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ABSTRACT A new method to reliably simulate the PDE and jitter tail for realistic three-dimensional
SPAD devices is presented. The simulation method is based on the use of electric field lines to mimic the
carriers’ trajectories, and on one-dimensional models for avalanche breakdown probability and charges
transport. This approach allows treating a three-dimensional problem as several one-dimensional problems
along each field line. The original approach is applied to the McIntyre model for avalanche breakdown
probability to calculate PDE, but also for jitter prediction using a dedicated advection-diffusion model.
The results obtained numerically are compared with an extensive series of measurements and show a
good agreement on a wide variety of device designs.

INDEX TERMS Avalanche breakdown probability, breakdown voltage, jitter, photon detection efficiency
(PDE), single-photon avalanche diode (SPAD), technology computer-aided design (TCAD).

I. INTRODUCTION AND DEVICE STRUCTURES
Single-photon Avalanche Diodes (SPAD) are key optoelec-
tronic detectors for medical imaging, camera ranging, and
automotive laser imaging detection and ranging (LiDAR)
applications. Currently, the device leading the market of
SPADs is a micrometric silicon (Si) PN junction associated
with nearby CMOS electronics biasing the system above the
breakdown voltage (BV) [1].
The main figure of merit for the sensor sensitivity is the

photon detection efficiency (PDE), which is the probability
that a photon hitting the SPAD is detected. It can be evaluated
by multiplying the probability that an incoming photon hits
the photosensitive area of the sensor, the fill factor (FF),
by the probability that the photon is absorbed within the
silicon volume of the sensor, the optical absorption (OA),
and by the probability that the photogenerated electron-hole

pair triggers an avalanche within the SPAD, the breakdown
probability (BrP). This is summed up by the formula: PDE =
FF · OA · BrP.
In this work, the optical absorption and the fill factor are

kept constant, as they depend only on the optical stack and
the read-out circuit. The modeling and optimization work
are focused on the avalanche breakdown probability. Yet
the model validation can only be made by PDE comparison
which is the only figure that can be characterized.
Si-SPADs are suitable for mass production because of

their low cost, their compatibility with CMOS process and
their relatively good sensitivity and noise performances in
the visible light spectrum [2]–[4]. Yet several applications,
such as automotive LiDAR, require for the SPAD to be
operated in the near infrared region (NIR) [5]. As the silicon
absorption rate is rather low at high light wavelengths, it is
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critical to optimize the PDE for these applications [6]–[8].
This must be done by engineering the device layout and
process without compromising the timing characteristics, in
particular the timing jitter.
It is therefore necessary to be able to iterate design

improvements without waiting for silicon fabrication, which
requires predictive modeling. A great deal of effort is
ongoing in the SPAD simulation community to find accu-
rate methodologies. The state-of-the-art in PDE and jitter
prediction relies on Monte Carlo simulation which is com-
putationally extremely expensive [9]–[12]. In this paper we
introduce an alternative technique, combining the McIntyre
model [13] with analytical simulation of the jitter tail [14].
Recent works explored the statistical fluctuation of the
avalanche process together with a study on SPAD’s time
resolution [15], [16]. This is achieved by performing com-
putations along the electric field lines, allowing for three-
dimensional simulation and providing an accurate forecasting
of the PDE and jitter tail for a given layout. The compu-
tational efficiency of this approach allows high resolution
mapping at several temperatures and biases in a time frame
compatible with industrial TCAD needs. Indeed, several
months are necessary to manufacture and characterize a
SPAD device. Thus, an optimization procedure based only
on manufactured devices would be too slow and very expen-
sive. Our method makes it possible to scale down the iterative
optimization process down to less than a week.
This modeling strategy is validated on a variety of SPAD

architectures. These architectures are engineered such that
each layout creates a different electric field profile varying
both laterally and vertically within the volume of the device.
They were then manufactured on silicon and characterized
using a methodology which prevents distortion of results
from any potential crosstalk and additional parasitic effects
by enabling only one SPAD pixel among the several pixels
in an array composing a full sensor.
The SPAD devices used to test our modeling approach are

based on a silicon n-on-p junction. These architectures con-
sist of p-type and n-type doped regions, forming the main
junction, also called avalanche region. In addition, a guard
ring, which is made of peripheral annular regions of lower
p-type and n-type doping is designed to prevent lateral break-
down [17], [18]. Additional high doping at the electrodes
allows us to achieve low Ohmic contact resistance. At the
backside, the interface with the optical stack is passivated,
a high p doping layer allows us to enhance the recombina-
tion of carriers created from interface defects [8], [19]. A
schematic representation of the SPAD architecture is shown
in Figure 1.

II. AVALANCHE BREAKDOWN PROBABILITY
A. PROCESS AND DEVICE TCAD SIMULATION
The structures’ doping profiles were modeled with a well-
calibrated process using Sentaurus Process. This is followed
by electrostatic device simulation with Sentaurus Device.
The 2D/3D electric field profiles are interfaced with custom

FIGURE 1. SPAD schematic architecture.

FIGURE 2. Workflow of the simulation process.

solvers developed to calculate carrier trajectories, breakdown
probability and jitter distribution. In parallel, optical simu-
lation with the well-known Finite Difference Time Domain
(FDTD) solver of Lumerical was performed on the archi-
tectures to obtain maps of optical absorption. The back end
of the devices including the microlens and the full optical
stack was kept constant for comparison purposes.
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FIGURE 3. Typical solution of the McIntyre model as a function of position
x, along the field line, for a given electric field profile.

B. BREAKDOWN PROBABILITY MODEL
The avalanche breakdown probability is computed by means
of the well-known McIntyre model [20]. Let Pe(x) be the
probability that a photogenerated electron starting at any
point x on a line within the device volume triggers an
avalanche and Ph(x) the same probability for a hole starting
from the same initial position. Section II-D is devoted to
describe the way to take a relevant line within the three-
dimensional device. The system to be solved is written as
follows:

⎧
⎪⎪⎨

⎪⎪⎩

dPe
dx
= (1− Pe)αe(Pe + Ph − PePh)

dPh
dx
= −(1− Ph)αh(Pe + Ph − PePh)

(1)

(2)

with 0 ≤ x ≤ L where L is the total length of the carrier tra-
jectory. αe and αh are the impact ionization coefficients, i.e.,
the number of impact ionization per unit distance, respec-
tively for electrons and holes. Electrons are moving towards
decreasing x (i.e., from right to left with respect to Figure 3),
and are collected at x = 0, thus the probability for an elec-
tron to create an avalanche after being injected at x = 0 is
zero. The same reasoning applies to holes at x = L. These
considerations lead to the following boundary conditions:

{
Pe(x = 0) = 0

Ph(x = L) = 0

(3)

(4)

Equations (1-2) together with boundary conditions (3-4) are
forming a 1D, coupled, non-linear, boundary value problem.
Since we have to extract Pe and Ph values for numer-

ous points, we used a custom solver, embedded in a C++
program.

C. NUMERICAL INTEGRATION WITH NEWTON’S METHOD
Our solver uses finite difference method coupled with
a Newton’s method to handle the non-linearity of the
problem [21]. The algorithm is different from those imple-
mented in MATLAB routine (bvp4c) or SciPy function
(solve_bvp) [22], as they use a collocation method instead

FIGURE 4. Comparison of Newton’s method against the SciPy routine. Our
algorithm can achieve arbitrary precision while SciPy and MATLAB routines
are limited to approximately 10−6. This can negatively affect breakdown
voltage extraction where very small breakdown probability must be
simulated accurately.

of a Newton scheme, but the comparison with these tools
show no difference in the solution values.
The main advantage of the Newton’s method is that one

can achieve arbitrary precision up to the machine precision,
around 10−15, with a very reasonable time consumption.

Numerical details of the solver together with a pseudocode
version of the solver algorithm (Algorithm 1) are given in
the Appendix. In order to check the implementation of our
algorithm, we performed a comparison between the solution
given by SciPy routine solve_bvp and our custom implemen-
tation. The comparison was made on the same electric field
profile, and the results compared, see Figure 4. Furthermore,
to verify the convergence of our scheme, that is, its error
is decreasing when the discretization step decreases, a com-
parison between solutions on the same electric field profile,
for different discretization steps, was done, see Figure 5.

D. APPLICATION TO THREE-DIMENSIONAL
SIMULATIONS
The original McIntyre model is a purely one-dimensional
model where the paths of electrons and holes are assumed
to be straight lines. Often, these lines are taken from the bot-
tom to the top of the device (see for example [23]). This work
presents a method which enables the extension of the break-
down probability prediction to the entire three-dimensional
or two-dimensional device simulation. For that purpose, the
carrier trajectories are approximated by the field lines of the
electric field. The carriers move within the device along these
lines from the point of optical generation to the avalanche
region. This is performed both forward (hole motion) and
backward (electron motion) with respect to the electric field
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FIGURE 5. Convergence rate of the method increasing the number of
discretization points. The linear rate is consistent with the first order
discretization used in the finite difference scheme.

vector. The electric field norm is then interpolated along the
resulting field line, obtaining a detailed profile of the electric
field along the carrier trajectory. A typical example of this is
shown in Figure 3. The field dependent, local, impact ioniza-
tion coefficients, which are the number of impact ionization
events undergone by a carrier at a given electric field, are
taken from the work of Van Overstraeten and De Man [24].
The need of using a non-local models for these coefficients is
still under debate; some authors [23] found good agreement
with experiments using local models while other authors
claimed that a non-local model is needed [13]. Non-local
models can be implemented consistently with our field lines
methodology using an effective electric field model [25].

dP(x)

dx
= �Felectric
‖�Felectric‖

(5)

Each streamline is defined by the set {P(x) ∈ R
3 for x ∈

[xmin, xf inal]} and the Euler method then reads:

P(x+ δx)− P(x)

δx
= �Felectric(P(x))

‖�Felectric(P(x))‖
=⇒ P(x+ δx) = P(x)+ δx

�Felectric(P(x))

‖�Felectric(P(x))‖ (6)

So, from an initial point P0, the field lines points are itera-
tively constructed according to the scheme 6. The field line
is then made of points, uniformly spaced by a distance δx,
typically taken in a range from 1 nm to 10 nm. For an accu-
rate three-dimensional device simulation, the calculation of
about 500 000 field lines and the calculation of the associated
breakdown probability are required. This can be achieved in
a reasonable amount of time (20 minutes over 32 CPUs)
for lines made of approximately 3000 mesh points. Figure 6
shows a subset of these lines (8000) on a clip of a SPAD
device.

FIGURE 6. Breakdown Probability computed over multiple field lines.
These field lines are computed along the electric field and mimic the
individual carriers trajectories from the departure at the point of
photo-generation up to the junction. For accurate three-dimensional
calculation of breakdown probability, a great number of calculations is
needed (typically 500 000). For the purpose of visualization only 8000 are
shown in this figure.

FIGURE 7. Two-dimensional color maps of avalanche breakdown
probability from two design variations with a larger and a smaller
avalanche region. The value at a given point is the probability that an
electron-hole pair generated at this point will eventually trigger an
avalanche. Breakdown probability is shown at 4 V excess bias and 333K.

The outcome is then gathered in maps of breakdown
probability, shown in Figure 7. These maps are done by
computing the breakdown probability from streamlines with
starting points on a fine mesh.
The local map of avalanche breakdown probability, as

shown in Figure 7, was then generated by keeping the
breakdown probability value on a given set of points, well
distributed over the device volume.
The breakdown probability map can be used to compute

the overall PDE by coupling it with an optical absorp-
tion map. The Photon Detection Probability (PDP) is first
extracted from the local breakdown probability and the local
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optical absorption, by assuming:

PDP =
∫

Vactive
BrP(r) · OA(r)dr (7)

where Vactive is the photosensitive volume of the SPAD.
Finally, the PDE is obtained by scaling down the PDP by
the fill factor: PDE = PDP ∗ FF.
This local assessment of the breakdown probability is

also mandatory to simulate SPAD dark count rate from
generation-recombination rates [26].

III. JITTER MODELING
The jitter in SPAD devices is related to the timing between
the arrival of the photon and the detection of the avalanche
signal. The jitter is usually defined as the Full-Width at
Half-Maximum (FWHM) statistical distribution of time to
detect avalanche breakdown, but the distribution tail is also of
essential importance as it can impact the time of flight mea-
surement accuracy. Jitter can be inferred from the avalanche
build up time itself [10], but also from the carrier transit
time within the device toward the junction [27]. While the
build up typically occurs within a few tens of picoseconds,
the carrier drift and diffusion can be longer, especially for
SPADs in which a large collection region extends beyond
the high field avalanche region [28].
The present work focuses on the modeling of the carrier

transport part which is responsible for the tail of the jitter
distribution. This means that the statistical distribution of
the build-up time is not taken into account in this work.
This limitation prevents us from being able to accurately
predict the shape of the initial peak of the jitter histogram.
Yet we are able to model the tail of the timing distribution
which is due to the drift and diffusion of carriers from their
photogenerated location to the average avalanche location.
A photon absorbed at a given point r0 leads to the cre-

ation of an electron-hole pair and for an accurate jitter
calculation one needs to model the statistical distribution
of time taken for the electron (respectively hole) to reach
the avalanche region (represented by the position of the max-
imum electric field, denoted xEmax ). To do so, the field lines
and the one dimensional advection-diffusion equation with
variable velocity and diffusion are coupled. We assume that
the electron will drift and diffuse along the electric field
line (neglecting transverse diffusion) with starting point r0
in the real-space, which corresponds to the point x0, along
the field line.
Following Jacoboni and Lugli [29], in the low-to-moderate

field regions, the solution of the advection-diffusion equation
can be used to model the density probability f : (x, t) �→
f (x, t) of having an electron at position x and time t when
injected at x = x0 at t = 0. The equation reads:

∂f

∂t
(x, t) = −∂(u · f )

∂x
(x, t)+ ∂

∂x

(

D · ∂f
∂x

)

(x, t) (8)

At time t = 0, f is a Dirac distribution function, localized
at the photon absorption position. However, in order to com-
pute a solution numerically, we start at a time t0 = δt where

FIGURE 8. Normalized electric field, electron velocity and diffusion
coefficient along a field line (see text for details).

δt ≈ 10−12 . During δt, we can approximate D(x) = D(x0)

and u(x) = u(x0), and use the analytical solution of the
one dimensional advection-diffusion equation with constant
velocity and diffusion coefficients:

f (x, t = t0) = 1√
4πD(x0)t0

exp

(

− ((x− x0)− v(x0)t0)2

4D(x0)t0

)

(9)

Additionally, we set an absorbing boundary condition at
x = xEmax . Indeed, we consider that the main avalanche is
occurring close to the maximum of the electric field. The
absorbing boundary condition reads:

∂f

∂t
(xEmax , t) =

∂

∂x

(

D · ∂f
∂x

)

(xEmax , t) (10)

The carrier velocity is computed with a high field satu-
ration model and the diffusion through the Einstein relation
D = μkBT

q . These quantities are represented in Figure 8. Let
Te be the time for the electron to reach the avalanche region.
The probability that Te is less than t is:

P(t < Te) = FTe(t) = 1−
∫ xmax

xmin
f (x, t)dx

From this cumulative distribution function, the distribution
function of T can be retrieved:

fT(t) = dFTe(t)

dt
(11)

The same equation also applies to holes taking the hole
velocity and diffusion. Equation 8 is solved by the mean
of the finite difference method, within a modified Crank-
Nicolson scheme that takes into account the variable velocity
and diffusion. The Crank-Nicolson scheme results in a linear
system to solve at each time iteration, a complete simulation
can take up to 100 000 iterations, depending on the time
step dt. The sparsity of the linear system and the possibility
to perform a factorization of the system’s matrix only once
at the first iteration makes the computation time reasonable
even for complex full three-dimensional structures. This jitter
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FIGURE 9. Illustration of the Jitter modeling. The density probability
function of an electron is both transported and diffused. The dashed line
represents the “avalanche region”.

calculation adds approximately 20 more minutes of compu-
tation time (using 32 CPUs) to the previously mentioned
breakdown probability calculations.

IV. RESULTS AND COMPARISONS WITH EXPERIMENTS
To validate our models, the simulation results were com-
pared with experimental measurements performed on the
wide range of architecture variants described in Section I.
PDE measurements are repeated on several SPADs to reduce
the variability of the results and the values given are the
median ones.
We first present the PDE results derived from the

avalanche breakdown probability simulations described in
Section II. A key visualization of the result is the breakdown
probability color map, which is generated for two different
architectures with different junction sizes in Figure 7.
This figure shows a higher PDE for the smaller junction

area. By engineering the doping profile, it is indeed possi-
ble to focus the electric field lines in a region with a higher
electric field, and thus increase the probability of triggering
an avalanche [8]. This can be done for example by reducing
the lateral extension of the N+ doping region (see Figure 1).
To verify that this prediction is physical, the integrated PDE
for a range of voltages can be extracted. The resulting curve
is shown for the three architectures with junctions of vari-
ous areas overlaid by the appropriate experimental results in
Figure 10. The PDE values are obtained by multiplying the
breakdown avalanche probability by the optical absorption.
In this study, the absorption was simulated at the operational
wavelength of the SPAD, 940 nm. The simulation takes into
account the full optical stack and the metal reflector at the
front of the device (at the contact side in Figure 1). Details
of the optical simulation can be found in [30]. The outcome

FIGURE 10. Comparison of PDE measured and simulated on three
architecture variations at 333K. The three diodes have varying sizes of
junction radius, corresponding to SPADs Ref, 5 and 6 of Figures 12 and 11.
The large and small architectures correspond to those shown in Figure 7.

FIGURE 11. Correlation between simulation and experiment for PDE at 4 V
excess bias with a temperature of 333K for 15 diodes of varying
architecture.

of the simulation is an overall of 26% of the incoming pho-
ton to be absorbed within the volume of the device, for this
architecture. This value takes into account the optical fill
factor of the SPAD, that is, the ratio of the sensitive area to
the total SPAD area.
The comparison was extended to a large set of fifteen

different architectures with electric field profiles selected for
their wide range of electrostatic characteristics. As shown in
Figure 11, which presents the correlation between simulation
and experiment at 4V excess voltage above BV, the model
was able to accurately predict a significant range of PDE
correctly.
The breakdown voltage of the SPAD can also be extracted

from the simulation of the breakdown probability at different
applied voltage biases. We define that the device has entered
the avalanche regime when an arbitrary threshold PDE of
10−5 is reached, the BV is then the lowest applied voltage
for which the threshold is reached. The BV extraction was
performed on the same fifteen diodes and the results, shown

VOLUME 10, 2022 589



HELLEBOID et al.: COMPREHENSIVE MODELING AND CHARACTERIZATION OF PDE AND JITTER TAIL

FIGURE 12. Correlation between simulation and measurements for
breakdown voltage at 333K for 15 diodes of varying architecture.

FIGURE 13. Comparison between characterization and simulation for jitter
at 4 V excess bias and 333K. To dots corresponds to the histogram of the
time delays measured. For comparison purposes, both simulation and
measurements data are renormalized by the total number of counts, which
is the total area of the curve. The result can then also be interpreted as a
probability density function.

in Figure 12, show the resulting correlation. In particular, the
extreme breakdown voltages engineered for SPADs 3 and 4
are correctly predicted by the model.
Finally, a comparison between characterization and simu-

lation was made for the jitter model. Figure 13 shows the tail
of the jitter simulated by the model described in Section III
overlaid by the corresponding experimental data for a ref-
erence diode. The good correlation is a confirmation of the
jitter model’s validity.
The ability of both the McIntyre and jitter models over

field lines in predicting PDE, BV and jitter characteristics
are essential to confirm a clear understanding of the device
physics. Furthermore, it allows for confidence in design
optimization in an early development phase.

V. CONCLUSION
Advanced SPADs devices have highly curved electric fields,
this makes conventional use of one-dimensional avalanche

Algorithm 1: Newton’s Method Solver for BVP
input : The Boundary value Problem
input : The Mesh M
input : An initial guess of UM
input : A maximal tolerance TOL
input : A maximal number of iterations
output: The Solution UM
output: The final residual error

RES← 1e6
NbIterations← 0
Initialize wM as a vector of size 2N

while RES > TOL and NbIterations ≤ MaxNbIterations
do

for i=1 to 2N do
Construct Si Construct Ri Construct
qi = −NMui

Construct A Construct β

Solve AwM = β̂

for i=1 to 2N do
ui← ui + (wM)i

RES← ||wM|| NbIterations← NbIterations+ 1

if RES ≤ TOL then
// The method has converged
return Y

else
// The method has not converged
return Error: No Convergence

breakdown probability models unusable. This problem is
addressed in this work by integrating the one-dimensional
McIntyre model over several field lines from several pho-
togeneration starting points within the device. This allows
for the accurate prediction of the local avalanche breakdown
probability, which is converted into the photon detection
efficiency by coupling it with optical simulation of the
device.
The same approach is applied to predict the tail of the

jitter histogram. A one-dimensional drift-diffusion model is
used on the field lines to simulate the drift-diffusive transport
of carriers from their absorption location to the avalanche
region.
Both models are tested by performing comparison with

experimental results on manufactured SPADs. Simulation
shows good agreement with characterization results, which
indicates that the models can be used to accurately predict
PDE and jitter tail with simulations.

APPENDIX
We report in this section the details of the numerical scheme
for the McIntyre model for avalanche breakdown probabil-
ity integration. We denote by U the solution vector to the
problem 1.
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A. NEWTON SCHEME
We set the following notations:

U(x) =
(
U1(x)
U2(x)

)

=
(
Pe(x)
Ph(x)

)

f (U, x) =
(

(1− U1(x))αe(U1(x)+ U2(x)− U1(x)U2(x))
−(1− U2(x))αh(U1(x)+ U2(x)− U1(x)U2(x))

)

The boundary conditions are given under the following form:

g(s1, s2) =
(
s1
s2

)

The problem (1 - 4) hence reads:
{
U′(x) = f (U, x)

g(U(0),U(w)) = 0

(12)

(13)

where the derivative on U is the element wise derivative of
the vector U, i.e., (U′(x))k = Uk(x)′.

A.1. FINITE DIFFERENCES APPROXIMATION

From a given field line, i.e., a list of three-dimensional points

Pi = (Px,Py,Pz)i, i ∈ [1, . . . ,N + 1]

one can construct the one dimensional line given by x1 = 0
and

xi+1 = xi +
∣
∣
∣

∣
∣
∣
−−−−−−→
Pi+1 − Pi

∣
∣
∣

∣
∣
∣, i ∈ [1, . . . ,N + 1].

Hence, the 1-dimensional mesh M on which the problem
is solved is:

M : 0 = x1 < x2 < x3 < · · · < xN < xN+1 = w

So that w is the total length of the field line. The
approximated solution on the mesh M is UM =
(u1, u2, . . . , uN, uN+1), where ui is the approximation
of U(xi).
For numerical approximation, we again consider the mesh

M and denote the vector of approximate solution values
at mesh points by UM. The trapezoidal scheme of finite
difference method is given by:

⎧
⎨

⎩

ui+1 − ui
hi

= 1

2
(f (xi+1, ui+1)+ f (xi, ui))

g(u1, uN+1) = 0

(14)

(15)

with i ∈ [1, . . . ,N] in equation (14).
Thus, we obtain a system of 2(N+1) algebraic equations

for the 2(N + 1) unknowns UM. Unlike before, though,
these equations are non-linear. The number N depends on
the precision we take when we construct the streamlines.
We commonly take a range from 1 nm to 10 nm for the
distance between to consecutive field line points, resulting
in N ∼ 5000.

The Jacobian matrix of this system is rather sparse,
which enables the use of a specialized sparse linear algebra
solver [31] that accelerates the computation of the solution.

A.2. NEWTON’S METHOD
We consider a system of equations, with unknown s, written
in the compact form:

F(s) = 0

We define a function G:

G(s) = s− [
F′(s)

]−1F(s)

with F′(s)−1 the inverse of the Jacobian matrix of F:

F′(s) = ∂F(s)
∂s

Then the Newton’s iterative method is given by:

sk+1 = G(sk)

So, the algorithm will first solve the linear system:

F′
(
sk

)
ξ = −F

(
sk

)
(16)

And then:

sk+1 = sk + ξ (17)

A.3. CONSTRUCTION OF THE LINEAR SYSTEM
Let NM be the following discrete differential operator:

NMui = ui+1 − ui
hi

− 1

2
(f (xi+1, ui+1)+ f (xi, ui))

Then

F(s) =

⎛

⎜
⎜
⎜
⎜
⎜
⎝

NMu1
NMu2

...

NMuN
g(u1, uN+1)

⎞

⎟
⎟
⎟
⎟
⎟
⎠

We set

ξ =

⎛

⎜
⎜
⎜
⎜
⎜
⎝

w1
w2
...

wN
wN+1

⎞

⎟
⎟
⎟
⎟
⎟
⎠

So that the Newton’s method iteration becomes:
wi+1 − wi

hi
− 1

2

[
A(xi+1)wi+1 + A(xi)wi

] = −NMuki

1 ≤ i ≤ N
Baw1 + BbwN+1 = −g

(
um1 , umN+1

)

where A is the following matrix:

A
(
xj

)
:= ∂f

∂u

(
xj, u

k
j

)

And with

Ba =
∂g

(
uk1, u

k
N+1

)

∂s1
, Bb =

∂g
(
uk1, u

k
N+1

)

∂s2
which here turns into:

Ba = 1, Bb = 1.
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