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Abstract

In this paper, we deal with a Markov chain on a measurable state space (X, X’) which
has a transition kernel P admitting an aperiodic small-set S (i.e. P > v(-)1g for some
positive measure v on X such that v(1g) > 0), and satisfying the standard geometric-
drift condition. Under these assumptions, it can be easily checked that there exists
ag € (0,1] such that the following property holds: PV < §e0 V0 4 py(V*)1g. Hence
P is V@0 —geometrically ergodic and its “second eigenvalue” g, provides the best rate
of convergence. Setting R := P —v(-)lg and I' = {A € C, §* < |A| < 1}, this “second
eigenvalue” is shown to satisfy, either 9o, = max {|A] : A €T, SN R u(RF M) = 1}
if this set is not empty, or o, < 0*°. Actually the set is finite in the first case and is
composed by the spectral values of P in I'. The second case occurs when P has no spectral
value in I'. Moreover, a bound of the operator-norm of (21 — P)~! allows us to derive
an explicit formula for the multiplicative constant in the rate of convergence, which can
be evaluated provided that any information of the “second eigenvalue” is available. To
get such an information, we obtain a simple and explicit bound of the operator-norm
of (I — P+ n(-)1x)~! involved in the definition of the so-called fundamental solution to
Poisson’s equation. This allows us to specify the location of the eigenvalues of P and,
then, to obtain a new explicit bound on g,,. The case of reversible Markov kernel is also
discussed and an application to MCMC algorithms is proposed. In fact the bound for the
operator-norm of (I — P + m(-)1x)~! is based on an estimate, only depending on §*°, of
the operator-norm of (I — R)~! which provides another way to get a solution to Poisson’s
equation. This estimate is also shown to be of greatest interest to generalize the error
bounds obtained for perturbed discrete and atomic Markov chains in | ] to the case
of general geometrically ergodic Markov chains. These error estimates are the simplest
that can be expected in this context. All the estimates in this work are expressed in the
standard V“o—weighted operator norm.
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1 Introduction

Let (X, X) be a measurable space, and let M™ denote the set of finite non-negative measures
on (X,Xx). For any 4 € M™ and any p-integrable function f : X — C, u(f) denotes the
integral | fdu. For any measurable function W > 1 we denote by (Byw, || - ||w) the Banach
space of measurable functions f : X — C such that || f||w = sup,ex |f(2)|/W(z) < co. The
identity map on By is denoted by I, and (Byy, || - [|}) stands for the topological dual space
of By (i.e. the Banach space of C-valued bounded linear maps on By/). For any p € M™*
satisfying u(W) < oo, the map f ~ u(f) belongs to Bjy,, and for any such (1, u2) € (M™T)2,
the norm ||p1 — pa||}y coincides with the standard W-weighted total variation norm, that is:

1 — w2l == sup |pa(f) — p2(f)]- (1)
|fI<W

Throughout the paper P is a Markov kernel on (X, X'), and the existence of a small-set S
for P is assumed, that is: there exist S € X and v € M™ such that

v(lg) >0 and VreX, VAe X, P(zx,A)>v(la)lg(z). (S)

We also assume that there exists a measurable function V' : X —[1, +00) (called a Lyapunov
function) satisfying the following geometric drift condition with S¢:= X\ S:

30 =6(P) € (0,1), Ve € 5S¢, (PV)(z) <éV(x) (Dge)
and K := Slelg(PV)(ﬂi) < 0. (K)

Throughout the paper, Assumptions (A) will stand for the set of the three assumptions
(S)-(Dge)-(K). Under Assumptions (A) we know that there exists a unique P—invariant
probability measure denoted by 7 on (X, X) and that 7(V) < oo, e.g. see | , ,

, . In this paper, replacing the Lyapunov function V with V® for some
suitable constant o € (0, 1] derived from the data in (A), we present new results concerning
the spectral properties of P on the space By «o in relation with the so-called V“°—geometrical
ergodicity of P. These spectral results are applied to the study of the sensitivity with respect
to the parameter 6 of the invariant probability measure of transition kernels Py satisfying
Assumptions (A) in a uniform way in 6.

Let us recall some facts before specifying the main results of the paper. Under Assump-
tions (A), we know from [ , Cor. 4.2] that there exists ap = ag(P) € (0, 1] such that

Py o S §oo oo —I—V(Vao)ls. (Dao)

It follows from (D®°) and (S) that P is V¢ —geometrically ergodic, e.g. see | , )
, |: There exist p € (0,1) and C, € (0,+00) such that

Vf €Byeo, Yn 21, |[P"f —a(f)lxllveo < Cpp" [[fllvec. (2)

We denote by g, the infimum bound of the positive real numbers p satisfying (2). The real
number g,, is sometimes called the "second eigenvalue” of P on Byeao (even though gq, is
not necessarily an eigenvalue of P), while 1 — g,, is called the spectral gap of P on Bya.
When P satisfies (2) and is reversible with respect to =, it follows from | , Th. 6.1] that

VfeL¥(n), Vn 21, [P"f —n(f)lxllLa) < 20ap [ fllL2(m (3)
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where L2(7) is the standard Lebesgue space equipped with the norm I fll2@m = (| f|?)"/2.

Thus, in this case, 04, is an upper bound of the second eigenvalue of P on L?(). Finally
recall that A € C is a spectral value of P on By« if AI — P is not invertible on Byeo. The
spectral value A € C is an eigenvalue of P on By« if Al — P is not injective on By ag.

Under Assumptions (A) we obtain the following statements with ay € (0,1] given in
(D).

e (Section 2) Let a € (6%9,1). The set S, of spectral values A of P on Byeo such that
a < |A] <1 is finite and composed of eigenvalues of P. Note that A =1 € S,. If
Sa = {1}, then gq, < a; Otherwise go, = max {|A|, A € Sq, A # 1}. Moreover

AeS, <= u(lg)=1 (4)
where py(1g) := Z;ﬁ A FBr(1g), with B =vo (P —v()1g)F 1 e Birag-

e (Section 3) For every z € C\ {1} such that |z| € (max(6*, 04,), 1], the operator zI — P
is invertible on By« and we have
v(V)[[1slveo
1= 122(15)] (2 — 00

Moreover, for any p € (max(éao, Oao); 1), Inequality (2) holds with

UF e By, -P) v < (1 e 5

P v(V) || Lslveo . .
C,= 1 th = 1-— 1g)| > 0. (6
= s (1 o) M= i 09120 0
e (Section 4) For any f € Byeo such that 7(f) = 0, the two functions ]7 = ;:i% R"f

with R := P —v(-)1g and fi= S0 P f are solutions in Byeo to Poisson’s equation
(I — P)g = f. Moreover

1+ 7(V)|1x]|veo
1 — 6%

Iflveo and || fllveo < I fllveo. — (7)

~ 1
[Fllven < T

e (Section 5) Using (5) and the second bound in (7), we present results concerning the
location of the eigenvalues of P on Byeg, from which we deduce a upper bound of the
second eigenvalue g,, (Corollary 5.1). In particular, when P is reversible with respect
to 7 and satisfies a slight additional condition (see (44)), we obtain that (Corollary 5.2)

_ 0% = 6%)t + v(V)[[1sveo

Cag < (o) < ()  with  (t) : (1= 050)1 + v (V)| Ls]lves

(8)

where Vn > 1, n, :==2> 1| fax—1(1ls) and 1ee := 2 Ziﬁ‘i Bok—1(1s). An application to
Markov chain Monte Carlo (MCMC) algorithms is addressed in Corollary 5.5. Finally,
if P is also positive (i.e. Vf € L%(m), (f, Pf)r2(x) > 0), then g4y < 6% (Corollary 5.3).
Recall that, in reversible case, any bound of g,,, is of interest in (3) too.

e (Section 6) Let © be an open subset of some metric space, and let { Py }oce be a family
of Markov kernels on (X, X) satisfying Assumptions (A) in a uniform way in 6 € ©, as
well as the following condition:

vz € X, 011_}1% ANgog(®) =0 with Aga,(z) = [|Py(z,-) — Poy(z,)||yeo  (9)
0
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where 6y is fixed in ©. Let my denote the Py—invariant probability measure. Then
limg _, g, [|m9 — 7g,||7,00 = 0 and we have for every § € ©

1+ g, (V)| 1x v
1 — %

[0 = 7oy [y <

XW@(AQ,QO) with 911_}1%0 W@(Ag,ao) =0. (10)

Recall that finding effective and computable rate of convergence in geometric ergodicity
is a difficult issue, see | , , and the references therein]. The results of Section 2
based on the quasi-compactness of P ensure that the following alternative holds for the second
eigenvalue: Either g,, equals to the largest solution (in modulus) to the equation p,(1g) =1
in {z € C: 0% < |z| < 1} if such a solution exists; Or gq, < *° (see Corollary 2.1 for
details). This algebraic issue is difficult to apply in practice since it involves the power
series /% 27 Bi(15). When the second eigenvalue of P is known (or at least bounded),
Property (6) which gives explicit constants C,, in (2) is relevant, provided that the numerical
computation of m, in (6) is tractable. Note that the equivalence (4) is crucial to prove
the positivity of m,. Property (7) gives true computable bounds for the V*°—norm of two
particular solutions to Poisson’s equation. Note that the second bound in (7) concerning the
classical solution ]?: Z;ri% P" f to Poisson’s equation when 7(f) = 0 is deduced from the
first bound in (7) for the solution f = S P R™f. These two solutions to Poisson’s equation
are of interest in this work: f is relevant in Section 5, while f is used in Section 6. Note
that the inequality 7(V®0) < p(V®0)/(1 — 0?0) easily derived from (D*°), may be used in
(7) when 7 is unknown. The general bound of g,, obtained in Corollary 5.1 requires the
numerical computation of the positive real number mq := mingepy, 2x—v,] |1 — Heiv (1s)| for
some g € (0,7/2). When P is reversible, this issue is greatly simplified since my is replaced
with 75 (see (8)). The first bound in (7) is applied in the perturbation issue of Section 6,
so that the constant in (10) is truly computable too (use again mg, (V) < p(V*0)/(1 — §*0)
when 7 is unknown). The real number 7y (Agﬂo) in (10) is available when the function Ag 4,
in (9) is known (or can be bounded) and 7y is computable for 6 # 6. This holds for instance
for discrete set X when the perturbed Markov kernels are truncated stochastic matrices on a
finite state space (see Remark 6.1). Finally note that ||mg — 7o, ||y < |79 — 7o, ||{ye0 Where
|mg — mo, ||’y denotes the total variation distance between the two probability measures g
and mp, (use (1) with W = 1x).

Under Assumptions (A), it is proved in | , Th. 1.1] that P is V —geometrically ergodic.
However it is worth noticing that our results only focus on the V¢ —weighted operator norm
in Sections 2-5 and on V*—weighted total variation norm in Section 6, where ag € (0, 1] is
given in (D%°). Hence, when ag < 1, our results involve the smaller space Byeo in place of
the expected one By . This is the price to pay when working with the drift condition (D<°).
The benefit is that the results obtained on Byeo from (D*°) have a fairly simple form. In
the reversible case, recall that any rate of convergence in (2) provides a rate of convergence
in the L?(7)—geometrical ergodicity (3), whatever the value of ap,

The constant ap € (0,1] in (D) can be easily computed from the data in Assump-
tions (A) (see | , (28)]). For convenience the proof that (D<°) holds true and the
explicit computation of ag are recalled in Appendix A. The real number K in Condition (K)
plays an important role in the computation of cg: roughly speaking, the larger K is compared
to v(V), the smaller ag is. If the small-set S in (S) is an atom with v given by v = P(s,-)
for some s € S, then (D®°) holds with ag = 1 (see Appendix A). Note that the case ap = 1
is not equivalent to the atomic case, in other words Property (D%°) may hold with ag = 1



for non-atomic small set S, see [ , Sec. 6]. Of course there are probably instances of
Markov chains satisfying Assumptions (A), for which the use of Property (D®°) is not rele-
vant because o is too close to zero, so that §*° is too close to one for the bounds (6), (7), (8)
or (10) to be of interest. We believe that these unfavourable cases correspond to instances
for which the minorization/drift conditions are not well suited for finding interesting rates of
convergence in geometrical ergodicity context, whatever the method used (see | D).

The spectral properties for geometrically ergodic Markov chains have been investigated
in many papers, e.g. see | , , , , , |. The novelty of this
work is that we obtain more simple and explicit results due to Condition (D%°). To the
best of our knowledge, the results in this work are new. In particular, when P is positive
reversible and satisfies Assumptions (A) with an atom S (thus ag = 1), the bound g1 < § was
obtained in | , Sec. 2.3]. Thus the bound g4, < §* in Corollary 5.3 extends this result
to the non-atomic case. Using the numerical values of ag given in [ , Sec. 6.3-6.4] for
Metropolis-Hastings algorithm of the Gaussian distribution and for Gaussian autoregressive
Markov chain, we can check that the bound go, < d°° is relevant in comparison with those
provided in | , Sec. 2.3 (non-atomic case)], see Remark 5.3. That f := 3720 R"f is
solution to Poisson’s equation when 7(f) = 0 seems to be a new result which extends to our
framework the statement | , Th. 2] involving generalized fundamental finite matrix.
The bounds (7) and (10) have been proved for discrete state space Markov chains with a
finite atom in [ , Prop. 1, Th. 2] thanks to renewal theory. Theorems 4.1 and 6.1 extend
these results to the non-atomic case and to general state spaces. The bound (10) improves all
the error bounds obtained under Condition (9) in the literature for the stationary distribution
of perturbed geometrically ergodic Markov chains, provided we use the Lyapunov function
Vo in place of V. Indeed, the bound (10) involves neither the iterates of the unperturbed
Markov kernels, nor those of the perturbed Markov kernels, exactly as in the case of discrete
Markov chains with an atom investigated in [ ]. Tt is worth noticing that Condition (9) is
much weaker than the standard operator norm continuity assumption introduced in | ]
(see Remark 6.2). The comparison with the weak operator norm continuity assumptions as in
[ , , , , ] is also addressed in Remark 6.2. Finally mention that

the operator R = P — v(-)1g and its iterates have been considered in [ | to investigate
the eigenvectors belonging to the dominated eigenvalue of the Laplace kernels associated with
the Markov kernel P. This issue called ”multiplicative Poisson equation” in [ ] is used

to prove limit theorems for the underlying Markov chain. This question is not addressed in
our work.

2 Quasi-compactness of P

For any measurable function W > 1, if L is a bounded linear operator on (Bw, || - |lw), we
also denote by ||L|lw := sup{||Lf|lw,f € Bw, | fllw < 1} the operator norm of L on Byy.
Assume that P satisfies Assumptions (A). Note that v(V) < oo due to (S). Let ag € (0, 1]
be given in (D%°). Then P and T := v(-)1g are bounded linear operators on Byag. Define

R:=P—-T=P—y()lg.

We deduce from (S) that R is a non-negative operator on Byao (i.e. Vf € Byao : f > 0=
Rf > 0). Moreover (D®°) reads as RV < §*0 V* due to the definition of T'. Iterating this



inequality gives: Vk > 1, RFV @0 < §20k /20 Then we deduce from the non-negativity of R¥
that
Vi >1, ||R¥||yao < 80k (11)

since for every f € Byeo we have |RFf| < RF|f| < || f|lveo RFV 0. Moreover let us define

Vk>1, Br:=voR! e Bl (12)
with the convention R = I so that 31 = v. Recall that for every n > 1 the operator T}, on
By defined by T, := P™ — R"™ satisfies (see | , Prop. 2.1])

n
Ty =) Bu()P" Fls. (13)
k=1

Hence T, is finite-rank. This fact and (11) are the key points to prove the next Theorem 2.1
using the notion of essential spectral radius and quasi-compactness. Various equivalent def-
initions of the essential spectral radius of a bounded linear operator on a Banach space
can be found in the literature in link with, either the essential spectrum, or the quasi-
compactness property, e.g. see | ) | and | , Chapter XIV] for a general con-
text and | , , , , , | in the framework of V-geometrically
ergodic Markov kernels. For the link between geometrical ergodicity and spectral theory, see
also [ , Chap. 20]. The adjoint operator of P acting on B «, is denoted by P*.

Theorem 2.1 Suppose that P satisfies Assumptions (A), and let g € (0, 1] be given in (D°).
Then, for any a € (6°°,1), the set S, of spectral values X of P on Byao (or of P* on Biag)
such that a < |A| <1 is finite and composed of eigenvalues of both P and P*. Moreover the
second eigenvalue pq, of P on Byeo (see (2)) is such that:

(a) Either S, = {1} and 04, < a.
(b) Or S, # {1} and goy = max {|A|, A € Sg, A # 1}.

The quasi-compactness of P on By is proved in | , Th. 5.2] under Assumptions (A).
However the bound obtained in | , Th. 5.2] for the essential spectral radius of P on By
is not accurate. Here Property (D®°) allows us to prove the explicit bound (15) below for
the essential spectral radius of P on Byeg. First we prove the following simple lemma.

Lemma 2.1 X\ =1 is the only eigenvalue of P on Byeo such that go, < |A| < 1.

Proof. Let A € C\ {1} be any eigenvalue of P on Byeo. Prove that |A| < go,. Let f € By,
f # 0, be such that Pf = Af. Then n(f) = 0, so that (2) gives |A|" = O(p"), thus |A| < p.
Hence |A| < gq, since p in (2) can be chosen arbitrarily close to gq,-

O

Proof of Theorem 2.1. Recall that the essential spectral radius 7es5(P) of P on Byag is
defined by

1 . n_ N 1/n
Tess(P) := h??l (ElllfgC | P™ — Hl|yeo) (14)
where I denotes the space of all compact operators on Byeo. Then we have
ress(P) <6 <1 (15)



from (14) and (11) since P"—T,, = R™ where T}, in (13) is a finite-rank operator so is compact
on By«o. Hence P is quasi-compact on By oo since the spectral radius of P on By« is one. It
follows from quasi-compactness that the set S, is composed of finitely many spectral values
which are in fact eigenvalues, e.g. see | ]. The alternative (a)-(b) then follows from the
definition of g,, (see (2)) and from classical arguments of spectral theory. For the sake of
completeness, let us present the main arguments. First assume that S, # {1} and define
Yo = max{|A|, A € Sq, A # 1}. From Lemma 2.1 we have v, < go,. Moreover, it follows from
the standard spectral theory that, for any v € (4, 1), we have the following equality

1
Yn>1, P"=nx()lx+ — 2"(2I — P)7dz, (16)
20 Jjz|=r

from which we deduce that the value p =+ is allowed in (2). Thus g4, < 7, so that 9o, < 7
since « is arbitrarily close to v,. We have proved that g,, = 7, in Case (b). Finally assume
that S, = {1}. Then property (16) applies to 7 = a, so that the value p = a is allowed in
(2). Thus g4, < a. O

Remark 2.1 Note that, under Assumptions (A) and with ag € (0, 1] given in (D*°), we can
directly deduce from (2) that P is quasi-compact on Byeo and that its essential spectral radius
satisfies Tess(P) < 0ao- Indeed, for any p € (0,1) such that (2) holds, we have 1ess(P) < p
from (14) since Il := 7(-)1x is rank-one thus compact on Byeo. Thus ress(P) < 0a, from the
definition of pa,. However, this bound of 1ess(P) is not interesting in practice since gq, iS
unknown. On the contrary the bound (15) is explicit and, as a by-product, it enables to prove
the alternative (a)-(b) of Theorem 2.1 which provides informations on the second eigenvalue
Oay- This result is specified in the next Theorem 2.2

Recall that fi € Bi oy is defined in (12). It follows from (11) that, for every z € C such
that |z| > 6?0, the following series

—+00

o= 2 F By (17)

k=1

is absolutely convergent in B a,, so that Z;ﬁc’l 2% Br(1g) is absolutely convergent in C.

Theorem 2.2 Assume that P satisfies (A), and let ag € (0,1] be given in (D*°). Let A € C
be such that 6% < |\ < 1. Then the two following assertions are equivalent:

(i) X is an eigenvalue of P on Byao.
+o0
(ii) pa(ls) =Y AFBr(ls) = 1.
k=1
Moreover, under Condition (i) or (ii), the subspace Ex = {¢p € Bjag : ¥ 0o P = A9} is
spanned by .
For the proof of Theorem 2.2 we may assume that ap = 1 in (D<°), that is
PV <oV +v(V)lg. (18)

If ag < 1, then replace V, § with V0, §90 respectively in the proof below. First we prove
the following lemma.



Lemma 2.2 For any z € C such that |z| > § we have
proP=zu, —v+p,oT. (19)

Proof. Let z € C be such that |z| > ¢. Then

400
poP = Y zFvoRFop (from (17) and (12))
k=1

+o0 400
= Zz_kVORk—{—Zz_kVO(Rk_loT) (since P=R+1T)
k=1 k=1

+o0o +oo
= > 7 B+ 2 FpoT (from (12))
k=1 k=1

= zZpy—v+pu,oT (from (17) and 31 = v).
U

Proof of Theorem 2.2. Let A be an eigenvalue of P (thus of P*) such that § < |A| < 1. Using
R" = P" — T, and (13) we deduce from (11) (with ap = 1 here) that

< 8" | fllv- (20)

Vn Z 17 Vf € BV: Hpnf - Zﬁk(f)Pn_kls
k=1 4

Let ¢ € E), ¢ # 0. Composing on the left by ¢ in (20) gives the following equality in B,

n

N'p = (1) Y A"F B+ O(6"),

k=1

so that ¥ = ¥(1g) > 71 A B + O((6/\)"). Hence ¢ = v(1g) . Note that 1(1g) # 0
since ¢ # 0, so that py(1lg) = 1. We have proved the last assertion of Theorem 2.2, as well
as the implication (i) = (i), in Theorem 2.2. Now let us prove that (ii) = (7). Let A € C
be such that 0 < |A| < 1 and assume that py(1g) = 1, so that uy # 0. Lemma 2.2 applied to
z = ) gives

o P =Auy— v+ proT.

Moreover, since T'= v(-)1g we obtain that

+00 +o00
proT = A B oT = <Z)\_k/8k:(15)>’/: mls)v=v
k=1 =1

from which it follows that py o P = A ). Hence A is an eigenvalue of P*, thus of P. g
We deduce the following statement from Theorems 2.1-2.2.

Corollary 2.1 Assume that P satisfies (A) and let ag € (0, 1] be given in (D*°). Then the
second eigenvalue pn, of P on Byeo (see (2)) satisfies the following alternative.

e FEither for every z € C such that §*° < |z| < 1 we have px(1s) # 1, so that ga, < 0°°.
o Orpa, =max{|A| : A€ C, 6% <[\ <1, pr(lg) =1}.

As a complement to Theorem 2.2, we prove in Appendix B that any eigenvalue A of P on
Byao such that % < |\| < 1 is of order one (i.e Ker(P — \I)? = Ker(P — \I)) if, and only
if, p)\ (1s) # 0 where p\ (1g) is the derivative at z = X of z — p.(1g).



3 A bound for the constant C, in (2)

Let P satisfying Assumptions (A) and let oy € (0, 1] be given in (D*°). Recall that gq,
denotes the infimum bound of the positive real numbers p such that the V* —geometrical
ergodicity property (2) holds true. Property (22a) below provides an explicit constant C, in
(2) when p € (max(d*°, a,),1). Recall that for every z € C such that |z| > §°, the series
pz(ls) = 32425 27% Bi(1s) is absolutely convergent (see (17)).

Theorem 3.1 Let P satisfying Assumptions (A). Let ag € (0,1] be given in (D°). Then,
for every z € C\ {1} such that |z| € (max(6°°, 94,),1], the operator zI — P is invertible on

Byao, and
p(Vo0)|Lslyao )
. 21
1= 0215 (2] — 6°0) 21

Moreover, for every p € (max(do‘o, Oap)s 1), we have

_ 1
||(ZI—P) 1||VO‘0 < ‘Z| — §ao <1+

p V(VaO)\lsHvao>
Yn>1, [P —7a()lx|vee < 1 " 22
neb m(ixvee = 27r(p—5a°)< - my(p—o00) )" 22
with ~ mp:= min [1— p(1g)| >0. (22b)
z€C:|z|=p

The explicit V¥ —geometrical ergodicity property (22a) is only interesting, on the one hand
when g4, is known or can be at least bounded from above, and on the other hand when m,
can be numerically computed or at least bounded from below by a positive real number.

Again, for the following proofs, we may assume that ap = 1 in (D°), that is (18) holds.
Moreover ¢ stands for g1 to simplify. If ag < 1, then replace V', § and ¢ with V¢  §* and
0Oa, Tespectively in the proof below. The following lemmas are used to prove Theorem 3.1.

Recall that R = P — T = P — v(-)1g satisfies: Vk > 0, ||R¥|y < 6% (see (11)).
Lemma 3.1 Let z € C be such that |z| > 6. Then zI — R is invertible on By with

+oo
(zI =R)™' =) 2 "HURF, (23)
k=0

Moreover, with u. € By, defined in (17), we have
VfeBy, v((zI—-R)f)=p(f). (24)

Lemma 3.2 Let z € C\ {1} be such that |z| € (max(é, 0),1]. Then zI — P is invertible on
By, and

(f

_ B _ Hz ) —
VfeBy, (2I—P)'f=(2I-R) lf—i—m(zl—}%) 1. (25)
Moreover we have
LI — Pyl b v(V)llLsllv
(1 P)”Vgu%w(“ﬂl—ma@m4—®> (260



Proof of Theorem 3.1. Property (21) is established in Lemma 3.2. Now let p € (max(é, 0), 1).
We deduce from Lemma 2.1 and from Theorem 2.2 that

V2 eC, |zl =p, p(ls): Zz "Bre(ls) #

This gives (22b) since z — u,(1g) = Y42 2 %Bx(1s) is continuous on the compact set
{z € C: |z| = p}. Finally let us prove (22a). It follows from the spectral decomposition (16)
applied here to v = p that

n+1

Vn>1, ||P"—7n()lx|v < p max H(zl— P)_1

ly-

2T zeC:lz|=p
Consequently the constant C), in (2) can be chosen as
p -1
c, = — I-P
o= g e [lI=P)

p 1 v(V)Il1sllv

— X — |14+ —F f 2 d (22b)).
27rxp—5( +mp(p—5) (from (26) and (22b))

This provides (22a).
U

Proof of Lemma 3.1. Let z € C be such that |z| > 6. Then zI — R is invertible on By since
the spectral radius of R is less than § from ||RF||y < 6¥. Then Formula (23) is classical.
Moreover note that for every f € By

“+o0 —+00
S / 2D RE fldi < [ Lo (V) [l S (121716)" < oo
k=0"X k=0

from ||R¥|ly; < 8% and from § < |z|. Therefore the permutation of the integral and the series
in the following equality is allowed:

“+o0o +oo
v((zI = R)7 ) =w(Y 2 "FIREf) = 3 2 Uy(RY).
k=0 k=0

This gives (24) due to (12) and (17).
g

Proof of Lemma 3.2. Let z € C\ {1} such that |z] € (max(4, 9),1]. If zI — P is not invertible
on By, then z is an eigenvalue of P from Theorem 2.1, which is impossible from Lemma 2.1.
Thus zI — P is invertible on By . Next we have

I—P=21-R-T=U,0(z[—R) with U,:=I-To(zI—R)"  (27)
We deduce from T = v(-)1g and from (24) that
Vf € By, sz - f _Mz(f>15 or f = sz"i_/j/z(f)ls-

Next
U.f=U.0(zI—R))o(zI —R)"'f= (2 —P)o(zI —R)"'f
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using (27), so that
f=(I=P)o(al =R~ f+ p=(f)Ls

and
(21 = P)7'f = (2l = R)'f + p(f) (2] — P) 1.

The last equality applied to f = 1g gives
-
1 _’Nz(1S)

where 115(1g) # 1 from Corollary 2.1. This provides (25).

Next we have

(2 — P) Mg = (21 — R)'1g

Ls]lv

1
1(z = R) Yy < EErs in particular [|(z] — R) ‘1| < EE;

from (23) and ||R¥|y < 6. Moreover we have

v(V)
|z| — ¢

VfeBy, |u(f)l < 11l

from (12) and ||R¥|y < 6%. Then (26) follows from (25) and the previous inequalities. O

4 A bound for the norm of solutions to Poisson’s equation

Recall that the existence of Poisson’s equation is studied under weak drift condition in | ]
(also see | , Th. 17.4.2]). In this section the solutions to Poisson’s equation are more
easily obtained since we assume that P satisfies Assumptions (A) of Section 1 which include
the geometric drift condition (Dge). Indeed assume that Assumptions (A) holds and let
ap € (0,1] be given in (D%°). Then we know that P satisfies Inequality (2), from which we
deduce that the operator (I — P + II) is invertible on By«o with

+oo +o0
(I-P+m ' =) (P-m"=) (P"-1I) (28)
n=0 n=0

where II := 7(-)1x. Then, for any f € Byeo, it is easily checked that f:: (I-P+I)"fis
a solution to Poisson’s equation on By eq

(I-P)f=f-T1F. (29)
Note that E; := {h € Byeo, Ph = h} = C- Ix from (2) (i.e. 1 is a simple eigenvalue of P)
and that the difference of two solutions to Poisson’s equation on By «o belongs to F1. Hence

two solutions to Poisson’s equation on By« differ by a constant function. Now, let f € Byag
be such that 7(f) = 0. In Theorem 4.1 below we prove that the function

—+00
f=U-R)'f=) R'f

n=0

11



is a solution in By« to Poisson’s equation, where R is the non-negative operator of Section 2.
Next, since w(f) = 0, the function

“+o0o
f=U-P+mf=>"pPf

n=0

satisfies Tr(f) = 7w(f) = 0. In fact f is the unique solution in Byeo to Poisson’s equation
which has a null m—integral. Finally we have f f 7(f )1X since f and f only differ by a
constant function.

In Theorem 4.1 below we give a simple and explicit bound for || f||ye0, which is relevant
for the perturbation issue of Section 6. This allows us to derive an explicit bound for || f]|y«o,
that will be relevant in Section 5.

Theorem 4.1 Assume that P satisfies Assumptions (A). Let ag € (0,1] be given in (D*° ).
Then, for any f € Byao such that w(f) = 0, the following assertions hold.

1. f:=(I—R)"Lf is a solution in Byeo to the Poisson equation (29), and

1fllveo < [[fllveo. (30)

1 — %

2. f = (I — P+ T0)~f is the unique solution in Byeo to Poisson’s equation (29) which
has a null m—integral, and

1 Vo)1 a
e (31a)

Lo 0 v llveo gy g
= (1— 6%0)2 v

A

[fllveo <

(31b)

Again, for the proof below, we may assume that oy = 1 in (D<°). If oy < 1, then replace V
and § with V% and §*° respectively in the proof below.

Proof. Recall that |R*||yy < 6% (see (11)), so that I — R is invertible on By with (see (23))

+oo
=) RN (32)
k=0
Next, we have
I-P=1-R-T=Uo(I-R) with U:=I-To(I-R)"" (33)
Let f € Byao be such that w(f) = 0 and let f := (I — R)~'f. Then we obtain from (33)
(I-P)f=Uo(I-R)o(I-R™f=Uf.
From T'= v(:)1g and from (24) applied to z = 1, we obtain that

Uf=f—-m(f)ls

12



where i is defined in (17). Moreover we know from Theorem 2.2 that p; is a P—invariant
positive finite measure, more precisely u1 = u1(1x)m (see also | , ]). Hence we have
u1(f) = 0 since 7(f) = 0, so that Uf = f. Thus fis a solution to the Poisson equation on
By. Moreover, it follows from (32) and ||R¥||y; < 6% that

_ = 1
1Al = 1T =R)"fllv = || YR, < 13 I fllv- (34)
k=0

The proof of the first assertion is complete.

Now let f € Byao be such that w(f) = 0 and letAJ?:: (I — P+1)~'f. Since fsatisﬁes
Poisson’s equation on Byao, we know that f and f differ by a constant function, so that

f=f—n(f)lx due to n(f) = 7(f) = 0. Hence

Iflv < 1l + Pl x gl (eriangolar incquality)
< (LWl v Gince |7 < 17lv V)
- L+7(V)|1xllv [¥ae (from (34)).

1—90

This gives (31a). Finally (31b) follows from the inequality 7=(V) < v(V)/(1 — d) which can
be easily derived from (18). The second assertion is proved. H

5 Bounds for the second eigenvalue of P

Using the results of Sections 2-3-4, we first present some results on the location of the eigen-
values of P on Byeo. For any a € C and for any r > 0, define

D(a,r):={\€C:|A—a| <7}, Cla,r):={\€C:| \—a|=r}, D(a,r) = D(a,r)UC(a,r).

Proposition 5.1 Suppose that P satisfies Assumptions (A). Let ag € (0,1] be given in
(D*° ), and define
- 1— 9>

T = .
T r(Veo) [1x[veo

Then X\ = 1 is the single spectral value of P on Byeo in the open disk D(1,71), that is: for
every A € D(1,71) \ {1}, the operator \I — P is invertible on Byeo.

(35)

The real number 77 in (35) satisfies

P ¢ e
r 2T = 1= 6% + (Vo)

since (V@) < p(V*)/(1 — §*°). Therefore 7} may be replaced with 71 in the conclusion of
Proposition 5.1 when 7 is unknown.

Proof. Note that 71 < 1—0%°. Therefore, if A € D(1,71), then |A| > §*°. Thus it follows from
(15) that any spectral value of P on By« in D(1,71) is actually an eigenvalue. Consequently

13



we have to prove that A = 1 is the single eigenvalue of P on Byeo in D(1,71). Let A € C\ {1},
be an eigenvalue of P on By g, and let f) € Byeo be such that f) # 0 and Pf\ = Afy. Then

(I=Xfa =T —=P)fx (36)
Since A # 1, we have 7(f\) = 0. It follows that
(I—P+T) o (I-P)fs= (T~ P+T) Vo (I~ P+TD)\ = fy.
Then we obtain by composing to the left of (36) by (I — P +1I)~! that
(L=Nfx=f where fi=(-P+I)7"f

so that f)\ = (1 —=X)"1f\. Tt follows from (31a) applied to f = f that |1 — A|7! < ?1_1, thus
|1 — A| > 7. This proves the expected statement. O

Proposition 5.2 Assume that P satisfies Assumptions (A). Let ag € (0,1] be given in
(D*°). Let z € C be such that |z| =1, z # 1, and define

— (1 — g v(Veo)|l1sllveo  \ 7'
Ty = (1 ) )(14-‘1_“2(13)'(1_5%)) . (37)

Then there is no spectral value of P on Byeao in the open disk D(z,71,), that is: YA € D(z,r,),
the operator A\I — P is invertible on By g .

Proof. Let z € C be such that |z] = 1, z # 1. Then zI — P is invertible on Byee from
Theorem 3.1, so that u,(lg) # 1 due to Theorem 2.2. Since r, < 1 — §* we have to prove
that there is no eigenvalue of P on By«eo in D(z,7,) (as in the proof of Proposition 5.1). Let
A € C be an eigenvalue of P on Byeag (thus A # z), and let f\ € Byao be such that Pfy = Af)
and || fyllyeo = 1. We have (2I — P)fy = (z — A)fy, so that (zI — P)"'fy = (z — )" £y
Using |z| = 1, it follows from (21) applied to fy that |z — A\|7! <1, thus |z — A| > r,. This
proves the desired statement.

Under Assumptions (A) let zg = %0 € C, 9y € (0,7/2), be defined by
C(0,1)NC(1,7) = {0, e~} (38)
with 71 defined in (35), and let T’y be the following closed subset of C(0,1):
To:={z€C:z=¢", 9 [y,2m — D]}

Note that

mo := ?El}‘r(l) ‘1 — ,u,z(ls)‘ > 0.

Indeed let ap € (0,1] be given in (D°). Then for every z € I'y we know that zI — P is
invertible on Byeo (Theorem 3.1), so that p.(lg) # 1 (Theorem 2.2). Then the positivity
of mg follows from the continuity of the function z ~ p.(ls) := >/ 27%8;(1s) on the
compact set I'g. Finally let

o= o v(Ve)|[1sllveo -
o= (1-6 )<1+ mo (1 — 60) ) . (39)
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Note that 7y < r,, from the definition of mg and that r,, < 7 since |29 — 1| = 71 and the
eigenvalue 1 cannot belong to D(zp,r,,) from Proposition 5.2. Consequently 79 < 77, and we
can define &y as the unique complex number such that

€l <1 and & € C(1,71) N C(20,70)- (40)

Corollary 5.1 Assume that P satisfies Assumptions (A). Let o € (0, 1] be given in (D*°)
and let & be defined in (40). Then the second eigenvalue g, of P on Byeo (see (2)) is such
that ay < [Sol-

Proof. From the definition of mg and from Proposition 5.2 we deduce that, for every z € Iy,
there is no spectral value of P on Byeg in the open disk D(z,7p), that is: Vz € T'g, VA €
D(z,79), the operator A\I — P is invertible on Byeo. Then Corollary 5.1 follows from Propo-
sitions 5.1 and from the spectral properties of Section 2. U

Note that the series > Bx(1s) is convergent (see (17)) and that 1 (1s) = Y205 Br(1s) =
1 since 1 is an eigenvalue of P (Theorem 2.2). Thus

+00 +00
L= pa(ls) =Y (1= (=1)%) Br(ls) =2 Bax—1(1s) (41)
k=1 k=1

and 1 — p_1(1g) € [2v(1s),2] since we have Bi(1s) = v(1g) and 372 Be(ls) = 1. Recall
that P is said to be reversible with respect to 7 if w(dx)P(z,dy) = w(dy)P(y,dz). Under
Assumptions (A) and with ag € (0,1] given in (D?), define

_ 0% = 6%)t + v(V*)|[1slveo

=0 0= T s o slves (42)
n “+00

Vn>1, nni=2) Pau-1(ls) and ne =2 Pau-1(ls) =1—p_1(ls).  (43)
k=1 k=1

Note that for any n > 1, e > nn, > 261(1g) = 2v(1g) > 0.

Corollary 5.2 Assume that P satisfies Assumptions (A), and let oy € (0,1] be given in
(D®° ). Moreover assume that P is reversible with respect to w, that m(V?%) < oo, and that
the following implication holds for every A € C, |A| > 6% and for every f € Byao:

Pf=A, f#0 = =(|f]) #0. (44)

Then
Vn > 1, Oag < w(noo) < Tb(ﬁn) (45)

Recall that the bounds of g4, in (45) can be used in the L?(7)—geometrical ergodicity (see
(3)). Also recall that lim,, 7, = 70 and 7 € [2v(1g),2]. The second bound in (45) applied
ton =1 gives 0q, < ¥(2v(1lg)), but this bound is not accurate in general because v(1lg) is
small, so that the bound ¢ (v(1g)) is close to 1.

Proof. From reversibility we know that P is a self-adjoint bounded linear operator on L?(7),
and that the spectral values of P on IL?() are contained in [—1,1], e.g. see | ) ].
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Moreover note that every f € Byao is such that 7(|f|?) < oo from 7(V2%) < co. Now let
A € C, |A] > 0%, be an eigenvalue of P on Byag, and let f € Byao be such that Pf = \f and
f #0. Then 7(|f|) # 0 from (44), so that ) is an eigenvalue of P on L?(r). Therefore every
eigenvalue A € C of P on Byeo such that |A| > 6?0 actually belongs to (—1,—0%°) U (§%°, 1].
Next, note that r_; defined in (37) (with z = —1) satisfies r_; < 1—0%°, thus 6*° < 1—r_;.
Also observe that 1—r_1 = 9 (7o) from an easy computation, (41) and 1—p_1(1g) > 0. Thus,
using Theorem 2.1, the first inequality in (45) holds if we establish that there is no eigenvalue
of P on Byag in I} := (1 —7r_1,1) and in [y := [—-1,—1 4 r_1). This is true for I; since we
know from Theorem 2.2 that A = 1 is the unique solution to Equation ZLX{ AP Br(ls) =1
in the interval (§%°,1]. Moreover this is true for /_; since we know from Proposition 5.2
applied to z = —1 that there is no spectral value of P on By«eo in the open disk D(—1,7_1).
Thus 9o, < |—1+7_1] = 1—r_;. Finally easy computations show that ¢ in (42) is decreasing
on (0,+00). This proves the second inequality in (45) since 0 < 7, < 7oo.

O

Remark 5.1 Assumption (44) is used in the previous proof to ensure that every eigenvalue
A of P on Byoo such that |\| > §%° is also an eigenvalue of P on L2(r). If P is of the form
P(z,dy) = p(x,y)du(y) where p is a positive measure on (X, X) and if P admits an invariant
probability measure 7(dx), then w(dx) is absolutely continuous with respect to u (i.e. w(dx) =
m(x) p(dzx)). If moreover the density function m is positive on X, then Condition (44) holds.
Indeed, if f € Byeo is such that w(|f|) =0, then f =0 p—a.s., so that Vx € X, (Pf)(x) =0.
This proves (44). More generally note that Condition (44) is fulfilled when for every f € Byao
we have:

f=0 m-almost surely = Ve €X, In=n, >1, (P"f)(z) =0. (46)

Remark 5.2 In the atomic case, that is when (S) holds with S € X such that V(a,d’) €
S2 P(a,-) = P(d',-) and with v(-) := P(sg,-) for some (any) so € S, then

Vn>1, Bu(lg) =P, (RS = n) (47)

where Rg = inf{n > 1: X,, € S} is the first return time in S. Then Equality Y25 Bi(ls) =
1 reads as Py, (Rg < 00) = 1, and ne = 2Ps (Rg € 2N + 1). Moreover Conditions (D*°)
holds with g = 1 (see Appendiz A). Consequently, when the assumptions of Corollary 5.2

hold with an atom S, then we have the following upper bound for the second eigenvalue o1 of
P on By:

~20(1 = 8)pr +v(V)|1s]lv
o SV = S S (V) llLs v

with  p1 = Py, (RS € 2N + 1).

Recall that a reversible Markov kernel P with respect to 7 is said to be positive if the
following condition holds

W €L2(n), (PF. flram = /X (Pf) (@) f(x)n(dz) > 0. (48)

Under this condition, every eigenvalue A of P on L?(r) is non-negative from (48). Con-
sequently, if P satisfies the assumptions of Corollary 5.2 and if P is positive, then every
eigenvalue \ of P on Byao such that |A| > 0?0 is actually positive. However, as already
mentioned in the proof of Corollary 5.2, A € (§%°, 1) is not an eigenvalue of P on Byao since
S ATF Br(1g) > 1 (Theorem 2.2). Thus the following statement holds.
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Corollary 5.3 Assume that P is a positive reversible Markov kernel with respect to © sat-
isfying Assumptions (A) and (44). Let ag € (0,1] be given in (D*°), and assume that
7(V22%) < 0o. Then we have g, < 6°°.

Recall that ap = 1 in the atomic case. If S is an atom, then the conclusion of Corollary 5.3
has been proved in | , Th. 1.3] (Condition (44) is not assumed in | , Th. 1.3]).
Therefore, the previous corollary extends this result to the non-atomic case, provided that
Condition (44) is assumed and that the space By is replaced with By eo. The bound ga, < 6%°
can be used in (3) too.

If P is reversible with respect to 7 and if £ > 2 is any even integer, then the {—th iterate
P* of P is a positive reversible Markov kernel with respect to 7. Moreover, if o(P?) is the
second eigenvalue of P* on By for some W > 1, then o(P%)/* is the second eigenvalue of P
on By . Indeed, writing n = k¢ 4+ r (euclidean division) and defining IIf = 7(f)1x, we have

Pn_H:Pk’K—H‘_H:(P_H)r ((Pé)k_l—[)

from which we easily deduce the desired result. Then the following statement follows from
Corollary 5.3 applied to P.

Corollary 5.4 Assume that P is reversible with respect to w. Moreover assume that, for
some even integer £ > 2, the Markov kernel P’ satisfies Assumptions (A), so that P* satisfies
Conditions (Dge) and (D°) with some §(P%) € (0,1) and some ag(P*) € (0,1]. Finally
suppose that P* satisfies (44) and that W(VQQO(PZ)) < 00. Then we have o, < sao(P9/e.

Remark 5.3 For the standard (non-atomic) examples of positive reversible Markov kernels
provided by the Metropolis-Hastings algorithm for simulating the Gaussian distribution and
by the Gaussian autoregressive Markov chain, the numerical values of ag are reported in
/ , Sec. 6.3-6.4]. These numerical findings show that the bound 0o, < 0“° proved in
Corollary 5.3 is of the same order (even sometimes better) as the bounds of the V -geometrical
rate of convergence obtained in [ , Sec. 8.2-8.3], see [ , Tables 1-2] for details.
Consequently the rate of convergence in the L2 (m)—geometrical ergodicity (3) deduced from
the bound 0n, < 6 is of the same order as those addressed in | , Sec. 8.2-8.3].

Now, let us give a simple example for which the exact value of the second eigenvalue of P
is known and compared with the bound provided by Corollary 5.4 (applied here with £ = 2).
Let P = (P(i,])) (i en be the reversible Markov kernel defined on X =N by

P(0,0) =0.1, P(0,1)=0.9 and Vn>1, P(n,n—1):=0.6, P(n,n+1):=04. (49)

Define ¥n € N, V(n) = (0.6/0.4)"/2. We know that the second eigenvalue o1 of P on By is
given by o1 = 0.98, see [ , Sec. 8.4/, [ , Prop. 4.1] where this exact value is obtained
from algebraic computations. Note that P is not positive but P? is. Moreover P? satisfies the
assumptions of Corollary 5.4. Indeed, P? satisfies (S) with S = {0,1}, v = v(0)dy + v(1)6;
with

v(0) = min (P?(0,0), P?(1,0)) = 0.06, v(1) =min (P*(0,1), P(1,1)) = 0.09,
and P? satisfies (Dge) with V as above defined and with §(P?) = 4x 0.6 x 0.4 = 0.96. Finally
the real number ag(P?) € (0,1] has to be chosen such that P? satisfies (D®°), that is

Vi € {0,1}, (P2VeoP)(3) = 0.96°0(F*) (0.6/0.4) 0 (P*)/2 4 0.06 + 0.09 x (0.6/0.4)*0(F*)/2,
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We find ag(P?) = 0.71. Consequently we deduce from Corollary 5.4 that

0ay < V0.96%02 < 1/0.9714 = 0.9856.

This bound is not very far from the exact value 0.98.

We conclude this section with an application to Markov chain Monte Carlo (MCMC)
algorithms. Let 7 (the target density) be a positive distribution density function on X = R,
and let g(x,-) be a proposal density on X = R? for any = € R?. Define

min <1, %) if w(x)q(xz,y) >0

V(x,y) € RY % Rd7 p(x,y) == { 1 if ﬂ-(x) q(z y) =0

Recall that the associated Metropolis-Hastings kernel is defined by

P(z,dy) :=r(z) d:(dy) + p(z,y)q(z,y)dy  with r(z):=1-— /Rd p(z, 2)q(x, z)dz, (50)
where 0,(dy) denotes the Dirac distribution at z, and that P is reversible with respect
to m. For any zy € R?, let fz, be the Dirac function at xg, that is: fyz,(z9) = 1 and
Vo # xo, fz,(x) = 0. Then Pf,, = r(xo)fz,, thus r(z) is an eigenvalue of P on the space
Bw for any function W > 1. Therefore a necessary condition for P to be W —geometrically
ergodic is that 7o := sup,cpa r(z) < 1.

Corollary 5.5 Assume that the target density function m is positive on R% and that ro <
1. Moreover assume that the Metropolis-Hastings Markov kernel P defined in (50) satisfies
Assumptions (A), and let ag € (0,1] be given in (D*°). Finally suppose that §*° > ro and
that w(V20) < co. Then the second eigenvalue 0o, of P on Byao satisfies (45).

Proof. Corollary 5.5 follows from Corollary 5.2, provided that P in (50) satisfies Condi-
tion (44). Let A € C, |A| > d°°, and let f € Byaq, f # 0, be such that Pf = Af. We must
prove that 7(|f]) # 0. Suppose that 7(|f|) = 0. Since m > 0, we have f(y) = 0 for almost
every y € R? with respect to Lebesgue’s measure on R?. Then

Vo € RY, /Rd f)p(z,y)q(z,y)dy =0,

hence: Vo € RY, \f(z) = (Pf)(x) = r(z) f(z). Since f # 0, there exists zg € R? such that
f(zg) # 0, so that 7(xg) = \. But this is impossible since Vo € R?, r(z) < 6% < |)|. O

Remark 5.4 Note that, under the conditions (Dge) and ro < 1, the real number ¢ in (Dge)
may always be chosen such that 60*° > ro,. For instance choose 0 in (Dge) such that roo < 9,
and compute the associated real number ag of (D°): then we have roo < 0 < §*°. Moreover
observe that, if (D*°) holds for some § € (0,1) and oy € (0,1], then we automatically have
Vo € 5S¢, r(z) < 5% since

Ve € 8¢ r(z)V () < (PV)(x) < 6%V (x)*°

from the definition of P in (50) and from (D*°). Hence, under Assumption (D*°), the
condition §*° > ro is in fact equivalent to: Yx € S, 6% > r(x). In practice § and oy of
(D° ) have to be chosen so that 6*° > ro and that the first or the second bound used in (45)
s minimal.
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6 Applications to perturbed Markov kernels

Let {Py}goco be a family of transition kernels on (X, X)), where © is an open subset of some
metric space. We assume that the family {Py}gco satisfies the following conditions: there
exist S € X and v € M™ such that

v(lg) >0 and V€O, VxeX, VAc X, PFy(x,A) >v(ly)ls(z) (Se)
and there exists a Lyapunov function V' : X —[1, +00) such that
30 € (0,1), VO € ©, Vo € §¢, (PyV)(z) <oV (x) (De,s¢<)
K :=supsup(FyV)(z) < 0. (Ke)
0cO xS

This means that the whole family {P}gco has is a small-set S with the same positive mea-
sure v and satisfies the geometric drift conditions (Dge)-(K) in a uniform way in 6 € ©.
Throughout this section, Assumptions (Ag) will stand for the set of Assumptions (Se)-
(De,sc)-(Ke@). Then for every 6 € © there exists a unique Py—invariant probability mea-
sure mp on (X, X') such that my(V') < co. Moreover, under Assumptions (Ag), there exists
ag € (0,1] such that

VO € ©, PV <OV 4 p(V)lg. (Dg°)

In fact Property (DgP) can be proved as for (D®°) (see Appendix A) since the data of
Assumptions (Ag) are the same for every 6 € ©. Now, let 6y € © be fixed, and define

VO €O, Agay(@) = [Po(x, ) = Poy (2, ) ye0, (51)

that is: Ag o, () is the V*°-weighted total variation norm of Py(z, ) — Py,(z,-). Next let us
introduce the following condition:

. _ o
Vo € X, 015%0 Ag op(x) =0. (AG)

The stationary distribution mg, of Py, is supposed to be unknown and not directly com-
putable, and Py for 6 # 6y must be thought of as a perturbed Markov kernel of Fp,. Then, if
the stationary distribution 7y of Py is computable for 8 # 6y, Theorem 6.1 below provides an
explicit control for the V*-weighted total variation norm ||mg — mg,||{ a0, provided that the
function Ag o, in (51) is computable, so that the real number my(Ag o, ) in (52a)-(52b) below
is available.

Provided that V' is replaced with V*°, Inequalities (52a)-(52b) below extend to the non-
atomic case the statement | , Th. 2] obtained in the context of truncation of discrete
Markov chains with an atom (see Remark 6.1).

Theorem 6.1 Suppose that the family {Py}oco satisfies Assumptions (Ae). Let oy € (0, 1]
be given in (DG°), let 6y € © and assume that Condition (AG’) holds. Then

. ’ .
GIE%O g — oy ||yye0 =0 and 915%0 79(Ag,ae) = 0.

Moreover we have for every 6 € ©

1+ ma, (V) [ 1x[[vo0

7o = o[l < |0 - 7700H/Vao hS 100 X 7o (Apa0) (52a)
1 6% 4 (Vo) [1xlve
= (1 _ 5&0)2‘ - X g (Ae,ao)- (52b)
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Remark 6.1 (Comparison with | 1) Let P:= (P(i,]))(i en2 be a stochastic infinite
matriz and for every k > 1 let Py, be the linear augmentation (e.g. in the last column) of the
(k+1) x (k+ 1) northwest corner truncation of P. Hence Py is a stochastic matriz of order
k+ 1. Assume that P satisfies (S) with an atom S C N, and that there exist b > 0 and a
Lyapunov function V= (V(n))nen such that PV < §V +blg and ||1x|[v = 1. Let © (resp. my)
be the invariant probability measure of P (resp. of Py). For the sake of simplicity we also
denote by Py and 7 the natural extensions to N of P, and my, respectively. For every k € N
define

k
Vi=0,....k  A(i,V) =Y Pi,))(V(k)+ V() and & =Y (i) Ap(i, V). (53)
>k =0
It is proved in [ , Th. 2] that
/ 1 +7T(V)
1-6+0
< — .
S (1 — 5)2 X 5k (54b)

Let us show that Properties (54a)-(54b) and (52a)-(52b) coincide in this truncation and
atomic context. Note that © = N U {oo} here, with Poo = P and Py = Py for § = k € N.
Moreover recall that in the atomic case we have ag = 1 in (D). Hence Ay (i, V) and oy
in (53) are nothing else but the error term in (51) and the real number mo(Ng.q,) of Theo-
rem 6.1. Moreover the constants in (54a)-(54b) are exactly those in (52a)-(52b) since we can
choose b = v(V') in the atomic case. This proves the claimed fact. Finally mention that the
proof of the property limy §;, = 0 in [ | is not complete because of the incorrect statement

[ , lem. 1].

Again, without lost of generality we may suppose that oy = 1 for the proof of Theorem 6.1.
If ap < 1, replace V and § with V' and §*° respectively in the proof below. We use the next
lemmas where the assumptions of Theorem 6.1 are supposed to hold. These lemmas extend
results in | , Sect. 3] and [ , Eq. (3)] proved for truncated discrete Markov kernels.

Lemma 6.1 We have: limg_, ¢, |19 — mg, |7, = 0.

Proof. Note that
Vo e®, PV <cV with c:=0+K (55)
from (Kg)-(De,s<). Moreover we have for every f € By such that ||f||y <1

Vn>1, Ve eX, |(Pgf)(e) - (PFf)(x Zc” (P D) (). (56)

Indeed, for n = 1 Inequality (56) holds since we have for every f € By such that || f|ly <1

|(Poy (@) = (Pof) ()] < Aga(x)
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from the definition of the V-weighted total variation norm. Next proceed by induction.
Assume that (56) holds for some n > 1. Let g € By be such that ||g|[y < 1. Then

(P tg) () — (PiHlg) ()| < | (P (Pay — Pa)g) (@) + |((Pg, — Pg") Pog) ()|

< / |(Pan9) () — (Pog) ()| Pyt (. dy) + 3 " (P Agy1) (2)
§=0

n—1
< /AGO ) Py (z, dy) + ch_j (PGJOAGOJ)(@
=0

using the triangular inequality, the fact that ||Pyg||v < ¢ by (55) and the induction assump-
tion, and finally the definition of Ag;. This gives (56) at order n + 1. Now let z9 € X be
fixed and define

en = sup || Py (xo, ) — [y (57)
EC)
Let f € By be such that ||f|yy < 1. Then we have
|70 (f) —mo(f)] < |mo,(f) — (Péé (zo)| + | (P f)(z0) — (P f)(wo)| + |(Pg f) (o) — ma(f)|

< 25n@+z "1 (PY Apa) (o)

from the definition of €, ¢ and from (56). Next fix n > 1. We have

Vi=0,...,n—1, 615%0 (PaoAg,l)(xo) 0

from Lebesgue’s theorem applied to the probability measure Pej0 (xo, ) using Assumption (Ag’)
(with ap = 1 here) and
Ve O, Ay <2V (58)

with ¢ defined in (55). Hence

VYn > 1, limsup Hﬂ'@o — 7'('9H/V <2ep0.
9—>90

Moreover we have
lime, e =0 (59)
n

from | , | since Assumptions (Ag) are stated in a uniform way in € ©. Prop-
erty (59) can be also derived from the results of Sections 2-3 when the parameter set © is
assumed to be locally compact, see Appendix C. It follows that lim supy _, g, H7T90 — 7rgH/V =0,
hence the assertion of Lemma 6.1 holds.

Lemma 6.2 For any f € By, let us introduce fo := f — mg,(f)1x. Set .]?Q = (I — Ry,) "1 fo
with Ry, := Py, — v(-)1s. Then

wo(f) — oo (f) = mo(Dofo) with Ag:= Pp— Pp,.
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Proof. Since mg,(fo) = 0, we know from Theorem 4.1 applied to Py, that f(] is a solution to

Poisson’s equation, that is fo satisfies fo Py, fo = fo, or Py, fo = fo — fo. Then, it follows
that

79(Agfo) = mo(Pofo — Py fo) = mo(fo) + ma( — fo + fo)
= mo(fo) = mo(f) — e, (f) (from the definition of fj).

]
Proof of Theorem 6.1. That limg_, g, |79 — g, |5, = 0 is proved in Lemma 6.1.
Next we have
m9(Ag.1) < [mo(L0,1) — moy (A1) | + 70, (A6,1) < 2¢llmg — 70, [y + 70, (A6,1)
from (58). Moreover we obtain that limg_, g, mg,(Ap1) = O from Lebesgue’s dominated

convergence theorem with respect to the probability measure mg, using Assumption (AgG°)
(with ap = 1 here), (58) and my, (V') < co. We have proved that limg_, g, 79 (Ag,l) = 0. Now

let f € By be such that ||f||y < 1. Define fo := f — mp,(f)1x and fo = (I — Ry,) "' fo asin
Lemma 6.2. Then by using Theorem 4.1 applied to the Markov kernel P, we obtain that

’7T0(f) — Mo, (f)’ < / ‘ P@fo Pgofo x)‘ mo(dzx) (from Lemma 6.2)
< lfollv /X Ag1(z) mo(dx) (from the definition of Ag )
< lfollv < mo(B01)  (from (30)
< 1F ”901 (‘_/)5”1)( Vs (Ag1)  (from the definition of fp)
< Y s 0) (o (V) < v(V)/(1 - 0).
The proof of Theorem 6.1 is complete. O
Remark 6.2 As introduced in [ | for discrete set X, Condition (Ag’) is the expected

continuity assumption in order to study the V0 -weighted total variation distance between my
and my,. When this condition is satisfied, not only the bound (52a) in Theorem 6.1 has the
expected form, but also the constant in (52a) is simple (and moreover explicit in (52b)). Let
us compare Condition (Ag®) with alternative assumptions used in prior works.

e The standard operator norm continuity assumption introduced in | | writes as
limg g, || P9 — Py [[veo = 0, namely

AQa (l’)
I S0.00\T)
6300 ek V (2)00

This condition is clearly much more restrictive than Condition (Ag’).

e The weak operator norm continuity assumptions used in |[. , , , ,
| requires that

)— P I
o sup 172 = Poo(a )y
0— 00 zeX V(x)ao

22



To understand the difference between Conditions (Ag”) and (60), consider the following
simple example derived from perturbed linear autoregressive models:

Vo € (0,1), Vie X=R, VAc X, Py(z,A):= / 1a(y) v(y — O0z) dy,
R

where X is here the Borel o—algebra on R and where v is some probability density
function (p.d.f.) with respect to Lebesgue’s measure on R. Let 0 € (0,1). It is well-
known that, under moment conditions on the p.d.f. v, the family {Pg}ee(oﬁ) satisfies
Assumptions (Ae) (e.g. see [ , /). Here we only focus on Conditions (Ag")
and (60). Let 6y € (0,5) be fized. Condition (AG’) writes as follows

VeeR, lim [ V(y)* ‘V(y —0z) —v(y — Hox)‘dy, (61)
9—)90 X

while Condition (60) is:

Jy |v(z = 0z) — v(z — Boz)|d=
li =0. 2
15, S V(e " o

Actually Conditions (61) and (62) are quite different. In (61) the convergence is simple
in x € R, but the presence of V(y) in the integral may be problematic. In (62) the
absence of the function V in the integral is of course an advantage, but the convergence
has to be uniform on R (actually it has to be uniform on every compact of R thanks
to the division by V(x)). In this example Condition (62) is satisfied thanks to the
continuity of t — v(- —t) from R to the Lebesgue space L'(R) (see [ /), so that

the bounds obtained in | , | for ||mg — m, ||'ry, hold. However, if the p.d.f. v
satisfies Condition (61) (thanks to Lebesgue’s theorem for instance), then the bound
(52a) and (52b) are simpler and more explicit than those in [ ) /.

A Complement on the real number «

Let a € (0,1]. If z € X\ S, then we have (PV%)(z) < §*V(z)* from (Dge) and Jensen’s
inequality. Recall that K := sup,cq(PV)(z) (see (K)). We have 1 < sup,cq(PV)(z) < K
from 1x < V¢ and PV® < (PV)® using again Jensen’s inequality. Finally we have

Vee S, (PV*)(x)—0*V(x)* —v(VY) <K*—-§—v(lx)

from 1x < V. Passing to the limit when oo — 0 provides the existence of ag € (0, 1] such that
(D%%) holds since v(1x) > 0. Note that, if Condition (S) is fulfilled with an atom S and
with v(-) := P(ag,-) for some (any) ag € S, then (D%°) holds with g = 1. Indeed we then
have

VeelS, PV(x)—d6V(z)—v(V)=-0V(z)<0

Since under Assumption (Dge) we have PV < §*V® on X\ S for any a € (0,1], the
computation of ag in (D%9) only concerns the elements x € S. Under Assumption (.S) define
0:=1-wv(lx) € [0,1). The value ¢ = 0 corresponds to the atomic case for which o = 1. If
ap = 1 does not work, the following statement is useful to find an explicit value for ag € (0, 1)

n (D<),
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Proposition A.1 Assume that P satisfies Condition (S) with S that is not an atom, so that
o € (0,1). Then we have for any Lyapunov function V :

Va € (0,1], Vz €S, (PVY)(z) —v(VY) < = [(PV)(z) —v(V)]". (63)
Proof. Let x € S. Note that o,(-) :== P(z,-) — v(-) is a non-negative measure on (X, ")
from Assumption (S), and that o,(1x) = = o does not depend on x. Define the

following probability measure on (X, X): z(-)/o. Let a € (0,1]. It follows from
Jensen’s inequality that

o -
— T
Il

Q\/

PV V) 5 vy < [t = L@ L

o o%

from which we deduce (63).
g

The real number oy can be computed as follows thanks to Proposition A.1. Let M :=
K —v(V) with K given in (K). Then

Vae (0,1, Vo e S, (PVY)(x)—v(VY) -6V (z)® < % M — g

since V' > 1x. Then g € (0, 1] can be chosen such that —&; M*° — §*° < 0 since

lim [ M® 6] =0 —1<0.

a—0 g%

B Order of the eigenvalues of P

Under Assumptions (A) we deduce from Property (11) that z — u, given in (17) is derivable
on the domain Dy = {z € C : |z| > 0%} with ap € (0,1] given in (D%%), and that its
derivative is given by

+o00
Vz € Dy, ) i=— Z k2T By (64)
k=1

which is absolutely convergent in B aq.

Proposition B.1 Assume that P satisfies (A), and let ag € (0,1] be given in (D*°). Let
A € Dy be an eigenvalue of P on Byao (equivalently px(lg) = 1 from Theorem 2.2). Then
the two following assertions are equivalent:

(i) X is of order one, that is Ker(P — \I)? = Ker(P — XI) or equivalently Ker(P* — \I)? =
Ker(P* — \I);

(ii) py(1s) # 0.

Moreover, if we have p)\(lg) = 0, then the system {px,p\} form a basis of the subspace
Ker(P* — X)?:= {¢ € Biag o (P — )2 = 0}.
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Proof. Again we suppose that ag = 1 in (D*?). Let A € C be an eigenvalue of P on By such
that |A] > §. Assume that p(1s) = 0. From (19) we obtain the following equality in By,

py o P =y + My + phoT

+o0 +oo
with Vfe By, (uhoT)(f)=— Y kX FVE(Tf) = —v(f)d kA * (1)
k=1 k=1

= —v(f)m(s) = 0.

Hence gy o P = Ay + pa. Recall that py € Ker(P* — AI) (Theorem 2.2) with p, # 0 since
pa(ls) = 1. Thus p) is nonzero and satisfies p) o (P — AI) = py € Ker(P* — AI), so that
ph € Ker(P* — A\I)?\ Ker(P* — AI). We have proved the implication (i) = (ii). Conversely,
assume that there exists ¢ € B, 1 # 0, such that 1) o (P — AI)? = 0 and ¢ o (P — \I) # 0.
Since ¢ := 1 o (P — AI) € Ker(P* — XI), we deduce from the last assertion of Theorem 2.2
that ¢ = cpy for some ¢ € C. Obviously we may suppose that ¢ = 1 (replacing ¢ with ¢/c).
Hence ¢ o P = A\ + py, and an easy induction gives

Wn >0, woP" =X+ nA\" .

Next, composing on the left by ¢ in (20), we obtain the following equalities in Bj,

n

A"+ Ay = (1g) Y AT B — pa(ls) Y (n— B)ATTFTL B = O(6™).

k=1 k=1

Using pa(ls) = 1 we deduce that

b= (1g) > AT B+ > kATETD g ! <m =y oA ﬁk) =o(1).
k=1

k=1 k=1

When n — 400 we obtain that
¥ =1(Ls)pa + iy
since py — Sop_y AF B = O((6/|A)") with |A| > 6. Applying the above equality to the
function 1g gives ) (1) = 0 since px(1s) = 1. We have proved the implication (ii) = (i),
as well as the last assertion of Proposition B.1.
U

Under Assumptions (A) define for every z € C such that |z] > §¢°

+oo

Xs(2) = p=(1g) = 1=> 27 B(1g) — 1.

k=1

We know from Theorem 2.2 that A € C such that 6% < |A\] < 1 is an eigenvalue of P on
By if, and only if, xg(A) = 0. Moreover, from Proposition B.1, such an eigenvalue A is of
order one if, and only if, x’s(A\) # 0. An easy extension of Proposition B.1 shows that, for

every p > 2, A is of order p if, and only if, Vi =0,...,p — 1, X(;)(/\) =0 and Xg))()\) #0.
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C Proof of (59) when O is locally compact

The following statement shows that, under Assumptions (Ag), the family {Py}oco satisfies

(2) in a uniform way in # when © is locally compact, so that Property (59) holds. Under
(0)

Assumptions (Ag), we denote by ga, the second eigenvalue of Py on Byag.

Proposition C.1 Assume that {Py}oco satisfies Assumptions (Ae). Let ag € (0,1] be given
in (Dg°), let 0y € © and suppose that Assumption (AG") holds. Moreover suppose that ©
is locally compact. Then there exists a compact neighbourhood Vg, of 6y in © such that

V0 € Voy,  0lf) < max(5°, o)), (65)

(6o

Moreover, for every p € (max(éo‘o, O )), 1), we have

n P V([ ao)H:lSHVaO n
Pl f— 1 ag < 1
VO € Vo,, ||Pgf—mo(f)Ilx|lveo < 27(p — 6%0) < + mo (,0 5010) p (66)

with Mpe = min{|1—,u§9)(15)‘ :2€C:lzl=p, 0 €Vy,} >0. (67)
Proof. Again we suppose that g = 1. Note that under Assumptions (Ag) we have
Vk>1, V9 €0, |Rillv<d with Ry:=Py—v()ls (68)
from (11) and from the uniformity of (Ag) in § € ©. Define
voeo, vk>1, B =voR:" (69)

Hence
vk>1,v0€0, B (1s) <w(V)|1slly 87 (70)

For every z € C such that |z| > § and for every 6 € © we define

W1 Zz-kﬁ (71)

Let f € By such that || f||yy < 1. Observing that Ag;(z) := ||Rg(x,-) — Ry, (z,)|lv and that
RyV <V from (Dg°) (with oy = 1 here), we can prove as in (56) that

e
[
ol
=

VE>1, VzeX, |[(Rgf)(x)— (REF@)] <Y (R Apa)(z) < ‘ (P}, 2g.1) ().

<.
I

o
<
I

o

Note that B%g) = v. Then, using the definition (69) of B,(f), we have for every k > 2

8 (f) — 8 / (B~ (@) = (BE D) (@) ldv(x) < v (F] Aga).

o
[\

<.
Il
=)

Moreover we have

Vi=0,....k—2, lim v(P] Ag1)=0

9%90
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from Lebesgue’s dominated convergence theorem with respect to the positive measure I/Pojo
using Assumption (Ag°), (58) and v(P; V') < oo (use (55)). This proves that

k> 1, 16 — 8| = . (72)

lim
9%90
To simplify, for every # € © and for every z € C such that |z| > J, we set ¢(6, z) := uge)(ls)
(see (71)). We easily deduce from (70) and (72) that ¢ is continuous on © x {z € C: |z| > ¢}
(note that 6y has been arbitrarily chosen in ©). Let p € (max(é, o%), 1), where 0%) denotes
the second eigenvalue of Py, on By. Let v € (0,1 — p), and finally let D, ., be the following

compact subset of C:
Dpy:={2€C: 2| 2p, [z =1 27}

We know from the definition of %) and from Theorem 2.2 that
Vze€Dyy, ¢(bo,2)# 1. (73)
Let us prove that there exists a neighbourhood Vg, = Vg, (p,y) of 0y in © such that
Vz €Dy, Y0 € Ve, ¢(0,2) # 1. (74)

Assume that such a neighbourhood does not exist. Then there exists a sequence (9, ),>1 € O
and a sequence (zp)p>1 € Dpl,i such that lim¢,, = 0y and Vn > 1, ¢(9,, z,) = 1. Up to select
a subsequence we can suppose that lim, z, = u for some u in the compact set D, .. Then
we deduce from the continuity of ¢ that

#(0p,u) = li7rln<;5(19n,zn) =1.

This contradicts Property (73). Hence (74) is proved. Next let 71 be defined in (35) (with
ap = 1 here), let v € (0, min(1 — p,71/2)) and let Vg, = Vy,(p,7) such that (74) holds. Let
us prove that

VzeC, |z| >p, 2#£1, VO €Vy,, ¢0,2)# 1. (75)

First it follows from the uniformity in 8 € © of Assumptions (Ag) and from Proposition 5.1
that, for every 6 € ©, A = 1 is the single spectral value of Py on By in the open disk D(1,77).
Thus we have

V0 €O, Vze€ D(1,71), z# 1, ¢(0,2) #1 (76)

from Theorem 2.2. Then (75) follows from (74) and (76) since v < 71/2.

Now we can complete the proof of Proposition C.1. Let p € (max(é, 0?0, 1). Using
the spectral properties of Section 2 and Theorem 2.2 we deduce from (75) that, for every
0 € Vy,, the spectral gap 09 of Py on By is less than p. In fact this gives (65) since p is
arbitrarily close to max (5, 9(90)). Next note that the neighbourhood Vy, of 6y in (75) can
be assumed to be compact since O is locally compact. Then (67) follows from the continuity
of ¢ on the compact set H = Vy, x {z € C : |z|] = p} since we know from (75) that
V(0,z) € H, ¢(0,z)+# 1. Finally (66) follows from Theorem 3.1 applied to Py, 6 € Vy,. O

27



References

[APO7]

[Bax05]

[Dell7]

[DMPS18]

[FHL13]

[GMY6]

[GP14]

[Hen93]

[Hen06]

[Hen07]

[HHO1]

[HL14a|

[HL14b]

[HL20]

[HL22]

Y. F. Atchadé and F. Perron. On the geometric ergodicity of Metropolis-Hastings
algorithms. Statistics, 41(1):77-84, 2007.

P. H. Baxendale. Renewal theory and computable convergence rates for geomet-
rically ergodic Markov chains. Ann. Appl. Probab., 15(1B):700-738, 2005.

B. Delyon. Convergence rate of the powers of an operator. Applications to stochas-
tic systems. Bernoulli, 23(4A):2129-2180, 2017.

R. Douc, E. Moulines, P. Priouret, and P. Soulier. Markov chains. Springer Series
in Operations Research and Financial Engineering. Springer, 2018.

D. Ferré, L. Hervé, and J. Ledoux. Regular perturbation of V-geometrically
ergodic Markov chains. J. Appl. Probab., 50(1):184-194, 2013.

P. W. Glynn and S. P. Meyn. A Lyapounov bound for solutions of the Poisson
equation. Ann. Probab., 24(2):916-931, 1996.

L. Galtchouk and S. Pergamenshchikov. Geometric ergodicity for classes of ho-
mogeneous Markov chains. Stochastic Process. Appl., 124(10):3362-3391, 2014.

H. Hennion. Sur un théoréme spectral et son application aux noyaux lipchitziens.
Proc. Amer. Math. Soc., 118:627-634, 1993.

H. Hennion. Quasi-compactness and absolutely continuous kernels, applications
to Markov chains. https://arxiv.org/abs/math/0606680, June 2006.

H. Hennion. Quasi-compactness and absolutely continuous kernels. Probab. The-
ory Related Fields, 139:451-471, 2007.

H. Hennion and L. Hervé. Limit theorems for Markov chains and stochastic
properties of dynamical systems by quasi-compactness, volume 1766 of Lecture
Notes in Math. Springer, 2001.

L. Hervé and J. Ledoux. Approximating Markov chains and V-geometric ergod-
icity via weak perturbation theory. Stochastic Process. Appl., 124(1):613-638,
2014.

L. Hervé and J. Ledoux. Spectral analysis of Markov kernels and aplication to the
convergence rate of discrete random walks. Adv. in Appl. Probab., 46(4):1036—
1058, 2014.

L. Hervé and J. Ledoux. V-geometrical ergodicity of Markov kernels via finite-rank
approximations. Flectronic Communications in Probability, 25(23):1-12, March
2020.

L. Hervé and J. Ledoux. Quantitative approximation of the invariant distribu-
tion of a Markov chain. a new approach. https://hal.archives-ouvertes.fr/hal-
03605636, 2022.

28



[HL23]

[Kar86]

[Kem81]

[KMO3]

[KMO5]

[LL18]

[MARS20]

[MT93]

[MT4]

[MTO9]

QH21)

[RR97]

[RRO4]

[RS18]

[SS00]

[Twe98]

L. Hervé and J. Ledoux. Robustness of iterated function systems of lipschitz
maps. To appear in J. Appl. Probab., 2023. HAL : hal-03423198.

N. V. Kartashov. Inequalities in theorems of ergodicity and stability for markov
chains with common phase space, parts I and II. Theor. Probab. Appl., 30:pp.
247-259 and pp.505-515, 1986.

J. G. Kemeny. Generalization of a fundamental matrix. Linear Algebra Appl.,
38:193-206, 1981.

I. Kontoyiannis and S. P. Meyn. Spectral theory and limit theorems for geomet-
rically ergodic Markov processes. Ann. Appl. Probab., 13(1):304-362, 2003.

I. Kontoyiannis and S. P. Meyn. Large deviations asymptotics and the spectral
theory of multiplicatively regular Markov processes. FElectron. J. Probab., 10:61—
123, 2005.

Y. Liu and W. Li. Error bounds for augmented truncation approximations of
Markov chains via the perturbation method. Adv. in Appl. Probab., 50(2):645—
669, 2018.

F. J. Medina-Aguayo, D. Rudolf, and N. Schweizer. Perturbation bounds for
Monte Carlo within Metropolis via restricted approximations. Stochastic Process.
Appl., 130(4):2200-2227, 2020.

S. P. Meyn and R. L. Tweedie. Markov chains and stochastic stability. Springer-
Verlag London Ltd., London, 1993.

S. P. Meyn and R. L. Tweedie. Computable bounds for geometric convergence
rates of Markov chains. Ann. Probab., 4:981-1011, 1994.

S. P. Meyn and R. L. Tweedie. Markov chains and stochastic stability. Cambridge
University Press, 2th edition, 2009.

Q. Qin and J. P. Hobert. On the limitations of single-step drift and minorization
in Markov chain convergence analysis. Ann. Appl. Probab., 31(4):1633-1659, 2021.

G. O. Roberts and J. S. Rosenthal. Geometric ergodicity and hybrid Markov
chains. FElect. Comm. in Probab., 2:13-25, 1997.

Gareth O. Roberts and Jeffrey S. Rosenthal. General state space Markov chains
and MCMC algorithms. Probab. Surv., 1:20-71 (electronic), 2004.

D. Rudolf and N. Schweizer. Perturbation theory for Markov chains via Wasser-
stein distance. Bernoulli, 24(4A):2610-2639, 2018.

T. Shardlow and A. M. Stuart. A perturbation theory for ergodic Markov chains
and application to numerical approximations. STAM J. Numer. Anal., 37(4):1120—
1137, 2000.

R. L. Tweedie. Truncation approximations of invariant measures for Markov
chains. J. Appl. Probab., 35(3):517-536, 1998.

29



[Wu04] L. Wu. Essential spectral radius for Markov semigroups. I. Discrete time case.
Probab. Theory Related Fields, 128(2):255-321, 2004.

30



	Introduction
	Quasi-compactness of P
	A bound for the constant C in (2)
	A bound for the norm of solutions to Poisson's equation
	Bounds for the second eigenvalue of P
	Applications to perturbed Markov kernels
	Complement on the real number 0
	Order of the eigenvalues of P
	Proof of (59) when  is locally compact

