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1 Introduction

Considering a Poisson process observed on a bounded fixed interval, we are interested in
the problem of localising an abrupt change in its distribution, characterized by a jump
in its intensity. The present work precisely aims at proposing a non asymptotic minimax
multiple testing set-up to construct minimax localisation procedures. This work can be
viewed as a second step in an off-line change-point analysis after having detected the
change-point. The question of detecting a jump in the intensity of a Poisson process
was studied by various author. In particular, the minimax multiple testing framework
developed in this work carries on with the results and the methodology developed in
[Fromont et al., 2022].

Let us consider a (possibly inhomogeneous) Poisson process N = (N¢):e[o,1] observed on
the interval [0, 1], with intensity A defined with respect to some measure A on [0, 1], and
whose distribution is denoted by Py. As in [Fromont et al., 2011|, [Fromont et al., 2013]
and [Fromont et al., 2022|, we assume that the measure A satisfies dA(t) = Ldt, where L
is a known positive number. Note that when L is an integer, this assumption amounts
to considering the Poisson process N as L pooled i.i.d. Poisson processes with the same
intensity A\, with respect to dt: L can therefore be seen as a growing number when
comparisons with asymptotic existing results in other frequentist models are needed. For
all @ and b in [0,1], N(a,b] denotes the number of points of the process fallen in the
interval (a, b|.

After having detected a jump in A, the question of localising the jump location are here
formulated as multiple testing problems, according to whether the jump size is known
or not. In all the sequel, the baseline of the Poisson process is assumed to be known,



equal to a positive constant function A\g on [0, 1]. For the sake of simplicity, the constant
function A\ and its value on [0, 1] are often confused in the following. We assume that
the intensity A belongs to & where S is the set of intensities defined as positive piecewise
constant function with at most one jump.

We denote by R a multiple testing procedure associated to a collection of hypotheses H
where H in H corresponds to a single hypothesis, and we set N"H = Ngyey H. Moreover,
we define T(\) = {H € H,\ € H} the set of true hypotheses and F(\) = H \ T()\) the
set of false hypotheses. Considering the usual metric dy of L ([0, 1]), we introduce for all
r >0,
FrN)={HeH : d\NH)>r}.
For a multiple testing procedure R, we consider the Family-Wise Error Rate for the first
kind error rate defined by
FWER(R) =sup P\ (RNT()\) # 2).
AES

For o and g in (0, 1), a subspace S’ C § and a multiple testing procedure R whose FWER
is controlled by «, we define the Family-Wise Separation Rate for the second kind error

rate by
FWSR4(R, S)=inf{r >0: )}élg/ P\ (F.(\) CR)>1- (5}

Our aim is to find the minimax Family-Wise Separation Rate of several multiple testing
problems under different hypotheses in the knowledge of A. For a and g in (0,1) and
some subspace S’ C S8, we compute

mFWSR%B (Sl) = inf FWSRﬁ(R, S/)
R : FWER(R)<«a

= inf inf 0 : P\ (F.(A) N R) # 2) < ,
L {7“> sup P (A (NN (HAR) # 2) _ﬁ}
where the infimum is taken over the multiple testing procedures that control the FWER
by « over S. To this end, we recall the next two lemmas, proved in [Fromont et al., 2016].

Lemma 1. If §” C &' then mFWSR,, 3(S”) < mFWSR,, 5(§").
Lemma 2. If the collection of hypothesis H is closed (i.e. for all H,H' in H we get

HNH inH), then

mFWSR, 5(S8’) > mSR,%(S’) = inf inf {r >0: sup Py(¢a =0) < ﬂ} , (1)
ba NES!, d(ANH)>r

where the first infimum is taken over all the tests ¢ of level o for the null hypothesis
(Ho)”X € NH”, that is supyery Pr(¢a = 1) < a.

We will proceed in two steps: the computation of a lower bound and an upper bound for
the minimax Family-Wise Separation Rate. As a first step, we make a correspondence
between a multiple testing procedure R and an aggregated test ¢ to apply the previous
lemma and find a lower bound. More precisely, for each hypothesis H in H, we build ¢y a
simple test of the null hypothesis H against the alternative H \ H. We define the related
aggregated simple test ¢y = sup <y ¢m which rejects the null hypothesis Hy C NH when
at least a simple hypothesis H in H is rejected by ¢p. As a second step, we construct a
non-asymptotic test that controls the FWER by a and achieves the minimax Family-Wise
Separation Rate possibly up to a constant.



2 Minimax multiple test for detecting and localising a
jump with a known change height

In this section, we focus on the case where the height of the possible jump from A in the
intensity A of the Poisson process N is known, equal to §* in (=X, +00) \ {0}. Hence, for
Ao > 0 and 0* in (=g, +00) \ {0}, we introduce the set S[\g, 6*] of intensities with one
jump of height 6* from g at location 7, that is

S[Ao, 0" = {A:[0,1] = (0,+00), 37 € (0,1), Vt € [0,1], A(t) = Ao+ L y(t) )}, (2)

and the set S[\g, 0*] = S[\o, 0*] U {\o} of intensities with at most one jump of height §*
from Ay at location 7. By convention, we say that the intensity A in S[Ag, 6*] is constant
and equal to \p when its jump location 7 is equal to 1.

In the aim of localising the jump location, we consider for M in N* the collection of
hypotheses Hpr s« = {H[ o, 0%], k € {1,...,M}} where for all k € {1,..., M},

Hi[Xo, 0" = {X:[0,1] = (0,400), 37 € [k/M,1], Vt € [0,1], A(t) = Ao+ 0" L (1 (t)}.

Notice that for all k in {1,..., M}, the hypothesis H[Ag,*] is included in S[)g, 6*] and
that Hpys[Ao, 0] = {Ao}. Moreover, since the hypotheses are nested in the sense that

HMP\(),(S*] C HM_l[)\(),(S*] C...C Hl[)\o,5*],

the collection H 4+ is closed under intersection (that is any intersection HNH’ of two hy-
potheses H and H' in H s+ also belongs to Has s+ ). In particular (\ Harse = Hy[Mo, 0] =
{Ao} and then, for the considered multiple testing problem, given prescribed levels « and 3
in (0,1), a lower bound for the (¢, )-minimax Family-Wise Separation Rate over S[\g, §*]
can be deduced from Lemma 2}

mFWSR, 5(S[Ao. 67]) > mSREY (S[Ao, 67]),

where mSREg}(S[AO,é*]) is the (o, f)-minimax Separation Rate over S[Ag,0*] for the
problem of testing the null hypothesis ”A = A" versus "\ # A", defined by ({]). Noticing
that mSREBO}(S [Xo, 0%]) corresponds to the minimax separation rate of the jump detection
problem with known baseline and jump height studied in [Fromont et al., 2022|, Propo-
sition 14 in [Fromont et al., 2022| finally leads to the following lower bound.

Proposition 1 (Minimax lower bound). Let a and § be fized levels in (0,1) such that
a+ B <1, \g > 0 and §* in (=g, +00) \ {0}. For all M in N* and for all L >
Aolog Cly 5/6%2,

mFWSRa 5(S[Ao, 67]) > 4/ %, where Cyop=1+4(1—a— B)%

In order to prove that the above lower bound is sharp (possibly up to a constant), we
secondly construct a minimax multiple testing procedure. Let us begin with a preliminary
remark which provides a rough upper bound for the mFWSR.



Remark . Let r > 0 and M in N*. Recall that for A in S[Ag, *], F.-(A) = {Hi[ o, 0%] € Harse, da(A, Hi[Ao, 0*]
with da(X\, Hi[Ao, 6*]) = |0*|\/k/M — 71 <p/p for all k in {1,..., M}. One has the fol-
lowing straightforward assertion

YA € S, 0], Fr(A\) =@ <= r> |0 (3)
In particular, for all multiple testing procedure R,
FWSR3(R, S[Ao, 07]) < |67 (4)

Therefore, with the lower bound established in Proposition [I, we get that for all M in N*
and for all L > \glog C,, 5/8*2,

M008B Cot < FWSR, (S, 5%) < 157 with Cos = 1+ 4(1 — 0 — )"

A noteworthy fact highlights by the previous inequality is that mFWSR, 3(S[Ao, 0%]) is
bounded by quantities which does not depend on the choice of M.

To construct a multiple test whose S-Family-Wise separation rate over S[\g, §*] achieves,
possibly up to a multiplicative constant, the minimax lower bound for mFWSR,, 5(S[Ao, §*])
established in Proposition , we use the closure method of [Marcus et al., 1976] ap-
plied to single tests of the null hypotheses Hg[\o,d*] in Hpss- versus the alternatives
S[Ao, %] \ Hg[ Ao, 6%] respectively. For kin {1,..., M}, let ¢ be the test defined by

(bl,k(N) = ]156*,k(N)>55*,k(1_O‘)’ (5)

where Si« i, is defined by

i, (o (7 (]t (5-0) -5 -))- 0

and ss+ (u) is the u-quantile of Ss« ;, under Hy[Ag, 0*].

These simple tests, which take the knowledge of the change height §* into account, are
inspired of the one considered in Section 2.5.1 of [Fromont et al., 2022 which achieves the
minimax separation rate of the simple testing problem of detecting a single change point
in the intensity of a Poisson process when the jump height is known.

We then define k; = sup{k’ € {1,..., M}, ¢ = 0}, leading to the definition of our
multiple testing procedure R :

Ry = {Hp[No,0"]: k >k +1} (7)
whith the convention sup @ = —o0.

Studying the FWSR of the proposed multiple test from a nonasymptotic point of view
necessarily involves to quantify or at least to derive a sharp upper bound of the quantiles
Se+ 1 (u). The following lemma, deduced from an early result of [Pyke, 1959|, allows in
particular to see that the quantile of the supremum of a homogeneous Poisson process
with intensity €L > 0 (with respect to the Lebesgue measure on [0,400)) and with some
well chosen drift can be upper bounded by a positive constant not depending on L. This
will be a key point of the proof of Theorem [I| below, providing an upper bound for the
FWSR of our multiple test Ry over S\, 6*].
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Lemma 3. Let L>1,£ >0 and o > 0. Let (N )i>0 be an homogeneous Poisson process
with a constant intensity EL > 0 defined wzth respect to the Lebesgue measure. Then for
all w in (0, 1), the u-quantile of supt>0( — (£ +0)Lt), denoted by ge(u, o), is a positive
constant which does not depend on L.

Notice that when ¢ tends to infinity (Nf — (€ + 0)Lt) tends to —oo almost surely which

ensures that sup,.o(N; — (€ +0)Lt) is finite almost surely. Therefore, P(sup,sq(N; — (€ +
o)Lt) > x) tends to 0 When x tends to +00. Gathering this remark with the equatlon (7)

in [Pyke, 1959 then straightforwardly leads to the above result.

We can now state the main result of this section, showing that our multiple test R; has

a Family-Wise error rate over S[)\g, 6*] controlled by a, and is minimax over S[\g, §*].

Theorem 1 (Minimax upper bound). Let L > 1, a and B be fized levels in (0,1), A\g > 0
and 0* in (—Xg, +00) \ {0}. Then, there exists a constant C(c, B, Ay, 0%) > 0 such that the
multiple testing procedure Ry defined by satisfies for all M in N*,

C(Oé, 67 )‘07 6*)>

FWER(R:) < o, and FWSRz(R1, SN, 6"]) < min <\5*\ : NG7

In particular, for all M in N* and for all L > (C(a, B, Ao, 6%)/6%)?,

C(O./, ﬁ? )\07 5*)

This result, combined with its corresponding lower bound, shows that the minimax family-
wise separation rate over the alternative set S[\g, 6*] is of parametric order L='/? what-
ever the choice of M. For M = 1, recall that the minimax family-wise separation rate
is equal to the minimax separation rate since only one hypothesis is tested. In this
case, we recover in particular the minimax separation rate established in Section 2.5.1 of
[Fromont et al., 2022| dealing with the change-point detection problem with known base-
line and jump height. By the way, the proof of Theorem [I] needs the condition on the
distance between \ in S[\g, %] and H [\, 0*] = { Ao} established in [Fromont et al., 2022]
Proposition 15| to prove the upper bound for the minimax separation rate of jump detec—
tion problem. It is worth noting that the multiplicity of the hypotheses in our multiple
testing framework does not affect the rate of the mFWSR which remains in the parametric
order whatever the value of M.

mEFWSR,, (SN0, 67])) <

3 Minimax multiple test for detecting and localising a
jump with an unknown change height

In this section, we tackle the question of adaptation with respect to the change height
and the jump location, and therefore introduce to this end a preliminary set for \g > 0,

S = {A:[0,1] = (0,400), 3(d,7) € {(=Ao, +00)\{0}}x(0,1), Vt € [0,1], A(t) = Xo+L(-11()}.

(8)
As in Section , a lower bound for the (¢, §)-minimax Family-Wise separation rate over
S[Ao] is determined using Lemma 2| and the (o, 8)-minimax Separation Rate dealing with
simple testing problem for the null hypothesis (Hy) "A = {A¢}” versus the alternative
(Hy) "X € S[\o]”. However, let us recall a lemma proved in [Fromont et al., 2022 Lemma
16] which underlines that the («, 8)-minimax Separation Rate over S[\¢] is infinite.
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Lemma 4. Let « and § be fized levels in (0,1) such that a + < 1. Considering the
testing problem (Hy) "X = {A\o}” versus (Hy) "X € S[Ao]”, with S[X] defined by (8), one
has
A
mSRYY (S[Ao]) = +oo.

We therefore consider, for R > )\, the more suitable set of alternatives bounded by R,
defined by:

SPho, Bl = {X1[0,1] = (0, B, 3(5,7) € {(=Ao, R=X\{0}}x(0,1), V£ € [0, 1], A(t) = Ag-+T (.11 (£)}.

In the aim of localising the jump location, we consider for M in N* the collection of
hypotheses Hyr = {Hi[ o, R], k € {1,..., M}} where, for all £ in {1,..., M},

Hildo, R = {A: 3(0,7) € {(=os R=A\{O0}}x /M, 1], V¢ € [0, 1], A(t) = Ag+61 ¢y (1))

In particular, for all k in {1,..., M}, the single hypothesis Hy[)g, R| is included in the
set S[\o, R] = S[A\o, R] U {\o} of intensities bounded by R with at most one jump. As
in Section we say that the intensity A in S[\g, R] is constant and equal to A\ when its
jump location 7 is equal to 1 and we notice that Hy[Ag, R] = { Ao}

The collection Hjyrr is closed under intersection because the hypotheses are nested:
Hp[Xos R] C Hy—1[Mo, R C ... C Hi[X, R], and in particular Hyr = Hullo, R] =
{Ao}. Then we get by Lemma [2 that for a and 3 in (0, 1),

mFWSR, 5(S[o, R]) > mSRYS (SN, R)),

where mSRi:\/BO}(S [Ao, R]) is the (a, §)-minimax Separation Rate over S[\g, R] which cor-
responds to the minimax separation rate of the jump detection problem with known
baseline studied in Section 2.5.1 of [Fromont et al., 2022]. Therefore, Proposition 17 in
[Fromont et al., 2022] ensures the following lower bound.

Proposition 2 (Minimax lower bound). Let o and § be fized levels in (0,1) such that
a+p<1/2, \g >0 and R > \g. There exists Lo(a, B, Ao, R) > 0 such that for all M in
N* and for all L > Lo(c, 3, Ao, R),

Mo log log L
mEWSR,5(SPho, ) > 1/ ==,

Let us now construct a multiple test whose -Family-Wise separation rate over S[\g, R]
achieves, possibly up to a multiplicative constant, the above minimax lower bound for

mEFWSR,, 5(S[\o, R]).
We begin with a preliminary remark which provides a rough upper bound for the mFWSR.

Remark . Let r > 0 and M in N*. Recall that for A in S[)\g, R],
Fr(N) = {Hi[Xo, R] € Harr, da(X, He[Xo, R]) > 1}

with da(X, Hg[Xo, R]) = |6|\/k/M — 71,</p for all kin {1,..., M}. One has the follow-
ing straightforward assertion

YA €SN\, B, Fr(A) =2 <= 7>V (R— ). (9)
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In particular, for all multiple testing procedure R,
FWSRg(R, S[Ao, R]) < AoV (R — Xo). (10)

Indeed, let 7 > 0 be such that 7 > Ay V (R — A\g). Then for all A in S|\, R], F(\) = &
and then P\(F.(A\) C R) =1 > 1— $ for all multiple testing procedure R and for all A
in é;[/XO, }%].

Therefore, with the lower bound established in Proposition [2, we get that for all M in N*
and for L large enough

o log log L
\/% < mFWSR,, 5(S[ho, B]) < AoV (R — Xo).

Again, it is noteworthy that mFWSR,, 3(S[Ao, R]) is bounded by quantities which does
not depend on the choice of M.

Following the discussion of Section 2.2 in [Fromont et al., 2022], we define two different
minimax multiple tests: the first one is based on counting statistics and the second one is
based on quadratic statistics. Both statistics are inspired of the ones considered in Section
2.5.1 of [Fromont et al., 2022] which achieve the minimax separation rate of the jump
detection problem. Both multiple testing procedures are defined according to the closure
method of [Marcus et al., 1976] applied to single tests of the null hypotheses Hy[\o, R] in
Har g versus the alternatives S|\, R] \ Hi[Mo, R] respectively.

We consider the corrected level u, = o/ |log, L] which allows to define the two following
multiple tests.

Let us begin with the minimax multiple testing procedure based on counting statistics and
let k£ in {1,..., M}. We then consider a simple test ¢§1,1 for the null hypothesis Hg[\o, R]
versus the alternative S|\, R] \ Hi[Ao, R] defined by

éﬁl(N):]l{

(11)

v 1 ,
{maxje{ 1,...,|logg L] } (pAQkL ( g )*N( k(1-2-7 ),ﬁ} ) >0}

M27

where pe(u) stands for the u-quantile of the Poisson distribution of parameter £. We
introduce k{" = sup{k’ € {1,..., M}, gbé},)g, = 0} and we define our multiple testing
procedure Rgl) by

R = {Hy[Mo, R]: k> kY +1}. (12)

We establish in Theoremthat our multiple test R;l) has a FWER over S[)\g, R] controlled
by « and is minimax over S[\g, R].

Theorem 2 (Minimax upper bound). Let L > 3, a and S be fized levels in (0,1), A\g > 0,
R > Xo. Then, there exists a constant C(a, B, Ao, R) > 0 such that the multiple testing
procedure Rél) defined by satisfies for all M in N*, FWER(RS)) <« and

loglog L
FWSRﬁ(RS)’ S[)\[)’ RD S min <maX(>\07 R — )\0) ) C(Oé, 67 )\07 R) \/@) .
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In particular, there exists Lo(c, 5, Ao, R) > 0 such that, for all M in N* and for all
L Z L()(O{,ﬂ, )\0, R),

mFWSR, 5(S[ho, B]) < C(a, 8, Ao, R) 10%1%@

Let us turn now to the second minimax multiple testing procedure, based on quadratic
statistics. For k in {1,..., M}, we consider a simple test ¢22,1 for the null hypothesis
Hyi[ Mo, R] versus the alternative S[\o, R \ Hi[)o, R] defined by

GUN) = (13)

maX;e (1, logy L] }(Tj,k(N)*tj,k( 1-ua )>>U’

where for all j in {1,...,[log, L]},

2 M k 1\ k]° k 1\ k
TiaN) =T <N<M(1_§)’M} _N(M(1_§>’MD
2N [k 1\ k] A%
_on (S o2 A 14
I (M( 23)’M}+2JM’ (14)

and t;;(u) is the u-quantile of T}, under Hy[Ao, R].

We set 12552) =sup{k’ € {1,..., M}, gbf,)c, = 0} and we define our multiple testing proce-
dure Rf) by

R = {Hy[Xo, R]: k> kP +1}. (15)
We establish in Theorem [3| an alternate minimax upper bound for mFWSR,, 3(S[Ao, R])
using the multiple testing procedure Rg).

Theorem 3 (Alternate minimax upper bound). Let L > 3, o and [ be fized levels
in (0,1), Ao > 0, R > Xo. Then, there exists a constant C(«, 5, Ng, R) > 0 such that the

multiple testing procedure Réz) defined by satisfies for all M in N*, FWER(R&Z)) <«

and
(2) . log log L
FWSR3(R5 "7, S[Ao, R]) < min | max(Ag, R — Xo) , C(e, B, Ao, R) —7 |

In particular, there exists Lo(a, B, Ao, R) > 0 such that, for all M in N* and for all
L 2 L0<Oé,6, )‘OaR)7

mEWSR,, 5(S[A\o, R]) < C(a, B, Ao, R)\/@,

This result, combined with its corresponding lower bound, brings out a phase transition
in the minimax family-wise separation rate orders, from the parametric order 1/ VL (see
Section [2|) to y/loglog L/L. This means that adaptation with respect to both location
and height of the abrupt change has an unavoidable logarithmic cost, while adaptation
to only the change height does not cause any additional price. A comparable phase
transition has already been observed in the particular case where M = 1 dealing with
the change-point detection problem investigated in |[Fromont et al., 2022]. By the way,
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the proof of Theorem [3| needs the condition on the distance between A in S[Ag, R] and
H [ Mo, R] = {Xo} established in [Fromont et al., 2022, Proposition 18] to prove the upper
bound for the minimax separation rate of the simple testing problem of detecting an
abrupt change in the intensity of a Poisson process. It is worth noting again that the
multiplicity of the hypotheses in our multiple testing framework does not affect the rate

of the mFWSR which remains in the order y/loglog L/ L whatever the value of M.

4 Links between minimax multiple testing procedures
and minimal length of confidence intervals for the
jump localisation

In the sequel, the subset S stands for S[\g, 8] or S[\, R], H to the related collection of
hypotheses H s 5+ or Har g and Hy, to the corresponding hypothesis Hy[Ag, 6] or Hy[Ao, R]
for all k£ in {1,..., M} with M a non-zero integer. Given the observation of an inhomo-
geneous Poisson process N = (N;)scpo,1] With an unknown intensity X in S defined with
respect to the measure A, a (1 — £)-confidence interval for the rupture location 7 on S is
a real interval I, not depending on the unknown parameters such that

inf PA\(rel)>1—c¢.

AeS
Since A belongs to S, recall that we set 7 = 1 by convention if A = Ay on [0, 1]. Notice
that the interval I. can be defined from an estimator 7 of 7 and could depends on known
parameters of the problem. The relationships between confidence intervals for the rup-
ture localisation 7 on S and multiple testing procedures are summarized in the following
lemmas.

First, it is well known that an a-level test for a single null hypothesis is intrinsically related
to a (1 — a))-confidence region, and that a similar correspondence can be made between a
FWER controlling procedure and a confidence interval (see for example [Arlot et al., 2010]).

Lemma 5. Let M in N*. From any multiple procedure R on H such that FWER(R) <
o, one can build a (1 — o)—-confidence interval I, for 7 on S defined by I, = {x €
0,1] : « < ((sup{k e {1,...,M}: Hy ¢ R} +1)/M)A1}. Conversely, from any (1—a«)-
confidence region I, for 7 on' S, one can build a multiple testing procedure R on H such

that FWER(R) < « which is defined by R = {Hy, € H, k/M > sup{z € [0,1], v € I,}}.

However, the confidence intervals build with FWER controlling procedures seem to be
large and the multiple tests defined from confidence intervals too conservative. We are
then interested in finding the smallest confidence interval for the estimation of the jump
location of the intensity.

We consider D[0, 1] the space of cadlag functions on [0,1] and MD the set of all the
measurable real functions defined on DJ[0,1] taking values in [0,1]. We then focus on
confidence intervals of the form (¢(N) — a, (V) + b] where a,b > 0 and ¢ in MD. One
may think about ¢(N) as an estimator of 7. We define the minimal length of (1 — ¢)-
confidence intervals for the estimator ¢(N) of 7 with A in S by

L.(¢,S)=inf{a+b:a,b> O,)i\ngP,\(T € (¢(N) —a,p(N) +0b]) >1— ¢},
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and the minimal length of (1 — €)-confidence intervals for 7 with A in S by

L.(S) = inf{L.(¢,S) : 6 € MDY}

4.1 Confidence interval for the jump localisation when the change
height is known

The following lemma gives bounds for the minimal length of confidence intervals for the
estimation problem of 7 when the change height is known.

Lemma 6. Let L > 1, a and B in (0,1), \g > 0, 6" in (—Xg, +00) \ {0} and M in N*.
Consider first a,b > 0 and ¢ in MD such that

inf  Py(7 € (¢(N)—a,p(N)+0])>1—a. (16)
AES[No,0%]

The multiple testing procedure R on Hr s+ defined by R = {Hy € Harse, k/M > ¢(N)+b}
s satisfying

FWER(R) < «, and FWSR,(R,S[\,*]) < |6*[Va+b.
In particular, we get for all M in N*,

mFWSR,, o (S[Ao, 0*])?
5*2 :

Conversely, consider r > 0 be such that 1 > mFWSR,, 3(S[Ao, 6*]) and a multiple testing
procedure R on H s+ satisfying the two inequalities FWER(R) < a and FWSRg(R, S[ Ao, 0%]) <
r. Set k =sup{k € {1,..., M}, Hy, ¢ R} and # = k/M. The interval I, 1z defined by
Lsyur = (7 — 1?52 7 + 1/M] then satisfies

La(S[Ao.67]) =

inf P(t€lLsnur)>1—a—0.
AES[Xo,0%]

In particular, we get that for all M in N*,

_— % 1 IIlFW SRa 5(8[)\0,(5*])2
< — ’ .
£a+/5(8[)\075 ]) - M + 5*2

This lemma, combined with Proposition [I] and Theorem [T], allows us to construct a min-
imal confidence interval for the jump localisation from a multiple testing procedure. As-
sume that we observe a Poisson process N = (N¢).c(o,1) on the interval [0, 1], with intensity
A in S[A, §*] with respect to some measure A on [0, 1], where Ao, 6* and L are known
parameters. We shall estimate the jump location 7 using a multiple testing procedure.
For a in (0,1/2), if we assume that L > max(\logCy 3, C (/2,0 /2, Ao, 0*)%) /%2,
Lemma [0, Proposition [I] and Theorem [I] ensure that for all M in N*,

Ao log C,, <
L5*2 -

where C,, = 1 +4(1 — 2a)? and C («/2, /2, Ag, 6*) is defined in Theorem [1]

1 n C(a/2,a/2,)\0,(5*)2

— " <« -
'COC(S[)\()?(S ]) — M L6*2
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We then aim at providing a confidence interval for 7 of minimal length. To this end,
we consider for L > (C'(a/2,a/2, N, 6*) /0%)?, the collection of hypotheses Hy s =
{Hi[Xo,0*], k€{1,...,M}} with

M= {cm/zzﬁz )\0,5*)2J | 17)

We then apply our multiple testing procedure R, introduced in Section [2] Recall that we
define )
ki =sup{k' € {1,..., M}, ¢ =0},

with ¢, defined by , leading to the definition of our multiple testing procedure R; :
Ry = {Hp[No, 0] : k> ky + 1}

We introduce an estimator of the location of the intensity jump by

L)

U

Corollary 1. Let v in (0,1/2), Ao > 0 and §* in (—Xg, +00)\{0}. For L > (C' (a /2, /2, Ny, 6*) /5*)?
and M defined by , the interval

.1 n 1
T——=, T+ —
M’ M
is a (1 — a)-confidence interval for the jump localisation on S[\g,0*] which achieves, up
to a constant, the minimal length of such confidence intervals.

(18)

7=

4.2 Confidence interval for the jump localisation when the change
height is unknown

When the change height 6* is an unknown parameter, the notion of minimal confidence

interval is quite irrelevant. Indeed, the minimal length for confidence intervals on the

whole space S[\g, R] is almost always equal to 1 and then, the interval [0, 1] is a confidence
interval of minimal length.

Lemma 7. Let a in (0,1/2), A\g > 0 and R > X\g. Then for all L > 1,
L.(S[No, R)) = 1.

The Lemma [1 invites us to consider a smaller set for the intensities A of the Poisson
process. Therefore, we focus on intensities whose jumps are large enough. For A\q > 0 and
A in (0, Ag) we introduce the set S>a[Ao] of intensities whose jumps are at least of height

A:
Sonfhol = {11 [0,1] = (0, 400), 36 € {(=Ao,—A]U[A, +00)}, Fr € (0, 1),
Vt € [O, 1], )\(t) =X\ + 5]1(7-71] (t)} (19)

However, the following lemma underlines that the (o, §)-minimax Separation Rate over
this preliminary alternative set is infinite and then, the arguments used with Lemma
provide an infinite (o, #)-minimax Family-Wise Separation Rate over Ssa[Ao].

11



Lemma 8. Let a and 3 be fized levels in (0,1) such that « + < 1. For Ay > 0 and A
in (0, No), considering the testing problem (Hy) "X = X" versus (Hy) "X € Ssa[Xo]” with
S>alXo] defined by (19), one has

mSRYY (S2a[Mo]) = +o0.

We therefore introduce, for A\g > 0, R > Ag and A in (0, A\g A (R — Xg)), the more suitable
set S>a Ao, R] of intensities bounded by R whose jumps are at least of height A from Ao:

Ssa[ro, Rl ={X:]0,1] — (0, R], 30 € {(=Xo, —AJU[A, R — Xo]}, I7 € (0,1),
Vt € [0,1], A(t) = Ao+ 01 ¢-1y(2)}-

In the aim of localising the jump location, we consider for M in N* | the collection of

hypotheses Hyrar = {Hi[Xo. A, R|, k€ {1,...,M}} where for all k£ in {1,..., M},

Hkp\o,A,R] = {)\ :do € {<—)\0, —A] U [A,R - /\0]}, dr € [k'/M, 1],
YVt € [0, 1], )\(t) =X+ 5]1(7-,1] (t)}

For all k£ in {1,..., M}, notice that the hypothesis Hy[\o, A, R] is included in the set
S>al[Mo, R] = Ssa[Ao, Rl U {\o} of intensities bounded by R and with at most a change
whose height is lower bounded by A.

Since the set Ssa[Ag, R] includes S[A\g, A] defined in for all A in (0, A (R — X)),
the Lemma [I] combined with Proposition [T] leads to

Proposition 3 (Minimax lower bound). Let a and § be fized levels in (0,1) such that
a+p <1, >0, R> N and A in (0, \g A (R — Xg)). For all M in N* and for all

L > NlogCo /A%
Aol
mEFWSR, 5(S>a Mo, R]) > \/@

where Cop=1+4(1 —a— )%

To define a multiple testing procedure whose S-Family-Wise Separation Rate over the set
S>alAo, R] achieves, possibly up to a multiplicative constant, the above minimax lower
bound for mFWSR, (S>a[o, R]), we construct for k in {1,..., M} a simple test for
the null hypothesis Hi[\o, A, R] versus the alternative Ssa[Ao, R] \ Hi[Mo, A, R]. More
precisely, we define the test ¢y for all kin {1,..., M} by

¢3,k(N> - ]]-SA’k(N)>SA’k(1—Oc/2) \/ 1S_A7k(N)>S_A,k(1—a/2)J (20)
where for all § in R*, S5x(N) is defined in (6] by

w0 =, (000 (3 (1] 2 (1)) =5 1))

and sa i (u) (respectively s_a x(u)) is the u-quantile of Sa j (respectively the u-quantile of
S_ax) under Hy[Ag, A, R|. These simple tests, which take the knowledge of the minimal
value A of the change height into account, are closed to the ones considered in Section [2]

12



We then define ks = sup{k’ € {1,..., M}, ¢sw(N) = 0}, leading to the definition of our
multiple testing procedure Rj :

Rs = {Hi[\o, A, R] : k> ks +1}. (21)

The following lemma, deduced from a result of Loader [Loader, 1990|, ensures that the
quantile of a homogeneous Poisson process with intensity £L > 0 and with a well chosen
drift is an increasing function of £&. This will be a key point of the proof of Theorem
below, providing an upper bound for the FWSR of our multiple test R3 over Ssa[Xo, R].

Lemma 9. Let £ > 0 and 0 > 0. For all w in (0,1), the function & — qe(u,0) is
increasing, where qe(u, o) is defined in Lemma 3,

Comment. Let (Nf )i>0 be a homogeneous Poisson process with a constant intensity {L >
0. For all z > 0, an Abel transform on the exact expression of ]P’(suptzo(Nf —(&+o0)Lt) >
z) given in [Loader, 1990, Theorem 2.2] shows that A — P(sup,sq(N* — (€ 4+ o)Lt) > )
is increasing. The above result then follows easily. -

The following theorem shows that the multiple test R3 is minimax over Ssa[Ag, R| and
its proof follows essentially the same ideas of the proof of Theorem [I| with the argument
given in Lemma [J} For the sake of clarity and completeness, the proof of Theorem [4] is
detailed in Section [5.4l

Theorem 4 (Minimax upper bound). Let L > 1, a and (3 be fized levels in (0,1), A\g > 0,
R > Xo and A in (0, \g A (R — Xo)). Then, there exists a constant C(«, 5, o, A, R) > 0
such that the multiple testing procedure R defined by satisfies for all M in N*,

C(a, B, Mo, A, R)
L .

In particular, for all M in N* and for all L > (C(a, 8, Mo, A, R) /(Mo V (R — Xo)))?,

C(a, 5, M, A, R)

VL .
This result, combined with its corresponding lower bound, shows that the minimax family-
wise separation rate over the alternative Ssa[\o, R] has the same parametric order L~%/2
as the case where the height of the jump is known (see Section . Then, when the
change-point location is unknown, it is the possibility for the jump height to be close
to zero (and not the fact that it is unknown) which deteriorates the mFWSR with a
logarithmic factor (see Section . For M = 1, the lower bound and the upper bound
established in Proposition [3]and Theorem [] complete the minimax study for the detection
of an abrupt change in the intensity of a Poisson process from a known constant baseline
considered in [Fromont et al., 2022]: when both location and height of the change are
unknown but with a minimal known value for the jump height, the minimax separation
rate of the simple testing problem (Hy)”A = A" versus (H;)"A € Ssallo, R|” is of
parametric order /1/L.

Now, let us turn back to the construction of a confidence interval of minimal length for the
jump location. The following lemma gives bounds for the minimal length of confidence
intervals for the estimation problem of 7 when the change height is lower bounded by A.

FWER(Rg) S a, and FWSRB(R3,82A[/\0,R]) S min <)\0\/(R—/\0) s

mFWSR,, 5(Ssa[No, B])) <

13



Lemma 10. Let L > 1, o and 5 in (0,1), \g > 0, R > Ao, A in (0,0 A (R — X)) and
M wn N*. Consider first a,b > 0 and ¢ in MD such that

inf Pyt € (¢(N) —a,¢(N)+0b]) > 1—a. (22)
AES> A [N, R]

The multiple testing procedure R on Hyar defined by R = {H, € Hyuar, k/M >
O(N) + b} is satisfying

FWER(R) S a, and FWSRQ(R, SZAP‘O) R]) S ()\0 A (R - )\0)) vVa—+ b.
In particular, we get that for all M n N*,

S mMFWSR,,.0(S>a[No, R])?
- ()\0 A (R - )\0))2

L (S>a[No, R])

Conversely, consider r > 0 be such that r > mFWSR,, s(S>a[Xo, R]) and a multiple testing
procedure R on Hyr a g satisfying the two inequalities FWER(R) < a and FWSRz(R, S>alAo, R]) <
r. Set k =sup{k € {1,..., M}, Hy ¢ R} and 7 = k/M. The interval I, o = defined by

Lavmr = (7 —1r*/A% 7+ 1/M] then satisfies

7il’lf P)\<T - IT,A,M,R) >1—a— ﬁ
AES >[N0, R]

In particular, we get that for all M in N*,

— 1 mFWSR, 5(S>a[No, R])?
Lorp(S>alro, R]) < 7t aﬁéng[ 0, 12]) '

This lemma, combined with Proposition [3] and Theorem [, allows us to construct a min-
imal confidence interval for the jump localisation from a multiple testing procedure. As-
sume that we observe a Poisson process N = (Ny).c(o,1) on the interval [0, 1], with intensity
A in S>a[Ao, R] with respect to some measure A on [0, 1], where Ay, A, R and L are known
parameters. We shall estimate the jump location 7 using a multiple testing procedure.
For a in (0,1/2), if we assume that L > max(\glog Cy /A%, C ()2, 00/2, Ao, A, R)* /(A2V
(R — X\o)?), Lemma , Proposition 3| and Theorem (4| ensure that for all M in N*,

1 N C(a/2,0/2, M, A, R)?

Ao log C, <
- M LA? ’

LG A (B = X0)?)

<L, (ng [)\07 R])

where C, = 1 +4(1 — 2a)? and C («/2, /2, Ao, A, R) is defined in Theorem [4]

We then aim at providing a confidence interval for 7 of minimal length. To this end,
we consider for L > (C'(a/2,a/2, o, A, R) /A)?, the collection of hypotheses Hysa g =
{Hi[Mo, A R], ke {l,...,M}} with

LA?
M = { J . (23)
C (04/2, 04/27 )‘07 A? R)
We then apply our multiple testing procedure R3 defined by and we introduce an

estimator of the location of the intensity jump by

(24)

£ =

2
=
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Corollary 2. Let o in (0,1/2), A\g > 0, R > 0 and A in (0, \0 A (R — N\o)). For L >
(C(a/2,a/2, X0, A, R) /A)? and M defined by (23)), the interval

.1 A+1
T——, T+ —
M’ M

is a (1 — a)-confidence interval for the jump localisation on Ssa[Xo, R] which achieves,
up to a constant, the minimal length of such confidence intervals.

5 Proofs

We define for all > 0 the positive, continuous and non-decreasing function g by
g(x) = (1+2)log(1+2) — 2 (25)
which satisfies for every x > 0

g (x) < V2r + 22/3. (26)

5.1 Proof of Theorem (1]

By now, for A\g > 0, 6* in (=g, +00) \ {0} and M in N*, the simple hypothesis Hg[\o, 6*]
is simply written Hj, for short. We begin with a lemma which gives an upper bound for
the quantile sz« (1 — ) of Ss» ), under Hy. It highlights in particular that we can bound
this quantile by some constants which do not depend on k£, L and M.

Lemma 11 (Control of the quantiles). Let « in (0,1), Ao > 0 and 6* in (—Xg, +00) \ {0}.
For all M in N*, for all L > 1 and for all k € {1,..., M}, one has

sop(l—a) <qr (L=, %) if 67 >0,
spn(l—a) < —FlEO _ Gr \ <5 <0, (27)
tos (5567 )

where qx, (1 — o, 6*/2) is defined in Lemmal[3j

Proof of Lemma[11]. Let k in {1,...,M}. Under (Hy), N is a homogeneous Poisson
process on [0, k/M] of intensity Ay with respect to the measure A, and since the processes
(N(t,k/M])icor/m)y and (N(0,k/M — t])icor/m) are left continuous and have the same
finite dimensional laws, one obtains

5*
sup (sgn(&*)(N(O,t] — NoLt) — %Lt) : (28)

te(0,k/M)

d
Sse k=

Assume first that §* > 0. The equality simply reads in this case

5*
sup (N(O,t]— ()xo—l——)Lt),
t€(0,k/M) 2

4

S+ k
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and we get for all \ in Hy,

o* o* o*
Py (S(;*,k>q,\0 (1—04, —>) =P sup (N)‘O(O,t]— <)\0+—>Lt) > (1—@,—)
2 +€(0,k/M) 2 2
N o* o*
<Pl sup [ N©0O,t]—+—=|Lt)>qp, | 1—a,— ,
t€[0,4-00) 2 2

where (N{°);¢ is a homogeneous Poisson process of intensity A\gL with respect to the
Lebesgue measure on R*. By definition of gy,(1 — a,§*/2) (see Lemma [3)), this leads to
suPyepr, Pr (Ss+x > qr (1 — @,0%/2)) < a and the first part in holds by definition of
the quantile s« (1 — ).

Assume now that 0* belongs to (—\g,0). For all z > 0 and for all A in Hy,

P,\(S(;*7k>w):P,\< sup ((AO—‘é‘)Lt)—N(O,t]>x)
te(0,k/M) 2
:P( sup (()\O—l(sl)Lt)—NAo(O,t]>:l?>
te(0,k/M) 2
<P (inf { N*0,8 — [ Ao — o] Lt) < -z
< nt ) 0 5 .

Theorem 3 and equation (15) in [Pyke, 1959] yield for all A in Hy, P\ (Ssy >z) <
exp (—wz ) where w is the largest real root of the equation A\g(1 —e ) = w (Ao — [0%|/2).
A straightforward study of the function z +— A\g(1 —e™*) — 2z (Ao — |6*|/2) on R therefore
ensures that w satisfies w > log (Ao/(Ao — [6]/2)). If we assume the inequality = >
—loga/log (Xo/ (Ao — [0%]/2)), then supycp, P (Ss-x > 2) < a and the second part of
holds by definition of the quantile sg« (1 — ). O

Let us turn back to the proof of Theorem [l and first recall that for A in S[\g, 6*], T(\) =
{H, € Hprs+ , A € Hi} is the set of true hypotheses.

Proof of Theorem [l For all k in {1,..., M}, recall that Hj, stands for Hy[\g,*]. We
start with the control of FWER(R,) over S[\g, d*], and for X in S[\g, §*] we compute to
this end

PA(RlﬁT(A)%@):PA@/{;G{L...,LTMJ}, k> k1, )\er)

because A belongs to H|,y; and not to H;pr)41. f 7 < 1/M then P, (RiNT(\) # 9) =
0, and if 7 > 1/M one has

Py(RiNT(\) # @) = Py(ky+1< |[7M]))
= Py (¢1,1rm) = 1)

=P, (86*,L7—Mj ((5*) > 35*,LTMJ<1 — Oé))
< a,
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that is FWER(R;) is bounded by «.
Let us compute now an upper bound for FWSRg(R1, S[Ag, 0*]). We shall consider in our
results the following constant

2 Ao+6*
log <)\03:g*/2>

o* —log o 3(Ng + 0*
+ Aro+6* <1 - §7 %) + —g]]-—/\o<5*<0 P 2 M )
log )

Ao
)\04»5*/2

/ * 1
C(&,B,Ao,é*) = 2max |(5*| J(b\o (1—@76—) +Mﬂ5*>0

where ¢y, (1 — «,d%/2) for 6* > 0 and ¢y, 46+ (1 — 5/3,[0%|/2) for =Xy < §* < 0 are two
positive constants defined in Lemma [3] Recall that (4]) leads to FWSRg(R1, S[Ag, 0*]) <
|6*|. Now, assume that L > (C'(«, 3, A, 6*)/6*)? and let r > 0 be such that

C(Oé, 5, )\0, (5*)
\/Z )

6% > 1 > (30)

where C'(a, 8, Ay, 6*) is defined by .

Recall that for A in S[\o, "], Fr.(A) = {Hi € Hue+, do(N, Hg) > 1} with do(\, Hy) =
6" |\/k/M — 71.<k/n, and that to bound FWSR3z(R1, S[Ag, 0*]) by r, it is sufficient to
obtain Py (F.(A\) C Ry) > 1 — g for all A in S[Ag, 6*].

We consider A in S[Ag, 0] of the form A = A\g 4 §*1 ;) with 7 in (0,1). If F,.(\) = @, we
easily get Py (F.(A\) C R1) =1 >1— 3. We therefore assume by now that \ is satisfying
Fr(N) # @, and we define

k, =min{tM < k' < M, §* (K'/M — 1) > r*}. (31)

By virtue of {F,(A\) C Ry} = {k, > ki + 1}, we want to prove the following inequality
P (k2 k) <8

to obtain the expected result.
First, if k, = M then
Py (b > k;) ~ P, (/%1 = M)
= Py (g1, = 0)
== P)\ (S5*,M S 85*7M<]. — O{))

=P, ( sup (sgn(é*) (N (£, 1] = XL (1—-1))—

te(0,1)

|(Z|L(1 —t)) < s+ (1 —a)> .

By definition of k£, since the condition ensures in particular that

. 2 o* 0*[log(1/c [Ag + 0%
|5 |V l—72> ﬁmax (\/5*(])\0 (1 - Q, 5)]15*>0+ Mﬂ—/\o«s%o , 2 OT>,
log <)\0+g*/2>
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we immediately obtain that

te(0,1)

Py ( sup (Sgn(§*)(N(t71] —XL(1-1t))— @L(l —t)) < s+ (1 —a)) < B,

according to the minimax study of the change-point detection done in [Fromont et al., 2022,
Proposition 15] which involves the statistic sup;¢ g 1) (sgn(0*) (N (¢,1] = AL (1 —t)) — [6*[L(1 —1)/2).

Assume by now that k£, < M — 1, and we compute

Py (/%1 > k) (32)
=Py (3k >k 1 =0)
=Py (3k > ky, S5+ < 55+ (1 — )

k k 6% [k

= > * — | — — — — — _ < Gix —

" <3k = te(ii]?M) <Sgn(5 ) (N <t’ M] Aok (M t)) 2 " (M )> < sorll a)>
k k 0 k

SP)\ <E|k32kr, Sgn(5*) (N(T,M:| —)\O_L(M—T))—%L(M—T) SS(;*

Assume first that 0* > 0.
We use in Lemma [11] to get

pk(klzkr)gpx(akzm,fv(ﬂk]—(A0+5—*)L<%_7)S%(l_a’%*))
ZPA(ke%k%f (N(T’% (veg) e o))z (105))

on (Lgg (s (ot e (-5
_pA(
n(

2

5+ k 5

L= — inf Z.< 1— —

( } <A° 2> (M T>+se<fgl/M7u S‘QA‘“( &’2»
5 k 5N\ /&

< e, =) - o oo .

it Zesan (1) - (g (e ) (55 -7) )

where Z, = N (k,/M,t] — (Ao +6*/2) (t — k./M ) L for t in (k./M, 1]. Let us write J for

the interval
()\0+5*)<%—7)Li\/3()\0+6*><kT/M_T)L]. (34)

J=

B
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Using the total probability formula, we get

INCES

0" k 0* k k
< i < —a,— | — - — (=< —-7|L, N(7,—
>~ P)\ <s€(lgl/f]‘\/[,l] ZS > Q) (1 «, 2 N <Ta M:| + ()‘0 + 9 ) (M T) ) <T7 M:| € J)

+ P, <N <r]m (Ao + &%) (kM T) L_\/3(/\0+5*) (ZT/M—T)L>
+ Py (N <r]’f4 > (Ao +6%) (kM T> L+ \/3(Ao+5*) (;T/M—TM)
< P, <s€(’if1/€w,l]Zs§q,\o (1—04,% —N(T,%] + ()\0+(Z> (MT—T>L, N(T,%] EJ)
+? (35)

with the Bienayme-Chebyshev inequality. To compute this last probability, we consider
a simple Poisson process (N )= of intensity (Ao + 0*)L with respect to the Lebesgue
measure on R*, which is the distribution of N; for ¢ greater than k, /M. We then obtain

o* k, o* k, k
P inf Z<q(l-a>)-N(r-> oL, N2 e
A(sevifl/M,u S_q“( a’2) (T M} (Aﬁ 2>(M T) (T’M] © )
| 5N 6 [, 300 4 0°) (ko /M — 1) L
<P f Zo<qg(1-a % o)L
- A(se(é?/M,u S_q’\°< @ 2) 2 (M T) +\/ 5

. o* o* o* [k
=P inf N?o+o — — | Lt) < l—a,— | —— (= —-7)L
(te(oil—lkr/M] ( (0.4 ()\0 + 2 ) t) = Do ( “ 5 ) 2 (M T)

+\/3(>\0 +6%) (k/M — 7) L> |

g
By definition of k, in , the condition gives with

. 2 o* log(3 Ag + 0%
0* %_TZTHI&X o+ q,\0<1—a,5>+—og(/\/€? . 2V3 0;
L 1Og (Ao?i-Jg*/Q)

On the one hand, leads to

5"\ JM =7 > 20/5 [T/ any (1 — ,6°/2) + log(3/B)/ Tog (%o + 6°) ] (Ao + 3°/2)).

and then 0* (k,/M — 1)L >4 (q\, (1 —,6"/2) +1og(3/8)/log (Ao + 0%) / (Ao +%/2))).
On the other hand, yvields also 6*+/k,/M —1 > 44/3(X\o+6*) /(BL) and then
6* (ky/M — 1)L > 4+/3(Xo + 0*) (k,/M — 7) L/B. This gives

5 (%—7) L > 4max (qAO <1—a,§> + 10;0<gﬂ> | \/3(A0+6*)(gr/MT)L) )

)\0+5*/2
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and using the fact that a + b < 2max(a, b) for all a,b > 0, one obtains

&N\ 6 [k, 3o+ 6%) (ko/M —7)L _ log(8/3)
—a,— | = (Z 1)L
o (1 “2 > 2 <M T) +\/ B = log <—/\;\1§f;2>, !

which is equivalent to

eXp((qA()(l_ag) —52—*(%—7)“\/3(%”*)(?/]\4_7”)10%(Ql—t;f;g» Sg.
(38)

Notice that since f < 1, ensures

%<1_a,i)_ﬁ(ﬁ_T>L+f»(xow*)(zcr/M—T)LSO_ .

P) B

We therefore may apply Theorem 3 and equation (15) in [Pyke, 1959] to obtain

. 5 5 5 [k
P inf NHoto — — | Lt) < l—a,— | —— (= —-7)L
(te(o,i?kT/M]( (0,1] (Ao+ 2) t) < qxo( o, 2) 5 (M 7)

+\/3@0 +6%) (g,/M — T)L>

< exp ((% (1—04,%) _§<%—¢) L+\/3(A0+5*) (?/M-r)L) w) |

where w is the largest real root of the equation (Ao + 0*)(1 — e ™) = w (Ao + 0*/2). The
root w satisfies w > log (Ao + %) /(Ao 4+ 0*/2)), and then

. 5 5 5 [k
P inf NHoto — — | Lt) < l—a,— | —— (=2 —-7)L
(te(o&?mm( (0,1] ()\o+ 2) t) < qu( o, 2) 5 (M 7)

+\/3@0 +6%) (ET/M - T)L>

6* 0 (k. 3(Xo + 0%) (k. /M — 1)L Ao + 0*
< P I (AR AU
_exp((cp\o <1 a,2> 5 (M T)L+\/ 3 log Ao+ 6°/2 ,
which entails with (38))

. 5" 5* 5* [k
P inf NHote — — | Lt) < l—a,— | ——=(=-7)L
(te(oif_lkr/M] ( (0,7] ()\o + 5 ) t) S G ( a5 ) 5 (M 7)

+\/3<Ao+5*><kr/M—T>L) B
3 3

Gathering this inequality with leads finally to P, (l%l > kr> < B.
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Now, assume that —\y < §* < 0.
We proceed as in the case 6* > 0. Let us define to this end X; = N (k./M,t] —

(Ao —1[6*]/2) (t — k./M) L for all t in (k,./M,1]. Applying the inequalities and (32),
we get

. * |
Py <k1 zk:r) <P |3%k>k, (Ao— |52|>L<%—T) —N(T,%] < Ofo‘
log <—>\0—|§*\/2 )

_ —loga k, |0%] k,
< —X) < S — o
< Pl ol (2X) = X +N(T’M} (AO > )\ ")k
log | X =772

Using the interval J defined by , we obtain using the total probability formula and
the Bienayme-Chebyshev inequality

Py (b > k)

e RO IR
+PA<N<,% < (% 5*) __T \/ (Ao + ) ( k:/M—T)L)
+PA<N<,% >(/\0+5*> __T \/ (Mo + %) ( k;/M—T)L)

e e IR
+%' (40)
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We conclude the proof giving an upper bound for this last probability. We compute

, —loga k, |0%| k. k,
_ < orl _ or or
P, se(lgl/fM,u( X;) < 1Og( )‘\g i > +N<T,M} (Ao 5 ) (M 7') L, N(T,M} eJ
Ao—|0%|/2

<p | mf (-x,) <8 _|5|(E_T)L+\/3(Ao+5>(kr/M—T)L
s€(kr/M,1] log <A0}|§*‘/2> 2 \ M 3
1 3(Xo + 0%) (ky/M — 1) L
S Y B A—_L ) \/<o+6><r/ ")
SE(kT/M,l] log ( ‘6*|/2 M /8
. 0% 1 | [k
<P | sup <N)‘0+‘S (0,t] — ()\0 _| )Lt > ogoz + 0] (_T _7-> I
te(0,1] log \5*|/2 ) 2 M

_\/3(A0 +6%) (k/M —7) L)

g
(41)
By definition of k, in (31]), the condition gives with (29)),
2 0" ~1 3(Xo + 0
g 7 2 g | VI o (125,150 ) ¢ B oy PR
0
log (Ao—\5*|/2>

which ensures, as in the case 6* > 0, that

log @ 16%] <k ) \/3()\0+5*)(kT/M—T)L ( 3 |5*|)
+ — —7 | L— Zq>\0+5* 1__7 :
10g<—/\0 Ao ) 2 \M B 37 2

o712

We therefore obtain with ({41])
P sup (NAOM 0,4 — (AO | |> Lt) oea
o ’ log (5377 )

|0%| [ K, 3(Ao +0*) (k/M —7) L
_'—T(M_T)L_\/ B )

. 5" 0"
<P| sup (N)‘0+6 (0,t] — (Ao— | |>Lt> > Qro+o (1—é>| |>
te(0,1] 2 32

by definition of gyy+s- (1 —3/3,]6%|/2) in Lemma 3] The proof is then complete using

(0.

<

wl®

]
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5.2 Proof of Theorem [2

For \g > 0 and R > ), the simple hypothesis Hi[\o, R] is denoted Hy, for short and recall
that u, stands for «/[log, L]. We begin by giving an upper bound for the u-quantile
pe(uw) of the Poisson distribution of parameter £ > 0. The proof, based on the application
of the Cramér-Chernov inequality to a Poisson random variable with parameter £, can be
found in [Fromont et al., 2022, Lemma 46].

Lemma 12 (Quantile bounds for the Poisson distribution). The u-quantile pe(u) of the
Poisson distribution with parameter £ satisfies

(-t (2 Jvosn sere (A=)

For 7 in (0, 1), let us define now k, = min{k" € {1,..., M}, k' > 7M} and
. TM
501 = | ~1og, (1 5 )| A otz (43)

for k > k,, in order to get j (k) in {1,..., |logy(L) } as well as the inequalities

k 1 1

under the following condition

[— log (1 - TM)] < llogu(L)). (45)

We shall consider also a cover of the interval [k, M], denoted P = U} [x;, 7;,1) where
U in N* is the cardinal of the cover P and the real zq < ... < wxy satisfy o = k, and
xy > M. Note that the two real z; and x;,; may depend on Ay, 7, L, M and k,. We will
write ), pep for the sum over each disjoint interval [c, d) of the cover P. Assuming (4 ([@5),
the key argument in the proof of Theorem [2] will consist on giving an upper bound for
the probabilities Py(supjep (Pagrra—i-t0 /s (1 — ta/2) — N(k(1 — 2780 /M k/M]) > 0)
and Py (supgep (N (k(1 — 27770 /M & /M) — Paokra—i=® i (Ua/2) > 0), instead of the
probabilities Py (supys., (Pagkza—sr 00 /ar (1 — ta/2) — N(k(1 = 2777®) /M k/M]) > 0) and
Py(supys,, (N (k(1 =270 /M k/M] — py ro-ir 0 s (ta/2) > 0) in order to get more re-
fined bounds. The following technical lemmas allow us to bound Px(Supye(e,a) (Pagkr2-i- 0 /ar (1=
ta/2) — N(k(1 — 278 /M k/M]) > 0) and Px(supgepeq)(N(k(1 — 2770 /M, k/M] —
Prokra—i=® a1 (Ua/2)) 2> 0) for each interval [c, d) of the cover P, using an exponential in-

equality related to the oscillation modulus of some martingales developed in [Le Guével, 2021,
Theorem 4].

Lemma 13. Let L > 3, M in N*, o and § be fized levels in (0,1), Ao > 0 and R > ).
For X\ in S[\o, R], assume (45) and that the following inequality holds for all interval [c, d)
of the cover P:

L log(2 M2 (k)
it [ LE (5= aggt (1082 0a)
ke(e,d) M2~k Mok L

-7 (% =) tou o0 (s )
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where the function g is defined by . Then, when § >0

) PA<SUP Paokizsr (1= 100 /2) N<k<1—2-ff<k>>/M,k/M])zo)Sﬁ,

e.d)eP k€led)
and when § < 0
Z Py| sup (N(k(L—277®) /M, k/M] = pygprz-srwpr(ua/2)) =0 | <B.
le.d)eP ke[cd

Proof of Lemma[13 Let A in S[Ag, R] be such that A = Ao+ 61,1}, where 0 in (—Xo, R —
Xo] \ {0} and 7 in (0,1). Notice that for all £ in {1,..., M} and j in {1,..., |log, L]},
the counting statistic N(k(1 —277)/M, k/M] can be written

N k(1 —279) /M, kM) = MM+ Buaoa-n i (47)

where for all 0 < s < t, M! = fst(de — Mz)Ldz) and B, = f;)\(:z:)de is the bias of
N(s,t].
Assume first that 0 < § < R — Ag. For [¢,d) in P we define

d — kéﬁfd) (Bk(lfQ*jﬂk))/M,k/M - p,\okLzﬂ‘r(k)/M(l - ua/2)) )

and we prove that

i~ (k)
( ) > inf Lk 1 (log(2/ua) M2 A

Let k in [c,d) and we compute

Bk(l—z—mk))/M,k/M - pAOkL2—jT(’“)/M(1 — Uqa/2)

k
= (Ao + 6>LM2jT( — Pagkra—irt0 s (1 — 1 /2) with (44)

Lk log (2 /u, ) M2M2™™® ,
= M2 ® (5 Aog ( = Ajk;L with {2,

that is . Notice in particular that the condition (46| ensures that for all £ in [¢, d),

Bk(1—2—17(’“))/M,k/M - p)\okL2—jT(k)/M(1 — uq/2) > 0. (49)
Using the condition again we obtain

hz2 (5 =) 000 (G5 )

which is equivalent to

d o0 8
2exp <— (M—T> (Ao +0)Lg <2<d/M—7') ()\0—1—5))) < S (50)
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Finally, we get the following inequalities

Py ( sup (PAOkLz—JT(M/M(l - ua/2) - N(k(l - Q_jT(k))/Ma k/M]) > 0)

k€lc,d)

k/M .
= P\ ( sup <p)\0kL2*jT<"‘)/M(1 —Uqa/2) — Bk(l—Q*J'T(k))/M,k:/M - Mk(/l_Q_jT(@)/M) > 0) with

k€le,d)
k/M .
< P» (3]{7 < [c, d), ’Mk(/l—Q*jq—(k))/M| > Bk(1—2ﬂ+(k>)/M,k/M _pAOk:LZ*jT(’“)/M(l - Ua/2)> with

k/M 1
< P)\ (E”f € [C, d), ’Mk(/172*j-r(k>)/M| 2 Q((:,;)

SPA< sup | M| 2@23) with (@),

s,te[r,d/M]

and Theorem 4 in [Le Guével, 2021] leads to

(1)
d Oc.d
P su M > oM | < 2ex —(——7’) A +0)L < )
A(s,te[ﬁ/m' Nl kel S vl ARl Yy v vy sy

Therefore yields

S

R(?%@mewmrwJ%—MML@*WW%WMDZQs
k€(e,d

and the result follows summing over all the interval of the cover P.
Assume now that —X\y < § < 0 and define for [¢,d) in P

2 :
Qi,g = kéﬁfd) (p)\okLQ—fT(k)/M(ua/Q) - Bk;(1—2—a'r(k>)/M,k/M) .

As for the case where 6 > 0, the equations and entails that for all k in [c, d)

Lk _1 (log(2/uy) M2 k)
p)\okL2*jT(k)/M(ua/2) - Bk(lfQ*J'T(’“))/M,k/M > R0 <|5‘ — Aoy ! ( MokL )

and we get

, Lk _, (1og(2/uy) M2 *)
2) > f " _ 1 g « 1
£ it (s (16— gt (2225 | 1)

The condition ensures on the one hand that for all k in [c, d)

p)\OkLQ*jT<’“)/M(uoz/2> - Bk(le*jT(’ﬁ)/M,k/M > 0, (52)

and on the other hand that

d oy 8
2 exp <— (M —T> (Ao +9d)Lg (2(d/M—T)L()\0+5)>> < T (53)
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Finally, we get the following inequalities

Py (kSI[lI;) (N(k(l - 27j7(k))/M7 k/M] — p)\OkL2—jT(’“)/M(ua/2)) 2 0)
€le,

k/M .
< Py (E”f € [c,d), |Mk(/1,2—j7(k>)/M| > pAOkL2—iT(’“)/M(ua/2) - Bk(l—Q—jT(’“))/M,k/M> with

k/M 2
S P)\ (Elk € [Ca d)a |M]€(/1_27J'7—(’€))/M| 2 Qé,i)

SPA< sup |M8t| zgg) with ,

s,te[r,d/M]

and we conclude with the same lines as above using the Theorem 4 in [Le Guével, 2021],
the inequality and summing over all the interval of the cover P. [

Lemma 14. Let L > 3, M in N*, o and (8 be fized levels in (0,1), Ao > 0 and R > ).
For X\ in S|\, R|, assume (45) and that for all interval [c,d) of the cover P one has

d/]\/_/—T_2

M7 % (54)

and
o 7 = 2 ( \/? \/bg(?L/ua) +2log<?lf//3> L Aologéz/ua) s /mogf\p/g))
(55)

Then the inequality is satisfied.

Proof of Lemma[1] . Let X in S[Xg, R] such that A = X\g + 01(,,1) where § in (=X, R —
Xo] \ {0} and 7 in (0,1). Assume first that 0 < 6 < R— )¢ and let [¢,d) in P. Notice that
entails on the one hand

5¢?28(\/A010g£2/ua)+2\/Rlog(L2\I!/ﬁ)>,

and then, since A\g + 6 < R,

6(%—7)L28 (%—T)L <\/Aolog(%) +2\/(A0+5)log<%>>,

hence, using ,

5(% —T) L24\/Q%—:: (% —T> L <\/)\010g (%) +2\/()\0+5)10g (%)) .
(5

6)
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On the other hand, . 55| yields

\/7 § 2\/%\/1%; 2/uq) 2log(2‘1’/5)

and then, since § < R,

52 (i _T) 89 (log(Z/ua) N 210g(2\11/ﬁ)> 7

=3 L L

c 8 2 16 20
5(—— )L>—1 ) Deg (). 57
U T _Bog(ua)—i-?)og(ﬁ) ()
Gathered together, the conditions (56| and (57)) give

c 4 2 8 20
RN > — R — I
5( T)L_Qmax<3log<ua)+3log(ﬁ),

o) (o (2) 3o o ()

and since 2max(a,b) > a + b for all a,b > 0, we get
2 2 4 20
S (I I e gt 1
5(M T) _30g<ua> 3Og<5)
d 2 20
+\/2(M—T)L<\/>\010g(u_a>+2\/(A0+5)10g(7)>,

%5(% )L——log(uz) \/2>\0L10g(%) (%—T>
gl g(%) +2\/2(A0+5)L10g<%> (%—7). (58)

Moreover, the condition ensures that for all k in [¢, d),

1/ k k k
S <
> (M T) SMY(k) S M (59)

hence

vV

and we then obtain

1 c 2 2 2 d

1 k 2 2 2 k
< 5 = — _Zz Z ) - = -
_25(M T)L 3log(u&> \/2A0L10g<ua)<M 7‘)
Lk 2 2 Lk
< WoEO) glog (U_a) — 2)\0M2J log( a) with (59).
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Using a lower bound for g~! recalled in (26)), we finally obtain for all & in [c, d),

1 c 2 2 2 d
ié(M—T)L—glog(u—a) — \/2)\0L10g(a) (M—T>

Lk _1 (log(2/uy) M2 )
<—— (65— Doy
= M2 ( 09 ( Aok L ’

1 c 2 2 2 d
5(5(M—7)L—§10g(£) —\/QAoLIOg(E) (M—T>

, Lk 1 [ 1og(2/uy) M2 *)
< inf [ ———=(0— ! :
= kelea) <M2Jf(k) (5 Aog ( ok L (60)

Using again, we get

(3o s (3) ()22 (oo ()
(61)

Finally, and combined with lead to the expected result.
If we assume that —)\g < § < 0, the proof follows the same lines as above just replacing
d by || except when it is involved in g + 4. O

Let us turn back now to the proof of Theorem [2 and first recall that for all A in S[\g, R],
T(\) ={Hr € Hur , A € Hy} is the set of true hypotheses.

Proof of Theorem [ Recall that Hy stands for Hy[\o, R]. We begin with the control of
FWER(RY) over S[Ao, R]. To this end, we compute for all A in S[Ao, R]

P, (Rg” NT(N) @) — P, <3k e{1,....M}, H,e R\, H, € 7'()\))

:PA<EII<;€{1,...,LTMJ}, k> 41, AEHk>

because A belongs to H|-) and not to H-pj41. If 7 < 1/M then Py (Rg) NT(N) # @) =
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0 <a, and if 7 > 1/M one has

P, (Rg” AT # @>
— P, (/%“) 11< LTMJ)

=Py (% l7M| — 1)
<P (Fe{l,. ., [logy LI}, N([7MJ(1 = 277) /M, [7M|/M] > py,irarjrz-s (1 = ta/2))

+ Py (35 € {1, [logy LI}, N(IrM (1 — 277) /M, [T M ] /M] < pyyrarjra-sn (a/2))
[logy L]

< Z Py (N([7M (1 —277) /M, |[TM]/M] > prgrarjr2-i ar(l — ua/2))

10g2LJ
+ Z Py (N([7M (1 = 277) /M, |[TM | /M] < pxg\ratjza-s/m (Ua/2))

|_10g2 L) [log, L]

< ) w2+ Y ua/2< 0,
j=1 J=1

which proves the control of FWER(RS)) by a.
Let us compute an upper bound for FWSRg(RS) ,S[Xo, R]). Recall that leads to
FWSRg(Rgl), S[Ao, R]) < AoV (R — X\g). Now, assume that

C(Oé, /8) AU) Rv L) ?
L= (Stassr)

where

Cla BAO,RL—2maX<\/7\/ 21°g2 >+210g(%>7
4\/)‘0108;(%)—%8\/1%1%;(%)7

2|log, L 2R R TR
2\/)\olog(%) + F, E 5 \/loglogL>

and let » > 0 be such that

C(Oé, 57 )\07 R7 L)

VL '
Recall that for A in S[Xo, R], F.(A) = {Hi € Hur, do(N, Hy) > r} with do(X, Hy) =
10|\/k/M — 71 <pp for all kin {1,..., M}. To bound FWSRﬁ(Rg),S[)\O, R]) by r, it is
sufficient to prove that for all A in S[\g, R|, Py (.7—}()\) C Rg”) >1-0.

Let us consider then X in S[Ag, R] such that A = Ao+ 1 ;1) where 6 in (=X, R — Ao] \ {0}
and 7 in (0, 1).

AoV(R—)\o)>T2 (62)
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If 7.(\) = @, we get that Py (.7-}()\) C Rgl)) =1>1— /3, so by now we assume that \
is such that F,.(\) # @. We define

k, = min{rM < k' < M, 6*(K'/M — 1) > r?}, (63)

and with the relationship {7, (\) € RSV} = {k, > k{”+1}, we have to prove the following
inequality

P> k) <8 (64)
to obtain the expected result.
First, if k., = M then
Py (i) > k)
— P, (/2;51) - M)
= Py (Cbélz)w = 0)
=Py (V5 €{L,..., [logy L]}, N((1—27),1] < prgra-i(l = ua/2), N((1=277),1] = prgra-i(ua/2)) -

By definition of k,, since the condition ensures in particular that

_ > =2~ =7 P S - R
10|V1—7 2max< Y , 2 7 + 8L VoL )’

we immediately obtain that

P)\ (Vj < {17 tt Uog2 LJ}> N((l - 27].)7 1] S p/\oL2*j(1 - ua/2)7 N((l - 27]')7 1] 2 PrgL2-i (ua/2)) S B7

according to the minimax study of the change-point detection done in [Fromont et al., 2022,
Proposition 18] which involves the statistic max;eqi,.. 1og, £]3 (N ((1—=277), 1] = pxgra-i (1 —
Ua/2)) V (Prgra-i(ta/2) = N((1 = 277),1])).

Assume by now that k. < M — 1, and we compute then
Py (1 > k) = Py (36 > ke, 0l = 0)
= P)\ (Elk > kT? vj € {17 ceey LlogQ LJ}? N(k(l - 27j)/M7 k/M] < pkokLQ*j/M<1 - ua/Q)u
N(k(1=277)/M,k/M] > p,\Okszj/M(ua/Q)) : (65)
Assume first that 0 < § < R — A\g. Then ([65]) ensures that
Py (1) > k) < Py (3> ke, 5 € {1, [logy LIV N(R(L=277)/M, /M) < pagas-sypu(1 = 1 /2))
<P (37{3 > ke, N(k(1—277"®)/M, k/M] < Pagkra—i®) (1 — Ua/Z)) ;

where j, (k) is defined by (43)). The assumption entails that r > 7TRy/loglog L/L

and then for all k& > k&,
k log log L
2 2 _ >4 2—.
) ( 7') > 49R 7 (66)
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Since § < R, we therefore get k/M — 7 > 49loglog L/L, which leads to the condition
for L > 3. Indeed, for all L > 3, we have 49loglog L/L > 9~ loga LI+1 wwhich entails
k(1 — 27 les2 LI+1) /Af > 7. As a consequence, we have —log,(1 — 7M/k) + 1 < |log, L]
which implies (45). Then for all k& > k., j-(k) defined by is such that j.(k) belongs

to {1,...,[log, L])} and satisfies (44).
Consider now the following partition of cardinality ¥ = [log,(L)] :

[loga(L)] -1 [logy (L)1 ‘ '
U Ini, = U [TM +2'(k, — M) ; M + 2" (k, — 7M)).
i=0 i=0

The condition yields 1/(k,/M — 1) < L < 2Mo2(01 and 701 + 2(Mog2(D)1=D+1 (-
TM) > M, so that
[log(L)]—1
[k’r; M] C U IT,M,i,kr~

=0
As a consequence
) Mogy(E)]—1 |
P, <k;1> > k) < 3 P(Fk € Lo, NOE(L—2770) M,k /M] = pysiga-smin jar(1 = 1a/2) < 0)
=0
Mloga(L)]—1 |
= > P (k sup (=N (k(1 —277W) /M, k/M] + pyrra-iroo ar(1 — ta/2)) > o) .
i—0 €L Mi Ky

The proof is then completed applying Lemma Recall that is satisfied and notice
that

TM 4241 (k. —7 M)
M
TM+2%(ky—7M)
M

that is (54). Then, by definition of k, (see (63))), the condition gives

k, 2R [log (2|logy L|/ar) | 2log(2[log, L]/f)
0] M—722max<\/;\/ 7 + 7 ,

Ao log (2[log, L|/a) Rlog (2[log, L1/8)
e e

-7

=2, (67)

- T

and since TM + 2'(k, — TM) > k, for all ¢ in {0, ..., [logy(L)] — 1}, the inequality

is satisfied. As a consequence of Lemma the condition is satisfied by the cover
Ugg?(m_l I ik, and we may apply Lemma |13 to conclude the proof.

Now, if we assume that —\g < § < 0, then (65) ensures that

Py (M 2 k) < Py 3k 2 Ky, V€ {1, ogy L]}, NG = 277)/M, /M) 2 prgins-sgna (4a/2))

where j, (k) is defined by and the proof essentially follows the same line as above. [
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5.3 Proof of Theorem [3l

For A\g > 0 and R > )\, recall that the simple hypotheses Hy[)g, R| are denoted Hj, for
short and that u, stands for o/|log, L]. For kin {1,..., M} and j in {1,...,[log, L|},
we set for all x > 0
21 M
2a(®) = A\ T (G (-3 41 )

T; ;, which is defined by can then be written

Tiw =Ujp +2Vii + Cjk, (68)

where

2

U = % (( /0 () (AN, — A(a:)Ld:v)) - /0 1 gpik(:v)de) , (69)

Vi = 1 [ @inla)(aN, = Ae)Lda) ( / soj,kmA(a:)da:—Ao\/ﬁ), (10)

and Cj, is the squared bias of T x

Cir = (/0 vir(T)A(z)dr — Ao ij]\/!) . (71)

We begin by giving an upper bound for the quantile ¢;, of T}, under (Hy). The key argu-
ment to obtain the following upper bound is the use of an exponential inequality estab-
lished in [Le Guével, 2021, Theorem 2| for the square martingale (fos(de — )\Ode))2 —
Jy dN,.

Lemma 15 (Control of the quantiles). Let L > 3, ac in (0,1), \g > 0 and R > A\g. For all
M in N*| for all j in {1,..., |logy, L|} and for all k in {1,..., M}, we have the following

inequality
kN2 [, [ M2i 3[logy(L)] 2
tj,k:(l _ua) S 2 M g )\0Lk’ log o ) (72)

where the function g is defined by .

Proof of Lemma[15 Let kin {1,...,M} and j in {1,..., [log,(L)]}.
Under the hypothesis (Hy), N is a simple Poisson process on the interval [0, k/M], of
intensity A\g with respect to the measure Ldt, so that the equality reduces to T}, =

U, where
M2 M S
Uik = / (AN, — \oLdz) — / dN,
’ kL2 E(1-2) E(1-1)

M 27

j i T
a M 22 / "M AN, = N Ldr) | — / 7NN,
53 ; ;
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We then apply inequality (8) of Theorem 2 in [Le Guével, 2021] in order to get for all
x > 0 and for all A in Hy,

2 i
s s xkL? —NoLk M2 | xkL?
P AN, — \oLdz) ) — | dN, | < ‘ . ,
Mt ((/o ( 0 x)> /0 ) Z MY 3eXp< M2i Y <)\0Lk M2]+1)>
— —2IM

where ¢ is defined by . To conclude, we obtain for
kN2 M2 3 ?
T > — g log | — ,
20 M )\0[4]{ U
Py (T},k > I’) = P, (Uj,k > iL')
2

® s kL?

< Py sup (/ (dN, — )\ode)) —/ dN, | > * 4

0<s< 0 0 M2

s MLk [ M2 [ zkL?
=P T I\ ALk V o

< Uq,

that for all A in Hy,

and holds by definition of the quantile. ]

As for the proof of Theorem[2] let us define for 7in (0,1), k; = min{&’' € {1,..., M}, k¥ > M}
and

io(h) = | ~tog, (1= T ) | A Loga( (73)

for k > k., in order to get j,(k) in {1,..., |logy(L)]|} as well as the inequalities

k 1 k 1
M (1 a zjf(k)l) STEr (1 a Zm)) (74)

under the following condition

[— loga (1 - TM)} < llog (L) (75)

Following the same idea of the proof of Theorem [, we shall consider also a cover of
the interval [k,, M], denoted P = U} ![x;, ziy1) where W in N* is the cardinal of the
cover P and the real o < ... < xy satisfy xo = k., and zy > M. Note that the
two real z; and x;,; may depend on Ao, 7, L, M and k.. We will write Z[C’ d)eP for the
sum over each disjoint interval [c,d) of the cover P. Assuming , the key argument
in the proof of Theorem [3] will consist on giving an upper bound for the probability
Py (suppep (L5, k)1 (1 —ta) = Tj, (),x) = 0) instead of the probability Px(supgsy. (L5, ().x(1—
to) — T, (k)1) = 0), in order to get a more refined bound. The following techmcal lemmas
allow us to bound Py (supyee,a) (¢, (k) k(1 — ta) = Ty, (k) x) = 0) for each interval [c, d) of the
cover P, using exponential inequalities related to the oscillation modulus of martingales
or square martingales developed in [Le Guével, 2021].
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Lemma 16 (Control 1). Let L > 3, M in N*, a and (8 be fized levels in (0,1), Ao > 0
and R > X\g. For X\ in S[\o, R], assume and that the following inequality holds for
all interval [c,d) of the cover P :

L? /¢ 1,/c ¥ L[ M2i® 3|log,(L)] 2
(S ) =0 (= —7) - S 1 >
2 <M T) (45 <M T) o) (ZJT(k)M (g ( MLk Og( a ))) =

(3 ) tor e (aar s 6>L)>2’ (76)

where the function g is defined by . Then

t: aor(l—ua) — C
Z Py ( sup (_UjT(k),kJr Ge (k) ke 1;) Jf(k),k) > 0) < g

le,d)EP ke€le,d)

Proof of Lemma[16, Let X in S[Ag, R] be such that A = Ao+ 01, 1], where § in (=g, R —
M)\ {0} and 7 in (0,1). Let [c,d) in P and notice that for & in [c, d), and ensure

the inequality
k1 1 k
Cion = 01555705 > 50 (H - T) : (77)

which combined with in Lemma [15| gives

Ci k) >ty ey k(1 — Ua). (78)

- . 2
Let us define now M! by M! = (f;(de — A(x)de)) — f; dN, for all 0 < s < t, in
order to write with

M2+ (F) Mk/M
k2 k/M(1—2-7 (k) )

Ujr )6 =
We define also &. 4 by

L2k er(k),k — tjf(k),k(l — ua)

= inf .
Sea = It 4o ® 2 ’

and we prove now that

L? /¢ 1,/c ¥ M2i-(®) 3|log,(L)] 2
s tre vl A 0 -1 O [10gy (L) | '
Sed 2 5 <M T) (45 <M T) e (QJT(k)M (g ( NoLk 1°g( a )))

Notice first that leads to

1,/c kA2 L M2i® 3|log,(L)] ?
“82(— —7) - 20 log | SEo2d > 0.
i (57 =7) reeid <2Jf<k>M (9 T « =0

The inequality then ensures that

L%k L? [k
Mmoo\ )




and with and (77), we get for all k in [c, d)
L2k C]}-(k),k _tj-r(lc),k(l - ua) S L_2 ( c T) <1(52 < c )

N2 () 2 2 \M 4

kA2 [ M2i® 3|log,(L)] 2
- (e (o (s ()

which is (79). Using the condition (76 we then obtain

for28 (57 ) oot (arsoys 4 5)L))2

which is equivalent to

d 1 gc,d ﬁ
10exp (— (M —T> (Mo +9)Lg <(d/M—T)L()\O+5) ?>> < 20" (80)

Finally, we get the following inequalities:

t; 1 —u,) —C}
P, ( sup (—Ujf(k),k%- s (1 = o) JT(k)’k) > O)

kele,d) 2
Ci ek — i ey e(1 = U
< P, (Elk € le,d), |Uj, s > =22 sl = )) with
(Hk € [¢,d), ‘le//]\]‘jl N 5c,d)

< Py sup |]\~4;| > &ed with ,

s,te [7’, %]

and applying inequality (15) of Theorem 4 in [Le Guével, 2021],

~ d 1 gc,d
Py s,tzl[l},)]@]|MS|Z&7d SloeXp(_<M_T)(A0+5)Lg<(d/M—T)L()\O+(S) ?)>

To conclude, (80) yields

taon(l —ua) — O
P, ( sup <_Uj7(k)7k+ k) (1 — ta) gf(m) 20> < B

k€lc,d)

and the result follows summing over all the interval of the cover P. ]

Lemma 17 (Control 2). Let L > 3, M in N*, a and (8 be fixed levels in (0,1), Ao > 0
and R > Ag. For X in S[\o, R], assume and that the following inequality holds for
all interval [c,d) of the cover P :

() -, (g (o (e (M) V)
=27 =7) oo (gt S, o) o
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where the function g is defined by . Then

Lol — ua) = C
S PR ( sup (—2‘/}7(k),k+ sl Z;) “’“““) zo) < g

e.d)eP k€le.d)

Proof of Lemma[17. We proceed as in the proof of Lemmal[l6] Let A in S[\g, R] and [c, d)
in P. We may fix 0 in (—=Xg, R — Ag] \ {0} and 7 in (0, 1) such that A = X\g + d1(,,y). For
all 0 < s < ¢ we define M! by M! = [!(dN, — A(z)Ldx) in order to write with

; 1
Vo :% M2}:(k> (/0 %T(k)’k(x)/\(x)dx—/\m/ﬁ) M://Ajf(m,jf(k)).
We define also (.4 by
' Ci. gr (k) K1 —u,)
/0 Pjr (k) o () —2\/ 55 k) ‘ n :
and we prove that

L1, kA2 M2i-(®) 3|log,(L)] ?
<) - log ( 2L0822] .
St 2 157 ( g (M T> teien) (2%( BER Y, ( ( MLk ° o
A straightforward calculation gives for all k in [c, d)

LVk
M i~ (k)

; k
in —_—
ke[e,d) V M2 (k)

Ccd—

-1
1

k

/0 Spjf(k),k(fﬁ)A(ﬂf)dﬂf—)\o 2]

and then with and , we get

LVk ! [k

M i~ (k)
L(1,/c kA2 M2i-(®) 3|log,(L)] ?
i e N (i 70 [ gt 1 cLe2r/d
0] (8 <M 7) o) (QJT(k)+1M (g < NoLk Og( a ’

which entails . Using the condition (81]) we obtain

1< log (49/5) )
(d/M —7)(No+0)L )’

Ci )k — tir (1 — ua)
1 >

Ced > 2 (% - T) (Ao +9)Lg™

which is equivalent to

2o (= (57 =7) o009 (s es)) <o
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Finally, we get the following inequalities

tgon(l — ) — C,
P)\ ( Sup _2V7(k)7k+ JT(k)7k( U ) J‘I’(k)7k Z O)

kele,d) 2
C t ]-_ «
< Py <3k € [c,d), k| > Jr(k)k af4(kz>k( u )) with
< Py (Elk €| If//]\]\j(l 2—ir (k) > )

( sup |M|>Ccd with (74),

ste‘r—

and Theorem 4 in [Le Guével, 2021] leads to

d c
Py supd |M| > Cea | < 2exp <_ (M N T) (Ao +9)Lg (Q(d/M —a;L(/\o +9) >) '

s,te [T,M]

Therefore (83)) yields

ts 1—u,)—C,;
P)\ ( sup _2V‘T(k),k + ]T(k)’k( 9 ) Jr (k) 2 O) S %7
k€lc,d)

and the result follows summing over all the interval of the cover P.
]

The following lemma gives some conditions on the cover P to ensure the inequalities (76]

and in order to apply Lemma [16{and Lemma

Lemma 18. Let L > 3, M in N*, a and (8 be fized levels in (0,1), A\g > 0 and R > \.
For X\ in S[\o, R], we assume (75)), that for all interval [c,d) of the cover P

d/M — T

A% (84)

and that the following inequality holds

PV (SQ@ log(22‘11/6) ; 8¢2—A0wog<3tloLgQLJ/a>;

2 . 321/3 . )\é/6R1/3\/10g( UOI%Q J/O[) :

L

Then the inequalities and are satisfied.
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Proof of Lemma[18 Let A in S[Ao, R] such that A = \g 4 01(,1) where 0 in (=X, R —
Xo) \ {0} and 7 in (0,1). Let [¢,d) in P, k in [c,d) and notice that ensures that
2-® M /k < 2/ (¢/M — 7). Combined with (26), we deduce that

2 i (k) 2
ap <g1 <M2 g (3Llog2(L) J ) ) ) .
k€[e,d) 2]7 )M /\QLk' (0%

log (3[logy L] /) | 8log? (3[logy L/a) 1 8 slog’? (3llog, L] /a) 1
2o L "9 2 ST A L572 e -1
(36)

Moreover, applying the inequality again, we obtain for all v in R}

1 log (u) 2log (u) 2log (u)
9 ((d/M—T)()\oJr(S)L) = \/(d/M—T)()\0+5)L+3(d/M—T)()\0+(5)L' (87)

To get , notice first that applied with u = 200 /S leads to

(s ()
< %log (%) +16(%—r> ()\0+5)L10g( Oﬂqj>+

%\/%—T\/)\g—l—é\/zlog‘gﬂ(%). (88)

Using and , it is enough to prove that

%2 (% —r> (%52 (% _T> _ (2A010g(3UO§zLJ/Oz) N glogz(3L12§2LJ/04)C/]\41_T+
2\//\_010‘%3/2(3};0/52 L|/a) 0/1\14_7)> 3921 <%)
—1—16(%—7) ()\0+5)Llog<2%qj)+ %,/%_T\/m\/zlog:aﬂ (%)

(89)

to get . Let us prove that implies . From , we get in particular

PR (32@ log (209/5) . 4¢6—Wlog<3L10LgQLJ/a> - 16vR, [l (200/5)

L L

ao1/341/6 p1/3, [10g (3[log, L]/a) @ log (20¥/8) .
2. 323\ /°R \/ s 2 (5 \/_ ==

. (%)1/4\@\/1%(3[1052@/(1)),
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and using the fact that a + b < 2max(a, b) for all a,b in RT, one obtains

% 7 > mas (16@ log(QO‘P/B)+2m\/10g(3L10§2LJ/a);

L

SR log(22‘lf/5)+321/3)\é/6R1/3\/10g( UO§2 J/O‘);

(@) JE 10g(2()\lf/ﬁ)+(%)Wlm\/log(ﬂloizu/a))‘

3 L
(90)

For all a,b in RT and s in (0, 1), since (a + b)* < a® + b*, we deduce from that

oly/ =7 — 7 = max (\/768R—1Og(20\11/ﬁ) 1 oap, s Bllogy Li/a)

L L ’

1/3

L3/2 L3/2

(91)

256 , ,log’ (209/8) | olog? (3|log, L] /a)
( 5 L? 3R L? ) )

Then entails on the one hand

1/3
log®? (20W/3) log®? (3|log, L| /)
3/2 2
8l/57 =72 (5123/ 37 +32¢/ AR T3
that is

c 3/2 log®2 (200 B) log®/2 (3|logy L]/
oF (7 -7) = s12R L(3/2/ +32v/ R LL3/22 l/e)

which gives

2 (€ 1 log3/2 (209/5) 0g®? (3|logy L] /)
S ,
5 (M 7‘) N (512|5|\/>\0+ e 4+ 324/2l0] 2 7

On the other hand, we get that

/4
c 256 _,log? (20¥/3) log® (3|logy L| /o) \ '
> == 2— 2 2
51y T_(SR 20V B, o
e (200/5) (3lloga LJ/0)
s € 2>@ ,log? (200 ,log? (3|log, L|/a
*(3777) 2 s B T 3P” I
and then
2(C N\ 1 256 5, log” (209/5) 32 5, log” (3|log, L] /a)
(31 T)—(sz(c/M—T)( T ‘5 L2
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We therefore obtain

log (209/8) . log (3log, L}/a)

52<M_T) > 3max (256()\0+5) I 0 L 7

1 512 /—log3/2 20\11/5 /—10g3/2 3|log, L|/a)
( |5| )\O L3/2 |5| L3/2 7

[o1/e/M =7

1 256 ,log” (209/8) | 2 ,log® (3|log, L]/a)
62 (¢/M —7) <75 L? 9 50 L? ))

and using the fact that a + b+ ¢ < 3max(a, b, ¢) for all a,b,c in RT, it yields

log (20¥/f3) log (3[log, L|/c)
2
- _ > =R Sl iV
5 (M 7) > 256(A + 0) —= = + 8 > +
1 512 1og3/2 (209/5) L 32 log®? (3|log, L| /)
oly/e/M —= ( IV Ao+ 05— + VAW =75 +
1 2566210g (20\11/5) 52log (3|logy L] /) (92)
2 (e¢/M—-7)\ 9 L? L? '
We use now to get
2 —_— —
g <M T)
log (20¥/3)d/M — T log (3|logy L| /)
>
> 128(X\o +9) 7 C/M_7_+8/\o 7 +
1 256v/2 [d/M — \/710g3/2 200/5) +_\/)\—10 g%? (3|logy L| /o) N
Ve/M—7\ 3\ ¢/M~— L3/? 3 V7 L3/2
L (256108’ (200/5) 32108’ (3llogy L]/a)
¢/M—71\ 9 L? 9 L? ’

which can be rewritten as

152<i_7)_(%10g( [log, J/a)+§log (3llogy L] /) 1

4 \M L 9 L2 /M-t
_\/—log‘g/2 3llog, L| /) 1
L3/? Ve/M —1
641log? (200/8) 1 d/M — 1 log (20%/3)
> = 2 —
e R+ By k) vl G U

64v2 [d/M — T 1 ———log®? (200/p)
* 3 C/M—T,/c/M—T Ao +0 L3/2 ’

that is . Let us prove now that is satisfied. Using and with u =4/,
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it is enough to prove that

L (1,/c log (3|logy L]/a) ~ 4log*(3|log, L] /o) 1
W<_5 (M_T>_(>\O L +§ L? c/M—T1

log®? (3|logy L| /) 1
Y moacic: ))

Ve/M -1

Z% ( )—1—2\/ >\0+51/ —TULlog (93)

Let’s prove that implies . From , we get in particular

/%~ > mas (16@ /1og<zzw> ; 8m\/log<3tlo§2LJ/&> sV B UE)

(%)m’Aé/eRl/z\/10g<3UongLJ/a) ; (@)/ VR wog<3uo§2u/a>>,

which leads, using the fact that a + b < 2max(a, b) for all a,b in RT, to

5] ——T>maX< \/ﬁ [log 4\11/5 4@\/log |logy L /) - 198VE log(4\Il/5)

(E) 3Aé/631/3\/10g(3tlog2LJ/Oé) ; (13_8) 4@\/1og<3uo§2u/a>>

3 L
(94)
With the same computations as before, yields
log (4W 1 1 log (4¥
52<__7_)24max _|5| Og( //3)+8/\ Og(3LOg2 32\/7 Og /5)|5’ -~
M L L
2 Slow®(Bllog Lfe) 1 318’ Bllogy LJa) 1
,3/2 |5|\/C/]W7_T 9 L? 52(C/M—T) '
(95)

Since a + b+ ¢+ d < 4max(a, b, ¢,d) for all a,b,c,d in RT, ensures using

log (4W 1 4\11 l (3|log, L
52(%_7)_ 3| |0g( /B) +32m og (4¥/p) 8LEP) 1) / og ( LOLg2 J/a)

_52108; (3|logy L]/cv) 1 |5|\/—10g (3|logy L]/cx) 1
L2 02 (¢/M — 1 L3/ 16]\/c/M =7
that is ) O

Let us turn back now to the proof of Theorem [3[ and first recall that for all A in S[\g, R],
T\) ={Hr € Hur , A € Hi} is the set of true hypotheses.
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Proof of Theorem[3. Recall that Hy stands for Hy[\o, R]. We begin with the control of
FWER(RY) over S[Ao, R]. To this end, we compute for all A in S[Ao, R]

Py (Rg%fm) 7A@) :PA(er (1,...,M}, H, e R?, H, 67'()\))
:PA(Hk;e{l,...,LTMJ}, k> 4, AEHk>,

because A belongs to H - and not to H-psj41. If 7 < 1/M then Py (R§2) NT(N) # @) —
0 < a, and if 7 > 1/M one has

P(RE AT #2) = Pk +1< 7))

Py(kS
_P)‘<2LTMJ )

=P\ (35 € {L,..., llogy LI}, T jrar) > ty,ra) (1 — wa))
[log, L]

< Z Pa (T peaay > 1) (1 = wa))
j=1

[logy L]

< Z Uo < @
j=1

which proves the control of FWER(R&Q)) by a.
Let us compute an upper bound for FWSRB(R(ZQ),S [Ao, R]). Recall that leads to
FWSRg(RSY, 8[Mo, R]) < Ao V (R — Ag). Now, assume that

C(Oé, /87 AU) Rv L) ?
L= (Stassr)

where

C(a, B, Ao, R, L) = max (128\@\/105_; (%) , 4\/2)\0 log (%)w, /2R\/%, 16\/§,

max (82, 2- 32/ A/ RS, 2. (32/3)/'VR, 2R) \/log (—3UOg2 L] ))

(07

and let r > 0 be such that

C(a, B, Ao, R, L)
VL .

Recall that for A in S[Ao, R], Fr(A) = {Hk € Hur, do(N, Hy) > r} with do(N, Hy) =
16]7/k/M — 71,<gar for all k in {1,..., M}. To bound FWSR4(RS, S[, R]) by r, it is
sufficient to prove that for all A in S[\g, R|, Py (.FT()\) C R52)> >1-p.

Let us consider then A in S[Ag, R] such that A = X\g 401 (1) where § in (=X, R— o] \ {0}
and 7 in (0,1).
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If 7.(\) = @, we get that Py (.7-}()\) C Rg)) =1>1— /3, so by now we assume that \
is such that F,.(\) # @. We define

k, =min{tM < k' < M, 6 (K'/M — 1) > r?}, (97)

and with the relationship {F,.(\) C RgQ)} = {k, > P+ 1}, we have to prove the following
inequality
P () > k) <6 (98)

to obtain the expected result.
First, if k., = M then
P, (k:2) > k ) — P, (/%9 :M)
= Py (65, = 0)
=P (Vje{l,....[logo L]}, Tjm <tjm(l—u,)),
where for all j in {1,...,[log, L]},

2i 1 2 1 20 1 ¥
f) =z (N((l‘ﬁ)’l} ‘W(“@H)‘TN(@‘E)‘}W
By definition of k,, since the condition (96 ensures in particular that
wm > max ( \/2)\0 log (3/ua) + 24/ 2 \/2\/_Rlog 3/ua)
4 Z 1/6R1/3 /log 3/Ua 16 \/_R
ﬁL
we immediately conclude that

Py(Vje{l,...,loga L]}, Tijm < tjm (1 —ua)) <5,

according to the minimax study of the change-point detection done in [Fromont et al., 2022,
Proposition 18] which involves the statistic max;e(1,... |1og, £)3 (T2 — tj.01)-

Assume by now that k. < M — 1, and we compute then

Py (kY 2 k) = Py (3 2 ke, 0] = 0)
=P 3k >k, Vje{l,...,[logo L|}, Tjp <tjr(l—uq))
< Py (3k = ke, Tj ok <tk (1= ta)
= Py (3k 2 ke Uy + 2V + Croon =t (1 — ta) < 0)

where j; (k) is defined by (73). The assumption entails that r > 2R+/log (3[log, L] /) /L

and then for all k > k,
1 log, L|/a
52 (—k - 7') > 4R? o (3Llog, L/ ) (99)




We therefore get k/M — 1 > 4log (3|log, L] /av) /L, which leads to the condition for
L > 3. Indeed, for all L > 3, we have 2log (3|log, L|/a) /L > 27l°e2L] which entails
k/M(1 — 27 les2LI+1) > 7 Ag a consequence, we have —log,(1 — 7M/k) + 1 < |log, L]
which implies (75). Then for all k& > k,, j-(k) defined by is such that j.(k) belongs

to {1,...,[log, L])} and satisfies (74).
Consider now the following partition of cardinality ¥ = [log,(L)] :

[loga(L)] -1 [logy (L)1 ‘ '
U Lni, = U [TM +2'(k, — M) ; M + 2" (k, — 7M)).
i=0 i=0

The condition implies 1/(k,/M — 1) < L < 2Mo8201 and 7 M + 2(Mog2(L)1=D+1 (-
TM) > M, so that
[log(L)]—1
[k’r; M] C U IT,M,i,kr~

=0
As a consequence
. flogy ()] -1
Py <l€§ ) > kr) < Z Py (3k € Iatin, Uj oy + 2V 00 + Ctiye — o p (1 — o) <0)
i—0
[loga(L)]—
= ). A ( sup  (—Uj e = 2Viemk — Ciryn + tima(l — a) ) > 0)
i—0 kel ik
[logy(L)]—1
ti ) k(1 —ua) = O )k
S Z P)\ ( sup (_UJT(k),k+ jr (k) ( 5 ) jr (k) Z 0
i—0 kel aiky
[logo(L)]-1
t; 1—wu,)—C;
T Z Py ( sup <—2ij(k>,k+ iz (1.4 ) JT(k)’k) > 0) :
; k€lr M.k 2

The proof is then completed applying Lemma and Lemma . Recall that is
satisfied and notice that

TM+2i+]1\/§kr—7'M) -
TMA2i(kr—TM) . - 27 (100)
M

that is (84). Then, by definition of &, (97)), the condition gives

PV (128 VR \/mg(mﬂoLgM/m | CQO’R)wog( o, J/a))y

where C'(A\g, R) = max <8\/2)\0 , 2328 \/SRYS 2. (32/3)V/4/R | 2R> , and since

TM + 2k, — TM) > k, for all i in {0,..., [logy(L)] — 1}, the inequality is satisfied.
As a consequence of Lemma the two conditions ([76)) and are satisfied by the

cover Uglzogh(mfl I wik, and we may apply Lemma (16| and Lemma [17] to conclude the
proof. ]
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5.4 Proofs of Section 4]
5.4.1 Proof of Lemma [5l

Let R be a multiple testing procedure on H such that FWER(R) < o and let X in S. Re-
call that we define I, by I, = {x € [0,1] : « < ((sup{k € {1,...,M}, H. ¢ R} +1)/M)A
1}. If 7 < 1/M, one obtains immediately that Py\(7 € [,) =1>1—a, and if 7 > 1/M
we get

(IZP/\(RQT(/\) %@):P)\(HHkGH, Hi € R, /\EHk)
:P)\<E|]€€{1,...,LTMJ}, HpeR, )\GHk)

because A belongs to H|;j;) and not to H|;p7j4+1. Then
P\(Fke{l,...,|TM]}, H, € R, A€ Hy) > P\(7 ¢ 1,,)

because on the event {7 ¢ I, }, one has H|,y; in R. Therefore P\(7 € I,) > 1 — « for all
A in S which proves the first part of the lemma.

Conversely, let A in S and let I, a (1 — a)-confidence region for 7 on S. Set R = {H}, €
H, k/M > sup{z € [0,1], € I,}} and notice that if 7 < 1/M then P\(RNT(\) #
@)=0<a.lf7>1/M, we get

P)\(RQT()\) 7’é @) = P)\(ElHk eEH, H.eR, \e Hk)
=P(Fke{l,....|TM]}, k/M > sup{z € [0,1], x € I}, \ € Hy)

M
=1- P <Sup{x€ 0,1), z € 1,} > ki J)
M
On the event {7 € I,}, 7 < sup{x € [0,1], = € I,} and since |7M |/M < 7, we obtain
that |7M |/M <sup{x € [0,1], z € I,}. Then
P)\(RQT()\) 7&@) < l—P)\(T S Ia>,
and P\(RNT(\) # @) < a for all A in S which is the expected result.

5.4.2 Proof of Lemma

The control of FWER(R) over S[\g, 8] by « is a consequence of the second part of Lemma
Now, let A in S[Ag, 0*] and notice that on the event {7 € (¢(N)—a, ¢(N)+b]}, if Hy, belongs
to {Hy € Hunro+, k/M —7 > a+0b}, then k/M > 7+ a+b and since ¢(N)+b < 7+ a+Db,
we obtain k/M > ¢(N) + b that is Hjy, belongs to R. Then leads to

1—a < P(1 € (¢(N)—a,¢(N) +b]) < Py ({Hx € Hupe, /M —7>a+b} CR).
Therefore, for all A in S[Ag, 6],
1—a <P ({Hy € Hug, 2 (k/M —7) > 6*(a+b)} CR)
= P\ (Fispvams(d) CR).
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and then FWSR, (R, S[\o, 0*]) < [6*|v/a + b. In particular one has mFWSR,, o (S[Ag, 6*]) <

|0*|v/a + b hence

— s _ mMFWSRa 4(S[\o, 6])2
La(8[h.87]) = ’5*(2 o, 07)

which proves the first part of the Lemma.

Assume now that R is a multiple procedure on Hy; s+ satisfying FWER(R) < « and
FWSRg(R, S[Ao,6*]) < 7. Recall that we define an estimator of 7 from R by 7 = k/M
where k = sup{k € {1,...,M}, H, ¢ R}. If 7 < 1/M then Py\(t > 7+ 1/M) =0 < «
and if 7 > 1/M, we get for all A in S[\g, 5],

a > P)\(RQT()\) #@) :P)\<E|Hk EHMﬁ*, H, ER, H, ET()\))
—PGke{l,... [*M]|}, H R, \e Hy)

because A belongs to H|p) and not in H|;p7)41. On the event {7 > 74 1/M}, k< |mM]|
and then H|.; belongs to R. This leads to Py(3k € {1,..., [7M ]}, Hy € R, A € Hy) >
P\(t>7+1/M) and

P\(t>7+1/M) <«

for all A in S[\g, 0*]. Moreover, since FWSR5(R, S[Ag, §*]) < r, one has Py(F,.(\) C R) >

1 — p for all A in S[\g, d*]. We get then

ﬁ 2 Pk(fr<)\)m(HM,5* \R) 7é®> :PX(EII{: S {L'”?M}? d2(>‘7Hk) 2 T, Hk ¢R)
- P/\(Elk S {IVTM—I,.,WI;‘}, 5*2(k/M_T) > T2, Hj, g_f R)
> Py(k/M — 1 > r?/5*%),

and one obtains Py (7 < 7 —1r?/§*2) < 8 for all X in S[\g, §*]. This inequality remains
true for A = A\g (and 7 = 1). Finally,

r? 1
inf Pl(T7e|T——, T+— >1—a-—p.
AES[M0,6%] A( ( 0*2 MD ’

5.4.3 Proof of Lemma
Let o in (0,1/2), \g > 0, R > )¢ and L > 1. Taking ¢(N) = a = b = 1/2, we obtain

La(S[Xo, R]) < 1. Assume now that L£,(S[Ao, R]) < 1. We may fix ¢ in MD such that
L (p,S[No, R]) < 1, and then there exists a > 0 and b > 0 such that a +b < 1 and

inf P17 € (¢(N)—a,¢(N)+b]) >1-—a.
AES[Xo,R]

On the one hand, for A = Ay we get
hence Py ,(¢(N) > 1—5b) > 1— . Since 1 —b > a, this yields Py,(¢(N) > a) > 1 —a and

Py (¢(N) <a) < a. (101)
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On the other hand, for every ¢ in (0, R — \g] and every 7 in (0, 1),

P(r € (6(N) — a,(N) + B) > 1 —a
with A = Ao + 61, 1. Using the Girsanov theorem (see [Brémaud, 1981]), one computes
Ao+ 0

0

1
PA(r € (0UN) =0, 6V +8) = B, [exp ( [ s
so letting 0 tends to 0, we obtain by dominated convergence that for every 7 in (0, 1):
Py (T € (¢(N) —a,p(N) + b)) 21 —a.
In particular, when 7 tends to 0, this leads to
Py (6(N)<a)>1-a. (102)

Therefore, (101]) and (102)) leads to
l—a< Py(6(N)<a)<a.

) dN; —6(1 — T)L> Lre(p(N)—ap(N)+8] | 5

This entails @ > 1/2 which is a contradiction.

5.4.4 Proof of Lemma

Let Ap > 0 and ¢, a level-a test of (Hp) "A = Ao” versus (Hy) "A € Ssa[Xo]”, with

S>a[Ao] defined by (19).

Let r > 0 and A in Ssa[Ao] such that dy (A, {\o}) > r. We have

Pr(¢a(N) =0) =1 =Py (da(N) = 1)+ Py, (¢a(N) = 1) = Py (da(N) = 1)

>1—a—|P(¢a(N) =1) = Px(¢a(N) = 1)
Zl—Oé—V(P,\,P/\O),

where V' ( Py, Py, ) is the total variation distance between the probability measures Py and

P,,. Then, using the Pinsker inequality (see for example Lemma 2.5 in [Tsybakov, 2008]),

K (P, Py,)

— 5

where K ( Py, Py, ) is the Kullback divergence between the probability measures Py and
P,,. From Lemma 42 recalled in [Fromont et al., 2022], we thus deduce that if there exists
A in SsalXo] such that da (A, {\o}) > r satisfying 1 — o — /K (P, Py,) /2 > (3, then
mSRYY (Ssalho]) > 7

For r > A, let us introduce for all 7 in (0,1), A, = Ao+ 7(1 — 7) 7?1, 4 in Ssa[A], and
such that da(A., {A\o}) = 7. Then, the Girsanov theorem (see [Brémaud, 1981]) entails

dPy, r r
K(P\,,Py,)= |1 ) dPy, =1 1+ —— N+ —— | (1—7)L—Lrv1—r.
(e Po) /Og <dp>\o) ” Og< +on/ﬁ) < °+m)( b=

Hence choosing 7 close enough to 1 — which is allowed as long as A, is not constrained to
be upper bounded by some given constant, K (Py,, Py, ) < 2(1 — «a — 8)%. This entails

mSjo\/BO} (SsalXo]) >, forall r > A

Py(¢a(N)=0)>21—-a—

which allows to conclude that mSREﬁO} (SsalAo]) = +o0.
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5.4.5 Proof of Theorem [

By now, for Ay > 0, R > 0 and A in (0, \gA(R— X)), the simple hypothesis Hy[A, A, R] is
simply written Hj, for short. The following lemma gives an upper bound for the quantiles
saxr(l—a/2) (respectively s_a k(1 —a/2)) of Sax (respectively of S_a ) under Hy, and
its proof follows the same lines as the one of Lemma [11] just replacing 6* by A when
0* > 0 and by —A when 0* < 0. It highlights in particular that we can bound these
quantiles by some constants which do not depend on k, L and M.

Lemma 19 (Control of the quantiles). Let a in (0,1), A\g > 0, R > 0 and A in (0, o A
(R—Xo)). For all M in N*, for all L > 1 and for all k € {1,..., M}, one has

—log(a/2)7 (103)

where gy, (1 — /2, A/2) is defined in Lemma |3

Let us prove the Theorem [4] and first recall that for A in Ssa[Xo, R|, T(A) = {H) €
Haar, A€ H} is the set of true hypotheses.

Proof of Theorem[{]. For all k in {1,... , M}, recall that Hy stands for Hg[A, A, R]. We
start with the control of FWER(R3) over Ssa[Ao, R|, and for A in S>a [\, R] we compute
to this end

PA(RgﬂT(/\)%@):PA@ke{l,...,LTMJ}, >yt 1, )\er>

because A belongs to H| ) and not to H;psj4q. If 7 < 1/M then Py (RsNT(A\) # @) =
0, and if 7 > 1/M one has

P (RsNT(N) # @) = Py (/%3+1 < LTMJ)

= P\ (¢3rm) = 1)
< Py (Sarar)(N) > sa 70 (1 — a/2)) + Py (S—a, o (N) > s_a -0 (1 — /2))
< a,

that is FWER(R3) is bounded by a.

Let us compute now an upper bound for FWSRz(R3, S>a)o, R]).
Let 7 > 0 and M in N*. Recall that for A in Ssa[)o, R],

Fr(A) = {Hi[ o, A, R] € Hara g, do(N, Hi[Xo, A, R]) > 1}

with da(\, Hi[Ao, A, R]) = [0|\/k/M — 71.<pn for all k in {1,...,M}. One has the
following straightforward assertion

VA e SzA[)\(),R], ,FT()\) =0 <= r> )\0 V (R — )\0),
and in particular, for all multiple testing procedure R,

FWSR4(R, SsalXo, B]) < Ao V (R — Ao).
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Indeed, let 7 > 0 be such that 7 > AoV (R — Ag). Then for all A in Ssa[lo, R], Fr(A) = @&
and then P\(F.(A\) C R) =1 > 1— $ for all multiple testing procedure R and for all A
n SZAP\(), R]

Now, assume that L > (C(«, 8, Ao, A, R) /(Mo V (R — Xg)))? and let r > 0 be such that
«, ﬂa )‘Oa A) R)
VL ’

NV (R—2) > r> (104)

where C'(a, 8, Ao, A, R) is defined by

C(a, B, Mo, A, R) = 2max (VR)\OJ Dy (1 _ %7%> + _log(3/8)

Aot+A ) ]
log (AO?FA/Q)

) - osle) #@) (105)
log </\0>\—0A/2> B

where ¢, (1 — «/2,A/2) and ¢),—a(1 — /3, A/2) are two positive constants defined by

Lemma [3l

To bound FWSR4(R3, S>alXo, R]) by r, it is sufficient to obtain Py (F.(A\) C R3) > 1—7

for all A in SzAP\(), R]

We consider A in S>a[Xo, R] of the form A = Ao + 01(;1; with 7 in (0,1) and ¢ in

{(=Xo, —AJU[A, R — X\o|}. If F.(N) = &, we easily get P\ (F.(A\) CR3)=1>1—p5. We

therefore assume by now that A is satisfying F,.(\) # @, and we define

W—J nos(1-22

k, =min{tM < k' < M, 6*(K'/M — 1) > r*}. (106)
By virtue of {F,.(\) C R3} = {k, > ks + 1}, we want to prove the following inequality
Py (ks> k) <5 (107)
to obtain the expected result.

First, if k., = M then

Py (¢3ur
= P)\ (SA,M N) S SA,M(l - Oé/2), S—A,M S S—A,M(l - 04/2)) . (108)
Assume that A < § < R — )y and notice that (108 ensures
Py (ks = k) < Py (Saur(N) < sa (1= a/2))

< Py (Sam(N) <gy(1—a/2,A/2)) using
SPAN(T 1] = (Ao + A/2) (L= 7)L < g5 (1 — a/2,A/2)). (109)

By definition of k£, the condition ({104]) entails in particular that

2 a A R
Wl—712> ﬁmax <\/(R—)\0)q>\0 (1—5,5) , 2 E),
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and then

A
ovV1—7> %max <\/5qu <1—%,§) 9 )\O;(S)‘ (110)

Therefore, we get on the one hand §v/1 — 7 > 21/6qy, (1 — @/2,A/2)/+/L and then 6(1 —

T) > 4qy, (1 — a/2,A/2) /L, and on the other hand 6v/1 — 7 > 44/(\g + 6)/(BL), hence
6(1—7) > 4y/(Mo+0)(1 —7)/(BL). Thus, using 2max(a +b) > a + b for all a,b > 0,

leads to
§(1—r)>2 <q)\0 (1-a/2,0/2) \/(A0+6)(1 —7)> |

L AL

and since 0/2 < § — A/2, we get

(6—%)(1—7)L2% (1—%,§)+\/(A°+5><1_7)L. (111)

p

Moreover, one has EX\[N(7,1] — (Ao +A/2)(1 = 7)L] = (0 — A/2)(1 — 7)L, Var,[N (7, 1] —
(Ao +A/2)(1—7)L] = (Ao +6)(1 —7)L, and then gives

P, </;3 > k) <Py N1 = (Mo +0)(1—7)L < grg (1 — a/2,A/2) — (6 — AJ2)(1 — 7)L)

<P, (N( 1]~ (o + )1 =1L < —/Oo + )1 —7) L/ﬁ) with (IT1)
< [ with the Bienayme-Chebyshev inequality.

Secondly, assume that —\g < § < —A and notice that (108]) yields

Py (ks = k) < Py (S-an(N) < s_au(l = /2))

—1 2
< P, (SA,M(N) < M) using ((103)
log <>\0—0A/2>

< P, (N(T, 1]+ ()\0 — %) (1-7)L < ﬁ) . (112)

By definition of k,., the condition (104 also entails in particular that

16]v1—7 > %max \l Polog(2/e). 2 7

log ( )\QL\OA/Q > B

hence

6]v/1—7 > %max _ollog(2/a) , 2 )\0;6 ,
L IOg(A A/Z)
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and then, using the inequality 2 max(a + b) > a + b for all a,b > 0 again,
) log(2 X +0)(1—7)L
|7'(1—T>Lz—°g( <O‘) +\/( ot )ﬁ( Nk
log ( /\Q—OA/Q )

Since [6]/2 < 0| — A/2, we finally get

A log(2/a) \/ (Mo +0)(1— 1)L
5= (1 -mr> @Y | (113)
and since F\[—N(7,1] + (Ao —A/2)(1 —7)L] = (|6]| — A/2)(1 — 7)L and Vary[-N (7, 1] +
(Ao —A/2)(1—=7)L] = (A +9)(1 —7)L, we conclude with the following inequalities

Pz n) < (MT,MO(;)(”)K —lstal2)_ () ML)

A
log <A0—0A/2>

(Ao+0)(1—71

< P <—N(Ta 1+ (Ao —[0))(1—7)L < —\/

< B with the Bienayme-Chebyshev inequality,

L
) ) with (113

which concludes the first part of the proof when k, = M.
Assume by now that k£, < M — 1, and we compute
Py (ks = kv ) = Py (3k > kv, 0 = 0)

= P)\ (E”'{i Z k‘r, SA,k(N) S SA,k;(l — a/Q), S—A,k S S_AJf(l — a/2)).
(114)

Assume first that A < § < R — ).
The equality (114]) leads to

Py (ks = k) < PGk = by, Sap < sax(l = /2),
and we use ((103) in Lemma (19| to get

. k
> < > |
1_13A(/~<;?,_/g,,)_13A (Hk:_k;r, (%%)M)(N(LM] ( <
k A k a A
IR - A < __- =
<32k 8 (ngg] - (0 3) e (5r-r) s (1-5:5
k A k
LA - A < _
(1, ( (rar) = (o 2) (57 7) ) <o 3
( inf ( Ts]—<A0+é)L
se[kr/Ml]

Qﬁ

2
A k A
P —|L{ = — inf Z,< 1——= —
(¥ (i)~ (o) (i) w720 (1253
L

2
a A k A k
f Zi<a (1-22) N7 Y
B ey s—%( 2’2> (T’M1+(>\0+2><M T)



where Z; = N (k. /M,t] — (Mo + A/2) (t — k,/M) L for t in (k,/M,1]. Let us write J for
the interval

J =

(/\0—1—(5)(%—T)Li\/g(Ao+6)(%/M_T>L]. (115)

Using the total probability formula, we get

Py (ks = k)

SPA<S€(’1?/§W]ZS§%(1—%,%)—N(T,%}Jr()\o—F%) <%—T)L,N(T,%}EJ)
+PA<N(7,% <(>\0+6)<%—7)L \/3<A0+6)(kg/M_T)L>
+P)\<N<T,% >(/\0+6)(%—T)L+\/3(AO+6)(IZ/M_T)L>
SR(SG(%%MZSS(JAO(1—%,%)—N(T,%}+(A0+§> (%—T)L,N(T,%]EJ)
e "

with the Bienayme-Chebyshev inequality. To compute this last probability, we consider

a simple Poisson process (N;°%);5¢ of intensity (Ao + 0)L with respect to the Lebesgue
measure on R*, which is the distribution of V; for ¢ greater than &, /M. We then obtain

a A k, A k, k,
) < _a AN Ky ke
PA(ag(li?/%,l]ZS_q’\o(l 2,2) N(T M} (A0+2>(M T)L N( M}EJ)
, a A k, 3(Ao+9) (k. /M—71)L
< < _- = o
_P)\ (se(li?/%,l}zs_q)\()( 272) ( ><M 7-)L—i_\/ ﬁ
A a A A k
— : Ao+o - < _ - = - _ = v
F (te(Oina/M] (N (0.2] - (AO 2 > Lt> o <1 2’ 2) <5 2) (M T) L
\/<Ao+6><k/ >L>
+ 3 .

By definition of k,. in (106)), the condition (104) gives with ((105)),

[ k., 2 a A log(3/5) Ao+ 6
— — > _ . — - - 7
) i T_\/Zmax \/SJqAO <1 2,2)+ A . 2V/3

log (A0+A/2) P

(117)
On the one hand, (117)) leads to

5V ke /M =7 > 2¢/6/L/aqr, (1 — /2, A/2) +10g(3/8)/log (Ao + A) / (Ao + A/2)),
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and then ¢ (k,/M —7)L >4 (g, (1 —a/2,A/2) 4+ 1og(3/8)/1log (Ao +A) /(X0 + A/2))).
On the other hand, yields 0+/k, /M — 7 > 4+/3 (X0 +0) /(BL) and then § (k,/M — 1) L >
4y/3 (Mo + ) (k./M — 1) L/B. This leads to

5(%—7)L24max (q)\o (1—%,%> +log1;0<g(i/+i)> ’ \/3()‘0""5)(/;/]\47')[/),

Ao+A/2

and using the fact that a + b < 2max(a, b) for all a,b > 0, one obtains

a A S (k. 3(Ao+9)(k./M—1)L log(B3/3)
q)\o(l__7_>__( _T>L+\/ S )
22 M b log </\20++AA/2>

hence using the fact that 6 > A,

- <1—%,§) - (5-%) (%-Q L+\/3<Ao+5><’;/M—T)L . IO;o<g<i/+3;) ;

Ao+A/2
(118)
The inequality (118)) is equivalent to

exp <<% (1_%%) - (5-%) (%_7)L+\/3(A0+5)(%/M_7)L> o (Qi—xz)) s g

(119)

Notice that since < 1, (118) ensures

(1253) - (3) (3o restimto om

We therefore may apply Theorem 3 and equation (15) in [Pyke, 1959] to obtain

i 0 A a A A k,
P(te(o,ir—lg,«/m (NA +5(0,t] - (/\o—f—E) Lt) < @ (1 — §,5)_<5_ 5) (M_T> I
\/3(>\0+5)(kr/M—T)L>
i B

§exp<(q>\0 <1—%,%) - (6—%) <%—7)L+\/3(A0+6)(’Z/M—T)L> w),

where w is the largest real root of the equation (Ao + 9)(1 —e ™) = w (Ao + A/2). The
root w satisfies w > log (Ao +6)/(Ao + A/2)), and then

A a A A\ [k
: Ao+9d _ - < _ - = \_ _ = or
P<te<o,inir/m (N (0. (A” 2>Lt>—%<1 2’2) <5 2) (M T>L
+\/ (Mo +6) ( k:/M—T L>
a A A 3(A\o +0) ( k/M )L Ao+ 6
< __ ) = [ — or v
_exp<<q,\o<1 2,2) ((5 2) 7' L+\/ >10g(AO+A/2)>’
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which entails with (119))

A a A A k.
: Ao+0 _ = < _ - =_ _ = o
P(te(oina/m (N (0,1] (/\0 + 5 > Lt) < O <1 5 ) <(5 5 ) (M T> L

+\/3(x\o+5)(k3r/M—T)L> _B
8 3

Gathering this inequality with (116]) leads finally to Py </%1 > kr> < B.

Now, assume that —\g < § < —A.

We proceed as in the case § > 0. Let us define to thisend X; = N (k,./M,t]—(Xo — A/2) (t — k. /M) L
for all t in (k,/M, 1].

The equality leads to

Py (ks = k) < PGk 2 ke, S_ag(N) < san(l—a/2)),

and applying the inequality (103]),

i A k k —1 2
P,\<k;32kr)§PA 3k > k,, <A°_5>L(M_T>_N(T’M}< og(a/2)
IOg(A A/2>

—1 2 k A k
< | inf <_xs><M+N(T,_T]_(AO__)(_T_T)L
s€(kr /M 1] log (}\ A/2> M 2 M

Using the interval J defined by ([115]), we obtain using the total probability formula and
the Bienayme-Chebyshev inequality

Py (ks = k)

<P | inf (—X5)§M+N( k—]—(AO )( T)L,N( }EJ
s€(kr/M,1] IOg </\ /\0A/2> "M
0
+P/\<N<T,
+P/\<N<7',

0+ 9)( k/M—T ) L

} <()\0+5) ——r

Sk

ey )
\/ (Mo +8) ( k/M—T L)

} >(>\0+5)

Sk

0= < S RCSICHENE
< B se(kr/fM,l]( Xo) < log (AO?Ap) N "M Ao L, €J
n ? (121)
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We conclude the proof giving an upper bound for this last probability. We compute

p ( 0= (8] (u-8) () v (4] )

No—A)2

IN

<p | it (cxy < —loele/2) (w_é) (E_T)L+\/3()\o+5)(/€r/M—T)L
s€(ky/M,]1] log ( . _AOA/Z ) 2 M I6;

_p | s x> 1082 (lél—é) (E_T)L_\/3()\o+5)(k‘,«/M—T)L
se(kn/M,1] log (AO 3\0A/2> 2 M 3

<, (0= (n-3) ) 2 2 (0-3) (5-)

N—A/2
_\/3()\0 +6) (ky/M —7) L
5 ,

(122)
By definition of k, in (106]) and the condition ([104)), we get with ((105)),
k, 2 B A log(2/a) 3R
|0|]\/ — — 7 > —=max | v/ Ao (J)\OA<1 )—i——,Q — 1,
M 2
VL 3’ log (A M) B
hence
2 A log(2
9] ——T>Tmax 10| | qro—n (1_575) n og( <CY) ) 3(/\06—1-5)
L log < NoAT2 >

Therefore, as in the case § > 0, this leads to

) (53) ey [

and then, since |§] > A,

oo 3) (5 ) B L (1-3)
08 \ X-A72
(123)

95

|



We then obtain

P | sup (N’\0+5(0,t]— (/\o—é) Lt) > M—i— (|5| _é) (ﬁ_T) I
te(0,1] 2 log( Ao ) 2 M

No—A/2

_\/ ()\0+5)(k/M—T)L>

A A
<P | sup (NWm,t] - (Ao - —) Lt) > s ( ) —) with (123)
te(0,1] 2 3 2
A A
<P| sup (N’\°+5(O,t] — ()\0 — —> Lt) > Qrg—|o] ( é, —) with Lemma [
te(0,1] 2 3 2
A A
<P| sup (NAOJ“‘;(O,ZS] - (/\0 — 6]+ —) Lt> > Qrg—|o] (1 - é,—) since |0] > A
te(0,1] 2 32
< B
-3

by definition of gx,—5 (1 —(3/3,A/2) in Lemma [} The proof is then complete using
(121)).
]

5.4.6 Proof of Lemma [10]

The control of FWER(R) over Ssa[)\o, B] by « is a consequence of the second part of
Lemma [Al

To prove the first part of the lemma, one obtains by the same lines as for Lemma [0] that
for all A in Ssa[Ao, R], since [0] < Ao A (R — \o),
l—a< P)\ ({Hk & HM,A,R; (52 (k/M — T)
< P\ ({Hy € Hyar, 02 (k/M —71)

= Py (Foonmronvams(N) CR) .

5(a+b)}CR)
(XS

>
> (A2 A (R—M)2)(a+b)} CR)

Then FWSR,(R,S>a[Mo, R]) < (Ao A (R — Xg))Va+b and in particular one has the
inequality mFWSR,, o(S>a (Ao, R]) < (Ao A (R — Xg))Va+ b hence

MFWSR, o(S>a [N, R])?
(A A (R—X))?

Lo(S>a[ho, R]) >

which proves the first part of the Lemma.
Assume now that R is a multiple procedure on Hysa g satisfying FWER(R) < a and
FWSR3(R, SsalXo, R])
< r. Recall that we define an estimator of 7 from R by 7 = I%/M where k = sup{k €
{1,...,M}, H, ¢ R}. Following again the same lines as the proof of Lemma [6] we get
that for all A in Ssa[Ao, R,

Pyt >74+1/M) <«
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Now, since FWSRg(R, S>a[Xo, R]) < 7, one has P\(F,(A\) C R) > 1 — 3 for all A in
S>a[Ao, R]. Since [0] > A, we get then

B2 PA(FAN) N (Hue \R) # 2) = PA(Fk € {1,..., M}, do(A Hi) =7, Hy ¢ R)
g@ke{th kY, 8 (k/M —7)>1r? H,¢R)
(k
(k

ot = > )
M =7 212,

AVARAY,

Py
Py

and one obtains Py (7 < 7 —r?/A?) < S for all X in Ssa [\, R]. This last inequality being
true for A = A\g (and 7 = 1), we finally get

2 1
inf P,\(TE(% T,f’+—])21—a—ﬁ.
)\EEZA[A(),R} M
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