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AZUMAYA ALGEBRAS AND OBSTRUCTIONS TO QUADRATIC
PAIRS OVER A SCHEME

PHILIPPE GILLE, ERHARD NEHER, AND CAMERON RUETHER

Abstract: We investigate quadratic pairs for Azumaya algebras with involutions
over a base scheme S as defined by Calmes and Fasel, generalizing the case of
quadratic pairs on central simple algebras over a field (Knus, Merkurjev, Rost,
Tignol). We describe a cohomological obstruction for an Azumaya algebra over S
with orthogonal involution to admit a quadratic pair and provide a classification of
all quadratic pairs it admits. When S is affine this obstruction vanishes, however
it is non-trivial in general. In particular, we construct explicit examples with non-
trivial obstructions.

Keywords: Azumaya Algebras, Involutions, Quadratic Forms, Quadratic
Pairs.
MSC 2020: Primary 11E81. Secondary 11E39, 14F20, 16H05, 20G10, 20G35.

INTRODUCTION

In the classical theory of quadratic forms over a field F of characteristic not
2, there is an equivalence between symmetric bilinear forms and quadratic forms.
Given a quadratic form ¢ one considers its polar symmetric bilinear form by(z,y) =
q(x + y) — q(z) — q(y), and given a symmetric bilinear form b one considers a
quadratic form gy(z) = b(z,x). Then, b(z,y) = 1b,, (7,y) and so every symmetric
bilinear form arises as the polar of a quadratic form. This correspondence between
quadratic forms and symmetric bilinear forms breaks down when the base field
is of characteristic 2. There exist symmetric bilinear forms which are not the
polar of a quadratic form. For example, on the F-vector space F the polar of
any quadratic form vanishes, while b(z,y) = zy is a non-zero symmetric bilinear
form. Quirks of characteristic 2 rear their head in other places as well. Consider
a central simple algebra with F-linear involution (A, o). There exists a splitting
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2 P. GILLE, E. NEHER, AND C. RUETHER

field extension F < K such that A ®@F K = M,,(K). The involution o ® 1 on M,,(K)
is then the adjoint involution of some bilinear form b. We follow the convention
of Calmes and Fasel [CF] and say that o is orthogonal if b is symmetric, o is
weakly symplectic if b is skew-symmetric, and o is symplectic if b is alternating,
ie., b(z,x) = 0 for all z. These notions do not depend on the splitting field. In
characteristic 2, symmetric and skew-symmetric are the same notion, and so an
orthogonal involution is simultaneously a weakly-symplectic involution, and vice
versa. Another quirk of characteristic 2 is the following. If o is an orthogonal
involution which is not symplectic, the associated orthogonal group scheme O(A4, o)
is not smooth, [KMRT, Remark 23.5], and if o is also symplectic then the orthogonal
group scheme is of type C'. Semisimple groups of type D are seemingly missing.
All semisimple groups of type D,, with n # 4 have been constructed by Tits in [Ti]
using a more general notion of quadratic form. His approach was generalized by
the authors of The Book of Involutions [KMRT] who introduced the more flexible
concept of a quadratic pair.

Definition. Let A be a central simple F-algebra. A quadratic pair on A is a pair
(0, f) where o is an orthogonal involution and f is a linear function f: Sym(A4,0) —
F on the symmetric elements of A (those a € A satisfying o(a) = a), such that for
alla € A,

fla+o(a)) = Trda(a).

Here Trd4 denotes the reduced trace of A, a notation we will also use later for
Azumaya algebras over a scheme. For example, any ¢ € A satisfying ¢ + o(¢) = 1
gives rise to a quadratic pair (o, f) by putting f = Trda(¢{__)|sym(a,s)- Conversely,
any quadratic pair (o, f) is of this type by [KMRT, 5.7].

If b is a regular symmetric bilinear form on a vector space V with adjoint
involution o, then each way (End(V),o) can be extended to a quadratic pair
(End(V), 0, f) corresponds to a quadratic form whose polar form is b, [KMRT,
5.11]. Further, for any central simple algebra with quadratic pair, the orthogonal
group O(A4, 0, f) ([KMRT, 23.B]) is a smooth semisimple group of type D. More-
over, every semisimple adjoint or simply connected algebraic group of type D,, with
n # 4 can be described in terms of central simpple F-algebras with a quadratic
pair, [KMRT, 26.15].

The notion of quadratic pairs was extended by Calmes and Fasel [CF] from the
setting of central simple algebras over a field, to the setting of Azumaya algebras
over a scheme S. In their setting, objects such as algebras, groups, bilinear forms,
etc., are sheaves or maps of sheaves on the ringed site (&chg, O) where Gehg is the
(big) fppf site of schemes over S, and O is the global sections functor. The spirit of
the original theory persists in this generalization. Assume b is a regular symmetric
bilinear form on a locally free O—module of finite positive rank M, and let o be its
adjoint involution on &ndn(M). Then, each way Endp(M) can be equipped with
a quadratic pair (Endp(M), o, f) corresponds to a quadratic form ¢; whose polar
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form is b. The groups associated to quadratic pairs, discussed in [CF, 4.4], are also
the appropriate notion of semisimple groups of type D over a scheme, [CF, 8.8].

In this paper we continue the study of Azumaya algebras and quadratic pairs over
an arbitrary base scheme S. In particular, we do not assume that 2 is invertible
over S. We begin with a preliminary section which reviews the technicalities of
our sheaf point of view. Then, we discuss a globalized version of the Skolem-
Noether theorem which describes isomorphisms of Azumaya algebras. Section 3
reviews the notion of bilinear and quadratic forms on O-modules, in particular
introducing the adjoint anti-automorphism associated with a regular bilinear form.
Such adjoint anti-automorphisms are actually involutions when the bilinear form is
suitably symmetric.

Section 4 defines quadratic pairs, gives examples, and describes procedures for
constructing quadratic pairs. In the case when o is adjoint to a regular symmet-
ric bilinear form b, Proposition 4.4 connects the existence of a quadratic pair on
(Endp (M), o) to the existence of a quadratic form whose polar form is b. The second
half of Section 4 provides a classification of quadratic pairs (A, o, f) which extend a
given Azumaya O-algebra with orthogonal involution (A, o). We denote by Symd 4 ,
the sheaf-theoretic image of Id +o: A — A, called the sheaf of symmetrized ele-
ments, and we denote by Al 4 , the sheaf-theoretic image of Id —o: A — A, called
the sheaf of alternating elements. The map Id +o then descends to a well defined
map §: A/ Ay, — Symdy . Lemma 4.14 shows that a necessary condition for
(A, o) to extend to a quadratic triple is that 14 € Symd 4 ,(S). We call o a locally
quadratic involution when this is satisfied. We then give the following classification
in Theorem 4.18.

Theorem. Let (A, o) be an Azumaya O-algebra with locally quadratic involution.
Then, there is a bijection

{ [ such that (A, o, f)

is a quadratic triple

} & E(8) (1),

Section 5 is the generalization of [KMRT, 5.18, 5.20], which deals with quadratic
pairs on tensor products of algebras with involution.

The final two sections, 6 and 7, address cohomological obstructions which prevent
locally quadratic involutions from being extended to quadratic triples. For a locally
quadratic involution we define the weak obstruction w(A, o) € H (S, Skewa o/ Alta o),
and the strong obstruction Q(A,0) € H(S,Skews ). These obstructions encode
whether (A, o) can be equipped with a quadratic pair, and if it can, whether that
pair can be described by a single element in A(S). More precisely, we show in
Theorem 6.2:

Theorem. Let (A, o) be an Azumaya O—-algebra with a locally quadratic involution.

(i) There exists a linear map f: A — O such that (A, o, f|sm, ) is a quadratic
triple if and only if Q(A, o) = 0. In this case f = Trd4(¢_) for an element
e A(S) with £ +o(¢) = 1.
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(ii) There exists a linear map f: Sym 4, — O such that (A, o, f) is a quadratic
triple if and only if w(A,o) = 0.

These obstructions capture global phenomenon, since locally, for instance over
an affine scheme, both obstructions are zero. Section 6 concludes by discussing
whether a given quadratic triple (A, o, f) can be described as f = Trd4(¢_) for
an element ¢ € A(S). This is also detected with a cohomological obstruction
c(f) € HY(S, Alt5,), and the element ¢ exists when c(f) = 0. Finally, Section 7
contains various examples of Azumaya algebras with locally quadratic involutions
such that their obstructions are non-trivial. In section 7.1 we construct an Azumaya
algebra with quadratic pair, and therefore trivial weak obstruction, which we show
in Lemma 7.2 has non-trivial strong obstruction. Additionally, in section 7.4 we
construct a quaternion algebra with orthogonal involution which by Lemma 7.5 has
non-trivial weak obstruction, and therefore also non-trivial strong obstruction.

In the sequel to this paper, [GNR], we will use the results of this paper to establish
an equivalence between the groupoids of adjoint semisimple groups of type A1 x A
and of type Dy over a scheme S, extending [KMRT, 15.7].

1. PRELIMINARIES

Throughout this paper S is a scheme with structure sheaf Og. Following the
style of [CF], we consider “objects over S” as sheaves on the category of schemes
over S equipped with the fppf topology. Below, we explain this viewpoint for the
notions that are most important for this paper.

1.1. The Site &chg. Let Schg be the big fppf site of S as in [SGA3, Exposé IV].
Recall that its objects are schemes with structure morphism 7' — S and a cover
of some T € Gchyg is a family {T; — T'}ier of flat morphisms which are locally of
finite presentation and are jointly surjective. When considering a cover, we will use
the notation T;; = T; x7 Tj for 4,j € I. When a scheme is affine we will usually
denote it by U, and so an affine cover will usually be written {U; — T'};c; with
Uij = U; xp Uj for i,j € I. We warn that U;; may not be affine since 7" need not
be separated.

1.2. Remark. In [St, Tag 021S], the Stacks project authors introduce “a” big fppf
site of S, instead of “the”. They do so because of set theoretic nuances avoided in
[SGA3] through the use of universes. We also avoid such difficulties and work with
“the” big fppf site.

If F is any sheaf on &chg and T € Schg, we denote by F|r the restriction of
the sheaf to the site Gchg/T = Schp. We use the same notation for the restriction
of elements, namely if f: V' — T is a morphism in Schg and ¢ € F(T), then we
write tlyy = F(f)(t). This overlap of notation is borrowed from [St]. Since these
operations apply only to sheaves or sections respectively, the meaning of restriction
will be clear from the context.
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1.3. Cohomologies. We will make use of the first non-abelian cohomology set for
sheaves groups on Gchg. However, there are various relevant cohomology theories
whose H' are isomorphic. We clarify this now.
First, recall from the discussion before [M, II1.4.5] that for a sheaf of groups
G: Gchg — Brp and T' € Gcehg, the first Cech cohomology is
HYT,G)= colim HYU,G)

U={Ti—T}ier
where the colimit is over fppf covers of T. The Cech cohomology relative a cover is
Hl(uag) = {(gij)i,jel € H g(ﬂ]) ‘ (gij‘Tijk)(gjk‘Tijk) = (glk‘Tka)}/ ~
1,7€1

where the equivalence relation ~ says that cocycles (g;;)i jer and (glfj)i,je 1 are coho-
mologous if there exists (hy) € [];e; G(T}) such that we have g;; = (hilT,,) 955 (hjlr,)
This is a pointed set with distinguished element (1); jer. The following lemma de-
scribes the connecting morphism for this cohomology.

1.4. Lemma ([M, II1.4.5]). Let 1 — G' — G 5 G” — 1 be an evact sequence of
sheaves of groups on Gchg. Then, there is an exact sequence of pointed sets

1 G'(S) = G(S) — G"(S) S H'(S,6") — HY(S,G) — H'(S,G")

where §(g") = [((9i|Tij)_1(gj|Tij))ijel] for a section ¢ € G"(S) and any cover
U ={T; — Stier and elements g; € G(T;) such that 7(g;) = ¢"|r,.

When this is appliegl to an exact sequence of abelian sheaves 0 — F' — F —
F" = 0 we will write 5(f//) = [(fj‘Tij — fi’Tij)i,jeI]’

Second, we have the non-abelian cohomology of Giraud. Definition [Gir, 2.4.2]
interpreted in our setting defines H'(S,G) to be the set of isomorphism classes of
G-torsors for the fppf site on Gehg. It is also a pointed set with base point given
by the class of the trivial torsor. There is similarly a connecting morphism for this
cohomology.

1.5. Lemma ([Gir, 3.1.3, 3.3.1]). Let 1 — G — G 5 G"” — 1 be an evact sequence
of sheaves of groups on Schg. Then, there is an exact sequence of pointed sets
1= G'(S) = G(S) = G"(S) > H'(S,¢") — H'(S,G) — H'(S,G")
where §(¢") = [71(g")] for any g" € G"(S). Here, by 7~1(g") we mean the subsheaf
of G given by
7 Hg"): Gehg > Gets
T o 7(T) 4 g"lr).

Since 771(g"”) is a coset of the subgroup G’ in the group G, there is a natural

simply transitive action of G’ on 771(g”). By surjectivity of G — G”, there will be

a cover over which 771(¢”) is non-empty. Therefore, it is in fact a G'~torsor and so
its isomorphism class is in H'(S,G’) as claimed.
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Despite not being a long exact cohomology sequence in the true sense since the
groups may be non-abelian, we will nonetheless refer to the exact sequences in
Lemmas 1.4 and 1.5 as long exact sequences.

By [Gir, II1.3.6.4] (or by [M, II1.4.6] where the inverse map is constructed) there
is an isomorphism of pointed sets H1(S,G) — H'(S,G), and it is easy to see that
this isomorphism is compatible with the connecting morphisms described above.
In particular the diagram

G"(S) —S [(8,0)

| [

g"(S) —>— H'(S,9)

commutes. Because of this, we will simply use § to denote both connecting mor-
phisms.

Finally, we note that when dealing with an abelian sheaf F: Gchg — 2Ab, there is
also the derived functor cohomology as in [St, 01FT], which we denote Hflppf(S, F).
Occasionally we will refer to H%ar(S, F) which is the derived functor cohomology
with respect to the Zariski site on &chg. By [M, III, 2.10], there is an isomorphism
HE (T, F) = HY(T, F).

1.6. O—Modules. By [St, Tag 03DU]J, the contravariant functor
O: Gchg — Rings
T — Or(T)
where Rings is the category of commutative rings, is an fppf-sheaf on Gchg, making
(Gchg, O) aringed site in the sense of [St, Tag 03AD]. We call O the structure sheaf.

If T — S is an open immersion, then O(T) = Og(T). From [St, Tag 03CW], an
O-module is then an fppf-sheaf M: Gchg — Ab together with a map of sheaves

OxM—>M

such that for each T' € Schg, the map O(T) x M(T') — M(T') makes M(T') a usual
O(T)-module. Given two O-modules M and N, their internal homomorphism
functor

Homo(M,N): Schg — Ab
T +— Hom@|T(M|T,N|T)

is another O-module by [St, 03EM].

We refer to [St, Tags 03DE, 03DL] for definitions of various properties of O—
modules. In particular, we will make use of modules which are locally free and/or
of finite type, therefore we present these definitions for the convenience of the
reader.

An O-module M is called locally free if for all T' € Gcbhg, there is a covering
{T; — T'}ier such that for each i € I, the restriction M|z, is a free O|r,—module.
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Explicitly, M|r, = @,c,, Olr, for some index set J;. If all J; have the same
cardinality then M has constant rank |J;|. A locally free O—module of constant
rank 1 is called a line bundle. Isomorphism classes of line bundles form a group
under tensor product, denoted Pic(.S). Since the (additive) category of line bundles
is equivalent to the (additive) category of G,,~torsors over S [CF, prop. 2.4.3.1],
the group Pic(S) is isomorphic to the group H(S,G,,). It is also isomorphic to the
group H}, (S, G,,) because G,,—torsors are locally trivial for the Zariski topology.

An O-module M is called of finite type if for all T' € Gchg, there is a covering
{T; — T}ier such that for each i € I, the restriction M|, is an O|r,—module which
is generated by finitely many global sections. That is, there exists a surjection of
O|r,~modules 0% — M for some n; € N.

An O-module M is called of finite presentation if for all T' € Gchg, there is a cov-
ering {T; — T};er such that for each ¢ € I, the restriction M|z, is an O|r,—module
which has a finite global presentation. That is, there exists an exact sequence of
O|7,~modules

@ O‘Ti — @ O‘Ti —>5‘Ti —0
JjeJ; keK;
for some finite index sets J; and K.

We will use the terminology finite locally free to mean locally free and of finite
type. Since S € Gchyg is a final object, [St, Tag 03DN] applies and it suffices for
us to check local conditions, such as the three detailed above or quasi-coherence
detailed below, for an fppf-covering of S.

We associate with an endomorphism o of an O-module M satisfying 02 = Id
the following O—modules:

Sympg o = Ker(Id —o) (symmetric elements),

Altp,o = Im(Id —o) (alternating elements),
Skewpt o = Ker(Id +0)  (skew-symmetric elements),
Symdpg , = Im(Id +0) (symmetrized elements),

where Im(__) is the image fppf-sheaf. Since Altr(, C Skews s, the map Id+o
descends to a well defined map §: M/ Altp, — Symdy, ,. We then have a large
diagram with exact rows and columns which we reference later in Sections 4 and 6.

0 0
1 1
0 —— Al =—— Altpy —— 0
l L l
(1.6.1) 0 — Skawpyo M =27 Synd gy — 0

| | [

0 — Skavp o/ Altpte — M/ Abbrs s~ Symdpg, — 0

! ! !
0 0 0
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1.7. Quasi-coherent Modules. From [St, Tag 03DK], an O—module & is called
quasi-coherent if for all T € Gchg there is a covering {T; — T'}ier such that for
each i € I, &7, has a global presentation. That is there is an exact sequence of
O|7,~modules

@ O‘Ti — @ O‘Ti — E‘Ti —0

JjeJ; keK;

for some index sets J; and K;. Thanks to [St, Tag 030J], in our context the
classical notion of a quasi-coherent sheaf on S and the notion of a quasi-coherent
O-module are essentially equivalent: given a quasi-coherent O—module &, there
exists a classical quasi-coherent sheaf E on S such that for T € Gchg with structure
morphism f: T — S, we have E(T) = f*(E)(T). In fact, E is simply the restriction
of £ to open subschemes of S, i.e., the small Zariski site, and so we use the notation
Esmal = E. Conversely, any quasi-coherent sheaf £ on S gives rise to a unique
quasi-coherent O-module & satisfying £(T) = f*(E)(T), and we use the notation
Efppr = €. We of course have that (Esman)fppf = € and (Egppf)sman = E.

A convenient property of quasi-coherent O—modules is that their first cohomology
vanishes on affine schemes.

1.8. Lemma. Let £ be a quasi-coherent O—module. If U € &chg is an affine
scheme, then Hflppf(U, £)=0.

Proof. According to [St, Tag 03P2], Hflppf(U,E) is the Zariski H' of the quasi-
coherent sheaf Eyan, and so vanishes by [St, Tag 01XB] since U is affine. O

We also consider the dual of the quasi-coherent O-module &, defined to be
EY = Homp(E,O). The functor £ is represented by the affine S—scheme V(&) =
Spec(Sym®(Esman)) by [SGA3, I, 4.6.3.1]. If Egnan is of finite type, then V(&) is of
finite type as an S—scheme, [EGA-I, 1, 9.4.11].

If € is finite locally free, then so is &nd(E) = Homp(E,E) = Y ®p €. As in
[EGA-I, I, 9.6.2], we view its associated scheme V(&nd(£)) as an S-scheme of
unital associative algebras. Moreover, the functor

GL(E): Gchg — Brp
T AUtO\T(5|T)

is representable by an open S—subscheme of V(&nd(€)), denoted GL(E), [EGA-I,
1, 9.6.4].

Given an O-module M and o € &ndo(M) of order 2, the O-modules Sym 4,
Altpm,o, Skewa,o, and Symdyg, are quasi-coherent whenever M is because then
they are kernels and images of a map between quasi-coherent sheaves. This is
shown in [GW, 7.19] for quasi-coherent sheaves on S, and the result generalizes
to quasi-coherent O—modules by considering an affine cover of S and using the
“fppf ~ small” correspondence explained above.
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1.9. O—Algebras. An O-module B: Gchg — ne-Rings from Schg to the category
of all (not necessarily commutative) rings such that each B(T') is a O(T)-algebra
will be called an O-algebra. We call it unital, associative, commutative, etc., if
each B(T) is so. If B is a unital associative O-algebra which is finite locally free,
then the functor of invertible elements

GL; 5: Gchg — Grp
T B(T)"

is representable by an affine S-group scheme [CF, 2.4.2.1]. A section v € GL g(S5)
induces an inner automorphism of B, denoted Inn(u) which is given on B(T) by
b— ulp-b- u|}1. If B is a separable O—algebra which is locally free of finite type,
then GL; g is a reductive S—group scheme [CF, 3.1.0.50]. We also use the notation
GL; o = 0% =Gy,

1.10. Azumaya Algebras. A key object of our interest is an Azumaya O-algebra.
First, we recall that over a commutative ring R, an Azumaya R-algebra is a central
separable R—algebra. Equivalently, the sandwich map

Sand: A ®p A® — Endg(A)
a®bw— (z+— azb)

is an isomorphism. For separable and Azumaya algebras over rings (equivalently,
over affine schemes) we refer to [Fo] or [Knu, III §5]. Following [Gro, 5.1], we
consider an Azumaya O-algebra, or simply an Azumaya algebra, to be a finite
locally free O-algebra A such that the sandwich morphism

Sand: A ®0 AP — Endo(A)

is an isomorphism. This is equivalent to the definition of [CF, 2.5.3.4], which asks
that A be finite locally free and that for all affine schemes U € Gchg, we have that
A(U) is an Azumaya O(U)-algebra.

By [CF, 2.5.3.6], the rank, viewed as a locally constant integer valued function,
of an Azumaya algebra is always square. Following [CF, 2.5.3.7] we call the square
root of an Azumaya algebra’s rank the degree of the algebra. It is a locally constant
integer valued function.

Azumaya algebras of the form Endp (M), where M is a locally free O-module of
finite positive rank, will be called neutral algebras.

In addition, we have the functor of norm 1 elements

SLi 4: Gchg — Brp
T {z e A(T)* | Nrda(x) = 1},

where Nrd 4 is the reduced norm as in [CF, 2.5.3.17]. This functor is representable
by a closed subgroup scheme of GL; 4 by [CF, 3.5.0.92].
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1.11. Morita Correspondence. We review Morita theory in the setting of this
paper, following [KS, §19.5]. Over affine schemes, this is classical, see for example
[Bas, IT] or [B:A3, §6].

The following are equivalent for O—algebras A and B and an (A, B)-bimodule
P:

(i) P is faithfully flat and of finite presentation as an A-module and B°P —
End A(P) under the canonical map.

(ii) P is faithfully flat and of finite presentation as a B-module and A —
Endpop (P) under the canonical map.

(iii) There exists a (B,.A4)-bimodule Q such that P®p Q = Aand Q®p P = B
as (A, A)- respectively (B, B)-bimodules.

(iv) For the (B,.A)-bimodule Qp = Hom 4(P, A), the canonical morphisms P®p
Qv — A and Qy ®p P — B are (A, A)- respectively (B, B)-bimodule
isomorphisms.

(v) M+ P ®p M induces an equivalence B-mod — A-mod of stacks.

(vi) M — M ®g P induces an equivalence mod-A — mod-B of stacks.

(vil) M = Hom4(P, M) induces an equivalence A-mod — B-mod of stacks.
In case (i), we have Q = Homu (P, A) = Homp(P,B) as (A, B)-bimodules. More-
over, any equivalence mod-A — mod-B of stacks has the from (vi) for some
(A, B)-bimodule satisfying (i); similarly for (vii). Following the classical terminol-
ogy, we call A and B Morita-equivalent if the conditions (i)— (vii) hold, and we call
P satisfying (i) an invertible (A, B)-bimodule; analogously for Q.

Example. Let P be a faithfully flat O-module of finite presentation. Then
A = Endp(P) and B = O are Morita-equivalent, for example by (ii).

2. ISOMORPHISMS OF AZUMAYA ALGEBRAS

2.1. The Skolem-Noether Theorem. We globalize here [KO, §IV.3]. Let A be
an Azumaya O-algebra, the map GL; 4 — Aut 4 defined by inner automorphisms
induce an isomorphism GLj 4/G,, — Auty4 [CF, prop. 2.4.4.3] hence an exact
sequence of S—group schemes

1—=Gy — GLyi g — Auty — 1.

2.2. Lemma. Assume that A is of degree d. Then the sequence above fits in a
commutative diagram of S—group schemes with exact rows

1 Hy SLig——Auty —1

o

1—> Gy —> GLy g —> Auty —> 1.

Proof. The commutativity is clear so the statement is the fact that the top hori-
zontal sequence is exact as sequence of flat sheaves over S. This is established in
[CF, Rem. 3.5.0.94]. O
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By taking the S—points we get an exact sequence of pointed sets
1 G (S) = GL14(S) = Autu(S) & Pic(S) — H(S,GLy4)

(note Pic(S) = H'(S,G,,)) where J is the characteristic map [Gir, III, 3.4.3], de-
scribed in [RZ, Theorem 7] in a concrete way. This description is as follows.

2.3. Proposition (Skolem-Noether). Let A be an Azumaya O-algebra, and let ¢
be an automorphism of A. We define an O-module L, by setting

I (T) ={z € A(T) | p(a)z|lv = z|va for all V € &chp and a € A(V)}

for T' € Gcbg, with the natural restriction maps. Then I, is an invertible O-
module, i.e., a locally projective O—module of rank 1. Moreover, the following hold.

i) ¢ is an inner automorphism if and only if I, is free.

(ii) If ¢ is another automorphism of A, then Lyo, = Ty @0 L.

(ili) The characteristic map J: Aut 4(S) — Pic(S) is given by I(¢) = Ly.

(iv) Denoting by Inn(A) the inner automorphism group sheaf of A, the charac-
teristic map J: ¢ — 1L, gives rise to an embedding

Aut 4(S)/Inn(S) ER Pic(5)

and Im(J) = {[I] € Pic(S) | A®o I = A as left A-modules}.
(v) If A has constant degree d, the automorphism ©? is inner.

Proof. Since A is quasi-coherent, over an affine scheme U € Gchg we have that
Z,(U) ={x € A(U) | p(a)x = za for all a € A(U)}.

It is shown in [RZ, §3] that Z,(U) is a line bundle over U, and therefore by taking
an affine cover of S we see that Z, is indeed a line bundle.

To see (i) we adapt the proof of [RZ, §3 Lemma 5] to our context. Not many
changes are needed. First, assume that ¢ is an inner automorphism corresponding
to a section u € A(S)*. Then, for some T' € Gchg we have

Z,(T) = {z € A(T) | ulyaul; 2|y = z|va, YV € Gehp,a € AV)}
={zc AT) | a(u™ ')y = (uz)|lva, YV € Schp,a € AV)}

Hence if x € Z,(T), then u~'z € O(T). In particular, this gives an isomorphism
Z, = O by sending x — u~ 'z, and so we see T, is a free O-module. Conversely,
assume that Z, is a free O-module, generated over O by an element u € Z,(S) C
A(S). The map Z, ®o A — A given by i ® a + ia is locally an isomorphism as
per [RZ], and therefore is an isomorphism. Hence we have

u- A(S) = T,(5)A(S) = A(S),

and so u € A(S)*. Then, by the definition of Z,, for T € Schg and a section

aec A(T),

ola)u =ua = ¢(a) = uau™!
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and so ¢ is the inner automorphism associated to u.

The statements (ii), (iii), and the first claim of (iv) are shown over an affine
scheme in [KO, IV,§1,1.2], and therefore they hold globally as well. To check
the second claim of (iv), we note that, as shown above, there is an isomorphism
I, ®0 A — A and so

Im(J) C {[I] € Pic(S) | A®o I = A as left A-modules}.

To show the reverse inclusion, we adapt the construction from [KO, IV ,§1,1.2] to
our setting. Again, no fundamental changes are needed. Let I be a line bundle
such that there is an isomorphism f: A®p I — A of left .A-modules. Since there
is an isomorphism

vi A Endy(A®o I, A®o )P

ar (Yo T ®i— ra® i),
we may make the following definition. For T' € &chg and b € A(T), the map

(Ao I)|lr = (A®o I)|T

z = [TH(f(2)b)
is left A|p-linear, and so there exists ¢(b) € A(T) such that f~1(f(z)b) = () ().
This defines an automorphism ¢: A = A. It is then straightforward to check that
f induces an inclusion
fI1=21®01 — 1,

which by [KO] is an isomorphism over affine schemes, and hence is an isomorphism.
Therefore [I] = [Z,] € Im(J) as desired.

Over an affine scheme, (v) is proven in [KO, IV, 3.1]. Here we give a general
cohomological proof. Assume furthermore that A is of degree d and consider the

commutative diagram of exact sequences of S—group schemes from Lemma 2.2,

1 iy SLig——Auty ——1

o

1—G,, —GL; 4 — Auty — 1.

For f € Aut4(S), we get an obstruction ¢4(f) € H*(S, py) such that o(f) is the
image of ¢g4(f) under the group homomorphism H(S, u,) — H'(S,G,,). We then
obtain an embedding

Aut 4(S)/Inn4(S) — 4Pic(S),
where 4Pic(S) denotes the d-torsion elements in Pic(S). Therefore p? + 0 €
4Pic(S) and hence is an inner automorphism as desired. (]

In particular, if A is of constant degree d and 4Pic(S) = 0, we see that all
automorphisms of A are inner. In the general case, since any Azumaya algebra is
locally of constant degree, we have the following corollary.



QUADRATIC PAIRS 13

2.4. Corollary. If Pic(S) is torsion free, then all automorphisms of A are inner.

For neutral Azumaya algebras, Proposition 2.3 can be generalized to a description
of isomorphisms.

2.5. Lemma (Isomorphisms of neutral Azumaya algebras). Let M and N be locally
free O—modules of finite positive rank. Put A = Endp(M), a neutral Azumaya O-
algebra.

(a) Let L be an invertible O-module and let p: M ®@p L —+ N be an O-module
isomorphism.
(i) Then the map ¢: Endo(M) — Endo(N), given by

(2.5.1) p(a)=po(a®@lds)op™,

is an isomorphism of Azumaya O-algebras.

(ii) Letting A act canonically on the first factor of M @ L and on N through o,
the map p becomes an isomorphism of left A-modules.

(iii) If (L', p') is another pair as in the assumption of (a), then L = L' as O-
modules.

(b) Conwversely, let p: Endo(M) — Endo(N) be an isomorphism of Azumaya O
algebras.
(i) Denoting by LN the left A-module obtained from N by letting A act through
@, the O-module L, = Homa(M, ,N) is invertible.
(ii) Letting A act on the first factor of M ®o L, the natural evaluation map

po: M@0 Ly — N

is an isomorphism of left A—modules.
(iii) The isomorphism ¢ satisfies (2.5.1) with respect to the pair (L, py)-

Proof. In (a) the parts (i) and (ii) are obvious. In (iii) observe that p=! o p’ is an

A-module isomorphism of M ®p L. Hence, by Morita correspondence as in section
1.11, the O-modules £ and £ are isomorphic.

As before in Proposition 2.3, the proof of (b) easily reduces to the case when
S = Spec(R) and the R—modules M and N are faithfully flat and finitely presented.
In this case, the lemma is for example shown in [Knu, III, 8.2.1]. We include a proof
with some more details than in [Knu].

Morita theory implies that M and (N are invertible (A, O)-bimodules, while
M* =Homy(M, A) is an invertible (O, A)-bimodule. Hence £, = M*® 4 (,N) is
an invertible (O, O)-bimodule, which is the same as an invertible O-module. The
map p, is the composition of the canonical isomorphisms M ®o M* @4 (,N) =
AR (oN) = LN O

Remark. In case M = N, the invertible O-module £, becomes the invertible
O-module Z, of Proposition 2.3.
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3. AZUMAYA ALGEBRAS WITH INVOLUTIONS

3.1. Basic Concepts of Bilinear Forms. We recall some concepts from [CF,
2.6]. A bilinear form is a pair (M, b) consisting of a finite locally free O-module M
and a bilinear morphism b: M x M — O of O—modules, equivalently, a morphism
M — MY of O—modules. Given b, the associated map ¢,: M — MV is defined
over T' € &chg on m € M(T) to be the map which is

gp(m): M(V) = O(V)
m' s b(m|y,m’)

over V € Gchp. We summarize this by writing ¢,(m) = b(m,__). A bilinear form
(M, b) is called regular if ¢y, is an isomorphism. If for all T € Gchg and all sections
z,y € M(T) we have b(x,y) = b(y,x) we call b symmetric, if b(z,y) = —b(y,x) we
call b skew-symmetric, and if b(z,x) = 0 we call b alternating.

We associate with a regular bilinear form (M,b) the so-called adjoint anti-
automorphism ny: Endo (M) — Endo (M), defined on a € Endp(M)(T') by

— ¢ v ¢ ‘,1
(@) = gplz' 0 a’ o dylr: Mlr DI e s MY P My

where a" is the dual endomorphism of a. Thus, on sections mj, mg € M(V) for
V € &chp and a € Endp(M)(T) we have

(3.1.1) b(my(a)(m1), mz) = b(mu, a(ms)).

If M is locally free of finite positive rank, 7, is an involution if and only if there
exists € € p9(S) such that b(my,mq) = e|p - b(mg,my) for all T € Gchg and
mi,mg € M(T). In this case, ¢ is unique and we call it the type of .

Let (M, b) be a regular bilinear form. Since M ®p M" = Endp(M) we have an
O-module isomorphism

(3.1.2) op: M@0 M — Endo(M),

defined by m; ® mg — (m — mq|y -b(ma|y, m)) for sections my, mg over T' € Schg
and m over V € Gchp. If n is an involution of type e, its pull-back to M ®p M
is the “e-switch™:

(3.1.3) M (on(m1 @ ma)) = ez - pp(ma @ ma).

A quadratic form is a pair (M, q) where M is a finite locally free O—module,
q: M — O is quadratic with respect to scalar multiplication, and the associated
polar form by: M x M — O, defined on sections by by(m1,ma) = q(mi + ma) —
q(m1) — g(my2), is bilinear. We say that (M, q) is regular if (M, b,) is so.

3.2. Involutions of Azumaya algebras. We use the conventions of [CF], which
are slightly different from those of [KMRT] in the case of base fields. The advantage
of Calmes-Fasel’s definitions are that they behave well under arbitrary base change.

Let A be an Azumaya O-algebra. An involution of the first kind is an anti-
isomorphism o: A — A of Azumaya algebras which satisfies 02 = Id4. We say
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that two involutions ¢ and ¢’ are conjugate if there exists ¢ € Autp(A) such that
o' = ¢ooo@p . In that case we have Sym Ao = P(Symy ;) and similarly for the
other O-modules All 4 ,, Skewa , and Symd 4 .

An Azumaya algebra with involution of the first kind (A, o) is étale-locally iso-
morphic to (Endo(M),n,) for some regular bilinear form (M,b) [CF, 2.7.0.25].
Thus, since the localization of ¢ is still an involution, the bilinear form b is e—
symmetric for some £ € py(S). It is known that € only depends on o. Following
[CF, 2.7.0.26] (and not [KMRT]), we call o orthogonal if ¢ =1 (so b is symmetric),
we call it weakly symplectic if e = —1 (so b is skew-symmetric), and we call it sym-
plectic if e = —1 and b is alternating. These notions are well-defined, stable under
base change, and are local for the fppf topology on Gchg.

Let (A,0) be an Azumaya O-algebra with orthogonal involution. We mention
some basic facts about the submodules of A related to o. We call a submodule M C
A a direct summand of A if there exists another module N such that A = M@ N.
We say that M is locally a direct summand if there exists a cover {T; — S};cr such
that each M|z, is a direct summand of Alr,. Some of the results of Lemma 3.3
below are proved in [CF, 2.7.0.29(1), (2)] under the assumption that b is the polar
of a regular quadratic form, an assumption that is not needed for the result below.

3.3. Lemma. Let (A, o) be an Azumaya O-algebra with orthogonal involution o.

(i) If S is affine, then Syny , and Alta, are direct summands of A. In par-
ticular, Sym 4 ,(S) and Alty,(S) are direct summands of A(S) and hence
are finite projective O(S)—-modules.

(ii) Syma, and Alts, are locally direct summands of A and hence are finite
locally free O—modules.

(iii) If A is locally free of constant rank n® € N, then Symy , and Al s, have
rank n(n +1)/2 and n(n — 1)/2 respectively.

Proof. (i): Over an affine scheme we are considering the case of an Azumaya algebra
with orthogonal involution (A, o) over a ring R. Being finite projective can be
checked after a faithfully flat extension, and by [EGA-I, 0, 6.7.5] this is also true for
the property of being a direct summand. Therefore, by [CF, 2.7.0.25] we can assume
that (4,0) = (Endr(M),m) where M is free of finite rank and b: M x M — R
is a regular symmetric bilinear form. Thus, as R—modules with involution we have
(A,0) = (M®2,7) where 7 is the switch. Let {my,...,m,} be a basis of M. Then
m;; = m; ® m; is a basis of M ®2 Tt follows that

{m“\1§z§n}u{m,]+mﬂ]1§1<]§n}
is a basis of Sym(M®2, 1), while

{mij—mji|1§i<j§n}

is a basis for Alt(M®2,7). Now, observe that Sym(M®2,7) is complemented by
Spang({mij | 1 <i < j <n}), while Alt(M®2, 1) is complemented by

Spang ({mi; | 1 <i<n}U{mi |1 <i<j<n}),
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and so both are direct summands of A.

(ii): This follows from (i) by considering an affine cover of S.

(iii): If A is of constant rank n?, then locally we are in the case of the proof of
(i) above where the basis {m1,...,m,} of M has n elements. Therefore, the basis
given for Sym(A, o) has n(n +1)/2 elements, and the basis given for Alt(A, o) has
n(n — 1)/2 elements. Thus the ranks of Sym 4 , and Alt4, are as claimed. O

In particular, since the above result tells us they are finite locally free, Sym 4 , and
Alt 4 are represented by vector group schemes. The reader will have noticed that
the proof of Lemma 3.3 works for an involution of any type € € py(.S). For example,
when o is weakly symplectic and ¢ = —1, the regular bilinear form b: M x M — R
will be skew symmetric and induce an isomorphism (A,0) = (M®% —7) of R-
modules with involution. In this case, the same roles are played by Skew ., and

Symd 4 , instead.

3.4. Corollary. Let (A, o) be an Azumaya O—algebra with weakly symplectic invo-
lution o.

(i) If S is affine, then Skewa, and Symdy, are direct summands of A. In
particular, Skewa(S) and Symdy ,(S) are direct summands of A(S) and
hence are finite projective O(S)-modules.

(ii) Skewa,, and Symd 4, are locally direct summands of A and hence are finite
locally free O—modules.

(iii) If A is locally free of constant rank n® € N4, then Skews » and Symd 4 , have
rank n(n +1)/2 and n(n — 1)/2 respectively.

These submodule pairs, Syn 4, and Alt4, when o is orthogonal, and Skews »
and Symd 4 , when o is weakly symplectic, enjoy convenient orthogonality properties
with respect to the trace form. For a submodule M C A, its orthogonal compliment
is another O-module M~ : &chg — Ab given over T € Gchg by

MHT) = {a € AT) | Trda((aly)m) =0, YV € Schp, Ym € M(V)}.
3.5. Lemma. Let A be an Azumaya algebra and let M C A be an O-submodule
which is finite locally free. Then,
(i) M* is quasi-coherent, and
(ii) M* is of finite type.

Proof. First, choose a cover {T; — St}ier over which each M|z, is free of rank n;.
Over T;, let {mq,...,m,,} € M(T;) be a free basis, then M|z, is the kernel of
the O|r,—module morphism
Alr, = A
a— (Trda(amy),. .., Trda(amy,)).
Both claims then follow over T; from [St, Tag 01BY (1), (2)], which applies here

because A|r, is quasi-coherent, see Section 1.7. Then, since quasi-coherence and
being of finite type are local properties, we are done. O
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3.6. Lemma. Let A be an Azumaya O—-algebra. Then the following hold.

(i) The trace form (xz,y) — Trd4(xy) is a reqular symmetric bilinear form on

A.
(ii) Let o be an involution of the first kind on A. Then,

Trda(Symy o - Altas) =0, and
ﬁdA(SkewA,U : WA,U) = 07
by which we mean, for T € Gchg and sections x € Symy ,(T), y € Alta o (T)

we have Trd o(zy) = 0, and similarly for the second statement.
(iii) If o is an orthogonal involution on A, then

Symj,g = Alty, and A@tj,g = Symy ;-

(iv) If o is a weakly symplectic involution on A, then
Symdj’o = Skew 4., and Skewj,o = SymdAJ.

Proof. (i): This is [CF, 2.5.3.16] (the statement in [CF] is only for even degree
algebras, but the proof holds for algebras of any degree).

(ii): Let T' € &chg and consider z € Symy ,(T) and y € Altg,(T). After passing
to a cover of T if needed, we may assume y = a — o(a) for some a € A(T'). Thus,
we have

Trdg(z(a — o(a)) = Trdg(za) — Trd4(zo(a)) = Trd g(zxa) — Trd 4(ao(x))
= Trd 4(za) — Trd 4(ax) = 0.
The second statement is seen similarly.
(iii): The first statement is [CF, 2.7.0.29(3)], and because of (ii), a symmetric

argument produces the second statement.
(iv): In the case when o is weakly symplectic, Skew 4, and Symd 4 . are finite locally

free O-modules by Corollary 3.4(ii), which also means that Skewlﬁ and Symdjﬁ
are quasi-coherent of finite type by Lemma 3.5. Therefore, we may argue as done
in [CF] for the case above. From (ii) we have that

Symd y, © Skewy ;.
Over residue fields this will be an equality for dimension reasons because the di-
mensions of Skew4,, and Symd 4, will be the same as the ranks given in Corollary
3.4(iii). Thus by Nakayama’s lemma, we will have equality over local rings, and
thus

SyrndA,U = Skewi_l,a

globally. A symmetric argument shows the second claim. O

The trace can also be used to define pairings on Symd 4 , and Alt4 , by extending
a construction provided by the exercise [KMRT, II, exercise 15].

3.7. Lemma. Let (A,o0) be an Azumaya O-algebra with orthogonal involution.
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(i) There is a unique symmetric bilinear form by : Symd 4 , x Symd 5 , — O such
that for each affine scheme U € Gcehg and z,y € A(U), we have

by ((z+o(x)), (y +0(y) = Trda((z + o (2))y).

(ii) There is a unique symmetric bilinear form b_: Alty, x Alty, — O such
that for each affine scheme U € &chg and z,y € A(U), we have

b_((z —o(x)),(y —o(y))) = Trda((z — o(x))y).

In addition, this bilinear form is regular.

Proof. (i): We observe first that for each affine scheme U over S and z,y € A(U),
we have Trd4((z + o(x))y) = Trda(z(y + o(y))) since Trd 4 is invariant under o.
This implies that b is well-defined and also that it is symmetric.

(ii): The fact that b_ is well-defined and symmetric is similar to (i). To see that it is
regular, we have to show that the induced map Alt4, — A&XU is an isomorphism.
Since Afty , is locally free of finite rank, the Nakayama lemma reduces us to the
field case. For all z € Alt(A,0) and y € A, we we have b_ (z(y—o(y))) = Trda(xy).
Since Trdy is regular, the kernel of b_ is zero. Thus b_ is regular. O

3.8. Remark. The proof of (ii) does not apply in case (i) because Symd, , is not
locally free of finite rank. However, b, is regular over fields.

3.9. Lemma. Let (A,0) be an Azumaya O—algebra with an orthogonal involution.

(i) Let uw € GL;1 4(S) and let Inn(u) be the inner automorphism of A induced
by u. Then Inn(u)oo is an involution of A of the first kind. It is orthogonal
if and only if u € Sym 4 ,(5).

(ii) Assume that the torsion subgroup Pic(S)iors = 0. Then for any orthogonal
involution o' of A there exists an invertible u € Symy ,(S) such that o’ =
Inn(u) o 0. Furthermore, u is unique up to an element of O*(S).

Proof. (i): The first statement is obvious. For the proof of the second we can
assume that S is affine. In this case our claim follows from [Knu, III, (8.1.3)(2)].
(ii): Observe that ¢’ o o is an automorphism of A, which is inner by Corollary
2.4, i.e., there exists u € A(S)* such that ¢’ = Inn(u) o 0. That u € Sym 4 ,(S)
follows from (i). If ¢/ can also be written as ¢/ = Inn(v) o o for some invertible
v € A(S)*, then v~1u is central, proving the last claim. O

4. QUADRATIC PAIRS

4.1. Definition (Quadratic pairs). Let (A, o) be an Azumaya O-algebra with or-
thogonal involution. Following [KMRT, §5B| and [CF, 2.7.0.30], we call (o, f) a
quadratic pair it f: Symy , — O is a linear form satisfying

(4.1.1) fla+o(a)) = Trda(a)

for all T' € Schg and every a € A(T). In this case, we call (A, o, f) a quadratic
triple.
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Two quadratic triples (A, o, f) and (A’, o’, f) are called isomorphic if there exists
an isomorphism ¢: A — A’ of O-algebras such that ¢/ = pooop™! and f' = foep~!
(this is well-defined since Sym 4 ,» = ¢(Sym 4 ,)). The notion of a quadratic triple
is stable under arbitrary base change.

4.2. Remark. If (A, o, f) is a quadratic triple, then f(7") # 0 for all T' € Schg, i.e.
f is non-zero everywhere. This follows from Lemma 3.6(i), which guarantees that
there is an element a € A(T") with non-zero trace, and then

fla+o(a)) =Trda(a) # 0.

4.3. Examples. Let (A, o) be an Azumaya O-algebra with orthogonal involution.

(a) If (o0, f) is a quadratic pair, then for all T' € &chg and s € Sym 4 ,(T') we have
that

2f(s) = f(s + o(s)) = Trda(s).
Therefore, when 2 € O* there exists a unique f such that (o, f) is a quadratic pair,
namely f(s) = 2 Trda(s).
(b) Suppose S = Spec(R) where R is an integral domain whose field of fractions
K has characteristic different from 2. If (A,0) is an Azumaya O-algebra with
orthogonal involution, then there exists at most one linear form f making (o, f) a
quadratic pair on A. Indeed, this follows from uniqueness in (a) after base change
from S to Spec(K).
(c) Given an element ¢ € A(S) with £+ o(¢) = 1, we define f: Sym 4, — O over
T € Gchg as

F(T): Symy o (T) = O(T)
s+ Trdo(l)7 - s).

This map is clearly linear, and for an element a + o(a) € A(T) we obtain
fla+a(a)) =Trdall|r - (a + o(a))) = Trda((flr + o (flr)) - a) = Trda(a),

and so (A, o, f) is a quadratic triple. By Lemma 3.6(iii), the function f is deter-
mined by ¢ up to the addition of an element from Al 4 ,(5), i.e., {1 —ly € Alt s+ (S)
if and only if Trd(¢1_) agrees with Trd4(f2__) on Symy -

More examples are be discussed below in Examples 4.5 and 4.17.

The existence of quadratic pairs is related to quadratic forms. We describe this
in the following Lemma 4.4 for the neutral Azumaya algebra Endp (M), generalizing
[KMRT, 5.11] for S = Spec(R) where R is a field. Part (i) of 4.4 is stated in [CF,
2.7.0.31].

4.4. Proposition. Let M be a locally faithfully projective O—module with a regular
symmetric bilinear form b: M x M — O. Thus, Endo(M) is an Azumaya O-
algebra with orthogonal adjoint involution my by Section 3. One knows that

op: M@0 M 3 Endo(M),
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defined on sections by mi ® mo —> (m — mi b(mg,m)), is an isomorphism of
O-modules.

(i) Assume b = by for a reqular quadratic form q. Then, there exists a unique linear
form fq: Symgugp (M), — O such that

(4.4.1) (fgovp)(m®@m) = q(m)

holds for all T € Schg and sections m € M(T). The pair (my, fy) is a quadratic
pair.

(ii) Assume (my, f) is a quadratic pair for some f. Then, there exists a unique
quadratic form qp: M — O, defined over T' € &chg on sections m € M(T') by

(4.4.2) qr(m) = (f o gp)(m @ m),

whose polar form is b.
(iii) The involution ny, is part of an orthogonal pair on Endo(M) if and only if b is
the polar form of a reqular quadratic form.

Proof. Since in each statement a global function is given, it suffices to check the
claims locally. It is therefore no harm to assume S = Spec(R) and to prove the
lemma in the setting of a faithfully projective R—module M with a regular sym-
metric bilinear form b: M x M — R.
(i): We assume that b = b, for a regular quadratic form ¢: M — R and need to
prove that there exists a unique linear form f;: Sym(Endg(M),n,) — R satistying
(4.4.1).

The formula n,(¢p(m1 ® ma)) = @p(me ® my) is immediate from the defi-
nitions. Hence ¢ induces an isomorphism between the symmetric elements of
(Endg (M), n) and those of (M®2,7) where 7 is the “switch”. We claim

(4.4.3) {reM@rM |7(x) =2} =Spang{m@m|me M}.

Indeed, it is obvious that the right-hand side is contained in the left-hand side.
Thus, to prove equality we may localize in a maximal ideal, equivalently, we may
assume that R is a local ring and so M is free. This allows us to consider a free basis
{m1,...,my} and express x € M®? as v = Z?,j:l cijm; ® m; for some coefficients
cij € R. If 7(x) = x then we must have that ¢;; = ¢;;, and so we may write

T = zn:cumZ ®@ my; + Zn: cij(m; @ mj +mj @ my).
i=1 ol
We see this belongs to the right side of the equality above by noting that
m; @ mj +m; @ m; = (m; +m;j) ® (m; +mj) — (m; @ m;) — (mj @ my).
We are now left with proving the existence of a linear form

f: Spanp{m@m |me M} — R, m®m s q(m).
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If f exists as a set map, it is linear and unique by (4.4.3). Thus, the point is to
prove that f is well-defined, i.e.,

(4.4.4) Yimi@m; =0 = >.q(m;)=0.

To show (4.4.4) we can again argue by localization and therefore assume that M
is free. But if M is free, we can use the argument in the proof of [KMRT, 5.11]
establishing the existence of f over fields.

(ii): We assume that (1, f) is a quadratic pair for the Azumaya R-algebra Endr (M)
and must show that then gy: M — R, defined by (4.4.2) is a quadratic form whose
polar form is . To do so, we can use the proof of [KMRT, 5.11], which carries over
without any change.

(iii): This summarizes (i) and (ii). O

4.5. Examples. We give some further examples. In particular we outline the split
examples in all degrees.

(a) In the setting of Proposition 4.4, a quadratic pair (s, f) forces b = b, for a
regular quadratic form ¢. Hence, if M has odd rank, then necessarily 2 € O*.

(b) Let (Mo, q0) = (O?",qo) where qq is the split hyperbolic form on O?" defined
on sections by

n
Qo(x1, ... Ton) = Y o172
i=1

It is regular. We let 1y be the associated orthogonal involution of Ay = Endp (M) =
Mz, (0), and denote by fp the unique linear form on Sym 4, ,,, satisfying (4.4.1). It is
computed explicitly in the example after [CF, 2.7.0.31]. We will refer to (A, 1o, fo)
as the split example (in degree 2n). We point out that there may be many different
linear forms f making (Ao, no, f) a quadratic triple.

(c) Assume 2 € O and let (Mg, qo) = (0?1, qo) where g is the split hyperbolic
form on O?" defined on sections by

n
qo(T1, ..., Tont+1) = <Z 51722'—151722') + $%n+1

i=1
It is regular since 2 is invertible. We let 7y be the associated orthogonal involution
of Ag = Endo(Mo) = May11(0). It has a unique linear form on Sym 4, ,, , namely
fo = %Trd A, by Example 4.3(a), such that (Ag, 00, fo) is a quadratic triple. We
also refer to this as the split ezample (in degree 2n + 1).
(d) Other examples are given in [KMRT, 5.12 and 5.13].

4.6. Corollary. [CF, 2.7.0.32] Every quadratic triple (A, o, f) is split étale-locally.

Proof. By first considering the cover by connected components, we may assume that
A is of constant degree n. If n is odd, then by Example 4.5(a) above and Example
4.3(a), we must have 2 € O* and f = %Trd Ao Then there exists an étale cover
over which o and 79 are isomorphic, which is sufficient since those isomorphisms
will identify f and fy due to uniqueness.
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Now assume n is even. We have already started with [CF, 2.7.0.25]: every qua-
dratic triple is étale-locally of the form (Endo (M), m, f) considered in Proposition
4.4. By Proposition 4.4(ii), the regular bilinear form of that lemma is the polar
form of a regular quadratic form ¢: M — O, given by (4.4.2). By [CF, 2.6.1.13],
after a second étale extension, we can then assume that (M,q) = (Mo, qp) as in
Example 4.5(b), and that the linear form is the one of Proposition 4.4(i), i.e., that
the quadratic triple is split. O

4.7. Remark. Corollary 4.6 shows that, if one wishes, it is sufficient to work with
the étale topology on the category Gchg. In this paper, our arguments do not
use particular properties of the fppf topology which are not shared with the étale
topology, and so our results still hold in that setting.

4.8. Corollary. Let (A, o, f) be a quadratic triple. Assume A is of constant rank
n? € N. Then, we have

fLa) =5 € O(S).

Proof. Since A is of constant rank, there will exist a cover {T; — S};er such that
Alr, = M, (O|r,) for all i € I. Evaluating locally, where 1 4|7, is the identity matrix,
we have that 2|7, (1alr;) = Trdy,, (0. )(lalT;) = n, and hence

2f(1a) = n € O(S)

globally as well. If n is odd then 2 € O and so f(14) = § makes sense. If n = 2m
is even, we need to argue that f(14) = m. We may assume by Corollary 4.6 that in
the above argument, the cover was chosen such that it splits the quadratic triple,
and so our local evaluation may be done on the split example. In the calculations
of fo following [CF, 2.7.0.31] the authors show that fo(Ei; + Eit1,+1) = 1, and
therefore it follows immediately that fo(1) = m. O

4.9. Example. In contrast to Example 4.3(a), if 2 ¢ O*, then not every orthogonal
o is part of a quadratic pair. For example, this is so for S = Spec(R) with 2R =
0 # R, and the Azumaya O-algebra A = M,,(O) equipped with 7 = the transpose
involution (note that a+o(a) has O-diagonal for any a € M,,(O(T)) and T € Schg).
But there exists orthogonal involutions o of M,,(O) which are part of an orthogonal
pair (o, f), see [KMRT, 5.9].

4.10. Classification of Quadratic Triples. In light of Example 4.9 above, we
seek to characterize which orthogonal involutions can participate in a quadratic
pair. Furthermore, for a given Azumaya O-algebra with orthogonal involution
(A, o), we wish to classify all possible such f which make (A, 0o, f) a quadratic
triple. We first provide this classification over affine schemes, beginning with the
following.

Given a quadratic triple (A, o, f), it is of the form of Example 4.3(c) above
exactly when f can be extended to a linear form on all of A.

4.11. Lemma. Let (A, o, f) be a quadratic triple. Then, the following are equiva-
lent.
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(i) There ezists a linear form f': A — O such that f'\gm, , = [,
(ii) There exists £ € A(S) with £ + o(f) = 1 such that for all T € Gchg and
5 € Symy ,(T), we have

f(s)=Trda(l|T - 5).

Proof. (ii)=-(i): This implication is clear, see Example 4.3(c).

(i)=(ii): We follow the second half of the proof of [CF, 4.2.0.12]. The map f’ is
of the form f’ = Trda(¢_) for some ¢ € A(S) due to regularity of the trace form
by Lemma 3.6(i). Then, for any a € A(S) we have Trd4(¢o(a)) = Trda(ac(¢)) =
Trd4(o(f)a) and so

Trda(a) = f'(a+ o(a)) = Trda(l(a + o(a))) = Trd (£ + o(¢))a).
Hence, ¢ 4+ o(¢) = 1, once again by regularity of the trace form. O

When S is affine, the construction of Example 4.3(c) produces all quadratic
triples and we have the following classification.

4.12. Proposition (Affine Classification). Let S be an affine scheme and let (A, o)
be an Azumaya O-algebra with orthogonal involution. Consider §: A/ Alls, —

Symd 4 , from (1.6.1).

(i) Suppose (A, o, f) is a quadratic triple. Then there exists £y € A(S) such
that £y + o(ly) = 14, and for all T € &chg and s € Sym 4 ,(T'), we have

f(s) =Trda(lylr - ).

In particular, Ly + o(ly) = 14 means that 14 € Symd 4 ,(S).
(ii) Assume that 14 € Synd 4 ,(S). Then, £(S)"1(14) is a non-empty subset of
(AJAlt4»)(S) and the map of sets

{ f such that (A, o, f)

-1
is a quadratic triple } = &(5)7 (1a)
f=1

is a bijection. In particular, for a given f the element £y is uniquely deter-
mined up to addition by an element of Alty ,(S).

Proof. (i): Since S is affine, by Lemma 3.3 we know Sym 4, is a direct summand
of A. Therefore, for any quadratic triple (A, o, f), the function f may be extended
to A. The result then follows from Lemma 4.11.
(ii): First we show £(S)~!(14) is non-empty. We have a short exact sequence

0 — Skeway — A% Synd ., — 0

with associated long exact sequence

0 — Skewa o (S) — A(S) = Symd 4 ,(S) — Hflppf(S, Al ) = ...
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Since S is affine and Skewy, is quasi-coherent, applying Lemma 1.8 gives that
Hflppf(S, Skew4,) = 0 and so A(S) — Symd 4 ,(S) is surjective. Hence £(S)71(14) #
Q.

Next we show that the map is bijective as claimed. Lemma 1.8 similarly shows
that Hflppf(S, Altp,) = 0 and so there is a surjection A(S) — (A/Altas)(S) =
A(S)/ Atk (9).

Let (A, o, f1) and (A, o, f2) be two quadratic triples. By (i) we have elements
U, 0, € A(S) defining the linear forms. If /y = (g, then {f, — ls, € Alta,(S),
and so by Lemma 3.6(iii) the maps Trd4 (¢, __) and Trd 4(¢s,__) agree on Sym 4 ,,
i.e., fi = fo and so the map in question is injective.

Since A(S) — (A/Alts)(S) is surjective and by the commutativity of (1.6.1),
every element of £(S)7!(14) is of the form ¢ for some ¢ € A(S) with £ + o(¢) = 1.
We may then use Example 4.3(c) to see that f = Trd4(¢_)|gm, , extends (A, o) to
a quadratic triple. The process in (i) then produces a possibly different ¢, € A(S)
such that f = Trd(ls_)|sm, , also. Since this is the same function on Sym 4 ,, we
use Lemma 3.6(iii) again to see that £ — ¢y € Alt4,(S) and so ¢ = ¢;. Therefore
the map in question is surjective and we are done. O

4.13. Remark. When S = Spec(R) is an affine scheme we are dealing with an
Azumaya R-algebra A = A(S) and an orthogonal involution o(S) on A, which by
abuse of notation we also denote 0. Then, Sym(A4,0) = Symy ,(S) and a quadratic
triple is given by an R-linear map f: Sym(A,o) — R satisfying f(a + o(a)) =
Trda(a) for all @ € A. By quasi-coherence we have that
Alt(A,0) = Alty »(S) ={a—o(a) |a € A},
Symd(4,0) = Symd 4 ,(5) = {a+o(a) | a € A},
and furthermore (A/Alty,)(S) = A/Alt(A, o). The map £ of (1.6.1) behaves over
S as
¢: A/AIt(A,0) — Symd(A4, o)
a—a+o(a)
which is a well-defined linear map. Then Proposition 4.12 says that any quadratic
triple (A, o, f) is of the form f = Trds(¢_) for some ¢ € A with ¢ 4+ o(¢) = 1.
Furthermore, having 1 € Symd(A4, o) is sufficient to extend (A, o) to a quadratic
triple since the preimage £71(1) is non-empty. In this case, all such linear forms

extending (A, o) are classified by ¢71(1) € A/Alt(A, o). Over fields this recovers
the classification (for fixed o) given in [KMRT, §5].

By considering an affine open cover, Proposition 4.12(i) recovers [CF, 4.2.0.12],

which states that Zariski locally a quadratic triple is of the form in Example 4.3(c).

Given an Azumaya O-algebra with orthogonal involution (A,o), Proposition
4.12 showed that when S is affine, the condition 14 € Symd 4 ,(S) is necessary and
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sufficient for there to be a quadratic triple extending (A, o). We show now that
this condition is necessary in general, however Lemma 7.5 shows that it is no longer
sufficient.

4.14. Lemma. Let (A, o0, f) be a quadratic triple. Then, 14 € Symd 4 ,(S).

Proof. We know by Proposition 4.12(i) that for an affine cover {U; — S}icr of S
we have that

flu, = Trda(li_)
for some ¢; € A(U;) with £; +0(4;) = 1 4,)- In particular, 14,y € Symd 4, (U;).
Since the elements 1 4, clearly agree on overlaps of the cover {U; — S}ier and
Symd 4 , is a sheaf, we obtain that 14 € Symd 4 ,(S5). O

4.15. Lemma. Let (A,o0) be an Azumaya O-algebra with orthogonal involution.
Then the following are equivalent.
(1) 14 € Symd ()
(ii) For all affine U € Gchg, there exists fy: SYm Aol — Ol|y such that
(Alu,olu, fu) is a quadratic triple.
(iii) For all affine open subschemes U C S, there exists fy: Sym gy,
such that (Aly,olu, fu) is a quadratic triple.
(iv) There exists an fppf cover {T; — S}icr such that for each i € I, there exists
fi SymA‘TiMTZ_ — O|1, such that (A|r,, 0|1, fi) is a quadratic triple.
(v) There exists an fppf cover {T; — S}tier and reqular quadratic forms (M, q;)
over O|r, such that for each i € I,

(-A’Tw O-‘Ti) = (gndoh"i (Ml)7 7711)

where 14 1s the adjoint involution of the polar bilinear form of q.

ol O’U

Proof. We argue that (i)=-(ii)=(iii)=(iv)=(i), and then that (iv)<(v).
(i)=(ii): Assume 14 € Symdy ,(S). Then, for an affine U € &chg, by restriction
we have that 147y € Symd4 ,(U). Now consider the exact sequence of sheaves

0 —— Skews,g —= A——Symdy , —0
and its associated cohomology sequence
o= AWU) ——= Symd 4 ,(U) — Hflppf(U, Skewps) — ...

By Lemma 1.8 we have that Hflppf (U, Skewa ») = 0 since U is affine and Skew » is
quasi-coherent. It follows that 1+ o: A(U) — Symd4 ,(U) is surjective and thus
there exists ¢ € A(U) such that £+ o(f) = 14). We may then construct our
desired quadratic triple as in Example 4.3(c).

(ii)=(iii) is obvious, and (iii)=-(iv) by taking an affine open cover of S.

(iv)=(i): Let such a cover be given. By Lemma 4.14 we have 1 41,y € Symd 4 ,(1})
for all i € I. These agree on overlaps and so 14 € Symd 4 ,(S) by the sheaf property.
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(iv)=(v): Since (A, 0) is locally isomorphic to a neutral algebra, we may assume by
refining the given cover that (Alr,ol|r, fi) = (Endo(M,), 0|1, fi) for some O|r,—
modules M;. There are then quadratic forms ¢;: M; — O|r, whose polar bilinear
form has adjoint involution o|r; by Proposition 4.4(ii).

(v)=(iv): This is Proposition 4.4(i). O

4.16. Definition (Locally Quadratic Involution). We call an orthogonal involution
on an Azumaya O-algebra locally quadratic if it satisfies the equivalent conditions
of Lemma 4.15.

We now give two more examples of constructions which produce quadratic triples.

4.17. Examples. Let (A, o) be an Azumaya O-algebra with orthogonal involution.
(a) Given an fppf cover {T; — S};cr and elements ¢; € A(T;) satisfying ¢; +o(¢;) =
Land 4;|1,; —4;|r,, € Alta,(Ti;) for all i, j € I, we can construct a unique quadratic
triple (A, o, f) such that f|7, = Trd4(¢;__) holds for all i« € I. To do so, locally
define maps f;: Symg |1, — Ol|r; by restricting the linear forms Trd4(¢;_) to
Sym g, |1, By assumption and Lemma 3.6(ii), these local maps agree on overlaps
of the cover {T; — S}icr and therefore glue together to define a global linear form
f:8my, — O. The fact that (A, o, f) is a quadratic triple can be checked locally
on the T;, where it follows from Example 4.3(c).

(b) Let o be a locally quadratic involution. Let §: A/ Alty, — Symd,, be the
map of (1.6.1). Given an element A € &(S)71(14) C (A/Alts,)(S), we define a
quadratic triple (A, o, f\) as follows. There will exist a cover {T; — S}ie; and
elements ¢; € A(T;) such that ¢; = A|1,. By the commutativity of (1.6.1) and the
fact that {(A|7;) = 1, each ¢; will satisfy ¢; +o(¢;) = 1. Since (A|1;)|7;; = (AlTy)|T;; 5
we will have that (;|7,, —{;|r,; € Alt4,(T;;) and hence (a) above applies to construct
fr. Since we can always compare over a common refinement, it is clear that f) is
independent of which cover was chosen.

We are now able to show that all quadratic triples arise from the construction of
Examples 4.17(b). This gives a classification of all quadratic triples which extend
a given locally quadratic involution. In contrast to Proposition 4.12(ii), in the
following Theorem the set £(S)~!(14) may be empty, see Lemma 7.5.

4.18. Theorem (Classification). Let (A, o) be an Azumaya O-algebra with locally
quadratic involution. Let §: A/ Alta s — Symdy , be the map of (1.6.1).

(i) Suppose (A, o, f) is a quadratic triple. Then, there exists Ay € £(S)71(14)
such that f is the linear form fx, of Ezample 4.17D).
(ii) The map of sets

{ [ such that (A, o, f)

s a quadratic triple

} S E(S) (1)
f — )\f

s a bijection.
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Proof. Both claims follow from Proposition 4.12 and the fact that the functor
£H1y): Gehg — Sets
T~ &(T)" (Lalr)

is a subsheaf of A/ Alty ,. In detail:

(i): Let (A, o, f) be a quadratic triple. Let {U; — St}ticr be an affine cover of
S. Then (Alu,,o|u,, flu,) is a quadratic triple over an affine scheme, and so by
Proposition 4.12 there exists an ¢; € A(U;) such that ¢; € £71(14)(U;) is the
unique element corresponding to fly,. Since (f|v,)lv,; = (flu,)lv,; we have that
bilu, — 4lu,; € Altao(Uij) and so E_Z-]Uij = K_j\Uij. Therefore, these sections glue
together into an element A\; € €71(14)(S). It is then clear that f = [, since
flo; = Trda(Aflu; - ) = fa,lu, for all @ € I by construction.

(ii): Bijectivity is clear from the proof of (i) since the correspondence f|y, = A¢|u,
will be bijective over each U; in the chosen affine cover. O

4.19. Remark. We may equivalently view Theorem 4.18 as saying that there is an
isomorphism of sheaves between

F: Gehg — Gets
T { f such that (A|r,o|r, f) }

is a quadratic triple over T'

and the sheaf £ 71(14). Taking part of (1.6.1), we have an exact sequence

0 — Skewa s/ Alt 4y — A/ Alt gy <> Symd g, — 0

with corresponding long exact sequence

o (A Al ) (S) 2 Symdy () S HY(S, Shewa g [ Abtag) > ..

By Lemma 1.5, the isomorphism class of £ 1(14) is 0" (1.4) € H(S, Skew o/ Alta o).
In Definition 6.1 below we call this element the weak obstruction.

5. QUADRATIC PAIRS ON TENSOR PRODUCTS

Given two Azumaya O-algebras A; and As, their tensor product A; ®o As
is again an Azumaya O-algebra. If in addition these algebras are equipped with
involutions o and oy respectively, then (A; ®p Az,01 ® 02) is an algebra with
involution. Throughout this section we will use the notation

(A, 0) = (A ®0 A2,01 ® 03).

Let €1,e2 € py(S) be the types of o1 and o9. Since the type of an involution can be
determined locally, we may apply [Knu, 8.1.3(1)] which applies over affine schemes,
to see that the type of 01 ® o9 will be the product £169. For our purposes we
want o1 ® o9 to be orthogonal, so we will focus on two cases: when o; are both
orthogonal (g; = 1), and when they are both symplectic (in which case ¢; = —1).
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In preparation, we generalize [KMRT, 5.17] to our setting. We use the notation F :
to denote the fppf sheafification of a presheaf F as in [St, Tag 03NS].

5.1. Lemma. Let (A1, 01) and (Az, 02) be two Azumaya O—algebras with involution.
If o; are both orthogonal, then

(i) Sym.A,U = (Sym'dA,U + (Sym.Al,al ®o Sym.Az,ag))ﬁ}
If instead o; are both weakly symplectic, then

(ii) SymA,U = (Sym'dA,U + (SkewAMn ®o SkewAz,Uz))ﬁ'

Proof. (i): If there exists an fppf cover {T; — S};cr such that the restrictions of
each sheaf are equal, then the sheaves are equal globally. Since A; and As are
Azumaya O-algebras, there exists a sufficiently fine affine cover {U; — S};cr such
that (.Al, 0'1)’(]2. st (Ml R Ml,T) and (.AQ, 0’2)‘Ui = (Mg XKoo MQ,T) for free O‘Ui*
modules of finite rank M; and My with the switch involution 7 by (3.1.2). Since
the component sheaves are quasi-coherent and the U; are affine, we have
(SymdA,a + (Syn”LAth ®o WAQ,UQ))ﬂ’Ui
:S'y’ndA,O"Ui + (Syrn.Al,Ul ®O Syrn.Az,Uz)‘Ui
=Symd a1y, oy (SIMAL |y 011y, @O, UM As|, 02117,
Quasi-coherence also means that this sheaf is determined by the O(U;)-module
Symd 4 »(Us) + (Sym 4, 5, (Ui) @ow,) Syma, 0, (Ui))
= Symd ((M1(U;) @ow,) M1(Ui)) @ow,) (Ma(Ui) @ow,) M2(Ui)), 7 ® )
+ Sym (M1 (Us) @ow,) M1(Ui), 7) + Sym(Mz(Ui) @ow,) Ma2(Us), 7).
and Sym 4 ,|u; is determined by the O(U;)-module
Sym(A(U;),o(Us))
= Sym((M1(U;) ®@ow,) M1(Us)) @ow,) (M2(Us) 0w,y M2(Us)), 7 @ 7).

Therefore it is sufficient to consider the case of M; and My being free modules of
finite rank over a ring R, and prove that

Sym((M; ®@p M) ®@p (Ma ®p My), T @)
= Symd((M; ®pg M) @ (Ma @ M), 7 @ T)
+ Sym(M; ®pg My, 7) @r Sym(My @ g Ma, T)

Clearly the second module is included in the first. Now, let {mi,...,m,} and
{n1,...,np} be free bases of M; and M, respectively. Then Sym((M; ®r M) @pr
(M ®pg Ma), ™ ® 7) has a basis consisting of the elements
(mi & mz) & (nk X nk),
(mi @ myj) ® (ng, @ ny) + (mj @ my) @ (N @ ny,)



QUADRATIC PAIRS 29

fori,j € {1,...,a}, k,1 € {1,...,b} with either ¢ # j or k # [. The first type of
basis element is contained in Sym(M; @g M, 7) ®g Sym(Ms ®r Mo, 7), and the
second type is contained in Symd((M; ®g M1) @g (M2 ®@pg M), 7 ®7), so therefore
the converse inclusion holds as well, and claim (i) is proved.

(ii): Since o; are now weakly symplectic, i.e., of type —1, we will have that
(Aj,0i)|u, = (Mj ®o M, —1) for j = 1,2. Accounting for the facts that (—7) ®
(—T)=1T®T,

Skew(M; @r M, —7) = Sym(M; ®g M;,7), and
Alt(Mj ®R Mj’ _7—) = Symd(Mj ®R Mj’ T),
all other details are the same as in (i). O

5.2. Remark. With the same methods as above one can also generalize [KMRT,
5.16]: If o; are both orthogonal, then

(1) Symd g, N (Symy, o @0 Sy g, o)

i
= ((Symdfh,m ®o SymAz,az) + (Symfh,cn ®o SymdAsz)) :
and if o; are both weakly symplectic, then
(i) Symdy o OV (Shewa, o 0 Skeawa,,q,)

= ((A&Ahm ®o SkewAz,UQ) + (‘SkewAl,Ul ®o AEtAQ,Uz))ﬁ .
We warn that the naive generalization of [KMRT, 5.15], which states that for central
simple algebras (A1, 01) and (Aa, 02) with involutions of the first kind over a field
F of characteristic 2 we have
Symd(A1, 01) @ Symd(As, o2)
=(Symd(A1,01) ®F Sym(As, 02)) N (Sym(A1,01) ®r Symd(As, 02)),
does not hold in our generality. It fails when 2 is neither invertible nor zero. For

example, take S = Spec(Z) and consider the Azumaya algebra A = My(O) with
the split orthogonal involution 7y in degree 2 from Example 4.5(b). In particular,

w(le d)=[c o)

Since all relevant O-modules are quasi-coherent and S' is affine, we may deal with
the Z-module with involution (A,ny) = (Ma(Z),n9). Then

Sym(A,no) = {[Z 2” and Symd(4, ) = {[;; 20 }

a/ .
Therefore,
a 2b 2c¢ 4d
2¢ a 4f 2¢
Symd(A, ’I’}()) Rz Symd(Av 770) = 2g 4h C.Lf 2b

49 29 2 a
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while

(Symd(A, ny) ®z Sym(A,m)) N (Sym(A, 1) @z Symd(A, no))

a 2b 2¢ 2d
2¢ a 2f 2c
2g 2h a 2b
2i 29 2 a
and so these modules are not equal.

Lemma 5.1 will be used similarly to how [KMRT, 5.16, 5.17] are used to prove
uniqueness claims about quadratic pairs on tensor products. If the algebra with
involution (A, o) extends to a quadratic triple with some linear form f, then the
behaviour of f is prescribed on Symd Ao Therefore, by Lemma 5.1 such f will be

uniquely determined by its behaviour on Sym 4, ,, ®o Sym 4, ,,- We use this in the
next two propositions, generalizing [KMRT, 5.18, 5.20].

5.3. Proposition. Let (Ay,01, f1) be a quadratic triple and let (Az, 02) be an Azu-
maya O—-algebra with orthogonal involution. Then there exists a unique quadratic
triple (A, o, fi«) such that, for sections s; € Sym y, ,, we have

(5.3.1) fre(s1 ® s2) = fi(s1) Trda,(s2).

Proof. Consider an affine cover {U; — S}icr of S. We know by Proposition 4.12(i)
that each f|y, is described by an ¢; € A;(U;) with ¢; + 01(¢;) = 1. Then

(&'@1) +(O’1 ®O’2)(€i®1) = (€,~+01(€i))®1 =1®1l=1
and since /;|vy,; — {jlu,; € Alta, o, (Usj), we also have that
(gi ® 1)‘Uij - (ej ® 1)‘Uij = (g'i‘Uij - ej‘Uij) ®1e A&A1®o«42701®02 (Uij)’

Therefore, we may use the construction of Example 4.17(a) with the elements ¢; ®
1 € A(U;) to define a global f1,. It remains to show that this fi, behaves as claimed
in (5.3.1) on sections s; € Sym 4, ,,(T) for some T' € Schg. Consider such sections
s1 and sg. With respect to the cover {T; := U; xg T — T'}ier, our new linear form
f1+ will be locally described by the elements (¢; ® 1)|7,. So, locally we have

fri((s1® s2)|1;) = Trd 004, (4 @ )|, (51 @ 82)I1;)
= Trda,004; ((Gl1; - $1]1,) ® 52l1,)
= Trda, (G|, - s1|7;) Trda, (s2l)
= fili (s1]7y) Trd 4, (s2lT;)
and hence gluing yields f1.(s1 ® s2) = fi(s1) Trd 4, (s2) as desired. O

5.4. Example. Here we generalize [KMRT, Example 5.19]. On one hand, let
(M1, q1) be a regular quadratic form and let (Endp (M), 01, fg,) be the quadratic
pair defined in Proposition 4.4(i). On the other hand, let (Ms,bs) be a regular
symmetric bilinear form on a locally free O—module of finite positive rank M. We
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consider the tensor product quadratic form ¢ on M = M; ®» My as defined by
Sah [Sa, Thm. 1] in the ring case. This ¢ is regular, and so we consider the attached
quadratic pair (Endp(M, o, f;). The proof of [KMRT, Example 5.19] shows that
there is an isomorphism

(EHdO(Ml), 01, fq1) X (EndO(M2)7 Jbz) ;> (Endo(M)v g, fq)
where the tensor product stands for the construction of Proposition 5.3.

Turning our attention to the weakly symplectic case, it turns out that two weakly
symplectic involutions may not have a quadratic triple structure on their tensor
product, see Example 5.7 below. To obtain a result analogous to [KMRT, 5.20] we
will assume we have two symplectic involutions, i.e., where the types are ¢, = —1
and the local bilinear forms are alternating. This is due in part to the following
lemma.

5.5. Lemma. Let (A, o) be an Azumaya O-algebra with a weakly symplectic invo-
lution. Then, the following are equivalent.
(i) o is symplectic.
(ii) Trda(s) =0 for all sections s € Skew .
(iil) 14 € Symd 4, (S5)-
Proof. Since (A, o) is weakly symplectic, there exists an fppf cover {T; — St}ier
over which

(Mi ®0y, Mi, =7) 25 (Endoyy, (M), ) = (A, 0)|r

where 7 is the switch involution and ¢ is the isomorphism (3.1.2) for a regular
skew-symmetric bilinear form b.

(i) (ii): For any T' € Gchg and a section s € Skewy (1), we may compute locally
with respect to the cover {T; xg T — T},c; where the section will be a linear
combination of elements of the form

op(m ®m)
©p(m @n) — ny(pp(m @ n))
for m,n € M;(T; xs T). Since we have

Tidsaaey, (vt (2(m © 1)) = b(m, n),

the trace of the second type of element is clearly 0, while the trace vanishes for all

elements of the first type if and only if b is alternating. Hence, Trd 4(s) = 0 for

all sections s € Skewy ., if and only if the underlying bilinear forms are alternating,

i.e., o is symplectic.

(ii)«<(iii): By Lemma 3.6(iv) we know Skew{a = Symd 4 , and Synﬂj’o = Skew o,

from which the equivalence is immediate. O
Similar to the orthogonal case, having 14 € Symd, , will grant us local ¢; with

l; + o(¢;) = 1 from which we can build a quadratic triple. The following result
generalizes [KMRT, 5.20].
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5.6. Proposition. Let (A1, 01) and (Ag, 02) be two Azumaya O—algebras with sym-
plectic involutions. Then there exists a unique quadratic triple (A1 ®o Agz,01 ®
02, fe) such that, for sections s; € Skewy, s, we have

fo(s1®s2) = 0.
Proof. We first establish uniqueness. Let f, f': Sym Ao — O be two solutions. Then
f—f" vanishes on Symd 4 , and on Skew 4, o, @Skew 4,5, According to Lemma 5.1(ii),
Symd 4 , and Skews, o, @ Skewa, o, generate Symd 4, so that f' = f.
We now establish existence. Since (A1, 01) is symplectic we have 14, € Symd 4, ,,

by Lemma 5.5, and so there is an fppf cover {T; — S};c; such that for each ¢ € T
there exists ¢; € Ay (T;) with ¢; + 01(¢;) = 1. Then we will have

(&' X 1) + (0'1 X 0'2)(& & 1) =1,
so to use the construction of Examples 4.17(a) we need to check that
(i @ V)|, — (6 @ 1)|1,; € Alta,(Tij). By Lemma 3.6(ii) and Lemma 5.1(i), it
is sufficient to show that these elements are orthogonal to sections of the form
a+o(a) for any a € Alr,;, and s; ® s for sections s; € Skew(A;, 0;)|r,;. For the
first type, we have

Trda((6; ® 1)|1;,(a + 0(a))) = Trda,gea, (a) = Trda(((; ® 1)|7;,(a + o(a)))
and so
Trd (s @ 1z, — £ ©1lz,,)(a + 0(a)) = 0.
For the second type, we have

Trda ((6; ® 1)|1,, (51 ® s2)) = Trd 4, (41, 51) Trd a,(s2) =0

since Trd 4, (s2) = 0 by Lemma 5.5(ii). Similarly Trda ((¢;®1)|z,,(s1®s2)) = 0 and
s0 (£;@1)|,, — (£;®1)|r, is orthogonal to s1 ® sz as well. Thus there exists a global
fo: Sym, — O constructed as in Example 4.17(a). The above local calculations
also imply that fg(s1 ® s2) = 0 for sections s1 € Skew 4, 5, and sa € Skew, o,, and
so we have constructed the unique quadratic triple we desired. O

Note that both (A, 01) and (Az, 02) were required to be symplectic in the above
proposition. We needed (Aj1,01) to be symplectic to have 14, € Syndy, ,,, and
(Ag,02) to be symplectic to have Trda,(s2) = 0. If (Az,02) were only weakly
symplectic, then we could construct the local maps fg ; just the same, but it is not
clear if the elements (¢; ® 1)|1,, — (¢; ® 1)|1;; belong to Al ,(T;;), and so there
may be examples with no quadratic triple on the tensor product.

If both involutions are only weakly symplectic there is almost no hope, even over
affine schemes as in the following example.

5.7. Example. Let S = Spec(Z/2Z). Since we are over an affine scheme we may
simply work with Azumaya algebras over R = Z/2Z. Consider the Azumaya algebra
Mz (R) with involution o(B) = u~'BTu for

o=[i 9]
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This is weakly symplectic since u/ = —u, but not symplectic (for example by

Lemma 5.5). Note that

s = B (1)} € Skew(Ms(R), o)

is a skew-symmetric element. If there were a quadratic triple (Ma(R) @ gMa(R),0®
o, f), then necessarily

2f(8 & S) = TrdMQ(R)(XJRMz(R) (S & S) = TrdM2(R) (8)2 = 12 = 1,

however there is no x € Z/2Z such that 2x = 1. Therefore no such f exists. Since
we are over an affine scheme this means that o ® o fails to even be locally quadratic.

6. OBSTRUCTIONS TO QUADRATIC PAIRS

In this section we introduce cohomological obstructions which prevent an Azu-
maya O-algebra with locally quadratic involution (A, o) from being extended to
a quadratic triple, either outright or where the triple has certain properties. We
begin by considering portions of various long exact cohomology sequences arising
from (1.6.1). In particular we have the following diagram

A(S) 27 Symd 4 ,(S) —2—s HY(S, Skew o)

| | |

(6.0.1) (A) Alta)(S) RGN Symd 4 (S) &, H'(S, Skewa o/ Abt 4.0

FIl (Sa A&A,a)

with exact left column and exact rows.

6.1. Definition (Strong and Weak Obstructions). Let (A, o) be an Azumaya O-
algebra with locally quadratic involution. Then 14 € Syndy,(S) and we call
Q(A, o) = 6(14) the strong obstruction and call w(A, o) = §’(14) the weak obstruc-
tion.

The strong and weak obstructions prevent the existence of a quadratic triple
involving ¢ in the following way.

6.2. Theorem. Let (A, o) be an Azumaya O-algebra with a locally quadratic invo-
lution. Then,

(i) There exists a linear map f: A — O such that (A, o, f|&JmA,a) s a quadratic
triple if and only if Q(A, o) = 0. In this case f = Trda(¢_) for an element
e A(S) with £ + () = 1.

(ii) There exists a linear map f: Sym 4, — O such that (A, o, f) is a quadratic
triple if and only if w(A,o) = 0.
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Proof. (i): Assume we have f: A — O such that (A, o0, flgm, ) is a quadratic
triple. Then trivially f|sm A, Can be extended to A, and so by Lemma 4.11 there
exists an ¢ € A(S) such that £+ o(¢) = 14. Thus 14 is in the image of A(S) —
Symd 4 »(S) in the long exact cohomology sequence, and so (A, o) = 0. Conversely,
if Q(A,0) = 0 then 14 is in the same image and so we obtain such an ¢. Using
Example 4.3(c) we can construct f: A — O with the desired property.

(ii): Since the rows in (6.0.1) are exact, w(A,o) = 0 if and only if £(S)71(14) is
non-empty. By Theorem 4.18, this means w(A, o) = 0 if and only if (A4, 0) can be
extended to a quadratic triple. O

By Remark 4.19, w(A, o) is the isomorphism class of the Skew4 /Al 4 ,—torsor
¢71(14). Another view of Theorem 6.2(ii) is that w(A, o) = 0 if and only if this
torsor is trivial. A torsor is trivial if and only if it has a global section and global
sections of £~1(14) correspond to forms f which make (A, o, f) a quadratic triple.

For examples of locally quadratic involutions with non-trivial strong or weak
obstructions, see section 7.

6.3. Remark. Since 24 = 1 4+0(14) is always in the image of A(S) — Symd 4 ,(S),
it follows that 6(24) = 2Q(A,0) = 0 so that 2w(A, o) = 0 also. In particular, if 2
is invertible over S we recover the fact that (A, o) always extends to a quadratic
triple.

We will make use of the following description in order to perform computations
with Q(A,0).

6.4. Lemma. Let (A, o) be an Azumaya O—algebra with locally quadratic involution.
The strong obstruction takes the form

Q(A7U) = |:(€]"Tij - gi‘Tij)ivjEI} € ﬁ1(57 SkewA,U)
for any cover {T; — S}icr and elements ¢; € A(T;) such that £; + o(¢;) = 1.
Proof. This follows immediately from Lemma 1.4. O

6.5. Remarks. (a) By Lemma 4.15, if we wish we may represent (A4,0) as in
Lemma 6.4 with an affine open cover {U; — S}icr.

(b) Since the weak obstruction w(.A4, o) is simply an image of the strong obstruction,
it will be represented similarly by the class

{(ej‘Tij - ei’Tij)i,jEI} € IjIl(Sa Sk&UA,g/A&A,U)

for a cover {T; — S}ier and elements ¢; € A(T;) with ¢; + o(¢;) = 1, where the
overline denotes the image in (Skewa /Al 4+)(T;;). This cover can of course also
be taken to be an affine open cover if desired.

6.6. Alternate Obstructions to Extend a Form. Let (A, 0, f) be a quadratic
triple. Lemma 4.11 above states that f extends from Symy , to A if and only if
f arises from some ¢ € A(S) satisfying ¢ + o(¢) = 1. The cohomology theory of
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quasi-coherent sheaves provides an obstruction to such an extension, in particular
an obstruction c¢(f) € H'(S, Alt4,) as follows. By Theorem 4.18, the form f
corresponds to an element Ay € (A/Alt4,)(S), and we may consider its image
under the map ¢ in (6.0.1). We set c(f) = c(\;) € H'(S, Alts,). Clearly this
obstruction prevents As = ¢ for some ¢ € A(S), which would be the case exactly
when f can be extended to all of A.

Consider an affine covering {U; — S}ier of S. By Proposition 4.12(i), each re-
striction f|y, will be of the form Trd 4, (¢;_) for an ¢; € A(U;) with 0 = Xy,
Lemma 1.4 then tells us that the 1-cocycle (¢;|u,; — ¢i|u,; )i jer represents the coho-
mological obstruction c¢(f).

However, we also obtain another obstruction in the following way. We have an
exact sequence of sheaves

0= Symy, » A= Altge — 0

which, since the sheaves are finite locally free, we may dualize to obtain another
exact sequence,

0— Alt) , - A — Sym} , — 0.

A portion of the long exact cohomology sequence associated with this exact se-
quence is

o= A = Syml, — HY(S, ALY ,) — -

Since f € Sym} ,(S), we then get a class ¢/(f) € H(S, Alt}) ,) which is the ob-
struction to extend f to .A. Not surprisingly, we can compare the two obstructions.

6.7. Lemma. Let (A, o, f) be a quadratic triple, and let b_: Alty o — A&X’o
be the isomorphism associated to the reqular bilinear form b_ provided by Lemma
3.1(i). Then,

(i) ¢(f) = b-(c(f)- V .
(ii) The image of c(f) under the map H*(S, Alts ) — H (S, Skews ) induced
by the inclusion Altg, — Skewa o, is Q(A, o).

Proof. (i): Take an affine open covering {U; — S}ier of S. Then f|y,(s) =
Trd 4(¢;s) for some ¢; € A(U;) satisfying ¢; + o(¢;) = 1 by Proposition 4.12(i).
By definition c(f) is the class of the 1-cocycle ¢;; = £;|v,; — 4i|v;; with values in
Alt g . We define fila) = Trd 4(¢;a) on Aly, for i € I.

On the other hand, ¢(f) is the class of the 1-cocycle ¢;; = (fy)|U” - (ﬁ)|UU with
values in AU} .

We need to check that cj; = E:(Cij) for all 4,5 € I, or equivalently that c}; =
b_(cij,__) over U;;. Up to localization to an affine open subset V' C Uj;, we can
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deal with elements of the form = = 2’ — o(2’) for some 2’ € A(V). It follows that

di@) = (flu, —U( )) (fi)lu,; (&' = o (")

TI‘dA(e ’UZJ — ) TrdA(gi‘Uij(x _U(‘T/))
Trda((45]v,; — fz’lUij)(!E —o(a"))
= b_ (Cij,ZE)

as desired.

(ii): We have that 1 4,) = £;+0(¢;) for each i. By Lemma 6.4, the strong obstruc-
tion (A, o) is represented by the 1-cocycle £;|y; — iy, with values in Skew o
We conclude that the image of ¢(f) by the map ﬁl(S, Altp o) — ﬁl(S, Skew ) is
QA 0). O

6.8. Obstructions for Tensor Products. Consider Azumaya algebras (A;,01)
and (Ag, o2) either both with orthogonal or both with symplectic involutions. Their
tensor product (A, o) = (A1 ®0 A2, 01 ®09) is an Azumaya algebra with orthogonal
involution. There is a natural map
Al X Ag — A
(al,ag) — a1 X a2
which restricts to a morphism
SkewAl,Ul X «SymAz’U2 — SkewAp
which in turn induces a morphism
(SkewAl’Ul /A&Al,al) X ‘3!'”_,42,02 — SkewAJ/AﬁtA,o.

We will make use of these tensor morphisms throughout this section to investigate
the strong and weak obstructions for (A, o). When o; are both orthogonal we will
assume o7 is locally quadratic and we will relate Q(A, o) to Q(A1,01). When o;
are both symplectic we also have 14, € Symd 4, ,, by Lemma 5.5 and a connecting

morphism 01: Symd 4, ,, — H'(S, Skew,4, o, ). In this case we will relate Q(A, o) to
01(1.4,), which is only technically a strong obstruction when 2 =0 € O and so o1
would be simultaneously locally quadratic as well as symplectic.

6.9. Lemma. Let (Ay,01) and (Az,02) be two Azumaya O—algebra with orthogonal
involution. Let (A, o) be their tensor product. Assume that (Ay,01) is locally
quadratic. Then, we have the following.

(i) (A, o) is locally quadratic.
(ii) We have

Q(A,0) = Q(Ay,01) U 14, € H(S, Skeawa,)

where 14, € Symy, ,(S) = H(S,8m 4, ,,) and the cup-product arises
from the morphism

Skewa, oy X SYM 4, 5y — SkEWA o
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(iii) We have w(A,0) = w(A1,01)Ul4, € H'(S, Skews o/ Alta,) where the cup-
product arises from the morphism

(SkewAMn /A&AMH) X SymAg,ag — SkewAp/A&A,m

Proof. (i): The statement is local and follows then from the construction of tensor
products in Proposition 5.3.

(ii): The map ®14,: A1 — A, a1 — a1 ®1 4,, restricts to both Skewa, o, — Skewa o
and Symd 4, 5, — Symd 4 ,. Therefore, we have a diagram

1401
0——s SkewAl,Ul E—— .Al e SymdAl,Ul —0.

l®1A2 l®1A2 l@lAQ

0 — Skawa A—" Symd; , — 0.

whose rows are exact sequences of O—modules. We claim this diagram commutes.
Commutativity of the left square is clear, so we check commutativity of the right
square with a computation. Let a € A;, then

(14+0)o(®@14,)a)=140)(a®@14a,)=a® 14, + (01 @02)(a® 14,)
=a®lg +o1(a)®@14, =(a+o01(a)) @14, = (®14,) 0 (14 01)(a).

Thus, we get another commutative diagram involving boundary maps,
5 y
Sy'ndA,al (S) — Hl(Sv Skew./lhch)
J@lAQ J{UlAQ
Synd () —— H'(S, Shew,,o).

Since 14 = 14, ® 14,, the commutativity of the diagram implies that 6(14) =
01(1.4,) U 14, whence the desired formula
Q(A,0) = Q(A1,01) U [14,] € HY(S, Skews o).

(iii): This follows from (ii) and the commutativity of the square

Skeu}Al,Oj X 3%”,42702 Skeu}A,o

lwlxld lw

(SkewALJl /A&.Alﬂl) X ‘9yN1A2,02 - SkewAJ/A&A,U-

where the horizontal maps are the tensor morphisms. O

6.10. Remark. Lemma 6.9(iii) shows that if (\A;,07) is extendable to a quadratic
pair, then so is (A, o). We actually already knew this from Proposition 5.3. We
shall see later in Proposition 7.7 that the converse is false.

A consequence of Proposition 5.6 is the following.
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6.11. Corollary. Let (Ay,01) and (Asg,02) be two Azumaya O-algebras with sym-
plectic involutions. Let (A1®0.As, 01R049) be the corresponding Azumaya O—algebra
with orthogonal involution. Then w(A, o) = 0.

6.12. Remark. In the setting of Corollary 6.11, Remark 7.3 provides an explicit
example such that Q(A,0) # 0.

The case of the strong obstruction resulting from two symplectic involutions is
similar to Lemma 6.9(ii).

6.13. Lemma. Let (A1,01) and (A, 02) be two Azumaya O—-algebras with symplec-
tic involutions. Let (A, o) = (A1 ®p Az,01 @ 02) be the tensor Azumaya O-algebra
with orthogonal involution. According to Lemma 5.5, we have 14, € Symd 4, ,.(S)
for i =1,2. Consider the boundary map 61: Symd 4, 5, — H'(S, Skewa, »,) arising
from the exact sequence of O-modules 0 — Skew s, — A — Symd 4 , — 0. Then we
have

Q(A’ J) = 51(1A1) Ula,

where 14, € Symd 4, ,,(S) = HO(S, Sym 4, »,) and the cup-product arises from the
tensor morphism Skewa, 5, X Sym 4, 5, — Skew o

Proof. There is an fppf cover {T; — S};cr such that for each i € I there exists
l; € Ai(T;) with £; + 01(¢;) = 1. Then we will have

(fz & 1) + (01 & 0'2)(&‘ X 1) =1,
According to Lemma 6.4, (A, o) is represented by the 1—cocycle
(4 @ Dz, — (4 @ Dz, € Shawao(T35)

which also represents the class Q(Ay,01) U14,. O

7. EXAMPLES OF NON-TRIVIAL OBSTRUCTIONS

We use here Brion’s theory of homogeneous torsors over abelian varieties [Brl,
Br2, Br3] which extends that of Mukai for vector bundles [Mu]. All concepts not
defined below can be found in a standard textbook on elliptic curves such as [KM].

7.1. Non-trivial Strong Obstruction. Let k£ be an algebraically closed field of
characteristic 2, and let S = F be an ordinary elliptic curve over k. Since F is
ordinary, the 2-torsion points are F[2] = pq Xj Z/27Z. We set E' = E and consider
the py Xk Z/2Ztorsor E' — E arising from multiplication by 2, where py Xy Z/27
acts on E’ by addition. Writing p, multiplicatively and Z/2Z additively, we have
an injection of group schemes i: py Xj Z/27 — PGLy given by

(6,0) > [(1) 2] and (1,1) ﬁ (ﬂ



QUADRATIC PAIRS 39

which permits us to define a PGLy—torsor P = E' AF2*kZ/2Z PGL, over E. Note
that the isomorphism class of P is the image of the isomorphism class of E’ under
the induced map on cohomology
iv: HY(E, py < 2/27) — H'(E,PGLs).
The twist of Ma(O) by P is a quaternion O—algebra Q. We can describe this quater-
nion algebra explicitly using a Cech 1-cocycle in PGLy with respect to the cover
{E’" — E}, which is an fppf cover by [KM, 2.3], i.e., an element ¢ € PGLy(E' x g E")
satisfying
p;3(¢‘E’XEE/><EE’) © pT2(¢’E’XEE’XEE/) = pT3(¢‘E’XEE/><EE/)
where p;j: E' xg E' xg E' — E' xg E' is the projection which keeps the ith and
4™ factors. The cocycle condition above also means that such a ¢ will be a glueing
datum as in [St, Tag 04TP]. To give this cocycle, we first find the global sections of
E’ and E' xg E’. We have that O(E’) = k, and since E' X g E' = E' X}, (g X, Z/27)
we also have
O(E' xp E) = (k[z]/(«* — 1))?
because py X Z/27 is represented as an affine k-group scheme by (k[z]/(x? —1))2.
Note that the two projections p;: E' x g’ — E’ have the same associated k—algebra
morphisms
V) = B(E'): e (Kla)/(a — 1))?
¢ (c,c).

The torsor E' — E corresponds to a cocycle in py X Z /27, and one can compute

that this cocycle is
Id € Hom((k[z]/(x* = 1))?, (k[x]/{2® = 1))?) = (1 x4 Z/2Z)(E' xp E').

By interpreting the image of x as the element in p, and the image of (1,0) as the
element in Z/2Z, we view this as being the element

((z,2),(1,0)) € (pg xx Z/2Z)((k[z]/(x* — 1))?).

This then maps to the cocycle
_ (0,1) (1,0) / ,

¢—Inn(|:($’0) (O,l‘) EPGLQ(E XEE).
which we use to twist Ma(QO). The twisted algebra is the result of gluing two copies
of Ms(O)|gs using ¢, and so by [St, Tag 04TR] we obtain the quaternion algebra
Q. For T' € Gch, we have

Q(T) = {B € Ma(O(T x E")) | ¢(Blrx perx pxi) = Blrx pbrx px b }-

Since k has characteristic 2, the canonical quaternion involution on My(O) is the
split orthogonal involution in degree 2 of Example 4.5(b),

w [ - 1)
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The canonical involution on Q, denoted by 6, is the descent of 1y and hence (Q, 0)
is a quaternion algebra with orthogonal involution.

Let n be a positive integer and now work over the abelian k—variety S = E". We
define the Azumaya algebra

A=pi(Q) ®o - ®0p,(Q)

where p;: E" — E is the i" projection and p} the pullback of sheaves. It comes
with the tensor product involution o = pj(f) ® --- ® pj,(#), which is orthogonal.
Alternatively, A may be viewed as the following twist of Man(O). Set S’ = S
and view it as a scheme over S with respect to the multiplication by 2 map. This
makes S — S a (py Xx Z/2Z)"torsor and {S’ — S} an fppf cover. Since we
are looking for a cocycle in PGLan (S” xg S’) we note that O(S) = k, and since
S' xgS'"= (E' xg E')™ we have

O(S x5 8') = ((kla] /(* — 1)) "

where the tensor product is over k. Using the decomposition
Man (5" x5 5") & My((k[]/(2* —1))%) @ ... @k Ma((k[2]/(z® - 1))?)

we have ¢®...® ¢ € PGLan (S’ x5 S’), and this is our desired cocycle. In this view,
the tensor product involution on A is the descent of the involution ' =n9y®...®n
on Mon (k) & (Ma(k))®™.

7.2. Lemma. Consider the Azumaya algebra with involution (A, o) defined above.

(i) (A, o) can be extended to a quadratic triple. In particular, (A, o) is locally
quadratic with trivial weak obstruction.

(ii) A(S) = k.

(iii) The strong obstruction Q(A, o) is non-trivial.

Proof. (i): We begin by considering the linear form

f,: ‘%‘/’TLMQ’IL(O),O'QR — (9
B TI'szn(O) <<|:é 8:| ® 12n1) . B)

where Iyn-1 denotes the 271 x 27~1 identity matrix. This is an instance of the
construction of Example 4.3(c), and so (Man(O), o9n, f’) is a quadratic triple. The
form f’| g will descend to a suitable linear form on Sym 4, if f'|s/xs510(¢®. .. ®¢) =
f'ls/xgs7. We verify this with the following computation, which uses the fact that
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¢ =1d.
tidyo) (|1 p| @ Tt ) - (09 90)0)

= Trdy,. (0) ((qﬁ@ Y ({(161) 8} ® Izn1> ._)

=maion (% (1) @21) —)-

Then, because

("7 o) = (%" g o) =% () @

which is an element of Alty,, o),y (S’ x5 S’), we know by Example 4.3(c) that

[lsxssr0(0®@...®@¢) = florxgs

Therefore f'|gr descends, and there exists a linear form f: Sym 4, — O such that
(A, o, f) is a quadratic triple.

(ii): By construction we have that
A(S) ={B €M (k) | (¢® ... ® ¢)(Blsxss) = Blsixss}-
Given B € A(S), we may write B uniquely as

10 01
0 0 00

00
10

00

B:{ 0 1

Jon ) Jons [ Jons ] Jon

with B; € Mgn-1(k), and then setting B|s/x s = B we have
n _ -(171) 0 0 (171)
B=1"0" o 0 0
[0 0 - |0 0 —
Now we apply ¢ @ ... ® ¢, setting ¢ = ="~ L.

weo . oa® ="\ led@ [ty O] o7 B

| o B+ | |08

[0 (@0

o | se@ e |0 O] e aE.

0 (0,1)

Since this is equal to B, linear independence then requires that

Bi = ¢(Bs) = By = ¢(B1), and

By = B3 = ¢(B2) = ¢(B3) =0
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and so we can conclude that B = I ® B’ for some B’ € Myn-1(k) such that
(p®...®¢)(B') = B’, now with only n — 1 tensor factors. Hence, by induction we
need only address the case of two 2 x 2 matrices. There we have that

—yv | (ba,b1)  (bax,bex)]  [(b1,b1) (b2,b2)] &
6B = ey o) = [y G| = F

Since b; € k, this can only happen when B = als for some a € k. Therefore, overall
A(S) ={Ipn-1 ®aly |a €k} = k.

(iii): The exact sequence
0 — Skewas — A— Symdy , — 0

gives rise to the exact sequence
(7.2.1) 0 — Skewa »(S) — A(S) — Symd 4 ,(S) 2 H'(S, Skewa )

by taking global sections. Since (A, ) is locally quadratic, we have 1 € Symd4 ,(5)
and we recall that Q(A,0) = (1) by Definition 6.1. Since A(S) = k and o(95) is
k-linear, all elements of A(S) are symmetric, and since k is characteristic 2, all
elements of A(S) are also skew-symmetric. Hence, Skew4 ,(S) = k also. Therefore,
the sequence (7.2.1) is of the form

0=k =k — Symd g, (S) > H'(S, Skewa,)
and we obtain that Q(A, o) = d(1) # 0. O

7.3. Remark. Note that for n = 2, (A, o) is a tensor product of two Azumaya
algebras with symplectic involutions, and so Corollary 6.11 provides another proof
that the weak obstruction is zero in Lemma 7.2(iii). However, the important point
is that the strong obstruction does not vanish.

7.4. Non-trivial Weak Obstruction. We continue working over an algebraically
closed base field k of characteristic 2. According to a result by Serre [Se, prop. 15],
for each finite group I' there exists a Galois I'-cover Y — S as in [St, Tag 03SF]
such that S and Y are connected smooth projective k—varieties. We use Serre’s
results with the group I' = PGL2(FF4) to obtain a I'-cover 7: ¥ — S. We take S to
be our base scheme. We denote by I'y, the constant group scheme associated to T'.
It is affine and represented by k'l with componentwise multiplication. We write
this algebra as
kT = {(cg)ger | cq € K}

The map Y — S is then a I'y—torsor and {Y — S} is an fppf cover. Since I'y, embeds
in PGLo, which we view as a group scheme over k, we can define the PGLo—torsor
P =Y A'* PGLg over S. The twist of My(O) by P is a quaternion O-algebra Q,
which of course is not the same O as in section 7.1. Here as well we may describe
Q explicitly using cocycles. As before, we first describe the global sections of Y
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and Y xgY. We know that O(Y') = k, and since Y — S is a Galois extension with
Galois group I'x, we have Y xg Y 2 Y x; 'y, and so

OY xgY) k.
Therefore, we have that
Ma(O(Y x5Y)) = Ma(k') 2= My (k).
Identifying I';, with its embedding in PGL9, we have the element
(9)ger € PGLa(Y x5Y)

which we use as our cocycle. Thus, again by [St, Tag 04TR] the algebra Q is
described over T' € Gchg by

Q(T") ={B € Ma(O(T x5Y)) | g(B) =B, Vg eI}

Or, more concisely, Q(T) = Ma(O(T x5 Y))'* are the fixed points. The canon-
ical involution 7y on Ms(Q) of Example 4.5(b) is orthogonal and descends to an
orthogonal involution # on Q, which is the canonical involution on Q.

7.5. Lemma. (Q,0) is locally quadratic, but cannot be extended to a quadratic
triple. Thus, w(Q,0) # 0 € H(S,Skewa s/ Altay), i.c., the weak obstruction is

non-trivial.
Proof. Since (Q,0) is a twisted form of My (O) which splits over {Y — S}, we have
that

(Q,0)]y = (M2(0),m0)ly-

Since we have the split quadratic triple (Mz2(O),ng, fo)|ly of Example 4.5(b) and
{Y — S} is an fppf cover, we obtain that (Q,0) is locally quadratic by Lemma
4.15(iv).

Now, assume that we can extend (Q,6) to a quadratic triple (Q, 0, f) over S.
The linear map f then fits into the following commutative diagram with exact rows.

Symg p(S) —— Symng, (0,00 (Y)? ——= Sy, 0y (Y X5 Y)
lf(S) lf(Y)Xf(Y) Jf(Yxm
k kxk 2 LT

where 71 (B1, Ba) = (9(B1) — Ba)ger and ma(c1, c2) = (1 — ¢2)ger. Commutativity
of the diagram then enforces that

(Y x5Y) ((9(B1) = B2)ger) = (f(Y)(B1) = f(Y)(B2))ger

which is equivalent to

(F(Y)(g(B1)))ger = (f(Y)(B1))ger
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and hence f(Y') must be I'-equivariant. We now argue that this means f(Y') must
be zero. Certainly, f(Y) is of the form

f([a b]) — au+ bv + cw

c a

for some u,v,w € k = O(Y). By I'-equivariance we obtain

ot oYL 9L Do -

as well as

w=t () =o (o o oo o)) = ol i) =

which implies that v + v = 0, i.e., u = v. Therefore we must have u = v = w.
Finally, consider 0,1 # A € F4. We also have

e=r ([ )-r (5 B 9B (-

and so u = v = w = 0, meaning f(Y) = 0. However, this contradicts Remark 4.2,
and therefore no such f extending (Q,6) can exist. O

7.6. Remark. We also notice that the trace induces an isomorphism
Ho(T,My(k)) — k.

Since Sym(Mz(k),n9) has dimension 3, Hy(I', M2 (k)) has dimension < 1. The trace
induces a surjective map Hy(I',Ms(k)) — k, it is an isomorphism by counting
dimensions.

Enlarging the example of section 7.4 is quite surprising. Unlike in section 7.1,
we cannot use the tensor product construction to produce Azumaya algebras with
involution of larger degree which have non-trivial weak obstruction.

7.7. Proposition. Let n > 1 and define on the k-variety S™ the following Azumaya
algebra with orthogonal involution of degree 2™

Then (A, 0p) is locally quadratic for any n > 1, and (A,,0,) can be extended to
a quadratic triple if and only if n > 2. Equivalently, w( Ay, 0y,) # 0 if and only if
n = 1.

Proof. Lemma 7.5 is the case n = 1 and shows in particular that (Q,0) is locally
quadratic. Since k is characteristic 2, this means by Lemma 5.5 that 6 is also
symplectic. Therefore pf(Q,#) have symplectic involutions and so when n = 2,
Proposition 5.6 shows that pj(Q,0) ®p p5(Q,0) can be extended to a quadratic
triple. Then Proposition 5.3 handles the cases of n > 3. O
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