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Mathematical Justification of a Compressible Bi-Fluid System
with Different Pressure Laws:
A Semi-Discrete approach and Numerical illustrations

D. Bresch? C. Burtea | F. Lagoutiére *

July 25, 2022

Abstract

In this paper, we justify mathematically a compressible bifluid system with two different pressure
state laws starting from an ODE system which somehow mimics the physical situation at the
mesoscopic scale using the Lagrangian coordinates to fix the interfaces. In the last part, we show
how the derivation of the macroscopic system may be helpful from a numerical point of view to
simulate a mixture at the mesoscopic scale. This paper is a semi-discrete version of [5] where the
first justification of such a mixture model is proposed. In the present justification, based on a semi-
discrete scheme, the purpose and the frame might be more clear to the reader, and the numerical
illustrations given in the last part (with a totally discrete scheme that is asymptotic preserving)
give some strong hints on the phenomena that are involved.

Résumé
Dans ce papier, nous justifions mathématiquement un systéme bifluide compressible avec deux
lois de pression pouvant étre différentes en partant d’'un systéme d’équations différentielles or-
dinaires qui représentent la situation d’un mélange & 1’échelle mésoscopique quand on utilise les
coordonnées lagrangiennes pour fixer les interfaces. Cet article est une version semi-discréte de [5]
ou la premiére justification rigoureuse de tels modeéles multi-fluides est proposée. La présente dé-
marche, complémentaire de la précédente et basée sur un schéma semi-discret, les buts et le cadre
de travail sont sans doute plus aisés & comprendre, et les illustrations numériques de la derniére
partie (obtenue avec un schéma totallement discret préservant 'asymptotique) permettent de saisir

mieux les phénomeénes en jeu dans cette modélisation.

Mathematics Subject Classification: 76N10, 35Q30.
Keywords. Compressible Flows, Bi-Fluid System, semi-discrete approach, Hoff Solution, Homog-
enization, Numerical Schemes.

1 Introduction

The mathematical derivation of bifluid systems with the same pressure law for the two compo-
nents starting from a continuous isentropic compressible Navier-Stokes system with highly oscillating—
concentrated initial density has been firstly studied in the one-dimension in space case by W.E. [16],
D. Serre [34] in parallel with A.A. Amosov and A.A. Zlotinkov [3] for instance. Recently, P. Plotnikov
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and I. Sokolowski [32] on the one hand and D. Bresch and M. Hillairet [6]- [7] on the other hand have
investigated the multi-dimension in space case. More precisely, the first authors consider compressible
Navier-Stokes equations with constant viscosities with rapidly oscillating initial data. Working on
global weak-solution in the spirit of Leray, using Young measures theory, it is possible to derive kinetic
equations (in the spirit of Lions, Perthame, Tadmor) which encode the mixing dynamic. However, as
explained by D. Bresch, M. Hillairet and X. Huang [19], [6], [8], [7] and [20] multifluid systems are
interpreted as reduced systems satisfied by particular Young measure (namely convex combinations of
a finite number of Dirac masses) solutions of the homogenized compressible Navier-Stokes equation.
Proving propagation of the number of Dirac masses in Young measure solutions to this homogenized
equation is then the key point to derive the multifluid system with new relaxation terms. This requires
to works on solutions with intermediate regularity in the spirit of D. Hoff [23] and B. Desjardins [12]
namely with initial density in L®(£2) and initial velocity in H'(€). However starting with the com-
pressible Navier-Stokes equations with the monotone law p(p) = ap” (with @ > 0 and v > 1) and
choosing appropriate oscillating initial density provides bi-fluid system at the macroscopic scale with
the same pressure law for the two components constituting the mixture. In order to obtain physical
interesting systems from an application view-point, it is important to be able to consider different
pressure laws depending on the components. More precisely it is this open problem, that we want to
address in this paper, to mathematically justify the following system governing (o, p+,u) (an equa-
tion on g4 means two equations: one on g4 and the other on g_) with periodic boundary conditions
on (0,1) and corresponding initial data:

(6 ¢
oo +udpay = ———— (04 — o),
pors = Oé—M+( +—0F)
O (axps) + 0p (axpru) =0, -
Oy (pu) + Ox (pUZ) - 8x(ﬂeffaxu) + 8mpeff =0, ( ’ )

ar +a_=1with 0 <ag <1,
p=0a4ps +a_p_ with 0 < pr < 0

where

fis pie aspy(p)p— +a-p_(p-)p
P LAY (p-)ins (1.2)
A fle + Qg A fle + O iy

with s — py(s) and s — p_(s) two given monotone pressure laws satisfying

1
pe € CH([0,+00)) such that pi(0)=0 and ass’=1 —by <pl(s) < a—sﬁ_l +bs (1.3)
+

for some constants v+ > 1 and aL > 0, by > 0 and py two positive given constant viscosities that
may be different for each component and where o4 and o_ are given through the formula

or = —psr0zu+ pe(ps). (1.4)

Remark that the form of the expressions peg and peg is similar from what we could obtain in homog-
enization for elliptic equations in one dimension. We explain formally in the appendix how equation
(1.1); may be derived with a discrete approach of the mixture. This provides an equation on the
volumic fractions a4 for each component with a relaxation term depending on the two viscosities p4
and p— and two pressure state laws p; and p_ that may be different.

In all the following, the term meso will denote what concerns the scale at which the two fluids are
separated, while the term macro concerns the macroscopic mixture model in which the fluid are not
separated.

In a first part, we mathematically justify that the system (1.1)—(1.4) can be obtained by homoge-
nization of a system of ODEs which contains an order parameter ¢ and which describes the physics of



the mixture at the mesoscale : this is the main result of the paper (see Theorem 1). The originality
of the present paper is that the the mesocopic model is a system of ODEs rather than a PDE model
as it is ussualy assumed see [19], [6], [8], [7], [20], [5]. For more recent applications of this method see
M. Hillairet, H. Mathis and N. Seguin [21,22|. We refer the reader to the recent work ok V. Perrier
and E. Gutiérrez [31] where the mesoscopic model is of Euler type and stochastic homogenisation is
performed in order to obtain an averaged model. See also the discrete equation method of R. Abgrall
and R. Saurel in [1].

Then in a second part, we show how the derivation of (1.1)—(1.4) may be helpful from a numerical
point of view to simulate mixture at the meso-scale. In some sense we revisit the seminal works
by [13], [10], [11] and [2]. We present asymptotic preserving scheme using the macroscopic model to
choose an appropriate flux quantity. In the appendix, for reader’s convenience, we present a formal
derivation of (1.1); starting from the description of the physical situation at the mesoscale for readers
who are not familiar with mathematical justifications.

Important notation. In all the paper long, we denote by D; the Lagrangian time derivative defined as
follows when applied on a quantity g: D:;g = 0:g + u0,.g. This derivative will also be denoted g in the
rest of the paper.

2 Statement of the main result

Let us first describe the mesoscopic system under consideration on [0, 1]. It corresponds to a physical
description of a two-components system governed by ODEs on each cell (number of cells J € N\{0}
in [0,1) and location of cell interfaces position z;). Letting the number of cells go to infinity with
appropriate assumptions on the data, we are able to mathematically justify the derivation of the bifluid
system (1.1)—(1.4). More precisely, let J € N\ {0} be the number of cells in [0,1). Let (l’j_l/g(t))}]:l
be the collection of cell interface positions at time ¢. One assumes 0 < z;_1/0 < ;412 < 1 for any
je{l,...,J —1} (this set will also be denoted 1, J — 1. In order to take into account the fact that
the problem under consideration is posed on T in a simple manner, i.e. without taking care of the
cells and quantities on the boundary, we extend all the data over R and Z by periodicity. The cells
themselves are denoted by [z;_;/2,7;41/2) for j € Z. The maximum length of these cells is intended

to be small (and to tend to 0 as J tends to oo to reach convergence).

We first consider the following mesoscopic system of ODEs, which is inspired by the structure of the
system (1.1) in Lagrangian coordinates. As the fluids have to remain pure (not mixed) in every cell
(this is encoded by the constraint ¢;(1 —¢;) = 0 in the following), we consider a Lagrangian, or pseudo-
Lagrangian' mesoscale approach in which the cells follow the fluid in its transport, namely in which
the edges of every cell moves at the fluid velocity namely

:bj+%:uj+%, (2.1)
and the physical model in each cell
¢ =0,
i (pjAz;) =0,
ijr%ijJr%uﬁ% +Pj+1 — Dy (2.2)
Uy 3 — Ui, 1 Uy 1 — U, 1
o ) Jt+35 ]+§ . ) J+§ J—3
{iter) ZH 2 e HY

Tt can be called pseudo-Lagrangian because, although the solution is actually expressed in the classical Euler variable,
the scheme strongly uses the Langrange formulation of the system.



where
p; = p(pj,cj) with p(p,c) = cp1(p) + (1 — c)p—(p), p(ci) = cjpy + (1 —c¢j)p—

with s — p_(s) and s — p4(s) are two increasing functions satisfying (1.3), and where

Az =T 1 —xj_%,

A B &x]’ =+ A.Tj+1

xj—i—% - 9 ’ (2.3)
P _ pjAz; + p]—‘rle]-i—l

ity T Ax; 4+ Azjiq

for all j € 0,J — 1 with the periodic condition

Co = CJ,

PO = PJ, (24)
UL = U, 1 U_1 =U; 1.
2 Jt+37 -3 J=3

System (2.1) has to be completed with initial condition
0 0 0 0
Cjli=0 = Cjs pili=0 = Pjs $j+1/2\t:0 =Tj41/2 Uj+1/2|t:0 = Ujt1/2 (2.5)

satisfying the following constraints:

I

0, < a2l <af < <al_

2 2 2 %
cj €{0,1},
there exist p” and p° such that 0 < p° < pQ < po < 00,
J— uo — 0 1 2
; 0 )73 0
there exists A such that (uj+%>]€0 . Z ‘ jrl Aac Z(:) ? Aarj <A<oo
\ —
(2.6)
Remark: From the previous system of equations we also deduce that
(o) =t~ 27)
4 (pj+1 A:U ) =0.
For any J € N*| having constructed the functions (cj, PjsUjy ;) T as above we construct
2 je sJ—
(é7,p7,07,67) : Rx T = {0,1} x Rt x R x R
defined by
¢y (twr) =G (t) if z € [li]f% (t) al‘JJr% (t))v (28)
ﬁJ (t7x) = pj (t) lf T e [$j7% (t) a$]+1 (t))a (2 9)
T =T 1 Tjp1—
uy(t,z) = Az, Ujy1 (t) + Az, uﬁ%( ) ifx e [a:] %(t), i (1)), (2.10)
r—x 1 —
oy (t,.%') = A$]+7U]+1 + Jij+1 0 for x € [:Uj(t) QTJ_H(LL)) (2.11)
2



denoting

rj = (Tj_1/2 + Tjp1/2)/2 (2.12)
and ) y
its i3
oj = p(cj) ———= — Dy (2.13)
J J A.’Ej J
with
p(cj) = cipg + (X —cj)p—,  pj=cip(pj) + (1 —cj)p—(p;)-

In Proposition 3.5, we will show the following bounds on (¢, oy, Uy, 57):

&y (t, o) € {01},
1
— < o7 (t <
OTC—pJ(v'I)—C7 X
[ st aydo [ H Gy o) (t.0) do
0 0

t prl
+/ / ey (1,2)) |0piny (,2)| dedr < C,

; ; 1o e 2.14
1001z, + 191z, +min (1,2} |9yt (D)l < C, (2.14)
t rl 1
// lam&J(T,x)QdardT—i—min{l,t}/ 0,6 (¢, ) da
0 JO 0
t
~ 4_
+ [ (uppepoa 1026 (r.2)) i dr <

0

t 1
/ / min{1,7} |8,6 7 (1, 2)|* dedr < C
0Jo

where C' a positive constant depending only on the initial data and the time variable ¢, and where

H(pj,c;) = c;Hi(p;) + (1 — cj)H-(p;) with Hi(s) = p/oppi(T)/7'2 dr. (2.15)

With such uniform estimates, we will be able to formulate the main theorem, namely the conver-
gence of the mesoscopic system (2.1)— (2.6) through definitions (2.8)—(2.13) to the macroscopic system
(1.1)—(1.4): this result will be obtained using Propositions 3.2-3.5 and the classical uniqueness results
for transport equations with measure initial data.

Theorem 1. Consider p4,p— two given monotone pressure laws satisfying (1.3) and assume the initial
sequence of data satisfies (2.6). Then, there exists a unique global solution {(c;, pj,x;, 1,u; 1) }j=0,..,J
2 2

of the mesoscopic system of odes (2.1)~(2.5). Then (¢y,pj,ty,07) defined by (2.8)~(2.13), satisfy the
uniform estimates (2.14) on [0, T for any T € (0,00]. Let ©Y be defined by

(09,b) / b(z, %), é%(x)) dz, Vb e Co(TLxRe x [0,1]). (2.16)
T
Assume there exists a9, a € LY(T',[0,1]) and p%., p° € L>®(T',Ry) such that

(09,b) — 7400 (0°,0) = /Tl(a(jr(x)b (2, P (2), 1) +° (2)b (2, p° (2),0))dx (2.17)

for all b € C.(TL x Re x [0,1]), and v’ € HY(T') such that 05 — u® in H'(T'). Then there exists
ay,a_ € LY(0,T) x T4, [0,1]), p+,p— € L=((0,T) x T') and u € H'((0,T) x T') such that, for all
b€ Co(TL x Re x {0,1}):

e iy —uin HY((0,T) x TY),



(©7,b) ;de:f'/ b(z,py(t,z),és(t,z)) dz
']I‘l
— oo (©,0) = /11‘1 (g (t,2)b(x, py(t,x),1) + a_(t,z)b(z, p_(t,z),0))dx, (2.18)

o (at,a_,pi,p_,u) satisfy (1.1)~(1.4) with the initial conditions

atli—o = a2, p+i=0 = pY, =g = u°.

In particular, one has that
pr— aqpy +a_p_ weakly —* in L>=((0,T) x T1),

p(pJ.¢y) = aipy(py) +a_p_(p_) weakly — in L=((0,T) x T*).

In the numerical part, we will consider a time discretization of the semi-discrete physical description
that has been proposed to determine the limit macroscopic system. Note that knowing theoretical
properties will help to define appropriate quantities at the numerical level. We will present some
illustrations, both with equal viscosities and with different viscosities.

3 Main steps

The proof of Theorem 1 will be divided in several steps:

e In a first stage, we prove global existence and uniqueness of solutions for the system of ordinary
differential equations (2.1)—(2.6), see Proposition 3.1.

e Next, we study the functions introduced in (2.8)-(2.11). An important feature in our development
is that ¢y and p; verify transport equations with velocity 4 (see Proposition 3.2). Morever we
establish the uniform estimates (2.14) for (¢s, s, Uy, 67) , see Proposition 3.3.

e Finally, introducing the measure © ; defined by 3.10 and passing to the limit J — +o00 we obtain
a kinetic equation for © = limj_, . O, (see Proposition 3.5). From this kinetic equation and
with the appropriate assumptions (2.17) for the initial data, we are able to characterize the
measure © and thus to prove the main Theorem 1 obtained finally from Proposition 3.6. More
precisely, we show that if © is initially a convex combination of two Dirac masses then, this
structure is preserved for all later times.

The following quantities (mass, energy, Hoff energy functionals) will play a crucial role to show uniform
estimates which will help us to pass to the limit as J — +o0 and get the macroscopic model:

— The total mass:

J-1
M(t) =) pj (1) Aw; (t) (3.1)
§=0
— The basic energy functional:
= ) J-1
E(t) =53 pys O]up 10 dapey 0+ D Hip, ()¢5 (1) da; (1)
j=0 Jj=0



-l w1 (1) =1 (7)]?
[ St ) || Ay (32)
0 =0 ’
where H is defined in (2.15).
— The first Hoff energy functional:
J—1 2
1 u‘]—i-; (t> - 'LLJ_% (t)
B () = 5 Ll 0| g G| a0
tr—1 )
[y ) iy 0] By (1) (33)
0 J=0

— The second Hoff energy functional:

1 J—1 9
By (1) = 5 min {1t} Y py00 (0 fiy s (0] Azyir (1)
j=0
[ iy (1) =iy (1)
+ O/ mln{l,T}jZ:;)u (¢; () A Aa; (7)dr. (3.4)

We formalize our first result in the following proposition.

Proposition 3.1. System (2.1) with initial data satisfying (2.6) admits a unique global solution. More-
over, it satisfies the following uniform estimates with respect to J:

1 R
m <p;(t) < C’ilm(t), forallj€0,J—1,
ez (t)Ax? < Azj(t) < A:U?Cfm (t), forallj€0,J—1,
cj €{0,1}

and the bounds
M(t) = My,  E(t)=Ep
EH1 (t) + EH2 (t) < Cg (t) :

ini

where CL. (), C2,; () and C3,; (+) are strictly positive increasing continuous functions that depend only
1) s
U
( i+3/ jeoT-1

on My = M(0), Ey = E(0), o9, p°, and
The proof of this proposition is the purpose of Section (3.1) hereafter.

Al.
Hj

Once we will have obtained the qualitative information stated in Proposition 3.1 for the system of
ordinary differential equations, we will translate this into information for (¢, ps,y,6y) defined by
(2.8)-(2.11). First, we observe the following remarkable equations which will be crucial to derive System
(1.1)—(1.4).

Proposition 3.2. The functions (¢y, py,0y) verify the following transport equations

{ Oty + 130,65 =0,
Oipy + 0x (pstig) = 0,



with initial data 0
{ PJt=0 = POJ7
CJ|t=0 =Cy,

in the sense of distributions.

Of course, the estimates announced in Proposition 3.1 can be used in order to estimate various
norms of the functions (¢y, ps, @y, d7). More precisely, we have the following result.

Proposition 3.3. Consider discrete initial data verifying the hypothesis (2.6), and the corresponding
globally defined solution of the system of ODEs (2.1)~(2.4). Consider the functions (¢j,py, 0y, 0.7)
given by (2.8)- (2.11). Then (¢, ps,0y,07) satisfies (2.14). Up to a subsequence, we have

pr—=*p,  plps.cs) =" pegy in L2((0,T) x T'),
iy — u in HY((0,T) x T') and strongly in C([0, T]; L*(T?'), (3.6)
6y —0= /Leffaa;u — Peff in LZ(O,T; H1<T1))

with

s = #7 Dess = 1 <éJP+(ﬁJ) b1 ep)Pe (ﬁJ)> 7 (3.7)
(@) Gan) .

where (-) denotes the weak limit. Moreover, we have that

{ O + Oz (pu) = 0, (3.8)
Oy (pu) + O (pu?) — Ox(ftef fOrt) + Oppess = 0.

Since nonlinear functions are involved, we cannot link a priori piers, peys with the weak limits of
the sequences pj,¢y. Moreover, as explained previously, the density p; and the parameter ¢; are
expected to widely oscillated w.r.t. the space variable. For this reason, one cannot hope to obtain
strong convergence in Lebegue spaces for these sequences.

In order to identify 65 with the weak limits of the other unknowns, we follow the approach from [6]
where the authors noticed that this identification is similar to the classical homogenisation problem

for the elliptic equation
—0y(az0pus) = F

where a.(x) = a(x/e) where a is 1-periodic. It is well know from works by F. Murat and L. Tartar
that the system verified by the weak limit of u is

—Oy(adyi) = F

where

(this can be proved using the uniform bounds of a.0,u. in H' under the assumption a. > ¢ > 0). In
our setting, some form of compactness is known to hold for &; although we have to take care of the
fact that ¢ypy(ps)+ (1 —¢é5)p—(py) appears in the definition of . This kind of information is deduced
through the uniform estimates from the two Hoff functionals.

In order to finish the proof of our main result, we still have to obtain an equation for the volume
fraction and to identify the limits p.rs and p.rs through a closed system. To this end, we associate
the sequence (ps, ¢7)neny With a sequence of measures on the space TL x R¢ x [0,1] (here Re must be

a:



understood as the range of the p; while [0, 1] is the interval where ¢; belong to). Namely, given n > 0
and ¢t > 0, we consider the measure on T} x R x [0, 1] as defined by

©,),b) "L [ b(w,ps(t3),es(tx))de,  for be Co (TLxRe x [0,1]). (3.9)
Tl

We have the following proposition.

Proposition 3.4. For fired J € N one has
07 € Cu([0,00); M (TLxRe x [0,1])) (3.10)

with
Supp(©;(t)) C TL x [C71,C] x [0,1] (©,,1)=1. V>0, (3.11)

where C' is a strictly positive real number depending only on the data and the existence time T .

Proof. The second identity (3.11) being obvious we only discuss (3.10). First, we note that, by defini-
tion © is continuous in b for the topology of L'(TL;C(R¢ x [0,1])). Consequently, a standard density
argument entail that we only need to prove that ¢ — (©;(t),b) is continuous when b € C} (TLxRg).
For this, we write that

(€. (1) ;) = (O (5),0)] < [|92b]] /T1 165 (t,2) = ps (s,2)| dz, ¥ (t,s) € [0,00)%,

and the fact that p; € C ([0,00), L' (T')) allows to conclude. O

Once these measures are constructed, the rigorous justification of system (1.1)—(1.4) (namely the
main result of the paper) reduces to the following two propositions:

Proposition 3.5. Up to the extraction of a subsequence, we have ©5 — © in Cy([0,00); M (TL x
R¢ x [0,1])) where © satisfies

00+ 0, (u6) ~ 0 (L-(0€ + (. )0) = (o +p(1.)0 =0 (3.12)
with
w(n) =npe + L =n)p—,  pn,&) =np(&) + (1 —n)p_(§)

and (u, o) defined in (3.6)—(3.7).

The measure O encodes information regarding weak limits of (nonlinear) functions of (ps, ¢;). More
precisely, observe that for all ¢ € C5g,. (R) we have that

T ¢ (.CC) <b (p7 C)> (t,LL‘) lim w (:E) b (ﬁJ (tPT) NG (t7 CIZ)) = };H;O <®J (t) 7¢b>

N J—oo JT1

= (0 (1), ¥b). (3.13)

The next proposition states that if initially we have some extra information on the structure of the
measure © then, this structure is conserved for later times.

Proposition 3.6. Assume there exists (a9, a®,p%, p%) € L>(T!) such (2.17) holds:

(09,b) — (0°)b) = /Tl(ai(a:)b (2, p%(2), 1) +° (2)b (z, p° (2),0))dx



for all b € C(TL x Re x [0,1]) then there exists (at,a—, py,p—) € L=((0,T) x T') such that, for all
b e C(TL x Re x [0,1]):

(©7,b) /Tl b(z,py(t,z),é5(t,z)) dz

(0. = [ (@t (@, ps (:2),1) + @ (t2)b (z - (1,2). 0 (3.14)
’]I‘l
In particular, this helps to conclude that together with u such that
pr— aqpy +a_p_ weakly —* in L>=((0,T) x TY),

p(p.¢5) = aypy(ps) +a_p_(p-) weakly —* in L=((0,T) x T"),

along with
Gy — u in HY((0,T) x T1)

and that (oy, a—, py, p—) satisfy (1.1)=(1.4) with the initial conditions

Oéi\tzo = Oéoiy Pi\t:o = Pia U’t:o =u'.

Let us briefly explain why the above proposition is sufficient to conclude the proof of Theorem 1.
Using (3.14) along with the identity (3.13) we obtain that for all 1) € Cp¢, (R)

Jim (©,,00) = [ 0(@) (4(p.0) () = (© (1) 00)
= [ @ ()b (s t0). 1)+ 0 ()b - (8.2).0) 6 (@

which allows us to make the identification
(b(p, ) (t,2) = @y (£,2) b (ps (1,2) 1) + a- (£,2) b (p— (£,),0).

Then, recovering the equations verified by a.t is achieved via equation (3.12) written for functions ¥n
and ¢ (1 — n), and the above formula. We refer to [7,19] for complete details regarding this procedure.

4 Proof of Proposition 3.1

The objective of this section is to prove the results announced in Proposition 3.1. First we prove a
local existence result, then we show uniform estimates and an upper and lower bound for the density to
conclude on the global existence. Then we prove some high-order estimates with appropriate weights
in time.

4.1 Existence of a local solution for Cauchy problems associated with (2.1)

In order to obtain local existence of a unique solution, let us observe first from (2.2); and (2.2)y that

& (1) = ¢ (0), pj<t>=xfj((f))fji(f)(t), pres DAy ()= py1 (0 Az,1 (0), J=0...., =L,
T3 J—3

and therefore that System (2.1) is nothing but a system of ordinary differential equations of the form

DtX - U,
DtU:F(X,U), (4.1)
(X7 U) = (XO, U0>7
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with X = (x -+;> eR’ and U = (u 4+;) € R’ and F : D — R’ is a nonlinear function
I3/ j=0,0-1 I72 /) j=0,0-1
where

D= {(X,U) ER' xR/ : o1 <ws < <xJ_;}
2 2 2
which is an open set of R7 x R/, Owing to the fact that F' is C° on D, we obtain via the Cauchy-

Lipschitz-Peano theorem that for any initial data (Xo,Up) € D, there exists a unique maximal solution
for (4.1)

(X,U) : [0, Tpax) = D
with
e cither Ty . = 0

® or Thax < oo and

lim (X (t),U () € dD.

t—Tmax

This second case means that which means that

e cither
lim | X (¢)| +|U(t)] = o0 (4.2)
t—Tmax
e or
sup - {|X ()] + U (#)[} < o0
te[o,’Tmax) [
and there exists jo € 1,J — 1 such that, (4.3)

for a sequence of times (¢,),,~, such thatt, — Tiax,

i 2, (1) = lm 2o (1)

where |-| stands for the euclidean norm of R7. In the following sections we obtain estimates for the
system of ODEs (2.1) that will prove that none of the scenarios (4.2) nor (4.3) happen. Note that
these estimates mimic the one from the continuous case.

4.2 Mass conservation and basic energy estimates

First of all owing to the periodicity condition (2.4), we have that

J—1
> Az (t) = 1.
j=0

Moreover, from (2.2)3, we have that

J-1 J-1
t.
Z piAx;(t) = Z pgA{L'? "= M. (4.4)
§=0 §=0
We start from the following three equations
dpj
¢ =0 (4.5)
Az = Ujpl = UL

11



Consider H given by (2.15). We multiply the first equation of (4.5) with d,H (pj, c;), the second one
with 0.H (pj, cj) respectively the third one with H (pj, ¢;) in order to obtain

d
o H (pjs cj) Aaj) + (p0pH (pj. cj) — H (pj, ¢5)) ( Uil — U 5) =0,

which gives, using the definition of H, the following equation:

d
o H (P ;) Azj) +p; (Uj+; - “jfé) =0. (4.6)
Next, multiplying the momentum equation with u; 1 we get that
2
1d 2 Ui+d ~ Uil Uity ~ %3
pj+7Ax]+%§$’uj+% + (pjs1 — Pg) i+1 = {M(CjH)MjH—M(Cj)ij Ujqt-
Taking in account (2.7) and summing over j € 0, J we obtain that
- J—-1
1d 2
2dt Z Pitd [Uet| ATj 1+ > i —pj) gy
j=0 §=0
J-1 U 3 —U-, 1 U; 1 —U,; 1
_ A S s TN N b S S
= {M (C]+1) A«Tj-l—l H (CJ) ij } uj+%- (4'7)

=0

.

Observe that using the periodic boundary conditions (2.4) and equation (4.6), we get that

J—-1 J-1
d
(P2 = py) 1 = — Zpg (01 —uyms) = = S Hpg.e) A, (4.8)
j=0 j=0
Also, we see that
J1 U 3 — U1 Ui 1 — U 1 J-1
j+3 T it j+y i3 1 2
Z {M (¢j+1) W — () Z)sz} Uil =~ () Ars (ujJr% - uj;%) - (4.9)
=0 J+ J j=0 J

Gathering (4.7), (4.8) and (4.9) we obtain that

which in turn implies that

E (t) = Ey (4.10)
for all ¢ > 0, where E is the basic energy functional defined by relation (3.2).

4.3 Upper and lower bound for the density
Using (2.2)2 and (2.7);, we get

dp;

which we rewrite as

dlog p; . Uil = Uy

1
2 =0. 4.11
dt Aﬂj‘j ( )
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Multiplying the last relation by u (c;) and using that ¢; = 0 we get that

d Uity Y3
T [1e (cj) log p;] + p(¢5) # = 0. (4.12)

Next, fix arbitrary ¢,¢ € 0,J — 1 and take the sum in the momentum equation from j =fto j =q¢—1
in order to obtain

d Upypl —Up_L

07 Do Pt ey Ay +pa = pe = (eg) = () —

Using (4.12) we get that, for any [ € 0,J — 1,

q—1
dt Zp 11U %ij+1+u(cq)logpq + g

Jj=

d -1 (C)u“_%—uz_;_'—
—_ 1 1 1 - -~ .

Now, for all £ € 0, J — 1, multiply the previous relation with Az, and take the sum over £ € 0,J — 1
in order to obtain that:

dt ij+2 Uiy A1t (eq)logpg ¢+ pg

J—1
_ZAa:gdthj+2 J+7 %—i—é_o [pzAa?g—,u,(Cg) (u“_% —uf_%) . (4.13)
Observe that
J—1 g =
ZA‘”‘% Zf’j+§“j+§ij+§
£=0 §=0
J—1 J—1 -1
dAxy
dt Z AWZPHIU IAI - dt pj+%uj+§ij+%
0=0 §=0
g (=2 -1 J—1 -1
== %A$gzopj+éuj+;A$j+; —Z O(UH;—UZ%)Zopj+;uj+;Aa?j+é. (4.14)
= J= = J=

Integrating (4.13) in time and using (4.14), we get, for any g,

1 (cq (1)) log pg (1) + /0 P (7) dr = 1.(c4 (0)) log pg (0)

q—1 q—1 ¢ J—1
51 (0)uyy 1 (0) Az, 1 (0)=) pys (uyys (1) Ay (t)—/ D nler (1) (ugys (1) —uy_s (7))
j=t j=t 0 r=o
tJ—1 /-1 +J—1
[ (g 0= ey ) sy Dy (VA2 1)+ [ 3o (7) B (1)
=0 j= 0 r=0

13



J—1 J—1
ZAa:gZp]+1u 1A:c]+2 ZA$@ZPJ+1U 1Aa; (0) (4.15)

We will use the above equation to show that p; (t) is bounded for any j and ¢.

Recalling that Ey = E(0) where E is the energy functional defined by (3.2) and My = M (0) where
M is the discrete total mass defined by (3.1), we get (thanks to the Cauchy-Schwarz inequality) the
following bounds:

q q 11
ij+% (0) uj, 1 (0) Az 1 (0) — ij+% (t)ujp1 (8) Az (b) < W2EEMZ,  (4.16)
j= j=

¢ J—1 /2
[T e tuy ) - <r>>s¢%< sup u(ce(O))> B, (@)
0 =0 €0,7—1
tJ— 1 -1
[ MU ST L R
=0
tJ—1 %
/nggpz T) Az (T <?r]1\f4(:j) Eo +tC(v+,7-)Eo, (4.18)

with C(v4,7- is a constant coming from the properties (1.3) of the pressure state laws, the expression
of H(p,c) and its control through the energy. For the fourth line of (4.15), we have similar estimates
than the first one because of the control of the total mass. We conclude that there exists a constant
Co > 0 depending on Ey, My, sup pu(ce(0)), inf p(ce(0)) and ¢ such that

0€0,7—1 £€0,J-1
max p; (t) < max P (0)exp ((14+1¢t)Ch) . (4.19)
j€0,J—1 je0,J—

Using once more the estimates (4.16), (4.17), (4.18) and (4.19) we conclude that there exists a constant

Cy > 0 depending on Ey, My, sup pu(ce(0)), inf p(ce(0)) and ¢p such that
0€0,J—1 £€0,J—1

min_p; (0)exp (— (14 Cy)exp (1+)C1)) < min_p; (1 (4.20)
§€0,J—1 j€0,J—1

We deduce that there exists an increasing continuous function C?, . (t) depending on Fy, My, max (¢, (0)),

ZTZZ
0€0,7—1

min (¢ (0)), p9,p° such that
00,71 —

T < pq (t) < Gy (1) (4.21)
for any ¢ € 0, J — 1.

4.4 Global existence for the Cauchy problem associated with (2.1)

The estimates obtained in the last two sections ensure that the solution for the system of ODEs (2.1)
is globally defined. First of all, we see that owing to the energy conservation equation (4.10) for all
t € [0, Tmax) we have that

2 J-1 9 1 J—1
(}max ’uﬁ‘% (t)D - jgo ‘uj‘% (t)’ ~ min (Pj+% (0) ijJr% (0)) j;opﬁ‘%(t) ’u]+%(t)

j€0,J—1
7€0,J-1
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2E,

jin l(pj+% (0) Az;, 1 (0)

<

Next, owing to the fact that

i+3 T Y+
and to the last inequality, we obtain that
1/2
2FE
)x ;(t)‘g‘x. ;(0)\+ , /
Jt3 Jt3 min . 1(0)Ax,, 1 (0
min (o, 0152, (0)

Thus, the first blow-up scenario (4.2) cannot happen.

Remark 4.1. The above estimates degenerate when J — 400, however they are sufficient for the
purpose of obtaining existence of global solutions for the ODE system (2.1) for a fixed value of J € N*.

Finally, recalling the relation (4.21) along with

0 (0) Az, (0
pq(t): Q(A) Q()’
zq (t)
we infer that there exists an increasing continuous function C2,; () depending on Ey, My, max i (c¢ (0)),
0,71
min_p (cg (0)), p%,0° such that for all ¢ € 0, J — 1 the following holds true:

00,71 —

Az, (0

20) < Ay (1) < €2 (1) 2y 0).
Cini (1)

Thus the second blow-up scenario (4.3) cannot happen: the unique solution is global.

4.5 Control of the first Hoff energy functional defined in (3.3)

Let us multiply the momentum equation with 11]. 41 and take the sum over all j € 0,/ — 1 and observe
2
that this yields

J—1 9 J—1 i1 = U J-1
D pgis figs| Ay Do) T (g — iy ) = Dopiliyy iy ) (422)
j=0 3=0 J 3=0
Note that
J-1 U1 — U1
i+s Y-}
ZM(CJ) QA% : (uH% _“J—%)
=0
1% 1 d | 2
T2 Agjdi () [ufr% _“J—%]
]:
J—1 J-1
A ) I (LY i) fugy — )
2 dt Ax Jt3 I—3 2 4~ dt \ Ax J It3 J73
7=0 J Jj=0 J
J—1 J-1
:li ’u(cj) {u —u 1]2+1 H(C]) [u 1 —U 1}3
2dt ¢ Ay U7t2 a2l T2 (Agy? e
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The above relation allows to put Equation (4.22) under the form

2
. 2 1d UJJF% — uj*%
2 Pieh [Uey| ATy T 2 1) [ Ar, | A0
Jj=0 7=0 J
J—1 TR 3
= ij(uﬁ% —U1) =g ) (A )2“( i) {“ﬁr% - “jfé]
=0 j=0
Next, observe that
J-1
Zopﬂ(uj%»% - ujfé)
J:
g =t J-1
Tt Zp]( j+s uj—%) - Epﬂ(uﬁré - u]_%)
Jj=0 Jj=0
g =1 J-1 1
— 2
T Zopj(uﬁ; U1 +ZOPJ oD (Pjs Cj) A (“ﬁ% _Uj_%>
j= j=
On the other hand, one has
= 3 1= ) Uiy =
"3 2 (A ) [“J+% N u]_%} T 24 A [“H% - “J—%} mie) —x,
Jj=0 J j=0 J J
J—-1
1 p(pjc) [u — 1}2
24 Az AR
‘]:
Thus, we can put (4.23) under the form
J-1 2 J-1
1d Uil — U1 E
3t o) [T e S iy [ A
j=0 J j=0
~1 J—1
d ppj,ci) 1 2
= ij(u]q-% - uj—%) + <Pj8pp (pj» i) — ]2 ’ Az; (Uj+% - “j_%)
j=0 j=0
1 = 1 2 Ujypl —U; 1
2 2
3 Aix] [Uﬁ% —Uj_%} {M(CJ)A%—P(PjaCj)}-
j=0
Thus, recalling the notation introduced in (3.3) we have that
J—1 J—1

En, (1) < En, (0) + ij (@) (ujy1 (8) —u

L) =iy () = D9y (0) (w4 (0) =,y (0)

S (pj’cj) 1 2
Pi0ep (i i) = =5 ) g (Wi ~ 4)

1 tJ 1 1 5 uj+l o ujil
3, X ] ) T e}
=0 J J

We now will estimate the right hande side of the above inequality. We begin with
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for any n > 0.
Next, we observe that owing to (4.10) and (4.21) we have that

= 5 p(pj, ) 1 2
p PiOp (Pj:¢j) = =5 Az, (ujp1 —u; 1)
]:

. s {2p3pp (p,¢) =p(p:c) } Ey
(el [l Cht)]. 2u(c)

gD
L
3
—
~
S~—
—~
S
o
+
=
=
|
<
S
e
—~
~
=
AN
I |I=
[\)
gl
L
o
—~
=
>
. &
<
[V}
N | =
gD
L
=
—
QQ
/-
<
<
+
|
—~
N
> |
&
Sole
<
e
~
N~
(]
>
&
<
[V}

(4.26)

(4.27)

where ¢ = inf; ¢;(0) and @ = sup; ¢j(0). Let us now conseider the last term of (4.24). Denoting

oj = ple) =~ —»p¢)
J

we observe that
-1
d < S B
D Pty 1 ATy 1 — 0 = —0,
=j

Multiplying the last relation with (%) and summing over g leads to
H(Cq
J-1 q—1 J-1 J-1
Az, . o Az,
Ppiity 1AL, 1 — — Az —0; —.
2 ileg) 2Py ey ATy — 2 iy A = 0 )

Observe that using (4.28) and the periodicity we have that

= o < (g ) Ey
O Ay = 3 ) g < gy B
q=0 H\Ca —o M\ min ,u(cj)
§€0,J—1

(C(v4,7v-) has been indroduced in (4.18)). Thus, we have that for all j € 0,J — 1

J-1 J—-1
Ax E() (M0)1/2 .
Z ( q) |0-,7‘ g C(’YJH’Y*) i + Z p£+% u[.l,-%
q=0 K \Cq min_ u <CQ) min u ( O) =0
j€0,J-1 J€0,J—

so that we obtain

max [ (c?)
j€0,J-1

sup [o; (¢)]

2
p [0 (8)] < ———— { C(v4,7-)Eo + (Mp)' (Zpg+ ‘uu%@’ Aﬂ?u;(t))
J min u(c?)

j€0,J—1

for any t. From the above inequality we infer that

tlt 2
Xm0y O] e
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J-1

g/Ot sup 1% (T: Zo i [ %(T)_“j—g(ﬂrch

j€0,J—1 TH
2
1 Co 1 RS N A 71 71 Co) N RN L
é77/0 <J€0})1u(cj(f))> a +477/0 ; Az, (7) iy (0 = (]| d
jerf)lix ( >)2 t s 2
< 2y’ o [ e B 4 Mo (3 pray (0 iy ()] Ay (7))
min ,u(c) 0 =0 ’
j€0,J—1
2 (e (1) 2
77/0 Em, (T)jOAl‘j(T)[uj+; (T)—ujfé (T)} dr, (4.30)
for any n > 0.

Remark 4.2. From now on, as keeping the exact dependence of constants becomes cumbersome, we

will denote by C (t) a generic increasing function depending on the initial data throught My, Ey 0,

0 0 0 0 _
P, C,C h—, Uy and ‘ (uj_;'_%)jeO,J—l

L .
Hdisc

Gathering the estimates (4.24), (4.25), (4.26) and (4.30) and taking n sufficiently small we obtain

that
t =L e (r
B 0= C)+ 3 [ B @)X 5 uyy () -y 0]
=0

;j (7)
Then using that

(7)}2 e LN0,T)

N

e ey 0y
because of the control E(t) = Ey with E given by (3.2), Gronwall’s inequality implies that for all £ > 0
Em, (t) <C(t).

Taking in consideration the estimate (4.29) along with the previous inequality we obtain that

t 2
/ sup |oj (7)|| dr < C(t). (4.31)
9 J
Note that, as the pressure is bounded, we also obtain that
/ w1 (1) —u,_a (1)]1°
J+3 J—5
dr < C(1). 4.32
/[Slgl'p Azj (T ] T 0w (432

0

4.6 Control of the second Hoff energy functional defined in (4.23)
Using that

d
%(Pj—&-l/zij-Hﬂ) =0
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we take the time derivative in the momentum equation to get

; ; S Yitd T Yty Uity ~ i3
PiriBT; 1l 1+ Pjpr — Py = pn {N(Cﬁl) T Arm () T A
Multiplying the above relation with ; 41, we write that
1d & =
. 2 . . .
T J+%\Uj+%| Azji+) g1 (Bier —Dy)
j=0 7=0
J—
. d { Yitg ~ Yits Yits i3
S R TPET- PT Bucis B A SO A S 4 (4.33)
jgo It3 dt J AZC]'_H J ij
Observe that
J-1 J-1 J—1 o
Zuj-‘rl (B —pj) = — (uj+1 U 1) Pi0b ;o) (“‘Jrl - —l) (u'-‘rl —u —7>
4 2 ' 2 2 Ax; J7T3 J73 T3 J73
7=0 7=0 7=0
(4.34)
Next, we see that
- d Yitd T Mg Uity T %3
U, 1— c 2 —ul(c 2 2
Yt fiterm) = e
J-1 _
_ (u - )g #(C)“Hé Ui-3
= It Ima) dt J Ax;
2
J-1 — J—1
== n(g) (Uﬁ% uji%) * (uﬁ-l - %_1) (uﬁ-l - U’J—l> 1 2 ABa; (¢)
§=0 A:EJ =0 2 2 2 2 (ij) dt
2 2
J-1 U1 — U1 S — 1) (w1 — w2
=S u(ey) ( I3 J*§> + ( Jt3 J*a) ( I3 3*5) u(c;) (4.35)
= J ) .
=0 A:Ej =0 A.Z‘j Al’j

Recall the notation introduced in (3.4). Multiply the relation (4.33) with min {1, ¢}, integrate in time
and using the previous two relations we arrive at

1J-1
Eu, (¢ /ij+ o (DA, (1) dr

_ min (1.7 p; (1) Opp (pj (1) ¢ (7))
[, winaer ; am

ujy () =y ) (i3 () =iy () dr
/ min (1,7) f ( )—uj %(7-)> (uj-i-% (1) — U %(7'))2
7=0

. 4.
Axj (1) Axj (1) dr (4.36)

In the following we estimate the terms appearing in the right hand side above
The first term is bounded by the first energy:

1J-1
/0 Z Piti (1) |uj+% (1) |2Ag:j+% (1)dr < Epg, (t). (4.37)
=0
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The second term is treated as follows

—/ min (1, 7) Z P (T pi;;](( )) % (7)) (uj+% (1) —u;_

> (s =iy )
4— +77/ min ( :0 Az (r xj (1) dr (4.38)

for any n > 0, thanks to (4.32) and (4.19). Now we concentrate on the last term appearing in (4.36).
Using Cauchy’s inequality we obtain

N|=
—~
2
~—
N—
/N
.
<.
+
N
—~
\]
~—
[
S
N

Ax] 7 e dr
:
= ”/otgmin{lmwcy (7)) i (ij ZLTJ)% gl
ik Jg e e iy e
:
<1 /Ot g min {1, 7} u (c; () ‘UH% (Zx_j Zg); (T)(

tJ—1

< /0 ]Zomin{m}u(cj ()

Az (1)
2
1 ¢ w1 (1) —u;_1(7)
_,_7 min_————= x Ey (t)x/ sup =
4n jeo,g—1 p* (¢ (0)) ' 0 je0,J-1 Az (7
Owing to (4.32),
t U 1(7')—u_;(7)2
/ sup EAs: 7o < C(t)
0 je0,J—1 A (T

so that the last term is bounded.
Gathering the information above, we get

J

: 2
En, (1) < C(t)+/0 (SHPI(DU)j (T)l) Em, (1) dr

U,

—U .
where (Du); = %ﬁ Recalling that

2
(Sup |[(Du); (T)|> e L'(0,T)
J
by (4.32), then using Gronwall’s inequality, we get that
Egn, (t) <C(t).

Proposition 3.1 is proved.
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5 Proof of Proposition 3.3

In this section we prove the result announced in Proposition 3.3. We begin by analyzing the density
py and the volume fraction (or mass fraction, since at this level they are equal, and equal to 1 or 0)
¢y, then we look at the continuous velocity 4y to conclude with the constraint 6.

Estimates for the density p; and volume fraction ¢;. First of all, obviously ¢y, ps belong to
L ((0,T) x T') for all T > 0 as it can be seen from estimate (4.19) and the fact that for all j, ¢; is
constant in time so that we infer the following;:

éJ(tvaﬁ € {071}7
<pj(t,x)<CL (t).

C}TLZ ( ) mt
Next, we obviously have that
1 J_1 T+t J_1
/ H(py(t,x),c5(t,x))dx = / H(ﬁj(t,:ﬂ),éJ(t,x))d:v:ZH(pj,cj)ij. (5.1)
0 " -
Jj=0 7=0

Estimates for the continuous velocity ;. In the following lines we analyze the continuous velocity
Uy.
First we observe the following estimate for the total kinetic energy.
! 2
/ pu | (¢, ) dx
0

J—-1 J-1

+ 2 Ax; (t 2 Az, (t
=30 [ s e <23 0 0 gy 0 2HE 23 00y 0] 250
3=0 Ti-% 3=0 j=0
J—1 J—1
2 2 4 2
<23 (os () Ay (1) + pyot () Dy () gy 0] = 3D py41 (0 g1 (0] Ay () < SEo
=0 =0

(5.2)
As Gy (t,-) is piecewise linear, it posseses a weak derivative that is piecewise constant, more precisely

w1 (t) —wu,_1(t)
%t () = =gy on [y (0,250 )

for all t > 0. We infer that

2
/Ot /01 11 (g (1,2)) [0ptiy (,2) | dedr = /t JE:lu (cj (T ) +3 (TA);] ZLTJ')é (T)‘ < B, (53)

Putting together (5.1), (5.2) and (5.3) we obtain the estimate on the second line of (2.14).
According to (4.32) we see that

z€(0,1

t 2
/<sup Ouity (2, x)|) <cw. (5.4)
0
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3V
x—x._1(t) ri1(t)—w
Byity (t,x) = 2 t)+ -2 t
tuJ( 7x> Ax] (t) u]+§ ( ) + Af]}'j (t) u]—% ( )
T (t) dAx; L) - i1 () =T gAg w1 (1)
Aoyt dt VT A @ @ 9
z—x, 1(1) 2.1 (t)—x (u 1(t)—u71(t)>
= I R () i (1) — i () S
Bay(t) Uit} Aay () i A, (0
x—x,_1(t) x, 1 (t)—x
J 2 . .]+2 .
— ' #) — iy (t, ) Oytig (t,
AQZ‘J (t) J+§()+ Aiﬂj(t) ujfé() UJ(,CL')a’LLJ( IE)
We infer that
g 11 )
N 2 . . 2 N 2
90ty ()7 < 5 D7 Jigas O] Azyys (0 + 21l ()7 195 (1) 72
j=0
gl=l ) ) \
<32 Jisey O +2005s (1]
j=0
from which we recover that
t
[ o ()13 i (1,83 v (1913 < C 0. (5.5
0
From (5.4) and (5.5) we get the fourth estimate (third line) of (2.14).
The Cauchy stress quantity ;. Let us observe that we have
0,0 (t,x) = T 7% for g € [j,xj41), for any j.
Az, 1
]+2
Thus, owing to the fact that the Hoff-energy functionals are bounded we get that
t ol 1
/ / 0,67 (.22 dadr + min{l,t}/ 0,65 (,2) 2 da (5.6)
0o Jo 0
tJ-1 ) 2 ) J-1 ) 2
_ /0 S [pses (iges (0] Aays () dr -+ min {1,033 |y (00 (0] Aayys (1) < C 1)
j=0 5=0
(5.7)

It turns out that we can recover an estimate for (9,6) ; in L?/ 3_L§° uniformly in J. The argument
goes as follows: for any j and k we have that

max{k,j}

2 2
]uj+% (t)‘ <l ] + 3 )u“% (t) i3 (t)‘ ]u% (t)+u€_%(t)’
¢=min{k,j}+1
2 J—1
< Jlgys () + "du% (t)—%_%(t)Hﬂu% (t)+7lg_%(t)’
£=0
2
< uk+l (t)

2
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2

=

C]‘) ,l./‘g_‘_% (t)fﬂg_% (t)

) g1 M
min {1, ¢} > )", Az,

_l’_

J-1 ) 1
. o\2 . 1 {2;;‘{‘“; (t)’ Al’“é} for any ¢t > 0,
‘ inf p (cj> min {1,¢}? _
7=0,J—1

where we have used that
QAIH_; = Axy+ Axpyq.
2

The previous inequality implies that

05 10] < iy )

1

2y 1
p(ej) iy, 1 (B) =, 1 ()
. J—1 + ¢
min {1,7} > 37—, P Ta I L
. 2
" : | {22\% o) A%} .
inf g (c?) *min {1,2}1 =0
j=0,J—1

Multiply the above inequality with Az, 1 and take the sum over k € 0,/ — 1 in order to obtain that
2

J-1
i (O] <3 Jigsy ()] Ay
k=0
oy 4
)|ty 3 (0=, ()
. J—1 + £
min {1,¢} > )", ZAW 2

J-1 ) i
{22 ‘aH% (75)‘ Agﬁw;} :
=0

T
Cinf p (c?>4 min{l,t}%
7=0,J-1

From the previous inequality and the fact that the two functionals EFy, and Ep, are bounded and
the fact that the density is bounded by below it follows that for all r € [1, %)

¢ T
/ ( sup ‘uj+% (T)‘) dr < C(t)
0 \je0,J-1
which obviously implies that

¢
/(sup 10,67 (1,2)|)"dT
0

z€(0,1]

t
2/( sup
0 je0,/-1

for all 7 € [1,3). Together with (5.7), this gives the desired estimate.

i1 (1) — 05 (7)
A:L'j+% (1)

t
yar= [ Csw o (i fyar <o
0 je0,J-1

Time derivative of the Cauchy stress ¢ ;. The time derivative of 6 is given by

— I, .fl?j+1—$,
70']‘

1

]+§

N X .
06y (t7) = ;= O+ 5
J+3
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A +u+g+uj+la~
QijJr% s 2A‘Tj+é ’
T — <“J+§“ﬂ§)g, P2 <uj+§u]3)a
(ijJr%)Q 2 J+ (AxJJrl)? 2 J

= le + sz + ng,

for all t > 0 and x € [z; (t) ,xj4+1(t)) and j € 0,J — 1. We begin by treating the terms related to 71;.

First, we write that

J—1 Tt J—1 Fitt
> [ s <Y [ e
; Az, 1
=0 z; J P j:O x;
J-1 w U, 1 — U, 1 2 J-1 Tt U 1 — U, 1 4 J=1 R 2
+3 -1 +3 -1 d
2< /M2(Cj) J+2A i—3 +2Z 1? (c;) J QA i—3 +22/'dp(c],pj)
j=0 i Jj=0 i J=0 t
z; x; z;
J-1 "t Ui 1 — U, 1 2 J-1 "t U, 1 —u, 1|t
J+35 J—3 2 Jjt+3 J—3
< 2 max p(c c 2 2l 42 c 2 2
<2mpcn(X [ nie)| g e~
J= g(jj J Ij
J—1 it U: 1 — U, 1|2
o [ Yi+s — i3
£23° [ st (e, )| 2
— J
Concerning the first term in the right hand side above, observe that
f J-1 i1 (7) — 1,1 (7)]?
. j+i -3
[ [t @02 < B0, 53)
0 J=0 Tj !
Next, we have
J—1 “itt _ 4 J-1 _ 4
S [ en|[ T = e | Ay
X J ACL'] - J A,ZJ ~7+§
Jj=0 x Jj=0
J—1 _ 2
< max o (€) (sup_[D(u); (023 tep)|TE TR Ay
c€(0,¢] j€0,J—1 20 A.%'j 2
< max g (e) (s |D (w); (8)))2En, (),
c€[0,¢] j€0,J—1
so that
t 71 Titl , u]+1 (7_) —u. a1 (T) 4 " ,
[ [ w2 ] < maxa@ ) [ Csw D), ()],
) S xj (7) cel0,d] 0 jeo 1
z;

t g1 Ti+1 w1 (T) —u. (7_) 4
/Z //f (¢ (1) | Re o) | drsC. (5.9)
o J=0 zj /
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At last, thanks to the uniform bounds on the density, we also have

t g Tt u+;(7)—u7%(7)2
/ > J 105008 es () ()P |
0o J T
J—1 "t w1 (T)—u. 1 (7)?
Z/ e ) (5.10)
—0 J

Putting together (5.8), (5.9) and (5.10) we get that

¢ J—1
/min{l,T} Ty ()P dr < C(t). (5.11)
0 J=0

Next, in order to treat the terms related to Tp; we write that

Yjpl T U1 U3 T Uiyl s B
T A M T T A, T T\ T A A 7
Tj+i Tj+l Tj+l Tj+l

Next, we remark that

/t /%Jrl Jz:_l (u (1) +u (7)>2 0j+1 (1) — 0 (7) i
0 Loy 2 j+1 i—3 A:z:j% (1)
J-1 2

t
< 2supsup ]Uj+1(t)|2 (t)/
t 2 0 “

The second term is estimated as follows

/9>

J—1

1

< max |o 2dr sup —u. 3 (7)) —u;_1 (7)) <C(t).
/O<j o3 (7)) Te[oﬁﬂjzz‘gmﬂé(ﬂ\ﬁ,é,() ol <cw

tJl

[ e e Oy o o

Using the last two inequalities we get that

t I]’+1J71

/ > Ty ()P dr < C (t). (5.12)

0 x5 jZO

Finally, let us take care of the terms related to 73;. Observe that

/ /xj+1 > !mg+1 (T 1) (;)J;L ‘uj+g () —u;_1 (T)‘2 0,2
Jj=

tJ—1 1 9
< [ Y e -y @ ol
0 jzomﬂé () 177 T ’
J—1 t
< ! i / (max|o;])? < C ()
< sup U, , 38 — U, 1 max |o;])* < .
7€[0,1] OA%# A 172 o J !
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We get that
LTty g

Z|T3J )P dr < C(t). (5.13)

0 =

Combining the estimates (5.11), (5.12) and (5.13) we obtain that

t 1
//min{l,T}]&g&J(T,x)\zdxSC’(t).
0 JO

This concludes the proof of the "uniform estimates" part of Proposition 3.3.

5.1 Limiting equations when J — oo

Consider discrete initial data verifying the hypothesis (2.6) along with the globally defined solution
of the system of ODEs (2.1)-(2.4). Furthermore, consider the functions (¢y, ps, u.y,67) given by (2.8),
(2.9), (2.10) and (2.11). These function verify uniformly in J the estimates announced in (2.14) and
thus up to a subsequence we have that

é; — ¢ weakly-* in L> ((0,T) xT),

py — p weakly- x in L™ ((O,T) le) ,

@y — u weakly in H' ((0,T) x T') such that

Optiy — Opu weakly- * in L2 ((O, T); L>® (Tl)) ,

67 — o weakly in H' ((7,T) x T') for all 7 > 0, such that
9p6y — Oyo weakly in L2 ((0,T) xT") .

(5.14)

In order to conclude the proof of Proposition 3.3 we have to obtain equations for p and u. First of all
we will prove Proposition 3.2. Let ¢ € D (R) and observe that

t
//pJ (t,x) (O + 1 yOL%) (T, x) dedT
0

t 244 () ¢ 417
= /Z / J (1, 2) (O + U j0) (1, x) da dr :/ / (1) (O + U0) (T, x) da dT
€L Z
0 1% () 0 1% 1)
2;41(7) 25, 1(7)
/ij / o (1, ) derujJr%w (T,.Tj+% (7')) *Ujfyﬁ (T,l'jié / Oty (1,2)dx | dr
JEZ Ij,l('r) l’j,l(’r)
2 2
t 2543 (7)
= Z / O (Y (1,2) p; (1)) dz + 1@[1( T, j+%(7')>—uj_%¢<7,:vj_%(7')) dr
0 JE an %(‘r)
d / d
/Zdt / W (1, ) pj (T )dxdT—/dZ / O (1,2) py (T, )d.’EdT—/d/}Rw(T,CL')pAJ(T,:B)d.Z'dT,
]GZ {L‘ ]GZ ) 0
and, thus,

t
// pg(1,x) (O + U y059) (T,a:)dde:/@Z)(t,az)ﬁj(t,x)dx—/¢(O,$)ﬁj(0,$)da:.
3 R R R
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which is exactly the second equation of (3.5). The fact that ¢; verifies the transport equation is proved
in the same way. This concludes the proof of Proposition 3.2.

Obviously, using the information from (5.14) we infer that p and u verify the first equation from
(3.8).

Let us now describe how to obtain an equation for u. Consider the auxiliary variables

my (t,:E) = ijr% (t)uj+% (t) ifx e [:L‘j,a?j+1]
Luj- + 2 Uj+1 ifx € [l’j,(lij+1],
AT
2

0y (t,x) =

ij+%

where we define u; by

w1 (8) +uy1 (t)
uj (t) = = 5

(recall the definition of p; 1 in (2.3)). It is rather straightforward to check that
2

N

Vi eZ

Oy y + Oy (mJ@J)+8x5'J:0 (5.15)

and that
iy € L ((0,T);L* (T")), 95 € L* ((0,T); H' (T")) .

Therefore we can extract subsequences

1y —, m weakly- «in L>((0,7); L*(T")) and
by — v weakly in L* ((0,T); H' (T")).

Using (5.15) and the uniform bounds for (0,7;,65) ; we obtain
Opng € L* ((0,T); H™ ' (T"))
uniformly, so that (see [27], Lemma 5.1., page 12)
om + 0z (mv) + 0o = 0.

It remains to identify v with v and m with pu. Let us observe that

u;_1 (t) +u;_1(t)
. J J .
ita; ) = ———5——— = wtu®),
along with
., 1 u,_l—i—u. 1
/]+2pAJaJ_ijxj‘722]+2' (5.16)
xZ .

Since the computations are cumbersome yet straightforward we skip the details.

Next using that (8,6 ), is uniformly bounded in L? ((0,T') x T') along with the fact that <8t

is bounded in L? ((0,T); H* (T*) + L? (T")) one can conclude that

[t fi—

This concludes the proof of Proposition 3.3.
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6 Proof of Proposition 3.5

We naturally divide the proof of Proposition 3.5 into two parts. First, we prove that the limiting
measures verify the equations (3.12) while in a second time we will prove that knowing that if at initial
time © has the special structure (2.17) then we can propagate this structure, i.e. (2.18) holds for all
time ¢ > 0. This property will go along with the fact that the quantities (ay, a—, p4, p—) satisfy (1.1)
with u. Let us consider b (z,&,n) € CH(TL x Re x [0,1]). For all N > 0 we write

~ def. A
Y (1) L Fyx pa(t)

where Fy is the Fejér kernel

Fn(z) 1 (sin(w(]\u_l)x))z‘

T N+1 sin (mz)

For t € [0,T] and p € [1,00) we have that

limy 00 H[A)]}[ (t) - [A)J(t)HLp(Tl) =0, (6 1)

. /\N A~ .

limy oo || — pJHLP([O,T]X’]Tl) =0.
Let us apply Fi to the second transport equation in (3.5) and write that

615,5]}[4-(93; (ﬁyﬁj) =TrN (ﬁj,ﬁj), (6.2)
where ry (pg,0y) = 0x((Fn * py)ty) — O (Fn * (psiy)) satisfies (see [14, Lemma II.1]):

Al (B, @)l 2oy = 0- (6.3)
Similarly, with the first transport equation of (3.5), we obtain:

el + 050, = rn(ey,iy) — e opiig + (copu)y, (6.4)

with 7y satisfying also (6.3). We multiply (6.2) with 8:b(z, pY,é5) and (6.4) with 93b(z, p,¢) and
we write that

bz, pY ) + 0y (g b(w, Y, cY)) — agond (z, pY, &)
+ (97 02b (2,5, &)) — b (, 0, ¢))) Butiy
=ry (pg, tiy) Oab(, pi,&N) + riv(es,0s)0sb(, p )
— [e Oty — (cOw) )] Osb(z, pY . &)

Remark 6.1. Let us mention that by 6tb($,ﬁy,éJ),8$b(x,ﬁ{]V,éJ) we understand the derivative with
respect to time, space of the function

(t,z) — b(m,,ﬁ]}[(t,x), ¢y(t,x))

while when using numbers Oxb(t,x, p%), k € {1,2,3} represents the derivative of b with respect to its
kth variable computed in (x, p (t,z),é;(t, 7).
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In order to take advantage of the compactness properties of the stress 65 = u(éy)0,0y —p(pg,¢y),
see (3.6), we rewrite the above equation as

Oib(x, pY &Y + 0y (sb(x, py . &))) — as01b(x, pY , &)

1 R . R N ~ ~
+ (P{]V82b(337 p]}/’ C]JV) —b(z, p]}/’ C{IV)) aJ
u(ey)

1 AN 4 AN 4
o (P 0b(x, pY &) = b(x, pY,))) p (T, )
¢y
=rn (P, @y) 0ob(w, p), &) ) + (85, 5)D3b(x, pY , EY) 65)
— [eY 0stiy — (cOpw) | 0sb(z, T, ).
Owing to (6.1), we get that, up to the extraction of a subsequence,
<ﬁJN,é§V> = (pg;ey) ae. [0,T) x T,

(pJ(T) ( ) = (ps(T ) J(T)) ae. 7{1, (6.6)
(£5(0),¢5(0)) = (ps(0), ¢ ( ) a.e. T".

Hence, by applying a dominated convergence argument, we obtain that the left-hand side of (6.5)
converges in D'((0,T) x T!) to

8tb(x7 pAJa éJ) + 8$ (an(xu ﬁJa éJ)) - fu@lb(x, ﬁJa éJ)
1 R .. e
+ ——— (psO2b(x, py,¢5) — bz, py,E5)) 0y
w(ér)
1 R Y .. .
+ ——— (pg02b(x, py, 1) = b(x,p5,¢5)) P (P, C1)
M(CJ)

For the right-hand side, we apply (6.3) together with the regularity 9,4y € L ((0,7) x T!) to yield

that:

loc
m &} 0xtty — (cuu) Iz _(0,1)51) = O-
This entails that:
Oib(x, py, 1) + Oy (gb(x, Py, C)) — UgO1b(x, P, C)

1 R .. o
+ ——— (psO2b(x, p,¢5) — bz, py,E7)) 6
w(ér)

L. A U S
D (s02b(x, py, ) = b, by, e5))p(psés) =Y I =0.
i=1

Let us now integrate in space this equality. We first observe that the integration of the second quantity
vanishes. Then using the definition of the sequences of measures O i.e.(3.9) namely

<Os(t)b>= [ bl pyltia)éslta)) = / bdo, (1)
T! TLxRex[0,1]
we get that:

010 + 0, (11s0,) - O << St @’M(&)’S)) @J> - < L (”’§)> 0,=0.  (67)

Note that
/ b, py(t, ), E5(t, 2)) de =< ©5(t),b >
']1*1
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and remark that the second term in (6.7) comes from the integration in space of I3. Indeed
— / ﬂ]@lb(x, ﬁj(t, SU), éJ(t, :L‘))d:l,‘ =—< éj(t), Ujo1b >=< 3;,;(@](25)11], b>.
T1

The integration in space of Iy and I5 playing with the ¢ and 7 variables provides the last two terms
in (6.7). With the first statement, we obtain that, whatever b € C}(T! x R¢ x [0,1]), the quantity
Oib(z, py,¢y) is bounded in L>(0,T; H~(T')). By a standard Ascoli-Arzela argument, applying that
the ©; have uniformly finite mass, we obtain that (0,b) is precompact in C(]0,7]). We can then
use that the ©; have compact support (uniformly in N) to extract a limit for a denumerable set of
b and combine with a density argument to obtain that the ©; converge (up to the extraction of a
subsequence) in Cy, ([0, 00); M4 (TL x Re x [0, 1]).

We are now in position to pass to the limit J — oo in this last equation. For this, we note that
Oytiy is bounded in L2((0,7) x T!) so that by a classical Ascoli-Arzela argument we have that (up to
the extraction of a subsequence) 7 converges to u in L?((0,T); C(T')). Consequently:

O,y — Ouin D'((0,T) x T' x Re x [0, 1]).

Concerning the remaining terms, the only difficulty lies in passing to the limit in the produce 6 ;0 ;. For
this, we note that d;p; is bounded in L>((0,T); H~1(T')) while 6 is bounded in L((0,T); H*(T')).
By a classical compensated compactness argument (see |7, Lemma 10]), we obtain that © satisfies
(3.12). This concludes the first part of Proposition 3.5.

7 Proof of Proposition 3.6 and end of proof of Theorem 1

The objective of this section is to prove Theorem 1. We follow the approach from [6] and construct
explicit solutions to the limit system (1.1). Afterwards, using the classical uniqueness result for trans-
port equations with measure initial data, we may identify the limit measure with the particular one we
have constructed. At first, we note that the limiting velocity field and stress field have the regularity:

u e C([0, T); LA(TY)) N L2(0, T; WH(TY), 0,0 € L3~ ([0,T]; L (TY)) .
Consequently, classical arguments for semilinear hyperbolic problems yield that, given
(@, a8, 0%, p) € L=(THRY)

such that

0< min(ag,ag,pg,pg_) and o + 043_ =1,

there exists a unique solution (&_, &y, p—, p+) € L>((0,T) x T N C([0, T]; LY(T')) to

Oip+ + ubzp+ + p (0 +py (p2)) =0,

~ - «
Oybs + udpie = — (F — ),
Ht-
where
Fiy = —p+0pu+ pi(p+),

with initial condition (a? , ag)r, oY, p9r). We note that the solution, which can be obtained via a standard

fixed point argument, is a priori defined only locally. However, noticing that

0% pelt) < proe ([ t ol (7.1)
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and owing to the uniform bounds for |o| 119 7z (T1)), We may extend the local solutions p4 to global
ones. A similar argument shows that & can be defined globally.
At this point, we define a measure on T! x R¢ x Ry, by the following formula:

(©(t),b) et /11‘1 a_ (t,z)b(x, p—(t,x),0) + ay (t,z) b(x, p+(t,x),1)dz.

We observe that, for all ¢ € [0,T], the measure ©(¢) has compact support ini']I‘glﬁ x Re¢ x [0,1] and,
given the system satisfied by (&—, &4, p—, g4+ ), one can check that the measure © verifies the following

T aevn o[- #00)0) (2 200y

Moreover, we have that

lim(© (¢),b) = /Tl(a_’o (x) b(z, p—o(z),0) + ag o (z) b(z, p+-(2),1))dz = (©(0), b).

t—0

Let use fix C(T) > 1 such that © and © both have their support in T! x [0, C(T)] x [0, 1]. Considering
X a smooth function
X : R —[0,1] such that x =1 on [0,C (7] (7.3)

we can write that © and © are both solutions to

= =\ £o  &p(n,€) 5\ _ (o  pmg 5 _
O +0: (u®) 8€<<u(n)+ 11() >x(£)x(n)<1>> (u(n)+ () )x(&)x(n)(ﬁ v

<(i)|t:(]v b> = f']rl (a—,O (x) b(xv p—,O(x)v 0) +agpo (‘T) b (‘T’ P+ ($), 1))d$

(7.4)
Let us observe that ® is transported by the field V = (Vi, Va, V3) :

%(twrvé.vn) :U(t,ilf),

Va (b, 2.6, m) = — (’Sif(ﬁ;)””) n @jf(”n’f)) V(O x (),
Vs (t,x,&,m) =0.

The estimates that we obtained for u, o allow us to conclude that V' € L'([0,T]; L>(T!)). Uniqueness
of solutions for transport equations with vector fields having this kind of regularity is then classical,

so that we obtain that ©(t) = ©(t). This concludes the proof of Theorem 1.

8 Numerical illustrations

In this last section, we design two numerical schemes: one to approximate the continuous version of
the mesoscopic system, that is to say

Orc+u0zc=0with c(1 —¢) =0
Op+ Ox(pu) =0 (8.1)
By (pu) + 9z (pu?) — Bz ((cpy + (1 — c)u—)dpu) + O (cp4(p) + (1 — c)p—(p)) = 0

with
clt=o0 = co € {0, 1}, pli=o = po, ult=0 = ug
and one to approximate the macroscopic system (1.1)—(1.4) with Cauchy datum. Later, we will denote
u(e,p) = cur + (1 —=c)p—,  plc,p) = cpy(p) + (1 = c)p-(p).

In all the following, for the consiseness of the notation, « will stand for oy (thus a_ will be
understood as 1 — ).
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8.1 Mesoscopic discretization

The numerical scheme we design here consists in a “brute force" discretization of System (8.1) where
co(1—¢p) = 0. We will consider a time discretization of the semi-discrete scheme managed in Theorem
(1). Let us recall here the ideas. As the fluids have to remain pure (not mixed) in every cell, because,
for modeling reasons, we want to use only the pure pressure laws (the mixture pressure law being
unknown at this stage), the length of each pure zone has to be larger than a cell (and, more precisely,
has to be large as an integer number of cells). Here, in the numerical tests, we choose to consider
a numerical initial condition such that the fluid changes from one cell to the other (but of course
this is not a restriction). The problem to achieve the aim here comes from the so-called numerical
diffusion: the discretization of the d;c+ud,c = 0 with a stable scheme usually brings a certain amount
of diffusion, the effect of which being not to preserve the important feature c(¢,-)(1 —c(¢,-)) =0 a.e..
In order to pass over this phenomenon, we consider a Lagrangian, or pseudo-Lagrangian® scheme in
which the cells follow the fluid in its transport, namely in which the edges of every cell moves at the
fluid velocity. In this Lagrangian frame, the equation for the mass fraction is Dyc = 0 (recall that
Dy = 0 + udy).

The spirit of the proposed scheme is the one of staggered schemes: it can be seen as a modification of
the schemes in [25] and [18], this modification being that the present scheme is more explicit (precisely,
the nonlinearity are time-discretized in a backward Euler way) and that it is a pseudo-Lagrange scheme.
Staggered schemes are schemes in which different unknowns are associated to different points or cells in
the mesh (for example, the density and the velocity, here). At last, this scheme is a time discretization
of the semi-discrete scheme (2.1) that was proposed to determine the limit macroscopic system.

The discretization is the following. Let J € N\ {0} be the number of cells in [0, 1). Let (‘T?—l/2)3]=1

0

172 < 1 for any

be the collection of cell interface positions at time 0. One assumes 0 < x?_l )2 < T
j=1,....J—1

In order to take into account the fact that the problem under consideration is posed on T in a
simple manner, i.e. without taking care of the cells and quantities on the boundary, we extend all the
data over R and Z by periodicity.

The cells themselves are denoted by w? = [x?il /2,:162 . /2) for j € Z. We denote by Aa:? =
a;? 1o T x?_l /2 their length. The maximum length of these cells is intended to be small (and to tend
to 0 as J tends to oo to reach convergence). We also will need the distance between two centers of

consecutive cells: A:U?H/Q = (Aﬂ:‘? + Ax}ﬁrl)/z

Each time step of the scheme, given a discrete datum (37?—1 /20 p?, c?, u?_l /2>j€Z, consists in defining

2Tt can be called pseudo-Lagrangian because, although the solution is actually expressed in the classical Euler variable,
the scheme strongly uses the Langrange formulation of the system.
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appropriately At™ > 0 and constructing (x’;fll /2 p}”l, c?“, u?jll /Q)jEZ by the formula

( PT-L _ Al’?p? + Ax?Jrlp?Jrl je 7

j+1/2 Aw?‘FAfﬂ?_i_l ) 5

c}‘“ =cf, jEL,
+1
P?+1/2A5’3?+1/2“?+1/2 = P12 BT 1 oty — AL (P(cfi1: p711) — p(cf, )
“n+1/ - “n+11/2 n+11/2 - “n+11/2
j+3/2 — Uit j+ j—
+ At" /L(C;'L—Hap?—i—l) Ax™ - /’L(C;L7 ;L) N ) S Zv
+1 o !
n

_ +1 ,
Ty = T4y g + ATy, €L,

n+l _ _n+l n+1 .
ij =T T ] Sy
il A:U;.LH + Am?j:ll _
Aa:j+1/2: 5 , JEZ,
n
pn+1 _ pn A:EJ' ] c7Z
J ) n+17 :
ij

(8.2)
In the system above,

n

e The first equation defines a density associated to the nodes T2

third equation,

density that is used in the

e The second equation is a (non-diffusive) discretization of Dic = 0,

e The third equation is the discretization of d:pu + 95 (pu? + p) = 9, (pdyu): indeed notice that
thanks to the last equation of the system, this third equation rewrites

+1 +1 +1
P AT ol e = P 2 ATy gt p — A (P(cS1, 1) — p(cf )

wttl oyl uttl gl
+ At" (M(C;L+17p?+1) TS/ 2 - :u(cn pn) LT ]_1/2> ’ j € Zv

n RS n
ij+1 Aa:j

which is consistent with the partial differential equation,
e The fourth equation is the translation of the mesh,
e Fifth and sixth equations redefine quantities that are used in the scheme,
e The last equation expresses the conservation of mass in a material volume 0¢p 4+ 0,pu = 0).
It is possible to prove that if the time step At™ is sufficently small, $?,1 2 < x;l 12 for all j implies

n+1

i1/2 for all j.

n+1
xj—1/2 <z

8.2 Macroscopic discretization

For the macroscopic homogenized system (1.1), we use the same type of scheme. The only difference
is that the volume fraction of fluid + does not satisfy a4 (1 — ;) =0 but

Dia= 2O ap) = p-(00) ~ (s~ o))

In the following we choose to discretize this equation in a forward Euler way (but a backward Euler
scheme has also been tested and validated):

33



a?(l—al)

afp— + (1 —af)ps

ot = a? + At

un+11/2 _ un+11/2
v i+
: <p+(pi,j) —p-(p ) = (g — po) =0y ) . (83)

Tiv12 ~ Tj1)2
All the other variables are approximated in a very standard and natural way:

Axipi + Axi 1 p7

n B 4
Pit1/2 = N —i—Aa:;‘H , JEZ,
n_ 0GP+ - + (1 —af)p—(p2 us+ c7
& TR (R e
u = | e
Toalue+ (=)’ ’
ch'l =c, jEL,
+1 0 _
p?+1/2A$?+1/2u?+1/2 = p?+1/2Ax?+1/2“?+1/2 - A" (p?'i‘l - p?)
“ﬂ+31/2 - “nillm unillm - “n+11/2
+ — .
+ A"y Amnﬂj S R o ) . JEZ,  (84)
J j
1 +1 :
x?+1/21 = 37?+11/2 + At“zf;?+1/2, jez,
n+1l _ n+ n—+ .
Azi™ = xj+1/2+: xj_1/2,+1 j €L,
Az + Ax”
+1 J J+1 .
A$?+1/2 == 2 ) J € Z?
n
P e M
j j Aw;}—‘rl’ ’
pi—’i}l — C;L—i—lpn—i-l/an—o—l’ j e Z,

n-+1 jn—i—l n-—+1 n+1 .
Pl == /(A —aiT), jEL

\ J

In the following experiment, the values 0 and 1 are avoided for the volume fractions, so that the last
two equations of System (8.4) have a sense. In a more general situation, one should replace these two
equations and the volume fraction evolution (8.3) with a discretization of the (equivalent) equation on
P+

p+(1—a)
ap— + (1 —a)uy

Otp+ + Oppyu = (o4 —0-)

and the symmetric equation on p_.

8.3 Experiments

We propose two test-cases with p, (z) = x and p_(x) = 22. They are associated with a Cauchy datum
of Riemann type:

1/2, x €Ty,

1/8 if = € [0,1/4) U [3/4,1),
p+(@) = p-(z) = { 2 if 2 € [1/4,3/4),
u(z) =0, zeT,,

ap(x)

and we propose to compare the numerical solutions obtained at time ¢ = 0.1 with 1000 cells
e with the homogenized scheme of Section 8.2,
e and with the mesoscopic scheme of Section 8.1 by setting

0 AP
0 0 0 \_ (lvpj,o) if j is even,
(Oéjvp—&-,Jap—»J) - { (0,0,p?) if j is odd,

and with a mesh with constant space step, which indeed corresponds in the weak limit to o« = 1/2.
Note that the pressure is largely oscillating in this initial condition for the mesoscopic system.
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In the first test, we take p4 = p— = 0.1 while in the second one we choose p = 0.1 and p— = 0.02.
Figures 1 to 5 allow to compare the density, velocity, pressure and volume fraction. We observe a very
good agreement between the mesoscopic and the macroscopic results. Note that for the mesoscopic
computation, we consider that there is only one density and one pressure, thus these quantities oscillate
very fast (at the scale of the cell, which is the scale of the mixture). We observe, especially on the
zoom of the density proposed by Figure 2, that these oscillations occur between two functions that
are very close to py and p_ computed by the macroscopic scheme. With the mesoscopic scheme, the
volume fraction of fluid 4 should oscillate between 0 and 1. In order to evaluate a volume fraction of
+ in the limit mixture, what we here (Figure 5) call o is computed by

n o G =Ty ) F (@ = @5 0) /24 (B g s — 2T ) /2

n _an
Tiv1 — Tj

(recall that ¢; is equal to 0 or 1 and does not depend on the time index).
The organization and the comments for the case with different viscosities, from Figure 6 to Figure
10, are the same.

8.3.1 Case with equal viscosities

2.5 : 2.5
/\\ P p—
P+
p- ;
2 /N ’ p A
. 15 i i H HHHHM \

M

\,

Figure 1: Densities. On the left, the 3 densities of the mixture, on the right, the density of the unmixed
fluid.

35



1.4

1.2 JAmanar
1 .
i
0.8
0.6
0.4
macroscopic density p ———
p+ (macroscopic) ———
p— (macroscopic)
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Figure 2: Densities. Zoom of the preceding figures.
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Figure 3: Velocities. On the left, the velocity of the mixture, on the right, the velocity of the unmixed
fluid.
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Figure 4. Pressures. On the left, the 3 pressures in the mixture, on the right, the pressure in the
unmixed fluid.
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Figure 5: Volume fractions. On the left, the volume fraction o in the mixture, on the right, the
estimate of the volume fraction in the unmixed fluid.
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8.3.2 Case with different viscosities
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Figure 6: Densities. On the left, the 3 densities of the mixture, on the right, the density of the unmixed
fluid.
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Figure 7: Densities. Zoom of the preceding figures.
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Figure 8: Velocities. On the left, the velocity of the mixture, on the right, the velocity of the unmixed
fluid.
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Figure 9: Pressures. On the left, the 3 pressures in the mixture, on the right, the pressure in the
unmixed fluid.
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Figure 10: Volume fractions. On the left, the volume fraction oy in the mixture, on the right, the
estimate of the volume fraction in the unmixed fluid.

9 Appendix

9.1 Formal derivation of (1.1);

In this subsection we propose a formal discrete procedure to derive the relation (1.1); which is a novelty
procedure compared to the WKB approach presented in [6]. Equation (1.1)2 with (1.1)3 will follow the
usual homogenized procedure using the almost continuity of the discretized stress across the interfaces.

Consider a situation where the fluids are separated (say, at a small scale €), and a point z(t) € T
at an interface between fluid + on its right and fluid — on its left, for any time ¢. Denote by x4 (¢) the
center of the zone of pure fluid + on the right of x(t), by _(t¢) the center of the zone of pure fluid —
on the left of z(t), and

co(t) = 24 (1) — a(t), e (1) = () — 2_(1)
which are supposed to be small. We define «(t) by
a(t) = e (t)/(e(t) +e-(1)).

Indeed this quantity represents the local (at point z(t)) volume fraction of fluid 4+. Obviously one has

Diet(t) = ult, z4(t)) — u(t, (1))
and
Diles +2-)(t) = ult, o (1) — u(t,2_(1)).
This allows to write

(e +e-)Diey —exDi(es +e-)
(5+ + 6_)2

DtOé(t) =

_e-(ult,xy (1) —ult, x(t)) — eq (ult, z(t)) — u(t, z(¢))) (9.1)
(€+ + 8_)2 '

The regularity of the solution is expected to be the following: at any time ¢, the pressure and the space
derivative of the velocity should be continuous in space in each pure region (namely, in (xr_—c_,x_+¢e_)
and in (z4 — ey, x4 + £4)), but not at the point z(t). At this point, what is expected is that the
constraint p — udyu is continuous (and this continuity in space stands for the law of reciprocal forces
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of Newton). In the case where the two viscosity coefficients are equal, the formal computation is
straightforward. Thus we propose to begin by assuming this equality, and to obtain the general law
for « in a second stage.

e Case where . =pu_=p
The continuity of the effective flux together with the regularity on pure zones expresses as
p—(t) — n - = p+(t) — p -

+ r(e— + £4),

where p4(t) denotes pi(p(t,z+(t))) and r is a function such that r(z) — 0 as z — 0*. This

rewrites
e—(u(t,z4(t)) —u(t,x(t))) —er(ult,z(t)) — u(t, x_(t
0= o) — gl () —ulta () e ulta) —uta ) L
[N
and, thanks to (9.1) and letting €4 go to 0,
(e+ +e-)? p
—p_ = D = D
p+(t) —p-(t) = p cie S =g

which is exactly what is stated in this paper.

e Case where puy # pi—
In this general case, it is convenient to define the approximate space derivatives of the velocity
d_(t) and d4(t)

a_(t) = u(t,x(t))sj(?)(t,x_(t))7 0. (1) = u(t,x+(ti)+ (—t)u(t,:c(t)).

Equipped with this, we can rewrite (9.1) as

E_&4

DtCK(t) = 7(5_ n €+)2

(d () — d_(1).

We would like to express the limit, as e_ ¢ tends to 0, of the right-hand side term as a function

of the limit quantities. Remark that u is intended to converge strongly but d,u only weakly,
thus dy(t) and d_(t) are not approximations of dyu(t,z(t)): however S S S
e- +teq E-+eéeq

is intended to converge toward d,u. The limit of the right-hand side should be expressed as
E_&4

(- +e4)?
converges to apa—_. It remains to treat the term dy — d_. As pydy — p—d— is intended to
converge to py — p_, it is quite natural to try to write

a function of the limit unknowns a4, a—, py, p—, Ozu... We already know that

dy —d- =a(pqdy —p-d-) + (1 —apy)dy — (1 —ap-)d-
with a € R such that there exists b € R satisfying
l—apy =ba and 1—ap_ =—b(1l— ),
in which case one would have

dy —d_ —c_1e 0 a(py —p—) + bOyu.
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1 L
The linear system in a and b has a unique solution, a = and b = A s

(I —a)ps + ap- (1 —a)py +ap-’

which finally gives

a(l —a)
(1 —a)us +op

Dyory = (p+ —p— — (bt — p=)0zu),

which is exactly the first equation in (1.1)
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