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SPECTRAL ANALYSIS OF THE INCOMPRESSIBLE VISCOUS
RAYLEIGH-TAYLOR SYSTEM IN R?

OLIVIER LAFITTE AND TIEN-TAI NGUYEN

ABSTRACT. The linear instability study of the viscous Rayleigh-Taylor model
in the neighborhood of a laminar smooth increasing density profile pg(z3)
amounts to the study of the following ordinary differential equation of order
4:

— Nook?¢ — (po¢')'] = Au(@™) —2k2¢" + k') — gkppb,  (0.1)
where A is the growth rate in time, k is the wave number transverse to the
density profile.

In the case of pj = 0 compactly supported, we provide a spectral analysis
showing that in accordance with the results of [3], there is an infinite sequence
of non trivial solutions (An, ¢rn) of (0.1), with A, — 0 when n — +00 and
¢n € H4(R). In the more general case where pj; > 0 everywhere and pg
converges at +00 to finite limits p+ > 0, we prove that there exist finitely non
trivial solutions (An, ¢n) of (0.1). The line of investigation is to reduce both
cases to the study of a self-adjoint operator on a compact set.
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1. INTRODUCTION

The Rayleigh-Taylor (RT) instability, studied first by Lord Rayleigh in [19] and
then Taylor [20] is well known as a gravity-driven instability in two semi-infinite
inviscid and incompressible fluids when the heavy one is on top of the light one.
It has attracted much attention due to both its physical and mathematical impor-
tance. Two applications of worth mentioning are implosion of inertial confinement
fusion capsules [13] and core-collapse of supernovae [18]. For a detailed physical
comprehension of the RT instability, we refer to three survey papers [10, 21, 22].
Mathematically speaking, for the inviscid and incompressible regime in the neigh-
borhood of a smooth density profile, the classical RT instability was investigated
by Lafitte [12], Guo and Hwang [1] and Helffer and Lafitte [8].

In this paper, we pay attention to the viscous RT instability. One of the first
studies on the viscous RT can be seen in the book of Chandrasekhar [I, Chapter
X] considering two uniform viscous fluid separated by a horizontal boundary and
generalizing the classical result of Rayleigh and Taylor. We are concerned with
the following Navier—Stokes equation describing the motion of a nonhomogeneous
incompressible viscous fluid in the presence of a uniform gravitational field in R3,

Orp + div(pl) = 0,
01 (ptl) + div(pi ® @) + VP = uAd — pg, (1.1)
divil = 0,

where t > 0,7 = (z1,22,73) € R3. The unknowns p := p(x,t), @ := @(x,t) and
P := P(x,t) denote respectively the density, the velocity and the pressure of the
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fluid, while p > 0 is the viscosity coefficient and g := (0,0, g), g > 0 being the
gravitational constant.

Let po > 0 be a C'-function depending only on 3 and let Py be another function
of x5 given by P} = —gpo with ' = d/dxs. Note that it is not a physical solution
of the system, because Py — +00 when x3 — +00, but, nevertheless, it is a rele-
vant model to study. Then, (p, @, P) = (po, 0, Py) is an equilibrium state of (1.1).
The linear RT instability of (1.1) in the vicinity (po(zs),0, Py(x3)) amounts to the
investigation of the parameter A € C (ReA > 0) such that there exists a bounded
solution ¢ € H*(R) of the following ordinary differential equation

= A(pok?¢ — (pod')") = (@' — 2k20" + k'9) — gk? piyo, (1.2)
where k > 0 is the transverse wave number being fized and ¢ is the third component
of the perturbed velocity. Our desired solution ¢ decays to zero at +oo, i.e.

3liq1iw¢(x3) = 0. (1.3)

In this case, such a A is a growth rate of the instability or is a characteristic value
of the linearized problem (see [1, Chapter X, Sections 92-93]).

x

The derivation of (1.2) will be shown in the next section.

Let us discuss about the mathematical study. For the inviscid problem (i.e. u =0
in (1.1) and (1.2)), (1.2) can be seen as an eigenvalue problem with eigenvalue A2.
Multiple eigenvalues of the inviscid problem are first mentioned by Cherfils and
Lafitte [2] through the precise study of the inviscid ODE for a specific profile.
Mention also the paper of Mikaelian [14] for the connection between the Rayleigh
(1.2) and the Schrédinger equations. Lafitte [12] then observed that possible growth
rates \’s for the inviscid Rayleigh-Taylor problem (not only the largest one) are
such that A2 is an eigenvalue of a suitable self-adjoint operator and described this
spectrum, for large values of k, as the eigenvalues of a 1D Schrodinger operator,
which is generalized by Helffer and Lafitte [8].

On the other side, the natural variational structure of the inviscid problem
pointed out in [I] and used by Guo and Hwang [1] describes the square of the
maximum growth rate A? as the maximum of of the Rayleigh quotient

gk* §g pO|¢I*dws
Sr ro(|0'? + K2[)[?)ds
and is used to obtain a proof of the nonlinear instability. With this argument, it

can be noticed that the multiple eigenvalues are given by {Xo,...,\;,...}, where
)\f is equal to

max gkz SR p6|¢|2d$3

vetil §g po(|9'1* + K2|¢]*)dxs
where H! = {¢ € H'(R), g ¢didxs = 0,V1 < j}, ¢y is a nontrivial eigenfunction
associated with \;. This Rayleigh quotient cannot be used here due to the presence
of the viscosity term.

For the viscous problem, Jiang, Jiang and Ni [11] used a modified variational
approach, described by Guo and Tice [5] , where a bootstrap argument yields the
largest growth rate and a corresponding solution being regular under the assump-
tion pf € CP(R),infr po > 0 and pj(x3) > 0 for some points z3 € R.

As far as we could find, no other authors performed studies of the discrete
spectrum of the inviscid or the viscous linearized RT instability. We aim at the
viscous study in the mathematical spirit of Helffer-Lafitte [3].
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We then illustrate our spectral analysis.

Throughout this paper, we consider pg as an increasing function, i.e. pj = 0. For
an increasing density profile pg, we show in Appendix A that ) is real and bounded

by 4 /Lio, with Lal 1= Supg Z—g. Since our goal is to study the unstable modes, we
restrict our study to the case A > 0.

The ODE (1.2) rewrites as a linear system of ODEs on (¢,¢’,¢",¢")T. As
the solution of this system must tend to 0 when z3 — 400, using the fact that
the profile py goes to py at +oo, we are able to deduce the stable linear space
S, at 4+o0 and the unstable linear space S_ at —oo, that are vector spaces of
dimension two. Hence, we transform the problem for the normal modes on R into
an ODE problem stated on a compact interval (x_, x ) with appropriate boundary
conditions deduced from the outer solutions. In the case of a compactly supported
py (the simplest case of a convergence), they are described by (D.14)-(D.15). In
the case of a non compactly supported pf,, they are described by (4.7)-(4.8). Note
that, if pf, is compactly supported, the natural choice of x4 is to choose the ends of
supppy. However, if p, non compactly supported, z+ are deduced from the behavior
at +oo of the outer solutions and depend also on k and A.

In order to solve (1.2) on (x_, x4 ), the crucial tool in our study is to construct
two bilinear forms, that are continuous and coercive, By (denoted respectively by
Ba,x (3.10) for pj being compactly supported and by B, .. x (4.15) for pj being
positive everwhere) such that the finding of bounded solutions of Eq. (1.2) on the
whole line is equivalent to the existence of solutions to the variational problem

T4
ABy(¢,w) = gsz phpwdrs  for all we H*((x_,xy)).
T —
As By is coercive on H?((z_, 7)), o/Ba(+,+) is a norm on H%((x_,z,)), and one
denotes by (H?((x_,r,)))" the dual of H?((x_,z)) for the induced topology. In
view of the Riesz representation theorem, we thus define an abstract operator

Yy e L(H (2, 24)), (H?((z—, 24))")

(see Yg » in Proposition 3.3 for py > 0 being compactly supported and Y, ..
in Proposition 4.3 for p{, being positive everywhere), associated with the norm

A/ Ba(+, ) to its dual, such that
Bi(f,w) = (Yaf,w), forallwe H*((x_,x)) (1.4)

Note that it will be crucial to choose x_,z such that 4/By(-,-) is a norm on
H?((x_,z)). The existence of bounded solutions of Eq. (1.2) on R is thus equiv-
alent to finding weak solutions ¢ € H?((z_,x,) of

\Yad = gk*phd in (H*((z_,x1))).

A classical bootstrap argument shows that ¢ belongs to H*((x_,x,)), from which
one deduces that ¢ satisfies (1.2) on (x_,x, ) (in the sense of elements of H*((x_,z))),
and the boundary conditions (D.14)-(D.15) or (4.7)-(4.8) hold. Note that, as ¢ be-
longs to H*((z_,z4)), these boundary conditions (involving derivatives ¢", ¢"” of

¢ at x4 ) are well defined.

We further rewrite the problem, after introducing M the operator of multiplica-
tion by ~/pf in L2((z_,z)), as finding v (which is M~1Y)¢) satisfying

A
—1
MY)\ MU = g?’().
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We show that MY;lM is self-adjoint and compact, which enables to use the theory
of self-adjoint and compact operators on the functional space H?((x_,x,)). It is a
generalization of a Sturm-Liouville problem. The discrete spectrum of the operator
MY;lM is thus an infinite sequence of eigenvalues, denoted by v, () and let v,
be an eigenfunction associated with ~,, (A).

The problem of finding characteristic values of (1.2) amounts to solving all the
equations

When p{, = 0 is compactly supported, for each n, we will show the existence and
uniqueness of a solution A, to (1.5) owing first to the differentiability in A of 7, ()
(see Lemma 3.2), which is an easy extension of Kato’s perturbation theory of [9],
and secondly on the fact that A — 7, (\) is decreasing in A, through the derivative
d%(%%()\)) (see Lemma 3.3) which exists also thanks to a similar argument of [9].
Then ¢,, = Y/\_nl./\/lvn € H*((x_,z)) is glued with the decaying solutions of (1.2) in
the outer regions by the boundary conditions at x, which yields a solution of (1.2)
in H*(R) associated with \,. Hence, we obtain in our first result, Theorem 2.1,
the existence of an infinite sequence of characteristic values (\,,),>1, that decreases

towards 0 as n — 0.

When pj > 0 everywhere, unlike the first case, we lack the analytical expression
of boundary conditions. We thus do not have the decrease of ~,, or any control of
vn(A) when A goes to 0. Consequently, for p > 0 everywhere, our arguments only
lead to a multiple existence of positive characteristic values A such that A > e, > 0.
This is our second result, Theorem 2.2.

We then continue our operator method in other contexts. The first one [17]
is to investigate the nonlinear Rayleigh-Taylor instability of the gravity-driven in-
compressible Navier-Stokes equations with Navier-slip boundary conditions in a 2D
slab domain Q = 27LT x (—1,1) with L > 0 and T is the usual 1D-torus. Based
on infinitely unstable modes of the linearized problem, we consider a wide class of
initial data to the nonlinear perturbation problem, extending Grenier’s framework
[6], to prove nonlinear Rayleigh-Taylor instability.

Furthermore, as noted in [I, Chapter X, Section 94(e)], we study the gravity
waves problem that occur in an infinitely deep ocean and the occupied domain
is bounded above by a moving interface {(t,z) € R4 x 27LT x Rlxo = n(t,z1)}.
The governing equation is the gravity-driven incompressible Navier—Stokes equation
without any effect of surface tension on the free surface. The precise study will be
derived in a forthcoming work [16].

We organize this paper as follows. In Section 2, we describe the physical model
and then give the statement of our main theorems. Section 3 and Section 4 are
devoted to proving Theorem 2.1 as pg satisfies (2.6)-(2.7) and proving Theorem 2.2
as po satisfies (2.8)-(2.9), respectively.

Notation. Throughout this paper, C* is a generic constant depending on py and
other physical parameters, independent of \.
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2. THE MAIN RESULTS

2.1. Derivation of the physical model. Recall that (p, @, P) = (po,0, Py) is an
equilibrium state of (1.1). The quantities

o=p—po, Gi=i—-0, p=P-P
satisfy the following nonlinear perturbation equations
dio +1-V(po+0) =0,
(po + 0)04ii + (po + )il - Vii + Vp = pAi — o7, (2.1)
diva = 0.
That implies the following linearized system
0t + pyus = 0,
Pl + Vp = pAtd — oy, (2.2)
divt = 0.

Since py depends only on z3, we continue the analysis into normal modes as in
[1, Chapter X, Section 91]. Precisely, we seek the perturbations of the form

(0,1, p)(t, @) = eMFFmtikarz (¢ iy —if, ¢, q)(xs), (2.3)

where k € R%, A € C\{0} and Re\ > 0. Let k = y/k? + k3, we arrive at the
following system

A+ pp¢ =0,
Moot — kiq + p(k*e — ") = 0,
Aoob — kaq + p(k?0 — 6") = 0, (2.4)

Apod + ¢ + p(k*¢ — ¢") + g¢ = 0,
k1¢ + ]€29 + ¢/ = 0

We directly see ¢ = —pé’Tqb. Hence, (2.4), becomes
Npod + A + Mu(k*p — ¢') = gpyo. (2.5)
We multiply (2.4), by k1 and (2.4); by ko, then use (2.4), to obtain the equality
Moot + E*Aq + Mu(k*¢' — @) = 0.

Deriving this equation, and replacing A¢’ thanks to (2.5), we get the fourth-order
ordinary equation (1.2). The investigation of multiple growing normal modes (D.13)
amounts to finding regular solutions ¢ € H*(R) of (1.2). These solutions decay to
zero at +oo, i.e. ¢ satisfies (1.3).

2.2. Main results. Assuming the density profile py is increasing, we first show
that all characteristic values A\ are real and obtain the following upper bound , /L%
of \. The proof is postponed to Appendix A.

Lemma 2.1. All characteristic values \ for Eq. (1.2)-(1.3) in H*(R) are always
real and satisfy that A < /4.

In view of Lemma 2.1, we seek for functions ¢ being real and we only consider
vector space of real functions in what follows.

In the case pf, = 0 compactly supported, our assumption is

Py is a nonnegative function of class Cj(R), supp(pf) = [~a,a], (2.6)
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Outside (—a,a), we denote

- as z3 € (—o0, —al,
po(xs) = {p s€ | (2.7)
P+ as z3 € [a, +0),

with p_ < py are two positive constants. This can be seen, physically speaking, as
the situation of the toy model with a layer, of size 2a, in which there is a mixture
of the two fluids of density p_ and p;. We have the following result in Section 3.

Theorem 2.1. Let py satisfy (2.6) and (2.7). There exist an infinite sequence
(An, dn)nz1 with An € (0,4/ ) and ¢y, € H*(R) satisfying (1.2). In addition, \,

decreases towards 0 as n goes to 0.

We divide the proof of Theorem 2.1 into various steps. Notice that the rapid
convergence is not necessary in this case because pg is constant on (—o0, —a) and on
(a, +00). Hence, in this case ¢ can be found explicitly since (1.2) outside (—a, a) is
an ODE with constant coefficients, that will shown in Proposition 3.1. After that,
we deduce two boundary conditions (D.14) and (D.15) at Fa respectively in Lemma
3.1. Eq. (1.2) becomes a boundary-value problem on the finite interval (—a,a).
Our method to solve that is based on the operator approach, namely the theory of
compact and self-adjoint operator for Y, », as illustrated in the introduction part.

In the next part, Section 4, we consider p{, no longer compactly supported. The
assumptions on pg are

Po € CI(R)a :rglin-il-oc pO(x3) =p+ € (07 +OO) (28)
and
0 < pp(z3) < pm < +o0 for all z3 € R. (2.9)

The second theorem is as follows.

Theorem 2.2. Let py satisfy (2.8) and (2.9). For 0 < e, < 1, there exists N(e,) €
N* such that there are at least N(e.) values of A € [e, 1/ £=] such that ¢ € H*(R)

satisfying (1.2).

The proof of Theorem 2.2 remains the same to that one of the first case, but
more complicated. We point out the main differences as follows.

Questions concerning the existence of solutions of (1.2) being bounded at oo are
not trivial as in the first case. In Section 4, we transform Eq. (1.2) into a system
of ODEs (4.3). The matrix L(zg, \) has 4 eigenvalues +k and ++/k2 + Apo(z3)/u,
that are different for all A > 0. We then follow [3, Theorem 8.1, Chapter 3],
whose statement given in Appendix C, to deduce that (1.2) admits two linearly
independent solutions decaying to 0 at +00 (respectively —o0). A suitable interval
(z_,24) is thus determined through a precise calculation of the family of solutions
decaying exponentially to zero at +00, which yield appropriate boundary conditions
(4.7) at _ and (4.8) at x4 in Proposition 4.1.

We then solve (1.2) on a finite interval (z_, z ) with boundary conditions (4.7)—
(4.8). To do that, in Section 4.2, we construct the bilinear form B, . x in Propo-
sition 4.2 and continue the same arguments as in Section 3 to obtain solution in the
inner region (z_,x). Note that the coercivity of B,_ ., 1 relies on the positivity
of the terms BV, » and BV, _ , stated in Lemma 4.1. Due to the lack of analytical
expression of boundary conditions in this case, it turns out that the positivity of
BV, A and BV,_ x will be derived, in Proposition 4.2, by deducing the behavior

at +oo of coefficients n:—; (i,j = 1,2) depending on (x4, ) and appearing in the
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boundary conditions (4.7)-(4.8). Having the bilinear form B, ., , we continue
our arguments in Propositions 4.3 and 4.4, that follows the same line of Section 3,
to prove Theorem 2.2.

Note that, Lemma 4.1 does not give any control on z_ and x . It is interesting
for computational purposes as well as for a study of particular profiles (for example
profiles decaying exponentially to their limit at +o0), to be able to derive an explicit
interval on which this is true. Notice that the restriction A > €, > 0 of Theorem 2.2
implies that the matrix R(A) (see (4.2)) in Eq. (4.3) becomes regular. Hence, for
profile pj > 0 everywhere, we devote Section 4.4 to establish a control of z_ and
. independent of A\. In Propositions 4.7 and 4.8, through a careful construction
of Volterra series, we can obtain refined estimates of bounded solutions of (4.3)

at o uniformly in A € [e., y/{~]. They allow us to have refined estimates on the

coefficients nli; (4,7 = 1,2) uniformly in A € [e., ,/7-]. Hence, we obtain a criterion

for x_ and x; in Proposition 4.5 to fulfill the conditions of Lemma 4.1 and extend
Proposition 4.2.

3. THE COMPACTLY SUPPORTED PROFILE

In this section, we consider pg satisfying (2.6) and (2.7). We remark that in this

section, we use the notations vy = % and 74 (\) = (k% + A\v4)Y? and throughout

this paper, we will use x instead of z3 for notational conveniences.

3.1. The solution in outer regions and reduction to a problem on a finite
interval. We derive, in this subsection, the precise expression of ¢(x) as |z| = a.

Proposition 3.1. There are two linearly independent solutions of (1.2) decaying
to 0 at +00 as x € [a, +0), i.e.

of (x) =% and ¢F (z) = eV, (3.1)
and two linearly independent solutions of (1.2) decaying to 0 at —o0 as x € (—o0, —al,
i.e.

o7 (x) =€ and ¢y (x) = N7, (3.2)
All solutions decaying to 0 at +c0 (respectively at —o0) are spanned by (¢, ¢3)
(respectively by (o7, ¢35 )).
Proof. For z € [a,+), (1.2) reduces to

— vy (K2p —¢") = o) — 2k2¢" + k. (3.3)
We seek ¢ as ¢(x) = e"™. Hence,

vy (k% —r?) =t — 2k 4+ kY,

which yields r = +k or 7 = +(k? + Avy)'/2. Since ¢ tends to 0 at +00, we get two
linearly independent solutions

of (x) = e and  ¢f(z) = e V7,
Hence, all solutions ¢ decaying to 0 at +o0 are of the form
d(x) = Af e F@=a) L gF e+ N (@=a) (3.4)

for all z € [a, +o0) and for some real constants A] and Aj .
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If z € (—o0, —a], the same calculation implies (3.1). Then, all solutions ¢ decay-
ing to 0 at —oo are of the form

¢(£E) _ Al—ek(m+a) _’_Az—er,()\)(:v-‘ra) (35)

for all z € (—o0, —a] and for some real constants A7 and A5 . O

Once it is proven that ¢(z) outside (—a,a) is of the form (3.4) and (3.5), we
search for ¢ on (—a,a). That solution has to match with (3.4) and (3.5) well, i.e.
there is a condition on (¢, ¢, ¢”, ") at © = +a. We will show the conditions in
the following lemma.

Lemma 3.1. The boundary condition of (1.2) at x = —a, for $ € H*(R), is

{kmx—a) —(k+7-(\)(—a) + ¢"(~a) = 0
k(N (k+7-(\)é(—a) — (k% + k7_(A) + 72(\))¢'(—a) + ¢"'(—a) = 0.

(3.6)
and at x = a 1is
{ku<A>¢<a> + (k+ 74 (V)¢ (@) + " (a) =0, 57)
kT ) + 7 (A)Bla) = (2 + k7 (A) + 72 () (0) + ¢ (a) = 0.

Proof. The boundary condition of the solutions ¢ of (1.2) at 2 = ta is equivalent
to the fact that ¢ belongs to the space of decaying solutions at +o0. On the one
hand, it can be seen from (3.4) and (3.5) that

é(x) ! !
’ k _(A
¢ (x) = Aj ket + Ay eT-Wieta) () for z < —a
¢ (x) k2 T2 (A)
¢ () k3 73 (A)
and that
o(x) 1 !
¢ () = Afehe—o) -k + Afe T+ N (@=a) —+(Y) , forz>a.
¢ (2) k2 Ti()\)
) e ()

On the other hand, the orthogonal complement of the subspace S_ of R* spanned
by two vectors (1, k, k%, k%)T and (1,7_()\),72(\), 73 (A\))7T is spanned by

(kT—(A), —(k+7-(X)),1,0)" and (k7—(A)(k+7-(\)), —(k*+k7_(A)+7-(A)?),0,1)".
Similarly, the orthogonal complement of the subspace S, of R* spanned by two
vectors (1, —k, k%, —k3)T and (1, —7+(\),72()), =73 (X)) is spanned by two vectors
(kT (N), k+7+(V), 1,007 and  (—k7 (\) (k+7+(\)), —(B*+k7+ (V) +72 (), 0, 1)T.
The above arguments allow us to set (D.14) and (D.15) as boundary conditions of
Eq. (1.2) on (—a,a).

Remark that S_ is also spanned by {(1,k, k2, k*)T, (0,1, k+7_(\), k2 + kr_(\) +
72(A\)T}, and that S, is also spanned by {(1, —k, k%, —k3)T, (0, 1,k — 7 (\), k% —
kr+(A) + 72(X\))T}. This choice of generating families yields two uniformly inde-
pendent families when A — 0. O
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We aim at solving (1.2) on (—a, a) with the boundary conditions (D.14)-(D.15).
3.2. A bilinear form and a self-adjoint invertible operator. We introduce

the bilinear form B, ) in the following proposition.

Proposition 3.2. Let us denote by
kr— () (k + 7-(A))¥(—a)e(—a) — km—(\)¥' (—a)o(—a) )
—kr-(Nd(=a)d'(=a) + (k + 7-(N))¥'(—a)¢'(—a)
(3.8)

BV_, (¥, 0) := p <

and by
k(AN (k + 74 (X)9(a)o(a) — kTy ()Y (a)o

BVar(8.0) 1= < — k. (N)Y(a)d (a) + (k + 74 (X)Y (a)d' (a)

—~
s
~
SN—
—~
w
=)
=

Then,

a
Ba7)\(197 Q) = BVa’)\(197 Q) + BV,a’)\(ﬂ, Q) + )\f po(kQﬁQ + ﬁ’Ql)d/{L‘
—a
a (3.10)
+ “J (9" 0" + 2k 0’ + k*9p)dz.

is a continuous and coercive bilinear form on H?((—a,a)).

Furthermore, let (H?((—a,a)))’" be the dual space of H*((—a,a)) associated with
the norm m, there exists a unique operator
Yo € L(H?((—a,a)), (H*((~a,q)))),
that is also bijective, such that
Baa (¥, 0) = Yapd, 0 (3.11)
for all ¥, 0 € H*((—a,a)).

Proof. Clearly, B,y is a bilinear form on H?((—a,a)) since the terms BV, 1(V, 0)
are well defined. We then establish the boundedness of B, . The integral terms of
Ba, are bounded by

g g
max (pa k|7 4 i i [ 202 ) 9] 2 ol 2 oy (B12)

About the two first terms BV, 1 (9, 0), it follows from the general Sobolev inequal-
ity that
Hﬁ(y) HCOYJ'((fa,a)) < O(.]v O’)Hﬂ(y)HHl((fa,a)) for all .7 € [07 1/2)
Therefore, we obtain
[9(a)|* + [0(=a)]® < C* |93

—a,a))"
Similarly,

[ (@) + [0 (=a)* < C* |9 |31 (—aa)-
Consequently, we get

|BViax(9,0)] < C*(|9(£a)| + 9 (£a)|)(le(£a)| + o (£a)]) (3.13)
< C*[9 g2 ((—asa 0l 52 ((—a,a))-
In view of (3.12) and (3.13), we find that
|Ba,)\(197 Q)' <Cr Hﬁ”Hz((—a,a))HQ“Hz((—a,a))a (314)

i.e. B, is bounded.
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We move to show the coercivity of B, x. We have that
Bax(9,9) = BV A (9,9) + BV_, 5(9,9) + )\Ja po(K*[9* + | |*)da
—a
+ uJa (|97 + 2k2 |9 |* + E*9|?)da.
BV, A (9,7) = 0 follows from the following equality

tia,Aw, 9) = ke )k + 72 ()@ + 2k7 (\)(a)9(a)

+ (k+ 74 (V)] (a)]?

V(a) 2
k+7(N)
[0 (a)]*.

= ke (N)(k + 74 (V) [9(a) +

K+ kry(N) + 72(N)
k+ T+()\)
We also obtain that BV_, x(¢,9) = 0. Therefore, we deduce that

Ba’)\(ﬁ,'&) = Mmin(k4, 2k2, 1)“?9‘@'[2((—(1,&)) (315)

It then tells us that B,y is a continuous and coercive bilinear form on H?((—a, a)).
It follows from Reisz’s representation theorem that there is a unique operator Y, » €
L(H?*((—a,a)),(H?((—a,a)))"), that is also bijective, satisfying (3.11) for all ¥, ¢ €
H?((—a,a)). Proof of Proposition 3.2 is complete. O

The next proposition is to devoted to studying the properties of Yy .
Proposition 3.3. We have the following results.
(1) For all ¥ € H*((—a,a)),

Yard = Mpok?9 — (po?')’) + p(9@) — 2k29" + k*09)

in D'((—a,a)).
(2) Let f € L?((—a,a)) be given, there exists a unique solution ¥ € H%((—a,a))
of
Yo = f in (H*((—a,a))), (3.16)

then ¥ € H*((—a, a)) and satisfies the boundary conditions (D.14)—(D.15).

Proof. Let o € C°((—a,a)), it follows from Proposition 3.2 that, for J € H%(—a,a)

)\J po(k*90 + 9 o )dx + ,uJ (0" 0" + 2k o' + k*9o)dx = (Y, \0, 0). (3.17)

—a

We respectively define (¢”)" and (¢”)” in the distributional sense as the first and
second derivative of 9" which is in L?((—a,a)). Hence, (3.17) is equivalent to

M ool og ) dn e [ @R KO0 () 0) = Va0 (318)

—a

for all p € C°((—a,a)). We deduce from (3.18) that
| 0200 — (o) + (=202 + K 9)) e + (0" ) = Yt 0) (319

for all o € C°((—a,a)). The first assertion follows.
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Let f € L?((—a,a)) and 9 € H?((—a,a)) be the solution of (3.16), we then
improve the regularity of the weak solution ¢ of (3.19). Indeed, we rewrite (3.19)

as
a

(") 0y = | (f +2uk?" — pk*d — Ak?podd + A(po?')") oda (3.20)
for all p € CF((—a,a)). Since (f + 2uk?9" — pk*9 — M\k2pg + A(po?’)’) belongs to
L?((—a,a)), it then follows from (3.20) that (¥”)” € L?((—a, a)). Furthermore, by
usual distribution theory, we define ¥ € D’((—a,a)) such that

(¥, 0) = (9")", ¢p» (3.21)
for all p € CF, where (,(z) = §* _(o(y) — §*, o(s)ds)dy. Hence, it can be seen that

(W', 0) = =¥, 0") = ~((&0")", () = =((0")", 0
that implies (¢9”) — ¥ = constant. In view of (¢9")" € L?*((—a,a)) and (3.21), we
know that (¥”)" € L?((—a, a)). Since ¥ € H?((—a,a)) and (9")’, (¥")" € L*((—a,a)),
it tells us that ¥ belongs to H*((—a,a)).

By exploiting (3.20), we then show that ¢ satisfies (D.14) and (D.15). Indeed,
consider now g € C*((—a,a)), one has, using the integration by parts

[ o@ewis = @Y @eta) - 0" (ae(-a) - ") @)e @

(") (—a)d(~a) + f 9 (2o (2)d.

—a

We perform on the other terms of (3.19) the integration by parts, which yields

A f po(k?90 + 0 o )dx + “J (0" o" + 2K*9 ¢’ + k*90)dx
’ =TS

a

- /\poﬂ’g‘ + u(ﬂ”’@
—a

_ 19//@/
a

—a

DE fam,w)gda:.

It then follows from the definition of the bilinear form B,  that

a

_9" Ql
—a

a a

-2k 0

—a

BV (9, 0)+BV_g (9, 0) = —Apo? 0

a
+,LL(19/”Q
—a

) (3.22)

for all p € C*((—a,a)).
By collecting all terms corresponding to o(—a) in (3.22), we deduce that
k(s + 7 ()0 (—a) — kr_ (N9 (—a))
= Apo(—a)d'(—a) — p(0" (~a) — 2k*9'(~a)).
It yields
9" (—a) — (K* + kr_(\) + 72\ (—a) + kr—(\)(k + 7-(\))I(—a) = 0

owing to the definition of 7_(\). Then, we collect all terms corresponding to o(a)
or to ¢'(+a) in (3.22) to conclude that ) satisfies (D.14) and (D.15). This ends the
proof of Proposition 3.2. O

We have the following proposition on Ya_’/\l.

Proposition 3.4. The operator Yafkl : L*((—a,a)) — L?*((—a,a)) is compact and
self-adjoint.
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Proof. It follows from Proposition 3.3 that Y, » admits an inverse operator Yaf;
from L?((—a,a)) to a subspace of H*((—a, a)) requiring all elements satisfy (D.14)—
(D.15), which is symmetric due to Proposition 3.2. We compose Yaj with the
continuous injection from H*((—a,a)) to L?((—a,a)). Notice that the embedding
H?((—a,a)) — H((—a,a)) for p > ¢ = 0 is compact. Therefore, Ya;\l is compact
and self-adjoint from L?((—a,a)) to L?((—a,a)). Proposition 3.4 is shown. O

Remark 3.1. In this paper, we choose to define the operator

¢ = Mpok®d — (pod')) + n(¢'V — 2k*¢" + k*¢) = Yo r¢
with boundary conditions (D.14)-(D.15) through the Riesz representation theorem.
We can also define that by the following way.

Yo x is well defined on
D(Y, ) = {p e C*((—a,a)),d verifies (D.14) — (D.15)}

and that we can extend Yy  over the closure of D(Y, ). Furthermore, Y, x with the
domain H*((—a,a)) containing functions that satisfy (D.14)-(D.15) is symmetric
and positive. It follows from Friedrichs extension (see [7, Theorem 4.3.1] e.g.) that
Yo\ admits a self-adjoint extension.

3.3. A sequence of characteristic values. We continue considering A € (0, 4 /Lio]

and study the operator S » := ./\/lYa_A1 M, where M is the operator of multiplica-

tion by 4/pf. Note that this choice prevents to consider a case where pj, could be
negative.

Proposition 3.5. The operator S, » : L*((—a,a)) — L*((—a,a)) is compact and
self-adjoint, under the hypothesis (2.6).

Proof. Due to the boundedness of p{, the operator S, » is well-defined from L?((—a, a))
to itself. Yaj/\l is compact, so is S, x. Moreover, because both the inverse Yaj and
M are self-adjoint, the self-adjointness of S, » follows. O

As a result of the spectral theory of compact and self-adjoint operators, the
point spectrum of S, 5 is discrete, i.e. is a decreasing sequence {y,(k, \)}n>1 of
positive eigenvalues of S, » that tends to 0 as n — o0, associated with normalized
orthogonal eigenvectors {w,, },>1 in L?((—a,a)). That means

YNy, = ./\/lYaT/\len.
so that with ¢,, = Yaj/\/lwn € H*((—a,a)), one has

P)/n()\)Ya,)\Qﬁn = p6¢n (323)
and ¢,, satisfies (D.14)-(D.15). (3.23) also tells us that v, (\) > 0 for all n. Indeed,

we obtain

Yn(A) J, (Yo xbn)pndr = J P6|¢n|2dx.

—a

That implies
T NBar@as6a) = | phlon P (320
Since Bo x(Pn, dn) > 0 and py > 0 on (—a,a), we know that v, () is positive.

For each n, in order to verify that ¢, is a solution of (1.2), we are left to look
for real values of A\, such that (1.5). To solve (1.5), we have to prove that 7, () is
differentiable and decreasing in terms of A, respectively in two next lemmas.
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Lemma 3.2. For each n, the functions v,(\) and ¢,, are differentiable in terms of
Ae 0,4/ 2]

Proof. The family (Y, /\)Ae(o \/>]

sition 3.4. It can be seen that the boundary conditions (D.14)-(D.15) differentiable
in the parameter A\ will tell us that (Y5 ) is also a family of differentiable

is a family of bounded operators owing to Propo-

AE(0,4 /i]
operators on A by following a generalized treatment of [9, Example 1.15, Chapter
VII, $1.6]. Since Y, )\ exists for all A € (0, /7], it follows from [9, Theorem 2.23,

Chapter IV, $2.6] that YC;)\ is differentiable for all A € (0, , /L%], 0 is S, x. We then

apply the differentiable property of eigenvalues of self-adjoint and compact opera-
tors, demonstrated in Appendix B to deduce that v, (\) and ¢,, are differentiable
functions. O

Lemma 3.3. For each n, the function v, (X) is decreasing in A € (0, /-]

Proof. Let z, = df” Note that -£Y,  u = pok*u — (pou’)’. It follows from (3.23)
that

/v 1 1
2o = (o) +Yarzn = —sthon + 5 (—7 )b (3.25)

on (—a,a). In addition, we have that at © = —a,
zp(—a) = (k * T—(/\))z’ (—a) - k(M) zn(—a)
= 27’ ()\) ( ) 27_ (A)(bn( )a

2(—a) = (K + kr—(A) + 72(A >> H(a) R Nk () (—a)  520)
- (qu(_A T ) Pn(—a) — (zli 2oy —&—kz/,)(ﬁn( a)
and that at z = a,
Zn(a) + (k+ 71 ()2, (a) + k7y (V)2 (a)
— 550 (@) — ety dn(@), -

zy(a) — (k% + kr (A) + 73 (\) 2 (a) = ke (A (k + 71(X)) 20 ()
= (27 ey +V+>¢ (a) + (2&5&) +/€V+)¢n( )-

Multiplying by %, on both sides of (3.25) and then integrating by parts to obtain
that

a

f(ﬁmm—%%w%m+j<nﬂm%m
— , e (3.28)

—71(1 ZnOnda + d( ! )f ol¢n|*dz
2 ) ooty o) ) relenl e
Thanks to the integration by parts, we have

|| 000, (o010 = | polh10u + 164 P = (oo 0]

—a

(3.29)

and

Jaa(Ya-,AZn)andx = Jaa( aAPn)Zndr + (/~L( /,/¢n - ZZ(ZS;L - 2k2ziz¢n) - )‘POijéf’n) ’

a

— (@2 = izt = 220, 20) — Apodhzn )

—a

(3.30)

—a
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Owing to (3.29), (3.30) and (3.23), (3.28) becomes

a
f pO(k2|¢n|2 + ‘¢;z|2)dx + (M(le(bn - ZZ ’/I’L - 2]{72Z;L¢n) - )‘pOZ;L¢TL)

a
a —

= (6 — 61121, = 2K26],20) = Apo )|
d 1 “
Using (3.26), we obtain
— (1t dn — 2, — 2K%21,60) = Apozion ) (—a)

+ (@120 = 9zt — 2026, 20) = Apodzn ) (=) + p—),(~)gn(—a)

~ (s o al—)? = (s + ) algn—a)

a

u - (Pocﬁ; an)

GES

kv_ v_

/ / 2 /
Tl (—0) + sl () + -0 () (o)
Keep in mind that pv_ = p_, one has

- (N(Zg’gbn - ZZ In - 2k2Z;L¢n) - )\Poziﬁf)n) (—a)
+ (u(dﬁ’zn — Wz, — 2k 2n) — /\po%zn) (—a) + p-¢p(—a)pn(—a) (3.32)
_ _ 2 P— N _ 12
— ko) + 355160 (<) — (o)
Similarly, using (3.27), we obtain
(=1 6n = 2000, — 2622100) = Moz 0 ) ()
- (u(aﬁi’[ Zn = Oz, — 2K, 20) — Apoczﬁi,zn) (a) — p-¢(a)pn(a)  (3.33)
_ 2 P+ / . 2
= kpe (@) + 25 100 (@) — koo (@)
Combining (3.31), (3.32) and (3.33), we deduce that

d‘i(%;))f PATHC

—a

—

— | o826, 161, )+ k(=) + 5160 () = ()P

P+ / 2
kpi|dn(a)? — kon(a)l.
+kpl6u(@)f + 505100 (@) — Ko (a)
(3.34)
It yields that 7%0\) is increasing in A, i.e. 7,()) is decreasing in A. This ends the
proof of Lemma 3.3. O

Now we are in proposition to solve (1.5).

Proposition 3.6. For each n, there exists only one positive \,, satisfying (1.5). In
addition, A\, decreases towards 0 as n goes to 0.

Proof. Using (3.24), we know that

~ t)\) L pylpn|?dr = L (Yo r®n)pndr = By x(bn, dn),
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that implies

1 k4
- )\kQ /J‘
Loy (N) ~ P+
Consequently, for all n > 1,
)\
lim > gk?. (3.35)
)\4»\/7 'Yn
As 0 < %%()\) and it is a increasing function, %1()\) < %(%1 5 for all A < -
That implies
. A . A
;urb ) < )1\11% — 7 =0 for all n > 1. (3.36)
=0 Yn =0 (30 /)

Combining (3.35), (3.36) and using Lemma 3.3, we deduce that there is only one
An € (0,4 /£ ) satisfying (1.5) for each n > 1.

We then prove that the sequence (A\,),>1 is decreasing. Indeed, if A\, < A1
for some m > 1, we have

Ym(Am) > Ym(Am+1)-
Meanwhile, we also have
Y (Am+1) > Y1 (A1)

That implies
>\7m )\m+1
gk? gk?
That contradiction tells us that (A, ),>1 is a decreasing sequence. Suppose that

= Ym(Am) > Ymr1(Ams1) =

lim A, =c¢o > 0.
—0

Note that N

Yn(co) = Yn(An) = ngg
Let n — o0, we get a contradiction that 0 > ¢g. Hence, \,, decreases towards 0 as
n — o0. We conclude Proposition 3.6. (I

3.4. Proof of Theorem 2.1. Let A, be found from Proposition 3.6 and ¢, (z) =
Yajn./\/lwn () on (—a,a). Keep in mind our computations in Subsection 3.1, we ex-
tend ¢,, to the whole line by requiring ¢,, satisfies (3.4) and (3.5) for some constants
Ail and A:f)Q as A = A,. Those constants Ail and A:f)Q are defined by

(bn(a’) A+1 + ATL 29 (3 37)

ol(a) = kAT, + /KT + Ay AT . '
and by

¢TL( a) = A;l + A;Q’ (3.38)

ol (—a) = kA, | + /K2 + Av_ Ay .

Since ¢,, is not trivial, there exists ¢ > 0 such that qbn (a) # 0, which ensures that,
at least, one of Am is nonzero. Similarly, at least, one of A:—;Q is nonzero.

Solving (3.37) and (3.38), we get that

VR vd@) ~dh(@) _ dula) — ko) (3.39)
& Vs —k T R — & |
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and that
A, o VA dn(ca) —d(ma) o da(ca) —kda(za) g

Therefore, the function ¢, is a regular solution of (1.2) as A = A, for each n > 1.
Proof of Theorem 2.1 is complete.

4. THE STRICTLY INCREASING PROFILE CASE

In this section, let (e, e, e3,€4) be the canonical basis of R* and we pay atten-
tion to an increasing profile py satisfying (2.8) and (2.9). We will use the Frobenius
matrix norm | - || and the Euclidean vector norm | - ||2.

4.1. Solutions decaying to 0 at infinity and reduction to a problem on a
finite interval. Let

0 1 0 0
0 0 1 0
L(z,\) = (4.1)
0 0 0 1
_Ak%po(x) g4 Apo(z) 2
#D k= 0 ‘:L +2k 0
and
0 0 0 0
0 0 0O
R(\) = (4.2)
0 0 0O
gk A
S 0 0
We set U = (¢, ¢', ¢",¢")T and then rewrite (1.2) as
U'(x) = (L(z, A) + po(2) R(N)U (), (4.3)
The eigenvalues of L(z,\), £k and +oq(x, A), with oo(z, \) = 4 /k? + %po(x) are
different for all A > 0 and for all x € R. Furthermore,
+00 +oo
f L (2, \)|dz < +0, f (@) ROV |dz < +o0. (4.4)
—0 -0

(4.4) allow us to use [3, Theorem 8.1, Chapter 3] (see Appendix C for the statement)
to find bounded solutions of (4.3) near +o0. We denote o4 (A) = limg_, 1o oo(x, A).
Then, there exist T_ < T, such that we have the existence of bounded solutions
Uy on (Z4,+0) and Uz, on (=0, Z_) such that in a neighborhood of +co,

ke Ut (2, \) = (=k3, k72, k=1 )T,

. (4.5)
exp( 12, o0(y Ny ) U (2, 3) = (=073 (0), 032(0), =03 (1), )7,
and in a neighborhood of —o0,
e kU (2, \) — (B3, k2, k1, )T,
5 (2, 4) = ( ) (4.6)

exp (= 52 ool Ny ) U (,) = (0=2(0), 0=2(0), 0= (1), ).
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Let us prove that U;"(z,\) and U, (z,)) are linearly independent. Through
Cauchy-Lipschitz theorem, if they are linearly dependent at a particular zy then
they are linearly dependent for all x, that is there exists T'(\) such that

U (2,3) = TVUS (&, A).

In particular, as the limit of kx — S% o0(y, \)dy when 2 — +00 is equal to —o0, one
observes that

eszf’ (z,\) = T(N)exp (kx — J oo(y, )\)dy) (U;r (z, )\)exp(J

Lt

T T

o0(y, Ndy) ).

The right hand side of this identity converges to 0 when @ — +00, while the left hand
side converges to (—k=3, k72, —k=1,1)7 when  — 40, contradiction. Similarly,
Us (z,A) and Uy (x, A) are linearly independent.

The aim of the next proposition is to reduce the study of Eq. (1.2) on the real
line to its study on a finite interval as in the previous section. This is really the key
of our result for a smooth general profile because it entitles us to use the compact
injection of H’((a,b)) into HY~1((a,b)),j > 1.

Proposition 4.1. There exist 2° < T_ and 2% > T4 such that, for all z_ < 2%

and Ty > x&{, there are constants n:—; (i,j = 1,2), depending on x4+ and X\ such

that equation
N (K pod — (pod')') + Mu(e™W) — 2k>¢" + k') = gk® py,

where ¢ € H*((x_,x.)), supplemented with the boundary conditions at x_ are

{nﬁqs(x_) +npd () + ¢(2-) =0, @
Ny ¢(z-) + ngyd’(z-) + ¢"(2-) = 0
and at x, are
{nacb(m ! (@) + ¢ () =0, 48)
n;16(z+) + nge(@4) + 0" (24) =0, '

is equivalent to equation
N (K2 po® — (po®)') + Au(@) — 2k + k@) = gk py®,
where ® € HA(R).

In this case ® = ¢ on (x_,zy) and on (x4, +0) (respectively (—o0,x_)), @ is
the first component of a linear combination of Ufy(x,\) (see (4.5)) (respectively
Us4(, ), see (4.6)).

Proof. Notice that if ® is a bounded solution of
N (2 po® — (po®')) + Au(@W) — 280" + k*®) = gk pfy,
0 = (®,9,®",9")7T is a bounded solution of (4.3). Any decaying solution ¥ of
(4.3) on (Z 4, +00) belongs to the space spanned by U (z,\) and U5 (z, \), which is
of dimension 2 because they are linearly independent. It is equivalent to say that,
for any =, > T4,
U (21, 0) A U (24, 0) A O, A) = 0 (4.9)

and
O(z4,A) belongs to the space spanned by U; (24, \) and Uy (24, \)

Let us write U;" = (U, U5, UL, US)T fori=1,2and U, = (U;;,U;5, U5, U;)"
for i = 3,4. System (4.9) is a system of four equations on the components of
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O(z4, ), hence there exists a couple of equations which are linearly independent
(the system being of rank 2). Let us notice that two of these four equations contain,
in ®” and ®”, respectively the term

(U110 = ULUsy) (w4, )@ (24, )
and

(U1+1U2+2 - U1+2U2+1)(33+7)\)‘I)m(95+7>\)-
As the limit, when x, — +00, of

T+

T4
exp (ke + [ o(y M) (VUL — UBUZ (s, )

is
kot (N) k0t (N)  pkPoi(MN)(k+oy)
by continuity there exists a 2% > 7, such that, for all z, > 29,

(U1 Uz = U505 ) (w4, 4) < 0

<0,

hence the equations for (4.9) on the components e; A ex A e3 and e1 A eg A €4 write
as NTO(z4,\) =0 with N1 is a 4 x 2 matrix of the form

Nt = ni, n1+2 1 0
ng, ngp 0 1
We are now able to write the couple NTO(z4,\) =0 as

BBy, N) + (w4, A) + Bz, \) = 0,
ng ®(z4,\) + nh® (x4, A) + " (24, A) =0,

In a similar way, there exist n;; (i,7 = 1,2) depending on z_ and X such that
{nH(I)(x, A) +n® (z_,A) + " (z_,\) =0,
Ny Pz, \) + ngy® (x_, A) + " (x_,\) =0,
Hence @ is solution of the ODE on (z_,z4):
N (k2 po® — (po®')') + Ap(®W — 2k2@" + k*®) = gk pfy®,
with boundary conditions (4.7), (4.8).
Conversely, assume that ¢ € H*((x_,z)) is a solution of equation
N (K2 pod — (pod')') + Au(¢™) — 2k2¢" + k' ¢) = gk*pyo,

with boundary conditions (4.7)-(4.8). From the boundary conditions, we deduce
that there exist C;” (1 =1,2),D, (k = 3,4) such that

U(ws,A) = CFUF (24, ) + CF U3 (24, )
and
U(z_,\) = D3 U; (z_,\) + D, Uy (z_, \).
Then, through Cauchy-Lipschitz theorem,
Uz, \) = C U (2,0 + C US (x,\) for all z > x4

and
U(x,A\) = D3 Us (z,\) + DU, (z,\) forallz <z_.



20 OLIVIER LAFITTE AND TIEN-TAI NGUYEN

As these are decaying solutions at +oo respectively, and as there is no jump at = (or
x_) for ¢, ¢, ¢",¢" (which have a meaning as ¢ is assumed to be in H*((z_, z4))),
the function

CYHU (e, N) + Cy Us (z,)), as x>y
O(z) = < o(x), as r_ < < Ty
D3 Ug(z,A) + Dy Uy (2, M), asz<a_
belongs to H*(R) and solves equation
N (k2 po® — (po®)') + Ap(®W — 2k20" + k*®) = gk pfy®,
on R. (]

Remark that in this proof we have no additional information on the values of 2%
and of 2. This will be the aim of Section 4.4.

4.2. A bilinear form and a self-adjoint invertible operator. The aim of
Section 4.2 is to study the boundary terms that come from the bilinear form (4.15)
below. Let

BV, (9, 0) == =Xpo?' 0)(x4) — p(ngy (w4, NI (21) + ngy (w4, NI (24)) o(4)

+ p(nfy (2, NI(@y) + nfh(x, NI (24))0 (24) — 2K (9 0) (24
(4.10)

and by
BV, (9, 0) = Mpo¥'0)(z-) + p(ng; (z—, NI (2-) + ngy(z—, )Y (24))o(z-)
— gy (- M) + niy(a N (@-))e (2-) + 220 o) ().
(4.11)
Lemma 4.1. Necessary and sufficient conditions to get
BV, A(0,9) = 0 and BV,_ x\(9,9) =0 (4.12)
for all¥ e H*([x_,x,]) are
nf2($+,>\) =0, ng_l(x+7>‘) <0,
+ + 2 2 2 + (4.13)
(nll(‘x-‘m >‘> - n22(‘r+7 >‘) — k7 — 0-0(‘1:"!‘7 )\)) + 4”?2”21(x+7 A) < 0;

and
np(r—,A) =0, ny(x_,\) <0,

4.14
(1 (z—s A) = ng(r—, A) — k* — Ug(x,, )\))2 +4dnng; (-, A) <0 ( )

Proof of Lemma j.1. We treat only the case BV, 1(9,9) = 0. Since uo(z,\) =
wk? + Mpo(z), we rewrite

1
;BV$+7/\(19719) = —ng; (w4, VY@ + nf|? (z4)?

+ (nfy(x, A) = ngy (4, A) — K2 — 03 (x4, A) Oz )0 (34).

We observe that it is a quadratic polynomial in ¥(x4), ¥ (z4). The first case is the
case where nf, = nj; = 0. The inequality (4.13) imply that BV, (¢¥,9) = 0 for
all ¥. The second case is the case where at least one of these two real numbers is
not zero. For example, if nj, # 0, the inequality means that the polynomial

T2 + + 2 2 +
nipt” + (nf] — ngy — k* — o)t —nyy
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is always of the sign of n], hence positive, hence BVy 2(0,9) = 0 for all ¥ €
H?((x_,z,). Lemma 4.1 is proven. O

Proposition 4.2. There exists & < 2%, 1 > 29 such that, for any x_ < z
> T + , Yy

1 . .
and xy = x chosen arbitrarily

1

T4
By w, 2(9,0) =BV, \(9,0) + BV, A(¥,0) + )\J po(k*9o + ¢ )dx
. - (4.15)
+ ,uj (0" " + 2k%9 o' + k*p)dx

€T _

is a bilinear form on H?((x_,x.)), that is continuous and coercive.

Proof. Recall n - (i,] =
are given in (4. 10) (4.11

1Be_ 2 2 (9,0 < C* |9 522 w0l 2 (2 24 )) (4.16)

1,2) are given in Proposition 4.1 and that BV,_ , BV,
). One observes that one needs to prove that

and that
By oy 2(0,9) = CH 032 (o_ 0, - (4.17)

For positive A, u and k, we have
T4 T4
)\J po(k*90 + 19 o )dxs + ,uf (" o" + 2K%9 o' + k"o)dx

<C” Hﬁ”Hr“‘((:r,,a:Jr)) H QHHQ((:IJ,,:Lur))
and that

Ty T
)\J po(K*101% + [0 [*)dx + HJ (19" + 2k |9 |* + K49 da > C*W\I%a((m,,m)-

xr— X —

Note that the condition p > 0 is necessary to obtain the coercivity on H?((z_, x4 )).
Note also that the case y = 0 amounts to the inviscid Rayleigh-Taylor instability,
for which similar results are known (and the corresponding problem needs only to
be defined in H'). In addition

BV, A9, 0)] < C*([9(z )| + lo(a) D19 (z )] + [ (z1)]),
[BVa_ (9, 0)| < C*(|9(z-)| + lo(z)) (19 (z-)] + [ (z-)])

and the Sobolev embedding yields (4.16). The continuity of B, ,, » on H*((z_,z))
follows.

To show (4.17), it suffices to prove that (4.12) holds. In view of Lemma 4.1,
we verify (4.13). Since N*U{ (z1,)) = NTUS(z4,A) = 0, we have that n;;
(i,7 =1,2) depend on xand A and satisfy

TLTIUI-E(.’E+, >\) + nTQUl—E(xJﬂ )\) + U$(£C+, >\) = 0’ (418)
nf U5 (w4, ) + nHhUdh (o, A) + Uy (x4, ) =0,

and
n;lUﬂ (:C+7 )\) + n;_QUlJFQ(I‘F? )‘) + Ul-tl(x"t‘? )\) = 07 (419)
g Ush (24, A) + ndoUsh (w4, ) + Ugfy (24, A) = 0.

Let nj5(A) be the limit of nf;(z4,\) as @ — +00. When 2, — +00, (4.18)-(4.19)
converge to

{‘nm)k Pnp(MET2 - kT =0, (4.20)

—nfi (NP (V) + (Mo 2 (M) =o' (A) =0,
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and
—né"l()\)k*‘3 + n§r2(/\)k*2 +1=0, (4.21)
=3 (No*(A) + ndr (Mo 2 (V) +1 =0, '
hence
N (A) =kor(A), n(A\) =k +0:(N)
and

n3(A) = —kor Nk +04(N), nH(A) = —(k* + ko (A) + oL (V).
One thus has
(nf1(N) = (V) = k% — 01 (N)? + 4nfyndy (A)
= ((k+0+(N)? =k = 0L(\))? = 4ko s (N (k + 04(N))?
= —4koy (N)(K* + ko (\) + a2(N)) < 0.
Hence, by continuity, there exists 2} > 2 such that, for all z; > 2!,
(i1 (@4, A) = 3y (24, A) = k2 — 03 (24, A))? + dnipng (24, A) < 0.
The proof of the existence of 21 < 2% such that, for all z_ < 2! such that
(ni1 (2=, A) = ngp (2, A) = k% — 03 (2, ) + dnipng, (-, A) <0

follows the same pattern. Hence, by application of Lemma 4.1, (4.17) follow, which
ends the proof of Proposition 4.2. O

Mimicking the arguments in Propositions 3.2, 3.3, 3.4 we obtain the following
proposition.
Proposition 4.3. Let (H?((x_,x)))’ be the dual space of H*((x_,x,)) associated
with the norm «/BL@%)\C, -), there exists a unique operator

Y$—7$+7>\ € ‘C(HZ((x—ax+))7 (HQ((x—a ‘T+))/)7
that is also bijective, such that
Bz,,:uﬂ)\('ﬂa Q) = <Y:c,,x+,)\197 Q> (422)
for all ¥, 0€ H?*((x_,z)). Furthermore, we have

(1) For allYe H*((x_,z4)),
Yol aoa® = Mk pod — (pot?)') + p(9™ — 29" + k*0)
in D ((5_,24)).
(2) Let f € L*>((x_,xy)) be given, there exists a unique ¥ € H*((x_,x,))
satisfying the boundary conditions (4.7)—(4.8).

Yo z.20=7fin (H*((x_,24))), (4.23)

(3) The operator Yzjm%)\ s L% ((v—,m4)) — L*((x—,x4)) is compact and self-
adjoint.

It is then straightforwad to obtain the following spectral result. The discrete
spectrum of Mijx+7 WM is a sequence of eigenvalues (v, (A))n>1. The function
Yn(A) is a continuous function of A for all n from the arguments of Lemma 3.2.
The problem of finding a characteristic value amounts to solving the equality (1.5)
as before. However, no control is possible on 7, (A) when A goes to 0. In addition,
no control of 2% and zl (because it may depend on 1)) is available to have a
possibility of having estimates of v,(\) as well. Having an explicit (even if not
optimal) criterion on z} such that the inequalities of coercivity (4.13)-(4.14) are
true is the aim of the refined estimates of the solutions U;", and Uy, (deducing in
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Propositions 4.7, 4.8 below) which follow. That will be postponed to Section 4.4
below.

4.3. The finding of characteristic value \,, and Proof of Theorem 2.2. Let
€. > 0 be given, we look for A, € (e, /) satisfying (1.5). However, unlike the
previous case with p}, = 0 being compactly supported, we do not have here the
decrease of v, on A to obtain the uniqueness of \,,.

Proposition 4.4. For 0 < e, < 1, there exists N(e.) € N such that there is at least
one positive \n € (€x, /=) satisfying (1.5) for each 1 <n < N(e.).

Proof. We still have
A
lim > gk?. (4.24)

A—, /ﬁ] 'Yn()\)
and by, (€,) := infyse, ¥ (A) > 0. Notice that {b,(e+)}n>1 is a sequence decreasing
to 0 as n — oo0. Set

N(e,) := sup {n|bn(e*)

> ;ﬁ} € [1, 4+0).

For 1 <n < N(e,),

A A €
lim < lim =" _ < gk? 4.25
A—er Yn(A) A—en by (€s) b (€2) g ( )

It then follows from (4.24) and (4.25) that we have at least one desired A, €

(6*,4/1%) for 1 < n < N(e). O

Now, we are able to prove Theorem 2.2.

Proof. Let w,, be an eigenfunction associated with ~,, of MY;; » M. That means

A

_ n

MYac_,l,a;Jr,)\nMwn = fYTL(Ana k)wn

Hence, ¢, = Y

o wy A, Mo € H*((x_,x,)) satisfies
)\nYa:,,a:Jr,)\ngbn = gk2p6 n

on (x_,x4). In order to conclude that ¢,, is a solution of (1.2), we then extend ¢,
on R by continuity.

Let us take A = A, in the formulas of U;", from (4.5) and in the formulas of U,
from (4.6). Hence, ¢,, is of the form

bn(x) = B:,1U1+1($a An) + B:,2U2+1(xa An)
as ¢ > x4 and
Pn(2) = B, 3Us (2, An) + By, 4Ugy (2, An)

as ¥ < z_ for some real constants B, B}, B, 5 and B, ,. The constants
B!, B, are defined by

n,1»
{asn(m = B Ut (24, M) + B yUs (24, An)

(4.26)
b (zy) = B;,1U£($+a)\n) + BZ,QUQQ(Q?%)W)-
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Similarly, we have the system for B, ; and B, , is

{¢n(x> = B;73U§1(3;‘,, An) + Br:,4U471(37*’ An)s

3 781 4 74l (4.27)
(=) = B, 3Usp (-, M) + B, yUgp (2, An).

Since ¢, is not trivial, there exists ¢ = 0 such that (;SS ) (z4) is nonzero. It implies
that, at least, one of B:[’l and B:;Q is nonzero.

Solving (4.26) and (4.27), we obtain that

Bt — Ugz (24, An)@n(24) — Ugy (24, An) 87, (24)
" (U110 = UiyU3) (w4 An) ’

that
Bt — —Us (@4, An)¢n(24) + UL (4, An) O, (24)
"2 (Ui Usy = U0 ) (@45 An) ’
that
e Un(e A)éa(e) = Un (e A0 (e )
" (Us1Uss = Ui Us) (-, An) ’
and that
B- . — _U?:2($—7 )‘n)(bn(x—) + U??l(x—a )‘n)(biz(m—)
A (UsiUsz = UpUsz) (- An)

Therefore, we get that ¢,, is a regular solution of (1.2) as A = A, for each 1 < n <
N(ex). This ends the proof of Theorem 2.2. O

Remark 4.1. In the forthcoming work [17], we will use the above operator approach
and a more precise hypothesis on po—p+ to ensure that the classical Rayleigh- Taylor
instability has an infinite number of discrete spectrum. That will complete the study

/

in [12], where the first author only considered the case Z—g has a mondegenerate
MANIMuUmM.
Remark 4.2. (1) For |x| large enough, the investigation of reqular solutions

to Eq. (1.2) on the real line is equivalent to that one on (x_,xy) with
boundary conditions (4.7) and (4.8) at xy. More computations are required
in the second case due to the lack of compact assumption of pj.

(2) For |x4| large enough, the problem (1.2) on (z_, x4 ) with boundary condi-
tions (4.7) and (4.8) is equivalent to a weaker version of (1.2) that can be
solved by applying Riesz representation theorem on the bilinear continuous
form B,_ .. x and then improving the regularity.

(3) Generally speaking, a problem on the real line with decaying solutions at
infinity and transversality hypotheses is equivalent to a problem with the
compact setting when we have enough decays on the solutions at +00.

4.4. Explicit construction and refined estimates of the decaying solutions
at infinity. In the regime A > ¢, > 0, we notice again that R(\) is uniformly
bounded. So that, as A > e, > 0, we further derive a control of the inner region
(z_,z4) independent of A in the following proposition, extending the result of
Proposition 4.2.

Proposition 4.5. Let e, > 0 given and let A > e.. Let z; , (respectively, z_ ., )
be the sum of two upper bounds, that are functions decreasing towards 0 at 400
(respectively, at —o0), on the r.h.s. of (4.48) and (4.49) (respectively, (4.52) and
(4.53)). There exist positive constants T'y (e.) such that, for all x4, x_ such that
Zpe(r) STi(e) and 2z (z-) <T-(e), (4.28)

we have B,_ 5, x s coercive.
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The proof of Proposition 4.5 relies on the refined estimates of the bounded solu-
tions of (4.3) near oo, presented in Propositions 4.7, 4.8. Before going to the proof
of Propositions 4.7, 4.8, thus Proposition 4.5, we present some materials. Notice
from (4.1) that one has L(x,\) = P(x, \)D(z, \)P(z,\) "}, where

D(z,\) = diag(—k, —oo(z, N), k, 00(z, X)), (4.29)
—k73 —ogP(x,N) kT3 oz, \)

A
k2 oy (x,)) k72 op?(x, )
A

Pz, \) = B . (4.30)
k7t —oyt(z, ) kKT ot (z, M)
1 1 1 1
and

—ko3(x,\)  k203(z,\) k3 —k?

k23 7)\ —k22 ’)\ _ 3 ’)\ 2 ’)\
Pz, \) " = 1z oz, A) oz, A) o5(z,A) og(@,A) (4.31)

2000() | K302(z, )  K202(x,\) — 3 — 2

—koi(x,N) —kK*of(z,A)  oj(x, ) of(x,A)

The columns of matrix P are denoted by P;, Ps, P5, Py and P, Py depend on (z, \).
Note that for every positive k, A and u, P and P~! are bounded uniformly in R
and P~! becomes singular when A — 0 and z is fixed.

Then, we set U(x) = P(x, \)V(zx), (4.3) becomes

V'(z) = (D(x,\) + py(z)M(z, \))V (2), (4.32)
where
_ dog(x) _1dP(x,\)
M(z,\) = P(z,\) 'R\ P(z,\) — Pz, \) 122
(@) = Pl ) RO Pl Y) — 0 P )1 102
Lemma 4.2. Let
0(€y) := 4 [k% + P und Ogi= 4 k2 + 9 Pt
7 Lo p
For any X € [ex, 4 /Lio], there hold
1 1 1
sup [Pz, V)| < Ty := ma (1, e @) (4.33)

and

sop el < e s (o4 ) o5+ 7))

1 g 2k 5k 2
+ () /L—O max (7(52(6*) (k 4+ 0ds), () + 0, 3(e) + 55).

(4.34)

Proof. Due to e < A < /4, we get that §(e.) < oo(z,A) < &, for all z € R, it
yields (4.33). We move to demonstrate (4.34). Let

2
gk + )\2

= gk + \2 =
a+(/\) gk + A%, bi(xaA) 0'0(%7)\) X
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and
cr(z,N) =k oz, ), d(z,N\) bk (z,\)
= o =————0 .
+ 4y T 0oL, ) ) O'O(.T,A) 0\4y
Direct computations show that
doo(w,)) A ph(a)
dpo () 2 o9, A)’
that
a_ ’ff’; —a4 —’i’;*
2 0 2 0
R
Pz, ) 'R\ P(z,)\) = —~5—— k k (z, )
—a;gg b a;gg by
and that
0 _2k0220+ 0 2kac
0 0
dP(z, A 0 d 0 —£ 44
P(va)il (z7 ) = . ok ngz‘ ’ (LE,)\)
doo(z,\)  2XApo(z) | o ag‘b 0 ggw
0 -2 400 0 d

For all z € R, it is clear that

Iai(A)I<g(k+i), \bi(x,)\)|<g( L +i)

Ly 6(ex) Lo
and that
5k?
lex(z, N)| <k +6g,  |d(z,N)| < + 5.
0(€x)
Therefore, (4.34) follows. Proof of Lemma 4.2 is complete. O
Let £, be chosen such that
+00 1
J. Po(MIM (7, N)[pdr < Tin(en)(p+ = po(T+)) < 3 (4.35)
T4
and Z_ be chosen such that
*- - 1
f Po(MIM (T N[ rdr < Tin(e)(po(2-) —p-) < 5. (4.36)
—0
Let a4 (z) and B4 (x, ) be defined
02(a) = 4k(a ~32). Fe(e V) =+ [ ooy Ay (4.37)

T4

We then study the solutions of (4.32) decaying to 0 at +oo.

Proposition 4.6. Eq. (4.32) on (&4, +00) admits a unique solution Vi (x,\) such
that e=*+@V(z) converges to ey as x — 400 and a unique solution Va(z,\) such
that e‘ﬂ+(’7’)‘)V2(x) converges to es as © — +00. Furthermore, we have the following
estimates

(s~ po(a)) + pol(ey Jo (=2

T

+ |po(z) — (0(ex) — k) J po(r)e~(EN=R) =) gr
(4.38)

le®+ Vi (2, \)—e1]2 < 2T (ex)

Z4
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and
€7+ @DV, A) — esfl2 < 20 m(en)(p+ — pol@)) (4.39)

forallx = 2.

Proof. We define the matrices
U(z,\) = diag(e—w(w)’e—lh(w«\)’ea+(w)766+(w«\))’

Wy (z, \) = diag(0, e #+@N 0,0)
and
\:[12(557 )\) = diag(e—aJr(w) 0 e +(x) ,3+(z )\))

Then, we consider the equation

Vl (LL', )\) — e—oz+(95)el + ch \111(3?, /\)\11_1(7', )\)pa(T)M(T, )\)Vl (T, )\)dT
v (4.40)
— f Wy (2, NV (7, \) "L ply (1) M (7, \) Vi (1, N)dr

X

It can be seen that a solution V; of (4.40) satisfies (4.32). We solve (4.40) by the
Picard iteration method. Indeed, let Vl(o)(x) =0 and

VI (2,0) = e+ @, +f Uy (2, ) (1, \) gl () M (7, WV (7, )

Ty

- f m Wo (2, NV (7, N) gy (1) M (7, NV (7, V) dr.

x

We have that
Wy (2, \) T (7, \) = diag(0, e~ P+ @N=B(m0) g 0)
and that
oz, )WL (7, \) = diag(e™(@+(D=a+(@) ( g+ (T)=as(@) o=(Bs(@N)=F4(T.A)y
Hence, we can estimate for £, <7 < z,

[Ty (2, )T (7, )| < e (@@ mas (T4 (k=00 (s))ds

4.41
< e (@+ @) —ai (7)) =(8(ex) k) (z—T) (4.41)
and for 7 > z,
[Wo (2, VT, \) | p < e~ (@ mas(m) (4.42)
Using (4.41) and (4.42), we get
R @, 0) =V (@, V)
0
<Tnten) [ e O @I 50 - VO Ve
Ty
Thanks to the induction, we get for all x > Z, and for all j > 0,
, , 1\ J
ea+(m)HV1(J+1)(x’ A) — V](J)(x’)\)HQ < (§> ’ (4.43)

yielding the uniform convergence of {Vl(j )(I,)\)}jzo on any interval of (Z,+0).

Let Vi (x, ) be the limit function. Vl(j)(x, A) is continuous, so is Vi (x, A). Moreover,
(4.43) implies that

H@ VI (g, 0] Z e O @) - @l < Y (5)"

=0 =0

<.
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That tells us for x > 2,
[Vi(z, A2 < 2e7+ (). (4.44)

Once we have (4.44), we then prove (4.38). Indeed,

Ty

Wi, 3) e = e | U ) N)ap(r) M (7, Vi N

+00
(@) j Wy, N (7, A) " ply () M (7, Vi (7, A)dr.

x

We make use of (4.42) and (4.44) to have that

e+ (@) J W (2, \) 8L (7, A) o (T) M (7, M Vi (7, V) |2d7 < 2T (e0) (3 — po()).

x

(4.45)
From (4.41) and (4.44), we obtain that
e+ (@ J Wy (2, U, N ph (1) M (7, Vi (7, \)dT |2
o . (4.46)
< 2Fm(e*)f ph(T)e~ Ol =R @=7) g7
Zy
After integrating by parts, we get
|| dhtme e Bendr = (e G5 o)
o . (4.47)
~ () =) [ polr)e e ar,
Ty

Combining (4.45), (4.46) and (4.47) gives (4.38).

By counsidering the eigenvalue —og(x,\) of L(x,\), we continue the idea in
Theorem C.1 and mimic the above arguments to the solution Va(x,\) such that
€ﬂ+(x’)\)‘/2(l') converges to e; at +00 and enjoying (4.39). That ends the proof of
Lemma 4.6. U

Now, we get back to (4.3) to find solutions that are bounded near +co.
Proposition 4.7. Eq. (4.3) on (%4, +) admits

(1) a unique solution Ui (z,)\) satisfying that as x — +oo, e+@UF (z,\)
converges to (—k=3, k=2, k=1, 1)T and that for all x > 7,

”eaJr(I)Ur (mv )‘) - (_k_37 k_27 _k_lv 1)TH2
(p+ = po(w)) + p0(£+>6_(6(€*)_k)(x_5c+) (4.48)

X

< 2T, T (s 7
phmle |, po(x) — (6(e.) — k) f po(r)e” () =R@=m) g7

T4

(2) a unique solution Uy (x,\) satisfying that as x — +oo, eP+@ENUF (z,\)
converges to (—o;*(N\),0:2(\), =3 (\), )T and that for allz > 7,

‘|66+($7/\)U; (ma /\) - (_013()‘)7 UI2(>‘)7 _JJ:l(A)v 1)TH2

_ ( 9(4610(e,) + 16612(e,) + 95%)
h 16Lou2616(e,)

(4.49)

+ 20, T () ) (o4 = po(@)):
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Proof. We define U (x,\) = P(z, \)Vj(z,\)(j = 1,2), with V; and V; are two
solutions of (4.32) satisfying (4.38) and (4.39) respectively. It can be seen that
U (z,)) and U (z, \) are two solution of (4.3).
Note that
e+ @ U (2, \) = Py + Pz, \) (e @ Vi (2, \) — e1)
= (=k72 k72, =k L )T + Pz, \) (e @V (2, \) — e1).

(4.48) is then clear due to the estimate (4.38). According to I’'Hopital’s rule, we
have
55 po(r)elte)=Rrar po()el) R P+
xErEOO 6(5(6*)—/6):8 = zErfOO (5(6*) - k)e(é(e*)—k)w - 5(6*) - k,

that implies

T

tim_[po(a) ~ (3(e) ~ k) f po(r)e— (e =Ra=n1gr| _ .

T—+0 i
The behavior of U;" (z, \) at +oo follows.

To prove (4.49), we write

HENUS (2,0) = (=02 (N), 0.7 (N), ot (), )T

= Pa(a,A) = (=03 * (), 02 (N), =0 V), )T + Pla, A)(e M Va(a, A) = e).
Since 5(e,) < 4 (A) < &, for all A€ [e,, \/Lzo], we bound that

[Pa(, A) = (=072 (N), 072 (N), —o 1 (A). D3

1 1
% | B@NAN @) + 77 o et )
= 2@ = pe) (2B + oula ) + Ay (4.50)
op (@, Aot (A)(oo(@, A) + 04(N))
g(45%0(e,) + 16512 (e,) + 95%) Y
< 16L()/J/2516(€*) (po(fﬂ) P+) .
Meanwhile, as a result of (4.39),
[P, A) (e N Va(x, A) = e2)]2 < 20T (en) (o4 — po(@))- (4.51)
Thanks to (4.50) and (4.51), we obtain (4.49) hence the behavior of Uj (z,)) at
+0. Proof of Proposition 4.7 is complete. O

We now fix two positive eigenvalues of L(z, ), k and oo(z, A) and thus follow
Theorem C.1 again. We are able to construct solutions of (4.3) that are bounded
near —o0 as in Proposition 4.7.

Proposition 4.8. Fq. (4.3) on (—0,Z_) admits

(1) a unique solution Us (x,\) satisfying that as x — —o0, eo‘*(z)Ug(x,)\)
converges to (k=3 k=2, k=1, 1)T and that, for all x < 7_
|‘ea7(w)Ui’>_(xv )‘) - (k_gv k_Qa k_lv 1>TH2

(po(&) = p-) + po(F-)e~ L) =ME-=0)

+ p()(ﬁU) - (6(6*) - k)J‘ B po(']‘)e*(‘s(e*)*k)(T*a:)dT

x

< 20,T ()

)

(4.52)
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(2) a unique solution U, (x,\) satisfying that as x — —oo, eP~@NU (z,\)
converges to (c—3(N\), a0 =%(\),0=*(\), )T and that for all x < &
[P~ ENUL (,A) = (02 (A), 022 (A), 0= V), )T 2

g ( \/9(4510(6*) +16612(e, ) + 95%)

(4.53)

16Lop20%6 (e, ) + QFPFm(e*)) (po(x) — p-).

We are now in position to prove Proposition 4.5.

Proof. We recall n:; (1,7 =1,2) from (4.18) and (4.19) to have that

n + + n

1 U. -U U
) () = - — | % PP @) (454)
ni, UL Usy — Uy Ut ~Uy; U Uss

and

+ + + +
T2 1 Up, Ul (Ui

n (@4, 4) = TUTUE —UrUS . N N (x4,A).  (4.55)
Ngg 11Y22 21v12 \=Uy;, Uy} Usy

We are ready to prove the estimates (4.13) needed for Lemma 4.1. Now using (4.48)
and (4.49) into (4.54) yields that

UhUsy = U5 Uy L+ fo(ws,A)

nTQ(xwL’ >‘) =

where |fj(z, )| = O(z4.,(2)) (j = 1,2) uniformly in X € [e*,\/LzO] as r — o0.
Hence, there exists a constant £, (e.) > 0 such that
Nl (@4, A) 2k + 01 (\) = & (6n) 24,6, (24)
=k +6(e) — & (€)z e, (@)
That implies njy (x4, \) > 0 if
k+ 0(es)

e (4.56)

Z+7€x (x+> <

We then estimate
Az, N) = (0 (w4, A) = ndy (24, X) = k2 = 0 (24, A))? + 4nfyng; (x4, A)
Using (4.48) and (4.49) into (4.54) and (4.55) again, we have
w54, N) = ko (V) + Oz, (21),
N3y (@4, A) + k° + 05(24,A) = —ko . (A) + O(z4 ¢, (2+)),
n31(24+,A) = ko (N)(k + 01 (N) + O(24 ¢, (24)).
Hence, there exists wy (€,) > 0 such that
Ay (xy,N) < —4kay V) (K + ko () + 02 (V) + wi(ex) 24 e, (24)
< —4kd(e,) (K + kd(ey) + 6% (ex)) + wo ()2 e, (T4).
The inequality Ay (x4, A) < 0 is equivalent to
4k (e.) (k% + kd(ex) + 6% (e4))

R (4.57)

Rt ex ($+)

Combining (4.56) and (4.57), we take
k+6(e) 4kd(es)(k? + kd(e,) + 52(e*))>

§1(es) 7 w (€x)

I'i(€x) = min (
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If z, satisfies 24 , (r4) < T4 (€.), then one has nfy(x,\) > 0> Ai (24, ), ie.
(4.13). That implies BV, »(9,9) = 0.

Similarly, we get that, from (4.19), we follow the above arguments to show that
there exists I'_(e.) > 0 such that for z_ ., (z_) < I'_(e,), (4.14) holds. It yields
BV, _A(¥,9) = 0. Proposition 4.5 is proven. O
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APPENDIX A. PROOF OF LEMMA 2.1

Multiplying by ¢ on both sides of (1.2) and then integrating by parts, we obtain
that

)7 f (k2001912 + pole/|? ) da = Auf (16712 + 28210/ 2 + |2 ) da
R R (A1)
- ok [ shlode
R
Suppose that A = Ay + iAg, then one deduces from (A.1) that
- %)f (K2p0l012 + pole/|? ) da = Amf (16712 + 28210/ 2 + |6 ) da
R R

~ ok [ shlofds
R
(A.2)
and that

— 2\ JR (k2p0|¢|2 + po|¢’|2)dx = opt fR (|¢>”|2 + 2k%|¢|2 + k4|¢|2)daz. (A.3)
If A2 # 0, (A.3) leads us to
—2)\; fR <k2p0|¢|2 + p0|¢/\2)d$c _ MJR (‘¢//|2 + 2k2|¢/‘2 + k‘4|¢|2)dl‘,
which yields
~( - 2) JR (K200l012 + pole|? ) dw = ~23 jR (K200l912 + pols/|? ) d
— gk? jRpade.
Equivalently,

O+ ) | (Bmlol? + pold'P)do = =gk | solofar. (a)
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That implies
0% + XK int oo | JoPde < —gk? | phloPda,
R R2 R

The positivity of pf yields a contradiction, then A is real. Using (A.1) again, we
further get that

z2 jRpo<k2|¢>\2 18Pz < gk? fR ohlol2dz.

It tells us that A is bounded by , /L%. This finishes the proof of Lemma 2.1.

APPENDIX B. DIFFERENTIABILITY OF EIGENVALUES OF SELF-ADJOINT AND
COMPACT OPERATORS

The classical perturbation theory from [9, Chapter VII, $3] has shown the contin-
uous property of the eigenvalues for a family of holomorphic self-adjoint operators
in an infinite-dimensional Hilbert space. If the operators are only differentiable,
we will present a proof of the differentiability of the eigenvalues for compact and
self-adjoint operators in an infinite-dimensional Hilbert space deduced from that
one for matrix functions in a finite-dimensional space (see [9, Chapter 11, $5]).

Theorem B.1. Let I be a closed interval and H be an infinite-dimensional Hilbert
space and (A(N))xer be a family of self-adjoint and compact operators in H depend-
ing continuously differentiable on \. Then, all eigenvalues and all eigenvectors of
A(N) are differentiable functions on .

Proof. Let Ag € I be fixed. Since A()\p) is a self-adjoint and compact operator in H,
the spectrum of A(Xg) is discrete. Let vy be an arbitrary eigenvalue of A()\g) and
E = Ker(A(X\o) — voldg), we have the decomposition H = E@® E+. Consequently,
for all Ae I,

Projz(A(M\)Projg)  Projg(A(N)Projg.)
ProjpL (A(MN)Projg) Projgi(A(N)Projg.)
that we will denote by (A;;())1<i,j<2 for brevity. Notice that

AR\ =

voldg 0
A(Xo) =
0 AQQ()\())
and Aso(Ao) — Yoldge is invertible.

Let 0 < e « 1 and « be an eigenvalue of A(\) being close to 7o, i.e. |y —70] < e.
We write that

AR — ATd = A11(A) —1ldp A12(N) _ (B.1)
Agl()\) AQQ()\) — ’)/IdEL

If 2 = (y,2)T is a corresponding eigenvector, we obtain
ANy + A12(N)z = vy,
Agl()\)y + AQQ()\)Z = YZ.

Consequently,
(A11(>\) — 'yIdE)y + Alg()\)Z = 0,
Agl()\)y + (AQQ()\) — ’}/IdEL)Z =0.
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Since Aaa(Ag) — Yoldge is invertible, we have that Aa(A\) — 4oldge is invertible
for [A — Xg] < § « 1. We further get that Ass(N\) — yIdge is also invertible for
A — Xo| < 6 and |y — v9| < . Hence, we deduce that (B.2) is equivalent to

z = —(A2n(\) —yldgL) A1 (N)y,
(A1 (N) = Aiz(\)(A22(N) = yId )~ Ao (N)y = 7y
If y = 0, (B.3), implies z = 0, which is impossible. We have y # 0, this means

that if v € (70 —€,70 + €) is an eigenvalue of A(\), (B.3), tells us that v is also an
eigenvalue of B(A,~) defined by

(B.3)

B\, 7) i= A11(\) — A1a( V) (Ae(\) —Idge) P Ay (V) E - E

Notice that E is finite-dimensional thanks to Riesz’s theorem. B(\,~) turns out to
be a matrix, having eigenvalues «; (A, v)(1 < j < dimFE). Then, there exists j such
that v; (X, v) = ~. It follows from [9, Chapter II, $5] that 7;(X,~) and its associated
eigenvector are differentiable at Ao, so is 7. O

APPENDIX C. DECAYING SOLUTIONS OF THE LINEAR SYSTEM OF ODES

We state here the key ingredient for our analysis in Section 4 due to E. A.
Coddington and N. Levinson [3, Theorem 8.1, Chapter 3].

Theorem C.1. We consider a linear system
W'(y) = (A+ L(y) + R(y))W (). (C.1)

Let A be a constant matriz with characteristic roots pj,7 = 1,...,n, all of which
are distinct. Let the matriz L be differentiable and satisfy

) "L )y < o (©2)

and let L(y) — 0 as y — . Let the matriz R be integrable and let

| " Ry < . (©.3)

Let the roots of det(A+ L(y) — AL,) = 0 be denoted by \;(y),j =1,...,n. Clearly,
by reordering the p; if necessary, limy,_,o, A;j(y) = ;. For a given h, let

dnj(y) = Re(An(y) — A (y))-
Suppose all \j(1 < j < n) fall into one of two classes Hi and Ha, where

Y Y2
Aje Hy if f dpj(s)ds — 0 as y — 0 and J drj(s)ds = —K (y2 =y = 0),
0

Y1

and

A\

Y2
)\j € H2 ’Lf j dhj(s)ds < K (y2 = Y1 0),

Y1
where h is fived and K is a constant. Let py be the eigenvector corresponding to
Lh, t.e. App = uppn. Hence, there is a solution ¢y, of (C.1) and a yo € (0,00) such
that

y

i, 6n(y)esp| — | An(s)ds] = .

y—®© Yo
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APPENDIX D. A REMARK ON THE RELATION BETWEEN THE FORMULATION ON
[z_,x+] AND THE FORMULATION ON R OF THE viscous RT
PROBLEM

Proposition D.1. For all ¢ bounded solution of (1.2) on R and for all § € H*(R),
there holds

+00 400
/\f o(E2¢0 + ¢'0)dx + uj (¢"0" + 2k* P8 + k4¢9)dx
* (D.1)

k2 /
Bo w, 2(6,0) + J %wdm
R\[z_.c+]

We immediately have two remarks from (D.1).

(1) In the case of p} being compactly supported (supppjy = [—a,a]), we have

+00 +o0
AJ o(k260 + ¢'0")dx + “j (¢"0" + 2k 0 + k*¢0)dx = B, A(¢,0). (D.2)

[e¢] — 00
That means B;_ ., is independent of 24 ifand only if v < —a <a < xy.
(2) In the case py > 0 everywhere, for each (x_,x ), a penalization of B,_ ,, x

2 7
by the term Sif ngp“q’)Qda: is necessary to obtain the ODE (1.2) on the
whole space.

Proof of Proposition D.1. To prove (D.1), we show two following identities
+00 +0©
f Moo(K200 + ¢'0')dx + “J (K*¢0 + 2k2¢'0 + ¢"0")dx
T4 T
+o0 gkzp' (D3)
=J T%seda: + BV, A(¢,0).
z4

and
xTr_—

f ) Moo (k20 + ¢'0')dx + “I (K*¢0 + 2k2¢'0 + ¢"0")dx
e _

(D.4)

T k2 /
_ f 9 A”O $0dz + BV, A(,0).
—o

We have the following remark that we state on (x,,+00) (a similar expression
holds true for (—oo,z_)) that if ¢ is a bounded solution of (1.2) on (z4,+®), we
then have from Proposition 4.1 that ¢ satisfies (4.8) at z. We integrate by parts
to have that

+00 0
J ¢//9//da: _ ¢//0/ + ///0 J ¢(4)9d$
o Y (D.5)
— (@) )+ (@O + | oo,
Because of (4.8), we have
¢"(z4) = —(nf16(z4) + nize (24)) (D.6)

and

" (24) = —(nF0(x4) + ndyd’ (24)). (D.7)
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Substituting (D.6) and (D.7) into (D.5), we obtain

+0
§"0"dw = (nfy 6(w+) + 1! (@) (24) — (ni0(as) + ndyd (2:))0(a4)
' +0o0
+ J ¢Wodz.
T4
(D.8)
Using the integration by parts again, we deduce that
+00 + +0o0 +0o0
¢'0'dr = ¢'0 — ¢"0dr = —(¢'0)(z4) — ¢"0dx (D.9)
T4 T+ T4 T4
and that
+00 +00
| motrdn = ~(ms0)w) ~ | (oY, (D.10)
Ty x4
In view of (D.8), (D.9) and (D.10), we obtain
+00 +00
J oo (k20 + ¢'0')dx + “f (K*¢0 + 2k2¢'0 + ¢"0")dx
+ o +
[ O~ (p0s)) + (@D — 2K + 10))pda
- (D.11)

+pu(nf10(x4) + nihd (24))0 (21) — p(ng1¢(z) +ngd (24))0(2)
— 2k p(@'0) (2 +) — Apod'0) (w+)

400 k2 /

- f =P 00de + BV,., A(6.6).
T4

Hence, (D.3) follows from (D.11). Similarly, we obtain (D.4). It follows from (D.3)

and (D.4) that

+00

+00
A J po(k2¢p0 + ¢'0')dx + “f (@"0" + 2K*p0" + k*¢0)dx

—0 —0o0

T _ k2 / +0o0 k2 /
_ f g APO o0dz + J g A'”O $0dx + BV,_ A(6,0) + BV, A(6,0)

I o . (D.12)
+ f Moo (k200 + ¢'0")dx + p f (K*¢0 + 2k2¢'0" + ¢"0")dx

X — xr

X k2 / T k2 A
- f ’ )\po pOdx + J : ,\p0 $0d + By_ 2, A(9,0)-
— o T4

It yields (D.1). O
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