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There exist absorption windows �i.e., Cooper-minima� in the photoabsorption cross sections of some atomic
systems because of the relative phase shifts between the initial and final state wave functions due to the atomic
screening potentials in contrast to the Coulomb potentials. Such window positions are sensitive to the accuracy
of the initial and final state wave functions. Using our modified Breit-Pauli R-matrix code, the photoionization
cross sections of ground Na are calculated. Our calculated cross sections and minimum position in the low
photoelectron energy range ��9 eV� are in excellent agreement with the experimental results. In the high
energy range ��9 eV�, there is an abnormal bump in the experimental measurements, which is a long-standing
experimental puzzle. It is interesting to note that there is also an absorption window in the photoabsorption
�i.e., photodissociation� cross sections of Na2

+. Such an absorption window provides an answer to the puzzle.
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I. INTRODUCTION

Photoexcitation and photoionization processes of atoms
and molecules play important roles in laser physics, radiation
physics, plasma physics, atmospheric physics, and astrophys-
ics. The photoabsorption �including the photoexcitation and
photoionization� cross sections are the indispensable physi-
cal parameters in the relative fields. The photoabsorption
cross sections are directly proportional to the square of the
dipole transition matrix elements. For particular initial states
of some atomic systems, the dipole matrix elements may
change sign when smoothly varying with the excitation en-
ergies because of the relative phase shifts between the initial
and final state wave functions due to the atomic screening
potentials in contrast to the Coulomb potentials �1–4�. There-
fore there exist absorption windows �i.e., atomic Cooper-
minima� in the photoabsorption cross sections at the energy
where the transition matrix elements are zero. The absorption
window positions are sensitive to the accuracy of the initial
and final state wave functions. For Na, since the dipole tran-
sition matrix elements of 3s→�p transitions change sign
from “�” to “�” with increasing excitation energies due to
the atomic screening potentials, there is an absorption win-
dow in the photoionization cross sections above threshold
�1–8�. Using our modified Breit-Pauli R-matrix code the
photoionization cross sections of ground Na are calculated.
In our calculations, because of taking into account the rela-
tivistic effects �mainly the spin-orbit interactions�, the matrix
elements of two final channels �p1/2 and �p3/2 are zero at
different energies. This splitting results in the nonzero total
cross sections at the minimum position. Our calculated cross
sections �especially the velocity form results� in the low pho-
toelectron energy range ��9 eV� agree well with the experi-

mental results �9�. In the high energy range ��9 eV�, there is
an abnormal bump in the experimental results, which has
been a long-standing experimental puzzle since 1967 �5–9�.
It is interesting to note that there is also an absorption win-
dow �i.e., molecular Cooper-minimum� in the photoabsorp-
tion �i.e., photodissociation� cross sections of Na2

+. Such ab-
sorption window provides an answer for the experimental
puzzle, i.e., the absorption window guarantees that the exis-
tence of Na2

+ does not affect the measured Na cross sections
at low energies; the photodissociation cross sections above
the molecular absorption window result in the abnormal
bump in the experimental measurements.

II. THEORETICAL METHODS AND RESULTS

The detailed descriptions of the R-matrix method have
been presented in the previous works �10–17�. Only a brief
outline will be given here. This method begins by partition-
ing the subconfiguration space of the excited electron into
two regions by a sphere of radius a centered on the nucleus;
in this work a=29.2 a.u. In the external region r�a, where r
is the distance of the excited electron relative to the centroid
of the target, the exchange interactions between the excited
electron and the target electrons are negligible. The excited
electron mainly “feels” Coulomb potential as well as the
long-range static polarization potential. Within the reaction
zone r�a, the interactions between the excited electron and
the target electrons involve electron exchange and correla-
tion interactions. It is a many-electron problem, which is
solved variationally as a whole to obtain the logarithmic de-
rivative boundary matrix R�E�. Therefore within the reaction
zone the electron correlations for the �N+1�-electron system
including the target Na+ and an excited electron are calcu-
lated adequately by the variational method �18�. In order to
take into account the relativistic effects, our calculations are
employed within the Breit-Pauli approximation by adding
spin-orbit interaction operator, mass-correction operator, and
Darwin operator to the usual nonrelativistic Hamiltonian
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�16,19,20�. Therefore the initial and final state wave func-
tions can be calculated by taking into account the electron
correlations and the relativistic effects adequately on equal
footing. The wave functions � for the �N+1�-electron sys-
tem of eigenenergy E within the reaction zone are expanded
as

� = �
k

AEk�k. �1�

Here �k are the energy-independent bases, which are ex-
panded by the following way:

�k = A�
ij

aijk�i
1

rN+1
uij�rN+1� + �

j

bjk	 j . �2�

Here A is the antisymmetrization operator which accounts
for the electron exchanges between the target electrons and
the excited electron. uij are the continuum orbitals. 	 j are
formed from the bound orbitals to ensure the completeness
of the total wave functions and take account of the electron
correlations within the reaction zone. The coefficients aijk
and bjk are obtained by diagonalizing the Breit-Pauli Hamil-
tonian matrix of the �N+1�-electron system. �i are the chan-
nel wave functions obtained by coupling the target wave
functions with the angular momentum and spin of the excited
electron. In this work, we adopt the same target orbital and
configuration bases to those of the previous paper �21�. More
specifically, the first important 111 target states in J
 repre-
sentation are adopted, which arise from four kinds of con-
figurations: 2p6, 2p5nl, 2p4nln�l�, 2p3nln�l�n�l�. Our calcu-
lated lowest 15 target state energy levels agree well with the
experimental values �22� within 1%. Through these target
states the monopole and higher multipole polarization effects
with the exchange correlations between the target electrons
and the excited electron can be considered. The wave func-
tions with J
= �1/2�e symmetry, involving the initial state
wave function, are expanded by 202 channel wave functions;
the wave functions with �1/2�° and �3/2�° symmetries are
expanded by 202 and 345 channel wave functions, respec-
tively. Our calculated lowest ionization energy of ground
Na�2p63s� converges to 0.3804 Ry, which agrees well with
the experimental value 0.3777 Ry �22� by about 0.7%. The
agreement manifests that not only the good convergence of
Na+ and Na systems but also the good balance between the
initial bound and final continuum states are obtained.

In the R-matrix method, using the dipole transition matri-
ces, a generalized line strength for a transition from an initial
bound state i of energy Ei to a final continuum state f of
energy Ef =Ei+� �in Rydbergs� in the length and velocity
forms is defined �16�:

SL�Ef,i� = �
L̃lf

��L̃lfEf�DL�i��2

= �
L̃lfn

�	
0

R0
L���

dr�� fr�n�i + 	
R0

L���

Rcut
L

dr�� fr�n�i�2

, �3�

SV�Ef,i� = 4�−2�
L̃lf

��L̃lfEf�DV�i��2

= �
L̃lfn

�	
0

R0
V���

dr�� f
d�i

dr�n

+ 	
R0

V���

Rcut
V

dr�� f
d�i

dr�n
�2

. �4�

Here DL=�nr�n and DV=�n�� n, where the summation is over

all the electrons. lf and L̃ are the angular momenta for the
photoelectron and the residual ion, respectively. � is the pho-
ton energy in Rydbergs. R0��� is a turn point, by which the
whole integrations for S are separated into two parts: in the
inner region r�R0���, the integration contributions are
negative, in the outer region r�R0���, the integration con-
tributions are positive �2�. R0��� decreases with increasing �
and R0

V����R0
L���. Note that, here R0��� is different from

the R-matrix box radius a. Rcut is the integration limit.
Rcut

V �Rcut
L , i.e., SL is sensitive to the overlapping of the initial

and final state wave functions at large distances; SV is sensi-
tive to the overlapping of the final state wave functions and
the differential of the initial bound state wave functions at
short distances. The photoionization cross section is usually
calculated as

L�V� =
4

3

2a0

2�
�

g
SL�V�, �5�

where g is the statistical weight of the initial bound state and
S is calculated using the final state wave functions
normalized per Rydberg. The constant in Eq. �5� is 4

3
2a0
2�

=2.689 Mb.
Figure 1 shows the photoionization cross sections of

ground Na. Our calculation results �especially the velocity
form results� agree well with the experimental measurements
�9� in the low photoelectron energy range ��9 eV�. In the

FIG. 1. ���: the experimental measurements of Ref. �9�; �—�:
the present Breit-Pauli R-matrix calculation results in the velocity
form; �¯�: the present Breit-Pauli R-matrix calculation results in
the length form; ���: MCHF calculation results of Ref. �5� in the
length form; ���: the many-body calculation results of Ref. �6� in
the length form; ��, ��: the HF calculation results of Ref. �6� in the
velocity and length forms, respectively; ���: calculation results of
Ref. �7�; and ���: calculation results of Ref. �8�.
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energy range below and at the minimum position
�
1.2 eV�, our calculated V and L agree with each other.
In the energy range above the minimum position, our calcu-
lated V are in better agreement with the experimental results
than L. However, at higher energies ��17 eV� V and L

merge together again within 1%. Such an interesting feature
can be understood as follows. At the minimum position,
where the corresponding R0��� is labeled as R0��0�, for SL

and SV the inner region negative contributions and the outer
region positive contributions are canceled absolutely. At the
energy above the minimum position, where R0

L����R0
L��0�,

L is very sensitive to the small net value of the outer region
positive contributions at large distances. However, for the
energy normalized final channel wave functions, their small
distance wave functions have the same feature, thus V still
have the same accuracy as those at the minimum position
since the main integrations of V are completed at small
distances. Therefore it can be understood that in the energy
range above the minimum position, V are in better agree-
ment with the experimental results than L, which manifest
that the small distance wave functions have sufficient accu-
racy. It is expected that with the improved large distance
wave functions, L will converge to V in this energy range.
At high energies ��17 eV�, R0

L��� becomes further smaller
and the positive net value of the outer region contributions
becomes larger. Furthermore, the percentage of the large dis-
tance wave-function contributions reduces. Therefore L and
V merge together again. The excellent agreement between
the theoretical and experimental results demonstrates that
both the electron correlations and the relativistic effects are
treated adequately on equal footing. As shown in Fig. 1, the
other theoretical results ��,�,�,�,�� �5–8� have the accor-
dant minimum positions with the experimental results, while
their calculated cross sections above the minimum position
are smaller than our calculation results. Although the many-
body calculation results ��� �6� have good agreement be-

tween the length and velocity form results, their minimum
position is lower than the experimental results. It is noted
that in the high energy range ��9 eV�, there is an abnormal
bump in the experimental results higher than all the theoret-
ical calculation results, which has been a long-standing ex-
perimental puzzle for several decades and will be discussed
later.

Let us return to discuss the delicate feature of the cross
sections at the minimum position. Although our calculated
Cooper-minimum position agrees with the experimental re-
sults as shown in Fig. 1, our calculated total cross sections at
the minimum position are very small �
10−6� but not zero as
shown in Fig. 2. The nonzero minimum feature is due to the
relativistic effects �mainly the spin-orbit interactions�, which
result in the dipole transition matrix elements of the two final
channels �p1/2 and �p3/2 to be zero at different energies as
shown in Fig. 2�b�. This subtle splitting deserves further ex-
perimental studies since a precision measurement of the
separated minimum positions will provide a “benchmark”
experiment to test the theoretical method. Note that, at the
separated zero minimum positions, using the polarized pho-
tons, the photoelectrons with the largest spin polarizations
�=1� can be obtained �23�.

III. DISCUSSIONS AND CONCLUSION

In the following, we will discuss the abnormal bump of
the experimental results in Fig. 1. For illustrating clearly, the
bumps are plotted in Fig. 3, which are obtained by subtract-
ing our calculated V from the experimental results. Refer-
ence �9� pointed out that there are mixed Na2 molecules
�within about 10%� in their measurements. The contributions
of Na2 have been corrected appropriately by Eq. �1� of Ref.
�9�: ln�I0��� / I����=Caa

ef f���L+Cmm���L. Here, I0��� and
I��� are the incident and transmitted intensities, respectively.
Ca and Cm are the concentrations of the atomic and molecu-

(a)

(b)

FIG. 2. The partial and total
photoionization cross sections of
ground Na near the Cooper-
minimum positions. ���: the ex-
perimental measurements of Ref.
�9� with 0.01 Mb error bar; �– –�
and �¯�: the partial cross sections
of two final channels �p1/2 and
�p3/2 in the velocity form; and
�—�: the total cross sections.
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lar species. a
ef f��� and m��� are the absorption cross sec-

tions of atomic and molecular species. L is the path length.
Note that the energy level of the first excited state �2p53s� of
Na+ is 32.8 eV relative to ground Na+ �22�, therefore the
bump cannot result from the photoabsorption processes of
Na+. Since the first ionization threshold �4.9 eV� of Na2 �24�
is smaller than the first ionization threshold �5.139 eV� of Na
�22�, there should exist some Na2

+ in their experiment.
Thus a

ef f���=a���+
Ci

Ca
i���, where the concentration Ci

and cross section i are for the ionic molecule Na2
+. To our

knowledge the theoretical and experimental studies of Na2
+

are scarce. Here, using the multiple-scattering self-consistent
field �MSSCF� method �25–30�, we calculated the photoab-
sorption �i.e., photodissociation� cross sections of Na2

+ by
evaluating the transition matrix elements. More specifically,
the ground state configuration of Na2

+ is
�Na 1s�2�Na 1s�2�Na 2s�2�Na 2s�2�Na 2p�6�Na 2p�6�4g�1.
Our calculated first ionization threshold of Na2

+ is about
9.2 eV. According to the transition selection rules, the 4g
electron can be excited mainly into np
u /�p
u and
npu /�pu channels. Our calculated eigenquantum defects
of the two eigenchannels p
u and pu are plotted in Fig. 4.
In the framework of the quantum defect theory �QDT�
�31–34�, all the molecular orbitals, involving the bound and
adjacent continuum molecular orbitals, are treated in a uni-
fied manner. Using the channel wave functions, we calcu-
lated the corresponding oscillator strength densities, which
are directly proportional to the cross sections. The cross sec-
tions are plotted in Fig. 3. In order to explain the experimen-
tal bump quantitatively, in Fig. 3, the photodissociation cross
sections of Na2

+ are multiplied by 1/32 �i.e., Ci /Ca=1/32�.
It can be found that the energy level positions of 3
u and
3u states are below zero, i.e., below the energy range of Na
measurements, therefore the cross sections of 3
u and 3u
states nearly do not affect the measurements of Na. More-
over, it is interesting to note that there is an absorption win-
dow �i.e., molecular Cooper-minimum� in the photodissocia-
tion cross sections of Na2

+ in the energy range �0–9 eV�,
which guarantees that the existence of Na2

+ does not affect

the measurements of Na in the low energy range. Note that,
for the bound states �e.g., 3
u and 3u�, our calculated pho-
todissociation cross sections are the integrated cross sections
without any expansion. However, experimentally, the mea-
sured photodissociation cross sections have a vibrational dis-
tribution, which will be reported in detail elsewhere �35�. In
the high energy range ��9 eV�, our calculated photodisso-
ciation cross sections are in good agreement with experimen-
tal abnormal bump. Therefore the bump should result from
the photodissociation processes of Na2

+. The concentration
Ci /Ca of Na2

+ is estimated to be about 3% �1/32�, which is
consistent with the experimental conditions that the concen-
tration of Na2 is within 10%.

In conclusion, we would like to make the following com-
ments. Using our modified Breit-Pauli R-matrix code the
photoionization cross sections of ground Na are calculated,
which involve bound and continuum state wave functions.
Because of considering the relativistic effects �mainly the
spin-orbit interactions� our calculated total cross sections are
not zero at the minimum position. As shown in Fig. 1, our
calculated cross sections �especially the velocity form re-
sults� and minimum position in the low photoelectron energy
range ��9 eV� are in good agreement with the experimental
results �9�. In the high energy range ��9 eV�, there is an
abnormal bump in the experimental results. It is interesting
to note that there is also an absorption window in the photo-
dissociation cross sections of Na2

+. Such an absorption win-
dow provides an answer to the long-standing experimental
puzzle. The concentration of Na2

+ in their measurements is
estimated to be about 3%, which is consistent with the ex-
perimental conditions. The excellent agreement between our
theoretical results of ground Na �Z=11� and the experimental
results demonstrates that both the electron correlations and
the relativistic effects are treated adequately on equal foot-
ing. Using the bound and continuum state wave functions
with sufficient accuracy, the relative bound-bound radiative
transition rates, bound-free photoionization cross sections,
and electron impact cross sections, which are vitally impor-
tant in relative fields, can be calculated with adequate preci-

FIG. 3. The experimental bump ��� is obtained by subtracting
our calculated V from the experimental values �9�. Our calculated
first ionization threshold of Na2

+ is about 9.2 eV.
FIG. 4. Our calculated eigenquantum defects for eigenchannels

p
u and pu.
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sion. The stringently tested Breit-Pauli R-matrix code should
be useful to provide the indispensable J-resolved atomic
physical data of intermediate-Z elements such as C, N, O,
Ne, Na, Si, S, etc., which play important roles in astrophys-
ics.
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