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a b s t r a c t

Thermal transport at the nanoscale level is attracting attention not only because of its physically inter-
esting features such as the peculiar behavior of phonons due to their pronounced ballistic and wave-like
properties but also because of its potential applications in alleviating heat dissipation problems in
electronic and optical devices and thermoelectric energy harvesting. In the last quarter-century, re-
searchers have elucidated the thermal transport properties of various nanostructured materials,
including phononic crystals (PnCs): artificial periodic structures for phonons. PnCs are excellent plat-
forms for investigating thermal transport owing to their well-defined structural parameters. In addition,
it is interesting to control thermal transport by interference, as demonstrated in the low-frequency
regime with elastic waves and sounds. In this article, we focus on high-frequency phonons and review
the thermal transport in semiconductor PnCs. This comprehensive review provides an understanding of
recent studies and trends, organized as theoretical and experimental, in terms of the quasiparticle and
wave aspects.
© 2022 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

A phonon is a collective excitation in condensedmatter, which is
a quantization of the vibration mode in elastic structures. Although
phonons are not as popular as photons or electrons, they are
ubiquitous in our daily lives. Phonons have a broad spectrum and
are labeled in different frequency ranges as sound waves
(10e104 Hz), ultrasound (104e108 Hz), hypersound (108e1011 Hz),
and heat (over 1011 Hz). Phonons in the lower frequency range are
often excited electrically in the GHz range and are used in various
applications, including musical instruments, measurements,
sensing, imaging, and piezoelectric transducers. Micro- or nano-
electromechanical systems, known as MEMS/NEMS, are exem-
plary applications of well-defined phonons generated in artificial
mechanical structures [1,2]. In the very-high-frequency range,
although the boundary is unclear, the thermal vibrations of atoms
or molecules are the sources of phonons, called thermal phonons.
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It is challenging and interesting to pursue the possibility of
reducing or increasing the thermal conductivity by nano-
structuring. The phonon propagation can be engineered by using
phononic crystals (PnCs)dartificial materials with a periodic
structuredfor phonon interference owing to the induced period-
icity. PnCs are often used to investigate or control sound waves,
acoustic waves, and even heat transfer in solids. There are many
insightful books and reviews on phonon transport in PnCs in
various frequency ranges [3e8]; we focus on PnCs in the thermal
spectral range in this review.

Fig. 1 shows an increasing number of articles on PnCs and
thermal transport in PnCs, published since 2005. The percentage of
articles on thermal transport in terms of the articles on PnCs also
shows an increasing trend. The dimensions of PnCs used for heat
conduction engineering are typically at the scale of the thermal
phonon mean free path (MFP), the average distance between the
scatterings, or the thermal phonon wavelength depending on the
phenomenon of interest. Fig. 2 shows the different types of PnC
structures for thermal transport studies in the incoherent and
coherent regimes.

In the incoherent thermal transport regime, materials with high
thermal conductivity and established process technologies, such as
cle under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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Fig. 1. Number of research articles indexed by Google Scholar each year. Investigations
on phononic crystals (PnCs) (circles), thermal transport in PnCs (squares), and per-
centage of thermal transport studies on PnCs (triangles).

Fig. 2. (aed) Schemes of PnCs of different types. (e) Illustration of a suspended 2D PnC
structure with phonon trajectories (inset) in the incoherent regime [9]. (f) Simulation
of a Si/Ge-graded superlattice with phonon localization in the coherent regime [10].
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Si, are suitable for this study. The thermal phononMFP in Si at room
temperature is longer than a few hundred nanometers [11], which
enables the use of PnCs with long periodicity to study thermal
transport in the ballistic regime, as illustrated in Fig. 2(a). A large
reduction in the thermal conductivity has been reported for various
structures, including composite materials [12,13], nanowires
[14,15], thin films [16,17], thin films with pillars [18,19], porous
films [20e23], designed multilayered structures [24], and PnCs
[25e28]. Such reduction of thermal conductivity is useful for ap-
plications related to thermoelectrics and thermal insulation.
Several reviews on this topic have been published in the last two
decades [29e34]. In addition, a recently proposed concept of ray
phononics shows that heat flux engineering opens new possibilities
for thermal engineering in solids by using ballistic transport of
thermal phonons [9,35].

In the coherent thermal transport regime, the thermal transport
is discussed based on the wave nature of thermal phonons. In a PnC
structure, the thermal transport is discussed with the modulated
phonon band created by the band-folding effect due to the peri-
odicity of the PnC structure [36]. A properly designed PnC forms a
complete phononic bandgap and can partially stop thermal phonon
transport. However, the effect is limited because the frequency of
the bandgap is low, and its frequency range is too narrow for the
broad thermal phonon spectrum. As long as coherence is preserved,
a graded superlattice structure, as shown in Fig. 2(f), covers a
broader spectral range and effectively impedes thermal transport.
The periodicities of a PnC and thermal phonon wavelength are
similar, and the roughness of the system is much smaller than the
wavelength required to realize coherent thermal transport.

The simplest PnC structure is a periodic multilayered material,
such as a superlattice (Fig. 2(d)), which has periodicity in one di-
rection and is referred to as one-dimensional PnC (1D PnC).
Epitaxial growth methods enable PnC nanostructures with period
of a few nanometers, and the interface is extremely flat at the
atomic layer level, which is essential for coherent phonon scat-
tering [37]. 2D PnCs have also been applied in thermal transport
engineering in the last decade. However, PnC structures are mainly
fabricated by a top-down semiconductor process, which is gener-
ally limited to the size of tens of nanometers with a surface
roughness of a few nanometers. Therefore, the experimental ob-
servations are acquired at low temperatures [38,39]. 3D PnCs are an
attractive experimental option for phononics, mainly in the low-
2

frequency range [40e42], but the studies in the high-frequency
range, where the formation of fine structures is required, are
mainly theoretical [43,44].

This review is divided into separate sections for incoherent and
coherent thermal transport. In each section, recent theoretical and
experimental studies on thermal transport in PnCs are reviewed in
different subsections. Section 2 describes the incoherent thermal
transport based on the quasiparticle nature of phonons. Most of the
experimental studies on nanoscale thermal transport are in the
incoherent regime. Thermal transport is discussed with the MFP of
thermal phonons, which is an important characteristic of the
transport and is determined by the limiting dimensions of PnCs.
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Thermoelectrics is a promising application in phonon engineering
by nanostructuring. Thermoelectric devices with PnC nano-
structures are then introduced. Section 3 describes the coherent
thermal transport based on thewave nature of phonons. It has been
theoretically investigated mainly in nanostructures or low-
dimensional materials by using mesoscopic or microscopic the-
ories or simulations. In contrast, there are a limited number of
experimental studies because it is challenging to prepare and
observe coherent thermal transport owing to the short coherence
length of thermal phonons.

2. Incoherent thermal transport

This section summarizes the studies and applications of PnCs in
the incoherent regime. First, we review the theoretical and nu-
merical modeling of incoherent thermal transport in PnCs. Then,
we provide a meta-analysis of experimental studies that demon-
strate reduction in the thermal conductivity of PnCs. Finally, as an
application of this reduction, we discuss the improved performance
of PnC-based thermoelectric generators.

2.1. Theory and simulations

The incoherent limit of thermal transport in semiconductor
PnCs can be described via the quasiparticle description of phonons.
Thus, the kinetic theory approach, which is based on the Boltzmann
transport equation (BTE) of phonons [45e47], represents a robust
solution to the incoherent thermal transport over a wide range of
time and size. The kinetic theory is a statistical physical approach
describing the evolution of the phonon distribution function, which
denotes the probability of finding phonons in the system of inter-
est. In contrast, atomistic approaches, including molecular dy-
namics (MD) [48,49] and non-equilibrium Green's function (NEGF)
methods [50,51], are usually limited to PnCs with small character-
istic sizes, where both the incoherent and coherent natures of
phonons are important, as discussed later in Section 3.1.

There are usually two ways to model the incoherent thermal
transport based on phonon BTE: (1) the kinetic formula of thermal
conductivity from BTE, and (2) the direct numerical solution of BTE.
In the first method, the bulk phonon MFP in the kinetic formula is
replaced by the effective MFP in the PnCs. The effective MFP due to
nanostructuring can be determined by either 1) a phenomenolog-
ical model based on Matthiessen's rule [52,53], or 2) more accurate
free path sampling techniques [54,55]. In the second method, two
categories of numerical schemes are available for the direct solu-
tion of BTE: 1) deterministic methods represented by the discrete-
ordinate method (DOM) [56e58] and its derivatives [59]; 2) sto-
chastic method, namely, the Monte Carlo (MC) method [60e63].
Deterministic methods solve the phonon BTE by directly dis-
cretizing the phonon distribution in terms of time, space, wave
vector, and polarization. The MC method solves the phonon BTE by
representing the distribution function via pseudo-particles and
tracking the free flight and scattering of the pseudo-particles. From
the numerical implementation point of view, MC has an advantage
over DOM in treating the complicated boundaries in PnCs. In
addition, MC has lower memory cost than the DOM in the sacrifice
of computational time and efficiency, which is attributed to the
particle representation of the high-dimensional phonon distribu-
tion function. The drawbacks related to efficiency and fluctuation in
MC simulations have been addressed by the recent development of
variance-reduced deviational schemes [64,65]. Therefore, the MC
method is more popular and recommended for modeling inco-
herent thermal transport in PnCs.

The incoherent thermal transport in PnCs has been extensively
investigated and is relativelywell understoodwhen comparedwith
3

coherent or partially coherent transport. In the interest of brevity,
we introduce the crucial modeling studies chronologically instead
of listing all the relevant studies. An early classical study is the
modeling of the lattice thermal conductivity of superlattices by
solving the phonon BTE, which explains the experimental data
favorably, albeit under some simplified assumptions [66]. In prin-
ciple, the BTE is valid when the dominant phonon wavelength (or
coherence length) is much smaller than the superlattice period, so
that the quasiparticle picture works well [67]. Nonetheless, the
accurate treatment of thermal transport across the heterogeneous
interface in superlattices in BTE modeling remains an open ques-
tion, despite some subsequent studies reported on this topic
[68e70]. Most studies have focused on the simulation of the ther-
mal transport in periodic porous PnCs. In the very early research
[56,60], a crucial methodology development, namely, periodic heat
flux boundary treatment, was introduced in both DOM and MC
implementations. Such a periodic boundary is essential for signif-
icantly reducing the computational cost by considering only a pe-
riodic unit of the phononic nanostructure. In a later work [54], the
BTE model with the free path sampling technique and first-
principle phonon properties provided a very accurate explanation
of the experimental in-plane thermal conductivity of periodic
nanoporous films. As the coherent thermal transport in nanoporous
PnCs at elevated temperatures has been under debate, the MC
simulation [63] revealed the importance of an amorphous oxide
layer around the pores and the incoherent nature of thermal
transport in Si nanomesh with a period of a few tens of nanometers
between 100 K and 300 K. Indeed, to observe coherent thermal
transport, very low temperatures and very smooth pore surfaces
are required to preserve the phonon coherence throughout the PnC.
In a very recent contribution [53], a theoretical model was devel-
oped based on the perturbation theory for phonon-surface scat-
tering due to bond order deficiency and bond hardening, which is
usually not taken into account. Thus, this theoretical model
reproduced the measured ultra-low thermal conductivity of holey
Si thin films with a period of 60 nm and a neck of approximately
few tens of nanometers [53].

Theoretical models need to be further developed to describe the
modified phonon MFP due to phonon-surface scattering in PnCs
[52,62]. Because the computational cost of the direct numerical
solution of phonon BTE remains appreciable, such a phenomeno-
logical model will be more efficient for practical engineering ap-
plications. In addition, as the hydrodynamic thermal transport in
graphitic materials has attracted much attention in recent years
[71e73], its manipulation via PnCs should be investigated in the
near future. In terms of methodology, a direct solution of the
phonon BTE under Callaway's dual relaxation model [74,75] rep-
resents a credible way to capture the effects of both normal and
Umklapp scattering in this incoherent transport regime.

2.2. Experiments

Many experimental studies on PnCs relied on the quasiparticle
picture of phonons. Indeed, because the phonon wave packets are
essentially quasiparticles carrying heat, thermal transport can be
viewed as the transport of phonon gas and it can be studied using
properties native to particles. One such property is the phonon
MFP. The MFP is linked to the thermal conductivity of the material
and is generally proportional to its value. For example, in bulk Si,
the MFPs of phonons at room temperature can be as long as tens of
micrometers [76]. However, in thin Si membranes, scattering at the
top and bottom surfaces shrinks this range manifold. In a 150-nm-
thick membrane, the MFPs do not exceed a few hundred nano-
meters [77,78]. In PnCs, the MFP is further limited by the scattering
on holes and can be reduced to several tens of nanometers [79].
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Such a short MFP inevitably leads to low thermal conductivity.
Over the past decade, many studies have reported the thermal

conductivity of PnCs. In this section, we show how the measured
values of the thermal conductivity are linked to theMFP and fit into
the larger picture of particle-like phonon transport. For consistency,
we converted all the values reported in literature into effective
thermal conductivity, which is the conductivity of the membrane of
a given thickness. The effective thermal conductivity is given by
keff ¼ F � k, where F is the volume reduction function and k is the
material thermal conductivity, which is the conductivity of the
material between the holes. The volume reduction function F is
often approximated using the Eucken formula F¼ (1� 4)/(1þ 4/2),
where 4 is the porosity [80]. For a typical PnC with a square lattice
of holes, this approximation produces correct effective thermal
conductivity within 5e10% of uncertainty, as demonstrated in
supplementary materials of Ref. [81].

Fig. 3 shows the literature values of the effective thermal con-
ductivity measured on Si PnCs at room temperature. To demon-
strate a common trend, we plotted the data as a function of the
neck size (n), which is the narrowest limiting dimension of PnCs.
The literature data approximately follow the k f n trend.
Remarkably, the different datasets follow a common trend
regardless of the membrane thickness (h) or period (a) of the
measured PnCs. The trend starts with the data for ultra-short PnCs
by Yu et al. [25], Lim et al. [22], and Takahashi et al. [82]. In the
middle range, this trend is formed by the data reported by Anufriev
et al. [81,83] and Nakagawa et al. [84]. Finally, the data from Kim
et al. [85] complete the trend over the long range. The trend sug-
gests that the neck limits the phonon MFP more than any other
dimension. In other words, most phonons are scattered at the
narrowest region, that is, the neck, and the longest free path of the
phonons is approximately set according to the neck width (n).

However, some studies [21,86,87] reported thermal conductiv-
ity values lower than the common trend. The lower values might be
attributed to the high surface roughness of the holes in these
studies. Indeed, the high surface roughness was linked to the
reduction of thermal conductivity below the Casimir limit [88,89]
Fig. 3. Effective thermal conductivity of Si PnCs at room temperature as a function of neck s
that the phonon MFP in PnCs is limited by the neck rather than any other dimension.
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and thus below the values observed for identical PnCs with smooth
holes [90]. Moreover, Takahashi et al. [82] recently demonstrated
that in PnCs with neck below 100 nm, the Young's modulus of the
material decreases in the narrow regions. Such change in material
properties may also reduce the thermal conductivity.

Because surface scattering dominates phonon transport, several
studies have reasoned that the ratio of surface area to volume of the
structure should be an important metric. Experiments and simu-
lations have demonstrated that the measured thermal conductivity
is indeed proportional to the surface-to-volume ratio [83,91e93].
However, when the neck becomes relatively small, its effect on the
thermal conductivity dominates that of the surface-to-volume ratio
[83]. Thus, thermal transport in PnCs is a complex phenomenon
affected by the neck, surface roughness, surface-to-volume ratio,
and even changes in Young's modulus.

In addition, the stochastic motion of phonons in PnCs may lead
to an unexpected effect of directional phonon transport. Indeed,
phonons are diffusely scattered on the hole surfaces in random
directions, and the only way to escape the scattering is to pass
between the holes. Hence, the phonon directions are constantly
randomized by the scattering while the passage between the holes
ensure that only phonons with selected directions can pass. Such a
process of randomization and selection causes the initially random
phonon gas to evolve into the directional flux of phonons
[81,90,91]. This notion lays the foundation for the ray phononic
concept [9], which enables the realization of phononic devices such
as thermal lenses, guides, filters, and cloaks [9,81].

2.3. Application to thermoelectrics

Thermoelectrics is one of the most promising applications of
PnCs. Thermoelectric devices have been used for power generation
and electronic refrigeration. Currently, research is focused on
enhancing the performance of thermoelectric materials (ZT)
[94e97]. There are two main approaches to increasing the ZT
values: material science and nanostructuring. The dimensionless
figure of merit of thermoelectric material is given by
ize, reported in literature [21,22,25,81e87]. The data show a common trend, suggesting



Fig. 4. Measured (a) electrical and (b) thermal conductivities of p- and n-doped poly-Si
PnC nanostructures with various hole radii, and (c) calculated thermoelectric figure of
merit [108].
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ZT ¼ S2sT
.
ðklat þ keleÞ; (1)

where S is the Seebeck coefficient, s is the electrical conductivity, T
is the average temperature, and klat and kele are the thermal con-
ductivities of the lattice and charge carriers, respectively. The ma-
terial science approach focuses on finding materials with a large
power factor, S2sT [98e100]. However, the nanostructuring
approach maximizes the value of s/k based on Slack's principle,
known as “phonon-glass electron-crystal” [101]. This principle
proposes the design of a material with high electrical conductivity,
such as crystal, and low thermal conductivity, such as glass, for
achieving larger ZT.

In addition to material design, top-down nanostructuring is also
an effective method to increase the ZT value of materials with
relatively long phonon MFPs. Because the lattice thermal conduc-
tivity is given by klat ¼ CvvL/3, a material with high lattice thermal
conductivity generally has long phonon MFPs, such as Si, SiC, AlN,
and BAs [102e104]. Si is the most suitable material for forming
nanostructures for thermal phonon engineering owing to the
mature semiconductor process technology.

Many studies have reported reduced thermal conductivity in
PnCs, as discussed in the previous section. The basic design rule of a
PnC for thermoelectric applications is the Slack's principle [101],
but this is applicable to artificial structures. The period and neck
size of PnCs were chosen by considering the thermal phonon MFP
spectrum of the material. At room temperature, most thermal
phonons have MFPs between 10 nm and 1 mm in single-crystalline
Si [11], and shorter than a few hundreds of nanometers in a thin
film (~ 100 nm thick) because of phonon scattering at the surface
[77]. The MFP of charge carriers in heavily doped Si does not exceed
tens of nanometers [105], which is much shorter than that of
thermal phonons. The difference in the MFP ranges of charge and
heat carriers allows the application of Slack's principle by taking
the periodicity of a few hundreds of nanometers with a neck size of
tens of nanometers. The MFP of thermal phonons becomes much
shorter owing to the scattering on holes, but the MFP of the charge
carriers remains almost the same. As a result, s/k is increased in the
PnC nanostructures, leading to larger ZT.

PnC nanostructures are good platform for investigating the
enhancement of thermoelectric performance by nanostructuring
owing to their well-defined structural parameters. There are many
experimental reports on the large reduction in thermal conduc-
tivity of nanostructured Si, including PnC nanostructures, for the
purposes of fundamental phonon transport study and thermo-
electrics [14,22,25,79,106e112]. El-Kady et al. conducted an
experimental study on the enhancement of the ZT of single-
crystalline Si films (500 nm thick) with PnC nanostructures. They
demonstrated a systematic reduction in thermal conductivity by
changing the radius of the circular holes [27]. They also demon-
strated that ZT was enhanced by a factor of 1.4 in a PnC with
a ¼ 700 nm and n ¼ 213 nm when compared with that of an
unpatterned film. Lim et al. fabricated PnCs in a 100-nm-thick Si
film with dimensions of a ~ 60 nm and n ~ 20 nm by block copol-
ymer lithography, and reported ZT ~ 0.04 with an extremely small k
~ 1 Wm�1K�1 at room temperature [22]. Liu et al. also fabricated
PnCs in a 100-nm-thick Si film with n ¼ 45 nm by electron beam
lithography, and reported k ~ 6 Wm�1K�1 and ZT ¼ 0.09 at room
temperature [112].

Single-crystalline Si is better for fundamental studies on the
phonon and heat transport phenomenon because of its long
phonon MFP, but poly-Si is more suitable for thermoelectric ap-
plications. The grain boundary scatters the phonons more effi-
ciently than charge carriers in heavily doped Si, which results in
5

higher ZT. Nomura et al. fabricated PnC nanostructures in a sus-
pended 145-nm-thick poly-Si thin film to investigate the effect of
PnC nanostructuring on thermoelectric performance enhancement
[108]. The PnCs are an array of circular holes aligned in a square
lattice with a ¼ 300 nm, and the electrical and thermal conduc-
tivities were measured for structures with various hole radii (Fig. 4
(a, b)). For both p- and n-doped Si, a large reduction in thermal
conductivity was observed, whereas the electrical conductivity
decreased slightly. Fig. 4 (c) shows the increasing trends of ZT with
r, which indicates that the PnC nanopatterning is useful for ZT
enhancement. The period of 300 nm of the PnC was chosen to
follow Slack's principle, that is, shorter than the thermal phonon
MFPs and longer than the MFPs of charge carriers. More precisely,
the neck size is an intrinsically important parameter, which



Fig. 5. Fabricated uni-leg planar-type Si thermoelectric generator with PnC nanostructures. (a) Scanning electron microscope (SEM) image. (b) Schematic of cross-sectional view of
the device (c) Measured power density at various temperature differences between the hot and cold sides, DTDEV, for the generator with (squares) and without (circles) PnC
nanostructures [118].
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determines the enhancement of ZT. However, we should be aware
that the neck size should be kept longer than the MFPs of charge
carriers to maintain the ZT enhancement.

In general, thermoelectric generators with Si thin films are
planar, and can be fabricated using the CMOS-MEMS technology.
Several studies have reported planar-type Si thermoelectric devices
based on the standard CMOS process [113e119]. After conducting
the proof of concept, uni-leg planar-type Si thermoelectric gener-
ators were fabricated, and the power densities of the devices with
and without PnC nanostructures were compared. The structure is
depicted in Fig. 5; the details of the device fabrication and structure
can be found in our previous study [118]. The device was fabricated
using a silicon-on-insulator wafer with a 300-nm-thick n-doped
poly-Si thin film as the active layer. The output power densities
were compared at various temperature differences (DTDEV) be-
tween the cold side on the top (air) and the hot side (Si substrate)
attached to a temperature-controlled stage. The PnC device showed
a larger open-circuit voltage owing to a larger temperature differ-
ence in the thermoelectric film (DTTE), as depicted in Fig. 5(b). The
Seebeck coefficient was not changed by the nanopatterning at this
scale. Finally, the output power density P, which is proportional to
DT2, was enhanced by a factor of ten (Fig. 5(c)). This result clarifies
the advantage of PnC nanopatterning. However, there are some
challenges to overcome to increase the performance. The most
important issue is the thermal design of the device. The reason for
the low P is the small DTTE, which is only 0.2% of DTDEV; in other
words, the device generated electric power with DTTE ~ 10 mK in
this measurement. The thermal design of the device is as important
as the material performance. Because planar-type thermoelectric
devices are thin, a proper heat dissipation path at the cold side
should be designed to realize a large DTTE. We expect that the po-
wer generation capacity of this planar-type thermoelectric device
will reach the order of 10 mWcm�2K�2, which will enable low-
frequency intermittent sensing applications for the Internet of
Things.
3. Coherent thermal transport

In this section, we summarize the most recent and important
progress in the study of coherent thermal transport in PnCs
through theoretical simulations and experiments. We first review
the theoretical studies based on various theories, including BTE,
NEGF, and MD simulations. The different influences on coherent
thermal transport are specifically discussed, as reported through
various theoretical analyses. Then, we discuss the most notable
6

experimental realizations linked to the coherent thermal transport
in PnCs. Specifically, we present the results of 1D and 2D hole- and
pillar-based PnCs and superlattices, and finally highlight promising
materials such as 2D materials and BAs.

3.1. Theory and simulations

When the period of the PnCs is comparable to the coherence
length of the phonons [33,36,122e124], the thermal transport is
dominated by the coherent phonons, which exhibit pronounced
wave behavior. However, the coherence length of phonons is usu-
ally shorter than hundred nanometers [123,125], that is, typically at
the atomistic scale or nanoscale. Therefore, the coherent thermal
transport phenomena in PnCs have been widely studied in the
nanostructures or low-dimensional materials [124,126e128] by
using various mesoscopic or microscopic theories or simulations,
including BTE, NEGF, and MD simulations. In this section, we
summarize the state-of-the-art theoretical and simulation-based
studies on coherent thermal transport.

3.1.1. Boltzmann transport equation
BTE is a widely used theory in the calculation of thermal con-

ductivity by treating thermal phonons as quasiparticles [45,46,129].
As the wave nature of phonons is not explicitly included in the BTE,
it cannot be directly used to model coherent thermal transport.
Extensive effort has been devoted to fully capturing both the wave-
and particle-like behavior of phonons within the BTE theory.
Considering the effect of anharmonic scattering (represented by
the phonon MFP L) on the coherent and incoherent transport re-
gimes, Simkin and Mahan [130] proposed a phenomenological
thermal conductivity model by adding an imaginary part i/L to the
wave vector k. Thus, this model demonstrated the minimum
thermal conductivity with regard to the period length of the
superlattices [130]. Nevertheless, this classical model needs to be
further improved or developed for the following reasons: 1) other
dephasing phonon scatterings are not considered, such as diffuse
interface scattering; 2) the effect of the secondary periodicity of
PnCs on the MFP is not properly included; and 3) the transition of
thermal phonons from coherent to incoherent transport is more
related to the coherence length than the MFP, as shown by some
other studies [67,123,125,131].

Another way to capture the wave nature of phonons in BTE is to
treat the PnCs (e.g., superlattices) as a new homogeneous material
with the secondary periodic component (e.g., one period of
superlattices) as a unit cell. The phonon properties (dispersion and
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scattering rates) of the new material can be obtained via either
first-principles (DFT) calculations [120,132] or MD simulations
[133]. The DFT-BTE study [132] on infinitely long Si/Ge superlattices
with perfect interfaces (Fig. 6(a)) shows a monotonous decrease in
thermal conductivity with increasing period length (see inset in
Fig. 6(c)), which is well consistent with the trend indicated by the
pure coherent calculations [134,135], yet inconsistent with that
observed in some experimental results [122,136,137]. With further
consideration of the diffuse phonon-interface scattering, the cross-
plane thermal conductivity of the superlattices shows the expected
Fig. 6. Minimum thermal conductivity from simulations. Schematic of (a) Si/Ge
superlattice and (b) graphene/hBN superlattice. (c) Thermal conductivity of Si/Ge
superlattices with different interface roughness values versus period lengths. Reprin-
ted with permission from Ref. [120]. Copyright (2013) American Physical Society. (d)
Thermal conductivity of graphene/hBN superlattices versus period length under
different temperatures. Reprinted from Ref. [121] with permission from AIP Publishing.
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minimum thermal conductivity (Fig. 6c)) due to the competition
between the low-frequency coherent phonons and the high-
frequency phonons dephased by the interfacial roughness [120].
In such BTE models with redefined phonon modes, it remains a
challenging task to accurately consider the effect of the finite size of
the PnCs.
3.1.2. Atomistic non-equilibrium Green's function
By solving Heisenberg's quantum dynamic equation of atoms,

the atomistic NEGF formalism inherently considers thewave nature
of thermal phonons [138e140]. The linearly length-dependent
thermal conductivity of the AlAs/GaAs superlattice is shown
through NEGF calculations as the characteristic feature of the bal-
listic coherent transport of folded superlattice phonons, as
observed in experimental measurements [141]. The increasing
linear trend is weakened by the growing population of high-
frequency incoherent phonons at elevated temperatures or by
phonon dephasing due to interfacial roughness [141e143]. On the
other hand, the observed length dependent thermal conductivity in
Ref. [141] has also been contributed by the acoustic mismatch be-
tween the two different layers. However, the increased thermal
conductivity at short period length in the further minimum ther-
mal conductivity measurements in superlattices [122,137] clearly
indicates the existence of coherent phonon as the acoustic
mismatch situation is insensitive to the period length of two layers
in the superlattices. In addition, the minimum thermal conduc-
tance has been reproduced by NEGF calculations in isotopic gra-
phene superlattices [144] and graphene/hBN superlattices
(Fig. 6(b)) [145]. These studies emphasize the role of diffuse inter-
face scattering in the transition of heat transport from a coherent
regime to an incoherent one. The consideration of another impor-
tant decoherence mechanism, that is, anharmonic phonon-phonon
scattering, in NEGF formalism can be performed in principle
[51,146]; however, it remains challenging owing to computational
limitations. It should be mentioned that these decoherence
mechanisms can also suppress the coherent thermal transport
phenomenon. As reported before, the minimum thermal conduc-
tivity is difficult to be experimentally observed, particularly at high
temperatures or with rough interfaces [136,147].

The Anderson localization of thermal phonons, as an important
phenomenon in the coherent wave regime [150], has also been
studied in recent years through ballistic NEGF calculations. The
maximum thermal conductivity according to system length was
investigated for GaAs/AlAs superlattices with randomly embedded
ErAs nanodots through NEGF simulation [151], which was later
confirmed through experimental measurements [152]. This
maximum represents a transition of heat transport from ballistic to
localization regimes as the system length increases to become
comparable to or larger than the localization length of the phonons.
Further investigations also revealed that the localization behavior
of thermal phonons is strongly mode dependent [148,151,152]. The
aperiodic Si/Ge superlattices shown in Fig. 7(a), the ballistic modes,
propagation modes, and localized modes coexist (Fig. 7(c)) but they
are distributed in different phonon modes [148]. The onset fre-
quencies of the localizedmodes have been shown to bemore or less
the frequency of the LA and TA branches near the boundary of the
folded Brillouin zone. However, the exact relationship between the
localization and coherence length (or wavelength) of the phonons
in the full Brillouin zone remains an open question. In a recent
study by Guo et al. [10], partial phonon localization was demon-
strated in graded Si/Ge superlattices with moderate disorder. The
minimum thermal conductivity according to system length was
thus obtained owing to the competition between the localization
and ballistic transport of folded phonons.



Fig. 7. Anderson localization in PnCs. Schematic of (a) aperiodic Si/Ge superlattice and
(b) aperiodic porous graphene PnC. (c) Transmission of ballistic, propagating, localized,
and partially localized modes in aperiodic PnCs. The NEGF results are from Ref. [148]
for the aperiodic Si/Ge superlattices in (a). The MD results are from Ref. [149] for the
aperiodic porous graphene PnCs in (b). (d) Maximum thermal conductivity versus
length in aperiodic Si/Ge superlattices as the disorder increases. D represents the
degree of disorder. Reprinted with permission from Ref. [131]. Copyright (2019) of the
American Physical Society.
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3.1.3. Molecular dynamic simulations
MD simulationsmodel the classical dynamic evolution of atomic

vibrations [48,153e155], where the wave nature of thermal pho-
nons is inherently captured. Coherent thermal transport has been
widely explored through MD simulations in 1D superlattices
[156e159] as well as other 2D PnCs [121,123,149,160e164]. Because
diverse scatterings are intrinsically included in the atomic structure
and dynamic process, many influencing factors have been studied
for coherent thermal transport in MD simulations. In particular,
when compared with the preceding ballistic NEGF modeling, the
unique effects of phonon-phonon scattering on coherent thermal
transport have been uncovered. For example, the position of min-
imum thermal conductivity shifted to a shorter period length as the
temperature increased (Fig. 6(d)) [121,149], due to the increasing
decoherence effect of anharmonic scattering. Moreover, the sup-
pressed coherence length from phonon-phonon scattering can
result in a weak dependence of the minimum thermal conductivity
on the system length [123].

The Anderson localization of phonons was also investigated by
MD simulations in aperiodic Si/Ge superlattices (Fig. 7(a)) and
aperiodic porous graphene PnCs (Fig. 7(b)) [131,149], which natu-
rally consider the effect of anharmonicity neglected in ballistic
NEGF. The influence of the disorder level on Anderson localization
was studied in an aperiodic Si/Ge superlattice (Fig. 7(d)) [131]. A
sufficient level of disorder is necessary to fully localize the phonon
modes. For some phononmodes, partial localization appears owing
to decoherence, and the transmission decays to a non-zero constant
value with the system length (Fig. 7(c)) [10,131,149]. Owing to the
rapid progress in computer science, many recent studies [165e169]
have focused on the minimization of thermal conductivity by
maximizing the Anderson localization for thermoelectric applica-
tions. By combining machine learning algorithms and MD simula-
tions, the thermal conductivity in aperiodic PnCs can be further
reduced up to 30% from the minimum thermal conductivity in the
periodic case [165].

The wave nature of thermal phonons is also responsible for
other interesting wave-related phenomena in phononic meta-
materials, such as wave hybridization [18,19,170e174]. Pillar-based
PnCs have been demonstrated as a platform for exploring the wave
nature of thermal phonons through wave hybridization
[8,18,171,174,175]. The wave hybridization between the pillar local
resonances and the base is believed to result in a large reduction in
the group velocity around the resonance modes, which has been
asserted to be mainly responsible for the reduction in thermal
conductivity in the atomic-scale pillared Si membrane [18]. A
recent study reported that pillars can also suppress the phonon
lifetime in pillared Si nanowires [176]. The difference might be
caused by a different degree of hybridization or interaction be-
tween the base and pillars, which has a critical effect on thermal
transport in pillared systems [177]. The underlying mechanisms
and controversies of wave hybridization in pillar systems are very
similar to those of thermal transport in hosteguest systems
[178e185]; thus, their connections should be explored in the
future.

Because the MD simulation combines coherent and incoherent
thermal transport, considerable effort has been made to decom-
pose the total thermal conductivity into the contributions from
these two components. A two-phonon model that relies on length-
dependent thermal transport simulationwas proposed [186]. Using
this two-phonon model, Wang et al. [186] and Hu et al. [149] found
that coherent phonons dominate the thermal transport in ordered
nano-PnCs over a large length scale, whereas their contribution
exponentially decays in disordered nano-PnCs due to localization.
8

In some other studies [67,125,187], it was shown that it was difficult
to distinguish the thermal phonons into coherent or incoherent
groups, as they simultaneously constitute these two aspects, that is,
in the form of wavepackets. Our recent study [187] showed that the
temporal coherence of thermal phonons could be calculated from
MD simulations, and its effect on thermal transport was estimated
using a generalized phonon decay law.
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3.2. Experiments

Experimental demonstration and use of coherent phonon scat-
tering for thermal applications has been the overarching goal of
PnC experiments but has remained challenging for the past decade
owing to the stringent conditions required. Coherent thermal
transport commonly refers to phonons displaying wave properties,
such as interferences, Bragg and local resonances, and localization,
as described in the previous sections. Such phenomena, largely
observed in acoustic crystals at low frequencies or photonic crystals
for photons, are detailed in the previous section from a theoretical
perspective. They have encouraged the realization of several ex-
periments to demonstrate their use in practical implementations.
Although coherent thermal transport, which stems from elastic
reflections of phonons from boundaries, can enable the blocking,
enhancement, or guidance of thermal energy in specific directions,
it requires that the phonon wavelength be much larger than the
surface roughness, which is usually not satisfied for thermal
wavelengths of a few nanometers at room temperature. Under
these conditions, atomically flat interfaces or atomic-scale struc-
tures are typically required. Alternatively, experiments at low
temperatures, at which phonon wavelengths drastically increase,
have shown the impact of such coherent behavior of thermal
transport. In this section, we introduce the experiments that have
been realized to date with 1D and 2D holes and pillar-based PnCs
and superlattices; some of the successful implementations are
shown in Fig. 8. We also discuss the potential of novel materials
such as SiC, BN, and BAs, in which phonons with longer MFPs
contribute substantially to thermal transport.
3.2.1. Hole-based PnCs
PnCs exist in different types and aim to control the propagation

of phonons by interference and modification of the dispersion
relation due to the artificial periodicity. Apart from superlattices,
which will be detailed later, most experimental realizations are
one- or two-dimensional structures with a periodic arrangement of
holes. In one-dimensional PnCs consisting of beams with arrays of
holes with feature sizes of a few hundred nanometers, experiments
and predictions at room temperature exclude the influence of
coherent thermal transport [15]. Somemodels [39,188] suggest that
coherence affects thermal transport below 10 K. Maire et al. [39]
compared the thermal conductivity in identical beams with or-
dered and disordered arrays of holes (Fig. 8(d-e)). They observed
that the thermal conductivity was 8% lower in the former at a
Fig. 8. PnCs and crossover of thermal conduction. (a) SEM image of a 2D hole-based PnC wit
[38] and filled circles [135]) and theoretical predictions of different models from Ref. [135
membrane. The lines are intended to guide the eyes. (c) SEM image of a one-dimensional p
used to highlight coherent effects below 10 K [39]. (f) Two-dimensional hole-based PnC in su
100 nm (f). Adapted with permission from (a,b) [135], (c) [189], (d,e) [39], and (f) [190].
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temperature of 4 K and interpreted it as an indication of coherent
thermal transport. Furthermore, this effect decreased with
increasing temperature and disappeared above 10 K. A similar ef-
fect was observed for 2D PnCs in the same study under identical
conditions, with the only difference being that holes in the ordered
structure were positioned in a square lattice and disorder was
introduced in two directions: along and perpendicular to the heat
flow direction. Apart from this indirect observation, the only clear
and quantitative measurements of coherent thermal transport in
similar PnCs to date have been reported by Maasilta et al. [38,135]
(Fig. 8(a)). They calculated the thermal conductance from the
dispersion relation modified owing to the periodicity of the PnC,
and showed that their measurements at ultra-low temperatures
with superconducting junctions at the center of the PnCs (Fig. 8(a))
directly correlated with the calculation results. They observed that
heat conduction is strongly suppressed in PnCs when compared
with the unpatterned membrane owing to the combined changes
in the phonon group velocity, density of states, and energy distri-
bution. They showed that although the thermal conductance is
reduced due to modifications in the band structure, the key pa-
rameters are the changes in the group velocity and density of states
rather than the presence of potential bandgaps. Experiments for a
wide range of PnC periods confirmed this; it was shown that these
measurements were inconsistent with a predominantly incoherent
thermal transport regime, as can be seen by the discrepancy be-
tween the measurements and simulations in Fig. 8(b). The non-
monotonic trend observed with an increase in the period further
suggests that they reach the crossover between coherent and
incoherent thermal transport for sufficiently large periods, as
shown in Fig. 8(b). This crossover, the mechanisms for which are
explained in the previous sections, has been mainly observed in
superlattices, as will be detailed in the following section.
3.2.2. Modulated beams and pillar-based structures
Hole-based PnCs introduce artificial periodicity by removing

material; the alternative of adding periodic extensions or modu-
lations to the existing structures has also been theoretically
[191e195] as well as experimentally investigated. The first type of
structure to be fabricated consisted of nanobeams with corruga-
tion, that is, the periodic modulation of width. In these structures,
the experimental results for a wide range of temperatures can be
explained by surface scattering, even down to 4 K [196] and sub-
Kelvin temperatures [197]. Indeed, the reduced thermal conduc-
tivity is explained by a reduction in the MFP of phonons stemming
h a superconducting junction heater and sensor (yellow). (b) Measured power (squares
]. The temperature was fixed at 0.2 K. A period of 0 corresponds to an unpatterned
illar-based PnC [189]. (dee) Ordered and disordered one-dimensional hole-based PnCs
spended graphene with hole diameters of 7.6 nm [190]. Scale bars are 300 nm (cee) and
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from incoherent surface scattering, although a decrease in the
group velocity of phonons has also been proposed [198]. The use of
pillars on membranes or periodic wings on nanobeams is a natural
evolution of the periodic modulation of the width. It is equivalent
from a conceptual point of view and introduces local resonances to
the dispersion relation already modified due to the periodicity.
Indeed, increasing the pillar size causes a stronger modification of
the dispersion relation due to periodicity [194]; it also results in a
larger number of local resonances [172], which together reduce the
thermal conductivity. Theoretical studies predict that this effect
would be enhanced with the addition of periodic wings on several
sides of a nanobeam [181,199], but there is no experimental
demonstration of this effect to date in the coherent thermal
transport regime, despite several experimental attempts. An
example of this is shown in Fig. 8(c) for a nanobeam topped by
aluminum nanopillars; the modified thermal properties measured
in pillar-based structures from room temperature to cryogenic
temperatures can be explained by incoherent phonon scattering
[189,200]. Although lower-frequency coherent acoustic modes
have been experimentally demonstrated in such structures with
the help of Brillouin light scattering [201] and asynchronous optical
sampling at more than 50 GHz [202], the effect of coherence on the
thermal conductivity remains to be proven experimentally. Recent
reviews on this specific type of structure explain the findings in
greater detail [8,15].
3.2.3. Superlattices and crossover of thermal conductivity
As discussed before, coherent control of thermal transport re-

quires the interface roughness to be lower than the wavelength of
phonons and dimensions over which the coherence is preserved.
Superlattices are the most likely candidates to date to fit these
prerequisites. Indeed, as multi-layer systems with alternating
compositions, superlattices are essentially one-dimensional PnCs
satisfying both conditions owing to fine control over layer thickness
and have atomically flat interfaces. The literature on the thermal
properties of superlattices is extensive, with both theoretical and
experimental studies using many materials. One of the key exper-
imental achievements is the demonstration of thermal conductivity
below the amorphous limit [203e205]. In such structures, both
diffuse phonon scattering due to the high density of interfaces and
coherent thermal transport affect thermal conductivity, which re-
mains lower than that of bulk materials. When the periods are long,
the phonons do not experience periodicity and aremainly scattered
diffusely at the interfaces. The thermal conductivity further de-
creases with period until coherence is achieved when the period is
sufficiently small. This typically occurs for periods of a few nano-
meters, below which the trend is reversed. This phenomenon, that
is, the crossover of thermal conductivity, is explained in greater
detail in the previous sections. It was demonstrated experimentally
for the first time by Ravichandran et al. [122] in oxide superlattices
for a period of 2 nm. This crossover period increases as the tem-
perature decreases owing to the increasing phonon wavelength.
Other studies have reproduced the experiment with different
superlattices [206,207] and made similar observations, although
the temperature dependence of the crossover point has not been
clearly highlighted. Superlattices provide an ideal experimental
platform to study phonon localization, particularly Anderson
localization. This phenomenon was observed at ~ 200 GHz in
aperiodic superlattices [208] and affects the thermal conduction
[10,152]. Sections 3.1.2 and 3.1.3 provide further information about
this mechanism, which is also explained in a previous review of 1D
structures [15]. To facilitate further experimentation and realize the
design of optimized structures, a recent study has coupled phonon
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transport calculations and machine learning to suppress coherent
thermal conduction, experimentally demonstrating lower thermal
conductivity than the similar but periodic structures [24].
3.2.4. Novel materials and designs for PnCs
Coherent control of thermal transport is critical for developing

the potential applications of PnCs, including thermal circuits, and
standard operation cannot necessarily support lower temperatures.
The first proposed strategy to circumvent this issue involves the use
of a multiscale structure to filter the phonon spectrum so that heat
is carried by phonons at lower frequencies and in a narrower range
[209]. The other strategy to avoid low-temperature operation relies
on lower dimensions. Self-assembling block copolymers have been
used to demonstrate PnCs with short periods. However, improve-
ment in surface roughness remains limited, and no coherent ther-
mal transport has been measured to date. Using novel layered
materials such as graphene enables further reduction of the di-
mensions, both in thickness and in the patterning dimension, as
shown by Celebi et al. [190]. Regularly spaced holes smaller than
10 nm in diameter were fabricated using helium-focused ion beam
drilling, as shown in Fig. 8(f). Similarly, carbon nanotubes have
been used to fabricate structures with similarly small dimensions
[210], which modify the thermal properties. Such dimensions in
materials known for the extremely long MFPs of their phonons
promise higher working temperatures for coherent thermal con-
trol. This approach towardmaterials with long phononMFPs is now
being investigated [102] for applications in thermal management,
particularly in materials with ultrahigh thermal conductivity
rivaling that of diamond [211e215]. With the large existing body of
literature and the ever more complex PnCs designs, manual
investigation becomes limited. Preexisting results can thus be used
for data driven investigation, with machine learning. This method
has already been largely used for PnCs [127,165e167,169,216e218]
and even combined with experiments to demonstrate an aperiodic
superlattice with a lower thermal conductivity than that of the
periodic one [24]. Machine learning based designs and materials
are still a growing area with improvements expected in more
complex designs such as 3D PnCs, as well as combining fabrication
capabilities with some of the novel materials mentioned above.
Some optimization directions include the creation of larger or more
robust bandgaps, the minimization of the thermal conductivity, the
increase in hybridization tuning of specific interface properties to
cite a few. Beyond PnCs, it is also interesting to note that the
interface between PnCs and pristine materials can be used as a
thermal interface with controllable properties such as an increased
thermal interface conductance when compared to two dissimilar
materials with identical weight ratio or thermal conductivity ratio
[219]. Whereas this type of interface can suppress thermal rectifi-
cation, some asymmetric structures have been proposed to rectify
the heat flux in specific conditions, with existing experimental
demonstration in graphene [220].
4. Conclusions and prospects

This review presented a panorama of recent advancements in
the manipulation of heat via PnCs. Incoherent thermal transport
involves altering the properties of the gas of phonon particles
through scattering with well-designed surfaces, for example, cir-
cular holes in a membrane. In this frame, predictions provide
satisfactory agreement with measurements except in the case of
very small necks, where the heat flux has lower values than those
provided by the phonon gasmodel. The source of this disagreement
has been investigated, and a possible answer might be found in the
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alteration of mechanical properties in sub-50-nm structures.
Coherent thermal transport has excited the utmost curiosity of
physicists investigating the fundamental behaviors in the hope of
highlighting the wave nature of the phonon particle itself. Several
experimental attempts have concluded the existence of this
coherence, whereas later studies have attenuated these outcomes.
However, investigations performed in periods of 100 nm at sub-ten
kelvin or in the nanometer scale at room temperature appear more
convincing. Theoretical studies extending to extremely small
structures and low temperatures were also able to unfold the rich
scope of new wave-related phenomena. The effect of PnCs on the
wave features of heat differs from that observed in the acoustic field
as well as in photonic crystals. Indeed, the density and elevated
frequencies of thermal phonon modes make the creation of gaps at
low frequencies ineffective. Nanostructurization mostly affects the
group velocity, and eventually, the MFP. In the case of disordered
structures and elastic scattering, backscattering resulting in weak
to strong localization in 2D materials was also predicted through
simulation. Although these latter effects require ultra-low tem-
peratures and perfect control of the surface state, 2D materials
appear to be ideal candidates to uncover a large variety of wave
effects in phonon heat transport.
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