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Non-uniqueness, stability and bifurcation 
analyses in elasto-viscoplastic boundary value 

problems with no inertia
Huan WANG, Panagiotis KOTRONIS, Giulio SCIARRA

Ecole Centrale de Nantes, Université de Nantes, CNRS, Institut de Recherche en Génie Civil et Mécanique (GeM), 
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Abstract

The article focuses on non-uniqueness, bifurcation and stability conditions in elasto-viscoplastic bound-

ary value problems when inertia terms are neglected. Analytical and numerical studies are presented to

investigate the capability of an elasto-viscoplastic model to regularize the behavior in the occurrence of

strain localization with respect to number of strain bands formed and mesh dependency. It is found that

elasto-viscoplasticity in a Cauchy medium neither restores the uniqueness of the solution nor provides mesh

independent results. A high value of the viscosity parameter can sometimes provide results that are mesh

independent, up to a certain limit strain, as it actually modifies the response of the constitutive law by an ad-

hoc increase of its hardening branch. On the contrary, coupling elasto-viscoplasticity with a second gradient

model that introduces an internal length parameter reproduces realistically the rate dependent behavior and

regularizes the results.

Keywords: Elasto-viscoplasticity, Uniqueness, Strain localization, Regularization, Second gradient,

Bifurcation, Linear perturbation analysis, Stability

1. Introduction

It is well known that classical Cauchy continua do not have an internal length parameter and are therefore

unable to reproduce strain localization, either diffuse or in the form of shear bands [1, 2, 3, 4]. To deal with

this deficiency, different enhancements of classical continuum mechanics have been proposed; the non local

integral approach in which an internal length is explicitly incorporated [2], models involving gradients of5

internal variables like plastic strain [1, 5, 6] or damage [7] which yield non local constitutive equations and

media with microstructure, based on the pioneering work of Germain [8, 9] and Mindlin [10, 11] in which

the internal length is indirectly introduced through a ratio of constitutive constants.
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Viscoplasticity provides an elegant mathematical framework to reproduce the rate dependent non-linear

material behavior [12, 13, 14, 15, 16, 17] and several studies focused on the use of viscoplastic models to10

regularize boundary value problems (see for example [18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28]). It is not

the purpose of this paper to provide an extensive review of viscoplastic models and their thermodynamically

consistent formulation. However, it is important to mention that the Perzyna, the Duvaut-Lions and the

Consistency model, we are going to refer to in the following sections, can be inscribed into the general

thermodynamically consistent framework proposed in the seminal works [29, 30, 31, 32, 33, 34, 35]. The15

reader interested to the subject is reported, for instance, to [36, 37, 38].

In the following, several results on the use of viscoplasticity to regularize boundary value problems are

summarized:

• For dynamic problems (where inertia terms are considered), rate-dependency introduces a length-scale

into the initial boundary value problem [39]. Using a linear perturbation analysis it has been shown20

that the growth rate of the perturbation becomes maximum for a zero wave length, but not infinite as

in the case of rate-independent materials. As a consequence a finite characteristic time, corresponding

to the time necessary for perturbations to propagate, and a characteristic length, given by the product

of the elastic (shear) wave speed by the aforementioned characteristic time, can be introduced (see for

instance [40]). Nevertheless, [41] recently showed assuming both the frequency and the wave number25

belonging to the complex plane that strain localization is possible for dynamic problems and the total

strain and plastic strain rate profiles can exhibit a mesh dependent behavior.

• For transient problems (where inertia terms are neglected but the influence of time and of the loading

rate are considered) the delaying role of viscosity in the appearance of strain localisation is illustrated

for example in [22]. Nevertheless, mesh dependency still appears for important levels of deformation30

[22]. In [42, 43, 44] it is demonstrated that mesh dependency can also be encountered using damage

models with rate effects. [45] states that for granular soils, when an elasto-viscoplastic strain soften-

ing model characterized by an experimental definition for the viscous nucleus is implemented, strain

localization takes place and the numerical solution depends on mesh refinement. On the other hand

[24] states that ‘the inclusion of a damper in parallel to a plastic dissipative element seems to lead to35

a diffusion-type equation’.

• For quasi-static loading (where inertia terms and the influence of time and of the loading rate are

negligible) a dispersion analysis cannot be carried out and therefore an internal length scale cannot be
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determined [24]. It is stated however in [21] that ‘numerical localization results for rate-independent

solids can be interpreted as corresponding to solutions for the limit of vanishing rate dependence for a40

solid with an imperfection, of whatever origin, that induces a shear band one element wide. Provided

that the element size is such that this shear band width is appropriate for the particular situation being

modelled, the numerically obtained solution is a pertinent one’.

It is therefore apparent that a conclusive clarification of expected results of elasto-viscoplastic constitu-

tive models is required in terms of uniqueness and stability of the solution of the boundary value problem45

as well as of the solution mesh-dependency when this last is obtained numerically. The purpose of the

present article is to investigate non-uniqueness, bifurcation and stability conditions for the case of elasto-

viscoplastic transient boundary value problems (where, as stated before, inertia terms are neglected but the

influence of time and of the loading rate are considered), in order to have a better insight on the viscous type

regularization efficiency. Some conclusions for the quasi-static case are also given at the end of the paper.50

The article is organized as follows: section 2 recalls the formulation of the elasto-viscoplastic consti-

tutive models used in the present paper, the conditions for the loss of uniqueness of the solution of the

boundary problem and an algorithm of random initialization to identify the different possible bifurcated so-

lutions. Sections 3 and 4 present analytical and numerical studies in a classical (Cauchy) medium to verify

the capability of the elasto-viscoplastic model to cure the degenerated behavior in the occurrence of strain55

localization with respect to mesh dependency and number of bands formed for the case of elasto-viscoplastic

transient boundary value problems. Finally, the same analysis is carried out in sections 5 and 6 where an-

alytical and numerical studies are presented for a second gradient elasto-viscoplastic medium. Section 7

summarizes the main results and findings.

The following notations are adopted; compression is positive, tensor indices are located at the lower60

position, bold non italic letters are used for vectors, bold italic letters for matrices/tensors, 0 is the zero

vector or zero second order tensor. Dots denote derivatives with respect to time and the superscript T the

transpose. The study is conducted using the small strain hypothesis and inertia forces as well as body forces

are neglected. All calculations are done using a finite element code based on Matlab, initially developed by

[46]. GMSH [47] is used for the mesh generator and post processing of the results.65
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2. Materials and methods

2.1. Viscoplastic models

Three families of viscoplastic constitutive models are often cited in the literature, the Perzyna [12, 13],

the Duvaut-Lions [14] and the Consistency model [25, 26]. The two former are known as overstress models

due to the fact that the stress state can stay outside the yield surface. Furthermore, the plastic strain is70

explicitly defined in overstress models. On the contrary, the viscoplastic consistency model does not allow

the stress state to be outside the yield surface, i.e. the consistency condition of classical plasticity is satisfied

[26]. In the consistency model the yield function depends not only on the stress and hardening variables

but also on their time derivatives. Therefore, strain rate affects the evolution of the yield surface (hardening,

softening, size, shape).75

In small strain viscoplasticity, the following additive decomposition of total strain ε is considered:

ε̇ = ε̇
e + ε̇

vp (1)

where ε̇e denotes the elastic strain rate, ε̇vp the viscoplastic strain rate and the superscript (̇) the derivative

with respect to time.

Figure 1: Piecewise constitutive law

The yield surface of the Consistency viscoplastic model depends on the strain and the strain rate. For the

1D case (see Fig 1) one gets:

f(σ, γ, γ̇) = σ − σmax − γvp A1A2

A2 −A1
− yγ̇vp (2)

where y the hardening function related to the strain rate effect (see Appendix A).

4
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It is shown in [25] and in the Appendix A. that with an appropriate choice of the model parameters, the80

1D viscoplastic strain rates of the three families of viscoplastic constitutive models become identical. If for

example the rate independent part has the form presented in Fig. 1, the 1D viscoplastic strain rate γ̇vp for

the three models can be set equal to:

γ̇vp =
1

ησmax

[σ − σmax −A2(γ − γlim)] (3)

with A1 the modulus of the elastic part, A2 the modulus of the softening part, η the viscosity, σmax the

yield stress, γlim the corresponding strain and γu the ultimate strain, see Fig. 1. Equation (3) is adopted85

hereafter, so that the results of the one-dimensional analysis presented in section 3 are valid for the three

families of viscoplastic constitutive models. The main equations of the 1D elasto-viscoplastic model are

finally provided in Table 1.

Additive decomposition of total strain ε̇ = ε̇e + ε̇vp

Yield surface f(σ, γ, γ̇) = σ − σmax − γvp A1A2

A2−A1

− yγ̇vp

Hardening function y = ησmax

Viscoplastic strain rate γ̇vp = 1
ησmax

[σ − σmax −A2(γ − γlim)]

Table 1: The 1D elasto-viscoplastic model

2.2. Uniqueness & bifurcation

In this section we reorganize information available in the literature, following in particular [48] and [49,

Chapter 11]. According to the classical argument adopted by Kirchoff to prove the uniqueness theorem

in the framework of small strain elasticity, a sufficient condition for uniqueness of the non-linear (visco-)

plastic problem is provided by the second-order work (Hill’s criterion):
∫

V

∆σ̇ : ∆ε̇ dV > 0 (4)

where V is the body volume, ∆σ̇ satisfies equilibrium and homogeneous traction boundary conditions on

the part of the boundary where natural boundary conditions are prescribed, while ∆ε̇ verifies homogeneous

conditions on the part of the boundary where essential boundary conditions are given. According to Hill’s

comparison theorem (see e.g. [48]) a sufficient condition for uniqueness is
∫

V

σ̇ : ε̇ dV > 0 (5)

5
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for all kinematically admissible velocity fields, which can be localized into

σ̇ : ε̇ > 0. (6)

This last condition is called positiveness of the local second-order work. When an incrementally linear90

formulation of the constitutive equations exists, say when the consistent tangent four-rank tensor C can

be defined, as in the case of rate independent plasticity or of the Consistency viscoplastic model, the pos-

itiveness of the local second-order work is equivalent to the definite positiveness of the symmetric part of

C.

Starting from equation (6), exclusion of bifurcation fails to hold when the positive definiteness of the95

constitutive operator C is lost, that is when at least one tensor X 6= 0 exists such that:

X ·C[X] = 0 (7)

where C[X] is a the second order tensor whose ij component is CijklXkl.

Equation (7) does not mean that C is necessarily singular as in the general case of non-associative plas-

ticity one can verify Eq (7) even if C[X] 6= 0. Therefore, loss of positive definiteness does not necessarily

imply bifurcation. Conversely the non singularity condition of the constitutive operator C can be written as:

C[X] 6= 0 (8)

for every tensor X 6= 0, see again [49]. It is clear that failing to satisfy (8) is critical for the bifurcation of the

homogeneous solution. Consider now the so called (semi-) strong ellipticity conditions for the constitutive

operator C, say

g ·C[g ⊗ n]n ≥ 0, ∀n ∈ V, ‖n‖ = 1 and g 6= 0 (9)

which may be expressed, in a different notation, as the positive (semi-)definiteness of the acoustic tensor

A(n)

g ·A(n)g = g ·C[g ⊗ n]n ≥ 0 (10)

It is possible to prove [50] that when the inequality (10) is not satisfied during a loading program of a

generic boundary value problem, the sufficient condition (4) does not hold true. As in the previous discussion

about the constitutive operator C, when condition (10) fails the acoustic tensor can still be non-singular. A

similar non singularity condition as that of equation (8) for the constitutive operator can be introduced for

6
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the acoustic tensor, the so-called ellipticity condition (Rice criterion):

detA(n) 6= 0, ∀n ∈ V, ‖n‖ = 1 (11)

It is also possible to prove that failure of ellipticity describes a shear band formation, i.e. strain localiza-

tion into a planar band, as depicted in Fig 2 [51]. In plane strain case, the direction normal to the shear band

can be expressed as

n =





sin θ

cos θ



 (12)

where θ is prescribed to be the angle between n and x-axis and let z = tan θ. Then the determinant of the

acoustic tensor becomes according to Ortiz [52]:

det (A) = a4z
4 + a3z

3 + a2z
2 + a1z

1 + a0 (13)

with a0, a1, a2, a3, a4 defined in terms of the constitutive tangent moduli:

a0 = C1111C1212 −C1112C1211

a1 = C1111C1222 +C1111C2212 −C1112C2211 −C1122C1211

a2 = C1111C2222 +C1112C1222 +C1211C2212 −C1122C1212 −C1122C2211 −C1212C2211

a3 = C1112C2222 +C1211C2222 −C1122C2212 −C1222C2211

a4 = C1212C2222 −C2212C1222

(14)

Figure 2: Principle scheme of a shear band

Following for instance Bigoni [49] we can summarize the previous remarks as follows:

• the positive definiteness of the constitutive operator C implies the non singularity, as well as the non

singularity condition (ellipticity condition) of the acoustic tensor, equation (11).100
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• the opposite is in general not true; the loss of uniqueness, characterized by violating the non-singularity

condition of the constitutive operator C does not necessarily imply violation of the ellipticity condi-

tion of the acoustic tensor. From the physical point of view different bifurcated solutions can arise

before the occurrence of shear band.

It is important to notice at this point that the overstress models of the Perzyna and Duvaut-Lions type (see105

section 2.1) do not enable the definition of a tangent stiffness operator.

2.3. Algorithm for finding bifurcations of the homogeneous solution (random initialization)

For a finite element discretization of the boundary value problem, Hill’s criterion (5) reads as:

∫

V

u̇T
B

T
C B u̇ dV = u̇T

K u̇ > 0 (15)

where K = BT C B is the global stiffness matrix, B a matrix function of the finite element shape110

functions and u̇ the vector of nodal velocities. Note that the boundary conditions at the beginning of section

2.2 must hold true. The sufficient condition (5) can be therefore rephrased by :

u̇T
K u̇ > 0 (16)

According to Vieta’s rule, equation (16) turns into

det(K) =
n
∏

i=1

ωi > 0 (17)

with ωi the i-th eigenvalue of K. If we restrict our attention to the non sigularity condition (8), we can state

that bifurcation of the homogeneous solution emerges when the minimum eigenvalue of the global stiffness

matrix K vanishes.115

As already pointed out by [53], a zero eigenvalue is hard to get due to numerical round-off errors.

Perturbation techniques can be therefore used while the minimum eigenvalue is (slightly) negative to check

the existence of multiple solutions (see for example [54] for a random initialization of the Newton-Raphson

scheme).

As proposed in [53], having determined the bifurcation point by an eigenvalue analysis of the tangent120

stiffness matrix, continuation of the localization branch instead of the fundamental branch can be forced by

8
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adding a part of the eigenmode which belongs to the vanishing eigenvalue to the incremental displacement

field of the fundamental part as follows:

∆a = α(∆af + βv1) (18)

where ∆a is the trial displacement increment of the bifurcated solution, v1 is the eigenvector corre-

sponding to the vanishing eigenvalue and ∆af is the displacement increment of the fundamental path. α125

and β scalars can be found considering different assumptions, the ones made by de Borst [53] are adopted

hereafter.

The first assumption is that the trial displacement increment is orthogonal to the fundamental path and

therefore:

(∆a)T∆af = 0 (19)

By introducing equation (18) into equation (19) β is found:

β = −
(∆af )T∆af

(∆af )Tv1

(20)

The trial displacement increment of the bifurcated solution turns therefore into:

∆a = α{∆af −
(∆af )T∆af

(∆af )Tv1
v1} (21)

However, as stated in [53], equation (21) fails when the bifurcation mode is orthogonal to the fundamental

path ((∆af )Tv1 = 0). A remedy is to normalize ∆a such as

(∆af )T∆af = (∆a)T∆a (22)

The second assumption considers therefore that the norm of the displacement increment of the funda-

mental path and the norm of the trial displacement increment of the bifurcated solution are the same. The

trial displacement increment of the bifurcated solution becomes:

∆a =
1

√

(∆af )T∆af − [∆af )Tv1]2
{(∆af )Tv1∆af − (∆af )T∆afv1} (23)

The denominator of equation 23 now never vanishes, since this would imply that the eigenmode is130

identical with the fundamental path [53, 55].

Other ways to determine the scalar parameters α and β can be found in [56, 57].

Depending on the chosen perturbation, numerical calculations can diverge or converge to a new solution or

to the fundamental solution [58]. The procedure can be summarized as follows:

9
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1. Choose a step in the global response curve to study if there are multiple solutions (in addition to the135

fundamental one).

2. Use equation (23) to find the bifurcated solution.

3. Run the calculations to check if the code converges.

4. If convergence, continue the calculations to illustrate the evolution of the response for the remaining

time steps.140

In the following, analytical and numerical studies in a classical (sections 3 and 4 ) and in a second

gradient medium (sections 5 and 6) are presented.

3. One-dimensional analytical and numerical study in a Cauchy medium

Consider a 1D bar subjected to an axial displacement at the right end and fixed at the left, see Fig 3. The

boundary conditions are:

u(0) = 0

u(L) = V t
(24)

where V = ∂u(L)
∂t

indicates the loading rate, u(0) and u(L) the displacements at the two extremities and L

the bar length. Without loss of generality a piecewise linear constitutive law is adopted Fig 1, where A1 > 0

Figure 3: 1D bar

and A2 < 0 specify respectively the positive and negative slope and γlim the limit strain at the stress peak

(see also [59]). In the absence of viscous terms, the rate independent yield function f is given by

f(σ, γ) =







σ − σmax (γ < γlim)

σ − σmax −A2(γ − γlim) (γlim < γ < γu)
(25)

where f(σmax, γlim) = f(0, γu) = 0.

In order to study the behavior of the three viscoplastic models (the Perzyna, the Duvaut-Lions and the

10

Accepted Manuscript



Consistent model) the 1D viscoplastic strain rate is chosen equal to (see section 2.1 and [25]):

γ̇vp =
1

ησmax

[σ − σmax −A2(γ − γlim)] (26)

In the following, we first investigate the loss of uniqueness of the solution for the 1D viscoplastic boundary

value problem with no inertia (section 3.1) and then we perform a linear stability analysis (section 3.2).145

3.1. Loss of uniqueness

The stress-strain relation of the viscoplastic 1D problem is:

σ̇ = A1(γ̇ − γ̇vp) (27)

A constant loading velocity V applied at the right end of the beam (equation (24)) results in a constant strain

rate given by:

γ̇ = V/L (28)

Introducing the viscoplastic strain equation (26) into equation (27) provides:

σ̇ = A1{γ̇ −
1

ησmax

[σ − σmax −A2(γ − γlim)]} (29)

After some rearrangements, the governing equation of the problem is finally given by the following first

order linear differential equation:

σ̇ = −
A1

ησmax

σ +A1γ̇ +
A1

η
+

A1A2

ησmax

(γ − γlim) (30)

If we assume the initial state corresponding to the peak of the rate-independent constitutive law, so that

σ |t=0 = σmax and γ |t=0 = γlim, the solution of equation (30) is found:

σ (t) = C1e−
A1t

η σmax −
γ̇σmaxηA2

A1
+A2γ̇t+ γ̇σmaxη + σmax (31)

with C1 a constant determined from the initial condition σ |t=0 = σmax as:

C1 =
γ̇σmaxηA2

A1
− γ̇σmaxη (32)

The stress is therefore expressed as:

σ(t) = [
γ̇σmaxηA2

A1
− γ̇σmaxη]e

−
A1t

η σmax −
γ̇σmaxηA2

A1
+A2γ̇t+ γ̇σmaxη + σmax (33)

11
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Numerical examples of the 1D bar problem are shown in Fig 4 considering different loading rates and the

following parameters: A1 = 150kPa,A2 = −75kPa, γlim = 0.1, η = 50kPa · s, v1 = 0.01m/s, v2 =

0.005m/s, v3 = 0.001m/s, v4 = 0m/s (rate-independent).150

Figure 4: Stress-strain behaviour in the 1D bar considering different strain velocities

It can be clearly seen that depending on the chosen loading rate the peak points of the rate-dependent

curves are not the same and therefore the positive definiteness of the second order work is expected to be

lost at different strain levels, as it will be clearly illustrated in the following section.

3.1.1. Hill’s criterion

The loss of uniqueness is first studied hereafter using Hill’s criterion. The expression for ∆σ̇ in terms of

∆γ̇ can be deduced by differentiating equation (33), as this last does not explicitly account for the imposed

displacement boundary condition. The second order work is found:

∆γ̇∆σ̇ = ∆γ̇2e−
A1t

η σmax (A2e
A1t

η σmax +A1 −A2) (34)

A critical time tc therefore exists such that for t ≥ tc the positive definiteness of the second order work is

lost:

tc =
ησmax

A1
ln

(

A2 −A1

A2

)

(35)

12
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The terms ∆γ̇2e−
A1t

η σmax and (A2e
A1t

η σmax + A1 − A2) are both positive initially after the peak point of

the rate-independent solution. With increasing time, the slope of the rate-dependent curves decreases and

for t > tc it becomes negative (as the term (A2e
A1t

η σmax + A1 − A2) becomes negative). Hill’s criterion in

the form of equation (4) being a sufficient condition for uniqueness, a bifurcation point can thus appear for

t ≥ tc. At tc, the critical strain γc corresponds to the peak stress value and it is found equal to:

γc = γlim + γ̇tc = γlim +
V̇

L
tc = γlim +

V̇ ησmax

A1L
ln

(

A2 −A1

A2

)

(36)

3.1.2. Acoustic tensor155

As discussed in section 2.2, a particular form of loss of uniqueness is the formation of a shear band,

occurring when the determinant of the acoustic tensor vanishes (see equation (11), n being the outward

normal unit vector to the localization band, which in the 1D case coincides with the direction of the bar).

The tangent modulus C is in this case a scalar and it can easily be obtained as:

C =
σ̇

γ̇
= e−

A1t

η σmax (A2e
A1t

η σmax +A1 −A2) (37)

The determinant of the acoustic tensor A(n) is therefore

det(A) = e−
A1t

η σmax (A2e
A1t

η σmax +A1 −A2) (38)

indicating that det(A) = 0 holds true at same critical time tc when Hill’s criterion in the form of equation

(4) fails, i.e. the peak point of the stress-stain curve.

3.1.3. Bifurcated solutions

The existence of multiple bifurcated solutions when using viscoplastic models is addressed hereafter.

Following the illustration presented in [59] for rate independent models, let us assume a localized solution160

so that one part of the bar unloads elastically (hard part) and the other softens (soft part), see Fig 5. The

characteristic size of the localized solution in what follows is termed l.

Figure 5: 1D bar; a hard (white) - soft (grey) localized solution

13
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We denote hereafter the quantities inside the soft band by a superscript ”1” and the quantities outside the

band by a superscript ”0”. Equilibrium condition requires continuity of stresses; moreover, the longitudinal

displacements should also be continuous. This implies that at the junction c one has:

u0 = u1 = uc

σ0 = σ1 = σc
(39)

The strain rate is assumed uniformly distributed in both parts of the bar with a jump across the band. Com-

patibility equations set the relationship between the strain rates:

∫ c

a

γ̇0 dx = u̇c − u̇a = u̇c

∫ b

c

γ̇1 dx = u̇b − u̇c = V − u̇c

(40)

The integration of equations (40) leads to

γ̇0 =
V − γ̇1l

L− l
(41)

Outside the band the behavior is elastic and thus the stress-strain rate relation gives

σ̇0 = A1γ̇
0 (42)

Inside the band, the bar is submitted to a viscoplastic loading and the stress rate is given by equation (29):

σ̇1 = A1{γ̇
1 −

1

ησmax

[σ − σmax −A2(γ − γlim)]} (43)

Combining equation (42) and equation (43) and considering a continuous stress state, the two unknown

strain rates are given as:

A1{γ̇
1 −

1

ησmax

[σ − σmax −A2(γ − γlim)]} = A1γ̇
0 (44)

Equations (41) and (44) constitute a linear algebraic system of equations whose solution are the strain rates:

γ̇0 =
ησmaxV − [σ − σmax −A2(γ − γlim)]l

ησmaxL

γ̇1 =
(L− l) [σ − σmax −A2(γ − γlim)] + ησmaxV

ησmaxL

(45)

A viscoplastic constitutive law as the one studied in this paper does not allow to introduce any internal

length parameter. An infinite number of localized solutions is therefore possible, depending on the value of

14

Accepted Manuscript



l. The two extreme solutions are found for l = 0 and l = L. The solution for l = 0 corresponds to stain165

localization inside a zero length zone and therefore to a spurious dissipation indicating mesh dependency

(see also section 4.3.2). The solution for l = L is the homogeneous solution. All the other intermediate

solutions are possible. Fig 5 is an example of a typical localized pattern. Other patterns corresponding to

alternative spatial distributions of soft and hard zones are however possible, as long as the total size of the

soft parts is equal to l. Fig 6 for example illustrates two other patterns, a hard-soft-hard and a soft-hard-soft170

solution. The above conclusions are similar to the ones obtained for rate-independent constitutive laws that

do not have any internal length parameter [59].

Another way to illustrate the different possible solutions is to use the random initialization technique

(a) Possible solution of hard-soft-hard form (b) Possible solution of soft-hard-soft form

Figure 6: A hard-soft-hard (a) and a soft-hard-soft solution (b) of equation (45)

(section 2.3). Three typical converged solutions are presented in Fig 7 for a given loading rate V , where a

random initialisation was applied at the peak (the point where the Hill’s criterion is no longer satisfied). Near175

the peak, the three solutions seem similar to the homogeneous solution when looking at the global level, Fig

7. The local results (distribution of the accumulated equivalent plastic strain) however show differences and

different localization patterns, Fig. 8 and Fig. 9. In the same figures it can be observed that the transition

zone from the soft to the hard solution is always situated within one finite element, an indication of mesh

dependency. Changing the element size does not modify the transition from the soft to the hard zone, as no180

penalization on strain gradient is accounted for in the model.

3.2. Linear perturbation analysis

Various researchers have performed stability analyses looking at the impossibility of using a tangent

stiffness operator for the overstress viscoplastic models, see for example [60, 61]. In the following, a dif-

ferent approach is considered, based on the notion of stability defined by Lyapunov [62] that states that a185

configuration is stable when any perturbation remains close to it or asymptotically extinguishes. Stability is

thus directly connected with the time evolution of a system, see also [40].

15

Accepted Manuscript



Figure 7: Global responses: localized solutions obtained with random initialization (classical medium)

(a) Localized solution 1 (b) Localized solution 2 (c) Localized solution 3

Figure 8: Local responses: localized solutions, distribution of the accumulated equivalent plastic strain along the length of the bar

obtained using random initialization, peak point (Cauchy medium)

(a) Localized solution 1 (b) Localized solution 2 (c) Localized solution 3

Figure 9: Local responses: localized solutions, distribution of the accumulated equivalent plastic strain along the length of the bar

obtained using random initialization, last step (Cauchy medium)

Let’s consider now a periodic perturbation in the displacement δu imposed on the homogeneous solution

û such that

δu = ûeωt+ikx (46)
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with k the wave number, ω the growth rate and û the amplitude, of order û ≪ 1. We get:

δu̇ =
∂δu

∂t
= ωδu δγ =

∂δu

∂x
= ikδu

δγ,x =
∂δγ

∂x
= −k2δu δγ̇ =

∂δγ

∂t
= ikωδu

δγ̇,x =
∂δγ̇

∂x
= −k2ωδu

(47)

The perturbation of the viscoplastic strain is obtained as

δγ̇vp =
1

ησmax

(δσ −A2δγ) (48)

Differentiation of the two sides of equation (48) with respect to x yields

δγ̇vp
,x =

k2A2

ησmax

δu (49)

where the term δσ,x = 0 vanishes according to equilibrium equation.

Furthermore, the perturbation of the constitutive law (equation (27)) leads to

δγ̇vp
,x = −

δσ̇,x

A1
+ δγ̇,x = −k2ωδu (50)

Equating expressions (49) and (50) provides the characteristic stability equation:

ω = −
A2

ησmax

(51)

For ω real and positive the perturbation grows with time and the homogeneous solution is unstable. For190

ω real and negative the perturbed solution decays with time and the homogeneous solution is stable. The

following remarks/conclusions can be made:

• η and σmax being positive, the sign of the growth rate depends on the sign of the hardening modulus

A2. As long as A2 is non-negative, the growth rate decays with time and the behavior is stable. When

softening occurs (A2 < 0), the growth rate increases exponentially and the behavior is unstable.195

• The growth rate is independent of the wave number k and therefore of the wave length perturbation

(λ = 2π/k). Its magnitude is inversely proportional to the viscosity η and the yield stress σmax.

• The wave length λ does not control the growth rate of the perturbation. In other words, it is not the

size of the finite element that controls localization, as for the case when inertia terms are considered

[40]. The behavior being however unstable after the peak, numerical results depend on existing per-200

turbations related for example to material imperfections and loading conditions which might favor one

wave length, as mentioned in [40].
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4. Two-dimensional numerical study in a Cauchy medium

A biaxial numerical test with an elasto-viscoplastic constitutive law is conducted hereafter to illustrate

the loss of uniqueness of the solution and the mesh dependency problems that can arise.205

4.1. The MCC viscoplastic model

The consistency viscoplastic model formulation [26] is chosen due to its robust implementation algo-

rithm [63] and its ability to reproduce a smooth transition between rate-dependent and rate-independent

solutions [64]. The viscoplastic model is based on the pressure sensitive Modified Cam Clay (MCC) model

often used for clayey geomaterials [65]. The well-known yield function of the MCC model is given by:

f(σ, pc) =
q2

M2
+ p(p− pc) (52)

where p is the mean effective stress, q the deviatoric stress, pc the preconsolidation pressure (say the max-

imum pressure ever experienced by the soil sample) and M the slope of the critical state line in the p − q

plane (say the locus of those states of the material where shear distortions occur without any further changes

in mean effective stress or deviatoric stress or void ratio). An associated flow rule is adopted for simplicity

depending on the plastic strain and strain rate:

∂pc
∂κ

= h,
∂pc
∂κ̇

= y (53)

where h and y are hardening functions associated with the internal variables κ and κ̇. Following the classical

MCC model formulation κ = εvpv , the volumetric visco-plastic strain and h is given as:

h = ν∗pc =
1 + e0
λ∗ − κ∗

pc (54)

where e0 denotes the initial void ratio, λ∗ the virgin compression index, κ∗ the swelling index during a time

increment from tn to tn+1 and ν∗ the hardening parameter which is considered constant [66].

The hardening function y is assumed constant and equal to the viscosity parameter η:

y = η (55)

The rate form of pc writes:

ṗc = ν∗pcκ̇+ ηκ̈ (56)

The initial preconsolidation pressure pc and the slope of the critical state line M can be determined from

constant strain rate tests, the initial void ratio e0, the compression index λ∗ and the recompression index κ∗

from the oedometer test and the viscosity parameter η from three different constant strain rate tests.
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4.2. Calibration of the MCC viscoplastic model210

The criterion adopted hereafter for the calibration of the viscosity parameter of the MCC viscoplastic

model is the ability to reproduce the viscous behavior of a typical clay material. Undrained constant strain

rate tests on normally consolidated clays are simulated [67]. The calibrated parameters are presented in Ta-

ble 2, where the Poisson’s ratio ν is taken 0.3, a typical value for soft soils. A good agreement between the

experimental and the numerical results is observed in Fig 10, proof of the good calibration of the model. As215

mentioned in [68], it should however be noticed that the viscosity parameter of the viscoplastic model cali-

brated from triaxial experiments is typically different from the viscosity parameter measured experimentally

using for example fall cone tests or rheometers [69, 70, 71, 72].

Table 2: Calibrated parameters of the MCC viscoplastic model

Category Parameter Value

Elastic parameters
Recompression index κ∗ 0.06

Poisson’s ratio ν 0.3

Plastic parameters
Compression index λ∗ 0.4

Slope of critical state line M 1.2

Viscous parameter
Viscosity parameter η 3× 109Pa·s

State variables
Initial preconsolidation pressure pc 550kPa

Initial void ratio e0 2
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(a) Deviatoric stress versus strain

(b) Mean effective stress versus deviatoric stress

Figure 10: Viscoplastic MCC model: comparison between experimental and numerical results
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4.3. Biaxial test

The geometry, the applied loading and the boundary conditions of the biaxial plain strain test reproduced220

numerically with the viscoplastic MCC model are described hereafter. The aspect ratio is taken equal to

2 (height 1m and width 0.5m), small enough to avoid the occurence of buckling before the shear band

localization, see Fig 11. The specimen is submitted to a constant lateral confining pressure and to an imposed

vertical displacement at the top. At the bottom, all vertical displacements are constrained and the horizontal

direction of the middle point is fixed. Perfect sliding is assumed at the top and the bottom of the specimen.225

The confining pressure is 50 kPa and the preconsolidation pressure 550 kPa, the soil specimen is thus in a

state of overconsolidation (OCR=11). Softening occurs therefore for a stress level higher than the critical

state. Once the yield surface is attained, plastic deformation makes it shrink.

Figure 11: Loading and boundary conditions of the biaxial test

4.3.1. Loss of uniqueness

Three loading rates are considered, 0.002% m/min, 0.02% m/min, 0.2% m/min corresponding to a small,230

a medium and large loading rate respectively. The global responses are given in Fig 12 where it can be

observed that different rates result in different peak points. The peak points are delayed by the rate effects,

a result consistent with the 1D analysis presented in section 3.1.

Loss of uniqueness is first studied in terms of the Hill’s criterion (equation (4)). It is found that the Hill

criterion is no longer satisfied at the peak points of Fig12 for the MMC model with or without rate effects.235
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Figure 12: Biaxial test: force-displacement curves for different loading rates (Cauchy medium)

From the peak points on (increasing displacements) the uniqueness of the solution is therefore no longer

guaranteed.

Shear band formation in bifurcation points is then investigated by means of the Rice criterion, equation

(11), see Fig 13. Four characteristic steps are selected: elastic step, first plastic step, first bifurcated step

and last step as shown in Fig 13(a). The evolution of the Rice criterion associated to the uniform solution is240

presented during the increasing loading history in Fig 13(b) as a function of tan θ, where θ is the orientation

of the shear band normal to the loading vertical axis, i.e. the shear band orientation with the horizontal

direction. The determinant of the acoustic tensor det(Q) is calculated using equation (13) and plotted here

as a normalized value with respect to a fixed value (the determinant at the first elastic step). It can be seen

that for the elastic step, the determinant of the acoustic tensor is always positive. As the loading increases245

up to the first plastic step, two extrema appear but the minimum value of the determinant remains positive.

Later on, a bifurcation point with two possible bifurcated directions occurs, since a double real solution

appears. At this point, that coincides with the peak of the global curve, the Hill’s criterion is also violated

as the flow rule is associated, see also section 3.1.2 and [73]. From higher levels of loading, four possible

bifurcated directions occur till the last step. A similar evolution was found for rate independent materials250
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[74] and for multiphysics couplings [75].

(a) Four characteristic steps (b) Evolution of the Rice criterion

Figure 13: Biaxial test: evolution of the Rice criterion for four characteristic steps (Cauchy medium)

Another way to illustrate different bifurcated possible solutions is to apply the algorithm for the random

initialization, see section 2.3. Fig 14 presents the homogeneous solution, a bifurcated solution and the

position of the bifurcation point (after the peak point, corresponding to a vertical displacement of 0.0098 m).

At the local level, two modes of strain localization are illustrated in Fig 15.255

4.3.2. Mesh dependency

Numerical simulations are presented hereafter to illustrate the mesh dependency that occur when using

viscoplastic constitutive laws (v = 0.02%m/min). Weak elements are introduced to trigger localization in

three different meshes: a coarse mesh of 10 × 20 elements, a medium mesh of 20 × 40 and a fine mesh of

30 × 60 elements. The area of the weak elements is kept the same for three mesh refinements. The global260

and local responses (last step) for the three meshes under a medium imposed loading rate are given in Fig

16 and Fig 17. It can be observed that the size of the finite element mesh controls the solution at the global

level but also the width and the magnitude of the shear bands.
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Figure 14: Biaxial test: the homogeneous solution and a bifurcated solution obtained using random initialization (Cauchy medium),

(v = 0.02%m/min)

(a) Example 1 (b) Example 2

Figure 15: Biaxial test: two examples of localized solutions obtained using random initialization (Cauchy medium), (v =

0.02%m/min)

In the following, viscoplasticity is introduced in a second gradient medium. The idea is to study the

behavior within a model that explicitly introduces a material length parameter in order to correctly reproduce265

strain localization phenomena.
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Figure 16: Biaxial test: global response for different mesh sizes (Cauchy medium), (v = 0.02%m/min)

(a) 10 × 20 elements (b) 20 × 40 elements (c) 30 × 60 elements

Figure 17: Biaxial test: distribution of accumulated equivalent plastic strain at the last loading step for different mesh sizes (Cauchy

medium), (v = 0.02%m/min)

5. One-dimensional analytical and numerical study in a second gradient medium

The second gradient continua belong to the class of continua with microstructure or micromorphic me-

dia, see e.g. Germain [9] and Mindlin [10]. While kinematics of a Cauchy continuum is defined by a

displacement field, in a a continuum with microstructure an additional field of second order tensors is con-
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sidered (called “microkinematic gradient”), which models the strains and the rotation of the microstructure

itself (for instance the grains in the case of soils). The virtual work is therefore a linear form with respect

to the displacement gradient, the microkinematic gradient and its gradient [10, 76]· In the second gradient

model, the microstrain is assumed to be equal to the classical (macro)strain. It has been proven, see e.g.

[76, 77, 78], that this model, introducing at least one characteristic length, is capable to regularize boundary

value problems and to provide mesh independent results. Moreover it can be easily adapted to every kind of

classical constitutive equation (elasto-plastic, damage or hypoplastic), see among others [59, 79, 80, 81, 82].

It is of interest to investigate again stability, say the onset condition for the growth of small periodic per-

turbations, within this model. Consider again the 1D bar subjected to an axial displacement at the right and

fixed at the left end. Lets call also a and b its two extremities, see Fig 3. The 1D problem in a second gradient

continuum is briefly recalled hereafter [77]. The internal virtual work is given as

W ∗

in =

∫ b

a

(σ
∂u∗

∂x
+Σ

∂2u∗

∂x2
)dx (57)

with Σ the double stress and ∗ the superscript defining virtual quantities. By means of the virtual work

principle and integrating by parts, the balanced equation writes [77]

∂σ

∂x
−

∂2Σ

∂x2
= 0 (58)

In the following, the 1D first gradient constitutive law is the one of Fig 1 and equation (25). A linear

elastic relation is assumed for the 1D second gradient constitutive law that takes the following form:

Σ = Dsg

∂2u

∂x2
(59)

The first and second gradient constitutive laws are considered uncoupled. The viscoplastic strain rate is270

again given by equation (26).

5.1. Linear perturbation analysis

The same steps as in section 3.2 are followed hereafter. Starting from the following equations

σ̇ = A1 (γ̇ − γ̇vp)

γ̇vp =
1

ησmax

[σ − σmax −A2(γ − γlim)]

Σ = Dsg

∂2u

∂x2

(60)
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the same displacement perturbation of the homogeneous solution as in equation (46) is considered

δu = ûeωt+ikx (61)

Besides the equations (47), two additional relationships have to be considered

δu,xxxx = k4δu

δu̇,xxxx =
∂u,xxxx

∂t
= ωk4δu (62)

The perturbation of the equilibrium equation (58) gives

δσ,x −Dsgδu,xxxx = 0 (63)

Its rate form gives

δσ̇,x −Dsgδu̇,xxxx = 0 (64)

The next step is to perturb the plastic strain rate given by the second equation in (60). Differentiating

both sides of the equation with respect to x gives

δγ̇vp
,x =

k4Dsg + k2A2

ησmax

δu (65)

Differentiating both sides of the first gradient constitutive law (equation (60)) and using equation (64)

provides

δγ̇vp
,x = −k2ωδu− ωk4

Dsg

A1
δu (66)

Equating equations (65) and (66) and considering that δu is not zero, the characteristic stability equation

finally becomes

ω = −
k2Dsg +A2

ησmax

(

1 + k2
Dsg

A1

) (67)

To further investigate the relation between the growth rate ω, the wave length λ = 2π/k and the second

gradient parameter Dsg Fig 18 is plotted considering A1 = 150kPa,A2 = −75kPa, γlim = 0.1, η = 5Pa.
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Figure 18: Influence of the wave length λ and the second gradient parameter Dsg on the growth rate ω

The following remarks/conclusions can be made:275

• When the second gradient parameter Dsg vanishes, equation (67) degenerates into equation (51).

• With Dsg 6= 0, the solution becomes unstable when −k2Dsg −A2 > 0.

• A critical wave number can be defined as kcr =
√

−A2

Dsg
.

• The critical wave length λcr = 2π/kcr = 2π
√

Dsg

−A2

is equal with the (approximate) internal length of

the second gradient medium, see also [77].280

• The wave length of the perturbation has to be bigger than the critical wave length for the solution to

be unstable and localization to occur (see also [40] and Fig. 18). Otherwise the behavior is stable.

• Increasing the second gradient parameter Dsg slows the perturbation growth. The range of the growth

rate is limited between − A1

ησmax
≤ ω ≤ − A2

ησmax
, irrespective of the second gradient parameter Dsg

and the wave length λ.285

Remark: The range of the growth rate is found as follows. Equation (67) is multiplied with the denomi-
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nator ησmax

(

1 + k2
Dsg

E

)

and after some algebra we arrive at an quadratic equation for k:

(

ωησmax

Dsg

A1
+Dsg

)

k2 + (ωησmax +A2) = 0 (68)

In order for at least one solution to exist for k, the discriminant should be equal or larger than 0:

∆ = −4

(

ωησmax

Dsg

A1
+Dsg

)

(ωησmax +A2) > 0 (69)

6. Two-dimensional numerical study in a second gradient medium

In order to reproduce the two-dimensional plane strain numerical study of section 4 in a second gradient

medium, the second gradient finite element formulation introduced in [77, 78, 83] is adopted in the following.

The viscoplastic MCC of section 4.1 is considered for the first gradient part (with the material parameters

of table 2), (v = 0.02%m/min). Although the constitutive law for the second gradient part can introduce290

various material characteristic lengths [84], a simple law is adopted hereafter with the second gradient slope

Dsg as the only parameter. This simplified second gradient law has been often used in previous works, see

for example [78], [80], [82] and [85]. Dsg is set equal to 350N .

Fig 19 presents the results of numerical simulations. It can be seen that they do not depend on the number

of finite elements. Furthermore, when a structured mesh as in Fig 20(a), a biased mesh as in Fig 20(b) and a

(a) 10 × 20 elements (b) 20 × 40 elements (c) 30 ×60 elements

Figure 19: Biaxial test: distribution of accumulated equivalent plastic strain for different mesh sizes, last loading step, Dsg = 350N

(second gradient medium), (v = 0.02%m/min)

295

non-structured mesh as in Fig 20(c) are chosen, results are also found independent on the mesh orientation,

Fig 21.

29

Accepted Manuscript



(a) Structured mesh (b) Biased mesh (c) Non structured

mesh

Figure 20: Biaxial test: three different types of mesh

(a) Structured mesh (b) Biased mesh (c) Non structured mesh

Figure 21: Biaxial test: distribution of accumulated equivalent plastic strain for different mesh orientations, last loading step, Dsg =

50N (second gradient medium), (v = 0.02%m/min)
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The effect of the second gradient parameter Dsg on the global and local behavior is studied hereafter. Fig

22 and Fig 23 show that the width of shear band is governed by the chosen Dsg . The larger the value of Dsg

the smoother the slope of the post-peak global response and the bigger the shear band width. A parametric300

study is finally performed to find qualitatively the relation between the second gradient parameter and the

shear band width. Similar to the 1D case, the shear band thickness is found proportional to the square root

of the second gradient parameter, see Fig 24. This relation can be used as a first estimate to calibrate the

second gradient parameter for the desired shear band width.

Figure 22: Biaxial test: force-displacement curves for different second gradient parameters, (v = 0.02%m/min)
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(a) Dsg = 350N (b) Dsg = 50N (c) Dsg = 5N

Figure 23: Biaxial test: distribution of accumulated equivalent plastic strain for different second gradient parameters, last loading step,

(v = 0.02%m/min)

Figure 24: Biaxial test: relationship between the square root of the second gradient parameter and the shear band thickness

Finally, the effect of the viscosity parameter in a second gradient continuum is illustrated in Fig 25 and305

Fig 26. Overall, for a given second gradient parameter (Dsg = 350N ), it is observed that a higher viscosity

leads to a more ductile post-peak response and an increase of the shear band thickness. Fig 25 and Fig 26

also depict that a high viscosity results in a significant delay in the development of equivalent plastic strain
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and thus a decrease of maximum accumulated equivalent plastic strain.

Figure 25: Biaxial test: force-displacement curves for different viscosities in a second gradient medium (Dsg = 350N )

(a) η = 3X109 pa.s (b) η = 3X108 pa.s (c) η = 3X107 pa.s

Figure 26: Biaxial test: distribution of accumulated equivalent plastic strain at the last loading step for different viscosities in a second

gradient medium (Dsg = 350N )
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7. Conclusions310

Non-uniqueness, stability and bifurcation analyses were presented for elasto-viscoplastic boundary value

problems in a Cauchy and a second gradient medium. All inertia forces were neglected. The main findings

are summarized hereafter.

In a Cauchy medium, elasto-viscoplasticity does not restore the uniqueness of the solution. As no internal

length is introduced, the number of possible solutions is infinite and the results can be therefore erroneous.315

Viscoplasticity introduces also a critical time and delays the occurrence of instabilities by increasing the

hardening part of the constitutive law and therefore inducing a structural hardening. The 1D linear perturba-

tion analysis shows that the wave length does not control the growth rate of the perturbation. The behavior

being however unstable after the peak, numerical results depend on existing perturbations.

In a second gradient medium, elasto-viscoplasticity does not restore the uniqueness of the solution.320

Nevertheless, as an internal length is introduced, the number of possible solutions is finite and the results are

objective (independent on the number and orientation of the finite elements). Rate dependent behaviors can

be correctly reproduced coupling viscoplasticity and second gradient continua. The 1D linear perturbation

analysis shows that the wave length of the perturbation has to be bigger than a critical wave length for the

solution to be unstable and localization to occur.325

It would be interesting to further study the relationship between the different approaches to the problem

with regard to the Theory of Controllability proposed by Nova and co-workers - a summary of the main

results is given in [86].

In the literature, viscoplasticity is sometimes proposed to regularize quasi-static boundary value prob-

lems. It is the authors opinion that when the aim is to reproduce a rate-independent behavior, a high value of330

viscosity can sometimes provide mesh independent results, up to a certain limit of deformations, because it

actually modifies the response of the constitutive law by an ad-hoc increase of its hardening part. One should

however question if such modification of the constitutive law reproduces the realistic rate-independent be-

havior of the material. Furthermore, it is difficult to know a priori the adequate viscosity value to adopt

under 3D complex loadings. When on the other hand the aim is to reproduce the rate dependent behavior,335

the viscosity parameter should be calibrated by triaxial tests. This of course limits the acceptable values of

the viscosity parameter and therefore mesh dependency often occurs. For example, while some success, at

least in dynamic problems, could be scored for the case of clayey geomaterials which are strongly viscous,

purely viscous regularisation for sands would be unsuccessful given how weakly viscous they are (especially

dense sand, see [87]).340
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It is therefore advisable and much more versatile to combine viscoplasticity with a method that intro-

duces a length scale in boundary value problems (e.g. higher order continua or non local models), the role

of viscosity being limited to reproduce rate phenomena and the role of the internal length parameter to

regularize the results.
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Appendix A. Perzyna, Duvaut-Lions and Consistent models: 1D viscoplastic strain rates

The 1D viscoplastic formulation is given hereafter following the Perzyna, the Duvaut-Lions and the

Consistent model. It is shown that under certain conditions the 1D viscoplastic strain rate formulations of

the three models are identical (see also [25]).

Perzyna model

The viscoplastic strain rate in Perzyna model [12, 13] is given as:

γ̇vp =
1

η
< Φ(f) >

∂g

∂σ
(A.1)

where η is the viscosity parameter, g the potential function and Φ(f) the overstress function. The symbol

< · > indicates the McCauley brackets, defined as:

〈Φ(f)〉 =







0 (Φ(f) 6 0)

Φ(f) (Φ(f) > 0)
(A.2)

If the overstress function Φ(f) is chosen as Φ(f) = f
σmax

, with f = g the rate independent yield

function given by equation (25), substitution of Φ(f) in equation (A.1) provides the 1D viscoplastic strain

rate:

γ̇vp =
1

ησmax

[σ − σmax −A2(γ − γlim)] (A.3)

Duvaut-Lions overstress model

In the Duvaut-Lions overstress model [14], the viscoplastic strain rate is determined by the difference be-

tween the states associated to the rate-dependent and the rate-independent solutions:

γ̇vp =
A−1

η
(σ − σ∞) (A.4)
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where as before η is the viscosity, σ is the stress state associated to the rate-dependent solution and σ∞ the

stress state associated to the rate-independent solution. The fourth-order tensor A defines the projection of

the difference between the two stress states; two particular cases of A are the unit fourth-order tensor Iijkl350

[14] and the elastic moduli Cijkl [15].

In this model, the viscoplastic strain rate (equation (A.4)) depends on σ∞. Adopting a bilinear 1D

constitutive law, as in Fig 1, σ∞ is found equal to:

σ∞ = σmax +A2(γ − γlim) (A.5)

The 1D viscoplastic strain rate becomes therefore:

γ̇vp =
1

ηA
[σ − σmax −A2(γ − γlim)] (A.6)

It is obvious that the 1D viscoplastic strain rate of the Duvaut-Lions model coincides with the 1D Perzyna’s

viscoplastic rate if:

A = σmax (A.7)

Consistent viscoplastic model

The yield function of the Consistent viscoplastic model depends on the strain and the strain rate. For the 1D

case (see Fig 1) one gets:

f(σ, γ, γ̇) = σ − σmax − γvp A1A2

A2 −A1
− yγ̇vp (A.8)

where y is the hardening function related to the strain rate effect. In order to get the same expression as for

the two overstress models, y can be chosen as [38]:

y = η

(

dΦ (f)

df

)

−1

= ησmax (A.9)

The 1D strain rate formulations of the three viscoplastic laws coincide therefore if Φ(f) = f
σmax

, A =

σmax and y = ησmax.355
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