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We investigate the duality properties of a minimization problem involving the sum of a nonlinearly composed convex function and a linearly composed convex function. A Kuhn-Tucker operator is constructed for this problem as an extension of the operator found in classical Fenchel-Rockafellar duality theory. Monotone splitting algorithms are applied to this Kuhn-Tucker operator to solve the composite problem.

Introduction

The goal of this paper is to investigate the following minimization problem, and to propose splitting algorithms to solve it. Given a real Banach space X , Γ 0 (X ) designates the class of proper lower semicontinuous convex functions from X to ]-∞, +∞]. Problem 1.1 Let X and Y be reflexive real Banach spaces, let f ∈ Γ 0 (X ), let g ∈ Γ 0 (Y), let L : X → Y be a bounded linear operator, and let φ ∈ Γ 0 (R) be increasing. Set

φ • f : X → ]-∞, +∞] : x → φ f (x) , if f (x) ∈ dom φ; +∞, if f (x) / ∈ dom φ. (1.1)
The goal is to

minimize x∈X φ f (x) + g(Lx), (1.2) 
and P denotes its set of solutions.

To motivate this formulation, let us consider a few special cases of interest (see Section 2 for notation). 

which is pervasive in nonlinear programming.

Example 1. [START_REF] Bolte | The multiproximal linearization method for convex composite problems[END_REF] Let θ ∈ Γ 0 (R) be an increasing function such that dom θ = ]-∞, η[ for some η ∈ R, lim ξ↑η θ(ξ) = +∞, and (rec θ)(1) > 0. Let α : ]0, +∞[ → ]0, +∞[ be such that lim ρ↓0 α(ρ) = 0 and lim ρ↓0 α(ρ)/ρ > 0. Set X = R N and L = Id. Given ρ ∈ ]0, +∞[, set φ : ξ → α(ρ)θ(ξ/ρ). Then Problem 1.1 becomes minimize x∈R N α(ρ)θ(f (x)/ρ) + g(x).

(1.4)

The asymptotic behavior of this family of penalty-barrier minimization problems as ρ ↓ 0 is investigated in [START_REF] Auslender | Asymptotic analysis for penalty and barrier methods in convex and linear programming[END_REF].

Example 1. [START_REF] Briceño-Arias | Convex variational formulation with smooth coupling for multicomponent signal decomposition and recovery[END_REF] In Problem 1.1 suppose that φ = θ • max{0, • -ρ}, where θ ∈ Γ 0 (R) is increasing and ρ ∈ R. Then (1.1) reduces to minimize x∈X θ max{0, f (x) -ρ} + g(Lx).

(1.5)

For instance, if C is a nonempty closed convex subset of X and f = d C , we recover the setting of [START_REF] Combettes | Proximal activation of smooth functions in splitting algorithms for convex image recovery[END_REF]Example 2.4].

Example 1.5 Let p ∈ [1, +∞[ and let (X i ) i∈I and (Y k ) k∈K be finite families of reflexive real Banach spaces. For every i ∈ I, let C i be a nonempty closed convex subset of X i , and, for every k ∈ K, let L ik : X i → Y k be a bounded linear operator. Set

X = i∈I X i , Y = k∈K Y k , C = × i∈I C i , f : (x i ) i∈I → ( p i=1 d p C i (x i )) 1/p , φ = (max{0, •}) p , g : (y k ) k∈K → k∈K g k (y k ), and L : (x i ) i∈I → ( i∈I L ik x i ) k∈K . Then (1.1) reduces to minimize (x i ) i∈I ∈ × i∈I X i i∈I d p C i (x i ) + k∈K g k i∈I L ik x i . (1.6)
This formulation covers problems in signal processing and location problems [START_REF] Briceño-Arias | Convex variational formulation with smooth coupling for multicomponent signal decomposition and recovery[END_REF][START_REF] Combettes | Proximal activation of smooth functions in splitting algorithms for convex image recovery[END_REF][START_REF] Mordukhovich | Solving a generalized Heron problem by means of convex analysis[END_REF].

There is a vast literature on Problem 1.1 in the case of linear compositions, that is, when φ : t → t. In this context, the duality theory goes back to [START_REF] Rockafellar | Duality and stability in extremum problems involving convex functions[END_REF], and various solution methods are available, e.g., [START_REF] Briceño-Arias | A monotone+skew splitting model for composite monotone inclusions in duality[END_REF][START_REF] Chen | A proximal-based decomposition method for convex minimization problems[END_REF][START_REF] Condat | A primal-dual splitting method for convex optimization involving Lipschitzian, proximable and linear composite terms[END_REF][START_REF] Vũ | A splitting algorithm for dual monotone inclusions involving cocoercive operators[END_REF]. In the nonlinear setting, in terms of convex analysis, the conjugate and the subdifferential of φ • f in (1.1) have been derived in [START_REF] Combari | Sous-différentiels de fonctions convexes composées[END_REF][START_REF] Combari | A note on subdifferentials of convex composite functionals[END_REF], building up on the work of [START_REF] Lemaire | Application of a subdifferenlial of a convex composite functional to optimal control in variational inequalities[END_REF][START_REF] Lescarret | Sous-différentialité de fonctions composées[END_REF][START_REF] Kutateladze | Formulas for computing subdifferentials[END_REF][START_REF] Rubinov | Sublinear operators and their applications[END_REF]. However, duality theory for the minimization problem (1.1) does not seem to have been studied. On the numerical side, in the finite dimensional setting, with f smooth and g = 0, Problem 1.1 has been studied in [START_REF] Bolte | The multiproximal linearization method for convex composite problems[END_REF] in the case when f is vector-valued by linearizing the objective function (see also [START_REF] Burke | Descent methods for composite nondifferentiable optimization problems[END_REF][START_REF] Lewis | A proximal method for composite minimization[END_REF][START_REF] Pauwels | The value function approach to convergence analysis in composite optimization[END_REF][START_REF] Wright | Convergence of an inexact algorithm for composite nonsmooth optimization[END_REF] and the references therein for the case when f is not convex in this scenario). However, in the general setting of Problem 1.1, solution methods are not available. The goal of the present paper is to address these gaps by first extending the classical Fenchel-Rockafellar theory to Problem 1.1, and then exploiting it to design proximal splitting algorithms to solve it.

We introduce our notation in Section 2. In Section 3, we develop a duality theory for Problem 1.1. In particular, we establish a connection between the conjugate of composite functions and perspective functions. We then derive a dual problem and show that primal-dual solutions can be obtained as the zeros of a nonlinear monotone Kuhn-Tucker operator. This property is used in Section 4 to derive splitting algorithms that use φ, f , g, and L separately to solve Problem 1.1 via the computation of resolvents of suitable monotone operators.

Notation and background

Let X and Y be reflexive real Banach spaces, and let X * and Y * denote their respective topological duals. The symbol X ⊕ Y designates the standard vector space X × Y equipped with the pairing

(∀(x, y) ∈ X × Y)(∀(x * , y * ) ∈ X * × Y * ) (x, y), (x * , y * ) = x, x * + y, y * (2.1)
and the norm

(∀(x, y) ∈ X × Y) (x, y) = x 2 + y 2 . (2.2)
The power set of X * is denoted by 2 X * . Let A : X → 2 X * be a set-valued operator. We denote by ran

A = x * ∈ X * | (∃ x ∈ X ) x * ∈ Ax the range of A, by dom A = x ∈ X | Ax = ∅ the domain of A, by zer A = x ∈ X | 0 ∈ Ax the set of zeros of A, by gra A = (x, x * ) ∈ X × X * | x * ∈ Ax graph of A, and by A -1 the inverse of A, which has graph (x * , x) ∈ X * × X | x * ∈ Ax . Moreover, A is monotone if (∀(x, y) ∈ X × X )(∀(x * , y * ) ∈ Ax × Ay) x -y, x * -y * 0, (2.3) 
and maximally so if there exists no monotone operator B : X → 2 X * such that gra

A ⊂ gra B = gra A. If X is Hilbertian, the resolvent of A is J A = (Id + A) -1 . A function f : X → [-∞, +∞] is proper if -∞ / ∈ f (X ) = {+∞}. The domain of f : X → [-∞, +∞] is dom f = x ∈ X | f (x) < +∞ and its epigraph is epi f = (x, ξ) ∈ X × R | f (x) ξ . Let f ∈ Γ 0 (X ). The recession function of f is rec f , the conjugate of f is the function f * ∈ Γ 0 (X * ) defined by f * : x * → sup x∈X ( x, x * -f (x)), and the perspective of f is the function f ∈ Γ 0 (X ⊕ R) defined by f : X × R → ]-∞, +∞] : (x, ξ) →      ξ f (x/ξ), if ξ > 0; (rec f )(x), if ξ = 0; +∞,
otherwise.

(2.4)

If f is proper, its subdifferential is the maximally monotone operator

∂f : X → 2 X * : x → x * ∈ X * | (∀y ∈ dom f ) y -x, x * + f (x) f (y) . (2.5)
Let C be a convex subset of X . The indicator function of C is denoted by ι C , the strong relative interior of C, i.e., the set of points x ∈ C such that the cone generated by -x + C is a closed vector subspace of X , by sri C, and the distance to C is the function

d C : x → inf y∈C x -y . If X is Hilbertian, for every x ∈ X , prox f x = J ∂f x denotes the unique minimizer of f + • -x 2 /2.
For background on convex analysis and monotone operators, see [START_REF] Bauschke | Convex Analysis and Monotone Operator Theory in Hilbert Spaces[END_REF][START_REF] Zȃlinescu | Convex Analysis in General Vector Spaces[END_REF].

Duality theory for nonlinear composite minimization

We start with a technical fact.

Lemma 3.1 Let φ : R → ]-∞, +∞] be an increasing proper convex function. Then the following hold:

(i) dom φ is an interval and inf dom φ = -∞. (ii) dom φ * ⊂ [0, +∞[.
Proof. (i): Since φ is convex, dom φ is convex, hence an interval. Now take ξ ∈ dom φ and η < ξ.

Then φ(η) φ(ξ) < +∞ and hence η ∈ dom φ. Consequently, inf dom φ = -∞.

(ii): Since φ is increasing, it follows from (i) that

(∀ξ * ∈ ]-∞, 0[) φ * (ξ * ) = sup ξ∈dom φ ξξ * -φ(ξ) = +∞, (3.1) 
which yields dom φ * ⊂ [0, +∞[.

The next result concerns convex analytical properties of φ • f and establishes in particular a connection between the conjugate of a composite function and function and the marginal of a function that involves the perspective (see (2.4)) of its conjugate. Proposition 3.2 Let X be a real Banach space, let f ∈ Γ 0 (X ), and let φ ∈ Γ 0 (R) be an increasing function such that

dom φ ∩ f (dom f ) = ∅. Then (i) dom (φ • f ) = f -1 (dom φ). (ii) φ • f ∈ Γ 0 (X ).
(iii) Suppose that there exists x ∈ X such that f (x) ∈ int dom φ. Then

(∀x * ∈ X * ) (φ • f ) * (x * ) = min ξ * ∈R φ * (ξ * ) + f * (x * , ξ * ) . (3.2) 
(iv) Suppose that there exists z ∈ dom f such that f (z) ∈ int dom φ. Then

(∀x ∈ X ) ∂(φ • f )(x) = ξ * ∈∂φ f (x) ξ * ∂f (x). (3.3) 
(v) Suppose that there exists z ∈ dom f such that f (z) ∈ int dom φ, and let x ∈ X and ξ * ∈ R. Then 

ξ * ∈ ∂φ f (x) x * ∈ ξ * ∂f (x) ⇔ x * ∈ ∂(φ • f )(x) ξ * ∈ Argmin φ * + f * (x * , •) . ( 3 
(∀x * ∈ X * ) (φ • f ) * (x * ) = min φ * (ξ * ) + (ξ * f ) * (x * ) = min ξ * ∈R φ * (ξ * ) + f * (x * , ξ * ) , (3.5) 
which completes the proof.

(iv): See [START_REF] Combari | Sous-différentiels de fonctions convexes composées[END_REF]Proposition 4.11i)].

(v): It follows from (iv) and the Fenchel-Young identity that

ξ * ∈ ∂φ f (x) x * ∈ ξ * ∂f (x) ⇔ (∃z * ∈ X * ) (ξ * , z * ) ∈ ∂φ f (x) × ∂f (x) x * = ξ * z * ∈ ∂(φ • f )(x) ⇔ (∃z * ∈ X * )      φ f (x) + φ * (ξ * ) = ξ * f (x) f (x) + f * (z * ) = x, z * x * = ξ * z * ∈ ∂(φ • f )(x) ⇔ (∃z * ∈ X * )      (φ • f )(x) + φ * (ξ * ) = ξ * x, z * -f * (z * ) f (x) + f * (z * ) = x, z * x * = ξ * z * ∈ ∂(φ • f )(x) ⇔ (∃z * ∈ X * )      (φ • f )(x) + φ * (ξ * ) + ξ * f * (z * ) = x, x * f (x) + f * (z * ) = x, z * x * = ξ * z * ∈ ∂(φ • f )(x). (3.6) Let µ = (φ • f ) * (x * ) = min(φ * + f * (x * , •)
) and note that, by Fenchel-Young inequality [32, Theorem 2.3.1(ii)], we have

µ x * , x -(φ • f )(x). (3.7)
We consider two cases.

• ξ * = 0: In this case x * = 0, µ φ * (0) + f * (0, 0) = φ * (0), and (3.7) yields

-(φ • f )(x) µ. Altogether, (3.6) ⇔ (∃z * ∈ X * )      µ φ * (0) (φ • f )(x) + φ * (0) = 0 f (x) + f * (z * ) = x, z * (3.8) ⇔ (∃z * ∈ X * )      µ φ * (0) = -(φ • f )(x) f (x) + f * (z * ) = x, z * (φ • f )(x) + µ 0 ⇔ (∃z * ∈ X * )      (φ • f )(x) = -φ * (0) f (x) + f * (z * ) = x, z * µ = φ * (0), (3.9) which is equivalent to 0 ∈ Argmin (φ * + f * (0, •)).
• ξ * = 0: In this case, it follows from Lemma 3.1(ii) that ξ * > 0. Therefore, (3.7) yields

(3.6) ⇔ (∃z * ∈ X * )      φ * (ξ * ) + f * (x * , ξ * ) = x, x * -(φ • f )(x) µ f (x) + f * (z * ) = x, z * x * = ξ * z * , (3.10)
and the result follows.

Next, we provide a characterization of the solutions to Problem 1.1 in terms of a monotone inclusion problem in X × R. It will necessitate the following qualification conditions. 

Assumption 3.3 In Problem 1.1, 0 ∈ sri L(f -1 (dom φ)) -dom g and (∃ z ∈ dom f ) f (z) ∈ int dom φ. ( 3 
     A : X ⊕ R → 2 X * ⊕R : (x, ξ * ) → ξ * ∂f (x) × ∂φ * (ξ * ) -f (x) , if (x, ξ * ) ∈ dom ∂f × dom ∂φ * ; ∅, otherwise. B : X ⊕ R → 2 X * ⊕R : (x, ξ * ) → L * (∂g(Lx)) × {0}.
(3.12)

Then the following hold:

(i) dom A = dom ∂f × dom ∂φ * ⊂ dom f × [0, +∞[.
(ii) A and B are maximally monotone.

(iii) P = ξ * ∈R x ∈ X | (x, ξ * ) ∈ zer (A + B) .
Proof. (i): This follows from (3.12) and Lemma 3.1(ii).

(ii): Set

F : X × R → [-∞, +∞] : (x, ξ * ) →      +∞, if x / ∈ dom f ; ξ * f (x) -φ * (ξ * ), if x ∈ dom f and ξ * ∈ dom φ * ; -∞, if x ∈ dom f and ξ * / ∈ dom φ * . (3.13)
Note that, for every

(x, ξ * ) ∈ X × R, -F (x, •) ∈ Γ 0 (R) and, in view of Lemma 3.1(ii), F (•, ξ * ) ∈ Γ 0 (X ).
As a result, the associated saddle operator A is maximally monotone [START_REF] Rockafellar | Monotone operators associated with saddle-functions and minimax problems[END_REF][START_REF] Rockafellar | Saddle points and convex analysis[END_REF]. On the other hand, it follows from Assumption 3.3 and [32, Theorem 2.8.

3(vii)] that L * • ∂g • L = ∂(g • L)
is maximally monotone, which implies that B is maximally monotone.

(iii): Since f -1 (int dom φ) = ∅, it follows from [32, Theorems 2.8.3(vii)], Proposition 3.2(iv), and [32, Theorem 2.4.2(iii)] that

x ∈ P ⇔ 0 ∈ ∂ φ • f + g • L (x) ⇔ ∃ ξ * ∈ ∂φ f (x) 0 ∈ ξ * ∂f (x) + L * (∂g Lx) (3.14) 
⇔ (∃ ξ * ∈ R) 0 ∈ ∂φ * (ξ * ) -f (x) 0 ∈ ξ * ∂f (x) + L * ∂g(Lx) , (3.15) 
and the result follows.

To advance further our the investigation of Problem 1.1, we introduce an auxiliary problem.

Problem 3.5 Let X and Y be reflexive real Banach spaces, let f ∈ Γ 0 (X ), let g ∈ Γ 0 (Y), let L : X → Y be a bounded linear operator, and let φ ∈ Γ 0 (R) be increasing. The goal is to minimize

ξ * ∈R y * ∈Y * φ * (ξ * ) + f * (-L * y * , ξ * ) + g * (y * ), (3.16) 
and D denotes its set of solutions.

Proposition 3.6 Consider the setting of Problem 3.5. Then the following hold:

(i) The Fenchel-Rockafellar of Problem 3.5 in X ⊕ R is minimize (x,ξ)∈epi f φ ξ + g(Lx). (3.17) 
(ii) Let x ∈ f -1 (dom φ). Then x solves Problem 1.1 if and only if (x, f (x)) solves (3.17).

Proof. (i): Set

           Φ : Y * × R → ]-∞, +∞] : (y * , ξ * ) → g * (y * ) + φ * (ξ * ) Ψ : X * × R → ]-∞, +∞] : (x * , ξ * ) → f * (x * , -ξ * ) Λ : Y * × R → X * × R : (y * , ξ * ) → (-L * y * , -ξ * ) C = (x, ξ) ∈ X × R | f (x) + ξ 0 . (3.18) 
We have Φ * : Y ×R → ]-∞, +∞] : (y, ξ) → g(y)+φ(ξ) and Λ * : X ×R → Y ×R : (x, ξ) → (-Lx, -ξ). Moreover, Ψ * : (x, ξ) → ι C (x, -ξ) = ι epi f (x, ξ). Hence, we rewrite (3.16) as minimize

(y * ,ξ * )∈Y * ×R Φ(y * , ξ * ) + Ψ Λ(y * , ξ * ) , (3.19) 
and its Fenchel-Rockafellar dual is minimize

(x,ξ)∈X ×R Φ * -Λ * (x, ξ) + Ψ * (x, ξ), (3.20) 
which is precisely (3.17).

(ii): Since φ is increasing, it follows from (1.1) that

∀x ∈ f -1 (dom φ) φ f (x) = min ξ∈[f (x),+∞[ φ(ξ). (3.21) 
Hence, since (x, f (x)) ∈ epi f , x solves Problem 1.1 if and only if

min x∈X φ f (x) + g(Lx) = φ f (x) + g(Lx) = min (x,ξ)∈epi f φ ξ + g(Lx), (3.22) 
which is equivalent to saying that (x, f (x)) solves (3.17).

We are now ready to present the main result of this section, which connects Problems 1.1 and 3.5 with a monotone inclusion in X ⊕ R ⊕ Y * . Theorem 3.7 Consider the framework of Problem 1.1 under Assumption 3.3, set X = X ⊕ R ⊕ Y * , let A be as in (3.12), and set M : X → 2 X * : (x, ξ * , y * ) → A(x, ξ * ) × ∂g * (y * ) S : X → X * : (x, ξ * , y * ) → (L * y * , 0, -Lx).

(3.23)

Then the following hold:

(i) The Fenchel-Rockafellar dual of Problem 1.1 is represented by Problem 3.5 and D = ∅.

(ii) M is maximally monotone.

(iii) S is skew and L -Lipschitzian.

(iv) zer (M + S) is a closed convex subset of P × D.

(v) P = (ξ * ,y * )∈R×Y * x ∈ X | (x, ξ * , y * ) ∈ zer (M + S) .
Proof. (i): The Fenchel-Rockafellar dual of (1.2) is minimize

y * ∈Y * (φ • f ) * (-L * y * ) + g * (y * ). (3.24)
In view of Proposition 3.2(iii), this gives (3.16). In addition, (3.11) and Proposition 3.2(i) entail that

0 ∈ sri L(dom (φ • f )) -dom g , (3.25) 
and it therefore follows from [32, Corollary 2.8.5] that (3.24) admits a solution.

(ii): As seen in Proposition 3.4(ii), A is maximally monotone. Therefore, it follows from [32, Theorems 2.3.3 and 3.2.8] that M is maximally monotone. On the other hand, S is maximally monotone by [START_REF] Simons | Minimax and Monotonicity[END_REF]Chapter 8].

(iii): It is clear that S * = -S. Now let x = (x, ξ * , y * ) ∈ X . Then (2.2) yields

Sx 2 = L * y * 2 + Lx 2 L 2 x 2 , (3.26) 
which shows that S L . Conversely, suppose that x 1 and that (ξ * , y * ) = (0, 0). Then Lx = Sx S and, therefore, L S .

(iv): We derive from (ii), the skewness of S, and [28, Theorem 42.1] that M + S is maximally monotone. This implies that its inverse is maximally monotone and therefore that zer

(M + S) = (M + S) -1 0 = (y,y * )∈gra (M +S) x ∈ X | x -y, y * 0 (3.27)
is closed and convex as an intersection of such sets. Now, let (x, ξ * , y * ) ∈ zer (M + S), that is,

     0 ∈ ∂φ * (ξ * ) -f (x) 0 ∈ ξ * ∂f (x) + L * y * 0 ∈ ∂g * (y * ) -Lx. (3.28)
Then, in view of Proposition 3.2(iv), 

0 ∈ ∂(φ • f )(x) + L * y * 0 ∈ ∂g * (y * ) -Lx. ( 3 
-L * y * ∈ ∂(φ • f )(x) and ξ * ∈ Argmin φ * + f * (-L * y * , •) . (3.30)
In addition, it results from Proposition 3.2(iii)

φ * (ξ * ) + f * (-L * y * , ξ * ) = min φ * + f * (-L * y * , •) (R) = (φ • f ) * (-L * y * ). (3.31)
Therefore, (y * , ξ * ) solves minimize

y * ∈Y * g * (y * ) + minimize ξ * ∈R φ * (ξ * ) + f * (-L * y * , ξ * ) , (3.32) 
which shows that (y * , ξ * ) ∈ D.

(v): Suppose that x ∈ P. Then it follows from Proposition 3.4(iii) that there exists ξ * ∈ R such that

0 ∈ ∂φ * (ξ * ) -f (x) 0 ∈ ξ * ∂f (x) + L * ∂g(Lx) . (3.33) 
Thus, there exists

(ξ * , y * ) ∈ R × Y * such that      0 ∈ ∂φ * (ξ * ) -f (x) 0 ∈ ξ * ∂f (x) + L * y * 0 ∈ ∂g * (y * ) -Lx, (3.34) 
which shows that

(x, ξ * , y * ) ∈ zer (M + S). (3.35) 
To show the reverse inclusion, suppose that (x, ξ * , y * ) ∈ zer (M + S). Then, by (iv), x ∈ P.

Remark 3.8 By analogy with the standard Fenchel-Rockafellar theory [START_REF] Rockafellar | Conjugate Duality and Optimization[END_REF], where φ : t → t, we call the operator M + S in Theorem 3.7 the Kuhn-Tucker operator associated with Problem 1.1.

Proximal analysis and solution methods

Theorem 3.7 opens a path for solving Problem 1.1 and the dual Problem 3.5 by finding a zero of the Kuhn-Tucker operator of Remark 3.8, i.e., of the sum of a maximally monotone operator M and a monotone Lipschitzian operator S. In a Hilbertian setting, this can be achieved by splitting methods that involve the resolvent of M , which is computed below. (i) J M (x, ξ, y * ) = (J A (ξ, x), prox g * y * ).

(ii) There exists a unique µ ∈ [0, +∞[ such that µ = prox γφ * (ξ * + γf (prox µγf x)), and J γA (x, ξ * ) = (prox µγf x, µ). (ii

): Set (p, µ) ∈ X × R. Then (p, µ) = J γA (x, ξ * ) ⇔ (x, ξ * ) ∈ (p, µ) + γA(p, µ) (4.1) 
⇔ x ∈ p + µγ∂f (p) ξ * ∈ µ + γ∂φ * (µ) -γf (p) ⇔ p = prox µγf x µ = prox γφ * ξ * + γf (p) ⇔ p = prox µγf x µ = prox γφ * ξ * + γf (prox µγf x) . (4.2) 
We observe that Proposition 3.4(i) implies that µ in (4.1) lies in [0, +∞[. Suppose that X and Y are real Hilbert spaces, and that

P = ∅. Let x 0 ∈ X , ξ 0 ∈ R, y * 0 ∈ Y, let ε ∈ ]0, 1/( L + 1)[, let (γ n ) n∈N be a sequence in [ε, (1 -ε)/ L ], and set for n = 0, 1, . . .                  z n = x n -γ n L * y * n z * n = y * n + γ n Lx n ξ n+1 = m(γ n , z n , ξ n ) p n = prox ξ n+1 γnf z n p * n = prox γng * z * n q n = p n -γ n L * p * n q * n = p * n + γ n Lp n x n+1 = x n -z n + q n y * n+1 = y * n -z * n + q * n .
(4.10)

Then x n ⇀ x, y * n ⇀ y * , and ξ n → ξ, where x ∈ P and (ξ, y * ) ∈ D.

Proof. Set X = X ⊕ R ⊕ Y. It follows from Theorem 3.7(v) that zer (M + S) = ∅. In addition, Theorem 3.7(ii)-(iii) implies that M is maximally monotone and S is monotone and L -Lipschitzian. Now set, for every n ∈ N,

x n = (x n , ξ n , y * n ), z n = (z n , ξ n , z * n ), p n = (p n , ξ n+1 , p * n )
, and q n = (q n , ξ n+1 , q * n ). Then, in view of (3.23) and Proposition 4.1, we can express (4.10) as for n = 0, 1, . . .

      z n = x n -γ n Sx n p n = J γnM z n q n = p n -γ n Sp n x n+1 = x n -z n + q n . (4.11)
In turn, we derive from [START_REF] Tseng | A modified forward-backward splitting method for maximal monotone mappings[END_REF]Theorem 3.4] that (x n ) n∈N converges weakly to a point x ∈ zer (M +S). In view of Theorem 3.7(iv), the proof is complete. (ii) In the particular case of Example 1.2, (1.3) is solved by (4.10). The algorithm activates the inequality constraint f (x) 0 through prox ξ n+1 γnf , where ξ n+1 is the solution of the scalar equation in (4.4). Note that general convex inequalities are hard to treat directly in the context of standard proximal methods since they involve the projection onto the 0-sublevel set of f , which is typically not explicit (see [START_REF] Briceño-Arias | Forward-backward-half forward algorithm for solving monotone inclusions[END_REF] for an alternative approach in the smooth case). We circumvent this problem by requiring only the proximity operator of f . For instance, if

X = R N , p ∈ [1, +∞[, η ∈ ]0, +∞[, and f = • p p -η p , (1.3) reduces to minimize x∈R N x p η g(Lx), (4.12) 
a formulation which arises in machine learning [START_REF] Jaggi | Revisiting Frank-Wolfe: Projection-free sparse convex optimization[END_REF] and for which the projection is expensive to compute [START_REF] Combettes | Complexity of linear minimization and projection on some sets[END_REF]. Within our framework, (4.12) can be solved by ( (iii) A zero of M +S can also be found by generic splitting methods which do not exploit specifically the Lipschitz continuity of S. For instance, the Douglas-Rachford algorithm can be employed; see [5, Remark 2.9] for an implementation with a skew operator similar to S in (3.23).

A noteworthy special case of Problem 1.1 is when Y = X and L = Id. In this setting, Proposition 3.4 asserts that Problem 1.1 can be solved by finding a zero of the sum of the monotone operators A and B defined in (3.12). We can for instance use the Douglas-Rachford algorithm for this task, which leads to the following implementation. Proof. It follows from Proposition 3.4(iii) that zer (A + B) = ∅, where A and B are defined in (3.12). Now set, for every n ∈ N, x n = (x n , ξ n ) ∈ X ⊕ R and y n = (z n , η n ) ∈ X ⊕ R. Note that [2, Proposition 23.18] yields J γB : (x, ξ) → (prox γg x, ξ). Hence, it follows from (3.12) and Proposition 4.1 that (4.13) can be written as (∀n ∈ N)

x n = J γA y n y n+1 = y n + λ n J γB (2x ny n )x n . Furthermore, in the Hilbertian setting, the implementation of (4.10) is for n = 0, 1, . . .

                       z n = x n -γ n k∈K L * k y * k,n ξ n+1 = m(γ n , z n , ξ n ) p n = prox ξ n+1 γnf z n for every k ∈ K      z * k,n = y * k,n + γ n L k x n p * k,n = prox γng * k z * k,n q * k,n = p * k,n + γ n L k p n q n = p n -γ n k∈K L * k p * k,n x n+1 = x n -z n + q n for every k ∈ K y * k,n+1 = y * k,n -z * k,n + q * k,n , (4.16) 
and Theorem 4.6 provides conditions for the weak convergence of (x n ) n∈N to a solution to (4.15).

Example 1 . 2

 12 In Problem 1.1 suppose that φ = ι ]-∞,0] . Then (1.1) reduces to the constrained mini-

. 4 )

 4 Proof. (i): See (1.1). (ii): In view of (1.1), convexity is established as in [2, Proposition 8.21], lower semicontinuity follows from [10, Proposition II.8.4], and properness follows from (i). (iii): It follows from [11, Proposition 4.11ii)] and Lemma 3.1(ii) that

. 11 ) 3 . 4

 1134 Proposition Consider the setting of Problem 1.1 under Assumption 3.3, and set

Proposition 4 . 1

 41 Suppose that X and Y are real Hilbert spaces. Let x ∈ X , ξ * ∈ R, y * ∈ Y, and γ ∈ ]0, +∞[. Then the following hold:

  Proof. (i): This follows from Theorem 3.7(ii), Proposition 3.4(ii), and [2, Propositions 23.8 and 23.18].

Theorem 4 . 6

 46 Consider the framework of Problem 1.1 under Assumption 3.3, and define m as in (4.3).

Remark 4. 7 (

 7 i) In particular, Examples 1.2-1.4 can be solved via Theorem 4.6. Note that in these settings m(γ n , z n , ξ n ) in (4.10) is computed in Examples 4.3-4.5.

Proposition 4 . 9

 49 Consider the framework of Problem 1.1 under Assumption 3.3, and define m as in(4.3). Suppose that X = Y is a real Hilbert space, that L = Id, and thatP = ∅. Let z 0 ∈ X , η 0 ∈ R, let γ ∈ ]0, +∞[, let (λ n ) n∈N be a sequence on ]0, +∞[ such that n∈N λ n (2 -λ n ) = +∞, and set for n = 0, 1, . . . n = m(γ, z n , η n ) x n = prox ξnγf z n z n+1 = z n + λ n prox γg (2x n -z n ) -x n η n+1 = η n + λ n (ξ n -η n ).

( 4 . 13 )

 413 Then x n ⇀ x, where x ∈ P.

(4. 14 )

 14 In turn,[START_REF] Bauschke | Convex Analysis and Monotone Operator Theory in Hilbert Spaces[END_REF] Theorem 26.11] yields x n ⇀ x for some x ∈ zer (A + B) and the result follows from Proposition 3.4(iii).Remark 4.10 Although we have investigated Problem 1.1 with a single linear composite term, it also models formulations with several such terms. Indeed, let X be a real reflexive Banach space, let f ∈ Γ 0 (X ), let φ ∈ Γ 0 (R) be increasing, and let (Y k ) k∈K be a finite family of reflexive real Banach spaces. For every k ∈ K, letg k ∈ Γ 0 (Y k ), let L k : X → Y k be linear and bounded. Set Y = k∈K Y k , g : Y → ]-∞, +∞] : (y k ) k∈K → k∈K g k (y k ),and L : X → Y : x → (L k x) k∈K . Then (1.2) becomes minimize x∈X φ f (x) + k∈K g k (L k x). (4.15)

  In view of Theorem 3.7(iv), we have reduced Problem 1.1 and Problem 3.5 to finding a zero of the sum of a maximally monotone operator and a monotone Lipschitzian operator. Theorem 4.6 addresses this inclusion problem via the basic form of Tseng's splitting method[START_REF] Tseng | A modified forward-backward splitting method for maximal monotone mappings[END_REF]. Let us add a few comments.

	Remark 4.8 (i) Errors can be incorporated in (4.11) by using the error-tolerant version of Tseng's method [5,
	Theorem 2.5].
	(ii) Another method tailored to inclusions involving the sum of a maximally monotone operator
	and a monotone Lipschitzian operator is that of [7, Corollary 5.2], which can also incorporate
	inertial effects. Another advantage of this framework is that it features, through [7, Theo-
	rem 4.8], a strongly convergent variant which does not require any additional assumptions on
	the operators.

4.10) for a general nonsmooth g, where ξ n+1 = m(γ n , z n , ξ n ) is computed as in Example 4.3 and prox ξ n+1 γnf = (prox ξ n+1 γn|•| p ) 1 i N , which is computable in view of [2, Example 24.38].

ξ * ∈[0,+∞[
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Note that, in view of [2, Propositions 12.27 and 24.31], T is decreasing.

In the following examples we provide the computation of m in (4.3) and J γA , where γ ∈ ]0, +∞[ and A is defined in (3.12). 

(4.9)

We now turn to the design of algorithms for solving Problems 1.1 and 3.5 using Theorem 3.7 and Proposition 4.1. The following approach is based on Tseng's splitting method [START_REF] Tseng | A modified forward-backward splitting method for maximal monotone mappings[END_REF].