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ZEROES AND RATIONAL POINTS OF ANALYTIC FUNCTIONS

GEORGES COMTE AND YOSEF YOMDIN

December 16, 2017

ABSTRACT. For an analytic function f(z) = Y., axz" on a neighbourhood of
a closed disc D C C, we give assumptions, in terms of the Taylor coefficients ay
of f, under which the number of intersection points of the graph I'y of f|p and
algebraic curves of degree d is polynomially bounded in d. In particular, we show
these assumptions are satisfied for random power series, for some explicit classes of
lacunary series, and for solutions of algebraic differential equations with coefficients
and initial conditions in Q. As a consequence, for any function f in these families,
I'; has less than Slog® T rational points of height at most T', for some «, 5 > 0.
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1. INTRODUCTION

Let Dr C C be a closed disc, centred at the origin and of radius R, let f : Dr — C
be an analytic function on a neighbourhood of Dg, and for any d > 1, let us denote
by P, the subspace of polynomials of C[X,Y] of degree at most d. Assuming that
for any polynomial P € C[X,Y], P(z, f(z)) is not identically zero, or in other words,
that f is transcendental, the quantity

Zy(f) = sup #{z € Dg; P(z, f(2)) = 0},

This research was supported by the ISF, Grant No. 779/13, by FSMP and by ANR DEFIGEO.
The authors would like to thank University of Savoie Mont Blanc and the Weizmann Institute for
the hospitality during part of the research for this paper. The authors are very grateful to the
anonymous referee for its careful reading and for many insightful suggestions.
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(where zeroes are counted with multiplicity) is finite. The integer Zy(f) is also the
maximum number of intersection points between the graph I'y of f and algebraic
curves of degree at most d. Thus any bound of Z;(f) will be called in the sequel a
Bézout bound for f, since such a bound is called a Bézout bound in the case of proper
intersection of two algebraic curves. Moreover in the algebraic case a polynomial
bound in the degrees involved holds.

Bounding Z,(f) is very closely related to the study of “Doubling”, or “Bernstein
- type” inequalities for restrictions of polynomials P as above to the graph I'y of
f (see, for instance, [21, 37]). Through this connection, many methods and results
in Potential Theory, on one side, and in Approximation Theory, on the other side,
become relevant, starting with the basic results of [38, 39]. Still, we try to keep the
references to the minimum.

This article studies the growth of Z,(f), as d goes to infinity; more specifically, we
provide certain assumptions on the transcendental analytic function f, under which
f has, like in the algebraic case, a Bézout bound polynomial in d.

The asymptotic behaviour of Z;(f) as d goes to infinity was studied for different
classes of functions, with different tools. In fact, Z4(f) < oo generally holds when
f is definable in an o-minimal structure expanding the real field !. But in this very
general situation the behaviour of f with respect to algebraic curves of growing degree
is difficult to predict. In the analytic case, considered in the present paper, the
following observation is instructive: for any ¢ €]0, 1] there is analytic function f such
that for a sequence of degrees d going to infinity, Zy(f) > e (see, for instance, [31,
Example 7.5], [11] or [12], and inequality (5.0.4) of Remark 5.0.3 below). On the other
hand, one also knows that for any analytic function f, Z;(f) is bounded from above
by a polynomial in d of degree 2, for a certain sequence of degrees d going to infinity
(see [22, Theorem 1.1]|) and the asymptotic of this upper bound is best possible (see
for instance |21, Corollary 2.6|)

A polynomial in d Bézout bound for f(z) = e* was obtained in [13]. For entire
functions f of positive order (under some additional conditions) such bounds were
obtained in [21, 22] 2 and in [12, 16]. For the Riemann zeta function, and for some
other specific functions accurate polynomial bounds were obtained in [11, 30]. Very
recently, for solutions of certain types of algebraic differential equations, a polynomial
in d Bézout bound was obtained in [7].

Our approach to the problem of bounding Zy(f), for f(z) = >_,~, ax2", is based
on a detailed algebraic study of the Taylor coefficients a, of f. It follows a long
research line, starting with a classical work of Bautin (|2, 3]). Bautin’s discovery was
that for analytic families f\(z) = > po,vk(N)2", with A — a parameter ranging in
a finite dimensional space, and v(A) — polynomials in A, the number of zeroes can
be bounded in terms of the polynomial ideals I, = {vo(N),...,v.(A)} (the Bautin
ideals). This approach was further developed in many publications (see, for instance,
[15, 17, 24, 37, 45] and references therein). In particular, the case of linear families

INote that, on the opposite side, by [26], a polynomial Bézout bound for f does not imply that
f is polynomial or even definable in some o-minimal structure.

2 For the first time instances of analytic functions (with lacunary Taylor series at the origin)
having polynomial Bézout bound with prescribed growth were provided in [21, Corollary 6.2].
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(that is to say vy () is linear in ) where computations are reduced to linear algebra,
was considered in [44]. In the present paper we concentrate on linear families of the
form P(z, f(z)). Notice that some notions introduced below play important role also
in Hermite-Padé approximations (see, for instance, |1, 33], and references therein, and
Remark 3.2.9 below). We plan to present some instances of this important connection
separately.

We will consider polynomials P(z,y) = 3, icq Xi;j2'y’. In this case the parameter
vector A = (); ;) ranges in the space C™, with m = (d 4+ 1)* and we have

oo

f(z) = Pz, f(2)) = Y oe(N)2F,

k=0

with vy, () linear forms in the parameter A. The specific coefficients of v (\) can be
explicitly written through the Taylor coefficients ay of f (see Section 3 below). For
each k£ we can write
UQ(/\) )\1
: =My | ],

with a (k + 1) x m matrix M. We define the Bautin index b; = by(f) as the
minimal k for which the rank of My is equal to m, and call M,, = M,,(f) the d-th
Bautin matrix of f (see Definition 2.0.9). The Bautin index by is also the maximal,
with respect to A, multiplicity at 0 of f\(z) (see Proposition 2.0.3). Finally, we
denote by 64 = d4(f) > 0 the maximum of the absolute value of all non-zero minor
determinants of size m x m of the Bautin matrix M,,. In this way we associate to
each transcendental analytic function f(z) = Y ;7 axz®, two sequences (by)4>1, and
(64)a>1. For hypertranscendental f (that is when all the derivatives ), r > 0, are
algebraically independent) we also define a sequence of multiplicities (74)4>1 in the
following way (see also Definition 3.3.3).

Consider the Taylor expansion of f(z) = > ;2 ar(u)(z — u)* at points u near
the origin. Using these expansions we construct, as above, the square matrices
M, (u), m = (d+ 1) Assume that the determinants Ay(u) of M,,(u) do not vanish
identically in u, and let n4(f) be the multiplicity of zero of Ay(u) at u = 0. We then
have

Ag(u) = agu™ + O(u™*), with ay # 0.

The three sequences (d4), (bg), (n4) are defined algebraically, through a finite amount
(depending on d) of the Taylor coefficients a; of f, and they present natural tran-
scendence measures of f. In the present paper we investigate some basic properties
of these sequences, and their role in bounding Z;(f). All the three sequences can be
defined for formal power series f(z) with coefficients in an arbitrary field, although
here we work only with complex (or real) analytic functions on Dg.

The following are our main results:
(1) We bound Z,(f) in terms of by(f) and d4(f) > 0 (Proposition 2.0.11). In
particular, for by(f) < R(d), and §4(f) > e54 with R, S polynomials in d,
we have Z;(f) < T(d), with T also a polynomial in d.
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(2) If the Taylor coefficients a; of f are rational, we define h;(f) as the maximal
denominator of ay, k = 0,1,...,l. We bound from below ¢4 in terms of b; and
h,, (Proposition 3.2.7). In particular, for by(f) < R(d), and hy(f) < 5O, with
R and S polynomials, we show that dq(f) > e~V@  and hence Z,(f) < T(d),
with T, U also polynomials in d (Theorem 3.2.8). As an example, we show
that this is the case for solution of algebraic ODE’s with rational coefficients
and rational initial values (Theorem 3.5.3). This gives another proof of one of
results in [7].

(3) If the Taylor coefficients a; at 0 of a hypertranscendental function f are ra-
tional and satisfy hi(f) < €5®, with S polynomial, and if there exists a
polynomial R such that n; < R(d), d > 1, then we show that Z,(f) < T'(d),
with 7" also polynomial. (Theorem 3.3.4).

(4) We consider a class of lacunary series f, similar to the one considered in
[20].  We show that for this class the Bautin index by(f) can be explicitly
estimated, as well as the Bautin matrices and the determinants d4(f). On this
base we obtain examples of both polynomial and non-polynomial growth of
Z4(f) (Theorem 3.4.5).

(5) Clearly, for a series f with random Taylor coefficients ay, the square Bautin
matrices M,,(u), m = (d + 1)* are non-degenerate. Hence by(f) = m =
(d + 1)*>. We show that with probability one the determinants A, of these
matrices satisfy Ay > e"Y(@ (Theorem 4.0.2), and therefore Z,(f) < T(d),
with T, U polynomials in d (Corollary 4.0.3).

(6) Analytic functions on compact domains with polynomial Bézout bounds have
the following remarkable Diophantine property: the number of rational points
of height < T in their graph is bounded by a power of logT. It means that
they have few rational points of given height, since a sharp upper bound for
this number, for analytic functions, is in C.T¢, for any € > 0. Therefore
our assumptions also provide families of transcendental sets with few rational
points, as explained in Section 5 (see Theorem 5.0.2).

The paper is organized as follows. In section 2 we consider general linear families
fr, we introduce the definitions used throughout the paper, and we give a general
bound for Z;(f) in terms of the Bautin index and the determinant . In section 3
we prove the results (1) to (4). In section 4 we prove (5). Finally in Section 5 we
give direct Diophantine applications of our analytic Bézout theorems, as mentioned
in (6).

2. LINEAR FAMILIES OF ANALYTIC FUNCTIONS

The beginning of this Section is based on [11].
Let us denote by Dpg the disc {z € C,|z| < R}, let ¢ : (Dg,0) — (C",0) be an
analytic curve, and let

(2.0.1) P(t) = Zakzk, ap € C",
k=1
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be the Taylor expansion of ¢ at 0 € C. We assume that the series (2.0.1) converges
in a neighbourhood of the disk Dr = {z € C, |z| < R}, and that ||1)(t)|| < A for any
z € DR.

For A = (A, ..., \p) € C™, let

Q)\ = Z AZQ%
i=1
with Q; : (2,0) = C, j = 1,...,m, analytic functions in a neighbourhood 2 of the
polydisc of C" of radius A, and bounded there by B.
In what follows we are interested in linear families of analytic functions of the form

(2.0.2) Az) = Qa((2) = Z XiQi(¥(2)).
Write )
(2.0.3) Qi(¥(2)) = 6.2

By our assumptions Q;(¢(z)) < B on Dg, i = 1,...,m. Hence, by Cauchy’s esti-
mates, we have

; B
(2.0.4) ler] < T
For the Taylor development of the linear family f\ we have

(2.0.5) faz) =) o(N)2F, u(N) = Zcpi.

Thus the coefficients vi(A) of the series (2.0.5) are linear forms in A and by (2.0.4),
for any k

mB|\|
(2.0.6) lue(A)] < TR
where [A| = max{|\{|,...,|\n|}-
Now we associate to the family f\ an integer b = b(fy). Let, for i € N, L; C C™ be
the linear subspace of C™ defined by the equations vg(A) = ... = v;(A) = 0. We have

LoDLiD...L;D....
Hence on a certain step b this sequence stabilizes
Ly 2Ly =Ly =---=L.
Note that A € L, <= v,(\) =0, for k =0,1,...
Definition 2.0.1. We call this number b the Bautin index of the family fy (see |2, 3]).

Remark 2.0.2. Of course the dimension of the subspaces L; C C™, ¢ € N, is at most
m and if z — f)(2) is not identically zero for all A, dim(L;) < m—1. More accurately,
if we assume that for A # 0 the function f(¢) does not vanish identically, then we
have L, = {0}. But the dimension of L; can drop at most by one at each step, thus
necessarily in this situation b > m—1. This will be the case if f(z) is a transcendental
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function for the family of polynomials of degree at most d, that is for (z) = (z, f(z))
and Q;; = X'Y7 with i,j < d, a classical case mainly considered in the following
sections.

On the other hand the Bautin index may be as big as wished. In general one cannot
explicitly find the Bautin index of fy, since the moments, when the dimension of L;
drops, are usually difficult to determine.

A first characterization of the Bautin index of the family f, is the following.

Proposition 2.0.3. Let us assume that for A # 0 the function z — f\(z) is not
wdentically zero, and let us denote by p the maximal multiplicity, with respect to the
parameters X # 0, of the Taylor series at the origin of f\(z). Then p="0.

Proof. There exists a parameter A such that fy(z) has multiplicity u, that is such
that

@) = 0 (N2 + v (V) 4
with v,(A) # 0. Therefore A € L,_y \ L,. It follows that L, G L,_1, and b > p.

On the other hand, since no parameter A # 0 can cancel vy, ..., v, in the same time,
L,={0}=1L,41 =---, and thus b < p. O
Remark 2.0.4. The system vy(A) = -+ = v,,_2(A\) = 0, with m parameters, always

having a non-zero solution, one sees that the maximal multiplicity of f) is at least
m — 1. Proposition 2.0.3 then implies that b > m — 1, that was already noted in
Remark 2.0.2.

Remark 2.0.5. Under the assumption that for A # 0 the function z — fy(z) is not
identically zero, and counting zeroes with multiplicity, from Proposition 2.0.3 one
observes that

lim max#{z € D,, fA(z) =0} > 0.

r—0 A£0

We give hereafter in Theorem 2.0.7 more accurate relations between the Bautin index
and the number of zeroes of the family f,, showing in particular that the above
inequality is an equality.

Since L is defined by vg(A) = - - - = vp(\) = 0, any linear form ¢()\), which vanishes
on L, can be expressed as a linear combination of vy, . .., v,. Now a basis (v;,, ..., v;,),
i1,...,1, € {0,...,b}, of the space of linear forms vanishing on L being chosen among
the elements of the family (vo,...,v,), there exists a constant ¢ > 0, depending on
this basis, such that for any ¢ with £, = 0, we have

207) ) =Y oV, wy €C, and || <t j=1,....0
j=1

where for £(A) = > oA, ||| = max; |ay).

Notation 2.0.6. We denote by ¢ = ¢(fy) > 0 the minimum of the constants ¢ satisfying
(2.0.7).
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An effective estimation of ¢ is difficult, in general. However, if the Bautin index
b(fy) is known, ¢(f)) can be estimated via a finite computation in terms of the Taylor
coefficients of ¢ and of @Q); (see Proposition 2.0.11 below).

Now let a family f) be given, and let the Bautin index b( f) and the constant ¢(f))
of this family be defined as above.

Theorem 2.0.7. Zeroes being counted with multiplicity, we have the following uni-
form bounds with respect to the parameter X, when f\ Z 0.

(1) The mazimal number of zeroes of fy in the disk D% 15 at most
B, .
5blog (4 + 2¢(b+ 1)ﬁ) if R <1,

and 5blog (4+ 2¢(b+1)B) if R > 1,
(2) This maximal number of zeroes of fy is at most b in D,, where
R
e!®+2 max(2, ¢(b+ 1) Bmax(,1)")

Proof. For any A € C™, and for any 7 > b+ 1, by the definition of ¢ and from the
bound (2.0.4) (see Theorem 1.1 of [11] and the last inequality in its proof), we have

p:

(2.0.8) lv; (MR < c(b+1)B maX(}%, 1)° 'Héaxb|vi()\)|Ri.

.....

Then, the bounds to prove on the number of zeroes are consequences of (2.0.8) and
[37, Lemma 2.2.1, Theorem 2.1.3]. O

Remark 2.0.8. Note that under the assumption that for A # 0 the function z — f)(z)
is not identically zero, and counting zeroes with multiplicity, from Theorem 2.0.7 and
Remark 2.0.5 one has

lim max#{z € D,, fA(z) =0} = 0.

=0 A£0

This infinitesimal maximal number of zeroes is called the cyclicity of Q)5 on ) (see
[44]).-

In what follows we develop explicit bounds on the number of zeroes of fy in D R in

terms of the coefficients i, withi =1,...,m, k=0,...,b, i.e., ultimately, in terms
of the Taylor coefficients of ¥ and of @); up to the order b. By Theorem 2.0.7, this
amounts bounding the constant ¢(f)) introduced in Notation 2.0.6. Note also that
such a bound is given by a bound on the coefficients p;, . .., pt, of the system (2.0.7),
since in this system one can consider only linear forms ¢ of norm 1. Let us denote
the dimension of the stabilized subspace L = L, by s = m — o (< m —1). All the
information we need, as we will see, is encoded in the rank o matrix M = (ci), k =
0,...,b, i =1,...,m, with b+ 1 lines and m columns. With our notation, M = M,
is defined by

’U()()\) )\1

: =M, | :
Ub()\) /\m
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Definition 2.0.9. With the above notation, the (b+1) x m matrix M = M, is called
the Bautin matrix of the family f,. The matrix M, is the matrix of the linear map A
sending elements of the vector space Q spanned by the analytic functions @1, ..., Qn,
(assumed to be linearly independent) to the space of b-jets at the origin of analytic
functions. The map A is the composition of the linear maps A : Q — C{z} sending
Qx to fr with the linear map j§ : C{z} — C"*! of b-jets at the origin, b being the

first order of jets at the origin such that dim(j4(A(Q)) = dim(A(Q)).

Notation 2.0.10. We will denote by ¢ > 0 the maximum of the absolute value of all
non-zero minor determinants of size o X o of the Bautin matrix M.

Proposition 2.0.11. Let f) be given as above. Then

(By/a)! L o
c(fA)SUW, where =0 if R<1 and 5_5 if R > 1.
In turn, in the disk Dr, the mazimal number Z(fy) of zeroes of the family fx, with

4
respect to the parameter A\, satisfies

2(£) < Sblog(a-+ 200+ 1)v7 LYy i r <1,

and Z(f\) < 5blog(4+2(b+ 1)\/3;}3;;—\{;;_)1)) if R>1,
Proof. Let M be a submatrix of M of size ¢ x o, with the absolute value of the
determinant equal to §, according to notation 2.0.10. M is obtained from M by the
choice of the lines i1 < --- < i, of M (corresponding to the choice (v;,,...,v;,) for a
basis of the space of linear forms cancelling on L), and the choice of certain o columns,
say, the first o columns in M. When ||/|| <1, (2.0.7) gives the linear system

aq 1
— N
ao’ MO’
with o] <1, j=1,...,0. Therefore, by the Cramer rule, each s, satisfies
ob
2.0.9) il <%,

where 4 is the maximum of the absolute values of (¢ — 1) x (o — 1) sub-minors of M.
Next, by (2.0.4), we have

i B B .
|Cij|§ Ri]’ Sﬁ lfRSl
d\"|<B< fR>1
and |c . — 1
YT Ry TR -

Consequently, the length of the j-th row-vectors in (¢ — 1) x (0 — 1) sub-minors of
M does not exceed
Byo—1 Byo—1
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Interpreting the determinant as the volume of the span of its row-vectors, we conclude
that

_ (BVa— 1 _ (Byo) !

cd <o oD <c oD HTR<1
. B [~ 1 o—1 B o—1
and 05§U( (Z ) _(T< YE) if R>1.
Ri(a_l) RS o—1)
This bound, combined with (2.0.9) and Theorem 2.0.7, completes the proof of Propo-
sition 2.0.11. O

Remark 2.0.12. From the beginning of this section, we have assumed that the analytic
map ) is defined on a disc centred at the origin and that ¥(0) = 0. This choice is
harmless since, in case v is defined on a ball centred at a, one can consider ¢(z) =
¥(z+ a) — ¥(a) and the bounds given in Theorem 2.0.7 and Proposition 2.0.11 for ¢
and the family Q;(w + v (a)) are the same bounds for ¢ and the family @;(w) when
Taylor series are considered at a instead of 0.

Remark 2.0.13. A classical application of bounds given in Proposition 2.0.11 is for
analytic plane curves ¥(z) = (z, f(z)) and the family @Q;(X,Y) of two variables
monomials of total degree at most some integer d. In this case we consider that
f is given by its Taylor series at the origin and that this series converges on the disc
Dpg of radius R and centred at the origin, by Remark 2.0.12. The curve (z) is the
standard parametrization of the graph of f. In this setting we will provide bounds for
the number of zeroes of Py(z, f(z)) on Dy that are uniform with respect to coefficients
of polynomials P; of degree at most d. Now note that in this situation one can only
consider functions f that are bounded by 1 on Dpg, since a uniform bound on the
number of zeroes of Py(z, + f(z)), where N bounds f(z) on Dp, provides a uniform
bound on the number of zeroes of Py(z, f(z)). In the same way one can as well assume
for simplicity that f is analytic on the unit disc, up to applying the bounds provided
by Proposition 2.0.11 to the new function g(z) = f(Rz), since a uniform bound on the
zeroes of Py(w, g(w)) on Dy is a uniform bound on the zeroes of P;(z, f(z)) on Dg. Of
course the same rescaling effects apply in the same way for the family X*Y7 4, j < d,
of two variables monomials. Nevertheless those reductions are not always possible for
any family of analytic functions ); and for any analytic curve 9.

Finally when one restricts to analytic functions bounded by 1 on D; and for the
family Q;; = X'Y7, i+ j < d or for the family X*V7 4,5 < d of two variables
monomials, one can take 1 for B as bound for Q;;(z, f(z)) on D;y. Note that in this
case, from Proposition 2.0.11 we deduce the following statement.

Corollary 2.0.14. Let f\ be given as above with R = 1 and B = 1, then in the
disk Di the mazimal number Z(f\) of zeroes of the family f\, with respect to the

parameters \, satisfies

ologo

Z(fr) <bblog(4+2(b+1)

).

Proof. After taking B = 1 and R = 1 in the last inequality of Proposition 2.0.11,
observe that \/EU+1 — elotl)zlogo < pologo -



ZEROES AND RATIONAL POINTS OF ANALYTIC FUNCTIONS 10

3. BEZOUT BOUNDS FOR TRANSCENDENTAL ANALYTIC CURVES

3.1. Families of polynomials. From now on we consider the classical case of the
family of polynomials with degree at most a fixed integer d. That is to say, for a
given analytic function f : (D,0) — (C,0)

we want to bound the number of zeroes of Py(z, f(2)), for P; a two variables
polynomial of degree at most d. Considering Remarks 2.0.12 and 2.0.13, for simplicity
we assume that f sends 0 to 0, is given by its converging Taylor series on the unit
disc Dy, and is bounded by 1 on D;.

In fact, we consider the problem in the following (essentially equivalent) form
give a bound for

3.

Z4(f) = max #{z €D ij =0}

p; €Clz],deg p; <d

for some disc D C D; centred at the origin. Denoting p;(z) = Z?:o Ajiz', the sum
Z] 0P;(2)17(2) has the form > o<ij<a Xii? T (2)-

With the notation of Section 2, we have to consider the family of monomials Q; ; =
X7 i, < d, and the analytic function ¥(z) = (2, f(z2)), therefore here the number
of parameters is m = (d + 1)?. Let us denote by Q, the vector space spanned by
the monomials Q;; = X'Y7, i,j < d. In order to guarantee Z,(f) < oo for any
d as soon as some p; is not zero, we assume that f is transcendental, that is no
non-zero polynomial restricted to the graph of f vanishes identically. By Remark
2.0.2, the Bautin index b = by of this family satisfies b > m — 1 = d? + 2d and
the corresponding Bautin matrix M = M, has at least m = (d + 1)? lines (and
exactly m columns). Furthermore the dimension s of the space L; is 0 and therefore
the dimension o of the space generated by wvy,...,v, is m. The matrix M is the
matrix of the linear map A : Q4 — C’*! (in the basis of monomials) sending an
element P(X,Y) € Q4 to the b-jet jo(P(z, f(z)) at the origin of the analytic map
P(z, f(2)), and, with the notation of Definition 2.0.9, b is the first index of jets such

that dim(j3(A(Q,))) = dim(A(Qu)) = (d + 1)2

Notation 3.1.1. For i,j € N, we denote by af the ith Taylor coefficient at the origin
of the jth power f7 of f. Namely, a! = %(fj)(l)(O)

With this notation, a direct computation shows that

3 The family X2 f1(2) considered here presents the advantage to have a slightly more
0<i,5<d ™I,
symmetric Bautin matrix then the family >, ;\;2 {fi(z). Of course one can easily deduce the
Bautin matrix of the second family from the Bautln matrix of the first family, and the problem
could be considered only for the family 37, ;. ;A;ji2" f7(2) as well. In particular note that Zy(f) <
Z4(f) < Zs4(f), and therefore a polynomial bound for the maximal number of zeroes of one family
gives rise to a polynomial bound for the maximal number of zeroes of the other family.
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10— 0 a o — 0 ad o — O
1 1 d
0 0 adTI a[il_2 01 adgl Od
M=10 1 (lzd adfl a(l) 3d ag
0 0 a4y, aq a1 Qg1 ay
1 1 1 d d d
00 0 a a5, ay—q ap  Gpq ay—q

By Corollary 2.0.14 any non-zero minor determinant of size m x m of M will provide
a bound for Z,4(f) on Di’ since in Corollary 2.0.14, § is the maximum of all non-zero
minor determinants of size m x m of M. But such a minor has to contain the first
d + 1 lines of M, as well as the last line. One sees that the absolute value A of any
non-zero determinant of (d? 4+ d) x (d? + d) minor of the following matrix

1 1 d d
g1 —— Q- Qgqg —
(3.1.1) M =
al% - aéfd al‘f — Qpg

provides on D% the Bézout bound
62(d+1)2 log(d+1)

(3.1.2) Z4(f) < Bblog(4+2(b+ 1) —

3.2. Bézout bound through the transcendence index. We start this subsection
by the following definition of a notion of measure of the local transcendence of an
analytic transcendental function.

Definition 3.2.1. For a transcendental analytic function f : D; — C and for any
d > 1 the d-th transcendence index vy of f is the maximal (with respect to all non-
zero polynomials P, € P,;) multiplicity at 0 of the function g(z) = Py(z, f(2)). The
non-decreasing sequence v(f) = (v4,...,vy,...) is called the transcendence sequence

of f.

Remark 3.2.2. The d-th transcendence index measures the maximal order of contact
at the origin between the graph of f and algebraic curves of degree at most d. The
higher this index is, the less f seems transcendental, since infinite v, means that f is
algebraic.

Remark 3.2.3. As already observed in Proposition 2.0.3, v4 is the Bautin index of the
linear family associated to f and the monomials X*Y” of degree i+ j at most d. Since
the number of monomials in two variables of degree at most d is (d + 1)(d +2)/2, by
Remark 2.0.2, vy > (d? + 3d)/2 always.
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Remark 3.2.4. Using the notation b, as in the beginning of section 3, for the Bautin
index of the family Zogjgdpj(z)fj(z), with degp; < d, one has by Proposition 2.0.3
that b = u, where p is the maximal multiplicity, with respect to the coefficients of the
polynomials p;, of this family. Therefore one gets vy < b = 1 < vyq. In particular,
inequality (3.1.2) gives the following proposition.

Proposition 3.2.5. Let f : D; — C be a transcendental analytic function with
transcendence sequence (Vq)q>1, then on D

e2(d+1)210g(d+1)
B —
where A is the absolute value of a certain non-zero minor determinant of size (d* +
d) x (d*> +d) of the matriz M defined at (3.1.1).
mg

Now we assume that f(z) = > ;- axz" has rational Taylor coefficients aj, = o,
with the greatest common divisor my A pp of my, pr equal to 1 and p, > 0, and let us
introduce the following notation.

Notation 3.2.6. For any [ > 1, let hy = max{py; k= 1,...,1}.

Under this assumption we can bound from below the non-zero determinant of the
(d*> + d) x (d* + d) minors of M, in terms of the transcendence index vy4 and the
height bound h

Proposition 3.2.7. For f as above and for A the absolute value of a non-zero minor
determinant of size (d*> +d) x (d* +d) of M we have

A > =P+

V24

Zd(f) S 5V2d log(4 + 2<V2d + 1)

V2a -

Proof. For simplicity write h for h,,, and v for vyy. Using the notation of 3.1.1,
write the coeflicients a,{:, k < v, as rational numbers having the same denominator
D, this common denominator being at most h”. Next we write the coefficients ag , for
1<j<d, 1<1i<v, asrational numbers having the same denominator D¢. Indeed,
al are sums of the products aj, - ~a}j, i1 + - +1; = 1, with j < d. Therefore the

determinant of a (d® + d) x (d? 4+ d) minor of M can be written as a rational number

having for denominator
Dd2(d+1) < th(d+1)u'

But then such a non-zero determinant cannot be smaller in absolute value than
h—dQ(d—&-l)V. ]

An important special case is when there exist polynomials R(d) and S(d), with
positive coefficients, such that
(3.2.1) vy < R(d), hy <&V d1>1
Under this condition we can guarantee that Z;(f) grows at most polynomially in d.

Theorem 3.2.8. Assume that f has rational Taylor coefficients at the origin, and
that the growth conditions (3.2.1) are satisfied. Then on D

Z4(f) < T(d),

for a certain polynomial T .



ZEROES AND RATIONAL POINTS OF ANALYTIC FUNCTIONS 13

Proof. Under condition (3.2.1) and by Proposition 3.2.7, since S is an increasing
function, we have

1 < R < S(R(2d)d(d+1)R(2d)
A — V24

Now by Proposition 3.2.5, on D 1, we easily have for instance

= V@,

Z4(f) < 5R(2d) log(4 + 2(R(2d) + 1)+ leeld1) U(d)

d) +
< 5R(2d) log(4R(2d)e2@ 1)’ V(@)

< 10R?*(2d) + 10R(2d)(2(d + ) +U(d))
O

Remark 3.2.9. Producing instances of Taylor series f(z) = Y, -, arz" converging on
D;, with rational coefficients a;, having denominators bounded from above by %),
where S is a certain polynomial, is easy. Nevertheless the second assumption of
Theorem 3.2.8, concerning the growth of the transcendence sequence of f, is more
difficult to control. A polynomial bound v4(f) < R(d) is known for solutions of some
classes of algebraic ODE’s (see [0, 25, 32, 31]). We expect such a bound to hold for
Taylor series produced by some natural classes of recurrence relations. In Section 3.4
we give conditions on lacunarity of the series f that allow estimates of the growth of
v4(f). In general, we consider bounding of the growth of the transcendence sequence
of f as an important open question.

If we consider polynomials P(z,y) = p1(2)y+po(z) of degree 1 in y, with py(2), p1(2)
of degree d in z, we are in the framework of the classical Padé approximation. In
this case the sequence of maximal multiplicities g = pq(f) of g(z) = P(z, f(2)) =
p1(2) f(2) +po(2) has the following remarkable description (see, for instance, [33]): let

1

f(Z): ) degQZ:Sb l:1727"‘7
C_h(z) + q2(21)+...

be a continued fraction representation of the series f(z). Then pg = s34+ 8o+ -+ sq.

For polynomials P(z,y) = po(z) of degree 0 in y the behavior of uy was studied in
[24], in particular, it was related there to linear non-autonomous recurrence relations
for the Taylor coefficients of f.

3.3. Bézout bound through the Bautin multiplicity. In the previous section
3.2, in Proposition 3.2.7, some minors of the matrix M were bounded from below, in
terms of the transcendence index 154 and the height bound h,,,. On this base, on
D, Z,(f) was bounded from above by a polynomial in d (see Theorem 3.2.8), under
the condition that the sequences (v4)4>1 and (log hg)g>1 are polynomially bounded.

A special case in which the transcendence index (or thanks to the double inequality
of Remark 3.2.4, in which the Bautin index b itself of the family Z;l:o p;if7,degp; < d)
is polynomially bounded is the case that b is minimal, that is equal to d? + 2d. In
this case the matrix M of (3.1.1) is an invertible square matrix of size d? + d with the
same determinant as the Bautin matrix M.
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Notation 3.3.1. Being zero or not, let us call this (d* + d) x (d*> + d) determinant the
Bautin determinant of the family Z?:o p;f?,degp; < d, and let us denote it by A,.

So far the study has been done by looking at Taylor series at the origin. Let us
now allow Taylor expansions of f at points z near the origin. In this situation, the
Bautin matrix M, as well as its submatrix M, have entries o’ ( ) that are analytic
functions in the Varlable z. To emphasize thls dependency, we adopt the notation
M(z) and Ag(z) (and keep the notation M and Ay for z = 0). We shall assume that
for each degree d the Bautin determinant A4(z), as a function of z, does not vanish
identically. This is in particular true when f(z) is a hypertranscendental function,
i.e. all the derivatives are algebraically independent. In this situation, for a generic
base point z, Ay(z) # 0, vg(z) < d?+2d, and therefore the transcendence index vy(z)
is polynomially bounded. The study of section 3.2 could then be done by shifting the
origin at some generic point z, however in this translation one loses the control on
the rationality of the coefficients of the Taylor expansion of f, an assumption that is
necessary to formulate at some fixed point (namely the origin, for simplicity), since
this assumption makes no sense at generic points z. Nevertheless, still in the case
that Ay(z) does not vanish identically, one can use the following dichotomy:

- when A4(0) # 0, as just observed, we are in particular in the frame of Section 3.2
where vy is polynomially bounded (by d? + 2d),

- when Ay(0) = 0, we can expand Ay(z) as a non-zero Taylor series in z at the
origin and study the multiplicity of this expansion with respect to d. We will see in
Theorem 3.3.4 that when the sequence of these multiplicities has at most a polynomial
growth, then a Bézout bound for f is still possible.

Remark 3.3.2. This dichotomy means that when some transversality defect for f is
quantitatively well controlled (through the multiplicity of Ay(z)), then a good zero-
counting bound is possible, and for instance, in turn, a good bound for the density of
rational points of bounded height in the graph of f will also be possible (see Theorem
5.0.2).

Definition 3.3.3. For any d > 1, the d-th Bautin multiplicity ng of f is the multi-
plicity at 0 of the Bautin determinant A,(z), considered as an analytic function of z.
The sequence n(f) = (14)a>1 is called the Bautin multiplicity sequence of f.

In brief, for each d > 1, we can write
Ad(2> = adz"d -+ O(an+1>, with g 7£ 0.

Theorem 3.3.4. Assume that f : Dy — C is an analytic function with rational
Taylor coefficients at the origin satisfying the growth condition (3.2.1) and such that
there exists a polynomial R with ng < R(d), for d > 1. Then on D%

Zy(f) < T(a),
for a certain polynomial T

Proof. The Bautin matrix of Definition 2.0.9 is the matrix of size (d+1)2, in the base

of monomials of Qy, of the linear map A : Q4 — (C{z})@*+D? sending a polynomial
to the vector of the first (d + 1)? derivatives (P(z, f(2))9) /4! of P(z, f(2)). For a
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given polynomial P € Qg , such that the multiplicity at the origin of P(z, f(2)) is
maximal, and therefore is the Bautin index b, of f for the family of monomials of Q,
one can write by = d? + 2d + r, with r > 0. Then the multiplicity at the origin of
the first (d + 1)? derivatives of P(z, f(z)) is bigger than 7. Now writing the Bautin
matrix in a basis of Qg starting with P, the elements of the first column of this matrix
have multiplicity at least r. It follows that the Bautin determinant Ay(z) itself has
multiplicity at least » = by — d? — 2d, and therefore ng > by — d?> — 2d > vy — d? — 2d.
As a conclusion, when 7y is polynomially bounded, v, is polynomially bounded as
well. The existence of the polynomial 7" then follows from Theorem 3.2.8. U

Remark 3.3.5. The function A,(z) is a polynomial with coefficients in Z in the vari-
ables ai(2),...,a42,4(2) and with degree w. Indeed, the entries of M are the
functions az, withi=1,...,d*+d, j=1,...,d, and a{ is a sum of products of type
Qg+ Q5 1+ - + 45 = 1. The Bautin multiplicity g therefore measures the degree
of cancellation allowed by the polynomial A, applied on the d? + d first derivatives of
f. This simple observation suggests to introduce, for an hypertranscendental analytic
function f : D; — C, the notion of polynomial hypertranscendence, defined by the
existence of polynomials A, B € R[X]| with positive coefficients, such that for any
d € N, for any polynomial P € Z[Xy, ..., Xa], with degree < d, the multiplicity
of P(f(()lz), fll(f), ey f(z(:;;!(z)) at the origin is bounded by B(d). This notion of strong
hypertranscendence, relevant by itself, is motivated here by the remark that since
there exists p € N such that d* + d < d? and Al A(dP), we have ny < B(dP) for

2
such a function.

3.4. Lacunary series. The aim of this section is to give concrete instances of series
f satisfying polynomial growth condition for the transcendence sequence (v4)g>1 con-
sidered in (3.2.1), and thus having a polynomial Bézout bound. For this we focus on
lacunary series for which the computation of a bound for the transcendence sequence
(Va)a>1 is possible. This case has been considered in [21, Theorem 6.1], where a family
of analytic functions with Z,(f) having prescribed growth is given. Our conditions,
being more flexible, improve on these earlier conditions (see Remark 3.4.7).

We begin with the following remark which improves on the estimates of Propositions
3.2.7 and 3.2.8, in case of lacunary series.

Remark 3.4.1. Assume that the Taylor coefficients of the series f are rational num-
bers and denote by 6; the amount of those non-zero coefficients among ay, .. ., a,,.
Then, with exactly the same proofs adapted to this notation, Proposition 3.2.7 and
Theorem 3.2.8 may be formulated as follows: the absolute value A of a non-zero

minor determinant of size (d> + d) x (d? + d) of M satisfies A > h;j(dﬂ)g“, and
consequently when there exist polynomials R and S such that 0; < R(d), hg < e° (@)
one gets Z,(f) < T(d)vaqlog vy, for some polynomial T

Now in order to estimate the growth of the transcendence sequence (v4)4>1, let us
assume that the lacunarity of the series f is quantitatively controlled by the following



ZEROES AND RATIONAL POINTS OF ANALYTIC FUNCTIONS 16

condition
(3.4.1) f(z) = Zakz”k, ar # 0 and for any k> 1, ngyq > na.
k=1

Note that in what follows no assumption is made on the rationality of the Taylor
coefficients of f. We assume that f is analytic on D; and bounded there by 1.

Lemma 3.4.2. Under condition (3.4.1), for any l > 1 and for any m,j € [0,n;41 —
1], the series 2™ f7(z) contains the non-zero monomial (ayy 1)’ 2™+ 7™ and no other
monomials with degree in |jn; 1 + m, nya|.

Proof. For j = 0 the series 2™ f7(z) is the monomial 2™ and thus is of the required
from. Now for j > 1, write f(2) as the sum f(2) = fii1(2) + fie1(2), with fipi(2) =
T age™, and fii(z) = > i k2™ . The monomial (aj41)” 2™+ has the highest
degree among the monomials of the series f7(z) which come from the terms in flj—i-l
On the other hand, all other monomials in f7(z) which come from the products of
terms in f1,1(z) and in f,1(z), have degree at least n;1o. The terms of the series
2™ f(2) are the terms of f7(z) shifted by m and therefore for m, j < n;,; we have

Jrupr +m < (g — gy + 0 — 1 = nz2+1 — 1 < nyyo,
since by condition (3.4.1), ny4o > nf 4. O

Proposition 3.4.3. Under condition (3.4.1), for any | > 1 and for any d in the
interval [ng, ni41 — 1] we have

2
M1 S Vg Sy — 1 <mygo.

Proof. First of all, for [ > 1 and d > n;, we have v4 > v,,, > n;44, since for the polyno-
mial P(z,y) =y — .h_, axz™ of degree ny, the function P(z, f(z)) = PRI
has multiplicity n;4, at the origin.

Let now Py(z,y) = pa(2)y® + -+ + p1(2)y + po(z) be a polynomial of degree d <
n;41 — 1 and let us prove that the multiplicity of Py(z, f(z)) at the origin is at most
ni., — 1; this will prove that vy < nj, ; —1 < nipo.

Denote by s < d the highest degree of y in Py(z,y) for which the polynomial p4(z)
is not identically zero, and let us write py(2) = az” + bax" ' + --- | r < d, with
a # 0. By Lemma 3.4.2, the summand ax” f*(z) in Py(z, f(z)) contains the monomial
v = a(ap1)%2""+1 77, Let us show that this monomial cannot cancel with any other
monomial in Py(z, f(z)), because, if it is the case, since for s,r < d < n;4q, we have

2
sy + 1 < (g — D+ — 1 <mjy < myggo,

it will finish the proof. As just noticed, since sn;1+r < n;i9, the monomial v can can-
cel only with the monomials coming from the truncated series f;;1(z) = f,:;ll apz"*
introduced in the proof of Lemma 3.4.2, since f(z) — fit1(2) = > 0, 0 ax2™. But
on one hand v cannot cancel with any monomial in p,(2)f?(2), and on the other
hand, for any ¢ < s, the monomials in f9(z), ¢ < s, coming from the truncated
series f111(2), have degree at most gn;;. Hence the highest degree of monomials in
Pq(2) fi1(2) can be qniyy +d < (¢ + 1)ngy1 < snygyq + 7. As announced, we conclude
that v cannot cancel with any other monomial in Py(z, f(z)). O
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Lemma 3.4.2 does not only let us bound the terms of the sequence v like in Proposi-
tion 3.4.3, it also lets us compute some (d+1)? x (d+1)? non-zero minor determinant
in the Bautin matrix M (up to allowing more than b + 1 rows in M).

Proposition 3.4.4. Under condition (3.4.1), for anyl > 1, for any d € [n;,n1—1],
there exists a (d+1)? x (d+ 1) minor in M (up to allowing more than b+ 1 rows in
the definition of the Bautin matriz M ) with non-zero determinant A = (axl+1)%d(d+1)2.
For d = nyy1 — 1 this determinant is the upper square (d+ 1) x (d +1)? minor of the

Bautin matriz M.

Proof. Let us fix [ > 1, and d € [n;,n;41 — 1]. Then for any j = 0,...,d by Lemma
3.4.2, we have in M a lower-triangular square (d+1) x (d+1) block M; corresponding
to lines ranging from jn; 1 to jn;.1 + d and columns ranging from j(d + 1) to (j +
1)(d+1) — 1 in M, and M; has for entries (a;41)’ on its main diagonal. Note that
dn;y1 + d may be bigger than b+ 1, so we maybe have to consider a matrix having
more lines then the Bautin matrix M, which is harmless.

Now, if we drop from M all the lines which are not in M; for some j = 0,...,d,
we obtain a (d+ 1)% x (d+ 1)? minor M’ which is lower triangular and has the blocks
M;, j=0,...,d, on its main diagonal. Hence its determinant A is (al+1)%d(d+l)2.

For d equal to its maximal value 7,41 — 1 each line of M belongs to one block M;,
and hence M’ coincides with the upper square (d+ 1) x (d+ 1)? minor of the Bautin
matrix M. 0]

So far, in condition (3.4.1) we have required that the lacunarity of the series f(z) =
> re  agz™ is big enough. We now require in addition that the lacunarity of f is not
too big, in the following condition

(3.4.2) There exists ¢ > 2, such that for any & > 1, ni < Np1 < 0.
Under this assumption we can now show that f has a polynomial Bézout bound on
D:.

4
Theorem 3.4.5. Under condition (3.4.2), the transcendence sequence vy grows at
most polynomially in d. More accurately we have

va(f) < d?.

If, in addition, for a certain fized p > 0, and for any k > 1 we have |ay| > e~ ", then
on D1
4

Z4(f) < 10(2d)7 (1 + qd® + 5dP7+3).

Proof. Let the degree d > 1 be given and let [ be such that d € [n;,n; — 1]. By
Proposition 3.4.3 we have

va < ig < ()T < d7

Now by Proposition 3.4.4 we obtain the existence of some (d + 1)? x (d + 1)? minor
in M with non-zero determinant A, such that

1 1
A = fa |24 > exp(—5d(d +1)°nf, )
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1 1
> exp(—éd(d +1)*nf?) > exp(—id‘”’*l(d +1)%).

Now by Proposition 3.2.5,

1
Zd(f) < Dy log(4 + %62&”1)3)

< (2d)q2510g(4 + ((2d)q2 + 1)e%d‘w“(d+1)2+2(d+1)3)‘

Since for instance, 1+ (2d)7" < €24, 1dm+1(d + 1)2 4+ 2(d + 1) < 5dP7+1(d + 1)% <
10dPi+3, we have

IN

Z4(f) < (Qd)q25 log(4 + 62qd2+10dpq+3)'
And finally since log(4 + e*) < 2 +z, for x > 0, we obtain

Z4(f) <10(2d)7 (1 + qd® + 5dP7+3).
This completes the proof of Theorem 3.4.5 0

Remark 3.4.6. When the gaps between the degrees n; grow faster than assumed in
Theorem 3.4.5, that is faster than forced by condition (3.4.2), the asymptotic growth
of the transcendence indices v4 and of bounds on Z,(f) fastens accordingly. Notice,
however, that from Proposition 3.4.3, for a subsequence of degrees of the form d =
niy1 — 1, 1 > 1, under condition (3.4.1) only, the multiplicity vy is at most d* +
2d. Under appropriate assumptions on the coefficients a; for the above subsequence
of degrees d we obtain a polynomial bound also for Z;(f). This phenomenon is
to compare to a similar behaviour in |22, Theorem 1.1] or [11, Theorem 0.3], [12,
Theorem 1.3], where the minimal asymptotic for Z4(f) is obtained on some sequence
of degrees d going to infinity.

Remark 3.4.7. In |21, Corollary 6.2|, for & > 3, the lacunarity condition,

a—1 —ny logn
(3.4.3) Ngy1 =Ng -, ap =€ 8"k

is considered as a condition implying a polynomial Bézout bound for f (with pre-
scribed order of asymptotic in [ — 1, a] as explained in the introduction). Here our
condition (3.4.2) and our assumption |a;| > e, for some p > 0, in Theorem 3.4.5,
are somewhat more flexible as conditions giving a polynomial Bézout bound for f.

3.5. Rational Taylor coefficients via recurrence relations. In this section we
study recurrence relations for the Taylor coefficients of the series f(z) = > =, ax2",
assuming that the starting coefficients are rational numbers. In case the recurrence
relation is linear (with polynomial coefficients in 1/k) it turns out that the a’s satisfy
the bound h; < e%®, [ > 1 of condition (3.2.1), one of the two hypotheses required
in Theorems 3.2.8 and 3.3.4. Furthermore in case f is a solution of an algebraic
differential equation with polynomial coefficients, the other hypothesis required in
Theorem 3.2.8, namely a bound that is polynomial in d for the transcendence index
Vg4, is automatically satisfied (see Remark 3.5.2 and Theorem 3.5.3).
Let
Q(k,uy,ug,. .. uy) = Z pp(k)u’

|B]<d1
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be a polynomial of degree d; in the variables ui,us,...,u, and with coefficients
pa(k) = Z?io cﬁz(%)2 being polynomials in % of degree dy. We consider a polyno-

mial recurrence relation of length r of the form

(351) Ap+1 = Q(l{?, Ak, Qf—1, - - - 7ak—r+1>-

We assume that the coefficients cg; are rational numbers, as well as the initial terms
ag, ay, ..., a,—1 of the sequence a = (ag,as,...,a,-1,4a,,...). For k > r—1,let Dy de-
note the common denominator of ag, ..., ax, when those rational numbers are written
in their irreducible form. We also denote by L; (respectively, L) the common de-
nominator of all the coefficients ¢, ¢ = 0,...,da, | 5] < dy (respectively, the common
denominator of all the initial given terms ag, a1, ..., a,_1) again when those rational
numbers are written in their irreducible form. Note that D,_{ = Lo.

Proposition 3.5.1. With the notation above, for any k > r — 1,

Md* " klogk
Dk S € 1 }

where

M = max ( log Lo log Ll) .

r—1)1log(r — 1)’ 2+ log 2
( g g

Proof. The products of a; entering () in (3.5.1) can be written with denominator DZl.
Therefore, the next term a1, and hence all the terms ao, . . . , ax, ax41, can be written
with the common denominator Dy, = Lk% D,‘fl. Now we prove by induction that

(3.5.2) Dy < My klogk,

For k = r—1 we have D,_; = Ly, and (3.5.2) is satisfied by the choice of M. Assuming
that the required inequality is satisfied for a certain k > r — 1, we now prove it for
k + 1. We have

~ k+1—r+4+1
D1 < Dpy = Lik®™DP < Lik®eMh klogk
_ eMd’f+1—’“+1k10gk+1ong+d2 log k

k+1—r+1 log L1+do logk
_ eMdl (klng'i“MdllﬁlfrJrl )

By the choice of M the last expression does not exceed

Md¥ =" (klog k+log k) M= (k1) log (k1)

e <e .

This completes the proof of Proposition 3.5.1. U

Notice that for d; > 1 the denominators grow as a double exponent, i.e. faster
than an exponent of a polynomial in k. The trivial example of recurrence relation

App1 = az, l.e. ap = agk, shows that this growth indeed happens in recurrence relations
of the form (3.5.1).

Remark 3.5.2. However, in the special case of linear recurrence relations of the
form (3.5.1), we have d; = 1, and the bound of Proposition 3.5.1 takes the form
D;, < eMklogk  This special case includes Poincaré-type recurrence relations, which
are satisfied by the Taylor coefficients of solutions f(z) of linear differential equa-
tions with polynomial coefficients. In the more general case where f satisfies an
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algebraic differential equation f@ = Q(z, f(2),..., V), where Q is some given
polynomial in Q[X7, ..., Xy, iteration of derivation of each member of this equation
leads to equations of type f*)(2) = Qu(z, f(2),..., fV), where Q is a polynomial
in Q[X1,..., Xy with controlled height of its coefficients and controlled degree with
respect to d. Studying these derivations and using some results of [7] one obtains also
in this case the bound on the height of a;, = f*)(0) required by our growth condition
(3.2.1). Therefore, combining well-known bounds on the transcendence sequences
(va)a>1 of solutions of differential equations with polynomial coefficients, that turn
out to be polynomially bounded in d (see [0, 25, 31, 32]), our Proposition 3.5.1 and
Theorem 3.2.8 above, we immediately obtain the following statement, a result, which
was recently proved (among others results in this direction and by others methods)
in [7, Corollary 4, Theorem 6| (note that in [7], no assumption on the rationality of
initial conditions is required).

Theorem 3.5.3. Let f be an analytic function, defined on the unit disc, that is
solution of an algebraic differential equation with rational coefficients and initial con-
ditions. Then there exists a polynomial T such that on D%, Z4(f) <T(d).

4. BAUTIN DETERMINANT FOR RANDOM SERIES

In this section, we discuss the behaviour of the Bautin determinant for random
Taylor coefficients. We prove that for any p €]0, 1], there exists a set E, of probability
p, such that for any series f € E),, the corresponding Bautin determinant, as a function
of d, is bounded from below by eV»(4 | for a certain polynomial Up. In case Ay # 0, the
Bautin index of the family Z?:o p;f7 is d* + 2d, and consequently the transcendence
index vy is bounded by d? + 2d, and thus the growth condition on the transcendence
indices sequence in Theorem 3.2.8 is fulfilled. It follows that for any p €]0,1[, for
Taylor coeflicients in a set of probability p, Z4(f) is polynomially bounded in d.

Let us fix some integer d > 1 and let us start by the following remark.

Remark 4.0.1. As already noticed in Remark 3.3.5, as a polynomial in the Taylor
coefficients of the series f, the Bautin determinant (of size d* + d), still denoted Ay,
d(d+1)?

is a polynomial in the variables ay, ..., 424 and with degree =——.

For d > 1, following this remark, and to be more general, we will consider instead
of the polynomial A, of arity (number of variables) d* + d and degree d(d + 1)?/2,
any polynomial with arity and degree polynomially bounded in d.

Let I = [—1,1] € R. We consider the unit n-dimensional cubes I" € R™, n > 1,
and the infinite dimensional unit cube I = 1'mnEN I™ that comes with its standard
projections 7, : I*® — I™. Let us denote by p, the probability Lebesgue measure on
I, for any n > 1. For any n > 1 and any measurable set G C I" denote by G C I®
the cylinder 7, '(G) over G. The probability measure p on I*° is defined by setting
W(E) = D202 pin; (Gr,), for any subset E C I°° that can be expressed as a disjoint
union of cylinders G,,, with Gy, a pi,,-measurable in ™.

We identify the sequences (ax)i>o € I°° with the analytic functions f(z) = >, , arz",
this series converging at least in the interior of D;. For a polynomial () of arity m
and for f = (ax)r>0 € I* we denote Q(ag, ..., am-1) = Q(mn(f)) by Q(f).
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Let finally (Q4)4>1 be a sequence of polynomials )4, of arity mg and degree ¢4, and
let us assume

(4.0.1) 1Qulpma = max{|Qu()];z € ™} > 1.

Note that we also have |Ay| 240 > 1, since Ay = 1 when for instance a} ; = 1 and
al=0fori=1,....d*+d,j=1,....d,i#£d+1,j#1.

Theorem 4.0.2. With the above notation, for any p €0, 1], there exists a set E, C
I*° of measure p, such that for any f € E,, and for any d > 1,

3(1—p)\*
> | —= .
In particular, for qq, mq satisfying qq < d™,mg < d*2, for some ki, ke > 0, we have,
with probability at least p:
|Qa(f)| = e”bwrmaa

where 7y, goes to +00 as p goes to 1.

Proof. Let p €]0,1[, d > 1, and 6; = SU-p)  We define the real number ¢4 as the

m2d?
maximum of the numbers ¢ such that the set

Vi={uel™, |Qu)| <c}
satisfies iy, (Vy) < 64. Now for V ==, Va C I and E, = I\ V we have

p(V) < Z@d =1—p, and thus wu(E,) > p.
d=0
Clearly, for any f € E,, for any d > 1, we have |Q4(f)| > 4. It remains to estimate
the numbers 4. We use for this purpose the following multivariate Remez inequality
proved in [18] (see also [11]).
Let Z be a measurable subset of I™. Then for every real polynomial P in n variables
and of degree d,

An\“

where A = p1,(Z).
Applying inequality (4.0.2) to Z = V; and P = g, by our assumption (4.0.1) we get

4md qd
1 < |Qalre <( ) Ed,
Qe =, V)

1

. E . 0 qd 3(1—]7) qd
or equivalently fi,,, (Vi) < 4mge;*. In particular, for ¢; = (—d> = < ) , we

dmy 2m2d2my
have i, (Vi) < 64. This completes the proof of the first inequality of Theorem 4.0.2.
Substituting into this inequality ¢4 = d"', m4s = d"?, we obtain for any f € £, and
for any d > 1

dK/
3(1 — p) 1 —2—kod"l __ _—cpd®l —(2+k2d"1)logd
|Qa(f)] > o7 d =e e
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> e—cpd’il 6—(2+52d’i1)d > e—(2+cp+/42)d’il+1 _ e—('\{p+ng)d“1+1

where ¢, = log <3(21L_2p)> >0, 7 =2+c¢p.
O

We apply Theorem 4.0.2 to the case where )y = Ay, then as a consequence of
Theorem 3.2.8, we obtain the following statement.

Corollary 4.0.3. With the above notation, for any p €]0,1[, there exists a set E,, C
I of measure p, such that for any f € E,, on Dy, Z4(f) < Cpd®, where C, — +00
as p — 1. Or, in other words, with probability 1, random series satisfy polynomial
Bézout bounds (with degree at most 8).

5. ANALYTIC FUNCTIONS WITH FEW RATIONAL POINTS IN THEIR GRAPH
We start this section by the following definition.

Definition 5.0.1. Let z = (z1,...,2,) € Q" The height of z is the integer
max{|a;|, |b;|;i = 1,...,n}, where x; = a;/b; with a;,b; € Z, a; N\b;=1,1=1,...,n.

Explicit bounds on the number #X(Q, T) of rational points X (Q,T') of height at
most 7', in some given set X C R", are usually related to Bézout bounds satisfied
by X. Let us assume for instance that X is a transcendental set definable in some
o-minimal structure expanding the real field, and to simplify, of dimension 1. Then
following [30], that generalizes the classical by now method of [10], one knows that
X(Q,T) is contained in a certain number Hx 74 of hypersurfaces of R” of degree d,
this number being of the form Cx 7™, with 7; — 0 when d — oo. It follows that
since the definable set X satisfies a Bézout bound (see [10, Theorem 1], [36])

(5.0.1) Ve > 0,3Cx VT > 1, #X(Q,T) < CxT*.
Now in case the curve X is given by a system of convenient parametrizations (as mild
parametrizations defined in [35], or slow parametrizations defined in [23]), or more

simply, in case X is the graph I'; of some transcendental analytic function f on a
compact interval of R, a computation shows that the constant Cr, 4 is polynomially

bounded in d and that T7les7] is a constant K independent of T (see |35, Proposition
2.4], |23, Proposition 2.18]). Therefore, for some polynomial @), on gets
(5.0.2) #X(Q,T) < Zjogr) (f)KQ([log T']).

Moreover, in this situation when f has a Bézout bound polynomial in d, one obtains
the following improvement of the general bound (5.0.1)

(5.0.3) 38,3a > 0,VT > 1, #X(Q,T) < Blog®T.

Recently several results appeared, establishing in different cases bounds for #X (Q, T)
as in (5.0.3), some of them proving the existence of convenient parametrizations for
certain families of sets X with respect to log-bounds as in (5.0.3), the others proving
polynomial Bézout bounds in some particular cases (see, among these results, [],
O 191 171, 18], [22], [13], [19], [23], [28], [29] and [30]). In the same spirit we give
hereafter direct Diophantine applications of the polynomial Bézout bounds obtained
in previous sections of the paper.
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Let f be an analytic function converging on D; (on Dg for condition 3 of Theorem
5.0.2) and let us denote by I'y its graph over D:i. As a consequence of Theorems

3.2.8, 3.3.4, 3.4.5, 3.5.3 and Corollary 4.0.3, one has

Theorem 5.0.2. Assume that one of the following conditions is satisfied

(1) The Taylor coefficient of f at the origin are rational and the growth conditions
(3.2.1) are satisfied,

(2) [ has rational Taylor coefficient at the origin satisfying the growth condition
(3.2.1) and n4 is polynomially bounded,

(3) f(2) = > =1 ax2™, the lacunarity condition (3.4.2) is satisfied and for some
p >0, for any k> 1, |ag| > e,

(4) [ is a solution of an algebraic differential equation with rational coefficients
and initial conditions,

(5) f is a random series, in the sense of Section /.

Then there exist o, 3 > 0 such that
#I'p(Q,T) < Blog™T.

Remark 5.0.3. Not only for functions definable in some o-minimal structures, but
also for analytic functions, the asymptotics of (5.0.1) is sharp, since, for instance by
[341, Example 7.5], [11] or [12], there exist functions analytic on a neighbourhood of a
compact interval having asymptotically as many as possible rational points of height
at most 7' in their graph with respect to (5.0.1). For instance, for any e €]0,1],
more than %emoglﬁ T points, for an infinite sequence of heights 7. In consequence one
cannot expect polynomial Bézout bounds in all degree d for these analytic functions,
since by (5.0.2) one has

1 2 1—e

Zp2llog T e

2° =
And thus for any ¢ €]0, 1], there exists a sequence of degrees d going to infinity and
such that

(5.0.4) Zy(f) = Za(f) = .

As a consequence of (5.0.4), the condition that Ay > e~V for some positive polyno-
mial U, may not be satisfied for particular analytic functions f. Indeed, when Ay # 0,
the transcendence index v, is polynomially bounded in d and in case Ay > e V(@ by
Proposition 3.2.5

1—e
62 log r S ZLlog T| (f)CFf,LlogTJ TTlesT]

N | —

62(d+1)3
A~ )
< 5uagflog(5) + log(vag + 1) + 2(d + 1)* + U(d)).

Remark 5.0.4. The condition |a;| > e~ of Theorem 5.0.2 (4) allows in particular
order 0 for the lacunary series f(z) = Zk21 apz™ when f is an entire function, since

Zd(f) S 5V2d log(4 + (VQd + 1)

Nk log Nk
log [ay|
to [12, Theorem 1.1] and [22, Section 7| where order 0 is not allowed. Furthermore the

conditions of Theorem 5.0.2 allow to consider analytic functions that are not entire.

the order of f is given by limsup,, ., — (see [27, Theorem 14.1.1]), contrariwise
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Remark 5.0.5. Statement (5) of Theorem 5.0.2 can be seen as a consequence of |13,
Theorem 2.7|, that in fact shows that in case f(0) has a convenient transcendence
measure, then the set #I'((Q,T') satisfies the conclusion of Theorem 5.0.2, and on
the other hand the set of real numbers having this convenient transcendence measure
is a full set of R.

Remark 5.0.6. Using the estimates of [23, Theorem 2.20] (see also [35, proof of The-
orem 1.5]) and Corollary 4.0.3; on deduces that for random series, with probability
one, the exponent « in the bound of Theorem 5.0.2 may be chosen as 8.

Remark 5.0.7. The conditions 1 to 4 on f in Theorem 5.0.2 are natural with the aim of
showing that there are few rational points in I'y, since combinations of finer conditions
are considered in order to obtain more remarkable Diophantine properties for I'y. For
instance, in Siegel-Shidlovskii’s theorem a combination of conditions comparable to
conditions 1 and 4 of Theorem 5.0.2, among others, imply that there is at most one
rational point in I'y. More accurately, let f be a E-function, that is a Taylor series
> ne o axz® with, for simplicity, rational coefficients ay, satisfying for any & > 0

lag| = O(kk(a_l)) and |gx| = O(k’gk),

where ¢ is a common denominator for ag, aq, 2las, . . ., klai. Assuming moreover that
f is solution of a linear differential equation of order n with coefficients in Q[z], such
that £, f',..., f"~Y are algebraically independent over C(z), then for any algebraic
number z, # 0, the numbers f(z),..., f™ V() are algebraically independent over
Q, and in particular f(zp) is transcendental (see for instance [32, Theorem 2.1] or |10,
Theorem 3, p. 123|).
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