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Time reversal of spinal processes for linear and non-linear
branching processes near stationarity

Benoit Henry! Sylvie Méléard! Viet Chi Tran?

January 13, 2022

Abstract

We consider a stochastic individual-based population model with competition, trait-
structure affecting reproduction and survival, and changing environment. The changes
of traits are described by jump processes, and the dynamics can be approximated in large
population by a non-linear PDE with a non-local mutation operator. Using the fact that
this PDE admits a non-trivial stationary solution, we can approximate the non-linear
stochastic population process by a linear birth-death process where the interactions are
frozen, as long as the population remains close to this equilibrium. This allows us to
derive, when the population is large, the equation satisfied by the ancestral lineage
of an individual uniformly sampled at a fixed time 7', which is the path constituted
of the traits of the ancestors of this individual in past times ¢ < 7. This process
is a time inhomogeneous Markov process, but we show that the time reversal of this
process possesses a very simple structure (e.g. time-homogeneous and independent
of T'). This extends recent results where the authors studied a similar model with a
Laplacian operator but where the methods essentially relied on the Gaussian nature of
the mutations.

Keywords: stochastic individual-based models, birth-death processes, interaction, compe-
tition, jump process, non-local mutation operator, many-to-one formulas, ancestral path,
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1 Introduction

We are interested in describing the ancestry of an individual sampled from a trait-structured
population whose dynamics is ruled by births, deaths, mutations and environmental changes.
More precisely, we consider as a toy model a stochastic individual-based population model
in continuous time, with variable size, and in which each individual is characterized by its
own trait x which is interpreted here as its fitness. For simplicity, the trait x is considered to
be real-valued. This trait can change through time (by mutations occurring continuously in
time). The case where it is driven by a Brownian motion has been considered in a previous
paper by the authors [4]. Here, we are interested in a non-local mutation kernel. Computa-
tions exploiting the Gaussian nature of the mutations can not be used any more. We base
our work on duality properties satisfied by the semi-groups and generators underlying the
mutations and environmental changes.

The interest in ancestries and phylogenies (the trait values of ancestors of the population)
has developed in recent years as the phylogenies provide a new understanding for the evo-
lution of the biodiversity in response to the ecological dynamics or environmental changes

(e.g. [27]).

We will be interested in large population limits and the model is parameterized by an integer
K (think of the carrying capacity for instance) that we will let go to infinity. The size of
the population is then NtK at time ¢ > 0. An individual of trait z € R gives birth to a
new individual of same trait at rate b(z) and dies at the rate d(x) + N/ /K. In the death
rate, the term d(x) corresponds to the natural death to which is added a competition term
expressing the additional death rate exerted by the interaction with the other individuals
in the population. Here, this competition is assumed of logistic type, i.e. it is proportional
to the size N and does not account for the whole trait distribution. During their life, the
trait of an individual mutates according to a kernel ym(x,y)dy and experiences a linear
drift with environmental velocity p € R due to environmental changes (see [4] for details).
We assume that v > 0 is the jump rate and that m(z,y)dy is the probability measure
describing the jumps (assumed to be absolutely continuous with respect to the Lebesgue
measure, for the sake of simplicity).

Individual labels can be chosen in the Ulam-Harris-Neveu set Z = U,enN" (e.g. see [21])
where offspring labels are obtained by concatenating the label of their parent with their
ranks among their siblings. This set is endowed with a partial order <, where i < j if there
exists i’ € Z so that j is the concatenation of the chains of integers ¢ and /. We denote by
V5 C T the set of labels of individuals alive at time ¢ (implying that N/ = Card(V,X))
and by X/ the trait of the i-th individual at this time. The lineage of the individual i € V,
consists in the path defined from [0, ¢] to R and that associates to s the trait of the closest
ancestor to 7 living at time s, and that we will denote by X’. Such path is cadlag because of
the mutation kernel and can be extended to a function of the Skorokhod space D = D(R,R)
by setting it to the constant value equal to X} for times s > t. Also, we will say that this
path (X/,t > 0) is ‘forward in time’, in opposition to the ancestral path (X% _,,¢ € [0,T])



of an individual 7 € VY{( for a given T' > 0 that is considered in ‘backward in time’. The
set of all lineages for living individuals at time t can be represented by the following point

measure on [: .

K
H; = I Z O(Xi,,, seRy)" (1)

ieVK

Denoting by M ;(D) the set of finite measures on D(R,R), the process (H[ );~o is a cadlag
process of D(R, M (D)) which is the historical particle system, following the terminology
and concept introduced by Dawson Perkins [9,[29], Dynkin [13] (see also [10,[16]). The spaces
D and D(Ry, M (D)) are equipped with the Skorokhod topology and M ;(ID) is equipped
with the topology of weak convergence (see e.g. [2]). Méléard and Tran [24] and Kliem [20]
have studied limits of this process under a diffusive scaling when K — 4o00. In a recent work
[4], we have studied a similar historical process in large population, without rescaling of time
and with particles undergoing Brownian motion. We obtained the distribution, backward in
time, of a typical ancestral lineage (the lineage of an individual i € ng( sampled uniformly
among the population living at time T'), using extensively explicit computation based on
Brownian properties. In the present paper, we extend these results to the case where the
motion is a drifted jump process with generator:

zw@rzp@w@+végmw—¢@»muwm% 2)

where v, p and m(z,y) have been introduced above. The jump part corresponds to mu-
tations and the drift part corresponds to the environmental changes. Given a collection of
independent Poisson point measures (Q*(ds,dy,df),i € T) on Ry x R x R} with common
intensity measure the Lebesgue measure, the trait dynamics X° of individual i solves:

t
X} =X+ pt + Z/ / / jmi(s), o<ym(xi )y (¥ — X5 ) Q' (ds, dy,df).  (3)
— Jo JrJry

where i(s) = max<{j € VX, j < i} denotes the index of the most recent ancestor of i living
at time s.

The process (Zf)icr . corresponding to the trait distribution of the living individuals at
time ¢ > 0,

2 (dr) = = 3 Sy (), (4)

ieVK
converges in the limit K — 400 in D(Ry, M¢(R)) to the solution of the following partial
differential equation (PDE):

0%@F>v%ﬁw+fé%@—ﬁwﬂmm@®+<M@—Aﬁ@@>ﬂ@,6)

where



is the natural growth rate. In [4], the surprising result is that the random ancestral lin-
eage, when reversed in time, becomes a simple Ornstein-Uhlenbeck process whose laws is
time homogeneous and independent of 1. This phenomenon is unusual in the setting of
spinal processes theory since, in general, processes both dependent in time and 7' arise.
Unfortunately, the method developed in [4] essentially relies on the Brownian nature of the
particles’ motions and the quadratic term in the death rate as this allows many explicit
computations. This raises the question of whether the simplicity of the time-reversed spinal
process is due to the particular context of [4].

The results of the present paper extend the ones of [4] in several directions as we do not re-
quire the particles’ motions to be of Brownian type and the death-rate to include a quadratic
term. More importantly, the method developed in the article is far more robust to other
extensions (for instance replacing the jump operator by a jump-diffusion operator). The
generator of the ancestral path of the randomly chosen individual (in forward time) can
be obtained by following the work of Marguet [23] and other earlier works (see also [4] [6]
and notably [I8] [I7] for the Feynmann-Kac formula for branching processes): this path is
a Markov process inhomogeneous in time. The time-reversal of this process is obtained by
following techniques developped by Chung and Walsh, Nagasawa, Reinhard and Roynette
[25, 26], Bl [32], B0] (see also [12]) and we will see that it is a homogeneous Markov process.
These techniques are based on a duality theory for semigroups which are particularly well-
suited in our context as many-to-one formulas express an intrinsic duality structure within
branching processes.

Informally speaking, we prove the following theorem which characterizes the law of the time
reversed spinal process. This result is made more precise in Theorem

Theorem 1.1. Assuming that the initial trait distribution Zé( of the population converges to
the stationary solution F(x)dx of , the process describing, backward in time, the lineage
of an individual sampled in the living population at time T > 0 converges, when K — +00,
to a time homogeneous Markov process Y whose law is independent of T and characterized
by its semigroup (PtR)t acting on any bounded measurable function p:

1 —
pPlp= =P (Fe) (6)

where ]/D\t* is defined by

Frot) =, [oxp ([ 0060 -0 ) 7).

with X* a Markov process whose generator is the formal adjoint L* of L and A = fR F(x) dx.

In terms of generator, this says that the time reversed process Y'® of the spinal process Y
has the infinitesimal generator (see Proposition [4.4)) given by

(FPy)()

+ (1) = V(@) = ¢+ [ (0(0) — 9(0) W, o)y ()

R xr
L%p(x) Fla)



whenever this makes sense. We can see, as in the Gaussian case developed in [4], that the
ancestral lineage of a typical individual backward in time has a very simple dynamics: here,
the jump measure is biased according to the stationary distribution F. Notice that the
expressions @ and also hold in the Gaussian case. In fact, these expressions are quite
general and could be generalized to mutation mechanisms other than the Gaussian setting
of [4] or the case considered here, provided we can prove that the PDE associated with
the large population approximation of the trait distribution (see here ) admits a unique
stationary measure F'.

Trait
Trait

Figure 1: Ancestral lineages of the living individuals at two different times, in black. The sampling
time is represented by the vertical line. In gray, all the individuals that have lived are pictured, which
allow to show the traits occupied by past lost lineages.

In a recent work [2§], the semigroup P is introduced and justified from a macroscopic point
of view using the so-called neutral fractions that have been introduced by [31] to keep track
of ancestries in PDEs that describe macroscopic populations. The present work provides a
rigorous mathematical justification of these semi-groups grounded on an individual-based
model and a time inversion of the typical ancestral line.

The article is organized as follows. Section [2] aims to describe the setting of this work:
Section introduces the process describing the motion of the trait of the individuals and
its dual process which plays an important role in the following. Section provides the
deterministic equations approximating the dynamics of ZX and HX, and whose stationary
solutions are studied in Section 2.4l These stationary solutions are central in our approach.
Indeed, using these solutions as hmltlng initial conditions for the historical process allows
its approx1mat10n by a linear branching process. The coupling of the processes ZK nd
HX with linear births and deaths processes ZK and HX is presented in Section For



the processes HE , the branching property holds and we can use many-to-one formulas to
obtain asymptotic representations of the ancestral lineages. In Section |3| the spine of HE ,
i.e. the ancestral lineage of a typical individual chosen at time T, is studied and in par-
ticular its time reversal (Section[3.2.2)). We then conclude in Section[d]and (7)) is established.

Notations: In the sequel, we will denote by L.°° = L°°(R) the set of measurable bounded
functions on R and by L' = L}(R) the set of functions that are integrable with respect
to the Lebesgue measure on R. C, = C(R) C L>°(R) is the set of bounded continuous
functions and C} = C}(R) the subset of bounded differentiable functions such that the
derivative f’ € Cp. From now, for any two measurable functions f and g, (f,g) stands for
Jz f( ) dz whenever this last expressmn makes sense. Similarly, for a finite measure p
and a measurable function f, ( fR p(dz) whenever this integral is well defined.

2 Models and settings

2.1 Individual based model and hypotheses

Recall that the population at time ¢ can be represented by the point measure ZX defined
in and that the ancestries of the living individuals at time ¢ are given by HY defined in
(1). The trait of an individual evolves during its life according to the drifted jump process
with generator L defined in . We will denote by (X¢)ier, the Markov process with
infinitesimal generator (L, D(L)), with C} C D(L).

Before going further let us precise the hypotheses that we need and that will be assumed
satisfied throughout this work.

Assumptions (H)

(a) (z,A) € R x B(R) — [, m(x,y)dy is weakly continuous in the first variable and
satisfies
Jde > 0,k0 > 0,Vz € R, m(a:, y) > KO]l(m—e,at—i-s) (y)

(b) h is continuous, h(0) > 0 and there exists ¢ € R such that Vz € R, h(z) < ¢, and
lim h(z) = —oc.

T—F00

(c) There exist ¢ > 1 and xg > 0 such that for all |x| > zg, h(z) < —|z|?, and

sup/ y2im(x, y)dy < 4o0. (8)
zeR JR

(d) Yy e R, [pm(z,y) de=1= [pm(y,x) dz.

Let us comment on these assumptions. Assumptions (H.a) — (H.b) are meant to provide
the existence and uniqueness of a non-trivial stationary solution to Equation . These are



borrowed from [7] where Cloez and Gabriel studied a related eigen-problem. The first part of
Assumption (H.a) and Assumption (H.c) are made to prove the convergence of the particle
systems ZX to the limiting PDE (5] (see the hypothesis of Theorem. Assumption (H.c)
is not so restrictive, as shown in the following examples, and could be easily changed for
other growth rates h provided that (H.b) holds. Whether (H.a) and (H.b) can be further
weakened is a difficult problem (see [7,[8]). Assumption (H.d) allows us to give a simple and
straightforward definition of the dual process of X. Our work can be extended to the case
where fR (x,y)dz < 400 provided we add the correct renormalizations. These hypotheses
can certainly be weakened as the adjoint process always exists [12], but we choose to use
these assumptions as a trade-off between simplicity and generality.

Example 2.1. 1. In []|], the following birth and death rates are used b(x) = 1, d(x) = 2%/2,
so that h(x) = 1—x?/2 satisfies (H.b) and (H.c). The assumption (H.c) is satisfied provided

sup/ y*m(z, y)dy < +oo.
zeR JR

2. The case of a convolution operator, i.e. where m(x,y) = m(x —y) for some continuous
probability density m satisfying m(0) > 0 and , also enters the Assumptions (H).

For instance, a Gaussian mutation kernel and a polynomial growth rate h satisfy these
Assumptions.

2.2 Limiting PDE

Let T > 0. The processes (Z/ )te[o,7] are solutions of stochastic differential equations driven
by Poisson point measures (see Appendix . In this section, we study their asymptotic
behavior when K — +o00, assuming that the initial conditions Zé( converge to a non-trivial
measure &, assumed to be deterministic for sake of simplicity. The dynamics of measures
is described with respect to test functions: for finite measures on R, such as the Z/’s, we
consider ¢ € C}(R) which is a dense space of Cy(R) for the uniform norm.

Theorem 2.2. Assume that the hypotheses (H) are satisfied. Let us assume that the initial
conditions (ZX (dx))k satisfy

sup E((Z{,1)*7¢) < +o0 and sup E((Z{, 2*1)1€) < +cc. 9)
KGN* KEN*

and that the sequence (Z{(dz))x converges in probability (and weakly as measures) to the
deterministic finite measure &o(dx). Let T > 0 be given. Then the sequence of processes
(Z{)iepor) converges in L2, in D([0,T], M¢(R)) to a deterministic continuous function
(&)eeo.r) of C([0,T], My (R)) that is the unique solution of the weak equation: Yo € Cy(R),

(o) = (o / / {(h(x) = (€0, 1)) 9() + Lip()} £ (da) ds. (10)



More precisely:

Jim E(sup (7, ) (6, #)?) = 0. (11)
—00 t<T

Moreover, we have that sup,¢(o (&,1 4+ 22) < +o0.

Idea of the proof: Under the assumptions @D, we can adapt the proof of Lemma B.1 in [4]
to obtain that

sup E( sup (Z/,1)27) < 400 and sup E( sup (ZtK,x2q>1+E/2) < +00.
KeN* te[0,7T) KeN* te€[0,T]
(12)
Then, Theorem is a straightforward adaptation of Theorem 2.2 and Proposition 3.4 of
[4], and we refer to this paper for the proof. Notice that @D could be weakened if one can
ensure that this implies

sup E( sup (ZfF, |h]2>1+6/2) < +o0.
KeN* te[0,T]

The more general Assumption @ is made because we stick here with a general growth rate
h satisfying (H.c). Particular cases where h is explicit and differentiable can be treated
directly.

2.3 Duality properties for the infinitesimal generator and the transition
semigroup of the underlying path process

Before considering the stationary solutions of PDE and the ancestral path of an indi-
vidual chosen at random in the population at a given time 7" > 0, we study the stochastic
process (X;)¢>0 describing the change in time of the trait of a given individual with initial
value x € R. The process (X¢):>0 follows the stochastic differential equation

t
X; =z + pt + / / / (0 — X Vloermix. Q(ds, 6, dy), (13)
o Jry JR

where @ is a Poisson point measure on R x Ry x R with intensity the Lebesgue measure.
We define on the same probability space the stochastic process (X;):>0 as solution of

t
Xp=o—ptr [ [ [0 X o QUds,d0,dy) (14
0o Jry JR

Note that the transport terms are opposite and that the jump kernels are dual in some L!-
setting. These processes are both Markov processes, with transition semigroups respectively
(P, t > 0) and (P;,t > 0). For bounded and measurable functions f, they are given by

Pif(z) = Ex(f(Xe)), and P/ f(z) = E.(f(X])). (15)



The number of jumps of the process X between 0 and ¢ follows a Poisson distribution of
parameter . Conditionally on this number, the jump times are distributed as the order
statistic of a vector of independent uniform random variables on [0,¢]. Summing over these
jumps, we can write

_ vt)k
Pif(z) =Ea(f(Xp)) =" > (k!)]E(f(x +pt+ Ui+ ...+ Up)), (16)
k>0
where Uy, ..., Uy are the jump steps of the k jumps (whose laws depend on z). A similar

expression with a drift —p is available for the process (X} )¢>o.

The aim of this part is to prove the following theorem.

Theorem 2.3. We can estend P and P* respectively to L= and L'. They satisfy the
duality relation

(Pif9) = (f,Pfg), VfeL®gell. (17)
The proof will be deduced from a succession of lemmas and remarks.

Using It6’s formula for jump processes with drift [I9, Th. 5.1, page 66], it is easy to prove
that the domain of the infinitesimal generators of X and X* contains at least the functions
of C,}. Further, we have that for f € Cg, g€ C,},

l#@ﬂzpf@ﬂ+féﬁ@)—ﬂ@)m@www (18)

and
Hmwz—pﬂ@+74@@%w@Dm@wwy (19)

Using the integration by parts formula allows to prove easily that these generators are in
duality for functions of Cl}. We easily extend L* to the functions of L.

Lemma 2.4. The generator L* can been extended in such a way that L and L* are in
duality as follows: for f € C’b1 and g € L,

(Lf.g)=(fL"g). (20)

Proof By integration by part, the generator L is associated to the adjoint L’ by the
following relation: for any f € C} and g € L', (Lf,g) = (f,L'g), with

0
Lg(z) = —p 5_g(z) + W/R(g(y) —g(x)) m(y, x)dy
where a% g is understood in the distribution sense. Indeed since g € L', it converges to 0 at
infinity. In particular L' and L* coincide on Cl} and we will keep the notation L* for the
operator defined on L. O



Let us now prove Theorem
Proof [Proof of Theorem We proceed in two steps. First, we define the adjoint P/ of
P;, and then we prove that it is P}.

Step 1: Let t > 0. From , we can check that the semigroup P, defines an operator
from L*° into L*>°. It is known (e.g. [3| IV.3.C page 65]) that the dual of L>° is strictly
larger (for the inclusion) than L!. Let P/ be the adjoint of P; on the dual space (L°°)" of
L*>°. The domain of P/ is

D(P}) = {p e L>®), 3 >0, Vf € L=, [(u, Pf) < cl|flloc}-

Since for any g € LY, [{(g, P.f)| < ||gll1]| f||oo, We see that L' € D(P/) and P/g is well defined.
For any f € L*°,

Choosing f = sign(P/g), we obtain that

/R Plg(x)| dx = (Pof,g) < llgll, (21)

so that P/g € L and ||| P/||| < 1.

Step 2: Now, our purpose is to prove that P/ = P} where P; has been defined in .
Let us first prove that P} sends L' to L!. Let g € L!. Summing on the number of jumps
for the process X™* between 0 and ¢, we can write that

/R Py g(a)|de = /R Ex(g(X))|de

tk
<e Z(Vk,)/ [Ex(g(x — pt + Ur + ...+ Up))| d,
k>0 ' JR

where Uy, ..., U are the jump steps of the £ jumps. To simplify notation, let us consider
the case of one jump. Using the fact that, conditionally on the number of jumps in the time
interval [0, ¢, the jump times are uniformly distributed on [0, ¢], we obtain

/RE;E(g(a;—pt+U1)’dx:/R‘1/Ot/Rg(y—p(t—tl))m(y,x—ph)dydtl‘daz

< 1/Ot/R’g(y—p(t—tl))‘(Am(y,x—ptl)dx) dy dty

1/0t/R’g(y—p(t—t1))‘dydt1

lgll1

IN

IN

10



where we have used Assumption (H.d), i.e. that [, m(y,z)dz = 1. The same estimate can
be obtained for the other terms [ |Ey(g9(z — pt + Uy + ... + Ug))| da, which implies that

1Pl < gl

so that |[|Pf|| < 1.
Step 3: Let us now consider f € C’g, gelln C,} and ¢ > 0. We define the function
o(z,s) = g(x—p(t—s)). To ease the following computation, let us give a name to the jump

operator in L* :
Jg(x) = ’Y/R (9(y) — g(z))m(y, z)dy.

It is easy to prove using (H.d) that if g € L!, then Jg € L! and

19l < 2llgllx-
On the one side, P/ g(z) = E;(9(X})) = Ez(¢(X},t)), and using 1t6’s formula:

Em((p(Xt*vt)) Zg(l' - pt) + /Ot Ex (L*(P(v 3)(X:) + pg/(X;k - p(t - S))>ds

=g(x — pt) —i—/o P:(Jgo(., s))(x)ds. (22)

On the other side, using the definition of P/, (f, P/g) = (P:f,g). Our purpose is to de-
velop the right hand side to have an expression similar to (22)). Let us introduce ¥(s) =
P.f(x)g(x — p(t — s)). Notice that P.f(z)g(z) = 1(t). By the Kolmogorov formula:

Puf(@) = 1(a) + [ LR.f(a) ds (23)
0
and the fact that g(z) = g(x — pt) + fot pg' (x — p(t — s)) ds, we obtain:
(Pef,9) / f(x)g(x — pt)d
/ / (LPf(@)a(x — plt — ) + pPuf )/ (x — plt — 5)) ) d ds
/f gz — pt dw—l—//Pf )(L*¢(., 8)(x) + pg'(x — p(t — 5)))dx ds
:/Rf(:v)g(a: — pt)dz —i—/o /Rf(x)Ps'(Jgo(., s))(z)dz ds. (24)

Using , and since holds for every f € C’l}, we obtain for almost every =,
t
Figle) =gta o)+ [ PX(7e(.9)(@) ds
t
Flgta) =ala—pt)+ | Pi(Tol.5)) (@) ds

11



From this, we deduce that:
\Hmem—Auwm—ammwx
t
S/o /R‘Pé(t]go(.,s))(x) — P (J(p(.,s))(a:)‘ dx ds
t
SAM%—EMWMwmdS

t
sAmﬂﬂ—mmwmm (25)

This implies that
t
mz—ﬁmsmAMﬂ—ﬁmm

Now applying Gronwall’s inequality, we have that |||P] — P;||| = 0. As a consequence, we
have for all f € Cl} and all g e L' N Cl} that:
(Pef,9) = {f P g)- (26)

Is is now standard to extend this identity to f € > and g € .'. The theorem is proved.
O

2.4 Duality and stationary solution of the limiting PDE

First, we start with a sufficient condition ensuring that the solution of the limiting PDE
is a function £ whose values & are absolutely continuous measures with respect to the
Lebesgue measure on R. Exploiting the duality relations, we show that the densities f; of
the measures & solve a PDE with L*.

Proposition 2.5. If the measure & admits a non negative density fo with respect to the
Lebesgue measure on R, then so does & for all t > 0. The densities f; for t > 0 define a
solution in C([0,T], L*(R)) of:

ufila) = L fi) + (1) - [ £y ) f(o) (27)

Proof The idea of the proof is the following: if possesses a solution f; in C ([0, 7], 1L'),
then f;(z)dz is solution of (10), and the identification & = f;(z)dz follows from the unique-
ness of the solution of . Thus, we only have to prove that possesses a solution with

initial condition fy. To prove this, we follow closely the computation in [14]. The proof is
detailed in Appendix [C] O

Now, let us discuss on the stationary solutions of (10). If we assume to have in hand a
non-negative stationary solution F € ! of (10)), it necessarily satisfies

L*F + hF = \F,
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with A = [p F(z) dz. Thus, F is an eigenvector of the operator A defined by
Af =L"f+hf. (28)
Reciprocally, we can state the following result.

Proposition 2.6. Under the assumptions (H.a) and (H.b), there ezists a unique (up to a
multiplicative constant) positive eigenvector G € L'(R) for A associated to an eigenvalue
A. If X is positive, then, F' = AG/||G||1 is the unique non-trivial positive stationary solution

to .

Proof Existence and uniqueness of a positive eigenvector GG have been proven by Cloez
and Gabriel [7]. The positiveness of the eigenvalue A associated with the non-negative
eigenvector is not stated in the result of [7]. If A > 0, the stationary solution of
can be obtained by defining ' = AG/||G||1: we have that ||F||; = A and by linearity
L*F + hF = \F. O

In the Gaussian case [4], the condition for the positiveness of A could be expressed in terms
of the model parameters. This was feasible as the stationary distribution F' was an explicit
Gaussian distribution. In the present situation, only sufficient conditions can be derived
such as the one stated in the following lemma.

Lemma 2.7. Assume that in addition to (H.a) and (H.b), there exists x1 > 0 such that
inf ez ) h(z) >~ and that we can choose the constants x1, € and ko such that yroe® >
12pxq. Then, X > 0.

2
Proof Following [7], let us consider the function ¢y(x) = (1 - x—z) . We have:
Il +

(L + h)o(x)
S (1 _ i) +r /R (oy) — do(@))m(z, y)dy + h(@)o(x)
1 1/ +

1 (1) o0 [ (15 e+ 00 -t )

1 —x1 1

Jf2 1
> (h() — 7 )ole) — 2 (1 - 2) wamors [ (1= e ) ()
+

1 -1 zy oy

by using Assumption (H.a). Without loss of generality, it can be assumed that 0 < & < 7.
When z € [—z1, 1], the integral in the third term is lower bounded by

1

8 7 g £ .2 1 €.3 € \4

g [ (0= 7)o 020

/1—5/:(;1< @) dz x1 L1515 ( x1)+( xl) +5 ( wl) +( 371)
203 &4 1 163
153 2t 55 =348 (30)
15$1 $1 51’1 3{[)1

13



Gathering and , we obtain that

z€(—x1,21

. 4 22 KoE®
(L+hWo> inf h($)¢0—7¢0—£<1—2> LGy
+

Under our hypotheses,

4 2 4
—p(1—$2> +L >0, (31)
Tl X9 + Il
so that (L + h)vg > Botho with
Bo= inf h(z)—~>0. (32)

z€(—x1,21)

It follows from differentiating the semigroup S; associated with L 4 h acting on Cy(R) that

Spapg > et

Now, according to our application of Theorem 2.1 of [7], we have that for the semigroup S*

associated to A ([28)),
e MG f —— Fin L.
t—00

Hence, for any positive f € L1,

(¢, F) = limsup (¢0,e_’\t5’;‘f> = lim sup e_)‘t<5’t¢0,f> > limsup e(ﬁo_)‘)t(z/zo,f).

t—o00 t—o0 t—o0
Thus, By — A < 0, which gives the result since Gy > 0. O

It is important to note that F' is also a solution of a linearized version of
Qufi(x) = L*fi(x) + h*(@) fil), (33)

where

M (z) = h(x) — A (34)

Note that this notation h* will be extensively used in what follows.

Let us prove in the next lemma that Assumptions (H.a) to (H.c) ensure that F' has a finite
2g-moment, compatible with the assumptions @D for the initial conditions of the population
process.

Lemma 2.8. Assume (H.a) to (H.c) and assume that X > 0. Then, F' has a finite moment
of order 2q, i.e.

/ 2 F(x) do < +oo.
R
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Proof Set, for any x € R and any n € N,
1

12q+2 *
n

gn() = 14

Note that g, is non-negative, and that there exists a constant C' € R, (that can be chosen
independent of n), such that |g/,| < Cg,. Obviously, 24g, € D(L), which implies that

Mg, F) = (2%g,, L*F + hF) = (L(x*g,) + ha*g,, F).
Hence,
MNaign, F) <p(2q|a*7 go(2), F) + p [(2*9g;,(x), F)| + v maq — y(@*Ign(x), F) + (hz*'g,, F)
< /R (1277 g () (2gp + || (Cp+ v + h(x))) F(x)) da + ymay, (35)

where

Mag = sup/ y*? m(z,y) dy < +o0,
zeR JR

by Assumption . Now, using Assumption (H.c), there exists a compact set K of R such
that

/IR » (2% gn(x) (2qp + |2| (Cp + 7 + h(x))) F(x)) dz <0,

which implies, with the constant ¢ appearing in (H.b):

Ma2gn, F) < / (2 gu(x) (2gp + || (Cp + 7 +¢)) F(x)) dz +ymaq.  (36)
K
Now, Fatou’s lemma and Lebesgue convergence theorem imply that

)\/ 22 F(x) dz <lim inf)\/ 2% g, (z)F(z) dz
R R

n—-+o0o

<liminf [ (|z]*9 " gn(2) (2qp + 2] (Cp+ v +¢)) F(x)) da + yma,

n—-+o0o K

:/ (|27 (2gp + |2 (Cp+v + €)) F(x)) dx + ymag < +o0,
K

by (8). O

2.5 Coupled population processes

When we start from the initial condition F, the non-linear competition term (&,1) =
|F'|[1 = A remains constant in time. Considering initial conditions close to F' for the process
will lead to non-linear terms close to A. This remark is the basis of the coupling with two
other individual-based random processes (Z5)er . and (HE )ier .- These processes are

15



pathwisely defined by similar equations as and (Appendix A) for ZX and HX but
where the non-linear competition term N/ /K has been replaced by the expected limiting
competition rate A. When K tends to infinity and if the initial conditions of both processes
converge to F, then ZX and ZX, and H¥ and H K will be close. The next proposition
states a precise approximation result linking H% and H¥ when K goes to infinity and Zé<
converges to F.

Proposition 2.9. Assume that @D holds and that Zé< K—w—% F . Then for any continuous

—00

and bounded function ® on D,

lim E(sup |[(HE,®) — <ﬁtK7(I)>‘2) =0.
K—4o00 t<T

The proof is similar to the proof of Proposition 3.4 in [4], to which we refer.

The the processes ZX and HX are linear birth and death processes and satisfy the branching
property. Therefore, the spinal techniques as developed by [Il, 17, I8, 22, 23] can be used.
Note also that it is sufficient to consider the processes started from a unique individual. In

the sequel, we will denote by 7 the branching process K ZK started from a single individual
of trait x: Zg = 0 .

3 Linear case : Feynman-Kac formula and spinal process

In this part we only focus on the processes ZK and HE. Tt is possible to summarize their
intensity measures with a single process by mean of many-to-one formulas [23]. We will
next use these results to approximate the distribution of a typical lineage for the original
population process.

3.1 Feynman-Kac formula and law of the spinal process

Lemma 3.1. Let ¢ in Cy(R). Then, for any positive time t, for any x € R, we have

B, (2] = B [exp [ 12000 ds) otX0)] = Proto) 7

0
where X is the process defined in .

Proof Let us give a simple proof based on Itd’s formula. Let us first note that the
intensity measure of Z;, vy(dy) = Es, [Z(dy)} defined for any ¢ in Cy(R) by

<I/t7 S0> = E(SI [(Zta <)0>:|
is the unique weak solution of

oy = L'vy + b () (d), (38)
by = 6%7
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where L’ is the adjoint of L. Indeed, taking expectation in immediately shows that v
is weak solution of . Uniqueness of such a solution is proven as in Theorem (see
Th.2.2 in [4]).

Let us now show that the r.h.s. term of also satisfies (38). Uniqueness will yield the
result. Let ¢ in C}(R). It is known since ¢ is in the extended domain of L that

M = (X)) — p(Xo) — /0 Lo(Xs) ds

is a martingale. Thus applying It6’s formula with jumps (e.g. [19, Th.5.1]) to the semi-
martingale exp (fot h)‘(Xs)ds) ©(X¢), we have

exp (/Ot hA(Xs)ds) ©(X;) = p(Xo) + /Ot exp (/0 P (X)) du ) dM,
+/0t exp (/0 hA(Xu)du> Lo(X,) ds—l—/otgo(XS)h’\(Xs)exp (/ hA(Xu)du> ds (39)

0

By Assumption (H.b), the stochastic integral with respect to dM; defines a square integrable
martingale and by taking the expectation, we obtain that

e o ([ 10005 0] = ot2)
+E, [/Ot exp (/ h’\(Xu)du> {hA(XS) o(Xs) + ch(Xs)}ds]. (40)

0
If we define the measure g, for any test function ¢ € C}(R) by

) = e t PO ds) (X0

0
we obtain from that

t
{1es ) = (0zs ) +/0 (s, Ko + Lep)ds.

That proves that the flow (u¢,t > 0) is a weak solution of and the conclusion follows
by uniqueness of Theorem [2.2] O

The previous many-to-one formula characterizes the law of Z;. It can be extended to the
whole trajectory (see [4, 22]).

Lemma 3.2. We have that for T > 0, ® : D([0,T],R) — R a continuous and bounded
function and x € R:

Es, [<I§T,q>>} =Ky, GZ% (X, s<T)| =E, [exp (/OT WA (X,) ds) B(X,, s < T)] .

(41)

17



This trajectorial Feynman-Kac formula can be used to characterize the law of an auxiliary
process that will help us to understand the typical lineage later. Let us introduce, for all
z € R and t > 0, the expected population mass, defined by

my(z) = By, [(Z1,1)] = Es, [g?rt, 1>} ~E, [exp (/Ot WM X) ds)] . (42)

Thus, we use the r.h.s. of to define a family of probability measures L on D([0, T],R)
by
Es, [<HT,11A>] 1

WL(A) = G ™ oo ([ Pe0as)na] @)

for any measurable subset A of D([0,T],R). For a probability measure v, let us also define

&=
=%
8
—

i) = [ () v(da) (44)

Our next proposition characterizes the law of the underlying process (forward in time).

Proposition 3.3. The distribution ,ugjs the one of a time inhomogeneous Markov process
Y issued from x and with semigroup (Ps)i>s>0 given for a bounded continuous function ¢

by

Pypispla) = Pt(%::t(;s))(x)

Proof Let ¢ be a some test function, and assume that s < ¢ are such that s +t¢ < T.
Denoting by F = (Fs)s>0 and F' = (F's)s>0 the natural filtrations associated respectively
to Y and X, our aim is to prove that:

E; [p(Yers) | Fsl = Poprso(Ye). (46)

Now, for a Fg-measurable random variable ¥(Y,,, u < s), we have

(45)

E[U(Yy, u<5)o(Yiis)]

1 T ;A
mT(@Ex [q/(Xu, u < 8)p(Xpps)eho }

1
- E, |U(X < s)edo W (Xuw)du

XE|: (Xl X g ( NEES T Hﬂ) IHH

1 t+s A
_ < I3 RN (Xy)du 5T RN (Xy)du /
Lt {Q(Xu, u < s)eko E [cp(XtJrS)e mr—(ss)(Xips) | ]—"H
1
Lt [\IJ(XU, u < s)elo Py mT_t_s)(Xs)}

(47)
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For the first equality of , we have use the definition of the distribution ul of Y (see
). For the third inequality, we have use the strong Markov property for X at time t+ s
with the definition of mp_( 46 (7). For the fourth inequality, we have use again the

strong Markov property for X at time s and the definition of ]3t.
Using again the strong Markov property, we have that

mr—_s(Xs) = Ex, <€f0Tis hA(X“)du) =E, (efsT PN (Xy)du | }"é)

so that the last term of Equation gives

1 T ﬁ i) (X
B, v s )oY = B el M W (X, u <) t(f:?_ t(x); )]
_ Py (pmr_i—s) (Ys)
=E, |U(Yy, u<s) (V)

by using again for the last equality.

3.2 Duality properties and time reversal of the process Y

In this section, the purpose is to show that the time-reversal of the process Y is the homoge-
neous Markov process as announced in Theorem To do so, we use very general general
results for time reversal of Markov processes (see [12, Chapter XVIIIL.46], and reference
therein). We need to prove some duality relations.

3.2.1 Duality between the Feynman-Kac semigroups P and P*

In Lemma [3.1] we have proved that the expectation of the branching process is related to
a (non Markovian) semigroup based on the multiplicative functional exp ( fg N (Xs) ds)
which is bounded by e + 1 (Assumption (H.b)). For any function f € L°°, we can define

Pita) = B, (o | (X ) 130 ) (18)

< < | fllco- In an analogous way, we may also define
the Feynman-Kac semigroup associated with the process X*: for any function g € L,

and || P, flloc < (et + 1)[|Piflloc < (e + 1)

Frote) = 2 (e D) i) 4(x)). (19)

0

and [Pyl < (e + D[ Prgll < (e + Dllglh-
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Remark 3.4. Note that the semigroups ﬁt and ﬁt are not conservative: for example,
P(z) = mi(z), see [@2). The function h* does not necessarily have constant sign, but
for the constant c deﬁned in Hypothesis (H.b), the rescaled semigroups e CtPt and e CtP*
are sub-Markovian. Hence, in the following proof we will work up to this scaling e~ then
assuming that the semigroups ﬁt and ]3t* are sub-Markovian.

Let us now prove that the duality relation between P and P* extends to P and P.

Lemma 3.5. The semigroups P and P* satisfy the duality relation:

(Pf,g) = (f,Prg), V¥t>0, VfeL> gelLl (50)

Proof For any positive integer n and any = € R, we define h,(z) = h*(z) V (—n). We
consider, the sequences of semigroups P" and P*" defined similarly as and but
using h,, instead of h*.

We now show that for any positive integer n, the semigroups P and P*™ are in duality
(with respect to the Lebesgue measure).

Let f be a measurable positive and bounded function and g a function in L. it is straight-
forward to check that P" and P*" respectively satisfies

¢
= [ PP @) ds+ (@ (51)
0
and .
Brg(0) = [ B (haPi"g) (@) ds + Pg(o) (52)
0
Indeed, for instance, the r.h.s of Equation rewrites using the Markov property

/ 'E, oo ([ 1nX) du) ho (KB, (X ds+ B [7(30)
_E. [ / (X exp ( / () du) ds f(Xt)] LR (X)) = PP (2)

Since P g € L', we can apply 11j Chap IX no 14, to justify the existence of a submarko-
vian semigroup Q in duality with P*". Hence, for f € L>, g € L', we have

(Qif, 9) = (f, P"9g)
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from which we deduce, since h,, is bounded, that [||Q¢||| < ||hn|lco- Further, we have
@ )= B = [ [P (Pina) @) ds ) det (5, g
_ /0 /R P hnﬁs*’”g) (@) f(z) do ds + (P.f, g)
= [Pt haPing) ds + R )

_/0 (Qs(hnPi_sf), g) ds + (P:if, g).

Hence, for Lebesgue almost every x € R, Q) f satisfies the equation

Quf(a /Q (hnPrsf)(x) ds + P,f(x).

Finally, using , we obtain that

t

Brf(@) - Quie)| <

P (hnPi)f(2) = Qo(hnProsf) ()| ds

0
t t
< /0 1P = Qull [nPrs Flloods < [n o1 1 /0 11B7 — Q| ds.

Thus, for any ¢t < T,

t
187 = QulI < ol [ 122 = Qull s,
and Gronwall’s lemma allows to conclude that for all s < T and all f € L,
Qsf = PIf.

It follows that the semigroups P" and P*™ are in duality. The extension to P and P*
follows from a monotone convergence argument as h, converges in a monotonous way to

h . O

3.2.2 Time-reversal of the process Y

The next results are consequences of the duality relationship between P and P*. The first
shows that A~1my(2)F(x) is a probability density. The second result determines the law of
Y at any time when this process is started from myp(x)F (x)dz. This initial condition will
naturally appear in the next section for the non linear problem.

Lemma 3.6. Let t be a fized positive time. Then, the function x € R — my(x)F(z) is
positive with
/ my(z)F(x) de = M.
R
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Proof Using the duality between ]3t and ﬁt*, we have:
(my, F) = (P1,F) = (1, PyF) = (1,F) = \.
The third equality comes from the fact that almost everywhere
P;F =F. (53)

Indeed, for any function ¢ € Cj, we have:

(PrF.¢) = (F, Byg) = /

| E.[(Z0) | F()dr = Br [(Z0)] = (Frg),

by and since F' is a stationary distribution for (38]). ]
Proposition 3.7. For any bounded measurable real-valued function ¢ on R, we have

B (oY) = [ plahmr—i(a)F(o) do.

R

In other words, the law of the process Y; at time t, when the initial condition is mpF, is
given by mp_¢(z)F(x) dx.
Proof We have that, using Equation ,
1

Engr [o(Y)] = (mrF, ——
mr

Plemr—)) = (F, P(pmr-0)).
Now, Lemma [3.5] entails that

(F, Pi(pmr—)) = (P F, mr_sp),
but ]3t*F = F'. This gives the result. 0

It remains now to identify the law of the time-reversal of the process Y started from mpF.
To do this, we use the following lemma obtained by applying [12 Theorem 47] in our very
specific setting. The proof is given in Appendix

Lemma 3.8. Let R = (Ry): be a positive semigroup which is in duality with a positive
semigroup R* with respect to the Lebesque measure. Let f : Ry x R — Ry such that
Rifirs = fs for any non-negative real numbers s and t. Let (Vt)teR+ be a Markov process
with semigroup given by

1

E(e(Vits | Fs) = mRt(sz(P)(Vs)

and a given initial distribution p such that, for any t > 0, the law of V; is absolutely
continuous with respect to the Lebesgue measure with density F' X fi. Then, the time reversed
process at a time T of X is time-homogeneous and has semigroup given by

Ri(Fy)

—- L=
v F
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We will apply this result stated with general notations, with fi(x) = mp_(x), Ry = P, and
Y in place of V.

Now, Propositions [3.3] and [3.7] together with Lemma allow to apply Lemma in our
particular situation. ThlS leads to

Corollary 3.9. The time-reversal of the process Y with initial condition mpF is a Markov
process Y& whose semigroup PR acting on bounded measurable functions is given by

P} (pF)

Pfyp=
t P F ’

Yo € Bb(R)

Remark 3.10. Let us point out that as h™ may be positive, it is always possible that
exp (fot h’\(Xs) ds) > 1. However, taking any positive constant C' > ¢ — X\, we can consider
the process X© defined by

XeifE>t
xo_ [Xve

0if§ <t

where 9 is a dummy cemetery state and £ is a killing time characterized by
¢
P >t|F) =exp </ (h’\(XS) — C)) .
0
Thus, it is easily checked that P (¢ > T) = e “Tmy(z) and

E. [p(X)1esr] = e “TE, [@(Xt) exp </Ot W (Xs) d5> mTt(Xt)} = e T Bi(mr_sp)(@).

In particular, we have, fort <T

Elp(X)lesd _ e " Bmroip)(x) _ Plmr_ip)(x)

E, [SO(XtC) [£>T] = P(E>T) e “Tmyp(x) B mr(z)

Hence, the law of X¢ condz’tz’oned to & > T is the law of the spinal process and is independent
of C. In that sense, ul can be interpreted as the law of X under IP killed at rate h* and
conditioned not to be killed. In addition, since Pt F =F, we have, by Lemma that

e [o(X5) 1€ 7] = 228 (r o)

Thus, F' is a quasi-stationary distribution for the killed process.
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4 Return to the initial population process

Let T > 0 be the time at which we consider the population state Zjlf . We want to charac-
terize the lineage of an individual chosen uniformly in this population of individuals alive
at time 7. Then we associate to a past time s < T, the trait of the most recent ancestor at
this time of a uniformly sampled individual at time T'. Formally, if U{f is a uniform random
variable on Vr_,f{ , conditionally on H:,If , the spinal process Y¥ is defined by

K
YE = X", wtelo,T)

using the notation in . In particular, the law of Y can be characterized with HX using

(HE, <I>>]

E, [® (Y, t € [0,T])] = Es, (K1)

(54)

with @ : D([0,7],R) — R continuous and bounded.

Proposition 4.1. Assume that (ZL(dx))x converges in probability (and weakly as mea-
sures) to the deterministic finite measure F(x)dx. Let T > 0 be given. Then,

(i By (07, s < 7)) = [l 0y IR ag, (55)

Thus the typical lineage Y is asymptotically distributed as Y started from a biased initial
distribution X" mp(2)F(z) da.

Proof From , we have:

im K K g :K@:un K@
lim Ex [0(YE, s < T)] EZ[ } lm B, [@ >]

K—+oco “0 5 <H7{(,1> K—+oc0 ,1{(,
5 | (@) Fa) da
=(lix -1y ®)- (56)

The second equality can be obtained by using Proposition and following the lines of
the proof of Proposition 4.6 in [4]. The third equality is a consequence of Theorem and
. This gives the announced result. U

The asymptotic behavior of the time reversal of the spinal process Y (when K tends to
infinity) is obtained using Lemma That is summarized in the following theorem. We
refer to Appendix C for a precise definition of the map R that returns time.
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Theorem 4.2. Under the Assumptions (H) and (9), and if the sequence (Z{*)k converges in
probability and weakly to the deterministic measure F(x)dz, then we have, for any bounded
measurable functions ®,

[<H{$,q>o7z>

e | = e fo (v, s c0.71) (57)

K—oo 0

where YT is a Markov process with semigroup given by

F; (Fy)
PRo=—"1—" 58
t ¥ Ia (58)
Remark 4.3. Theorem[].9 says that, considering Uk to be a random variable whose condi-
tional distribution with respect to HX is uniform on VI, then the process (X(UK se [0,77)

T—s)—’
converges in D([0, T],R) to Y started from the initial distribution F.
For a continuous bounded function ®, the limit in the left hand side of equals

(HE @0 R)

li E
B K[ (HE 1)

K—oo

] = JEr[(=r,20R)].

Thus, the theorem tells us that the distribution of a typical ancestral lineage (backward in
time) in the historical measure Er has distribution Y'F.

We can conclude with the computation of the generator L of the process Y 2.

Proposition 4.4. The infinitesimal generator (LED(LT)) of the Markov process YT is
such that C} C D(L®) and for ¢ € C}, we have

LRo(x) = po/(x) +7/R (e(y) — so(:v))F(z)m(w) dy. (59)

Proof The infinitesimal generator of the Markov process Y associated with the semi-
group P% is formally given by

Ly = L*(Jf@) + Rty
Using ([19)), we obtain for ¢ € C}},that
L0(0) =p/ )+ [ (0(0) = o)) dy + (o7 + (o) = N)olo)
=py' () + /]R (e(y) — o(@)) ?Ei;m(y,m) dy
v s (7 [ (F) — Fa)mty. ) do -+ pF'(e) + h(a) () = AF() o)



Recall the definition of the operator A in . The parenthesis in the last term of the right
hand side equals to L*F + hF — A\F = AF — AF = 0 since F' is an eigenvector of A for the
eigenvalue A. This provides the announced . The backward ancestral lineage of a typical
individual follows the drift p and has biased jumps with the jump kernel F'(y)m(y,z)/F(x).

O
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Stochastic differential equations for Z%, HX and their cou-
plings

Recall the birth and death rates b(z) and d(z) + N/ /K explained in the Introduction. Let
us consider a Poisson point process N(ds,di,df) on Ry x Z x Ry with intensity measure
ds®@n(di)®df where ds and df are Lebesgue measures on R and where n(di) is the counting
measure on Z. Using the Poisson point processes (Q'(ds, dy,df),i € T) on R, x R xR, and
with intensity measures the Lebesgue measures that have been defined in the Introduction
(see (3))), we can write SDEs satisfied by Z® and H” defined in and (4)).
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Let us consider a test function ¢ € C} (R4 x R, R), then:

<Z,f<,<p(t,.)):/Rgo(t,m) () = = 3 o(t Xi)

zEVK

t
(2,00 + [ (2 0upls.) = pdripls..) s
t i
(s, X5 )
1, — |1 i y—1 N(ds,di,do
+/0 /I/R+ i€VE K ( 9<b(X: ) b(XE )<O<b(Xi )+d(Xi )+ K) (ds,di,dd)
t
1 . .
—1; i — X: ‘(ds, dy, df).
+§A /IR/]R+ K ZEVSIi,GS'ym(XS_,y) (@(&y) @(57 3_)>Q( S, ay, ) (60)
Using standard It6 calculus (see [19] and [15]), we obtain that:

(Z{ o(t,) =(Z5, 0(0,.)) +/O (Z3,05p(s,.) — pOup(s,.) + (h = (Z5, 1)ep(s, ) ds

¢
[ [ [ (el = ol ami. )y 25 (da) ds+ 0/ (61)
where M%% is a squre integrable martingale with predictable quadratic variation process:
(MY, K/ / + (ZK, 1)) ¢*(s, x) Z%(dx) ds
2 K
- / Wpls.v) — o(s,0) mix )y 2K (dr) ds. (62)
0 JRJR

We proceed similarly for H¥. For finite measures on ID, we will consider test functions o,
defined for & € CL(R,R) and ¢ € CL(R, x R,R) by @, (y) = <I>< I ot 1) dt) for y € D.

Recall that the paths y in the support of H for t € [0,T] are constant after time .
For such test function, time ¢ € [0,7] and path y € supp(Hf) C D, let us define the
derivative

DO, (t,y) = <I>'(/0T o(8,Ys) ds) /tT 0z (8, yt) ds.

Also, for y € D, s € [0,T] and = € R, we will denote by (y|s|z) the cadlag path defined as

y(t) ift<s,
T if t > s.

(yls|2)(t) = {
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For such test function @,
t
(HE @) = (HE @ / ,—pDdy(s,.)) ds
0

t Xz
+ 1, ‘P 1 iy —1 ds, di, d
/ //R+ eVEK ( OBXE) T Ty xs y<o<h(xi yra(xi )+ ) (ds, di,df)

+Z/// 7 Nievi 0<ym(x ,y)(q)so(Xilsfy)—‘I’go(Xi))Qi(ds,dy,de) (63)

1€

0l 0+ [ s, ds
[ (bt~ 1)) 5 ) s
[ [ [ (etolote) — o)) mtyec) do 28 ) s+ 21, (64)

where M%®# is a square integrable martingale with predictable quadratic variation process:

(M2, z% / / (blys) + dlys) + (HJ, 1)) @2 («) Hy(dy) ds

K/// o(ylsl2) — Do) *m(ys, x)dx HE (dy) ds.

The processes ZK and HX are constructed similarly to and with N /K replaced
by A, and with the same initial conditions, Poisson point processes and motion processes.
Therefore they are solutions of the following equations.

For p € D(L) and ® € C}(R,R),

o =+ [ [ (0w ew)+ o)} 2K ds TIES (@9)

where ME#% is a square integrable martingale, and for the historical process,

<ﬁtKaq)> HOv // qu) $,Y)
+ (W) + /R (P (ylslz) = p(y))mlys, @) dw )@, (y) HE (dy) ds + M2 (66)

where M®¢ is a square integrable martingale.
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B Time Reversal of Markov processes

In this section, we consider the problem of reversing time for Markov processes. Let T' > 0
be fixed and let us consider the linear map R : D([0,7],R) — D([0,T],R) defined by

lim T —5s— ifs#4T
R()(s) = 4 =0 D7 (67)
©(0) ifs=T

Let us start with the following lemma.

Lemma B.1. The linear map R is 1-Lipschitz continuous for the Skorokhod topology.
Proof Let ¢, U e D([0,7],R), and X : [0,7] — [0,T] which is increasing continuous and
satisfying A(0) = 0 and A\(T") = T". Then, we have

sup |R (¢ — V) (A(s))|
s€[0,7T

m  (o(T — A(s) —e) = ¥(T — A(s) —¢€))

e—0, >0

» ¢(0) —¢(0)}-

=max<{ sup
s€(0,T
Now, choosing s € (0,7] and € > 0, we define
O(s) =inf{t > s | A(t) > A(s) + ¢}

which is defined for all s € A71([0,T — ¢]) with values in [#(0),7]. Thus, for all s €
A0, T — ¢€]), we have

[(P(T = Als) =€) = U(T = As) —&))| = [(p(T = A(6(s))) — W(T = A(6(s
< sup [(@(T = A(s)) = U(T = A(s)))]

~—
~—
~—
~—

s€[0,T]
leading to
sup [R (o — W) (A(s))| < sup [(o(T = A(s)) — (T — A(s)))]-
s€[0,7] s€[0,7]
The result easily follows. t

The proof of the following proposition is based on [12, Theorem 47].

Lemma B.2. Let R = (Ry); be a positive semigroup which is in duality with a positive
semigroup R* with respect to the Lebesgue measure. Let f : Ry X R — Ry such that
Rifivs = fs for any non-negative real numbers s and t. Let (V;)iecr, be a Markov process
with semigroup given by

E(o(Vigs | Fs) = Ri(fsvep)(Vs)

1
fs(Ve)
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and a giwen initial distribution p such that, for any t > 0, the law of Vi is absolutely
continuous with respect to the Lebesgue measure with density F' X f;. Then, the time reversed
process R(X) at a time T of X is time-homogeneous and has semigroup given by

Ri(Fo)
— F .

Proof Let (X{)icr, be a time-inhomogeneous Markov process with evolution family
(@s,t)o<s<¢ which characterized the dynamics of X in the sense that

E [(P(Xs-l-t) ‘ Xs] = Qs,s—&-tQP(Xs)

We consider the space-time-ification of Q as a semigroup P defined for all bounded mea-
surable function ¢ : Ry x R — Ry by

ﬁt@(S,l‘) = (Qs,t+s<ﬂ(t + s, ))( ) = ﬁpt(ft—i-s@t-i-s)'

The semigroup B
Pro(s,x) = Lest(s, ) (Plo(s — 7)) (2)

is in duality with P with respect to the measure fs(x)\(ds) dz. Indeed, for any bounded
measurable functions ¢ and g on Ry x R, we have

/R AP i) d dr = /R + / Froa(@)ores(2)Prg(s,2) d ds

/[too/fs o(s,z)Pg(s —t,x) dx ds

:A+A¢(s,w)Pt*g(s,x) Folx)dz ds.

The semigroup P induces a Markov process on Ry x R for which we assume the initial
condition to be p/ = dy ® p. The hypothesis of [12, Chapter XVIIIL.46] is that the potential
measure ('U’ defined, for a measurable A C Ry x R, by

Wv') = |

0 ~
/ P y(e) dt p'(de)
R+XR

has a density k : Ry x R — R4 with respect to fs(z)dsdx. To see this, let A and B two
measurable subset of respectively R4 and R. First, we have

Plaxp(s,z) = Ta(s 4+ 1)Qsryslp(x).
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Thus,
WU (Ax B) = / /Oo La(s+1t)Qs+slp(x) dt do(ds) p(dx)
R+><R 0
_ / / LA(0)Qsslp(x) dt So(ds) u(dz)
Ry xR Js

o0
- / / 1A() Qo p(x) dt p(dz) / () F(z) dt da.
R JO AxB
Thus, the density of p/U’ with respect to f; (x) ds dx is given by F' and is time independent.
Then, the time reversed process X of X is given by

X[t = Xty =T —t, X1r-p)-)

and has semigroup given by

Plo(s,x) = P{k(Fg;)(s,x)'

Now, let ¢ : R — R be a bounded measurable maps and set ¢(s,z) = ¢(x). Thus, for
t+s<T,

E [¢(X(T_(t+s))—)‘X(T—s)—] =E |:90(X1{+s) )Nfé] = Plo(X!) = Plo(T — s, X(r_o)_)

_ Br(Fe)(Xs)
- F(Xy)

C Absolute continuity of the solution of ([10))

Let us prove Proposition [2.5

Recall the idea of the proof. If possesses a solution f; in C([0,T],L'), then f;(x)dx is
solution of (10), and the identification & = fi(x)dz follows from the uniqueness of the solu-
tion of . Thus, we only have to prove that fy € L' yields a solution f; in C([0,T7],L1).

To prove this, we follow closely the computation in [I4].

Consider the semigroup S; acting on L' with generator L* 4+ h. The set

Wz{Fecqo,T],R)\FZOand sup [F(t)| < sup ustfoul}.
0<t<T 0<t<T
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is convex, closed and bounded. Now, consider the operator K acting on C([0,7],R) and
defined by for all F' € C([0,T],R) by

xr@ =ew (- [ P ) Iehl

Let us prove that K is a compact operator. Take G € K(B(0,1)) so that G = K F' for some
F € B(0,1) where B(0,1) is the open unit ball of C([0,T],R). So, we have, with ¢ > s,

exp <_ /Ot(F(u) +1) du) ~exp <— /OS(F(u) +1) du)‘

t
< TS ufo — Ssfollr + I1sfoll1e” |exp (— / (F(u) + 1) du) _ 1‘

/t(F(u) +1) du
< e"||Sefo — Ssfolly + 2I1Ss follre” (t — s).

|G(t) = G(s)|

< 6tHStf0 — Ssfolli + 6tHsz0H1

< eT||Sifo — Ssfolli + ||Ssfollre”

So the family K(B(0,1)) is equibounded and equicontinuous, and Arzela—Ascoli theorem
entails the compactness of K. It is easy to check that K (W) C W and thus Leray-Schauder
fixed point theorem gives the existence of a fixed point F* for K in W.

The function f defined for x € R by

) = e (- [ 7)) Sufuto)

provides the desired solution and ends the proof of Proposition [2.5 [l
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