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Numerical approximation of SDEs with fractional noise and
distributional drift

Ludovic Goudenege* El Mehdi Haress'# Alexandre Richard®$
July 6, 2022

Abstract

We prove weak existence for multi-dimensional SDEs with distributional drift driven by a
fractional Brownian motion. This holds under a condition that relates the Besov regularity of
the drift to the Hurst parameter H of the noise. Then under a stronger condition, we study
the numerical error between a solution X of the SDE with drift b and its Euler scheme with
mollified drift b". We obtain a rate of convergence in L™ () for this error, which depends on
the Besov regularity of the drift. This rate holds for any Hurst parameter smaller than the
critical value imposed by the “strong” condition. Close to the critical value, the rate is H —e.
When the Besov regularity increases and the drift becomes a bounded measurable function,
we recover the optimal rate of convergence 1/2 — ¢.

As a byproduct of this convergence, we deduce that pathwise uniqueness holds in a class of
regular Holder continuous solutions and that any such solution is strong. The proofs rely on
stochastic sewing techniques, especially to deduce new regularising properties of the discrete-
time fractional Brownian motion. We also present several examples and numerical simulations
that illustrate our results.

Keywords and phrases: Numerical approximation, regularisation by noise, fractional Brownian
motion.

MSC2020 subject classification: 60H10, 65C30, 60G22, 60H50, 34A06.

1 Introduction

We are interested in the well-posedness and numerical approximation of the following d-dimensional
SDE:

t
0

where X € R?, b is a distribution in some nonhomogeneous Besov space B) and B is an Re-
fractional Brownian motion (fBm) with Hurst parameter H. When B is a standard Brownian
motion (H = 1/2), this equation received a lot of attention when the drift is irregular, see for
instance [35, 37] for bounded measurable drift or [19] under some integrability condition. Strong
well-posedness were obtained in those cases, which contrasts with the non-uniqueness and some-
times non-existence that can happen for the corresponding equations without noise. In the case B
is a fractional Brownian motion, the results are more recent and we refer to Nualart and Ouknine
[26] for Holder continuous drifts, then to Banos et al. [4], Catellier and Gubinelli [7] and Anzeletti
et al. [1] for distributional drifts when the Hurst parameter is smaller than 1/2.
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The most simple approximation scheme for (1.1) is given by the Euler scheme with a time-step h
t
Xth:Xo—F/ b(XT}l}L)dT'—FBt, t e [071],
0

where 7, = h| 4 |. For the numerical analysis of Brownian SDEs with smooth coefficients, including
the previous scheme and higher-order approximations, we point to a few classical works by Pardoux,
Talay and Tubaro [28, 34], see also [18]. The strong error || X; — X}*|| 1m (o) is known to be of order h
(and h'/? when the noise is multiplicative). When the coefficients are irregular, Dareiotis et al. [§]
obtained recently a strong error with the optimal rate of order 1/2 for merely bounded measurable
drifts, even if the noise is multiplicative. We also refer to the review [33] and references therein
for discontinuous coefficients, and the recent weak error analysis of Jourdain and Menozzi [17] for
integrable drifts. Besides, we mention that when the drift is a distribution in a Bessel potential
space with negative regularity, De Angelis et al. [10] have obtained a rate of convergence for the
so-called virtual solutions of a (Brownian) SDE, using a 2-step mollification procedure of the drift.

Let us now recall briefly what is known when B is a fractional Brownian motion. First,
Neuenkirch and Nourdin [25] considered one-dimensional equations with H > 1/2, smooth co-
efficients and multiplicative noise, i.e. the more general case with B replaced by a symmetric
Russo-Vallois [32] integral f(f 0(Xs)d°Bs in (1.1). They proved that the rate of convergence for
the strong error is exactly of order 2H — 1. Then Hu et al. [16] introduced a modified Euler
scheme to obtain an improved convergence rate of order 2H — 1/2 still in the multiplicative case.
They also derived an interesting weak error rate of convergence. Recently, Butkovsky et al. [6]
considered (1.1) with any Hurst parameter H € (0,1) and Holder continuous drifts in C®, for
a € [0,1]. They obtained the strong error convergence rate h(1/2+@H)A1=¢ "which holds whenever
a>0and o >1—1/(2H). The latter condition is optimal in the sense that it corresponds to the
existence and uniqueness result for (1.1) established in [7]. Our main contribution in this paper is
an extension of their result to negative values of «.

First, we prove an extension of [1, Theorem 2.8] to dimension d > 1. Namely we prove that
if b is in the Besov space B} and that v —d/p > 1/2 — 1/(2H), then there exists a weak solution
(X, B) to (1.1) which has some Holder regularity. This condition allows negative values of ~ and
therefore b can be a genuine distribution. Solutions to (1.1) are then understood as processes of
the form X; = Xo+ K; 4+ By, where K, is the limit of fot b™"(X,) ds, for any approximating sequence
(b™)nen. We see in particular that this approach is well suited for numerical approximation. Hence
we propose a numerical scheme to approximate (1.1).

To that end, for a time-step h and a sequence (b"),cn that converges to b in a Besov sense,
we consider the following Euler scheme that we define on the same probability space and with the
same fBm B as X:

t

XM= X, + / b (XY dr + By (1.2)
0

Choosing b" = g1 *b as a convolution of b with the Gaussian density, and for a careful choice of n

as a function of h, we prove under the stronger condition v — d/p > 1 —1/(2H) that the following

rate of convergence holds

o,
elo] X = X7 gy < CR2TH0 . Vhe (0,1).

A more general version of this result is presented in Theorem 2.5 and discussed thereafter, in
particular concerning the value of the rate. This extends the result of Butkovsky et al. [6] to
a =vy—d/p <0, and matches the 1/2—¢ rate of convergence obtained in the limit case y—d/p = 0.
As a byproduct, we deduce that under the condition y—d/p > 1—1/(2H), X is in fact a strong
solution and it is unique in a class of Holder continuous processes.
Our proof relies on regularisation properties of the d-dimensional fBm and of the discrete-time
fBm which somehow extend Davie’s lemma [9, Prop. 2.1]. Namely, for functions f in Besov spaces



of negative regularity (resp. bounded f for the discrete-time fBm), we obtain upper bounds on
the moments of quantities such as fst f(z + By)dr in terms of x and (f — s), see Lemma 3.5,
Propositions 5.1 and 5.4. These upper bounds are sharper than if B was replaced by any smooth
function, which explains that we refer to regularisation properties of the fBm. The main tool to
prove these results is the stochastic sewing lemma developed by Lé [20].

Organisation of the paper. We start with definitions and notations in Subsection 2.1, then
state our main results in Subsection 2.2. In Section 3, we prove the existence of weak solutions to
(1.1) and then use the convergence of the Euler scheme to establish strong existence and uniqueness.
First we recall some Besov estimates in Subsection 3.1, then state a first regularisation property
of the fBm in Subsection 3.2. We prove tightness and stability results in Subsection 3.3, and
conclude the proof of weak existence in Subsection 3.4. The strong convergence of the numerical
scheme (1.2) to the solution of (1.1) is established in Section 4. This proof relies strongly on the
regularisation lemmas for fBm and discrete-time fBm which are stated and proven in Section 5.
Finally in Section 6, we provide examples of SDEs that can be approximated with our result. We
also run simulations of the scheme (1.2) to study its empirical rate of convergence and compare
it with the theoretical result. In the Appendix, we gather some technical proofs based on the
stochastic sewing lemma that are used to prove weak existence.

2 Framework and results

2.1 Notations and definitions

In this section, we define notations that are used throughout the paper. On a probability space
(Q, F,P), we denote by F = (F):e[o,1] a filtration that satisfies the usual conditions. The condi-
tional expectation given F; is denoted by IE! when there is no risk of confusion on the underlying
filtration. An R%valued stochastic process (Xt)ie[o,1) is said to be adapted if for all ¢ € [0,1], X,
is Fy-measurable. The L™ () norm of X, is denoted by || X¢||zm.

For a > 0, I a subset of [0,1] and E a Banach space, we denote by C#E the space of E-

valued mappings that are a-Holder continuous on I. The corresponding semi-norm for a function
f:[0,1] = E reads

,_ Ife = fslle
(Zlcer = SIS e
t#s
The space L™(2), m € [1, 0o], will be simply denoted by L™. In that case we denote by C{L™ the
space of L™ (Q)-valued mappings that are a-Holder continuous on I. For an Re-valued process X,
the corresponding semi-norm is then denoted by [Z]c;x m. When E is R or R%, we simply denote
C{ the corresponding space and when a = 0, we use the notation Cj.
We write L for the space of bounded measurable functions and L{°L™ := L*(I,L™(f)).
The corresponding norm for a process Z : [0,1] x Q@ — R? is

||Z||L‘I’°Lm:: sup||Zs||Lm. (21)
sel
Moreover, for all S,T € [0, 1], define the simplex Agr by
AS,T = {(S,t) S [S, T},S < t}.

For a process Z : Ag 1 x  — R%, we still write

1 Zs ¢l

Z)esgm = sup 1otIE™

Zegrr =m0 o
s<t

and ||ZHL?°L"': sup||Zo,S||Lm.
sel

For a Borel-measurable function f : R? — R?, denote the classical L> and C' norms of f by

1 Flloo= $uPycgal £(2)] and [|fller= | flloot sup, ., LWL,



Heat kernel. For any ¢ > 0, denote by g; the Gaussian kernel on R? of variance ¢:

_ 1 ||
gt(x)— /727rtd/2€xp o1 )

and by G, the associated Gaussian semigroup on R%: for f: R% — RY,
Gif(e) = [ aa =) )y (22

Besov spaces. We use the same definition of nonhomogeneous Besov spaces as in [5], which we
write here for any dimension d. Let x, ¢ : R — R be the smooth radial functions which are given
by [5, Proposition 2.10], with x supported on a ball while ¢ is supported on an annulus. Let v_;
and v respectively be the inverse Fourier transform of x and ¢. Denote by F the Fourier transform
and F~! its inverse.

The nonhomogeneous dyadic blocks A;, j € NU {—1} are defined for any R?-valued tempered
distribution u by

A yu=F ' (xFu) and Aju=F"! (cp(Qﬁ')fu) for j > 0.

Let v € R and p € [1,00]. We denote by B) the nonhomogeneous Besov space B . (R?,R?) of
R%valued tempered distributions f such that

1fllsy= sup 27 [|A; f|L, @) < o
§>-1

Let 1 < p; < py < o0. The space Bgl continuously embeds into B;;d(l/“*l/“), which we write
as B) — Bg;d“/’“‘l/”?), see e.g. [5, Prop. 2.71].

Finally, we denote by C' a constant that can change from line to line and that does not depend
on any parameter other than those specified in the associated lemma, proposition or theorem.
When we want to make the dependence of C' on some parameter a explicit, we will write C(a).

To give a meaning to equation (1.1) with distributional drift, we first need to precise in which
sense those drifts are approximated.

Definition 2.1. Let v € R, p,m € [1,00]. We say that a sequence of smooth bounded functions
(b")nen converges to b in B)~ asn goes to infinity if

sup|[b"{| 5y < [|b]| < o0,
neN (2.3)
lim [|b" = 0|, =0, Yo <7.

n—oo p

Following [26], in dimension d = 1, we define a notion of F-fBm which extends the classical
definition of F-Brownian motion. There exists a one-to-one operator Ay (which can be written
explicitly in terms of fractional derivatives and integrals, see [1, Definition 2.3]) such that for B
an fBm, the process W := Agy B is a Brownian motion. Then we say that B is an F-fBm if W
is an F-Brownian motion. In any dimension d > 1, we say that B is an R%valued F-fBm, if each
component is an F-fBm.

We are now ready to introduce the notions of solution to (1.1).

Definition 2.2. Let vy € R, p € [1,00], b € B), T > 0 and X, € Re. As in [1], we define the
following notions.

e Weak solution: a couple ((X¢)tejo,1), (Bt)telo,1]) defined on some filtered probability space
(Q, F,F,P) is a weak solution to (1.1) on [0, 1], with initial condition Xo, if

— B is an R*-valued F-fBm;



— X is adapted to F;
— there exists an R%-valued process (K¢)teo,1] such that, a.s.,

Xt = X() + Kt + Bt fO’I" all t € [O, 1}, (24)

— for every sequence (b")nen of smooth bounded functions converging to b in B)~, we have
that

sup

— 0 in probability. (2.5)
t€[0,1] n—00

t
/ b (X, )dr — K,
0

If the couple is clear from the context, we simply say that (Xt).e0,1] is a weak solution.

e Pathwise uniqueness: As in the classical literature on SDEs, we say that pathwise uniqueness
holds if for any two solutions (X, B) and (Y, B) defined on the same filtered probability space
with the same fBm B and same initial condition Xo € R?, X and Y are indistinguishable.

e Strong solution: A weak solution (X, B) such that X is FB-adapted is called a strong solution,
where BB denotes the filtration generated by B.

2.2 Main results

Our first result is decomposed into two parts: first, it gives a condition for existence of a weak
solution to (1.1) and therefore extends [1, Theorem 2.8] to the multidimensional setting. The proof
is presented in Section 3. The second part gives existence and uniqueness of a strong solution
under stronger assumptions, and will be a consequence of the convergence of the Euler scheme
in Theorem 2.5. Thus it provides a multidimensional extension of [1, Theorem 2.9] through a
completely different proof. However the critical case v —d/p =1 — 1/(2H) is not addressed here.

Theorem 2.3. Let vy € R, p € [1,00] and b € B).

(a) Assume that
d 1 1
T 25 T 5 2.
7T T2 (2.6)
Then there exists a weak solution X to (1.1) such that Xo is Fo-measurable and X — B €
Clo L™ for any r € 0,1+ H(y— %) AOJ\ {1} and m > 2.
(b) Assume that

1 1 d
H< - 1—— - — . 2.
<2 and 2H<’y p<0 (2.7)

Then there exists a strong solution X to (1.1) such that X — B € C[lo/?rHLm for any m > 2.
Besides, pathwise uniqueness holds in the class of all solutions X such that X — B € C[lo/frHLz,
The proof of Theorem 2.3 is given in Section 3.

Remark 2.4. This theorem is consistent with [7], where it is proven that for b in the Hélder space
C* (= B, when o ¢ N), path-by-path existence and uniqueness hold for « > 1 —1/(2H). The
solution in [7] is in the sense of nonlinear Young differential equations, which can be compared to
the present definition (see [1, Theorem 2.14]).

Let (b")nen be a sequence of smooth functions that converges to b in B)~. Consider the Euler
scheme (1.2) associated to (1.1) with a time-step h € (0,1). The main result of this paper is the
following theorem.



Theorem 2.5. Let H < 1/2, v € R, p € [I,00], b € B) and assume (2.7). For m € [2,0q], let

X, B) be a weak solution to (1.1) such that X — B € Cl/HHLm and Xo € L™() is Fo-measurable.
[0,1]

Let € € (0,1/2). Then there exists a constant C' that depends only on m,p,7,e, ||bHB; such that
for all h € (0,1) and n € N, the following bound holds:

=

n us n i n n —
X=Xy <@ (I = Bl I ook 4 o e ) . (28)

L

ol

1]

Obvisouly, the previous inequality implies that

sup || Xy — X"
t€[0,1]

1_ " n _
1 < C (16 = bll s loohd %+ B oo 22 ) . (2.9)

Although the Hurst parameter does not appear in the upper bound of the previous inequality, the
first term ||0™ — b|| o1 does depend implicitly on H through the condition (2.7). Observe also that
p

the second term, ||b"||sch'/?~¢, corresponds to the optimal rate of convergence found in [6].

Since b" converges to b in By~ for v < 0, we expect in general [|b"(| and [|b"[|c1 to diverge as
n — oo. Therefore, it is important to choose carefully the sequence (b"),en to obtain a good rate
of convergence of the numerical scheme.

Choosing b" = G% for n € N*, we have thanks to Lemma 3.2 that for v — d/p < 0,

_1
[[o" — b||3g*1§ Cllbllsy n~2, (2.10)
16" o< C [1Bllgy n™2 %), (2.11)
6" e < C [|b]l gy n n~2079)., (2.12)

Using these results in (2.8) and optimising over m and h, we deduce the following corollary.

Corollary 2.6. Let the same assumptions and notations as in Theorem 2.5 hold. Let h € (0,1/2)
and define

1

np=|h "% | and b™ = G_b.

np

Then there exists a constant C' that depends only on m,p,~v,é&, b

By such that the following bounds

hold:
P et
(X =Xty SCORMT (2.13)
0,1]
h,np
sup [X™"™ — B] 1 < 0. 2.14
he(O,l)[ }C[?),l]Lm ( )

For instance, if each component of b is a signed measure, then b € BY (see [5, Proposition 2.39]).

Hence the previous result yields a rate ﬁ — ¢ which holds for H < ﬁ‘

Remark 2.7. In Theorem 2.5, we construct the Euler scheme on a particular probability space that
is given in an abstract way by Theorem 2.3. From Corollary 2.6, we deduce (see Subsection 3.5)
that X is in fact a strong solution. It is then possible to construct the Euler scheme on any
probability space (rich enough to contain an F-fBm). This is important for practical simulations.

For v —d/p > 0, B) is continuously embedded in the Holder space C7=/P_Tn [6], it was proved
that the Euler scheme achieves a rate 1/2 + H(vy — d/p) — e. Moreover, if b a bounded measurable
function, the rate is 1/2 — . To close the gap between the present results and [6], we handle the

case v — d/p = 0. Recall that Bf,l/ P is continuously embedded into BY_, so it is equivalent to work
with v = 0 and p = +oco. Note that BY contains strictly L>(R?) (see e.g. [5, p.99]) which was
the space considered in [6].

Let b € BY,. By the definition of Besov spaces, we know that b € B for all > 0. Choosing
7 small enough so that —n > 1—1/(2H), we can apply Theorem 2.3 and Theorem 2.5, and obtain
a rate of convergence as in Corollary 2.6 when 0™ = G1b. This is summarized in the following
Corollary. "



Corollary 2.8. Let the same assumptions of Theorem 2.5 hold. Let B be an F-fBm with H < 1/2,
b€ BY and m > 2. There exists a strong solution X to (1.1) such that X — B € C[10/3+HLm

Besides, pathwise uniqueness holds in the class of solutions X such that X — B € C[lo/?—'_HL2 Let

e € (0,1/2) and h € (0,1/2). There exists a constant C' that depends only on m, e, |[b| gy such
that the following bound holds:

(X —Xx"™ o
.

n n l76 7 7 —&
SO (I8 = Bl I ook 3 B o167 e )

Moreover, for ny, = |h™t] and b™ = G 1 b, we have
"h

[X —X"m] < COhrE,

Co L™
sup [XPMme — B 1 < 0.
he(0,1) Co,ul™

Theorem 2.5, Corollary 2.6 and Corollary 2.8 are proven in Section 4.

2.3 Discussion on the approach and results

The main novelty of the paper is that we can treat SDEs with unbounded or even distributional
drifts. Usually for bounded drifts, one can use Girsanov’s theorem (see e.g. [6, Lemma 4.2]),
which leads to an exponential dependence on |[b"||~. Using this approach would have led at best
to a logarithmic rate of convergence. Instead, we use the stochastic sewing lemma to regularise
integrals of functions of the discrete noise {Bjy, }+>0, see Proposition 5.4. The price to pay is the
C' norm of b”, which can be compensated by h.

Let us make a few comments on the rate of convergence obtained in Corollaries 2.6 and 2.8:

e For a fixed «,p and d, one can chose H close to from below, and get an order of

1

2(1—y+9)
convergence that will be ——— —e = H —¢.

& 2(1-y+9)

e For a fixed H, one can take b € B Samte

will be close to H.

for any € > 0, and get an order of convergence that

e The order of convergence is % 5 —¢€ when v — £ =0, for any H < =

In view of [6], one could imagine that the order of convergence for v — d/p < 0 would still be
1/2 4+ H(y — d/p). In particular, we point out that our assumption v —d/p > —1/(2H) + 1 is
equivalent to

1 d 1
S H (=S s ——
2 (7 p) 20 -v+1)

Finally, the orders of convergence obtained here and in [6] are summarized in Table 1.

’U\&.

The drift 7—%%(1—%)"’ fy—%e(l—ﬁ’()) y_gzo

Y=
1 1 d
Convergence H—¢ m—s 5—€ ( —|—H< 5))/\1—6

Table 1: Order of convergence of the Euler scheme to the solution of the SDE (1.1) for v — d/p >
1-1/(2H).



3 Existence and uniqueness of solutions

In this section, we prove Theorem 2.3. The proof of Theorem 2.3(a) follows the same lines as
the proof of Theorem 2.8 of [1], but requires extensions of some technical lemmas concerning the
regularising effects of the d-dimensional fractional Brownian motion. Subsection 3.5 is dedicated
to the proof of Theorem 2.3(b).

3.1 Besov estimates

The first of these extensions concern estimates of shift of distributions in Besov spaces. It is an
extension to R? of Lemma A.2 in [3] and follows its proof exactly, so we omit it.

Lemma 3.1. Let f be a tempered distribution on R? and let v € R, p € [1,00]. Then for any
ay,as,a3 € R4 and o, aq, ap € [0,1], one has

(i) IIfla+ sy < Ifllsy -
(ii) [If (a1 + ) = flaz + )5y < Clar — az|*|| fll g+ -

(iii) || flar+-) = flaz+-) = flaz+-) + faz+az —ar +-)|lgy < Clar —ag|* ar — az|* || f gy ves -

Then we have the following estimates for the Gaussian semigroup in Besov spaces. They are
either borrowed or adapted from [3, 5].

Lemma 3.2. Lety € R, p € [1,00] and f € B). Then
(i) If v <0, |GefllLr@ay< C | fllsy t3, for all't > 0.
(ii) If y = & <0, [ Cofllso< O fllmy 207 #, for all > o0.

(iii) |Gef — fllg--< Ct2 | fllgy for all e € (0,1] and t > 0. In particular, it follows that
limyo[|G f — szg;: 0 for every ¥ < 1.

() supysollGefllzy < I fllsy-
(v) If 7= & <0, |Guflle< C |1 fllsy 20727V for all > 0.

Proof. (i) The proof of Lemma A.3(i) in [3] extends right away to dimension d > 1.
P . . d - . ’Y*% ‘e

(ii) Using (4) for v — 5 instead of y and the embedding B} < Boo ", there is

ley_4d ly_4d
IG 1 f | oo ey < C (| fllgymare 2075 < C|| fllgy 207,

(iii) This is a direct adaptation of Lemma A.3(i7) in [3] to dimension d > 1 that we detail briefly.
From [24, Lemma 4], we have that for g such that the support of Fg is in a ball of radius
A > 1, there is for all ¢ > 0,

1Gtg — gllLo®ay< C (EX* A D)l o (ray-
For any j > —1, the support of F(A;f) is included in a ball of radius 27, Hence,

20N G(AG ) — Aj fllirray < C 207 (422 AD)||A; fll Lo (ra)
< C2775(12% A1) 27| A f Lo re
< Ct3 27|85 f | Lo (ray-

The result follows.



(iv) — (v) The proof is the same as in the one-dimensional, see [3, Lemma A.3(4i7)] and [3, Lemma
A3(iv)).
O

The next lemma describes some time regularity estimates of random functions of the fractional
Brownian motion in Besov norms.

Lemma 3.3. Let (Q,F,F,P) be a filtered probability space and B be an F-fBm. Let v < 0,
p€[l,00] and e € N*. Let f : R? x R® — RY be a bounded measurable function. Then there exists
a constant C > 0 such that for any (s,t) € No1 and for 2 an Fs-measurable Re-valued random
variable satisfying || f (-, 2)]|c1 < oo almost surely, there is

(i) E*[f (B, E)] = Go2 , f(E°[Bt], 2), where G is the Gaussian semigroup introduced in (2.2) and
0%, := Var (Bt(i) —E® [Bt(i)]), for any component BY of the fBm;

(i) B2 (Br, B)|< ClIF (- E)gy (¢ = )75

(iii) | f(Bi,E) = E*f(Be. E)a < Ol f (- E)ller | o (t = 8)7

Proof. The proofs of (i), (i¢) and (ii7) are similar to (a), (b) and (¢) in [1, Lemma 5.1] and we do
not reproduce the proofs. We just note that the local nondeterminism property is used on each
independent component of B, and that we now rely on Lemma 3.1(¢). O

3.2 Regularisation effect of the d-dimensional fBm

Let 0 < S <T <1. Let A: Agp — L™. For every triplet of times (s, u,t) such that § <s <wu <
t < T, we denote
5As,u,t = As,t - As,u - Au,t~

We use the stochastic sewing lemma of [20] (recalled in Lemma A.1) to establish the key regular-
isation result (Proposition 3.5) that will be used to prove existence of weak solutions. Note that the
results in this subsection and the next one have slightly simpler proofs than in the one-dimensional
framework developed in [1]. This is because we are not aiming here at proving uniqueness, which
requires milder assumptions on the coefficients v, p and H than here and requires to work with
the semi-norm [~]c[rs)t]Lm,n instead of [']C[Ts,f,]L’” that is used here.

First, we have the following lemma, which extends [1, Lemma D.2] to dimension d > 1. Its
proof, which is also close to the proof of [1, Lemma D.2], is postponed to the Appendix A.1.

Lemma 3.4. Let vy —d/p € (—1/(2H),0), m > 2 and p > 1. Then there ezists a constant C' > 0
such that for any 0 < S < T, any Fg-measurable random wvariable = in R® and any bounded
measurable function f: R x R® — R? fulfilling

(i) E[I7(
(ii) E[1£(, D] < oo,

we have for any t € [S,T] that

(1]

)Hgl] < o,

t
—_ —_ _a
| [ rBemar],, < Clise D lum - 510D, (3.)

As a consequence of Lemmas A.1 and 3.4, we get the following property of regularisation of
the d-dimensional fBm. It can be compared to [1, Lemma 7.1], which is stated for one-dimensional
processes but involves a slightly more accurate quantity. The proof is postponed to Appendix A.2.



Proposition 3.5. Let (¢t):e[o,1] be an R?-valued stochastic process adapted to F. Let m € [2,00),
p € [1,00] and v < 0 such that (y—d/p)H > —1/2. Let 7 € (0,1) such that H(y—d/p—1)+1 > 0.
There exists a constant C' > 0 such that for any f € C°(RY,RY) N By and any (s,t) € Ag,1 we
have

H /st f(Br + ) dTHLm <C ”fHB;j(t _ 8)1+H(’Y*%)

_d_ .
+ O\ fllgy Wers,grm (t — s) FHO 271047,

(3.2)

3.3 Tightness and stability

The proof of existence of a weak solution is based on a classical argument: first, we construct a
tight approximating sequence of processes (Proposition 3.8), then we prove the stability, i.e. that
any converging subsequence is a solution of the SDE (1.1) (Proposition 3.9).

First we need the two following a priori estimates, which are direct consequences of Proposition
3.5: Lemma 3.6 (resp. Lemma 3.7) extends [1, Lemma 7.3] (resp. [1, Lemma 7.4]) to dimension
d>1.

Lemma 3.6. Let m € [2,00) and assume that 1/2 —1/(2H) <~y —d/p < 0. There exists C > 0,
such that, for any b € C* (R4, R%) N By,

X = Blysao-um < C (L [BlE), (33)

where X is the strong solution to (1.1) with drift b.

Proof. Without loss of generality, assume that Xy = 0 and denote K = X — B. Then [K }C[To L
is finite for any 7 € (0,1] as |K; — K|= |f: b(B, + K,.) dr|< ||b]loo|t — s].
We aim to apply Proposition 3.5 with 7 = 1+ H(v — d/p) and considering b € BL P after

an embedding (so that v — d/p < 0). Remark that 7 — H > 1/2 — H/2 > 0, thus 7 € (0,1). In
addition, H(y —d/p) > H/2—-1/2 > —1/2 and H(y —d/p — 1) + 7 > 0. So, the assumptions of
Proposition 3.5 are fulfilled. Then we get

K — Ksl|lpm < C ”b”B;;d/P ((t _ 8)1+H(7—%) + [K]c[f L (t — 8)1+H(w—%)+r—H>

5.t

= C|bl|gy (¢t — 5)' O (1 + [Kler o (t — s)T*H) . (3.4)

s,t]

Choose [ = (4CHb||B;)1/(H_T) so that C||bllgyI™ ™" < 1/2. Let u € [0,1]. Divide both sides in (3.4)
by (t — s)'tH(=4/P) and take the supremum over (s,t) € Ay (utiya1 to get

1
(Klgrrmeam pm < (C 151155 +2[K]%,<WWJL”> ’

and therefore

[K]CHH(ﬂwd/p)Lm < QCHb”B;"

[w,(ut1)A1]

The end of the proof consists in iterating the previous inequality in order to control the Holder
norm on the whole interval [0, 1], and is completely identical to the proof of [1, Lemma 7.3]. O

Lemma 3.7. Let b,h € C°(R,R?) N B). Let X be the strong solution to (1.1) with drift b. Let
0 € (0,14 H(y—d/p)). Then there exists a constant C' > 0 which is independent of Xo, b and h,
and a nonnegative random variable Z which satisfies E[Z] < C||hl|zy (1 + ||bH%g) such that

‘/t h(Xr)dr‘ < Z|t—s. (3.5)

10



The proof relies on Proposition 3.5, Lemma 3.6 and Kolmogorov’s continuity criterion. We
omit it, as it is identical to the proof of [1, Lemma 7.4].
We now obtain tightness of the sequence that approximates X.

Proposition 3.8. Let (0" )nen be a sequence of smooth bounded functions converging to b in B)~.
Forn € N, let X™ be the strong solution to (1.1) with initial condition Xo and drift b™. Then there
exists a subsequence (ny)ken such that (X™, B)ren converges weakly in the space [Cjo17(R%)]2.

Proof. This short proof is close to the proof of [1, Proposition 7.5]. We reproduce it here for the
reader’s convenience.
Let K} := f(f b (X)) dr. For M > 0 and some ¢ € (0,1 + H(y —d/p)), let

Apr o= {f € Clony : F(0) =0, |£(t) = f(s)|< M(t—5)°, V(s,t) € Dg1}.

By Arzela-Ascoli’s theorem, Ajps is compact in Cp 1). Applying Lemma 3.7 to h = b", this gives

a nonnegative random variable Z" such that E[Z"] < C||b"||gy(1 + [|b™ %) and (3.5) is satisfied.
P P

Thus by Markov’s inequality we get

P(K™ ¢ Ay) <P(3(s,t) € Aoy ¢ [KDy|> M(t—s)°)
<P(Z" > M)
< C sup||b" || sy (1 + supl[b"[[3;) M1
neN neN P

Hence, the sequence (K")nen is tight in Cjg1j. So (K™, B)nen is tight in (C[OJ])Z. Thus by
Prokhorov’s Theorem, there exists a subsequence (ng)gen such that (K™, B)ken converges weakly
in the space (Cpp,1))?, and so does (X™, B)jen. O

Finally, the stability is expressed in the following proposition, which extends [1, Proposition
7.7] to dimension d > 1.

Proposition 3.9. Let (Bk)keN be a sequence of smooth bounded functions converging to b in B}~ .

Let B* have the same law as B. We consider X the strong solution to (1.1) for B = B initial
condition Xo and drift b*. Assume that there exist stochastic processes X, B : [0,1] — R? such

that (X*, B¥)pen converges to (X, B) on [Clo,1](R)]? in probability. Then X fulfills (2.4) and (2.5)
from Definition 2.2 and for any m € [2,00), there exists C > 0 such that

(X — B]CHH(w—d/p)(Lm) <C(1+ 21€1§||5'“II?33) < 0. (3.6)

[0,1]

The proof is postponed to Appendix A.3.

3.4 Proof of Theorem 2.3(a)

Let (b")nen be a sequence of smooth bounded functions converging to b in B)~. By Proposition 3.8,
there exists a subsequence (ny)yen such that (X™, B)yey converges weakly in (Cjo 1j(R%))?. With-
out loss of generality, we assume that (X", B),en converges weakly. By the Skorokhod represen-
tation Theorem, there exists a sequence of random variables (Y™, én)neN defined on a common
probability space (Q, F, f’), such that

Law (Y™ B") = Law(X", B), ¥n € N, (3.7)

and (Y, B") converges a.s. to some (Y, B) in (Clo,1j(R%))%. As X" solves (1.1) with drift b", we
know by (3.7) that Y also solves (1.1) with drift b® and B" instead of B. As X™ is a strong

solution, we have that X" is adapted to FZ. Hence by (3.7), we know that Y™ is adapted to FZ"
as the conditional laws of Y™ and X™ agree and therefore it is a strong solution to (1.1) with B"
instead of B.

By Proposition 3.9, we know that Y fulfills (2.4) and (2.5) from Definition 2.2 with B instead
of B and it is adapted with respect to the filtration F defined by F, := o(Ys, By, s € [0,]). It

11



remains to check that B is an I@‘—fBrm which is completely analogous to the one-dimensional case
treated in the proof of Theorem 2.8 in [1]. Hence Y is a weak solution.
Finally, (3.6) gives that

[Y - B]C[lo-t—ll]{(’y_d/p)(Lm) < 00,

which concludes the proof.

3.5 Proof of Theorem 2.3(b)

Although it will be proven in the next sections, we will use Theorem 2.5 to prove Theorem 2.3(b).
Assuming the strong conditions (2.7) on H, v and p, we let (X, B) and a filtered probability
space (Q, F,F,P) be a weak solution to (1.1) given by Theorem 2.3(a). On this probability space
and with the same fBm B, we define the Euler scheme (X"™);~0 nen.
First, observe that the Euler scheme X" is FB-adapted. In view of (2.9), Xth’" converges to
X, in L™, for each t € [0,1]. Hence X, is FP-measurable and X is therefore a strong solution.

As for the uniqueness, if X and Y are two processes such that X — B € C[lo/ ffr A2 andY —B e

C[lo/frHLQ, then by Theorem 2.5, X" approximates both X and Y. So X and Y are modifications

of one another. Since they are continuous processes, they are indistinguishable.

4 Convergence of the Euler scheme

4.1 Proof of Theorem 2.5

In this section, we prove Theorem 2.5. Let (X, B) be a weak solution to (1.1) defined on a filtered
probability space (2, F,F,P). On this probability space and with the same fBm B, we define the
Euler scheme (Xh’")h>0’n€N.

For all ¢ > 0, recall from (2.4) that K; := X; — By — X and define

t t
K] = / b (X,)dr and K™ := / b(X[") dr. (4.1)
0 0

Assume that the solution X starts from an Fy-measurable random variable ¢ and that X" starts
from another Fy-measurable random variable 7. Allowing different random initial conditions will
be necessary later to deduce the result of the theorem by reasoning on short time intervals. With
these notations in mind, we set the notation for the error as

Ermi=X,— XM t>o.

Decompose the error as

[Er <IK-K" . +[K"-K" ,
C[iﬁt]Lm C[ivt]Lm C[S,t]Lm
=K - K”]C[% o + [Eh’"]C[; i (4.2)
< [K _ Kn] N + [El’h’"] N [EQ,h,n] N ,
c2 m c2 . Lm c2 m

where for all s < ¢, we denote

Bl = K} = K7 = (K" — KL,
t
B = [0+ Ko+ B) 0+ K 4 B)
h St
B = [ @ KP4 B <1 I B
In order to prove Theorem 2.5, we will provide bounds on the quantities that appear in (4.2),

and combine them eventually. The two technical bounds that concern EV/" and EV"" will be
stated in Corollaries 5.2 and 5.6, and proven in Section 5.

12



Bound on K — K". By Proposition 3.5 (taking f = b¥ —b"), we have that for all n,k € N, s < t,
and (u,v) € Agy,

K — KE— K+ K2 < CJI* = 5|1 (0 — u) FHO715),

Hence (K* — K¥)jen is a Cauchy sequence in L™(f2) and therefore it converges. We also know by
definition of X that K* — K* converges in probability to K, — K,. Thus K* — K¥* converges in
L™ to K, — K,. Now by the convergence of b* to b in B;,f_l, we get

1Ky = Ko = K+ Kglzm < Cllb =" 551 (v = w) HHO-1=5),

Dividing by [v—u|2 and taking the supremum over (u,v) in A, ; (recall that i+H(y—1-d/p) > 0),
we have

[K —K"] 1

c? . L

[s:t]

LSOl =" gy (4.3)

Bound on E'"m". By Corollary 5.2, we have that for all s <t, n € N, h € (0,1),

d

HE;:th’nHLm < CHbHB;’ (1 +[X — B}C%JFHLW) ([K - K}L,n]c% . - 77||Lm) (t— S)1+H(’Y*175).
[s.¢] [s,t]

Since K — K" = K — K™ 4+ E™" it comes from the previous inequality and (4.3) that

n n n —1—4
IS i < OBy b= st o ) (£ — ) 57070 (4
[s,t]

Bound on E?"m". By Corollary 5.6, we have the following bound for ¢ € (0, %) and s < t,
IEZ < C (16 ook ® == + " lex 6" loch* =) (= 5)?%. (4.5)

This is where we avoid using Girsanov’s theorem and rely instead on a bound on E?"" that
involves the C! norm of b”. This bound is again obtained by a stochastic sewing argument.

Conclusion. Use (4.4) and (4.5) to get

h, 1+H(y—1—4
|ELy ) (t — ) HHO=1=5)

m < C (([Eh’"} P ) e [
c[s,t]L”L p

(4.6)
+ (10" loch =5 + [0 ller [0 lloc ') (2 — 5)§>‘

Let S < T € [0,1]. Since 14+ H(y—1—d/p) > 1/2, divide by (t — s)*/? in (4.6) to get that for any

s<telsT),

h
||£EIS,7tn||Lm

|t — s>

1 _1-—4
<o (B, 10" = bllggs+lE = nllen)(T - S)FHO1=D
CEoL P

1" o5 o (0" e 157l och ).

Taking the supremum over s,t in [S,T], we get

1 _1—4d
[B») <O (B, |+ 10" = bllgga+E = nllom)(@ = )00
Cemt™ ’ (4.7)

1" loohd = + 167 o1 87 |och ).

1
2 m
Clp L
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Observe now that [Eh’"]cl/ m 18 finite. Indeed, in view of (4.3), the quantity [K — K"],1/2 ,

[S.T] [s,Tp=m

is finite and the term [K™ — Kh’"]cl/ is bounded by 2||b"|s0-
(8,

Let ¢ = (2C) T HGT=7) A1l. We have 1 — C¢1/2+H(y=1=d/p) > 1/2, thus choosing T — S < ¢,
we get from (4.7) that

T]Lrn

(B < 20 (JI6" = bllgy 1+l —

1_ _
oo I oo~ 7).
5,7)

Now take S = 0 and T = [. Plugging the above result and (4.3) in (4.2) (with s = 0 and t = 1),
we obtain
("]

Cpo,

1_ _
2 C (I8 = bl gt =l B oh? [ e [ h ) (48)
1

If ¢ = 1, the desired result is proved. Otherwise, repeat the same argument on [¢,2¢ A 1], viewing
E=Xpandn=X él "™ as the new initial conditions. This yields

€h) g <O = bl +1Xe = X 6" ook + 157 a9

1_ _
< (I8 = bllgg--+1€ = lum+1€"7] |+ 10 owhd ™2 4 e 07 och? %),
[0,1]

using that || X, — X,""|

this implies

<€ =1

Lm +[X — Xh’n]cl/2

[0,1]

m in the last inequality. In view of (4.8),

€]y (O (I" = bl g = lam I ook E 7l 7 ok 9. (4.9)

Combining (4.8) and (4.9) gives a bound on [Eh’"]cl/z

L7n *
[0,21A1]
Otherwise, we iterate the argument. Recalling that ¢ does not depend on h or n, we finally have

If 21 > 1, we get the desired result.

g

=

SO (16" = bllgg e = mllm 416" aohd % 4 0" les bk ™), (4.10)

l]L

=

which concludes the proof of Theorem 2.5.

4.2 Proof of Corollary 2.6

First, let " = G1b and let n be given by n = |h~%] for some o > 0 and h > 0. In view of
Lemma 3.2, b" satisfies (2.10), (2.11), (2.12). Using (4.10) with £ = ), we have

hony < —a|—1 —a|—5(y—%)p3-¢ —a3—(y—4%)p1—¢ )
LR ol b+(a) nive 4 |he ne)
Since — (v — g) >0and & —(y— g) > 0, we have

|h=e]3~075) < B8 p20—%) and [ 7308) < B3O,

Moreover, since h € (0, 3) and [h=*| > h~% — 1, we have

It follows that
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Now we optimize over a. For the sake of readability, let 7 = v — % e(l1- ﬁ, 0) and introduce the
following functions:

f@)=5, fae)=Ta+ s and fya)=(-Ha+l a>0.

Observe that f; is increasing and fs, f3 are decreasing. Moreover, we have
fila) = fa(a) = fs3(a) & o = ——. (4.11)

It follows that the error is minimized at a = a*. Let nj, = h~®". This yields rate of convergence

of order ﬁ — ¢, which proves (2.13). Moreover, we deduce (2.14) directly from (2.13) and the
following decomposition:

=
=

[(Xhre — Bl o <X - th”h}c , X =Bl

ol
ol

1] 1]

4.3 Proof of Corollary 2.8

Assume that b € BY,. Let € € (0,1), then fixn € (0,1/(2H) —1) and § € (0, 3) such that n+6 = e.
Then b also belongs to B;" and Theorem 2.3 states that there exists a strong solution X to (1.1)

which satisfies X — B € C[lo/ QTJ]FHLm, which is pathwise unique in the class of solutions that satisfy
1/24H ;o
X—BGC[QT] L=
To prove the second part of the corollary, apply Theorem 2.5 with v = —n, p = 0o and ¢ =,
and note that [[b" — b|[z—n-1< C||b"™ — b|| 51 to get that

n n 7 1_ 7 n —
o= X g <O (I = Bl 5 laohE 7 4 " e 7| och ) -
0,1]

Now we take b" = G1b and n = |[h~%]| for some « > 0. Using (2.10), (2.11) and (2.12) as in
Subsection 4.2, this leads to

[X _ Xh,n]

c =c (h% +hETOF 4 hl_‘s—%—an) )

i

L

SN

1]

Optimising over « as before, we find o* = 1/(1 4+ n), which yields a rate of convergence of order

— 6. Since 51— > 1/2 — n, it finally comes that

1
2(14m) 2(14n) =

X — X*

<Ch: "% =Chi e,
C m

=

L

oW

1]

5 Regularisation effect of fBm and discrete-time fBm

In this section, X always denotes a weak solution to (1.1) with drift b € B}, with v € R and
p € [1, 00] satisfying (2.7). For such X, recall that the process K is defined by (2.4). Let (b™)y a be
sequence of smooth functions that converges to b in B)~. For n € N and h € (0,1), X" denotes
the Euler scheme (1.2), and recall that the process K"" is defined by (4.1). As in Section 4.1,
we allow different random initial conditions for the solution and the Euler scheme (respectively
denoted £ and 7).

5.1 Regularisation in the strong well-posedness regime

In this subsection, we state and prove the bound on E'"™. The following proposition is close to
Proposition 3.5 but it requires the stronger assumption (2.7).
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Proposition 5.1. Let (¥1)iejo,1], (0¢)tefo,1) be two Ré-valued stochastic processes adapted to F.
Let f € C°(RE,RY) N By, m >2, and let T € (0,1) be such that

T+H(7f1fg)>o. (5.1)

There exists a constant C' > 0 such that for any (s,t) € Ao 1,

H /: (f(¥r + By) = f(¢r + By)) dr’
< Oy (118 gon ) (10 = Bleg, yom + 100 = dullim ) (= ) FHOT17D),

[s,t]

Lm (5.2)

Proof. Let 0 < S <T < 1. For (s,t) € Agr, let

Au= | (0 B = 16,4 B dr and A, = / (0 + B 16+ B dr. (53)

Assume without any loss of generality that [¢]1/2¢7,,, and [1)— gzb]c[rs oL are finite, otherwise the
S, T ’

result is trivial. In the following, we check the conditions in order to apply Lemma A.1. To show
that (A.1) and (A.2) hold true with ey = TA$+H(y—1—d/p) > 0 and e3 = 1/2+ H(y—d/p) > 0,
we prove that there exists a constant C' > 0 independent of s, ¢, s and ¢ such that for u = (s+1)/2,

O NE* B Aswlllem < CllF s ([Wlerzen pm+ ([0 —dley s —@s|Lm)(t—s) A2 HHO=1=d/D);

(5.7}

(i) 16 Autllzn< C 1l (10 = dler, , om + s — dsllzm)(t — ) +HO1=;

(iii) If (i) and (ii) are satisfied, (A.3) gives the convergence in probability of Zf\i‘fl Ape g, along
any sequence of partitions I, = {t¥}N* of [S,#] with mesh converging to 0. We will prove
that the limit is the process A given in (5.3).

Assume for now that (i), (ii) and (iii) hold. Applying Lemma A.1, we obtain that

d

t
| [ B v vnyar] < Ol (6 = g, yyim + s = bsllm) e = ) +70719)

[S,T

+C Hf||3g([1/)]6[1/2T+]HLm + D([¥ = dler, pyom + l0s — dsllm) (= s)!TTAEHH(—1=d/p)

S
+ | Asillzm.
1_d
We will see in (5.5) that [|Asl|rm< C| fllsy ([ — ¢]C[TSYT]LM + |[tog — dsllm)(t — ) HHO-1=5),
Then, choosing (s,t) = (S,T) we get (5.2).
We now check that the conditions (i), (ii) and (iii) actually hold.

Proof of (i): For u € [s,], by the tower property of conditional expectation, we have

t

B6Aus =B [ EY[f(6u 4 B,) = 160+ By) = f(u+ B,) + 1(6u + By)| dr

u

t
=: E* / EY[F(B,,s,u) + G(B,, s,u)] dr, (5.4)
where

F('vsvu):f(wS"i_')_f(¢s+')_f(wu+')+f(wu+¢s_¢s+')7
K(-,s,u) = f(u + ¢s — hs + ) — f(du + ).
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By Lemma 3.3(i4), we have that
|E“F (B, s,u)|< [|F (- s, u)||8g_2(r - u)H(w—2—5)7
IE“K(BN s,u)|< ||Kv(7 s, u) ”B;”l (7“ — u)Hﬁ*l*%).

Moreover, by Lemma 3.1(4i%), it comes that

HIEC s w)llgy—2llom < 1 fllsplls = bullm (s — bsllLm

<C|flls; [w]é’éi’ﬁ (u— s)%+H||1/) — ¢HL‘[>§)T]L"L
< Ol [w]c%“’m([w = Pleg, pyom + s — dsllom)(u— s)a
(5.7]

and

N G5y )yl < 1y 1 — 6 — s + Gl
<C|flsy ¥ - Qj)]C[TS’T]Lm (u—s)7.

Plugging the previous bounds in (5.4), we obtain

1
3 +H
[S,T]

16 A s elim < C11flsp (1] +1) ([ Ble, pyim + b5 — bs]m)

S,T]

C Lm

% ((t _ S)1+T+H(’Y*17%) (- S)1+%+H+H(y727%))

d

< Clflley (W] g, + 1) ([0 = Blog, gyim + 05 = dsllin) (¢ — ) FAFHOTI=D),

5.1 Lm

Proof of (ii): we write

||51437u,t

L"lf; Hf15¢

|2+ As ull L+ Aw,tll L

and we will apply Lemma 3.4 for each term in the right-hand side of the previous inequality,
respectively for = = (s, ds), (¥s,ds) again and (g, ¢,). We only detail the first one. As
f is smooth and bounded, the first assumption of Lemma 3.4 is verified. By Lemma 3.1(3),
£+ 1s) = f(- + ¢s)lBy< 2[|flly, hence the second assumption of Lemma 3.4 is verified. It
follows that

1A tllzm < CHILF (s +-) = F (s + gyt lom (¢ = gIHIO-1-8)
<O fllsy Is — dsllm (t - syl HH(O-1-2)
< C|fllsy([v - ¢]C[TS’T]LM + |[vs — dsllpm) (t — S)1+H(771,% _ 55)

Hence combining similar inequalities on A, , and A, ; with (5.5), we get
_1_d
16 A5, tllm < C |1 fllsy ([ = bleg, pyom + lbs = @sllLm) (t — )O3,

Proof of (iii): Finally, for a sequence (ITj,)xen of partitions of [s, ] with II;, = {t¥}* and mesh
size || converging to zero, we have

Np—1

t?+1
1= 3 Ao om0 [ [0 B0 = F0r + B = S0+ By + o+ B ar
i=1 i

Lm

e
< Clfllez : [ — @ler, oo + 2T [0 3w ([ = dler, o + los — bsllom) ) dr,
—~ Jik (5,71 Chip L™ [s,7]
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where we used again the decomposition with the functions F' and G defined above in the proof.
Hence

Ni—1

1A= > A, |
=1

< O et (716 = 6l o + Iy (6= Sl am + s = sl )
[s

Lm

— 0.
k—+oco

O

Corollary 5.2. Recall that the process K™ was defined in (4.1). Let m > 2. There exists a
constant C > 0 such that for any 0 < S < T < 1, any Fg-measurable random variables € and n
and any (s,t) € Agp, we have

| [ s ket By v K By

) (1 - x84

< Il (141X = B] 4.
[s.t]

C2 HLm

+ 1€ — n||Lm>(t _ 8)1+H(7_1_%).
[s,t]

LYYI
Proof. Choose 7 = %, which satisfies (5.1) since in this case, it is reduced to (2.7). Apply Proposi-

1

5
tion 5.1 with7 = 1, f =", ¢ = {+K and ¢ = n+K"™". Also recall from (2.3) that 6"l 57 < 16l 5y
to get

t
/ WK, + 2+ B,) — VY(KP 4y + B,)) drHLm
S

< Clblly (14 (K] o ) (156 = )

[s,t]

—_1—4
¢ €=l ) (E =) IO,

5.2 Sewing bounds for the d-dimensional discrete fBm

In this section, we present general Lemmas that lead to a bound on the term E2™™.

Lemma 5.3. Let f € C°(R% RY) N B} and recall that v and p satisfy (2.7). Let ¢ € (0,%),

m € [2,00) and h > 0. There exists a constant C > 0 such that for any 0 < S < T <1, any
Re-valued Fg-measurable random variable ¥ and any (s,t) € Ag 1, we have

nlm

| [t B0 = 1w+ Buyar|, | < Clrlant (- 55,

Proof. We will check the conditions in order to apply Lemma A.1. For (s,t) € Agr, let

Ay = EF / F@+By) — f(+ By, )dr and A, = /S F@+ By — f(4 + By,) dr.

Let u € [s,t] and notice that E°6 A, = 0, so (A.1) holds with I'y = 0. We will prove that (A.2)
holds with )
= Ol flloch="".

The case t — s < 2h. In this case we have

[As il < [ flloo(t = 8) < [ flloch25(t — 5)7=. (5.6)

18



The case t — s > 2h. Here we split A, in two

t

s+2h
As,t:]ES/ f(l/)+Br)—f(1/)+Bm)d7‘+1Es/ fW+B,) = f(¢+ By,)dr.

+2h

For the first part, we obtain

s+2h 1 1
B[ 04 B = S+ By dr] < 20 fS O okt 5 (e - 5)3

Denote the second part as

J :=/ E*[f(¢ + By) — f(¢ + By,)] dr.

+2h
We write B, = B, — E°B,. + E®B,., where B, —[E®B,. is a Gaussian variable independent of F, and

of variance C(r — s)2H, see [6, Proposition 3.6 (ii)]. Using the Gaussian semigroup G, we get
t
J = / (GC(rfs)?‘Hf(z/} +E°B,) — GC(T‘h*S)2Hf(1/) + ESBTh)) dr (5.7)
s+2h
t
— / (GC(,,,S)QHf(z/J +E°B,) — Gog—sy2n f (U + IESBT)) dr
s+2h

t
+ [ Gooapn [fW BB — S0+ BBy, dr

For Jy, we apply [6, Proposition 3.7 (ii)] with 8 =0,0 =1, & = 0 to get
¢
s+2h
Now applying the inequalities (r—s)2# — (r, —s)2# < C(r—ry)(rp—s)* =1 and 2(r, —s) > (r—s),
it comes

t
[Jifem <C ||f|\oo/ (r—rn)(r =) r — )" dr
s+2h

t
<Clfleh [ -9tar
s+2h
< C[flloch (Jlog(2h)[+[log(t — s)|) -
Use again that 2h <t — s to get
[ ullm < O flloch? (= 5)275.

As for Jy, we have

[I72]

t
< / ||Gc(r_s)2Hf||cl ||ESBT - EsBrh‘ m dr.

s+2h
In view of [6, Proposition 3.7 (i)] applied with 5 =1, & = 0 and [6, Proposition 3.6 (v)], we get

t
1l < Cfllc / B, ~ By 1 (= ) dr
s+2

SCIIflloo/ (r =) — )7L — 5" dr

+2h
< C||flloo b (Jlog(2h)]|+log(t — s)|)

< O\ fllos h275 (t — )25,
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Combining the bounds on J; and J3, we deduce that
10 < C | flloo h2 7 (8 = 5) 245
Hence for all t — s > 2h,

I 4s,elLm< C | flloc 7% (t = 5) 275

ML)
—~
o
co
~~

Overall, combining (5.6) and (5.8), we obtain that for all s < ¢,
1_ 1, e
[Astllzm < Cllflloch2™(t = 5)z 2.
Thus for any u € [s,t],
10Asutllom < N Astllom+[Asullm+] AuellLm
< || fllooh® =5 (t = 5)5+5.
The power in (t — s) is strictly larger than 1/2, so (A.2) holds.
Convergence in probability. Finally, for a sequence (Il )ren of partitions of [S,t] with I =
{tf}fvz"l and mesh size converging to zero, we have

Np—1

— E Ak 4r
HAt t it
i=1

Ni—1 t::c+1 i
oS 2[R B g B B B 4 g0 B

Ni—1

t?+1 k
< Z} /tk E‘f(w—i—Br)—Etif(z/J—i—Br) dr

t§+1 .
+ ; /tf ]E‘f(ZZJJrBTh)fEtif(qurBrh) dr

=: I]_ + IQ.

In view of Lemma 3.3(i4i), it comes that

Np—1

5
B3 [ et = " dr < |l (¢ S).
=1 Yt

i

As for Iy, note that if 7, < t¥, then E|f(v + B,,) — Et?f(z/) + By, )|= 0. On the other hand,

= by

when 7, € (t¥,¢¥ ] then in view of Lemma 3.3(iii), we have

E|f(¢+ By,) — E% f(¢ + By, )|< Cl| fllex T |7

It follows that

Np—1

Ry [Ilalm )
i=1 7t

and therefore Zf\gcl—l Ay ¢k, , converges in probability to A; as k — 4+00. We can therefore apply
Lemma A.1 with e; > 0 and €3 = €/2 to conclude that

||At - -AsHLm < ||~At —As — As,t”Lm"’_HAS,t'
< O\ fllos h275 (t — )25,

Lm
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Proposition 5.4. Let (V1);c[0,1] be an R9-valued stochastic process adapted to F. Let f € C3°(RY, RY)N
B} and recall that v and p satisfy (2.7). Let e € (0,%) and m € [2,00). There exists a constant
C > 0 such that for any (s,t) € Ag,1, we have

H /stf (r +By) = f@e+ Br)ar | < O(Illehd 50 = )35 4 [ fler Wley ,omh' (0 =)' F).
(5.9)

Proof. We will check the conditions in order to apply Lemma A.1. Let and 0 < § < T < 1. For
any (s,t) € Agr, define

t t
A= / Fbs + By) — (b + Byy)dr and A, = /g F(r + By) — (i + By, dr.

To show that (A.1) and (A.2) hold true with &1 = g2 = £/2 > 0, we prove that there exists a
constant C' > 0 independent of s,¢,.S and T such that for u = (s + t)/2,
1< Cllfller Wler, . pm W7 (t = 5)'F5;

[s,T]

(i) E*[0As,ul

(i) |6Asutllzm< Cllflloc hE~ (t — 5)3+5;

(iii) If (i) and (ii) are satisfied, (A.3) gives the convergence in probability of vaz"l_l Age g, along
any sequence of partitions IT, = {t¥}* of [S,#] with mesh converging to 0. We will prove

that the limit is the process A given in (5.3).

Assume for now that (i), (ii) and (iii) hold. Applying Lemma A.1, we obtain that

SOk 35t = )25 4 | fler[len, k!5 (t = )75

[s.t]

|/ U+ B — b+ By, dr
+ Al

We will see in (5.13) that || As|lzm< C||fllech? < (t — s)2+5. Then choosing (s,t) = (S,T), we
get (5.9).
We now check that the conditions (i), (ii) and (iii) actually hold.

Proof of (i): For u € [s,t], by the tower property of conditional expectation, we have

E*0As e = E° / E*[f (s + Br) = (s + Br,.) = f(Yu + Br) + f(u + By, )] dr.

u

The case u — s < 2h. In this case, using the Lipschitz norm of f, we have
t
[E6 A0l < 20fler [ 1o = vl

and therefore using the inequality (t — u)(u — s) < (t — u)(u — s)°h!=¢ < (t — s)1Tehl ¢,

B2 As vl < ISty , o (2 — ) = 9)
< Cllflerlbles, , om ( — ) +01—=.

s,T]

The case u — s > 2h. We split the integral first between u and u + 2h and then between u + 2h
and t as

5As,u,t =:J1 + Jo.
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For J;, we obtain as before that
‘EséAs,u,u+2h| S 2”ch1 |ws - ’(/Ju| (u + 2h — U)7

and using the fact that u — s > 2h, it follows that

Iy || = 1E* 6 As wuranllim < Cllfllerlelley , pm (t =) FeR172 (5.10)
As for Jo, we write as in (5.7) that
t
=B [ B+ B = S+ Bry) = W+ B) + S+ Bl dr
u+2

- / (Gotrnypit — G —wyorr)(F (s + EB,) — f(tb +EB,)) dr
u+2h

t

VB | Gopmpn (£ +BYBy) — f(s B By,) = f(+ E*B) + [ (g + E*By,) ) dr
u+

=: Jo1 + Joo.
For Jo1, we apply [6, Proposition 3.7 (ii)] with =10, d =1, @ = 0 to get

t

[ a1 [ m < CI1Lf (s + ) = fhu + ')lloollm/ ((r = 8)*" = (rn — )*")(rp — )72 dr.

+2h

Now applying the inequalities (7 — )7 — (r, — )2 < C(r—rp)(rp—s)?2=1 and 2(r, —s) > (r—s),

it comes

t
[ a1llem < Cl fllerll®lley, . pmlu— 5] (r—ru)(r =)= (e —5) 7 dr

u+2h
< Cllfllel¥llery o i (¢ = 5) ([log(2h) [+ log(t — s)[).

Since 2h <t — s, one has
121l < Cl fllet19llez 2o Rt — )R (5.11)

As for Jyo, observe that

(Gt (£ + B By) = (s +E*By,) = [t + B'By) + f(u + E"Br,))|
SNGo—wyer (f (s + ) = f(Yu +2)ller [E*B, — E“By, |
S CNfWs +) = Fu+ oo (rn = )~ [E"B, — E"By, |,
where we used [6, Proposition 3.7 (i)] with 8 =1 and a = 0 in the last inequality. Now in view of
[6, Proposition 3.6 (v)], the previous inequality and using 2(rp, — u) > r — u, it comes

t

L SO (@s +-) = f(u + ‘)Iloollm/ BB, = E“ By, || (rn — )~ dr

+2h

[| Jz|

t
<Cl el o (u=5) | == =) ar

< Cllfllellliey, yom b (E = s) (log(2h)|+log(t — s)|)
< O fllerlllicy , om B~ (= )15 (5.12)

In view of the inequalities (5.10), (5.11) and (5.12), we have finally

|E°6 As v,

POl Wl b5 = ) FE.
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Proof of (ii): we write

||6As,u,t

ng HAs,t

Lm+||As,U||Lm+HAu,t

|Lm

and we apply Lemma 5.3 for each term in the right-hand side of the previous inequality, respectively
for ¢ = 15, Vs again and 1. We thus have

[Asll < Cflloo B2 75 (¢ — 5)5F3, (5.13)

and combining similar inequalities on A, , and A, with (5.13) yields

wlo

18 A uillm < C |l flloo B2 (t — )3 +5,

Proof of (iii): finally, for a sequence (Il)ren of partitions of [S, ¢] with IT, = {tf}fvz"l and mesh
size |II;| converging to zero, we have

Ni—1

N-1 t?+1
A =D~ Al < D / o Elf @+ By) = f(¥r + Br,) = f (s + Br) + f(yr + By, dr
0 i=1 i

Np—1

tf+1
<Y [ ISl — vl ar
i=1 Yt
N1 t§+1
SC||f||c1; /ﬁ ¥lley, , om M| dr — 0.
O

Corollary 5.5. Let (vt):e[o,1] be an R9-valued stochastic process adapted to F. Let f € C3°(RY, RY)N
B} and recall that v and p satisfy (2.7). Let ¢ € (0, 1) and m € [2,00). There ezists a constant
C > 0 such that for any (s,t) € Ag 1,

e W s)) .

| [ 5B = s+ By, <€ (1135095 4 ety

Proof. Introducing the pivot term f(t, + B, ), we have

[ e+ B st By

< H/Stf(wm +Br) = [+ By )dr|| H/:f(errBr) — f(r + By, dr

=:J1 + Jo.

rm

We first bound .J; using the C! norm of f:

t
2 Sl [ 1=l dr < 76l o (2= ).
S

Then Js is bounded by Proposition 5.4. Combining the two bounds, we get the desired result. O

Corollary 5.6. Recall the process K"" that was defined in (4.1). Let £ € (0,3), m € [2,00) and
let v, p which satisfy (2.7). There exists a constant C > 0 such that for any 0 < S < T <1, any
Fs-measurable random variable n and any (s,t) € Ag 1, we have

t
H/ 0+ K By) = Kl By )dr| < O (16 ohd S 5 e [0 o) (¢ - )
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Proof. Define the process 9; = n + Kth’", t € [0,1]. Since t; is Fi-measurable for ¢ € [S,T] and
b € C°(RE,RY) N B, we can apply Corollary 5.5. It comes that

t
[ / V(0 + K1+ By) =V (g + K+ By dr|

N

< C(I0" ook 5t = 5)F + 1"lc1 [Wley, , B (= 8)F) (£ = 5)
< C (0" lloch? =2 + 0" ller [0y, | 1B ) (= )3

It remains to prove an upper bound on [w]c[lo L For 0 <u <wv <1, we have

o — ul= | / DX dr| < o — [ oo

Hence [w]c[1071]L'rrL < 16" .

6 Examples and simulations

In this section, we discuss examples of SDEs of the form (1.1) that can be treated by Theorem 2.5.

6.1 Skew fractional Brownian motion

The skew Brownian motion is a one-dimensional process that behaves like a Brownian motion with
a certain diffusion coefficient above the z-axis, and with another diffusion coefficient below the
x-axis. We refer to [15, 22] for various constructions, and in particular in [21], it is shown to be
the solution of an SDE which involves its local time. This equation reads dX; = a dL;* + dWj, for
a € (—1,1), where L is the local time at 0 of the solution. Formally we can write dL;X = §o(X;) dt.
More generally in R¢, although this is not the only possible approach (see e.g. [4, 12] for alternative
definitions), we call skew fractional Brownian motion the solution to (1.1) when the drift is «dy,
a € R?, that is

dX; = ado(Xy) dt + dBy. (6.1)
Since & € B, d+%, Theorem 2.3 gives strong existence and uniqueness for H <
Euler scheme converges for the same values of H by Theorem 2.5.
As an alternative construction of the skew fBm, we also propose to replace the local time by
its approximation b(z) = g-1(_. -)(z), € > 0. Now we have b bounded and so b € BY., therefore
one can take H < 1 and consider the SDE

m and the

(07

dX; =
b 9

T—co)(X)dt + dB;.

In the Markovian case and dimension d = 1, the skew Brownian motion is reflected on the z-
axis when o = £1. Unlike the skew Brownian motion, the skew fBm (for H # 1/2) is not reflected
for any value of «, since X — B is more regular than B (see Theorem 2.3). To construct reflected
processes, a classical approach is to proceed by penalization, see e.g. [23] in the Brownian case, and
[30] for rough differential equations. This consists in choosing a drift of the form b.(z) = % and
letting € tend to 0. Note that this approach also works for stochastic partial differential equations
(SPDES), see for instance [14, 27, 36]. If we consider more specifically the stochastic heat equation,
the solution in time observed at a fixed point in space behaves qualitatively like a fractional SDE
with Hurst parameter H = i. Hence in the reflected case, it is interesting to consider the following
SDEs:

€
dX§ = (X;)_n(Xf) dt + dB;, (6.2)
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where & is a smooth cut-off to ensure that the drift is in some Besov space (here BL,). Therefore
the analysis of the scheme (1.2) holds for H < % One could then provide a rate for convergence
for the Euler scheme approximating the reflected fBm X, which is the limit as ¢ — 0 in (6.2).
Indeed in [30], the distance between X¢ and X is quantified, so denoting X" the Euler scheme
of X¢, Theorem 2.5 now permits to control X¢ — X&hn,

6.2 Applications in finance

Some models of mathematical finance involve irregular drifts.

First, consider a dividend paying firm, whose capital evolution can be modelled by the following
SDE:

dXt = (7" — Oé(Xt)) dt -+ O'dBt,

with r is an interest rate, o is the volatility of the market and a(z) = 1,<, for some threshold
q, see e.g [2]. Numerical methods for bounded drifts with Brownian noise exist in the literature,
see e.g. [8, 17]. When B is a fractional Brownian motion with H < 1/2, [6] provides a rate of
convergence for the strong error (and Theorem 2.5 provides the same rate of convergence).

Then, we propose a class of models which can be related heuristically to the rough Heston model
introduced in [11]. Recently, it was observed empirically that the volatility in some high-frequency
financial markets has a very rough behaviour, in the sense that its trajectories have a very small
Holder exponent, close to 0.1. Formally, the rough Heston model is described by a square root
diffusion coefficient and a very rough driving noise. It would read

dVi = (Vi) dt + \/V, dB, (6.3)

if we could make sense of this equation, the difficulty being both to define a stochastic integral when
H is small, and to ensure the positivity of the solution. Note that it is possible to define properly
a rough Heston model, by means of Volterra equations, see [11]. However, we keep discussing (6.3)
at a formal level, and consider the Lamperti transform L(z) = \/z. Assume that a first order chain
rule holds for the solution of (6.3), then as long as V' stays nonnegative, it comes that

(V)
L(V;) = L(V, ds+ By,
V) = i)+ [ D ds+ B
which for V; := L(V;) = \/V; also reads
X7—17+1/t1(172)d+1B (6.4)
t+t = Vo 9 . ii R(Vg S 2 t- .

While there are some quantitative numerical approximation results for rough models (e.g. for
the rough Bergomi model [13]), the Euler scheme for the rough Heston model is only known to
K(z?)
2[xI=¢
as for x a bump function and for small ¢ > 0, b € B} (see [5, Prop. 2.21]). Hence Theorem 2.5
can be applied whenever H < 1/4 and in view of Corollary 2.6, this yields a strong error of order

(1/4)~.

Although the model (6.4) was not studied in the financial mathematics literature, it has the
advantage of being rough, it is formally close to the rough Heston model and can be approximated
quantitatively for H < 1/4.

converge without a rate [31]. Now we can make sense of the Equation (6.4) with drift b(x) =

6.3 Fractional Bessel processes in dimension 1

Bessel processes [29, Chapter XI] play an important role in probability theory and financial math-
ematics.
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As a generalization and motivated by the discussion in the previous subsection, we consider
solutions to the following one-dimensional SDE:

ax, = "X v ap,, (6.5)

| X[
for some o > 0 and H € (0,1). When H = 5, o =1 and & is the identity function, we know that
the solution always stays positive [29, Chapter XI, Section 1]. By similar computations as in [5,
Prop. 2.21], the drift b(x) = k(z) |z|~* belongs to B * for o € (0,1). In this case, assumption
(2.7) reads H < PIE) +a) and the rate of convergence of the Euler scheme is close to m

6.4 Examples in higher dimension

A natural way to extend processes (6.5) to dimension 2 could be the following:

Xy
dX} = al )dt—i- dB!, i=1,2, (6.6)
| X[
where B! and B? are two independent fBms and « > 0. By [5, Proposition 2.21], one can prove
that x — b(z) =
H< 2(1+a)
Notice that the SDE (6.6) presents a singularity only at the point (0,0). To create a singularity
on both the x and y-axes, one could also look at the following SDE

belongs to B> for a € (0,2). Therefore, the condition on H becomes

o le”

. 1 .
dX!= —— dt+ dB!, 1=1.2.
CT XA T e

Another example to consider in higher dimension is an SDE with discontinuous drift. For
instance, let the drift be an indicator function of some domain D as in (6.7):

dx, =19(x,) dt + dB,, (6.7)

where ]l(g)

nent. We have ]lg) € BY,, and thus one can take H < %

denotes the vector-valued indicator function with identical entries 1p on each compo-

6.5 Simulations

In dimension 1, we will simulate two SDEs. First the skew fractional Brownian motion (6.1) with
a = 1. Then we simulate the SDE with bounded measurable drift 1, € B2, i.e

dX; = 1x,50dt + dB,. (6.8)

The drifts are approximated by convolution with the Gaussian kernel, that is b"(z) = G1b(z) and
we fix the initial condition to Xy = 0. For the skew fBm, this corresponds to

naz?
bn(x) - %67 ’ ’
1

[n /z _
= -— e
2 0
-

As in Corollary 2.6, we fix the time-step h of the Euler scheme as h = |n » |. Our aim is to
observe the rate of convergence numerically, so we need a reference value for the solutions of (6.1)
and (6.8). However these solutions do not have an explicit expression so we do not have an exact
reference value. Instead, we first make a costly computation with very small time-step h = 1076

and for (6.8) this yields
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that will serve as reference value. Therefore n = h=2 = 1000 for the skew fBm and n = h~! for
the SDE with bounded drift. In a second step, we compute the Euler scheme for different values of
h and compare it to the reference value with the same noise and h = 107, The result is averaged
over N = 100 realisations of the noise to get an estimate of the strong error.

Recall that according to Corollary 2.6, the theoretical order of convergence is almost 1/4 when
the drift is a Dirac and almost 1/2 when the drift is bounded. We plot the logarithmic strong error
with respect to the time-step h in Figure 1 and conclude that the empirical order of convergence
is coherent with the theoretical one.

— log-error — log-error
0.18] —+ standard deviation — standard deviation

0.04
0.0001 0.00015 0.0002 0.00025 0.0003 0.00035 0.0004 0.00045

Figure 1: Plot of the logarithm of the strong error (y-axis) against h (z-axis) when d = 1. Left:
the drift is the Dirac g, H = 0.2, the numerical order of convergence (by linear regression) is
approximately 0.27 + 0.01, which is close to the theoretical order 0.25. Right: bounded drift,
H = 0.4, the numerical order of convergence is approximately 0.55 4+ 0.01. The theoretical order
0.5 is not in the interval 0.57 £+ 0.01, which could be explained by other sources of numerical error
(for instance the computation of the reference value).

In dimension 2, we simulate the 2-dimensional SDE (6.7) with X, = 0 and with D the quadrant
defined by D = { > 0,y > 0}. The drift b is approximated by

n n 2
= — —sle=yly dy.
1 5 /R26 p(y) dy

1

We recall that the time-step h is fixed such that h = |n 1’”+%j. In this case, b € B, thus we
have h = n~!. To obtain a reference value for the SDE, we set h = 107°. We compute the Euler
scheme for a different values of h between 0.0003 and 0.0005 and compare it to the reference value
with the same noise and h = 107°. The result is averaged over N = 50 realisations of the noise to
get an estimate of the strong error.

Recall that according to Corollary 2.6, the theoretical order of convergence is almost 1/2 when
the drift is bounded. We plot the logarithmic strong error with respect to the time step h in Figure
2 and observe that the empirical order of convergence is approximately 0.62.

Appendices

A Proofs of regularisation by fBm in dimension d

We start by recalling the following recent stochastic sewing Lemma [20], which will be useful for
the main estimate of this section (Proposition 3.5) and of Section 5.

Lemma A.1 ([20]). Let 0 < S < T and m > 2. Let (Q, F,F,P) be a filtered probability space. Let
A:Agp — L™ be such that As, is Fi-measurable for any (s,t) € Ag . Assume that there exist
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1 — 1og-error
—t— standard deviation

9x1072

8x1072

4%x10°4 5x10°¢

Figure 2: Plot of the logarithm of the strong error (y-axis) against h (z-axis) when d = 2. The
drift is bounded, H = 0.4, the numerical order of convergence is approximately 0.62 + 0.01, which
is larger than the theoretical order. The theoretical order 0.5 is not in the interval 0.62 £ 0.01,
which could be explained by other sources of numerical error (for instance the computation of the
reference value).

constants T'1,To2 > 0 and 1,9 > 0 such that for every (s,t) € Agr and u = (s +1)/2,

IE*[0As ulllzm < T (t—s)'*e, (A.1)
16 As el pm < To(t—s)27e2, (A.2)
Then there exists a process (A¢)ie(s,m) such that, for any t € [S,T] and any sequence of partitions
I, = {tF} N of [S,t] with mesh size going to zero, we have
N
Ay = lim ZAtf7t§+1 in probability. (A.3)

k—o00 4
=0

Moreover, there exists a constant C = C(e1,e2,m) independent of S, T such that for every
(s,t) € Agr we have

||.At — .AS — As,t”ng Cl“l(t — 8)1+€1 + CFg(t — S)%_‘—EQ,
and

IES[A; — A — Ag4]llpm < C Ty (t — )t Fer,

A.1 Proof of Lemma 3.4
We will apply Lemma A.1 for S <s<t<T,

t t
A, ;:/ f(B,,E)dr and A, :=E* [/ f(Br,E)dr]
S S

Notice that we have E®*[6A; ] = 0, so (A.1) trivially holds. In order to establish (A.2), we will
show that for some g5 > 0,

10 A tllm < To (t — 5)Y/2F52, (A.4)
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For uw = (s+1)/2 we have by the triangle inequality, Jensen’s inequality for conditional expectation

and Lemma 3.3(4¢) that
¢ ¢
E* U /(B,.5) dr} + ‘ E U ) dr}
u Lm u

< [ U B Dl +E (B, D)) dr

164, il < ‘

Lm

Lm dr

t
<2 / IE*£(B,,E)|

d

t
<0 [ M6l — w70~ H

= _d
< CIIFC sy llm (t—w) O3,

Hence, we have (A.4) for eg =1/2+ H(vy — %) > 0.
Let t € [S,T]. Let (Ilx)ken be a sequence of partitions of [S,¢] with mesh size converging to
zero. For each k, denote IT;, = {t*}* . By Lemma 3.3(iii) we have that

t§+1 .
e = S A x5 [ 1B ) B (B Dl
< IS Dlles s (¢ — )T — 0.

Hence (A.3) holds true.
Applying Lemma A.1, we get

—_ _d
lA: = Asllzm < [|Asllzm+C UG D) sy lm (= 8)HHO7E),

Applying the triangle inequality and Lemma 3.3(i%), we get that

t
Asaln = [[£° [ (B2 ar
S

Lm
t
S /S ||Esf(BT7E)||L7ndT
t
= _4d
< C/S ||Hf(7‘:‘)||BZHLm (r— S)H(’Y 2 dr
= _4d
< CIFCENsyllzn (=8O,

and the result follows.

A.2 Proof of Proposition 3.5
Assume that [w]cfﬁ_t]Lm < 00, otherwise (3.2) trivially holds. For (3,7) € A, let

Agpi= / f(Br +1s)dr and A, := / f(Br + 1, )dr. (A.5)

In the following, we check the conditions in order to apply Lemma A.1. To show that (A.1) and
(A.2) hold true with ey = H(y —d/p—1)+7 >0 and e3 = 1/2 + H(y — d/p) > 0, we prove that
there exists a constant C' > 0 independent of s, ¢, § and ¢ such that

(1) IE*0A;, lln < Cllfllsy Wleris,grm (= §)HHH O =4/,

(ii) 11645, zllen< C | fllsy (= 3)1+HO=d/p);

29



(iii) If (i) and (ii) are satisfied, (A.3) gives the convergence in probability of Zflvz"ofl Atf,t§+1 along

any sequence of partitions IT = {tf}i&o of [s,f] with mesh converging to 0. We will prove
that the limit is the process A given in (A.5).

Assume for now that (i), (ii) and (iii) hold. Applying Lemma A.1, we obtain that

H /jf(BT +4r) drHLm <C|fls; (t — §)1+H(V*%)

o o
+C | fllsy Wlersqgom (E— 5)HHHOTI=0F
+ ||A§,{||Lm.

We will see in (A.7) that ||A; |
get (3.2).
We now check that the conditions (i), (ii) and (iii) actually hold.
Proof of (i): For s < §<u < t < t, we have

n< C|fllgy (- §)1+H(=d/P)  Then, choosing (3,f) = (s,t) we

5A§,u,f = / f(B7 + ¢s) - f(B’I‘ + wu) dr.

Hence, by the tower property of conditional expectation and Fubini’s Theorem, we get

S

t
IE*6A; 7l = Eg/ E“[f(Br +15) = f(By + u)] dr|.

Now using Lemma 3.3(i¢) with the F,-measurable variable = = (13, ,,), Lemma 3.1(i¢) for « = 1
and again Fubini’s Lemma, we obtain that

E/ E [/ (By +15) = J(Br +6,)] dr| SEE/ 17+ 4s) = S+ lgg (0 = )" O dr
t

< Clfllg | Bl — sl = )"0

u

Hence we get

t
B < _1_d
[E*0A;s o illm < C IIfIIBK/ S |t = s [ (r — ) T2 dr, (A.6)
By the conditional Jensen’s inequality, we have

IE*%bu — ¢slllLn< Wlep 2 (uw—3)".

[s.¢]

Hence combining the previous inequality with equation (A.6), we get

- ~ 1_dyar
1B 6 A; 0 il im < ClIf gy Wlep, , om (E— 3 HTOTI7004,

s,
Proof of (ii): This is a direct consequence of Lemma 3.4. Indeed, we write
1645w illem < 1Az gllm [ Asull L [ Ay ] e

and we will apply Lemma 3.4 for each term in the right-hand side of the previous inequality,
respectively for = = 3, 1; again and v,. We only detail the first one. As f is smooth and
bounded, the first assumption of Lemma 3.4 is verified. By Lemma 3.1(3), || f(- + Z)|5;< |57,
hence the second assumption of Lemma 3.4 is verified. It follows that

—_ ~ ~ _d
145 illzm < CUIFCENsgllm (F— 8) O

~ ~ _d
< Cllfllsy (=3O, (A7)
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Hence combining similar inequalities on Az, and A, ; with (A.7), we get
- _d
1645 illLm< C|lfllsy (=3O,

Proof of (iii): For a sequence (IT;)ren of partitions of [s, 7] with TT, = {t*}N and mesh size
converging to zero, we have

tii
[ =S e, <X U B 0 = 1B+ ) ar

ti
<3 [ W les e = vl ar
i 2

< O flest I ey o 0.

] k—o0

A.3 Proof of Proposition 3.9

This proof is very close to the proof of [1, Proposition 7.7], but we adapt it to dimension d > 1 for
the reader’s convenience.

Assume w.lo.g. that X, = 0 and let K := X — B, so that (2.4) is automatically verified. Let
(b™)nen be any sequence of smooth bounded functions converging to b in B)~. To verify that K

and X satisfy (2.5), we have to show that

t
/ b(X,)dr — K,
0

lim sup = 0 in probability. (A.8)

n=00 4c[0,T]

By the triangle inequality we have that for k,n € N and ¢ € [0, 7],

t t t t t
/b”(f(r)dr—f{t < / b”(f(r)dr—/ b (XF) dr| + / b”(f(,’?)dr—/ vH(XE) dr
0 0 0 0 0
t
- / b (XE)dr — K| =: Ay + As + As. (A.9)
0

Now we will show that all summands on the right hand side of (A.9) converge to 0 uniformly on
[0,T] in probability as n — oo, choosing k = k(n) accordingly.
First we bound A;. Notice that

/Ot b (X, dr — /t b (XF) dr

t
< ||b"|\c1/ X, - X dr
0 0

< |[o"|lex T sup |Xt —Xt’“|.
t€[0,T]

For any € > 0, choose an increasing sequence (k(n))nen such that
n Y ok(n) 1
P(|o"||cx T sup | X — X,/ |>e) <—, ¥neN.
t€[0,T] n
Hence, we get that

lim sup = 0 in probability.

N0 ¢c[0,T)

t t
/ b(X,)dr — / b (XFM)Y dr
0 0

Now, we bound As. Let 7/ < v with 7/ —d/p > 1/2 —1/(2H). By Lemma 3.7 applied to Xk,
h = b" — b* and 4/ instead of 7, there exists a random variable Zn, i such that

n 1k 7k112
ElZnx] < CII6" = %[l gyr (14 [10°[15,)

< O(Ib" = bll gy +1B* — bll 1) (1 + Slé%IIBmIIQB;% (A.10)
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for C independent of k,n and such that there is

/t b”(f(f)dr—/t bR (XF) dr

0 0

sup
t€[0,T]

Using Markov’s inequality and (A.10) we obtain that

i i
P sup /b"(Xjf)dr—/ b (XF) dr
tefo, 7] 1J0

0

> a) <e B[ Zux] (1 +T)
<Ot (L4 T) (0" = bll gy +15" = bl ) (1 + s%%nému‘;g,).
Choosing k = k(n) as before, we get

t t
/ b (XEM) g — / B (X dy
0 0

lim sup

= 0 in probability.
n=00 ¢c[0,T)

To bound the last summand As, recall that X} = fot b*(X¥)dr + BF. We get that

< sup (|XF — X|+|Bf — By)).
t€[0,T]

sup

t
/b’“(f(ff)dr—f(t
tel0,7] 1J0

Since by assumption (X*, B¥),en converges to (X, B) on (C[QT])Q in probability, we get that

lim sup
n— oo te [O,T]

¢
/ bF) (X*M)Y dr — K| = 0 in probability,
0

and therefore (A.8) holds true.
It remains to show that (3.6) holds true. By Lemma 3.6, there exists C' > 0 such that for any
(S, t) S AO,Ta

(X = BE) = (X5 = BYlum< € (14 sup [B73;) (¢ = )05, (A.11)
me

Using that [, b*(X¥) dr converges to K; on Cjo 7| in probability (by assumption) and that sup,,,cy||0™ | B
is finite, we get (3.6) by applying Fatou’s Lemma to (A.11).
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