 At> (AW + By Y*)
—s A3 (A3 W + B3 Y*) + O(At?)
then OW =—-AW —BY*+IAt(A W+ B Y*—92W)
— s A2 (AW + B3 Y* — 93W) + O(ALd)
Y + At0:Y + 2 At292Y + O(At3) =
=Y*—At(CW+DY*)+ 3 A2 (G W + Dy Y*) + O(At3)
and
Y —Y*=S5S(Y - d)
= —At(CWHD Y*+0:Y)+3At2 (G WD, Y*—02Y)+0(At3)
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Computation of the coefficient WV, 31

S(Y —0) =
—At(CW+DY*+0:Y)+ 3 A2 (G W + Dy Y* — 92Y)
+O(At3)
with [see Annex -1- page (iii)]
CW+DY*=—-V;+ do.l1+ At D (X — 31) V1 + O(At?)
CGW 4Dy Y* = d(dd.ly — V).l — DYy + O(At)
and [see Annex -2- pages (iii) and (iv)]
BeY = —d0.Iy — At (dO.Fo+ (T +31) AWy 1) + O(A#)
02Y = d(d®.l1).M + O(At)
Then
S(Y=®)=AtV; + At? (- D (T-11) ¥y + do.I
+(Z+30) dV1.T — 3 (dV1.T1 + D V) + O(AL)

— AtV + A2 (T ATy + do.T, — DT W) + O(A)
Vo =2 dVq. 11 + dd.[H» — DX V4
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Computation of the coefficient [3 32

HW=—-AW —BY*+LAt(AW+ B Y*—52W)
— S A2 (A3 W + B3 Y* + 93 W) + O(At3)
with [see Annex -1- pages (i) and (ii)]
AW+ BY*=AW+Bo+AtB(X—31) WV,
+A? B (- 1) Wy + O(AL3)
AW+ B, Y* :AF1+B(d<D.F1—\U1)+AtBQ (Z—%I) W,
+O(At?)
AsW + B3 Y* = 82F1.F1 — B dV;.[{ — BV + O(At)

and [see Annex -2- pages (i) and (ii)]
W = dry. Ty + At(dly.To + dla.T1) + O(At?)
BW = —0°T1.T1 + O(At)
W =T, —AtBY W,
+A? (=B (E—3D) W+ 3 (B (E—3I) Wy — dl1.To— dlMp.Ty)
+2 (B dW1.l1 + BoWy)) + O(AL3)
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Computation of the coefficient '3 (ii) 33

OW+HT1+AtT =A? (=B(X -3V + 3 (B (Z—31) V¥,
—dl1. Mo — dlo.Tq) + ¢ (B dV1.T1 + B Vq)) + O(A3)

and the coefficient of At? is given by
[3=BXV, - 2BV, +3(AB+BD)T V1 + (7 —¢) BV
—2(ATo+ B d®.Ip) — 3 BY dVq.T1 — ¢ B dVy.ly
because [, =BXWV;
=BYW,— B(DXV; — dd.l, — X d¥;.T1)+ 3 BDE W,
LBV — 3B dd.l—3BY dV;.T, — ¢ B dW;.l

Finally,
[3=BXV,+ 35 B,V — 2B dV;.T;
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Link with the previous formal expansion at third-order 34

Defect of conservation 6y = 9ym;,* + Z Afe dgm,"

8]
vector of conservation defect 6 = 9;®(W) + A.m

then 0 =—-V; — At dd.[x + O(At)
and  0:0 = —0:V; + O(At) = dV;.T1 + O(At)

We have the following calculus:
[+ AtT3=BXV; + At(BZVo + L B Wy — £ BdVy.Tq)
= BY (—0-At dd.Ty +O(At?)) + At BEX(X dV;.I'1 + do.T;
—Dzw1)+%m52w1— s AtB dVy. Ty
:—Bze+At(—(BZDz L Bo) W,
+B (X% - 1) dv;. rl) + O(At?)
= —BZH+At((BZDZ — L B)6
+B (X% — £) 0:8) + O(At?)
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Link with the previous formal expansion at third-order (ii)

M2+ Atl3=—-BYf+ At ((BEDY — {5 B2)6
+B (X2 - %)&9) + O(At?)
Third-order partial equivalent equations:

OW +Am*d — AtBY 0
+At? ((BEDY — 5 B) 0+ B(X2— 2)0:0) = O(At3)

Explicitation with the cartesian components:

(BEDXO). =N, ok (N],) o0 950,00 = N ok Ny 50 Dpd-0;
(B20). = (N7 95) (N, 8,) 00 = N N, D306,

(BEDY — 15 B)0), = Ny Ny (0 00 — 15) 00,6,

(B(x2 — %)at ), = Ny (07 — 1) 950:04

Other form of the third-order partial equivalent equations:

o W; +/\?;<8 m At/\ Jkaﬁek

+At2</\ﬁ( /\ZE (O‘k O‘g—ﬁ) 3567954—/\”( (O‘i —%) 658t0k) = O(At3)
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Link with the previous formal expansion at third-order (iii)

B Wi + N5 83 mS — At Ny o 93 0

FAL2 (N N, (0 00— 5) Db 00+N5, (02 —1) 050:6x) = O(A)

Classical lattice Boltzmann scheme : Mp; =1 and M,; = V;

then Ag, = M; v}* (/\/l_l)je = M,; (M_l)je = o

and A Nl (0100 = 1) 950,01 = S Ny (0100 — 1) 50,0
= Ny (0500 — 15) 0500,

Thermal case: o3 # 0 and

Aok Mg (oK 92 = 15) 050500 = N}y (0500 — 35) D509
Fluid case; the momentum is conserved: 03 = O Then

/\gk /\Ze (Uk ©g = %) 0p0~0p = 12 512 9p0,0¢
Mok (0 — §) 0500k = Sp (0} — ) Dp0ebk = (0 — §) D:(D58p)
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Link with the previous formal expansion at third-order (iv)

atVVi—l—/\ 85 At/\lkdkagek
—I—At2</\§( /\Zﬁ (O‘k Ug—ﬁ) 858795+/\ﬁ< (0% —%) 85(9159/() = O(At3)

/\7 (0 op — l) 050-0 thermics
B (2 _ 1 _ pYL ™ 12) YBYyVE
/\Ok (Uk 6) 8Bat9k { 112 Age 858795 fluid

Aok (0% — &) 0300k = (05 — §) 0e(9505)
Thermal case: o # 0 and
Ny (02 — 1) 30,0k = (03 — 1) 8:(9365)
ok \Tk pOtVk = 95 — t\UsYs
Fluid case; the momentum is conserved: 63 = O(At). Then
Ny (02 — 1) 930:0 = O(At)
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Link with the previous formal expansion at third-order (v)

B Wi + N5 93 mS — At Ny o 93 0
—I—At2(/\5 AZE <O'k op— 12) (95(9 @g—|—/\1k (Uk ) (958,59/() = O(At3)

Classical notations: Wy = p = z W, =J, = ZJ. Vit f;
N (cpoe — —) D500 thermics
) 1 _ BOL BO~U¢
o (0% — ) 030t0k = { 112 AY, 950, 191 Auid

o 0t(05303) thermics
Now (07 — &) D30+ :{ é = 8) M0 fluid

Mass conservation in the thermal case :
O0tp + Oq I — Ato, 0, 9a+At2 (Afo (O‘gag )853 0,

+(03 — 1) 0:(9485)) = O(AF)
[relation (35) of DCDS-A, 2009].

Mass conservation in the fluid case :
0tp + Oado — 15 At N}, 050,600 = O(At?)
[relation (40) of DCDS-A, 2009].
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Link with the previous formal expansion at third-order (vi)

0 W, —l—/\ﬁ 85 miq — At/\ﬁ(akag O
AN A (o) 830,000 (0 —1) 050485) = O(BE)

Momentum conservation for the fluid case: i = «
Opdo + N, Dy mEY — At A, oy D504
AR (NN, (o001 — 25) 030,0
+A2, (02 — 1) 3p0:60k) = O(AE)
[relation (41) of DCDS-A, 2009].
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Survey 40

e Compact iteration of lattice Boltzmann schemes
e Block decomposition of the moment-velocity operator matrix

o Asymptotic expansion of the equivalent partial differential
equations and of the non conserved moments

o Explicitation of the coefficients up to order 3
with recursive formulas containing less than 3 terms

e Intensive use of differential calculus

o Validation of the nonlinear expansion for fluid flow
and thermal problems up the the order 3

o Validation of the non linear expansion at second order

for Navier Stokes flows with two en three space dimensions
[lcmmes 2018, ICIAM 2019, ...]

e New applications soon !



