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Abstract

The monoid of multipliers of a semigroup object in a monoidal cat-
egory is introduced, arising from an abstraction of the definition of the
translational hull of an ordinary semigroup or of the multiplier alge-
bra of a Banach algebra and dually, the monoid of comultipliers of a
cosemigroup object is obtained. Its set-theoretic version, the classical
translational hull, is shown to provide a functor from a subcategory
of ordinary semigroups to monoids, similar to a left adjoint. The ab-
stract multiplier monoid of a semigroup object is related to the concrete
translational hull of its convolution semigroup by a “concretization” ho-
momorphism. For semigroup objects for which this homomorphism is
onto, the multiplier construction is functorial and the concretization
homomorphisms form a natural epimorphism.

MSC 2020: 18C40, 20M30, 18MO05

Keywords: Semigroup object, multiplier, translational hull, convolu-
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1 Introduction

Let S = (5, ) be a set-theoretic semigroup. By a left (resp. right) translation
is meant a map L (resp. R) from S to itself such that L(x xy) = L(z) xy
(resp., R(z *xy) = x * R(y)). Let LTr(S) and RTr(S) be respectively the
set of all left and of all right translations of S. For instance given xz € S,
L8 = S, y— xxy and Ry: y — y * x are respectively left and right
translations. Associativity of % provides for such inner translations, the fol-
lowing linking relation: R, (y) x 2 = y x £,(2), x,y,2z € S. More generally



a pair (L, R) consisting of a left and a right translations such that for each
Y,z € S, R(y) x z = y *x L(2) is referred to as a multiplier of S. The set
TrHull(S) of all multipliers of S is called the translational hull of S (see
e.g. [4]), and in general it contains over multipliers than only the inner ones,
that is, those of the form Mg (z) = (£,,MR,), x € S. Multipliers may be
composed by (L',R')  (L,R) := (L' o L,R o R') and (idg,idg) acts as an
identity for x, making TrHull(S) := (TrHull(S), *, (idg,ids)) a monoid, and
Ms: S — |TrHUll(S)|, z — (£, M) a homomorphism of semigroups, called
the canonical homomorphism of S, where | — |: Mon — Sem is the ob-
vious forgetful functor. In fact, TrHull(S) is a submonoid of the product
monoid LTr(S) x RTr(S)?, with LTr(S) := (LTr(S),o,ids) and RTr(S) :=
(RTr(S),0,idg), where for a monoid M = (M, x,1), M := (M, *°,1) de-
notes its opposite with x %P y ==y *xx, z,y € M.

The following result is easy and shows that the translational hull is not
very interesting for monoids, what we could have suspected by thinking of
it as a kind of unitarization.

1 Lemma Let M = (M, *,1) be a monoid. Then, the canonical homomor-
phism of semigroups My : (M, *) — |TrHull(|M)| lifts to an isomorphism
of monoids My: M — TrHull(|[M|), that is, My is an isomorphism, and
‘ml\/” = mt“\/”

Historically multipliers appeared naturally with the study of ideal exten-
sions of semigroups [7] but dit not remain confined to the theory of ordinary
semigroups. For instance the Banach algebra of multipliers of a commuta-
tive (non-unital) Banach algebra was considered in [12| and the C*-algebra
of multipliers of a (non-unital) C*-algebra was studied in [3].

S acts on the set S by left (resp. right) translations. Left (right) multi-
pliers then are in fact nothing but endomorphisms of the left (resp. right)
S-act § itself. Now given a left (resp. right) translation L (resp. R),
g(L): SxS = S, (z,y) — xxL(y) (resp. d(R): SxS = S, (z,y) — R(x)*y)
is a homomorphism of left (resp. right) S-acts from S x S to S, where S acts
on S x S by left (resp. right) multiplication on the first (resp. second) fac-
tor. (L, R) then is a multiplier iff g(L) = d(R), that is, the translational
hull of S is nothing but the pullback of g along d. Such observations are
not only true for multipliers of semigroups, but also for those of rings or
Banach algebras. These algebraic structures have in common the fact that
they are all semigroup objects in some monoidal category: that of sets for the
ordinary semigroups, of abelian groups for the rings, and Banach spaces for
Banach algebras. This suggests to use the language of monoidal categories



to describe multipliers more abstractly.

In doing so we are left with at least two possible ways. One way is to “in-
ternalize” the multiplier construction, as in |2]. It requires the assumptions
that the monoidal category into consideration is also closed and has some
specific pullbacks (in order to define an internal “multiplier monoid object”),
or when it is not closed, to consider what is called therein “M-morphisms”
as a substitute for morphisms into an internal multiplier monoid object that
may not exist. Without asking for extra assumptions but having in mind the
existence of a multiplier monoid, another way is to mimic the construction of
the translational hull by considering abstract endomorphisms of a semigroup
object S in a monoidal category C, seen as a left and a right act on itself. In
doing so naturally arises an ordinary monoid which is called the multiplier
monoid Multc(S) of S (see Section 4), and which reduces to the usual trans-
lational hull for a usual semigroup. This alternative approach is consistent
with the general philosophy adopted in this note that any semigroup object
in any monoidal category may be “concretized” as an ordinary semigroup
and finds its source in the original motivation of the author to study the
functorial behavior of the ordinary translational hull construction.

In fact each monoidal category C naturally comes together with a canon-
ical monoidal functor into the cartesian category of sets, namely the “con-
volution functor” which assigns to an object ¢ of the underlying category C'
of C, the set C'(I,¢) of morphisms from the monoidal unit I into this object
(its so-called “generalized elements”). As any monoidal functor, the convo-
lution functor lifts to a functor from the category of semigroup objects of
the domain monoidal category into that of the codomain category, and so
assigns an ordinary semigroup, its “concretization” Convy(S) to an abstract
semigroup S. The generalized elements also play an important role in that
they induce inner multipliers (see Section 4.2). A concretization homomor-
phism then relates Multc(S) with TrHull(Conv;(S)) (Definition 43). Section 5
is entirely devoted to the study this convolution construction.

The functorial behavior of both TrHull and Mult is explored in Section 6.
More precisely it is shown that under some conditions, any homomorphism

of semigroups S EN |TrHull(T)|, where S, T are ordinary semigroups, ad-

mits a unique “extension” TrHull(S) f—ﬁ> TrHull(T) as a homomorphism of
monoids (Theorem 56). This result is used to define a translational hull
functor from a subcategory of semigroup to monoids, which is very close to
be a left adjoint to the forgetful functor from monoids to semigroups (The-
orem 59). In Section 6.2, using the notion of concrete semigroup object,
that is, a semigroup object whose concretization homomorphism is onto,



it is proved that under some conditions, any homomorphism of semigroups

Convy(S) EN [Multp(T)|, where S, T are semigroup objects in possibly differ-
ent monoidal categories C, D, has a unique “extension” as a homomorphism

of monoids Multc(S) & Multp(T) (Theorem 62). This result then is used
to provide a multiplier monoid functor from a subcategory of semigroup ob-
jects in any monoidal category to monoids, and turns the concretization
homomorphisms into a natural epimorphism between this functor and the
composition of the translational hull functor by the convolution semigroup
functor.

2 Notations and prerequisites

We next introduce some notions which could be unfamiliar for some readers.

Some notations: Let C be a category and let ¢, ¢ be C-objects. C(c, )
denotes the hom-sets of C-morphisms with domain ¢ and codomain ¢’ and
given a functor F': C' — D, if needed one denotes by F, » the hom-component
C(c,d) = D(Fc¢,Fd) of F. Set and Cat are the categories of sets (and
maps) and of categories (and functors). Given functors F,G: C' — D, that
« is a natural transformation from F to G is denoted by a: F' = G: C — D
and Nat(F,G) stands for the set of all such natural transformations.

Monoidal categories and monoidal functors: A monoidal category is
denoted C = (C,— ® —, I, a, A\, p) or sometimes simply C = (C,®, I), with
— ® —: C x C' = C the tensor product bifunctor, I the unit object and the

Qg b,c

natural isomorphisms ((a ® b) ® ¢ ——= a®@ (b® ¢))ape, (I @ c 2e, ¢)e and

(c® I 2% ¢). which are coherence constraints of associativity, and of left
and right unit, respectively. E.g. Set is the monoidal category of sets under
the cartesian product and initial object 1 := {0 } with Set as its underlying
category.

Let C be a monoidal category. Then one may define its opposite CP :=
(CP,@%P I,a~ 1, A7, p~1) where C is the usual opposite category of C,
and ®%P: CP x CP? = (C x C)°? — C is the usual opposite of ®.

One also defines the tranpose Ct = (C,®!,I,at, X!, pt) of C with (c EN
et Ld)y=cdocl® dd thatis, @: CxC~CxC 5 C,
where the isomorphism is given by ((a,b) 9, (c,d)) — ((b,a) o)), (d,c)),



-1
afab,c: (axtb)@c=cx(bc) Jeba, (c@b)®a=a®" (balc), \, =
Ita=a®l % a pt =a®' I =T®a2% a.

Let C := (C,®c,Ic,a,\,p) to D = (D,®p, Ip,a, A, p) be monoidal
categories. A lax monoidal functor from C to D is a triple F := (F, F@, Fy)
where F': C — D is a functor (the underlying functor of F), (F(c1) ®p

FS
F(co) —2 F(c1 ®¢ €2))ey.co 18 a natural transformation and Fy: J — FI
is a D-morphism, subject to coherence conditions (see [10] for details). A
lax monoidal functor is called strong monoidal (resp. strict monoidal) when
F® and Fy are isomorphisms (resp. identities).

F=(F,F® F)
Let C = (C,®c,Ic) ———— D = (D,®p, Ip) E=
(E,®p, Ir) be monoidal functors. Let GoF := (G o F,(G o F)?) (G o F)y)

with (G o F)) = G(E2) 0 GT)) 1y and (G o F)o := G(Fy) o Go. With
identity idc at C the strict monoidal functor with underlying functor id¢,
this provides the category MonCat of monoidal categories and lax monoidal

functors.

G:(G7G(2)7GD)
=

Semigroup objects: A semigroup object (or simply semigroup) in C is a
pair (5,5 ® S £ S) such that the diagram below on the left

(S®8)® s 12 S®S Ses s (1)
as,s,s | l# f®fl lf
S2(S®S)——S®S S S @S s

st@p, 12 'u,/

commutes, while a semigroup morphism (S, ) EN (S’, 1) is a C-morphism
f:S — S making the above right diagram commutative. This defines
the category SemC of semigroups in C. Sem := Sem(Set) is the cat-
egory of ordinary semigroups and their homomorphisms. The category
CosemC of cosemigroup objects (or simply cosemigroups) in C is defined
to be (Sem(C))°. Let (C,0) be a symmetric monoidal category. Given a
semigroup S = (S, ) (resp. a cosemigroup S = (S,0)) one has its opposite
(co)semigroup S% := (S,puoogg) (resp. S? := (5,055 046)). A semigroup
(resp. cosemigroup) (S, 1) (resp. (5,0)) is said to be commutative) (resp. co-
commutative) when S = S?. By .Sem(C) and ,.Cosem(C) we denote the
full subcategories of Sem(C) and Cosem(C) respectively spanned by the
(co)commutative (co)semigroups. One has .,CosemC = (.Sem(C))°P.
The next result is clear.



2 Lemma Sem(C) = Sem(C!) and dually Cosem(C) = Cosem(C!).

_ 2
Given a lax monoidal functor F: C — C', F(S, 1) := (F'S, FS®'FS LN

F(S®S)) and IE(f) := Ff define an induced functor F: SemC — SemC’,
such that the diagram

SemC —F— SemC’ (2)
v.) v

CﬁC’

commutes, with Us, U, the obvious forgetful functors. In fact this pro-
vides a functor Sem from MonCat to Cat. For instance, given a sym-
metric monoidal category (C,c), one has a strong monoidal functor =
(idc,o,idr): C — C! and thus an induced functor : Sem(C) — Sem(C?) =
Sem(C). In fact S = S%.

MonCat has a binary product C x C’, with

1. tensor (C x C') x (C x C") 2225 (€ x C) x (C' x ¢') 2%, ¢ x ¢,
where Y93((c, ), (d,d")) = ((¢,d), (', d)).

2. unit object (I,1),
3. and with obvious coherence constraints.

MonCat also has a terminal object namely the monoidal category 1 with
underlying category 1, the category with only one object and its identity
arrow. One observes that Sem(C x C') ~ Sem(C) x Sem(C’) canonically.
The hom-functor C(—, —): C? x C' — Set, C(b ERN a,c LN d): C(a,c) —
C(b,d), g+ hogo f,is a monoidal functor Conv = (C(—,—),I',y): C? x
C — Set, with F(a,b),(c,d): C(a,b) X C(C, d) — C(a ®c,b® d), (f,g) —
f®ag, for a,b,c,d € ObC, and v: 1 — C(I,I), 0 — id;. Whence Conv
induces a functor Conv := Conv: Cosem(C)? x Sem(C) — Sem. Given
a semigroup (5,5 ® S LN S) and a cosemigroup (c,c 5% e ¢) in C, the
the hom-set C(c, S) becomes a semigroup, called the convolution semigoup
Conv((c,9), (S, 1)) with multiplication (g, f) — ge,sf = po(g® f)od.
Since ([, )\171 = pfl) is always a cosemigroup in any monoidal category, one
has a functor Conv;: Sem(C) — Sem given by Conv;((.S, u) ERN (S, 1)) =

(C(1,8),0,) “5 (C(1,57), 0,) with & =0, 1.



3 Actions of a semigroup object

Let C := (C,®,I,a, )\, p) be a monoidal category. Let S := (S,u) be a
semigroup in C. Let ¢ € ObC, and v: S® ¢ — ¢ (resp. p: c® S — ¢) be
a C-morphism. (S,7) (resp. (5, p)) is called a left S-act (resp. right S-act)
when the diagram below on the left (resp. right) commutes.

idg®-y pRidg

S®(S®c)*>5®c (C®S)®S—>C®S (3)
2 |7 2 v
(SeS)®c c c®(S®S) c
M®Z‘dci 5 idc@ﬂi o
S®c c® S

v (resp. p) then is referred to as the left (resp. right) S-action.

3 Example By associativity, (S, ) is both a left and a right S-act.

Given left (resp. right) S-acts (¢,7),(c,7') (resp. (c,p),(d,p")) a C-

morphism c¢ i> ¢ is said to be a left (resp. right) S-morphism when the
diagram below on the left (resp. right) commutes.

f / f /
c————¢ c————¢ (4)
i Tv 2l To
/ /
S®C@;S®C C®Smc ®S

This provides the categories sAct(C) and Acts(C) of left and right S-acts re-
spectively, together with obvious faithful forgetful functors s|—|: sAct(C) —
C and | —|s: Acts(C) — C.

Let S = (S,u) and S’ = (5, /) be semigroups in C. Given an object ¢
together with a left S-action v and a right S’-action p, (¢,7, p) is said to be
a S-S'-biact when the following diagram commutes.

Swo)es P cqs (5)
X [t
S®(c®S) ¢
ids®p] 5
S®c

When S =S, a S-S-biact is simply called a two-sided S-biact.

4 Example (S, u, 1) is a S-biact.



Given S-S'-biacts (¢,, p), (¢',7/, p'), a C-morphism ¢ Iy ¢ which is both
a left S-morphism (c, ) EN (d,~") and a right S’-morphism (¢, p) EN (c,p)
is referred to as a S-S’-morphism, and a two-sided S-morphism when S =
S’. This provides the category sActs/(C) together with a faithful forgetful
functor s| — |s: sActs/(C) — C.

One easily obtains the following result.

5 Lemma Let S = (S, ) be a semigroup in C. Then, Acts(C) = sAct(CY)
and sAct(C) = Acts(C).

6 Example 1. With S an ordinary semigroup, sAct(Set) is the usual
category of left S-acts.

2. Let R be a commutative ring with a unit. Let gkMod be the monoidal
category of left (unital) R-modules, with the usual tensor product ®p
over R. Associative R-algebras and semigroup objects in zpMod are
essentially the same and so are left modules over an algebra and left
acts over a semigroup object.

3. Let Ban be the monoidal category with underlying category Ban, the
category of say complex Banach spaces with bounded linear maps, and
with the projective tensor product & (see [9]). A semigroup B = (B, 1)
in Ban is essentially! a non-unital Banach algebra (B, *) with x %y :=
wlx ®y), z,y € B. Left B-acts are left Banach (B, *)-modules.

Let (C,0) be a symmetric monoidal category. Let S,¢,d be C-objects.
Let f: S®c — d (resp. g: ¢® S — d) be a C-morphism. One defines

1 ::C®S%—’S>S®0Ld(resp. ‘g:S®cﬂ>c®S$c). Of course,

‘(f)=fand (g) =g

7 Proposition Let S = (S, u) be a commutative semigroup in C. There are
functors A;: sAct(C) — Acts(C), with |—|soA; = s|—| and A,: Acts(C) —
sAct(C) with s|—|o A, = |—|s, which are inverse one from the other. There

are full embedding functors Acts(C) LN sActs(C) &Er sAct(C) such that
s|—|soB; =5s|—| and s| —|so B, = | —|s, and the following diagram

commutes.
A
S Act (C) !

Acts(C) (6)

B B
sActs(C)

1Up to the change of the original norm by an equivalent sub-multiplicative norm [8].




Proof: Let (¢,7v) be a left S-act. (¢,') is a right S-act since each cell of
the following diagram commute, so commutes the surrounding diagram.

Oc,5®idg Y®idg

(c®8)®S (S®c)® S c®sS  (7)
// am \LUC,S
S®(c®9) S®(S®£l)§?5®c
ids®0es | Y
c®(S®S) Se(S®c) (SeSec v

N, s®idcT

(S®8) ® c) nidec
p®ide ||
C®ST>S®C

O'c"g%} ‘2
(S®S

)®c

y

ide®p

(¢,7,7") is a two-sided S-act. Indeed all internal cells of the following diagram
commute, so commutes the surrounding diagram.

S@(c®S)~ (S0 5% co s (8)
O-S(X)C,Si
S®(S®oc) ‘ s

idsoe,s S
(Ses)8emSec 50c
0’5,5®chT wid
S®(S®e)~—(S®S)®c > 5
ids®y |
S®c c

Y

Let f € sAct(C)((c1,71), (c2,72)). Then, f € Acts(C)((c1,71), (¢2,75)), and
thus f € sActs(C)((c1,71,71), (€2,72,75)). Indeed, the two cells of the fol-
lowing diagram commute so commutes the surrounding diagram.

I A, (9)
7T T2
S®Rci——S®cy
Ucl,ST zd5®f TUCZ,S

Cl®8mc2®5

Consequently one may define A;((c1,71) i> (c2,72)) :== (c1,71) i> (ca,75)
and By((c1,m) > (c2,72)) = (e1.m.74) & (2,72.7).



That A, ((c1,p1) EN (co,p2)) == (c1,'p1) ERN (c2,'p2) provides a func-

tor from Acts(C) to sAct(C) and By ((c1,p1) L (e2.p2)) := (e1,'p1,p1) L5
(ca,'p2, p2) provides a functor from Acts(C) to sAct(C)s is obtained by sym-
metry. O

4 The multiplier monoid of a semigroup object

In this section is introduced the multiplier monoid of a semigroup object

together with the inner multipliers, induced by generalized elements. By du-

alization the comultiplier monoid of a cosemigroup object is freely provided.
Throughout this section C = (C, ®, I') stands for a monoidal category.

4.1 The construction

8 Proposition Let S = (S, ) and S = (S, 1) be semigroups in C. @: C x
C — C lifts to a functor sAct(C) x Acts/(C) — sActs/(C), still denoted ®,

that is, such that the following diagram commutes.

sAct(C) x Acts/(C) —— sActs/ (C) (10)
sl=Ix|=lsr | Lsl=lsr
CxC 2 C

Proof: Let (¢,7) and (¢, p’) be respectively a left S-act and a right $'-act.

id,
Let v, := S®(c®@d) ~ (S@c)@d D8 @, and let = (c@d)® S ~

ide®p' . .
c®(d® 98 2%®%, ¢ ®¢. Then, one claims that (c® ' vp,~p') is a two-

sided S-S'-biact. First, (¢ ® ¢,7,/) is a left S-act because all the cells of the
following diagram commute.

N
S®(S® (c®c’)l§%’3’® (S®0) @ % g (cad) (1)
ad o5 5o e
(S®8)®(cxd) (So(S®e) 6 F 500 ed

u®(z‘dc®id6/)l \%}@idc/ Jv@idc/

S®(c®d) Teesed (S®S)®c)d c®d
O‘E,lc,c/ Bide)Dides ®id,

(S®c)®d

10



Secondly, that (c®/,,p) is a right S’-act is obtained similarly. Finally, (¢®
vy p") is a S-S'-biact because all internal cells of the following diagrams
commute, so does the surrounding diagram.

(S0 o) e =00 ¥ ones 1

aS,c@c’ S’J/ aS®c,c/,S/l lac,c/,s’
, , 'y%& i Ridgr) ; ’
Sa(cad)®s), (Sede@esf—Fca(lsoys)

’
ids@aC,C/,S/l y lidc(g)pl

SR (d®s)) (ds®id)®p c®d

idss(id:or) | T
C/

SR(ecxd)— (S®c)ad

@ 1
S,e,c!
Let f € sAct((c,7e), (d,74)) and let f' € Acts/((¢/, pl,), (d', ply)). Then,

f® f/ SACtS’((C ® C, (’Yc)p ;9 Ve (pc )) (d ®d (’Yd)p 9 Yd (pd’))) because the
internal cells of both followmg diagrams commute.

fef fef

cd ————dod cRd ————dod
Ve ®id, T T”fd@idd’ ide ®p T Tidd@)p;,
(S®c)®c*>§$®d )@ d cR([d®S)——do (d oS5
-1 fo(f'®idgr)

Qg ol T Tas d,d’ ac,c',s'T Tad d’ s’
S — (ded S ——dod)o s
®(c®c) f®f$® ®d) (c®c)®(f®f)®d(S/® ) ®

(13)
Functoriality of the construction follows from that of ®. O

As a consequence of the associativity condition is the

9 Lemma LetS = (S, u) be a semigroup in C. Then, u € sActs(C)((S, u)®
(Ss 1), (S, 1, 1))

Let S = (S, ) be a semigroup in C. Let us introduce the set-theoretic

gc,s

maps Acts(C)((S, ), (S, 1)) —= sActs(C)((S, 1) @ (S, ), (S, p, 1)) using

Prop. 8 and Lemma 9 by gc s(L) := po(ids®L) and sAct((S, u), (S, n)) — des,
sActs((S, 1) ® (S, p), (S, p, 1)) by des(R) := po (R®idg). Let

Multc(S) = (Acts(C)((S, ), (S.1))) g xd (sAct(C)((S, ), (S, 1))

(fibre product computed in Set). The members of Multc(S) are referred to
as the multipliers of S.

11



10 Proposition LetS = (S, 1) be a semigroup in C. (Multc(S), *, (idg, idg))
is a monoid denoted by Multc(S), under (L', R")x(L, R) := (L'oL,RoR’). In
fact, Multc(S) is a submonoid of the product monoid Acts(C)((S, u), (S, 1)) %
SACt((Sa :U‘)’ (S’ :U’))Op'

In what follows Multc(S) is referred to as the multiplier monoid of the

semigroup object S in C. The following result is clear.

11 Lemma Let C be a monoidal category and let S = (S, p) be a semigroup
object in C. Then, Multc:(S) = { (R, L): (L, R) € Multc(S) } and (L, R) —
(R, L) provides an isomorphism of monoids from Multc(S) to Multc:(S)P.

4.2 Inner multipliers induced by generalized elements

Since they might be no elements for an object S in an arbitrary monoidal
category C, one cannot directly define the inner multipliers as in the set-
theoretic situation. To get rid of this obstruction one uses instead the gen-
eralized elements, that is, the members of the hom-set C(I,S).

12 Lemma Let S = (S,pu) be a semigroup in C. Let f € C(I,S). Let
Ly= 8255 105299, g0 9 By S, Then, Ly € Acts(C)((S, 1), (S, 1))-

Proof:  All the cells commute in the diagram below, so commutes the
surrounding diagram. (The left down triangle commutes by coherence.)

—1

Ag I
S res T 995 " g (14)
ld1®uT Tlds®u
ol 10808 N Ys (s ) p

S®S
Sy 2
S®8—— I®S)®S*>&S®S )®S—5®5

A5 @i (f®ids)®i
By symmetry,

13 Lemma Let S = (S,p) be a semigroup in C. Let f € C(I,S). Let
Rp=82 501 5%, 5052 5. Then, Ry € sAct(C)((S, 1), (S, ).

14 Lemma Let S = (S, ) be a semigroup in C. Let f € C(I,S). Then,
(Lf,Rf) S Multc(S).
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Proof:

po (Ry®ids) = po(n®idg)o ((ids® f) ®idg) o (pg' @ ids)
= po(ids ® p)oasss o ((ids ® f) ®ids) o (pg' @ idg)
(by associativity of p)
= po(ids ® p) o (idsg ® (f ®ids)) o g0 (pg' @ idg)
(by naturality of «)
= po(idg®u)o (ids @ (f ®idg)) o (idg ® )\gl)
(by coherence)
= po (ids X Lf).
(15)
O
According to Lemma 14, for each semigroup S in C, one has a map
c(1,95) &) Multc(S) given by f +— (L, Rf). The image of this map is
the set of all inner multipliers of S in C and is denoted InnMultc(S) :=
Ms(C(I,S)). Moreover Ly and Ry are respectively called the inner left
translation and the inner right translation induced by f. Mcs plays the
role of the canonical homomorphism Mg for an ordinary semigroup S.

15 Proposition LetS = (S, i) be a semigroup in C. Then, Ms: Convy(S) —
[Multc(S)| = (Multc(S), *) is a homomorphism of semigroups and in partic-
ular, InnMultc(S) is a sub-semigroup of (Multc(S),*).

Proof: Let f,g € C(I,S). One has

Lgs,; = po (p@ids) o (g ® f) @ ids) o (A7 @ ids) 0 A’
= po(ids @ p)oassso (9@ f)@ids)o (A" @ids) o Ag'
(by associativity)
= po(ids ® p) 0 ag5.5 0 (9 @ ids) @ ids) o ((id; @ f) @ ids) o (A} @ idg) o A5
= po (ids @ p) o (9 ® (ids ®idg)) o ars5 0 ((id; ® f) ®@idg) o (A\; ' @idg) o )\51
(by naturality of a)
=po(g®idg)o (idf ®p)oarsso ((idf® f) ®ids) o (A\[' ®ids) o A\g'
= po(g®idg) o (idf @ p) o (idg(f ®ids)) o arrs o (At @ids) o Ag!
(by naturality of «)
= po (g9 @ids) o (id; ® p) o (idg (f @ ids)) o (id] ® Ag') o Ag'
(by coherence)
= po (g ®ids) o (idf ® p) o Agggo (f @ids) o g’
=po(g®idg)oNg' opo(f®idg)oNg
(by naturality of A for the two above equations)
= LgoLy.
(16)
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By symmetry one also has Rge,f = Ry o Ry. O

16 Remark The proof of Prop. 15 also shows that the maps C(I,5) ﬁ
R
ACtS(C)((Sv /'L)a (S7 M))? f = Lf7 and C(I7 S) L,S> SACt(C)(<S7 M)a (Sa M))7

f — Ry, are homomorphisms Convy(S) — (Acts(C)((S, ), (S,u)),0) and
Convy(S)? — (sAct(C)((S, p), (S, 1)), o) respectively.

17 Example Let S := (S, %) be a semigroup. Then, Multget(S) is the or-
dinary translational hull TrHull(S) of S. Moreover, S ~ Conv;(S) under
x + (geng(xz): 1 — S) with geng(x)(0) := x. (When S = 0, then geng is
the empty map.) Moreover Ms = Mset s © gens.

18 Example Let S be a semigroup object in Ban, considered as a Banach
algebra. Then, Multgan(S) is the underlying semigroup of the multiplier
Banach algebra of S (see e.g. |6, Theorem 1.2.4, p. 29]).

Let S = (S, 1) be a semigroup object in C. Let f,g € C(1,.5). Then,

Liog = po(f®ids)odg'og
= po(f®ids)o(id @g)oA" (17)
= f.ug

and almost identically,
Riog=ge,f. (18)

From these computations one deduces the following

19 Lemma LetS = (S, ) be a semigroup object in C. Assume that Convy(S)
is non-degenerate (see Definition 47). Then, Mcs: Conv;(S) — (Multc(S),*)
15 one-to-one.

20 Proposition Let us assume that (C,0) is a symmetric monoidal cate-
gory. Let S be a commutative semigroup in S. Then, one has { (L,L): L €
SACH(C)((S, 1), (S,1) } = { (R, R): R € Acts(C)((S. p), (S,)) } € Mulic(S).
When furthermore p is an epimorphism, then Multc(S) = {(L,L): L €
sAct(C)((S,n), (S,p)) }. In this case, the multiplier monoid Multc(S) and
the endomorphism monoid (sAct(C)((S,u), (S,u)),o,ids) are isomorphic
under (L, L) — L.

14



Proof: The first equality is a consequence of Prop. 7 since one may notice
that the isomorphism A;: sAct(C) — Acts(C) restricts to the identity from
sAct(C)((S, u), (S, 1)) to Acts(C)((S, u), (S, 1)) (because Ay(S, 1) = (S, po
os,s) = (S,p)). Let L € sAct(C)((S,p),(S,p)). Then, po (ids ® L) =
poogso(L®ids)=po(L®idg). Since L € Acts((S, p), (S, p)) it follows
that (L,L) € Multc(S). Let us assume that p is an epimorphism. Let
(L,R) € Multc(S). Then, Rop = po (ids @ R) = pooggso(R®idg) =
po(R®ids) =po(ids®L)=pooggo(L®ids)=po(L®idg)=Lop,
and since p is an epimorphism, R = L. O

4.3 The case of monoids

A monoid object, or simply a monoid in a monoidal category C is a triple
M = (M, u,n) where (M, p) is a semigroup in C and n: I — M is a C-
morphism such that the diagrams

T M0 @M@ Ao 1 (19)

%j{%

commute. When M is a monoid, the convolution semigroup Convy(M, )
becomes an ordinary monoid Conv;(M) := (C(I,M),e,,n).

21 Remark An ordinary monoid M = (M, %, 1;/) is a monoid object in Set
with 7 := geny(1a) (see Example 17). Besides geny: [M[ == Convy (M, %)
lifts to an isomorphism geny,: M ~ Conv; (M) of monoids.

Similarly to the set-theoretic setting (Lemma 1) one has the

22 Proposition Let M = (M, u,n) be a monoid in C. Then, Mc () is
the underlying homomorphism of semigroups of an isomorphism of monoids
Mcm: Convi(M) ~ Multc(|M|). In particular a monoid object has only
mner multipliers.

Proof: Let L € Act(ys,)(C)((M,p), (M, p)). Then, L = Loy Indeed,

Aot ida i
TNy S VLI S VL TN Y V LN

)\—1 .
B Y Iy S VL TN Y Y NG VN Y

(since L is a right (M, p)-morphism) (20)

S VR VEESS
(since 7 is the unit of M)

15



By symmetry for R € (37,,)Act(C)((M, p), (M, 1)), R = RRoy. Now assume
that (L,R) € Multc(M,pn). Let us check that Ron = L on. For each
f e C(M,M), one has

po((fon)®@n) = pol(idy ®n)o((fon)®ids)
pa o ((fon) ®idr) (21)
= (fom)opr

(by naturality of p)

and

po (n(® idM() o (id)z) ® (fon)

Ao (idr® (fon

= (fomoAr 22)
(by naturality of \)

po(n@(fon))

Furthermore,

po((Rom)®@n) = po(R®idy)o(n®@n)

po (idy @ L) o (n @)

o (n®ida) o (idr @ (L omn)) (23)
Ay o (idr @ (Lomn))

= Lonols

Therefore by the above (Ron)opr = LonoAs so that Ron = Lono)\jopl_1 =
Lon. So withf := Lon = Romn, one thus has Mc (ar,,,)(f) := (L, R) which
shows that Mc (s, C(I, M) — Multc(M, p) is onto.

Let f,g € C(I,M) so that Ly = Ly;. Then, because n is the unit of
Convi(M), f = po(f®idyr)oNy on = Lyon = Lyon = po(g@idyr)ol;, on =
g. Assume that Ry = Ry. Then, f = po (idy ® f)opyf on= Rpon =
Rgon:uo(idMQ@g)opX/[lon:g.

As a consequence Mc (pr,,) is also one-to-one, and hence provides an iso-
morphism of semigroups Convy (M, p1) — (Mult(M, p), ). As, Mc (ar)(n) =
(Ly, Ry) = (idas,idpr) since Ly = po (n®@idar) o Ay} = Aaro Ay = idys and
R, = po(idy®n)o pX/II = pup o p]@l = idp, Mc, () is an isomorphism of
monoids from Conv;(M) to Multc(M, p). O

4.4 Comultipliers by dualization

By a simple dualization process, that is, essentially by replacing a category
by its opposite, one now summarizes without proofs some important results
about coactions of cosemigroups, deduced from that of actions of semigroups
and one introduces the notion of comultipliers.
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Let S := (5,6) be a cosemigroup in C, that is, a semigroup in C?. A
left (vesp. right) S-coact (¢, 3) (resp. (¢, 7)) is an object of s Act(CP) (resp.
Acts(CP)). In what follows [ (resp. 7) is referred to as a left (resp. right)
S-coaction.

23 Example By coassociativity, (C,d) is both a left and a right S-coact.

Now on defines the category sCoact(C) := sAct(C?)° (respectively,
Coacts(C) := Acts(C)) of left (resp. right) S-coacts.

Let S = (S,0) and S’ = (5’,4") be cosemigroups in C. A S-S’-bi-coact is
a S-S’-biact in C°, and one defines sCoactg/(C) := sActs (C?)?. When
S =5/, a S-S'-bi-coact is simply called a (two-sided) S-bi-coact.

24 Example (S5,9,0) is a S-bi-coact.

25 Lemma Let S = (5,6) be a cosemigroup in C. Then, Coacts(C) =
sCoact(C!).

26 Proposition Let S = (5,0) and S' = (S5',0") be cosemigroups in a
monoidal category C. ®: C x C — C lifts to a functor sCoact(C) x
Coacts/ (C) — sCoacts/(C), that is, such that the following diagram com-
mutes.

sCoact(C) x Coacts/ (C) —— sCoacts/ (C) (24)
s|—|opx—|gfl P—gf
CxC 3 C

27 Lemma 0 € sCoacts(C)((S,0),(S5,0) ® (S,9)) for a cosemigroup S =
(S,9) in C.

Let S = (S,0) be a cosemigroup in C. Define Comultc(S) := Multcor(S).
In other words,

Comultc(S) := Coacts(C)((S, ), (S, (5))&:0][,,S deOP’SSCOact(C)((S, 0),(S,9))

with geor s(L) = g(L) := (ids ® L) 0 6 and dcor s(R) = (R ®idg) o 6. The
members of Comultc(S) are referred to as the comultipliers of S.

28 Proposition LetS = (5,9) be a cosemigroup in C. Then, Comultc(S) :=
(Comultc(S), *, (ids, idg)) is a monoid under (L', R")* (L, R) := (Lo L', R'o
R). Comultc(S) is in fact a submonoid of Coacts(C)((S5,9),(S5,9))P x
sCoact(C)((S,9),(S,0)) (product monoid).
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In what follows Comultc(S) is referred to as the comultiplier monoid of
Sin C.
29 Lemma Let C = (S,0) be a cosemigroup in C. Let f € C(S,I).

1. Ly=82 So8 129, 105 2%, S, Then, L € Coacts(C)((S, ), (S,5)).

2. Rpi=82 So8 %L, g1 25, S, Then, Ry € sCoact(C)((S,6), (S,5)).

3. Moreover (L, Ry) € Comultc(S).

Let S = (5,0) be a cosemigroup in C. Let Ccs := Mcers: C(S,I) —
Comultc(S) be given by Cc s(f) := (L, R¢). The image of Cc s into Comultc(S)
is the set InnComultc(S) of all inner comultipliers of S.

Recall that C(S, 1) = C°P(1,S) becomes a semigroup under convolution

whichheremean3905f::S$S®Sﬁ>1®fﬂ>[

30 Proposition LetS = (5,6) be a cosemigroup inC. Ccs: (C(S,1),e5) —
(Comultc(S),*) is a homomorphism of semigroups and InnComultc(S) is a
sub-semigroup of (Comultc(S),*).

Let S = (5,9) be a cosemigroup object in C. Let f,g € C(S,I). Then,
goLy=fesgand goRs=gesf. (25)
As a consequence one has the
31 Lemma Let S = (5,0) be a cosemigroup object in C. Assume that
(C(S,1),e5) is non-degenerate (see Definition 47). Then, Ccs: (C(S,1I),e5) —
(Comultc(S), *) is one-to-one.
5 Concretization by convolution

5.1 The category of all internal semigroups

Let C = (C,®¢,I¢) and D = (D, ®p, I¢) be monoidal categories, and F =
(F,®,¢): C— D be a lax monoidal functor.

32 Proposition For all semigroups S = (S, u),S" = (S, 1) in C, F induces
functors Acts(C) — Actg(s)(D), sAct(C) — E(S)Act(D) and sActs/ (C) —
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g(S)Actﬁ(S,)(D), all denoted by F, and the following diagrams commute.

Acts(C) —T— Act g (D) sAct(C) —s ;g Act(D)  (26)
=Is | U=lEe) sl=1] 1=
C D C—D

s\—|s'T g Tﬁ(sﬂ_‘ﬁ(s’)

sActg/(C) *ﬁ? E(S)ACtE(s/) (D)

Proof: Let (c,7) be a left S-act. One claims that F(c,7) := (F(c), F(y) o
Pg.) is a left F(S)-act. This follows from the commutativity of the following
diagram. (The top left cell commutes by coherence and the bottom right
cell commutes since v is a left action.)

idp(5)®Ps,c
F(S)®p (F(S) ®p F(c)) 2—53F(S) @p F(S ®¢ c)

—1 idr(s)®pF(7)
QR (5),F(S),F(c) D5, 500¢

(F(S) ®p F(5)) ®p F(c) F(S®c (S®cc)) F(S)®p F(c)

s, 5@pidp(e, Flagk.) (s@en) Fs,c
F(S ®0 §) @p Fe) —22°%, p((S 0 S) @0 ¢) F(S ®c ¢
F(p)®idp () F(u®cide) lF ()

F(S) @p Fc) F(S©c¢) ——F=—F()

®s,c F(y)
) (27)
Now let f € sAct(C)((c,7),(c,v)). Then, F(f) := F(f) belongs to
g(S)Act(D)((F(C),F(fy) o ®g.),(F(),F(y) o ®g)) as it is shown by the
commutativity of the following diagram.
Fle) —2—— F() (28)
FyT . TF()
F(ssco A F(s e )
QS,CT T(I)S,c’

One thus obtains the desired functor F: Act(C) — ,E(S)ACt(D)-
Let (c, p) be a right S-act. By symmetry, F(c,p) := (F(c), F(p) o ®¢.5)

is a right F(S)-act and given f € Acts(C)((c, p), (¢, p)), F(f) := F(f) €
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Actﬁ(s)(D)((F(c), F(p)o®.5),(F(c),F(p') o ®r.g)). One thus obtains the
desired functor F': Acts(C) — Act-lg(s)(D).

Let (c,v,p) be a S-S'-biact. That (F(c),F(v) o ®g., F(p) o Py ) is a
F(S)-F(S')-biact follows from the commutativity of the following diagram.

(The top right cell commutes by coherence. The bottom left diagram com-
mutes because (¢, 7, p) is a S-S'-biact.)

(F(S) 0 F(e) 0 F(5) “5H(8 0 ) 00 F(S), 0 0
F(s)
Op(8),F(e),F(S") | Psgoes’ |
F(S) @p (F(c) ®p F(5')) F((S®cc)®c S') F(c) ®p F(S')
idp(s)®@p®,, s/l Flag, s/)i l‘pc s’
F(S)®DF(0®CS’)¢4>F (S®c c®c§m F(c®c S")
idp(s)@pF(p) | Sewcs F(ids®p) | LF(p)
F(S)®p F(c) T F(S®cc) o) F(c)
(29)

One may thus define a functor F': sActs/(C) — ﬁ(S)Act-ﬁ(S,)(D) acting as

F((e,7,0) D (4,0)) = (F(e), F(7)0®s,0, F(p)oBes) —5 (F(), F(+')o
@576/, F(p,) o @0175/). O

33 Lemma Let S = (S, p1),S" = (5, 1) be semigroups in C. Let (c,v) be
left S-act and let (¢, p') be a right S'-act. Then, @, € Fs)Actgs) (D )(F (e, )

F(C,p),F((C”'y) ®c (C7p)))

Proof: According to Proposition 8, (¢,v) ®c (¢, p') = (c®c ¢, (y®idy) o
O‘gi,c'v (ide ® p') 0 Qe 51) whence F((c,v) ®@c (¢, p)) = (F(c®c ), F(y®
idc’) © F(a;lc,c/) © CI)S,C@@CU F(idc & P/) © F(ac,c’,S’) © (I)c®cc’,5’)-

Now F(c,7)®p F(¢, p/) = (F(c), F(7) 0 ®s.0) @p (F(¢'), F(p') 0 Per51) =
(F(C) ®D F(cl)a (F(’Y) ®D Z.dF(c’)) © ((I)S,c ®idF(c/)) © 0‘;%5)7}7(0)’}7(6/): (idF(c) ®p

F(p')) o (idpey ®p Per,57) © Ap(e), p(er), F(S"))-
The following diagram commutes. (The top cell commutes by naturality
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while the bottom cell commutes by coherence.)

c,c!

F(c)®p F(d) Fc®c d) (30)
FM®pidpr)T TF(y®cid,)
F(S®cc)®@p F(d) ——— F((S®¢ ¢) @c )
<I>576®Didp(c,ﬁ S®ce,c TF(ag,lc,c/)
(F(8) ®p F(c)) @p F(c) F(S®c (c®c d))
Opis), (e (e | T®s o0

F(S) @D (F(0) #p F(f) <= F(S) @p Fle e d)

Whence @, » is a left ﬁ(S)-morphism. Symmetrically, .. is a right F(S' )-
morphism. Consequently, ®.» € g(S)ActE(S/)(D)(F(c, YepE(, o), F((c,7)®c

(¢, 0)))- O
Let S = (S, i) be a semigroup in C. Let L € Acts(C)((S, p), (S, 1)) B
Prop. 32, F(L) = F(L) € Acty s (D)(F (S, 1), F(S, 1))). Now

F(gC,S(L)) o QS,S = F(,Lt) e} F(st ®C L) o (I)S,S

= F(p)o®sso0 (idps) ®p F(L)) (31)
= 8pF(s) (F(L))
In a similar way one sees that for each R € sAct(C)((S, p), (S, u)), (des(R)) =
dD7,~:(S)(F(R)) as members of ¢ Acte g )( (S, ) @p F (S, 1), F(S, ).
Now let (L,R) € Multc(S). Then (F(L),F(R)) = (F(L),F(R)) €
Multp(F(S)) since
Bors (F(L) = Flges(L)obss
= F(dcs(R))o ®gs (32)
= dD,f:(s)(F(R))

Now one thus easily obtains the following

34 Proposition (L, R) — (F(L), F(R)) is a homomorphism Multg;sc(S; F)
of monoids from Multc(S) to Multp(F(S)). If F is faithful, then this homo-
morphism is one-to-one.

35 Corollary Let (C,0) be a symmetric monoidal category. Then for each
semigroup S in C, Multc(S)? ~ Multc(S?), (L, R) — (R, L). In particu-
lar if S is commutative, then (L, R) — (R, L) provides an involutive anti-
automorphism of Multc(S).
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Proof: It suffices to apply Prop. 34 with the monoidal functor =
(idc,o0,idy): C — C! to obtain the homomorphism Mult4s.(S; ): Multc(S) —
Multc: (S°?), and then to note that (S°?)°? = S and (C!)! = Csothat : C! —
C, which then provides a homomorphism of monoids from Multc:(S°) to
Multc(S), inverse from the first one. One concludes using Lemma 11. O

36 Example Assume that C’' is a monoidal subcategory of C, that is, the
canonical inclusion functor is strictly monoidal. Then for any semigroup
S in €/, Multe/(S) € Multe(S). If the inclusion is full, then one has even
Multc/(S) = Mu|tc(5).

37 Lemma Let S be a semigroup in C.
1. Multgise(S; 1dc) = idmuiee(s)-

2. Let F: A — B and G: B — C be lax monoidal functors. Then one
has Mult 3is.(S;GoF) = Mult g;s.(F(S); G) o Mult 4;5.(S; F): Multa(S) —
Multc (G o F(S)).

What kind of functoriality is stated above? By Grothendieck’s con-
struction (see e.g. [1]) the functor Sem: MonCat — Cat from Section 2
provides a split opfibration over MonCat, that is, an opfibred category
IntSem 5 MonCat with a choice of cartesian morphisms, where IntSem
is the category of all internal semigroups. In details, IntSem has objects
the pairs (C,S) consisting of a monoidal category C together with a semi-
group S in C, morphisms (C,S) M (D, T) the pairs (F, f) consisting of a
monoidal functor F: C — D and a morphism f € Sem(D)(F(S),T), com-

position: (C,S) =24 (0, 1) 2 (g,u) = (c,5) I (£ Uy, and
(C,S). Moreover the projection func-

identities idc sy := (C,S) {doids),
tor II: IntSem — MonCat is a split opfibration given by II((C,S) M
(D,T)):=C F, D and with cleavage described as follows: given a monoidal
(Fiidz <)) _

functor F: C — D and a semigroup S in C, (C,S) — 2 (D, F(S)) is an
opcartesian morphism over F with domain (C,S). The fibre at a monoidal
category C, that is, the subcategory of IntSem consisting of morphisms of
the form (C,S) lide]), (C,T), is isomorphic to Sem(C).

IntSem has a subcategory of particular interest for us: let IntSem

be the subcategory of IntSem consisting only of its opcartesian morphisms.
IntSem®* is in fact (isomorphic to) the category of elements (see [5]) of the

disc
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functor MonCat 2 Cat 2% Set and thus corresponds to a discrete op-

fibration. Lemma 37 tells us that there is a functor Multg;s.: IntSem®s¢ —
. (Fvidﬁ(s>) - MUthisc(S;F)
Mon, acting as Multg;s.((C,S) ——— (D,F(S)) := Multc(S) —————

Multo (F(S)).

5.2 The convolution functor as an initial object
5.2.1 The domain fibration

Let F = (F,®,¢),G = (G, ¥,4) be monoidal functors from C = (C,®¢, I)
to D = (D,®p,J). Let MonNat(F,G) be the set of all monoidal natural
transformations from F to G, that is, & € MonNat(F,G) (also written a: F =
G: C— D) iff a € Nat(F,G) and the following diagram commutes.

Feop F&C2%Ge op Gd s T (33)
Dal 1¥ca / \
Fle®o d) 57— Ge@c d) FI (= GI
cC

Note that a monoidal natural transformation a: F = G: C — D lifts to a
natural transformation &: F = G: Sem(C) — Sem(D) with as = ag, where
S stands for the underlying object of a semigroup object S.

Let MonCat | Set be the category with

1. objects the lax monoidal functors C F, Set for varying monoidal cate-
gories C,

2. hom-sets (MonCat || Set)((C = Set), (C' =5 Set)) the pairs (H, a),

where C 5 D is a monoidal functor, and a: F = F o H: C — Set is a
monoidal natural transformation.

dom

There is an obvious projection functor MonCat || Set —— MonCat which
is a split fibration as it arises from the Grothendieck’s construction applied
to the functor (—)*: MonCat?” — Cat given by C* := Set®, that is, C* is
the category whose objects are monoidal functors C — Set and whose mor-
phisms are monoidal natural transformations with vertical composition of the
underlying natural transformations, and for a monoidal functor H: C — D,
H*: SetP — Set® is the functor given by (F: D — Set) — (FoH: C — Set)
and (a: F=G: D — Set) — (an: FoH = GoH: C — Set), where the un-
derlying natural transformation of ay is agy, with H the underlying functor
of H.
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5.2.2 The Yoneda lemma for monoidal functors

Let C be a monoidal category.

Let us define the following monoidal functor Gy = (G, T,y ) C— CPxC

as follows: its underlying functor is Gy: C — C? x C, G(c ER d) = (I i,

Leds d), Tog: GrO®GCI(d) = (I01, end) 2%, G (ead) = (1, c0d),
(idg,idr)
and v = (I,I) ——=

Gr(I) = (I,I). The composite monoidal functor
Conv o Gy is denoted Convy; =

(C(I,-),0%,0%) and of course, Conv; =
Convy, since @Qd. C(I,c)x C(I,d) — C(I,c®d),(f,9) = (f®@g)oA;" and
6¢: 1 — C(I,I), 0+ idy.

The Yoneda Lemma [5] tells us that for each functor F': C' — Set and
each C-object ¢, Nat(C(c,—),F) ~ Fec under a — «.(id.), with inverse
x € Fe— x where x4(f) := Ff(z), f € C(c,d).

38 Lemma Let F = (F,®,¢): C — Set be a monoidal functor. Then,
MonNat(Convy, F) ~ {¢(0) }. Put another way, Convy is an initial object
in the category Set®.

Proof: Let a: Convy = F be a monoidal natural transformation. Compat-
ibility with the unit constraints (the rightmost diagram in Diag. (33)) implies
that as(id;) = ¢(0). Conversely one has to check that x: Convy = F for
x := ¢(0). As just explained above, compatibility with the unit constraint
is immediate so it remains to check that the leftmost diagram in Diag. (33)
commutes. By direct inspection one first observes that the following diagram
commutes.

C,I)x C(I, 1) FI x FI (34)
@IC,Il l@u
CUII®I)—— FI®I)
XI®I
Now let (f,g) € C(I,c) x C(I,d). Then,

Dea(xc(f)ixa(g)) = (Peao (F(f) x F(g))o (xr x xr))(idy,idr)
(F(f®g)o®ryro(xrxxy))(idy,idr)
(by naturality of @)
= (F(f ®g) oxrer o OF)(idy, idr)
(
(
(

by commutativity of Diag. (34)) (35)
= (Xewa o C(I, f ®g) 0 ©F ) (idy, idr)
by naturality of x)
= Xea(©C4(f,9))-
O
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5.2.3 The convolution section functor

Let Sect(dom) be the set of all sections of the functor dom, that is, X €
Sect(dom) iff X : MonCat — MonCat |} Set such that domoX = idymoncat-
So for a section X' one has X(C) := X(C) = (X(C), U*C ¥C): C — Set
and given a monoidal functor F: C — D, X(F) := (F,x%F): X(C) — X(D)
in MonCat | Set.

Sect(dom) is the set of objects of a subcategory Sect(dom) of (MonCat |
Set)MonCat ' whose hom-set Sect(dom) (X, X”) consists of the natural trans-
formations a: X = X’: MonCat — MonCat | Set such that for each
monoidal category C, dom(ac) = idc. Whence ac = (idc,a™(C)): X(C) —
X'(C) where a™(C): X(C) = X'(C): C — Set is a monoidal natural trans-
formation. Note that by naturality, for each monoidal functor F: C — D,
and for each C-object c,

xXF o a™(C)e = a™(D)pe 0 XX F. (36)

Among the sections of dom there is a canonical one which is now de-
scribed. Let F = (F,®,¢): C = (C,®,I) - D = (D,®,J) be a monoidal
functor. According to Lemma 38, MonNat(Convy,Conv; o F) has only one
element namely F* := x with = D(J,¢)(0”(0)) = ¢. One then defines
the convolution section Conv: MonCat — MonCat | Set by Conv(C) :=
Convr: C — Set and given F: C — D, Conv(F) := (F,F%) where F% is as
above.

Let a € Sect(dom)(Conv,X). Then, for each monoidal category C,
a™(C) € MonNat(Convy, X) = {x¥€} (again by Lemma 38) with 2%C :=
Y¥€(0). It then follows easily that Conw is an initial object in Sect(dom).

5.2.4 Relation with IntSem

Let X € Sect(dom). Let S = (S,us) (resp. T = (T, pur)) be a semigroup
inC=(C,®,I) (resp. D= (D,®,J)). Let (F, f) € IntSem((C,S), (D, T)).

X,F

Then, one has a map X(F, f) := X(C)(S5) RN X(D)(F'S) XO), X(D)(T).

Ft
39 Example In the case where X = Conwv, one has Conv(F, f) = C(I,S) -

D, FS) 22D D11, g s foFg)o .

Since X(D)(f) = X(D)(f) € Sem(X(D)(FS), X(D)T) and x*Fs = x3'F ¢
Sem(X ( )S, X(D)( S)), one has X(F, f) € Sem(X(C)S, X(D)T).
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40 Lemma With the above notation X is a functor from IntSem to Sem

—

with X(C,S) := X(C)S.

Proof: Let X be a section of dom. Using functoriality of X it is easy
to see that X(idc,ids) = idxcs)- Let F: A — B and G: B — C be
monoidal functors. Let f € Sem(B)(FS,T) and g € Sem(C)(GT,U). One
has X((G, g) o (F, f)) = X(G o F,g 0 G(f)) = X(C)(g ° G(f)) o x§ ¢ =
X(C)(9) o X(C)(G(f)) o x5 = X(C)(g) o X(C)(G(/)) o X5 o Xs™ (by
functoriality) = X(C)(g) o X/’TY’G o X(B)(f) o X:gY’F (by naturality of x¥:©)
= X(G, g) o X(F, f). O

41 Remark When X = (Conv, one let X be Conv: IntSem — Sem. In de-

tails, Conv acts as ((C,S) &), (D, T)) — (Convy(S) M Conv;(T)),

that is, Conv(F, f)(g) = fo F(g) o ¢ € D(J,T) for g € C(I,5).
Now let X, X" € Sect(dom) and let a@ € Sect(dom)(X,X’). Then,

o~

of course, for each semigroup S = (S,ug) of C, am(C)g = a™(C)s €

Sem()?(é/)s,i’(xC/)S) = Sem(X(C,S),X'(C,S)). The commutativity of the
two internal cells of the diagram below, where (F, f): (C,S) — (D, T) is a
IntSem-morphism, shows that a™ := (@™(C)s)cs): X = X': IntSem —
Sem is a natural transformation. (The top square commutes by Eq. (36)
while the bottom square commutes by naturality of o™ (D).)

x(0)5 295 x10)s (37)

X,F X' F
Xs l JXS

X(D)FS — X'(D)FS

"™(D)Fs

X(D)(f)J' JX/(D)(f)

XD)T——X'(D)T
a™(D)r

The following result then is clear.

42 Lemma The correspondences X' € Sect(dom) — X € Ob(Sem!™mtSem)
and o € Sect(dom)(X,X') — a™: X = X provide a functor from Sect(dom)
to SemIntSem.
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5.3 The concretization homomorphism

43 Definition Given a semigroup S = (S, u) in a monoidal category C,
according to Prop. 34 one has a homomorphism of monoids, called the con-
cretization homomorphism,

Mult 4;5.(S;Convy)

Concc(S) := Multc(S) Multset(Convy(S)) = TrHull(Conv(S))

which acts as (L, R) — (C(idy, L), C(idr, R)). Of course, C(idr, L): C(I,5) —
C(I,S), f— Lo fand C(id;,R): C(I,S) — C(I,S), f— Ro f.

44 Remark When C(I,—) is faithful, then Multc(S) is (isomorphic to) a
submonoid of TrHull(Conv(S)).

45 Definition A semigroup S in C. S is said to be concrete when the
concretization homomorphism Concc(S): Multc(S) — TrHull(Conv;(S)) is
onto.

M onc
Let us finally consider the composite Convy(S) —=5 [Multc(S)| CGonee®),

| TrHull(Conv((S))|. It is the map f — (C(I,Ly¢),C(I, Ry)). Using Egs. (17)
and (18), C(I,Ly) = £¢, and C(I, Ry) = Ry. Therefore, the above compo-
sition is nothing but Mcony,(s): Conv(S) — [TrHull(Conv;(S))].

46 Example 1. Every ordinary semigroup is concrete (as it follows easily
from Example 17).

2. The underlying semigroup object of any monoid object in any monoidal
category is concrete. Indeed according to Prop. 22, for each monoid M,
Mcm: Convy(IM]) =~ Multc(M). Moreover Mcony,my: Convy(M) =~
Mult(|Conv;(M)]) is also an isomorphism of monoids (see the Introduc-
tion). Consequently, Concc(|M]) = E)ﬁcon\,]uw)o/\/lal‘w = [Mconv; (m)°

./\/lglM| is an isomorphism of semigroups.

3. Let R be a unital and commutative ring. Then, any R-algebra A =
(A, ), that is, a semigroup in zkMod = (rkMod, ®g, R), faithful as
a module over itself, is concrete. Indeed, the usual forgetful functor
rMod — Set is represented by the free module of rank one, that is,
|—| ~ rRMod(R, —). Let (L, R) € TrHull(|A|, x), with z*xy := p(z®y).
Let z,y,z € |A| and let @« € R. Then, z* L(ay+2) = R(z)*(ay+z) =
R(z)x(ay)+R(z)*z = a(R(z)*y)+ R(z)xz = a(x*L(y))+z* L(z) =
xx(aL(y)+ L(z)) so that L(ay+z) = aL(y) + L(z) since A is faithful.
Similarly R is also linear. Consequently, (L, R) € Multap(A).
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4. According to [12] any commutative Banach algebra B = (B, %) without
order (that is, z *y = 0 for all z implies = 0) and such that B2 = B
(that is, * is onto), is concrete in Ban = (Ban, ®, C). In fact it is proven
in [12] that under the condition that B is without order and with |—| the
forgetful functor into Set, L € Act(p|.)((|B|,*), (|B|,*)) iff (L, L) €
TrHull(|B|, %) iff (L, L) € Multgan(B). So if one assumes furthermore
that B> = B, that is, = is epi, and thus so is the multiplication as
a morphism B&B — B, since faithful functors reflect epimorphisms,
then (L, R) € Multgan(B) implies L = R by Prop. 20.

6 Around ordinary semigroups

In this section one first turns the ordinary translational hull construction
into a functor from a subcategory of semigroups to monoids, which behaves
almost like a left adjoint to the forgetful functor from monoids to semigroups.
Secondly, one extends the abstract multiplier monoid construction into a
functor from a subcategory of IntSem to monoids, and the concretization
homomorphisms then become a natural transformation.

6.1 The translational hull functor

47 Definition Let S = (S, %) be an ordinary semigroup. It is said to be

1. globally idempotent when S« S = S, that is, S ={x*y: x,y € S} or
in other terms *: .S x S — S is onto,

2. right non-degenerate (resp. left non-degenerate) when z xy = x * z
(resp. y*xx = z*x) for all x € S implies y = z. It is non-degenerate
when it is both left and right non-degenerate.

The first easy results below are stated without proofs.

48 Lemma S = (5,%) is right (resp. left) non-degenerate iff £5:' S —
LTr(S), = — L4 (resp. Rs: S — RTr(S), x — R;) is one-to-one. If S is
non-degenerate, then Mg is one-to-one.

49 Lemma Let M = (M, %, 1) be a monoid. Then, |M| is globally idempotent
and non-degenerate.

50 Definition Let S be a set and let (7', *) be a semigroup.
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1. Let f: S — T be a map. It is said to be non-degenerate if T =
{f(s)xt:s€S, teT}={txf(s):s€S,teT}.

2. Let f: S — TrHull(T,*) be a map. Let fr := pj o f and fr :=
po o f where LTr(T, %) &~ TrHull(T, %) 22 RTr(T,«) is the canonical
pullback diagram. In other words for each s € S, f(s) = (fr(s), fr(s)).

3. Let f: S — TrHull(T,*) be a map. It is said to be translation non-
degenerate when T = { fr(s)(t): s € S, t € T} = {fr(s)(t): s €
S, teT}.

51 Lemma Let S = (S, %) be a semigroup. S is globally idempotent iff idg
1s non-degenerate.

Let f: S — T be a map, and let T = (T,-) be a semigroup. Noticing
that (Mo f)r, = L0 f and (Myo f)r = Rt o f, one obtains the following
result and its corollary (also using Lemma 51).

52 Lemma Let S be a set and let T = (T,-) be a semigroup. Let f: S —
T be a map. f is a non-degenerate map iff Mt o f: S — [TrHull(T)| is
translation non-degenerate.

53 Corollary Let S = (S,%) be a globally idempotent semigroup. Then,
Ms: S — |TrHull(S)| is translation non-degenerate.

Let us state for a later use the following two easy lemmas.

54 Lemma Let S, T,U be semigroups. Let S LT and T % U be non-

degenerate homomorphism of semigroups. Then, so is S % U.

55 Lemma Let M = (M, *,1) and N = (N, *,1) be monoids and let f: M —
N be a homomorphism of monoids. Then, |f|: (M,*) — (N,%) is a non-
degenerate homomorphism of semigroups.

56 Theorem Let S = (S,%) and T = (T,-) be semigroups, with T non-
degenerate. Let f: S — |TrHull(T)| be a homomorphism of semigroups which
1s translation non-degenerate. Then, there is a unique homomorphism of
monoids f*: TrHull(S) — TrHull(T) such that |f} o Ms = f. Moreover
| f%]: | TrHull(S)| — |TrHull(T)| is also translation non-degenerate.
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Proof: Let s € S. Then, Ms(L(s)) = (Ls(L(s)),Rs(L(s))). Let s’ € S.
Then, £5(L(s))(s") = L(s)xs’ = L(sxs") = L(£s(s)(s")) so that £5(L(s)) =
Lo £s(s). Also Rs(L(s))(s") = ' x L(s) = R(s") x s = Rs(s)(R(s)) so that
Rs(L(s)) = Rs(s) o R. Therefore, Ms(L(s)) = (L o £s(s),MRs(s) o R) =
(L, R) » Ms(s). Similarly, Ms(R(s)) = (L, R) » Ms(s).

Assume that f¥ exists. Then, for each (L,R) € TrHull(S), s € S
and ¢ € T, fL(L(s))(t) = fLMs(L(s)(t) = fE((L,R) o Ms(s))(t) =
JL(L, RY(JE(Ms(5))(1)) = S7(L, R)(fr(5)(1). T away similar, fr(R(s))(t) =
fé(L, R)(fr(s)(t)). Since f is non-degenerate, it follows that f* is unique.

Now let (L,R) € TrHull(S). Let uw € T. Then there are s € S and
t € T such that u = f7(s)(t). Define f%(L, R)(u) := fr(L(s))(t). There
are also r € S and v € T such that u = fr(r)(v), and one also defines
(L, R)(u) == fr(R(r))(v).

To be well-defined one has to check that for each (L, R) € TrHull(S) if
F(5)(®) = Fu()(¥), then f1(L())() = 1 (L(s'))(¢)) and for cach (L, R) €
TrHuIl(S) 3 fa(s)(t) = fals) ('), then fa(R(s))(t) = fr(R(s)(F).

Now let (L,R) € TrHull(S). Assume that fr(s)(t) = fr(s')(t'). Let
u €S, veT. Then,

fr(R(s))(t) - fr(u)(v)

T TR TR TR
e
C’J\
*
b‘
S

N N N N N N N S

oy
—
»
X
-
N—
—
-

Since f is non-degenerate, this is equivalent to fr(R(s))(t)-w = fr(R(s"))(t')-
w for each w € T, and since T is both left and right non-degenerate,
fr(R(s))(t) = fr(R(s"))(t'). Consequently, f* is well-defined.

One observes that f} (Ms(a))(u) = 7 (Ms(@))(f1(s)(t)) = f1(Ls(a)(s))(t) =
frlaxs)(t) = Fr(@)(fo(s)(®) = fo(@)(u) when u = fr(s)(t), that is.
fﬁ o Ms = fr and also fg(?)ﬁs(a))(u) = fr(a)(u) when u = fr(s)(t), that
is, ff{ oMs = fr. Consequently, ffo Mg = f.

Now let us check that for each (L, R) € TrHull(S), (fE(L, R), fé(L, R)) €
TrHull(T). One has f} (L, R)(uv) = f7(L, R)(f1(s)(1)v) = f*(L, R)(f1(s)(t
v) = fL(L()(t - v) = fL(L(s))(t) - v = f (L, R)(w) -v when u = fr(s)(t),

30



and similarly f]ﬁ%(L, R)(u-v) = u- fg(L,R)(v) when v = fr(s)(t). Let
u= fr(s)(t) and v’ = fr(s")(t'). Then,

FRLR)(u) - = fr(R(s)(t) -

I
SRS S S S
~
h

Finally let us check that f* is a homomorphism: let (L, R), (L, R') € TrHull(S).
Let s€ Sand t € T. Then,

fil' e L,Ro R)(fi(s)(t)) = fr(L/(L(s)))(®)
(s))(®)) (40)

Likewise one also has f4(L/oL, RoR')(fr(s)(t)) = f4(L, R)(f4(L, R))(fr(s)(t)).
Consequently, f* is a homomorphism of semigroups. Since it evidently pre-
serves the units, it is in fact a homomorphism of monoids.

Let u € T. Since f is translation non-degenerate, there are s € S and
t € T such that f7(s)(t) = u. Then, fg(i)ﬁs(s))(t) = fr(s)(t) = u. The last
assertion now follows easily. g

By defining TrHull(f) := (M7 o f)* one obtains the

57 Corollary Let S and T be semigroups, with T non-degenerate. Let
f:S = T be a homomorphism of semigroups which is non-degenerate. Then,
there is a unique homomorphism of monoids TrHull(f): TrHull(S) — TrHull(T)
such that the following diagram commutes in Sem. Moreover | TrHull(f)| is
translation non-degenerate.

TeHull(S) [ YA reHun(T))| (41)

SE—
> 7
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Let Sem,,4 be the subcategory of semigroups whose objects are the glob-
ally idempotent and non-degenerate semigroups, and Sem,4(S, T) consist-
ing of all homomorphisms of semigroups which are non-degenerate. (From
Lemma 51 it follows that ids € Sem,,4(S,S) and from Lemma 54 that com-
position of non-degenerate homomorphisms is a non-degenerate homomor-
phism.)

58 Corollary TrHull provides a functor from Sem,y to Mon, and 9 =
(Ms)s: J = | —|o TrHull: Sem,; — Sem, where J: Sem,; — Sem is the
canonical (non-full) embedding functor.

According to Lemmas 49 and 55, the forgetful functor |—|: Mon — Sem
co-restricts to a functor still denoted | — | from Mon to Sem,4. Note that
| = |: Mon — Sem,, is still faithful because so is the embedding functor
Sem,,; — Sem.

Nevertheless 91 is not a natural transformation idgem,, = | — | o TrHull
from Sem, ; to Sem,, because Ms while translation non-degenerate, may
fail to be non-degenerate. Indeed, let s € S and let (L, R) € TrHull(S).
Then, Ms(s)* (L, R) = Ms(R(s)). So if it happens that TrHull(S) contains
other multipliers than the inner ones, s cannot be non-degenerate.

Nevertheless TrHull: Sem,,; — Mon is very close to be a left adjoint to
| —|: Mon — Sem,,q as is shown by the next theorem (the only missing part
is that 9 cannot be a unit for this “adjunction”), and in any case, TrHull
may be thought to as a unitarization functor.

59 Theorem Let S = (5, %) be a globally idempotent and non-degenerate
semigroup and let M = (M,*,1) be a monoid. Let f:S — |M| be a non-
degenerate homomorphism of semigroups. Then, there is a unique homo-
morphism of monoids Mult(S) f—b> M such that |f’| o Ms = f.

Proof: The homomorphism of semigroups S = (.5, *) ER IM| = (M, %) M
| TrHull(|M|)| is translation non-degenerate by Lemma 52 since f is non-
degenerate, and since (M, *) = |[M| is non-degenerate by Lemma 49, The-
orem 56 tells us that there is a unique homomorphism of monoids gy :=
QUITVIRS £)%: TrHull(S) — TrHull(|M|) such that |gs| o Ms = Mymj o f. Ac-
cording to Lemma 1, My : M — TrHull(|M|) is an isomorphism, and thus one
may consider the homomorphism of monoids f” := SJT[AIO gy TrHull(S) — M.
It satisfies | fb\ oMg = ﬁﬁ‘_Mll oMo f = f. Uniqueness is easily checked. [J

One may also use TrHull to define another category in order to turn
the translational hull construction into an adjoint. Let S, T,U be semi-
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groups, where T, U are non-degenerate. Let f: S — |TrHull(T)| and g: T —
|TrHull(U)| be translation non-degenerate homomorphisms of semigroups.
Then, |g%| o f: S — | TrHull(U)| is of course a homomorphism of semigroups.
Let us check that it is translation non-degenerate too. One first notices
that (g% o f)(s) = g*(fL(s), fr(8) = (g} (fL(5), FR(5)), g(FL(5). fr(5))),
s € S. Consequently, (g% o f) = g% of and (¢ o f)g = glﬁ12 o f. Now
let w € U. One has to show that there are s € S and v € U such that
gﬁL(fL(s),fR(s))(v) = wu. For this u € U there are t € T and v € U such
that gr.(¢)(v) = u. Moreover there are s € S and r € T. Then, f1(s)(r) = t.
Whence g1(f1(s)(r))(v) = u. By definition of g, gb((s))(g1(r)(v)) =
9 (fr(s)(r))(v) = gr(t)(v) = u. In a same way given u € U, there are
s € S and v € U such that g%(fL(s), fr(s))(v) = u.

Now let S be a globally idempotent semigroup. Then, according to Corol-
lary 53, Ms: S — |TrHull(S)| is translation non-degenerate.

By the above one can define the category MultSem,,; whose objects are
globally idempotent, non-degenerate semigroups, MultSem,,4(S, T) consists
of the homomorphisms of semigroups S — | TrHull(T)| which are translation
non-degenerate, g e f := |gﬁ| o f, and ids := Ms. (Note that MultSem,,, is
not a subcategory of Sem.) The morphisms of MultSem,,; are similar to
that used in [11] to define multiplier Hopf algebras.

According to Lemma 52 one has a functor E: Sem,y; — MultSem,,,
(S ER T) — (S Ve, T). Since for each non-degenerate semigroup S, s
is one-to-one it follows that the functor E is faithful and thus provides an
embedding of Sem,,; into MultSem,,.

Now one may also define a functor fr?[ﬁl: MultSem,,; — Mon as fol-

—_— ﬁ
lows: TrHull(S L [TrHull(T)|) := TrHull(S) £ TrHull(T) and one recovers

TrHull: Sem,; — Mon as Sem,, =, MultSem,,4 IrHull, Mon.

Let M = (M,*,1), and N = (NN, *,1) be monoids and let M Iy N be
a homomorphism of monoids. Then, |f|: [M| = (M,*) — |N| = (IV, %) is
non-degenerate by Lemma 55, and thus My o [f|: [M| — [Mult(|M])] is
translation non-degenerate (Lemma 52). Since any monoid is automatically
globally idempotent and non-degenerate, it is clear that (9| o |f|) may
be considered as a MultSem,,s-morphism from |M| to |[N|. So one may
consider the unique homomorphism of monoids (M o | f[)*: TrHull(M|) —
TrHull(|N]) such that \(9ﬁ|N‘o]f\)ﬁ]o£m‘M| = My ol f], that is, (S))‘I|,\||o|f])ti =

TrHull(My o |f]) = TrHull(|f]). Now let P be also a monoid and let
g: N — P be a homomorphism of monoids. Then, (Mp|o[g|) e (Mo |f]) =
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(D) 0 gD o (Mynj o |f]) = Dypy 0 [g] o | f| = Mypy o |g o f1.
All of this provides a functor F': Mon — MultSem,,; given by F(M i)

Mm
N) = |M| ﬂ> IN| N |TrHull(IN])|.  One has the factorisation F =

Mon ﬂ) Sem,,q4 -z MultSem,, .

60 Proposition F is a left adjoint of ﬁ’ml,
Proof: Let M = (M,*,1) be a monoid. Let S be a globally idempo-

tent and non-degenerate semigroup and let M i) TrHull(S) be a homomor-

phism of monoids. Let us consider the homomorphism of monoids f :=
! -

TrHull(M]) =5 M ER TrHull(S). Then, |f| € Sem(|TrHull(|M])[, |TrHulI(S)|) =

MultSem,, (| TrHull(|M[)[,S) is such that |f| o9y = [f|. Therefore, as |f|

is non-degenerate, f = |f|f = fr_ﬁalﬂf\) So by construction \ﬁ—iﬁl(\fm o

Mm| = |TrHull(]f])] o Mm; = |f| as homomorphisms of semigroups and

thus fr_mlﬂ f]) oMy = f as homomorphisms of monoids since the for-
getful functor is faithful. Now let ¢ € MultSem,, (| TrHull(|M])[,S) such

that TrHull(¢) o My = f. Then TrHull(¢) = f o My' = |f[* and thus

¢ = |f]. Consequently, |f| € MultSem,,;(|M|,S) is the unique morphism
such that TrHull(|f]) o My = f. By direct inspection one checks that

M= (Mm)m: idmon = TrHull o F: Mon — Mon. O

6.2 The multiplier functor

Let C = (C,®¢,I) be a monoidal category. Let S = (S,u) be a semi-

group in C and let X be a set. For a map X i> Multc(S), one defines
Jo: X — ACtS(C)((Sau)v(Swu)) and fr: X — SACt(C)((S7U)7(‘S’>M)) by
fr:=piof and fr := pyo f, where Acts(C)((S, 1), (S, 1)) < Multc(S) £
sAct(C)((S, u), (S, p)) is the canonical pullback diagram.

A map X ERN Multc(S) is said to be multiplier non-degenerate when
C(I,S) ={frx)os:x e X, se C(,S)} ={frx)os:xz € X, s €
c(I,S) }.

61 Lemma Let f: X — C(I,S) be a map. f is non-degenerate iff X ER

M
C(I,8) =5 Multc(S) is multiplier non-degenerate.
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Proof: One first notes that (Mcso f)r = Lcso f and (Mcso f)r =
Rc,s o f. Since for each z € X and s € C(I,S), f(x) e, s = L) os and
s e, Ry = f(x) o s, the expected result follows easily. O

62 Theorem Let S = (S, pus) be a semigroup in C = (C,®¢,I) and let
T = (T, pur) be a semigroup in D = (D,®p,J). Let us assume that the
convolution semigroup Conv ;(T) is non-degenerate, and T is concrete.

Let f: Convy(S) — (Multp(T),x) be a homomorphism of semigroups
which is translation non-degenerate. Then, there is a unique homomorphism
of monoids fM: Multc(S) — Multp(T) such that | fM|oMcs = f. Moreover,
|Coneplof: Convy(S) — |TrHull(Conv ;(D))| is multiplier non-degenerate and
(| Conep(T)| o f)¥ o Conce(S) = Conep(T) o fM.

Proof:  Preambule: let (L,R) € Multc(S) and let s € C(1,S). Then,
Mcs(Los)=(LoLs RsoR) because Lros = Lo L, and Rros = Rs0o R.
Therefore Mcs(Los) = (L,R)*Mcs(s). Also, Mcs(Ros) = (LsoL,Ro
Rs) = Mcs(s) x (L, R).

Now let us assume that the homomorphism f: Multc(S) — Multp(T)
such that |fM|o Mcs = f exists. Let (L, R) € Multc(S) and s € C(I, S).
Then,

fr(Los) = fM(Mcs(Los))
(L, R)*Mcs( )
= ( R)o fL (Mcs(s))
(L, R) o fr(s).

Now let t € D(J,T'). Then, fL(Los)ot = (fM(L,R)ofL(s))ot = fM(L,R)o
(fr(s)ot). Soif g: Multc(S) — Multp(T) is a homomorphism such that | f]o
Mcs = f,thenforeacht € D(J,T),eachs € C(I,S), gr.(L, R)o(fr(s)ot) =
fM(L,R)o(fr(s)ot). Since f is assumed non-degenerate, this is equivalent
to the fact that for each u € D(J,T), gr(L,R) ou = fM(L,R) o u. Since
Conv(T) is assumed non-degenerate, it follows that gr,(L, R) = fM(L,R)
which guarantees uniqueness of fé/f . Similarly, one obtains uniqueness of
f}%/[, and so that of fM.

Let (L,R) € Multc(S) and let uw € D(J,T). Define Gf(L,R)(u) :=
fr(Los)ot when u = fr(s)ot, and define D¢(L, R)(u) := fr(Ros)ot when
u= fr(s)ot.

Let us check that both Gf(L, R)(u) and D¢(L, R)(u) are well-defined.
Solet s,s" € C(1,S) and t,t' € D(J,T) such that fr(s)ot = fr(s")ot'. Let

(42)
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we C(I,S) and v € D(J,T). Then,

(fr(u)ov) ey, (fr(Los)ot) ) ®ur (fr(Los)ot)

(w)(v
ve,. D(J, fr(u ))(fL(Los§ t)

= U'uT (fr(u)o fr(Los)ot

= veu (fr(uey, (Los))ot)

= vey, (fr(ueu, C(I,L)(s))ot)

= v, (fL(C(I,R)(u)e,g s)ot)

= vey, (fL((ROU) ®u58)ot)

= veyu, (fL(Rou)o fr(s)ot)

= veu (fr(Rou)o fr(s')ot')

= veu (fL((Rowu)e,,s)ot!)

= veu (fr(C(I,R)(u) e,y s) ot))

= ve,, (fL(ue,s C(I,L)(s"))ot)

= veyu, (fr(uey, (Los'))ot)

= veyu (fr(u)o fr(Los')ot')

= vy (D(J, fL(uw)(fr(Los')ot"))

= D(J, fr(uw))(v) &y (fL(L o s") ot

= (fr(u)ov) ey, (fr(Los')ot).
(43)

Since f is non-degenerate, this means that for each w € D(J,T), w e,
(fr(Los)ot) =we,, (fr(Los')ot") and since Conv (D) is non-degenerate,
fr(Los)ot = fr(Los')ot), and G¢(L,R)(u) is well-defined. Likewise
D¢(L, R)(u) is well-defined.

Now let us show that (G¢(L,R),D¢(L,R)) € TrHull(Conv;(T)). Let
u,v € D(J,T). Let s € C(I,5) and t € D(J,T) such that u = fr(s) ot
Then,

Gi(L,R)(ueyrv) = G(L,R)((fr(s)ot)eTv)
= Gf(L,R)(D(J, fr(s))(t) oy v)
= Gf(L,R)(D(J, fr(s))(t oy v))
- Gf(LvR)(fL(s)o(t LT U))
= fr(Los)o(te, v) (44)
— D fr(Los){t e v)
DU F(L 0 9)(E) o v
— (i(Los)ot) e
— Gy(L,R)(u) oy v

Likewise D¢(L, R)(u ey v) = u e, Df(L R)(v), u,v € D(J,T).
Let u,vw’ € D(J,T) and let s,8 € C(I,S), t,t' € D(J,T) such that

<

/‘\
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u= fr(s)otand v = fr(s') ot’. Then,

D(Lv R)(u) O u’ (fR(R © 3) o t) T u'
D(J, fr(R o 5))(t) ey v/
teur D(J, fL(Ros))(u')
fr(Ros)ou)
L(Ros)o fr(s') ot

}CLE(}EOS))( )e )Ot),) )

L(C ot/
fils e CUL D))oty )
fi(
fi(

tour
t .HT
e
T
t Out

(
(f
pr (
(
(
( soﬂs (Los'))ot)
tour (fr(s)o fL(Los')ot)

teur D(J, fr(s))(fr(Los')ot!)
D(J, fr(s))(t) our (frL(Los')ot))
(fR(S) o t) .t G(Lv R)(’LL/)

ue, G(L,R)(u).

Consequently, (G(L, R), D(L, R)) € TrHull(Conv;(D)). By the concreteness
assumption then so exists fM (L, R) € Multp(T) such that D(J, fM¥ (L, R)) =
(Gf(L,R), Dy(L, R)), that is, for each u € D(J, T), fM(L, R)ou = G¢(L, R)(u)
and fM(L,R)ou= D¢(L, R)(u).

Let us assume that for each (L,R) € Multc(S) is chosen fM(L, R) €
Multp(T) as above. One then defines a map fM: (L, R) — fM(L,R). Let
ac€C(I,S) and let u= fr(s)ot € D(J,T) for s € C(1,S) and t € D(J, T).
Then,

' (Mcs(a)) ou G(La, Ra)(fL(s) o't)

fL(L 0s8) ot

(a’#s s) o (46)
fr(a)o ( )
fr(a)o

a

By non-degeneracy of Conv;(T), fM(Mcs(a)) = fL( ). Similarly, f3 (Mcs(a))o
u = fr(a)owu. One so obtains that fM o Mcs = f.

Let (L, R), (L', R") € Multc(S) and let u,t € D(J,T), s € C(I,S) such
that fr(s) ot =u. Then,

(L R) % (L, R)) o u

fM(L'oL,RoR')o fr(s)ot
fo(L'oLos)ot

fy(L’, R)o fr(Los)ot

PN R ) o fY1(L,R) o fr(s)ot
ML R o fM(L,R) o u.

(47)
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By non-degeneracy of Conv,(T), it then follows that fM((L', R')x (L, R)) =
ML, R)ofM(L, R). Similarly, fM ((L',R')*(L,R)) = fM(L,R)ofM (L', R').
Consequently, fM((L/, R")x(L, R)) = fM(L', R")xfM(L, R). Finally, since it
quite clear that fM (idg,ids) = (idr,idr), f* € Mon(Multc(S), Multp(T)).
The remaining assertion is checked by direct inspection. O

63 Definition Let IntSem,; be the subcategory of IntSem consisting of
those objects (C,S) with Convc(S) globally idempotent and non-degenerate,
and morphisms (F, f): (C,S) — (D, T) such that Conv(F, f): Convc(S) —
Convp(T) is non-degenerate.

Let concIntSem,,q be the full subcategory of IntSem,,; spanned by the
concrete semigroup objects.

64 Remark By definition, Conv: IntSem — Sem restricts and co-restricts
as a functor Conv,y: IntSem,,; — Sem,,4.

65 Proposition There is a functor Mult: .onJIntSem,,; — Mon such that
Mult(C,S) = Multc(S).

Proof: Let (F,f) € concIntSem,4((C,S),(D,S)). It suffices to define
Mult(F, f) := (Mp1 o Conv(F, f))™: Multc(S) — Multp(T) using Theo-
rem 62. O

Let Conc := (Concc(S))(c,5)cObeoncIntSem, - Using Theorem 62, one
easily shows that Conc is a natural transformation Mult = TrHull o Conv,g
from copcIntSem,,; to Mon. As a consequence of the above lemma, the
following diagram commutes up to the natural epimorphism Conc.

TrHulloConv,,
IntSem, ——=Mon (48)

=

concIntSem,, 4
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