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A BIRATIONAL INVOLUTION

PIETRO BERI, LAURENT MANIVEL

ABSTRACT. Given a very general K3 surface S of degree 18, lattice the-
oretic considerations allow to predict the existence of an anti-symplectic
birational involution ¢ of the Hilbert cube S (3], We describe this invo-
lution in terms of the Mukai model of S, with the help of the geometry
of the exceptional Lie group G2. We make a connection with Homolog-
ical Projective Duality by showing that the indeterminacy locus of the
involution is a P2-fibration over the dual K3 surface of degree two. We
deduce that ¢ is an instance of a Mukai flop.
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1. INTRODUCTION

Consider a complex algebraic K3 surface S whose Picard group is gener-
ated by an ample line bundle H such that H? = 2t (a very general element
of the 19-dimensional moduli space of 2t-polarized K3 surfaces). A clas-
sification of the group of biregular automorphisms of the punctual Hilbert
scheme S .= H ilb™(S) has been given by Boissiere, An. Cattaneo, Nieper-
WiBkirchen and Sarti [8] for n = 2, and by Al. Cattaneo for all n > 3 [12].
In particular, Aut(S™) is either trivial or generated by an involution which
is non-symplectic for ¢ > 2. More recently, extended lattice theoretic con-
siderations allowed Al. Cattaneo and the first author to decide whether S
admits non-trivial birational automorphisms [6, Theorem 1.1}, symplectic or
not. When it does, there exists a unique such automorphism, a birational
involution that may be symplectic or non symplectic. The precise result is
the following:

Theorem 1. Suppose t > 2. Then Bir(S™) is either trivial or generated
by a birational involution ¢. The latter holds if and only if:

(1) d =t(n —1) is not a square,

(2) the minimal non-trivial solution (X,Y) of Pell’s equation

X2 —dy?=1 with X =+1modn—1

is such that Y is even and (X,X) = (1,1),(1,—-1) or (—=1,—1) in
Z)2(n —1)Z x Z]2tZ.

When (X, X) = (1,1), the involution is symplectic and never biregular.
When (X, X) = (£1,—1), it is always non-symplectic, and biregular if and
only if it fixes an ample class of SI"); for that case the classification can be
found in [8, 12], the precise condition for regularity being condition (iii) of
[12, Theorem 1.3].

Such a statement does not provide much insight on how to construct this
birational involution geometrically, when it does exist. Some cases have
been explicitly described in [6, Examples 6.1, 6.2], for t = 2 and n = 6, 8, 18.
A few other cases had been known before:

e Suppose t = n, so that 7 embeds S into P"*1, as a surface of degree
2n. If we choose n points pi,...,p, in S in general linear position,
they generate a codimension two subspace of P**1, which in general
cuts S at 2n distinct points py, ..., p, and q1, ..., g,. This yields the
Beauwille involution, which is non-symplectic, and biregular only for
n = 2 (that is for quartics in P3).

e Suppose n = 2 and t = 5, so that S is embedded in the Grassman-
nian G(2,5) as the transverse intersection of a quadric @ and three
hyperplanes Hi, Ho, H3. In particular, the linear span of S inter-
sects the Grassmannian along F' = G(2,5) N H; N He N Hs, which
is a smooth Fano threefold of index two. Now consider two gen-
eral points pi,ps in S, defining two transverse planes Py, Py in C°.
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The Grassmannian G(2, P; @ P») is a four dimensional quadric in
G(2,5), its intersection with F' is a conic, and its intersection with
S = F N Q therefore consists in general of four points p1,po and
q1,q2- This yields the O’Grady involution [41, section 4.3].

e Suppose n = 3 and again ¢t = 5, so that S can be described as
before. Given three general points pi,ps,p3 in S, defining three
planes Py, Py, Py in C?, or equivalently three lines /1,05, f3 in P4, it
is a classical fact that there exists in general a unique line ¢y meeting
these three lines. Equivalently, if ¥, C G(2,5) is the codimension two
Schubert cycle parametrizing lines in P4 that meet a given line £, then
Y, . Xp,-Xe, = 1. Since ¥, has degree three, the intersection ¥y, NS
consists of the three points p1,p2, p3 (since o € Xy, is equivalent to
l; € ¥y,), and three other points ¢1, g2, g3 [13, Example 4.12].

In fact, there are some easily identified infinite sequences of pairs (n,t),
described in [6, Prop. 2.6 (i)], that satisfy the conditions of Theorem 1: fix
any k > 0 and take t = (n — 1)k? + 1, for any n > 2. For k = 1 we recover
the Beauville involution. For k = 2 only the case n = 2 has been described,
this is the O’Grady involution. In this paper, we describe the next case,
n=3and t=09.

A general K3 surface of degree 2t = 18, or equivalently of genus 10,
admits a Mukai model: it can be described as a codimension three linear
section of the adjoint variety of the exceptional Lie group Gs, the closed
G-orbit inside the projectivized adjoint representation [38]. We denote this
five dimensional homogeneous space by X,4(G2) C P(g2), so that

S = Xad(G2) nL

for some codimension three linear subspace L of P(ga).

Recall that Gy can be described as a subgroup of SO(7) [1]. This means
in particular that G5 has a natural representation V7 of dimension 7, which
is irreducible, and that it preserves some non-degenerate quadratic form Q).
Since then go C s07 ~ A2V4, we deduce that the adjoint variety X,q(Ga),
which is the minimal orbit in P(gs), must be a subvariety of G(2, V7). There
is a diagram

Xad(G2) — OG(27V7) — G(27V7)

! ! 1
P(g2) = P(A*V7) = P(A*Vy)

where the vertical arrows are embeddings. In fact, the Mukai model for S
is constructed from the unique stable vector bundle Uy on S with Mukai
vector (2,H,5), where H? = 18: this bundle is generated by its seven global
sections, which embed S into G(2, V7).

So let pi1,p2,p3 be generic points on S. They can be identified with
three planes Pi, P,, P3 C V7. In general, these three planes generate a
hyperplane Vg C V7, and FU(Vg) := Xaqa(G2) N G(2,Vg) is a copy of the
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complete flag variety F'/3 of sl3. Since F'¢3 has dimension three and degree
6, its intersection with L consists in general of six distinct points, pi, pa, ps.
plus three other points g1, g2, g3. We define

(1) @SBl -5 SBI p1+p2 +p3— q1+q2+ g3

Note that, at this stage, we can consider any K3 surface S of genus ten
whose projective model is a three dimensional section of X,4(G2).

Theorem 2. (Theorem 18) For any K38 surface S = Xqq(G2) N L, ¢ is a
non-trivial birational involution of S

We also provide another interpretation of ¢ in terms of the extremal ray
Hs — 26 of SBJ, where H;3 is the line bundle induced by the polarization H
of S and 26 is, as usual, the class of the locus of non-reduced subschemes.

Theorem 3. (Theorem 45, Proposition 50, Corollary 52) Let S be a very
general K3 surface of genus ten. The linear system |Hs—2d| on the punctual
Hilbert scheme SB is base point free. The associated morphism B3 —26|
is generically finite of degree two, and the birational involution @ is the
corresponding deck transformation.

Moreover the indeterminacy locus I C S of ¢ can be described in terms
of subschemes of length three that do not span a hyperplane in V7. Such
subschemes are obtained from certain cubic scrolls in the adjoint variety,
parametrized by what we call decomposing five-planes: those codimension
two subspaces of V7 over which the Gs-invariant three-form is completely
decomposed. Part of our arguments rely on a good understanding of these
codimension two subspaces. We show:

Proposition 4. (Corollary 13) If w € N>V is a Go-invariant 3-form,
then the subvariety of G(5,V7) parameterizing w-decomposing five-planes is
projectively equivalent to the orthogonal Grassmannian OG(2,7).

This statement is closely related to a recent paper by Guseva [16].

Cubic scrolls in X,4(G2) and its hyperplane sections were studied by
M. Kapustka and Ranestad [23]; they proved the remarkable fact that a
smooth hyperplane section F' = X4(G2) N H is isomorphic to a linear sec-
tion of the Grassmannian G(3, Us), and deduced that cubic scrolls in F' are
parametrized by the disjoint union of two Veronese surfaces. We integrate
their description with results from [26], thus extending it to the case where
F is a nodal hyperplane section of X 4(G2).

When H contains L, the section F' contains the K3 surface S and we can
pull-back the tautological and quotient bundles on G(3, Us) to get two vector
bundles on S; but only one when we pull-back from LG(3,Us), where the
tautological and quotient bundles gets identified. This realizes the moduli
space My(3,H,3) of H-stable vector bundles on S with the corresponding
invariants, as a smooth double cover of L+ ~ P2, branched over its intersec-
tion with the dual hypersurface to X,4(G2), which is a sextic hypersurface.
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This double cover, described in [23], is precisely the degree two K3 surface
Y., derived equivalent to S up to the twist by a Brauer class, that appears
in Kuznetsov’s Homological Projective Duality for X,q(G2) [26, Corollary
9.10]. Note that although the moduli space ¥ = My(3,H,3) is not fine,
there exists a twisted universal bundle F on S x X. With this in mind, we
can describe the indeterminacy locus:

Theorem 5. (Proposition 33) Let S be a very general K3 surface of genus
ten. The indeterminacy locus I of ¢ on the punctual Hilbert scheme SB) is
a smooth fourfold with an étale locally trivial P?-fibration over the smooth
degree two K3 surface ¥, given either by

(1) the locus of length-three subschemes of S contained in G(2,Vs) for
some decomposing five-plane Vs C Vz;

(2) the family of cubic scrolls on hyperplane sections of X,q4(G2) con-
taining S;

(3) the projectivization Px(G) of the twisted vector bundle G =
paHom(F,piUs) over ¥, where p1 and py are the projections from
S x 3 to S and %, respectively.

Finally, since I is a smooth codimension two subvariety of SB!, fibered
in P?’s, we can perform a Mukai flop to obtain another smooth, simply
connected sixfold M with a non-degenerate two-form; but a priori not nec-
essarily hyperKahler. It turns out that M is in fact isomorphic with S&!
and that, up to identifying the two models, the Mukai flop is nothing else
than our involution ¢!

Theorem 6. (Corollary 36) For SB! the punctual Hilbert scheme over a
very general K3 surface of genus ten, ¢ is a Mukai flop.

The techniques we use are a mixture of Gs-geometry with moduli inter-
pretations and stability conditions. Basic facts about G9 are recalled in
section 2, where we also discuss decomposing five-planes and cubic scrolls.
The involution ¢ is defined in section 3, where we prove Theorem 2 and
we put into the picture the extremal contraction induced by a multiple of
Hsz— 20, which ultimately leads to Theorem 6. These two results can be seen
as different descriptions of ¢ and the key point to identify them is Theorem
6. The connections with the linear system |Hs — 24| itself are discussed
in section 4: we first prove base point freeness, then that the associated
morphism is generically finite of degree two.

All along we will find strong analogies, but also important differences,
with the story of Gushel-Mukai varieties and (double) EPW sextics, a story
which includes the O’Grady involution. Some of those observations are gath-
ered in section 4.5, where we also briefly discuss the indirect and intrigu-
ing connections, also present in [26], of some of our constructions with the
Grothendieck-Springer resolution. Being able to upgrade the present work
in order to construct a new locally complete family of polarized hyperKé&hler
manifolds, is one of the challenges that remain to be met.
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One can also wonder to which extent our constructions can be general-
ized. The definition of our birational involution still makes sense for certain
punctual Hilbert schemes of K3 surfaces with different polarizations, and the
geometric study presented in this paper can be partially extended, although
we of course lose all the interpretations we gave in terms of Ga-geometry
[7]. Parallel constructions, presented in the more flexible setting of derived
categories of moduli spaces of sheaves on K3’s, were very recently presented
in [14]. But the case of K3 surfaces of genus ten, with its so many facets,
will certainly remain a unique gem.
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2. SOME (G GEOMETRY

2.1. Classical preliminaries. A useful, wide-ranging reference for the ex-
ceptional Lie group G is [1]. There are two classical ways to understand
G2, which may be both useful according to the context. Here we work over
the complex numbers, and most of what follows is translated from the real
setting. In particular, each time in the sequel we deal with octonions and the
Cayley algebra @, we will in fact be dealing with the complezified octonions
and the complezified Cayley algebra. We will not use any special notation
for this complexification, hoping this will not cause any confusion.

(1) (Cartan 1914) G5 can be defined as the automorphism group of the
Cayley algebra of octonions. Since the Cayley algebra O is normed,
it admits a Ge-invariant quadratic form @, and it splits orthogonally
as O = C1 @ Vz, where V7 is the space of imaginary octonions.

(2) (Engel 1900) G2 C SL(V7) can be defined as the stabilizer of a
generic skew-symmetric three-form w € /\3V7V. Then V7 inherits an
invariant quadratic form, defined up to scalar by

Q(z,y) = tyw A tyw Aw € NV3 ~ C,

where ¢, denotes the contraction by the vector x. Conversely, on the

space of imaginary octonions the skew-symmetric three-form is given

by the formula w(z,y, z) = Re(xz(yz)) (where Re must be interpreted

as the projection on the invariant part in the decomposition O =
6



C @ V7). From this three-form one easily recovers the octonionic
product.

The two fundamental representations of Gy are V7 and the adjoint rep-
resentation on the Lie algebra go, whose dimension is 14. The two as-
sociated generalized Grassmannians (orbits of highest weight vectors) are
Gy/Pi = Q% C P(V4), the invariant quadric, and the adjoint variety
Xui(G2) = Go /Py C P(g2). There is a fundamental correspondence

(2) G2/B

PQ pPx
Q° / \Xad(G2),

where the two projections are P!-fibrations over Fano fivefolds, Q° of index
five and X,4(G2) of index three; both of them dominated by the flag mani-
fold Go/B, where B is a Borel subgroup containing the maximal parabolic
subgroups P, and P;.

Since go C 507 ~ A%V5, the adjoint variety X,q(G2) C P(gz) is a subvari-
ety of G(2,V7) C P(A%V7), hence parametrizes some special planes. Accord-
ing to our two viewpoints:

(1) X,4(G2) parametrizes the family of null-planes in Vz, that is, those
planes P C V7 = Im(0) on which the octonionic product vanishes
identically [29, 34].

(2) Equivalently, X,4(G2) parametrizes the planes P = (x,y) C V7 such
that tyyw = w(x,y,e) = 0. Let Uy and Qs denote the tautological
and quotient vector bundles over G(2, V7); this shows that w defines
a global section of the bundle /\21/{2v ® QY = QY(1), whose zero-locus
is precisely the adjoint variety [26, Section §].

For our purposes, we will mostly adopt this second point of view, but it may
be useful to keep the first one in mind as well.

Note that in diagram (2), G2/B is the projectivized bundle P(is) over
Xa4(G2). Similarly, it is the projectivization of a Ga-equivariant rank two
bundle C on Q° called the Cayley bundle [43], and such that

HY(Q%,CY) =gy ~ go.

As in [34] we fix a Cartan subalgebra t C go, which yields a root space
decomposition, and we denote by «, 3,7 three short roots summing to zero.
Then o — 3, B —, 7 — « are three long roots also summing to zero, and we
get the twelve roots of go by including the opposites of those six roots.

In fact, once we have fixed a Cartan subalgebra in go and obtained the
previous decomposition, we also get a basis of V7 consisting of weight vectors:

Vi =Cey @ Cen @ Ce_ @ Ceg @ Ce_g @ Cey @ Ce_,
7



(where e, has weight «, etc.), and we can normalize so that the invariant
three-form w and the invariant quadratic form ) have the following expres-
sions in the dual basis:

w =10y A (Vo ANV—q + V3 AV_g + Uy AV_y) +Vq ANVBAVy +V_q ANV_g AV_,

Q = —V§ + VaV_a + VaU_g + VyU_y.

Note in particular that all our basis vectors, except e, are isotropic with
respect to ). Note also that ) being non-degenerate, it allows to identify
V7 and V7. In particular we will use the same symbol L for the orthogonal
in V7 or VY, with respect to @ or to the canonical duality.

A

Y

e’
The root system of type Ga

2.2. The action of G on imaginary octonions. The action of G5 on
V7 provides a classical example of a prehomogeneous space. The following
result is essentially [44, Proposition 42].

Proposition 7. The action of G on P(V7) has two orbits, the five dimen-
sional quadric Q5 defined by Q, and its complement

]P’(V7) - Q5 ~ GQ/H,
where H is locally isomorphic to SLs.

(Here locally isomorphic means that the two groups have the same Lie al-
gebra.) For example, the Lie algebra of the stabilizer of [eg] is the subalgebra
of go generated by the long root spaces: this is clearly a subalgebra, since
adding two long roots never gives a short root, of type As, and it certainly
kills ey since no weight of V7 is a long root.
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Remark. One of the beautiful properties of the real compact form of Go,
which is the automorphism group of the usual octonions with real coeffi-
cients, is that it acts transitively on the six-dimensional sphere, seen as the
set of imaginary octonions of unit norm. This leads to the well-known iden-
tification of the six-dimensional sphere with the quotient space G3(R)/SUs,
and to the fact that Go(R) can be seen as the total space of a SUs-principal
bundle over S¢. Note that over the real numbers, the sphere is a double cover
of the projective space of imaginary octonions. Over the complex numbers,
the corresponding statement is that the generic stabilizer H is isomorphic
to Aut(SLs), which is a degree two extension of SLs. We will not use this
fact in the sequel.

Taking orthogonals with respect to the quadratic form @, Proposition
7 also means that there are only two types of hyperplanes Vg5 C V7 up to
the action of Go: they can either be transverse or tangent to the quadric.
Another convenient way to distinguish them is by the restriction of the
invariant form w.

If Vg = vy, then

Wy = Va ANVBNVy + Vo NV_g AV,

belongs to the open GL(Vg)-orbits in P(A3V;’). The two planes P(eq, €3, €)
and P(e_q, e_g,e_) are uniquely determined (see e.g. [27, 3.1]): this is the
one apparent double point property of the Grassmannian G(3, Vg).

If Vg = vf,y, then

w|V6:vo/\va/\v_a—l—vo/\vg/\v_g—l—va/\vg/\v«,

belongs to the tangent space to the Grassmannian G(3,V;") at the uniquely
defined plane P(vg, vq,v5). (Unicity follows from the facts that, G(3,Vy")
being Legendrian [11], its tangent and dual varieties are identified, and that
a generic singular hyperplane section is singular at a unique point.)

Denote by sls C go the annihilator of eg € V4. This is also the Lie algebra
of the group H from Proposition 7.

Proposition 8. The intersection of Xaq(G2) C P(g2) with P(sl3) is a copy
of Fts C P(sl3), the variety of complete flags in a three-dimensional space,
which is also the adjoint variety of sls.

Proof. Let Vg := vy. Recall that X,4(G2) is defined in G(2, V%) as the zero-
locus of the section s, of @Y (1) defined by w. Since an element of the cone
over G(2,V5), considered as an element of soy ~ A2V, kills e if and only if
it is contained in G(2, Vg), we have

(3) Xoi(G2) NP(sl3) = Xoq(G2) N G(2, Vp).
Then the conclusion follows from [23, Lemma 4]. O

Remark. Recall that F/3, being a hyperplane section of P? x P2, has degree
six. Also, the intersection X,q(Ga) N G(2,Vs) for Vg- isotropic has been
9



described in [23, Lemma 4] as a specific hyperplane section of the image of
P = P(Op2(2) @ Tp2(—1)) in P® by the linear system |Op(1)|. This P has
also degree 6 and is a union of projective planes parametrized by P?.

2.3. Action of Gy on planes in V5. The action of GLy x G on C2® Vi
is prehomogeneous [44, Proposition 43|; this implies that the action of Go
on the Grassmannian G(2,V7) has an open orbit. In this section we show
that there are in fact finitely many orbits, that we completely classify. Of
course, one obvious invariant for a line in P(V7) is its position with respect
to the invariant quadric Q®. So we split the classification into the following
two statements.

Proposition 9. [Bisecant lines] Consider two points x # y on the quadric
Q5 C P(V%). Up to the action of Go, there are only three possibilities.

(1) The line Ty is a special line contained in the quadric, which means
that x and y span a null plane.

(2) The line Ty is a mon-special line contained in the quadric, which
means that x and y span an isotropic plane which is not a null plane.

(3) The line Ty is not contained in the quadric, which means that x and
Yy span a non-degenerate plane.

Proof. Tt follows from [44, Proposition 43| that the complement of the open
orbit of Gy in G(2,V7) must be irreducible. Since it certainly contains the
hypersurface of lines that are tangent to Q°, there must be equality, which
means that G2 acts transitively on the lines that are true bisecants to the
quadric. The remaining claims follow from the general fact that there are
at most two G-orbits of lines in any generalized Grassmannian G /P, where
P is a maximal parabolic subgroup of a simple complex Lie group G [30,
Theorem 4.3]. O

Proposition 10 (Tangent lines). If v € Q5 and Ty is a tangent line to Q°,
not contained in the quadric, then up to the action of Go there are only two
possibilities.

(1) The linear form w(x,y,e) is a non zero multiple of Q(x,e).
(2) These two linear forms are not proportional.

For simplicity, we slightly abused notations in (1) by using the same letter
x to denote any generator of the line (idem for y). Continuing with the
same abuse, we note that the first case is easier to express in the language
of octonions: it means that the plane (x,y) contains a unique isotropic line
(generated by z) such that the octonionic product zy is a (non-zero) multiple
of . We call such a plane a semi-null plane. Alternatively, we may observe
that (z,y) is closed under the bracket on V7 defined by w; this is the point
of view chosen in [16, Appendix A], see in particular Lemma A.5.

In the second case zy is still non-zero, but does not belong to (x,y).

10



Proof. We may suppose that z is the line generated by e, in which case the
stabilizer P of z in G2 has for Lie algebra

p= <t7 Xﬁ—ﬁ/aX'y—ﬁaX—BaX—'yyXaaXa—ﬁyXa—'y> C g2,

where t is our Cartan subalgebra and, as usual, for any root 7 we denote by
X a generator of the root space g C go. The first three terms generate a
copy of gly which is the Levi part of this parabolic subalgebra. The remaining
terms generate the nilpotent part.

The Zariski tangent space to the quadric at = identifies with eé /Ceq, in
which there is a maximal filtration preserved by p:

<€_B,€_»Y> - <€_5,6_7,60> - (6—6,6_7,60,€B,€«/>-

Represent an element in P(el /Ce,) by a vector of the form t = v 4 zeg + u,
with u € (eg,ey) and v € (e_g,e_y). We claim that up to the action
of P there are only three orbits defined by the conditions that v # 0, or
u=0,2#0,oru=0,z=0,v #0.

If uw # 0, using the action of the Levi part of P we can suppose that
u = eg. Then it is easy to check that [t] belongs to the P-orbit of [eg], by
simply using the action of the nilpotent subgroup NV generated by X_g, X_,
and of the maximal torus. We are then in case (2) of the Proposition.

If u =0 and z # 0, the action of N is enough to check that [t] belongs to
the P-orbit of [ep]. We are then in case (1) of the Proposition.

Finally, if u = 0 and z = 0, ¢ spans a special line contained in the quadric,
a situation which is excluded by our hypothesis. O

This finally yields a complete classification of the Gg-orbits in G(2, V7).
Recall that in terms of the equivariant map /\2V7—>V7V—>V7 deduced from
the invariant three-form and quadratic form, a null-plane is characterized
by the fact that a Pliicker representative maps to zero, while for a semi-null
plane it maps to a nonzero vector in the plane. Also, a plane is isotropic,
rank one or non-degenerate when the rank of the restriction of the invariant
quadratic @ is 0,1, or 2, respectively.

Corollary 11. Up to the action of Go, a plane Vo C V7 can be:

(1) a null-plane,

(2) an isotropic plane which is not a null-plane,
(3) a semi-null plane,

(4) a rank one plane which is not semi-null,

(5) a non-degenerate plane.

Explicit representatives are, respectively:

(4) (eare—p), (earep), (en,€a), (€0,€a+e€8), (€a,€—q)
11



Each case defines a unique orbit of the Gy-action on G(2,V7), and the
incidence diagram is

(5) semz

010

gen — rankl
zso

Here the superscripts are the dimensions of the orbits and an arrow from
O to O' means that O is contained in the Zariski closure of O. We will see in
Corollary 13 that Ogemi and O, are projectively equivalent. By definition,
the closure of O}, is OG(2, V7). Following [16, Appendix A], we denote by

180

LieGr(2,V7) the closure of O

semai*

null - ad (G2)

2.4. Decomposing five-planes. When we restrict the invariant three-form
to a codimension two subspace V5 C V7, since a three-form on Vj is the
same as a two-form on V;', there are three possibilities a priori: we could
get zero, or a form of rank two, or a form of rank four. The first case is
actually impossible: we know that the most degenerate situation is when
Vs is orthogonal to a null-plane, say (eq,e_g), and the restriction of w to

(ease_p)t = (ea,e_g, €0, €y, €—y) 18 Vo A vy Av_y # 0.

Definition. A subspace V5 C V7 is decomposing if wjy; is decomposable,
meaning that there exist linear forms vy, v2, v3 such that wjy; = v1 Avy Avs.
The kernel of w)y; is a plane Ay C V5, that we call the azis of the decomposing
plane.

Proposition 12. A five-plane Vs is decomposing if and only if its Q-
orthogonal Vo = V5L is a null or a semi-null plane in V;. Its axis As is
an isotropic plane, which coincides with Vo if and only if it is a null-plane.

Proof. Since a skew-symmetric form has rank at most two if and only if
its square is zero, the locus of decomposing five-planes is the zero-locus, in
G(5,V7), of the global section t,, of Uy (1) defined by w (here Us denotes
the rank five tautological bundle on G(5,V7)). If we identify G(5,V7) with
G(2, V%) by orthogonality with respect to the invariant quadratic form, the
bundle Uy is identified with the quotient bundle Qs on G(2,V7), and t,,
becomes a section of Q5(1) = /\21/{2v ® Q5. By the Borel-Weil theorem,

HY(G(2,V7), Q5(1)) = So1111 Ve = Ker(Vs @ ASVo— A®17),

with the usual notation for Schur functors. As a Go-module, APV = A2V; =

g2 ® Vi, so Vo @ A°V4 has a unique invariant line, while A7 = V7 has none.

So H(G(2, V%), Q5(1)) contains a unique invariant line; this implies that ¢,,
12



coincides, up to scalar, with the invariant section ¢/, of Q5(1) obtained as
the composition

/\22/[2 — /\2V7 & Og(27v7) - Vi ® Og(gyﬂ—)Qg,,

(where we use once again the isomorphism V¥ ~ V7 defined by the invari-
ant quadratic form). By [16, Lemma A.5], the zero-locus of t], is exactly
LieGr(2,Vz). The second part of the statement can be checked explicitly,
using the explicit representatives of orbits given after Corollary 11. (]

From the axis As, it is actually easy to reconstruct V5. Indeed, the corre-
spondence between Ay and V5 induces an isomorphism between LieGr(2, V7)
and OG(2,V7), as noticed in [16, Proposition A.7]. This isomorphism is ac-
tually linear and can be described as follows. Recall the decomposition into
irreducible components

(6) NVr =gy & V7,

where V7 ~ V2¥ embeds into A2V; by contraction with the (dual) invariant
three-form, and A?Vz maps to V4 by a similar contraction, whose kernel is
g2. Denote by ¢ the involution of A?V% acting by +1 on g» and by —1 on
Vz. It obviously fixes (the cone over) O . = X,4(G2), but a priori not (the
cone over) G(2,V7).

and O7

o semi

Proposition 13. O]
closures, we get

are projectively equivalent via ¢. Taking

LieGr(2,V7) = 1(OG(2,V7)).

Proof. Starting from the Pliicker representative e, A eg of the general
isotropic plane Ay as above, we first compute its image in V7 to be
w(eq,es) = e—,. Then we identify this vector with the two-form e_,.w =
eo N e_y — eq A eg. As a consequence, if we apply the symmetry ¢ of %
defined by its decomposition into go-modules, we see that

tlea Neg) =eg Ne_.

This is nothing else than the Pliicker representative of V5l, where V5 is the
unique decomposing five-plane containing Ao, that we computed above. [

Consider again (5). Taking closures, we get the diagram

LzeGr 2,V7)

OG 2 Vz)
where Cs3 is a cubic hypersurface (indeed the restriction of the invariant

quadratic form to planes yields a section of S?Uy, and the condition that
13
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this restriction is degenerate gives a section of det(S%Uy) = Oc(2,v7)(3))-
The dashed vertical arrow indicates the symmetry induced by ¢.

Now we turn to the property that makes decomposing five-planes relevant
for our problems.

Proposition 14. Let V5 be a decomposing five-plane.

(1) The kernel of the map w : A2V — V¥ is a five-plane Ks.
(2) The intersection X,q(G2) NP(K5) = G(2,V5) NP(K5) is a (possibly
degenerate) cubic scroll.

Proof. Consider the diagram

A2Vs
s
1 Vv Vv
0 Vi Vo Vi 0

The kernel of the diagonal arrow is Ao A Vs, where Ay C V5 denotes the axis;
its dimension is seven. The kernel K5 of the vertical arrow is equal to the
kernel of the induced map A A Vs = K er(w|v5)—>V5l, in other words, we
have a commutative diagram

0 Ks A2V —— VY
™ | | [
0 y K y AgAVs —— Vit —— 0

and K5 has dimension at least five. If this dimension was bigger, the
intersection X,4(G2) N G(2,V5) would contain a hyperplane section of
P(Ay A V5) N G(2,V5). The latter intersection is the set of planes in
V5 that meet A, non trivially; geometrically, this is a cone over a cubic
scroll isomorphic to P! x P2. But a hyperplane section of such a cone al-
ways contains a plane, and we would conclude that X,;(G2) contains a
plane, which is not the case [23, Lemma 3]. This proves (1), and then
Xaui(G2) NP(K5) = G(2,V5) NP(K5) is a codimension two linear section of
a cone over P' x P2, hence a cubic scroll by [23, Lemma 5]. More precisely,
one easily checks that the scroll is smooth when the section does not contain
the vertex, which means that As is not a null-plane; otherwise it is a cone
over a twisted cubic. This proves (2). O

Remark. Consider a decomposing five-plane Vs, so that w)y; = e1 AezAes.
If V5 = (es, e7>l, there exists two-forms fg and 87 such that

w=-¢ei Nea Neg+egNbg+er Nbr,
14



and the axis is Ay = (ey, ea, €3, €, e7)=. For ¢ € A?V5, the contraction with
w yields

L¢(w) = Lw(el Neg Nes)+ Lw(96)36 + L¢(97)67,

showing that the image of w : A2V5 — V¥ is contained in Aj, hence it is
equal to it.

The fact that an intersection X,4(G2) N G(2,V5) is always a conic or a
cubic scroll, possibly singular, was already observed in [23, Lemma 5]. We
can be more precise and compute this intersection for the five types of five-
planes orthogonal to the five types of planes given in Corollary 11; using the
explicit representatives of (4), this is a straightforward computation whose
result is presented in the table below.

TABLE 1
Vo = V- Representative | X,q4(G2) N G(2, V)
non-degenerate | (€q,e—_q) smooth conic
rank one (€0, €q + €3) reduced singular conic
isotropic (€a,e€p) double line
semi-null (€0, €q) smooth cubic scroll
null (€a,€—p) cone over a rational cubic

Let us briefly treat the isotropic and semi-null cases; the other ones are
obtained with similar explicit computations and will be left to the reader.

If Va = (eq, es), then Vs = Vit = (eq, €5, €0, €4, 6_~). We deduce that
AV N gy = (ea Ne—y, egNe_ry, ea Neg —eg Ne_y).

For a form § = zeq ANe_,+yegNe_y+2(eq Neg—egAe_y) in this three-plane
we have O A 0 = —22%¢,, A eg N\ eg A\ e_, hence the double line.

If Va = (eg, €q) then Vs = V5 = (eq, €5, 65, €4, 6_+) and
AV Ngo = (eq A e_B, ea Ne_vy, egNe_y, ey Ne_g, egNe_g —ey Ne_y).

For 6 = peo Ne_g+qea Ne_y+regNe_y+se_gNey+t(egNe_g—ey,Ne_,),
we compute that %9 A 0 is equal to

(pr—gt)eaNe_gAeghe_r+(gs—pt)eahe_rAe_gAes+(rs—t2)egAe_Ae_ghe,.

So O A0 = 0 if and only if the rank of the matrix (5 i ;) is at most one,

hence the smooth cubic scroll.
15



2.5. Some vector bundles. By Proposition 13, LieGr(2,V7) has two G-
equivariant embeddings in G(2,V7), the natural one and its twist by ¢.

Definition. To keep the exposition readable, we use the same letter for the
tautological bundle Us of G(2,V7) and its restriction to LieGr(2,V7). We
denote by V5 = L{2l the bundle of decomposing five-planes (orthogonality
being taken with respect to the invariant quadratic form (). The rank
two subbundle Ay C Vs defined by their axis (recall Proposition 12) is the
tautological rank two bundle on LieG(2,V7) corresponding to the twisted
embedding in G(2,V7); in the terminology of [16, Remark A.8|, A, is the
dual spinor bundle.

By definition of decomposing five-planes and their axis, w descends to
a global section of A3(V5/A2)Y, everywhere nonzero. Also recall that the
morphism A2V;—VY ® O LieGr(2,V7) has constant rank by Proposition 14.

Definition. We denote by K5 the kernel of this morphism, a rank five vector
bundle on LieGr(2, V7).

This bundle admits a natural inclusion
(8) Ks <= 82 ® OLicgr(2,v3)-

All these bundles are Gy-equivariant and, taking into account the remark
after Proposition 14, the relative version of diagram (7) can be completed
into the following commutative diagram of vector bundles:

0 0
N (Vs ) A2) === (V5/A2)"
(9) 0 Ks AYVs  — A —— 0
0 Il Ao ANVy —— Us — 0
0 0

Since A3(V5/A3) is trivial, V5 and Az have the same determinant, and
their orthogonals as well. We deduce that

det(Up) = det(Ag) = det(Vs5) = Oricar(z,vs)(—1),

)
(10) det(KCs5) = Orpiecr2,vy)(—3)-

Recall from the proof of Proposition 14 that the cubic scroll associated to

a decomposing five-plane V5 is a codimension two linear section, by P(K5),

of the Schubert cycle of planes in V5 that meet its axis As. This Schubert
16



cycle is contained in P(Ag A V5), and can be identified with a cone over
P(Ay) x P(V5/As) with vertex P(A2A3). The linear section is a cone over a
rational cubic when it contains the vertex (meaning that As is a null plane),
otherwise it is a smooth cubic scroll.

For future use (more precisely, for section 4.3), let us denote by R and C
the corresponding families of cubic scrolls and Schubert cycles. They fit in
the following diagram:

(11) PLmGT@ vp) (A2 A V) P(A*V7)
Il
o]
Priecr2,vy) (K J P(g2)
R / Xad(G/

The whole lefthand part of this diagram is fibered over LieGr(2, V7).
Moreover, R is defined in C as the intersection with Pr;.q(2,v7)(Ks). This
will be used in the proof of Theorem 45.

2.6. Cubic scrolls in hyperplane sections of X, ;(G2). Let us come
back to diagram (2). We denote by T (X,4(G2)) the Hilbert scheme of cubic
scrolls and cones in X,4(G2).

Lemma 15. For any line L C Q°, the scheme Ry, := px(p@IL) s a cubic
scroll or cone in X,q(Ga). Moreover the map

OG(2,V7)—Hilb(X,q(G2)), Lw— Ry,
is an isomorphism onto Y (X,4(G2)).

Proof. The correspondence (2) allows to identify Q7 with the Hilbert scheme
F1(Xaq(G2)) of lines in X,4(G2). Recall from Proposition 9 that there are
two types of lines in Q°. If L is special, it defines a point x in X,4(G2),
and Ry, is the union of lines in X,4(G2) passing through that point - hence
a cubic cone. If L is not special, then Ry is still a surface of degree three.
if R is a cubic scroll or cone, the pencil of lines in the ruling of R defines a
curve C' € Q°, which for degree reasons must be a line. O

Let X C X4q4(G2)xP(gy) be the universal hyperplane section of X,4(G2)),
and T(X/P(gy)) be the relative Hilbert scheme of cubic scrolls and cones.
17



There is a diagram
(12) /(X /P(GZY))\
T (Xaa(Ga)) P(g3),

and Y(X,q4(G2) N H) = p;l([H]) for any hyperplane H C ga. The following
information can be extracted from [26].

(1) py is a P®-bundle by [26, Lemma 8.5] (the scheme X’ defined there
is the universal cubic scroll or cone by Lemma 15).

(2) T(X/P(gy)) =~ Y in the notation of [26], and the map p, coincides
with g therein.

(3) The Stein factorization of this map takes the form p; = § = gz o ¢
by [26, Lemma 8.8].

(4) The dual of the decomposition (6) yields a projection P(A2V;Y) --»
P(gy). The image of G(2, V') via the projection is Z; in Kuznetsov’s
notation, see [26, Lemma 8.2 and Corollary 8.11]. Over the comple-
ment of Z1, the map ¢ is an étale-locally trivial P2-bundle by [26,
Proposition 8.9], and the map g3 : 173—>]P’(g\2/) is a double cover
branched along the dual variety of X,4(G2), i.e. the discriminant
sextic hypersurface A C P(gy).

Since Z; is irreducible, a union of Ga-orbits and 10-dimensional, it has to
be the closure of Ojg in [22, Lemma 3.1]. The intersection X,4(G2) N H is
smooth for [H] ¢ A, and nodal with a single node for [H] € A\ Z; (]22,
Proof of Theorem 2.3]), while Z; parametrizes highly singular hyperplane
sections.

Putting everything together, we deduce the following statement:

Proposition 16. The Hilbert scheme Y (X,q4(G2) N H) is isomorphic to

(1) P2UP? if [H] ¢ A, ice. Xoq(G2) N H is smooth;
(2) P2 if [H] € AN Zy, i.e. Xqq(G2) N H is nodal.

The first part of the statement can also almost be deduced directly from
Lemma 15, as follows. An equation of H defines a section of the dual Cayley
bundle CV, and the zero locus Z of this section is the locus of points in Q°
defining lines in X,4(G2) that are contained in H. So cubic scrolls and cones
contained in X,q(G2) N H are in correspondence with lines in Z. But by
[43, Theorem 3.7], when Z is smooth it is isomorphic to the flag manifold
F/5, hence lines in Z are parametrized by two copies of P2.

Cubic surface scrolls in smooth hyperplane sections F' = X 4(G2)NH were
also studied in [23] by reducing to surface scrolls in G(3,Ug). Indeed, fix a
vector space Ug of dimension six. By [23, Theorem 1], there exists a unique
linear embedding ¢ : H — IP’(/\?’ Us) sending F' isomorphically to a four

dimensional linear section of G(3,Us). Now, inside G(3,Us) there are two
18



different types of cubic scrolls, yielding two families in F' both parametrized
by P2.

When F' is nodal with a single node f, the projection 1 from the node
sends F birationally to a codimension two linear section F = LG(3,Us) N P
of the Lagrangian Grassmannian LG(3,Us), see [22]. The cubic scrolls and
cones in F' are sent to maximal quadrics in F, and one can check that such
quadrics are parametrized by a projective plane.

Remark. Not surprisingly, the cubic scrolls in X,4(G2) defined by decom-
posing five-planes in V7 also yield twisted cubic curves in Fano fourfolds and
threefolds of genus ten. As observed by an anonymous referee, Proposition
16 is closely related to Theorem 9.11 of [28], which asserts that the Hilbert
scheme of rational cubic curves inside a smooth prime Fano threefold of
genus ten is a P2-bundle over a genus two curve.

3. THE INVOLUTION

In all the sequel we consider a general K3 surface S of genus 10. (Beware
that S will be very general starting from section 3.2.) By the work of Mukai
[38], S can be described as a generic codimension three linear section of the
adjoint variety of G,

(13) S = Xad(Gg) NnNLC ]P’(gg),

where L = P(V31) for V11 C g2 a codimension three subspace.

We will first present our geometric construction of the birational invo-
lution ¢ of SB whose existence is known abstractly from [6]. This will
immediately stress the role of the variety J parametrizing schemes in S
that do not generate a hyperplane. These subschemes of S are closely re-
lated to the cubic scrolls we studied in the previous section. In order to get
a better understanding of the indeterminacy locus I of ¢, we will then need
to dig a little deeper in Bayer-Macri’s description of the Mori cone and of
wall-crossing for S, We will deduce a description of I in terms of vector
bundles, implying that I = .J and that it admits a structure of P?-fibration.
This is exactly what allows to define a Mukai flop, and we will finally prove
that this Mukai flop is nothing else that .

Hypothesis. In the next section 3.1, S will be any smooth polarized K3
surface of genus ten admitting a Mukai model (13). According to Mukai,
this is equivalent to asking that the polarized K3 surface is Brill-Noether
general [40, Theorem 3.10 and Theorem 4.7] (but see also [3, Section 1.2-
1.3]). Polarized K3 surfaces which are Brill-Noether general fill a Zariski
open subset of the 19-dimensional moduli space of K3 surfaces of genus ten,
whose complement has been explicitly computed [15, Lemma 2.8].

Starting from section 3.2 we will always suppose that S is very general, in
the sense that Pic(S) is generated by the hyperplane divisor (the restriction
of the hyperplane divisor from P(g2)). We will use more than once that this
implies that S contains no line and no conic (more generally, no curve of
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degree smaller than 18). For statements like Lemma 21, we will also need
L to be generic enough for certain degeneracy schemes to be well-behaved.
Some specific genericity assumptions are also required in order to be able
to apply the results of [23]. In the end we will not attempt to make our
genericity conditions precise.

3.1. Construction of the involution. Let S be a smooth K3 surface
obtained as a linear section (13) of X,4(G2).

Lemma 17. Let p1,po,p3 be generic points on S. They correspond to three
null planes Py, Py, P3 spanning a hyperplane of V7.

Proof. By contradiction, suppose that Py, P», P3 are contained in a five-plane
V5. Since S is a linear section of X,4(G2), Table 1 shows that V5 must be
decomposing, since otherwise we would conclude that there is a conic or a
line in S passing through the generic point, which is not the case.

Now, fix P, and P, spanning a four-plane V4. Recall that by the gen-
eralized Bruhat decomposition (see e.g. [9, Proposition 3.16]), the relative
positions of two points in a rational homogeneous space are in bijection with
double cosets of the Weyl group. Applying this to X,q(G2), we conclude
that, up to the action of G5, there are only four possible relative positions
for two points p; and po of the adjoint variety. These relative positions are
easy to identify: either p; and ps coincide, or they are joined by a line in
Xa4(G2), or they are orthogonal with respect to the Killing form, or they
are in general position.

A dimension count shows that in the latter case, there is only a one-
dimensional family of decomposing five-planes V; containing Vy. If Vs is
constant when we move the third point Pj, the surface S must be con-
tained in G(2,Vs), which is clearly absurd by Table 1 again. If V5 moves
in a one-dimensional family, then S is covered by its intersections with the
corresponding G(2,V5)’s. In particular these intersections must be curves,
and linear sections of the cubic scrolls or cones X,q(G2) N G(2,V5); so they
are contained in hyperplane sections of these scrolls, hence they must be
rational curves or union of rational curves. We would thus conclude again
that S is covered by rational curves, which is not the case.

We conclude that p; and ps cannot be in general position in X.4(G2),
which means that they are orthogonal with respect to the Killing form.
Since this must be true for any two general points in S, this implies that
the span L of S is isotropic; a contradiction since the Killing form is non-
degenerate, and L has dimension bigger than 6. O

For p1,pe,ps generic points on S, let Vg denote the span of the corre-
sponding null planes in V7. By Proposition 8 and (3),

SQG(27‘/6) = (Xad(GQ)ﬁL)mG(27‘/6) =
= (Xaa(G2)NG(2,Ve))NL = FVg)NL
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is a codimension three section of the flag variety, hence in general consists
in six reduced points: p1, p2, p3 plus three other points q1, g2, g3. Let

©(p1+p2+p3) =q +q2+ g3

This gives a rational map from SB! to itself, more formally described in the
proof of the next statement.

Theorem 18. Let S = X,q(G2)NL be a K3 surface of genus 10. Then there
is a unique birational involution ¢ : SB -=» SBl such that for a subscheme
Z C S defined by a general point of SB, there is a unique hyperplane Vg C Vz
such that

SNG(2,Vs) =ZUp(Z).

In particular, for S very general ¢ has to coincide with the non symplectic
birational involution whose existence was predicted in [6].

Proof. Let Qs denote the quotient bundle on the Grassmannian G(2,V7),
and consider the natural morphism Pg(Qy)—P(V>). Since the pre-image
of a point defined by a hyperplane Vg is the set of pairs (P C Vi) where the
plane P defines a point of S, this morphism is generically 6 to 1. Therefore,
the relative Hilbert scheme Hilb*(Ps(QY)/P(V2')) admits an obvious non-
trivial birational involution. Finally, the projection of Pg(QY) to S induces
a birational morphism from Hilb*(Ps(QY)/P(V;')) to SBl, whose inverse
associates to a triple of general points of S the hyperplane generated by the
three corresponding planes. It is clear that the induced birational involution
of S coincides with ¢. O

3.2. Schemes generating a non-maximal linear space. From now on,
S is a very general linear section of X,4(G2). The definition of ¢ stresses the
condition, for three points in S, that the corresponding planes in V7 generate
a hyperplane. In order to understand better this condition, consider the
universal scheme Z of length three over S, with the two projections

(14) Z
y \
Sl S.

Denote again by Uy the restriction to S of the rank two tautological bun-
dle on G(2,V7). The tautological epimorphism VY ® Og—Uy induces a
morphism

(15) ¢ : V' @ Ogis —ps (¢ UY).

Since p is flat, p.(¢*Uy) is a vector bundle of rank six, sometimes denoted
(Z/IQV )[3]. We say that a scheme Z C G(2,V7) generates the linear space
W cCVyif
Wt = Ker(Vy' —H"(Z,Uy | )).
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Then of course Z C G(2,W), since this sub-Grassmannian is cut out in
G(2,V7) by the linear forms from W+ A VY C A2V,

Definition. Let J C S denote the degeneracy locus of ¢, with the scheme
structure defined by the corresponding Fitting ideal. This is the locus of
length three subschemes of S that fail to generate a hyperplane of V7.

When Z is a reduced length three subscheme of .S, outside .J, it consists in
three points corresponding to three planes in general position in V7, whose
linear span is a hyperplane. By Lemma 17, J is a proper subset of S/

The locus J c SB is closely related to decomposing five-planes, as our
next result shows.

Proposition 19. Let Z C S be a length three subscheme that does not
generate a hyperplane. Then it generates a decomposing five-plane in V7.

Proof. First observe that Z cannot generate a subspace of V7 of dimen-
sion smaller than five. Indeed, for any Vj; C V7 the intersection X,q(G2) N
G(2,Vy) =P(g2) NG(2,V}y) is a conic, or a line, or a finite scheme of length
at most two. Since S contains no conic and no line, a fortiori S N G(2,V})
must be a finite scheme of length at most two, and cannot contain Z.

If Z generates a Vs, it must be contained inside G(2,V5) N X,4(G2). But
recall from Table 2.4 that this is a conic when V5 is not decomposing, and
by the same argument as before S N G(2,V;) cannot contain Z. O

The previous result and Proposition 12 imply that there is a map
a: J—LieGr(2,V7)

associating to a subscheme Z the decomposing five-plane V5 it generates.
The map is injective, since we recover Z from V5 by intersecting with L =
P(V11) the cubic surface scroll X,4(G2) N G(2,V5). Since L C P(g2) has
codimension three, the intersection cannot be transverse: we will detect this
defect of transversality through the morphism

(16) Y Ks—(92/V11) @ OLiccr2,v5)
deduced from (8). We denote by D(v) its first degeneration scheme.

Lemma 20. D(¢)) = a(J).

Proof. Let V5 be a decomposing five-plane, and suppose that the corre-
sponding morphism Kz—go/V11 is surjective, so that its kernel is two-
dimensional. Then by Proposition 14 and Table 2.4 the subscheme

SN G(27 V5) = IED(‘/11) N Xad(G2) N G(Zv V5)

is the intersection of a cubic scroll (or cone) with a line, hence it has length
at most two since S contains no line. So «(J) is contained in D(1)).
Conversely, if V5 belongs to D(v), L = P(V41) meets P(K5) along a
codimension two subspace, that cuts the (possibly degenerate) cubic scroll
Xaa(G2) N G(2,V5) along a length three subscheme of S (once again, this
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intersection cannot be positive dimensional, since it is defined by quadrics
and S contains no line or conic.) O

Lemma 21. 9 has constant corank one over a(J) and « is an isomorphism
onto its image. In particular, J is smooth.

Proof. If P(K5) N L has dimension three, L cuts the corresponding cubic
scroll along a degree 3 curve which is contained inside S. But there is no
such curve in S. Since a(J) is a degeneracy locus by Lemma 20, for L
generic it is singular where the rank of ¢ drops by more than one, which
never happens. So a(J) is smooth, and we conclude by injectivity of a. [

In words, we conclude that J parametrizes pairs (Vs, H), where V5 C V7
is a decomposing five-plane and H C P(gz) is a hyperplane through S that
also contains the cubic scroll X,4(G2) N G(2, V5); moreover this hyperplane
is unique, hence there is a morphism

(17) 7 J— Lt ~ P2

We are now ready to describe the structure of J, using results from Section
2.6. Because of [23, Lemma 7], the fiber of 7 over the hyperplane H can be
identified with the Hilbert scheme of cubic surface scrolls in X,q(G2) N H,
SO

(18) J= |J T(Xau(G:)nH).
[H]eL+

Let C be the intersection of L+ C P(gy) with the dual variety A of
X,4(G2); since L is generic, this is a smooth plane sextic curve. Denote by
g : X— L+ ~ P? the double cover branched over the sextic C, so that ¥ is
a smooth K3 surface.

Corollary 22. J is irreducible. The Stein factorization of m : J— L=+ is
(19) VN RN
where f is an étale locally trivial P2-fibration.

Proof. Via (18), the map (17) is nothing but the restriction of p, in (12)
over L+ C P(gy). Generically L+ N Z; = ), then the Stein factorization
follows from Proposition 16. O

The surface ¥ is the K3 surface of degree two which is associated to S
(together with a Brauer class), in the context of Homological Projective
Duality for the adjoint variety of Gy [26, section 6.4].

Moreover, in [23] the authors give an explicit description of 3 in terms of
stable vector bundles on S. Indeed, denote by £7 and £7, respectively, the
dual of the tautological bundle and the tautological quotient bundle over
G(3,Us), both of rank three; over the Lagrangian Grassmannian LG(3,Us)
the two bundles are isomorphic, we denote them by E.

23



For [H] € L*, so that F = X,q(G2) N H contains S, recall from Section
2.6 that there is a regular map vy : F—G(3,Us) when F' is smooth, and a
rational map ¢y : F --+» LG(3,Us) when F is nodal. Their restrictions ¢g
to S are always regular. [23, Theorem 2] and its proof yield the following
statement.

Theorem 23. X is isomorphic with the moduli space My (3,H,3) of H-
stable vector bundles with Mukai vector (3,H,3). The fiber over [H| of the
double cover g : X— L is

o the classes of the two bundles £F = V€7 and £ = YgE™ when
[H] ¢ C, B
o the class of the bundle &€ when [H] € C.

Definition. We say that a cubic surface scroll in G(3,Us) is of o-type if it
is contained in the Schubert variety Fl(Uy,3,Us) of spaces containing some
line Uy C Ug. It is of T-type if it is contained in the Grassmannian G(3,Us)
for some Us C Ug. (Note that FI(Uy,3,Us) and G(3, Us) are both isomorphic
with G(2,5).)

When [H] ¢ C, both £F and £]; have a six-dimensional space of global
sections: in the projectivizations of those spaces lie the two copies of P2
(two Veronese surfaces, see [23, Proposition 4]) parametrizing the fiber of
f: J—Y over g~'([H]). More precisely, and taking into account also the
singular case, one gets:

Proposition 24. For £ € ¥ ~ My(3,H,3), a finite scheme Z € SB! belongs
to f~Y(&) if and only if it is the zero locus of some section of .

For {€%,E%} the fiber over [H| ¢ C, all subschemes in f~1(£%), resp.
F7HES), are a linear section of the pullback via 1y of a cubic surface scroll
of o-type (resp. T-type). This property characterizes the two fibers.

Proof. See [23, proof of Lemma 8] for the smooth case. The nodal case is
completely analogous, once we have observed that the maximal quadrics
Q1 C LG(3,Us), in the singular case of Section 2.6, are the zero loci of the
non-zero sections of the dual tautological vector bundle. O

The moduli space My (3,H,3) will play a crucial role in the sequel. In
the next subsection we will take a different perspective on the involution ¢,
but the moduli space will soon return to stage.

3.3. The nef and movable cones. The goal of this section is to prove the
existence of a (unique) flop over S, We will also gather some information
about its extremal contractions, that will be made more precise in the next
subsections.

Recall that the second cohomology group

(20) H2(SM, 7)) ~ H?(S,7Z) & 76,

where 20 is the class of the divisor of non-reduced schemes. The embedding
of H?(S,Z) is given by & — &, := HC*¢™, where HC : S[" — S ig
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the Hilbert-Chow morphism and &™) is the class in the second cohomology
group of the symmetric product, whose pullback to S™ is the sum of the
pullbacks of ¢ itself via all the projections p; : S™ — S, i.e. £ = S g

We first describe the movable cone and the nef cone of SI3/. The following
result is [6, Proposition 4.1] (d = 2 for t = 9) and [6, Lemma 3.6] with n = 3
and t = 4n — 3. We write down a direct proof for the reader’s convenience.

Proposition 25. The nef cone of SB is
Nef (SB) = (H3, Hz — 26).
The movable cone has two chambers, exchanged by the action of p:
Mov(SP) = Nef(SB) U o* (Nef (SP])).

Proof. The structure of the movable cone of SB! is described in [4, Propo-
sition 13.1] in terms of Pell’s equations: it is the interior of the convex cone
generated by Hsz and 17H3 — 9 - 48, the minimal solution of X2 — 18Y2 =1
being (17,4). The walls in the movable cone are spanned by vectors of the
form XHs3 —18Y§ for (X,Y) a positive solution of X? —72Y?2 = 8+ a2, and
a € {1,2}; this is [4, Theorem 12.1 and Theorem 12.3], translated in terms
of generalized Pell’s equations using [12, Lemma 2.5] (see also [12, Remark
2.8]). Actually, the vectors cutting chambers of the movable cone are those
for which % < 157. (These Pell’s equations will appear again in the proof
of Lemma 29, where their relation with the birational geometry of S will
become apparent.)

One can immediately check that there are no integral solutions when
a = 2. So we are left to consider solutions of X? — 72Y2 = 9, which in turn
are in the form (3Z,Y) with Z2 — 8Y2 = 1; the latter is a Pell’s equation
with minimal positive solution (3,1). All the solutions of this equation can
be found recursively by letting

(Zis1, Yer1) = (3Z), + 8Yi, Zi + 3Y3).

Moreover }Z,:—E < % The first two solutions are (3,1), (17,6). Note that
for the second one we have 2;/722 = 1%, so this solution corresponds to a
boundary of the movable cone, and there is therefore exactly one wall inside
the movable cone. This also means that the ample cone is the interior of
the cone generated by Hs and 9Hs — 184; this last vector is proportional to
Hs — 2§, which is the generator of the invariant lattice for the action of ¢ by
[6, first case of Proposition 2.2]. Then the action of ¢ in NS(SBl) is — Ry, o5,
the opposite of the reflection with respect to Hs — 2§ [6, Proposition 2.1],

exchanging the two rays of the movable cone, hence the two chambers. [J

Remark. For future use, let us record that the solution (X,Y) = (9,1)

giving the second wall corresponds, going back to [4, Theorem 12.1] via [12,

Lemma 2.5], to the class a = —(2,—H,5) € H;‘lg(S, 7), with a®? = —2. Also,
25



(a,v) =1 for v=(1,0,—2). (Here and in all the sequel, since Pic(S) = ZH
we identify Hpy, (S,Z) with Z@®ZH S Z.)

The wall-and-chamber decomposition of the movable cone carries a lot of
information about the birational geometry of S®l: each chamber corresponds
to a pair (M, f), where f : SBl —_5 M is a birational, not biregular map
between hyperKéhler manifolds, unique up to automorphisms of the two
manifolds [35, Theorem 1.5 and Lemma 6.22]. Walls in the interior of the
movable cone correspond to flopping contractions and crossing them, in the
sense of [4], gives rise to flops to hyperKéahler birational models.

Corollary 26. Any hyperKdihler birational model of SB! is isomorphic to
Sl

Proof. Let f : SBl ——s M be a birational map, with M hyperK&hler. By
Proposition 25, the pullback of the ample cone of M via f is the interior of
cither Nef(SPl) or p*Nef(SP). Hence either f or f o sends Kihler classes
on SBI to Kahler classes on M, and then it is an isomorphisms by the Torelli
Theorem for hyperKahler manifolds. O

When we fix such an identification M = SB!, o corresponds to the flop
associated to the wall and the chamber ¢*(Nef(SPl)) is associated to the
pair (S 3], ¢). By Bayer-Macri’s study of the Mori cone of S [3) (as a cone in
H?(SBI R), see [4, Section 12]), we know that there is an extremal contrac-
tion associated to . We call this flopping contraction ¢ : S Bl N, with N
a normal irreducible projective variety.

The diagram associated to the ﬂop is

(1)  SBl T -~ Sl3]

\/

As a corollary of Proposition 25, ¢ is the only flop on SBII More precisely,
it is the only flop for which the space obtained by the transformation is a
hyperKéahler manifold (contrary to what can happen for certain Mukai flops).
This observation will play a key role in Section 3.6.

3.4. Interpretations in terms of wall-crossing. In this section we take a
closer look at the description of the flop in terms of moduli spaces of objects
in the derived category of S. This approach is mainly due to Bayer-Macri;
[5, 4, 2] will be our main references for this section. The main idea is that
the moduli space changes when the stability condition does; more precisely,
when one crosses certain walls in the manifold Stab(S) parametrizing sta-
bility conditions. In our setting, the flop ¢ can be realized through such a
wall-crossing, and we will deduce precise information about it.

Actually, the manifold Stab(S) is not completely described, but we will
use as a substitute an explicit submanifold Stab'(S) constructed in [10].

26



This submanifold parametrizes stability conditions of the form

where Coh”(S) is a certain abelian subcategory of D%(S), and the central
charge is the homomorphism Z, 5 = (e!M+F% ). H;, (S, Z)—C. In the
sequel we stick to these stability conditions and use them to analyze our
wall-crossing.

Any non-zero Mukai vector u induces a wall-chamber decomposition of
Stab'(S) [2, Corollary 3.5], the complement of the walls being the set of
stability conditions o for which any o-semistable object with Mukai vector
u is also o-stable.

The stability condition o is generic with respect to u if it does not lie on a
wall. In that case, there exists a moduli space M, (u) of o-stable objects with
Mukai vector u in the derived category of S. For example, for a well-chosen
o4+, we can get the following moduli spaces:

e For a = —(2,-H.5), M, (—a) is a single point [5, Lemma 7.1], that
we can identify with the bundle Uy on S: by [39, Theorem 3], Uy is
the unique stable bundle on S whose Mukai vector is a’ = (2, H,5)
(and the change of sign in the Mukai vector amounts to taking duals
[18, Definition 6.1.2]). As a consequence, M, (a) is also a single
point, corresponding to the shifted bundle Us[1].

e For w = (3, -H,3), M,, (w) is isomorphic to X = My(3,H,3) (see
Theorem 23, with a change of sign for taking duals). Indeed, M, (w)
is a K3 surface by [5, Lemma 7.2], moreover, there exists a stability
condition 7 such that M;(w) ~ ¥ by [2, Thm 4.4]. Since M, (w)
is obtained from M, (w) by some wall-crossings, they must be bira-
tional, hence isomorphic.

e For v = (1,0,-2), M,, (v) is isomorphic to SBl its closed points
corresponding to ideal sheaves of length three subschemes of S, see
[2, Theorem 4.4] and [45, Example p.71]. We will be more precise in
Proposition 27.

Starting from the latter interpretation of SBl as M, . (v), we will change
the stability condition and use wall-crossing to describe the flop ¢. We first
locate the relevant wall.

The numerical condition that for some object T, its Mukai vector t has
the same phase as v, that is, arg(Z, s(t)) = arg(Zss(v)), defines either a
semicircular or a vertical real codimension one submanifold of Stab'(S), see
[32, 1.3]. A potential wall associated to the primitive lattice containing (v, t)
is any connected component of such a submanifold [4, Definition 5.2]. Being
a potential wall is a necessary condition for being a wall.

Potential walls in Stab'(S) that are walls inducing non-trivial birational
transformations are exactly those for which either ¢ = a as in [4, Theo-
rems 12.1], or t = s as defined in [4, Theorems 12.3]. Moreover they cor-
respond via wall-crossing to an extremal contraction of S if and only if
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6,(t+ N v1) contains the corresponding wall of the nef cone of S, where
0, : v-— NS(SP) is the Mukai morphism [4, Remark 2.17]. Since S has Pi-
card rank one, the latter nef cone has only two walls, giving respectively the
Hilbert-Chow contraction for t = s = (0,0, 1), and the flopping contraction
cfort =a=—(2,—H,5) (for the latter, see the Remark after Proposition
25).

Definition. Let A be the rank two, primitive sublattice

. 4 1
A = <’U’a> C H[llg(S’Z)’ M == |:1 _2:| )

with M the associated Gram matrix.

Definition. Let W C Stab!(S) be the quarter circle parametrized by

1 11 U
- — 2, =i t< =
<6cos(t) 5 68m(t)>, 0<t< 5

Let W’ D W be the semicircle parametrized by 0 < t < 7.

By [2, Theorem 3.1] all the pairs (8,«a) € W' correspond to stability
conditions, except for (3,a) = (—3, ¢), for which Re(Z, 3(—a)) = 0. An
explicit computation shows that Z, g(v) and Z, g(a) have the same phase
for any (8,a) € W', hence W is a potential wall for A. By the discussion
above, W is in fact a wall, giving via wall-crossing the flopping contraction c.
A similar computation shows that the walls associated to (s,v), and giving
the Hilbert-Chow contraction, lie in the a-axis of the (3, a)-plane.

From now on, we fix a stability condition oy = 04,43, on the wall
W; an associated slope function vy can be defined on Coh™(S), see [2,
(4)]. The full subcategory of Coh”(S) of objects with the same phase
¢ = L arg(Zy,,5,(v)) as v and semistable with respect to 1 will be denoted
by P(¢). An object E in the derived category is og-semistable of phase ¢
if some shift E[k] lies in P(¢), and og-stable if additionally it is simple in
P(¢), i.e. it has no non-trivial subobject. Since P(¢) is abelian of finite
length, every object admits a finite Jordan-Hoélder filtration, which is trivial
if and only if the object is gg-stable. Objects with the same Jordan-Holder
factors are called S-equivalent with respect to og.

We also fix two stability conditions on the two sides of the wall, namely
O+ = Oap+e,B,» Which can be chosen to be generic with respect to v,w and
a since the set of walls is locally finite, see [33, Section 6.4] (for convenience
we keep fy fixed). The following result is due to Bayer and Macri.

Proposition 27. There is a natural isomorphism SB ~ M, L (v) sending
Z to Iy. Via this isomorphism, the wall W induces via wall-crossing the

flopping contraction ¢ : SBl—s N, more precisely:

(1) ¢ contracts a curve C if and only if, for p1,pa € C general, the

associated objects in D?(S) are S-equivalent with respect to oy.
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(2) For any p lying in a contracted curve, the Mukai vector of every
Jordan-Hélder factor with respect to og lies in A.

Moreover (1), (2) also hold for the contraction dy, : My (v)— N on the
other side of the wall.

Proof. Stability conditions in StabT(S) corresponding to the natural iso-
morphism described in the statement correspond to (5,«)’s with a > 0
and 8 < 0, see for example [2, Theorem 4.4]. The analysis of the poten-
tial walls carried before the proof shows that those conditions lie in the
same chamber as oy. Moreover the wall W induces the contraction ¢ since
Ro(H3 — 26) € NS(SE) is a connected component of 8, (v N a™t).

Now, item (1) is [4, Theorem 2.18 (b)]. For (2), let @ be the last Jordan-
Hoélder factor of an object E. By definition of the filtration, their central
charges with respect to o9 € W are aligned, so their Mukai vectors lie in
A by definition of potential wall associated to A. Then we can proceed by
induction. Finally, the proof is identical for both sides of the wall. O

Different types of walls are defined in [4, Definition 2.20]. We exclude an
unpleasant case.

Lemma 28. The wall W is not totally semistable.

Proof. By [4, Theorem 5.7], a wall is totally semistable if there is either an
effective spherical class with negative product with v, or an isotropic class
u € A satisfying (v,u) = 1.

An isotropic class v with (v,u) = 1 would generate with v a unimodular,
even, rank two sublattice of A, which is absurd since A has discriminant —9.
For the first case, we note by solving (xv + ya)? = —2 for x,y € Z, that the
only spherical classes in A are a and —a. By [4, Proposition 5.5], only a is
effective, and we are done since (a,v) =1 > 0. 0

Since W is not totally semistable, the space Mj_ (v) of op-stable objects is
non-empty. Then openness of stability [4, Theorem 4.2] ensures that M (v)
admits an open embedding in both M, (v) and M,_(v). The flop

Doy S ~ My, (v) ==+ M,_(v) ~ Sl

is induced by this identification, see [5, proof of Theorem 1.4 (b)]; recall that
M,_(v) ~ SB by Corollary 26. This yields an identification of Y5, With ¢

and of d,, with the flopping contractions d : § Bl N, so that we recover
(21).

3.5. The indeterminacy locus. The main advantage of describing the
flop in terms of wall-crossing is that we now have a precise description of
the exceptional loci of ¢ and d = dy,.

Definition. The indeterminacy locus of ¢ will be denoted by I. We call base

of the contraction the image of the exceptional locus of ¢ in N.
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In this subsection we deduce a precise description of I, and ultimately
show that it identifies with J.

Lemma 29. The indeterminacy locus I of ¢ coincides with the exceptional
locus of c. The base c¢(I) of the contraction ¢ is an irreducible surface in N,
birational to 3.

Proof. According to Proposition 27, to prove the second claim we need to
analyse the possible Jordan-Hélder factors of the strictly og-semistable ob-
jects in DP(S) with Mukai vector v. Suppose that, up to a shift, such an
object E fits into an exact sequence in P(¢), as an extension of two o¢-
semistable objects Fy, F» with Mukai vectors ai,as = v — a1 € A. For E to
be contained in a curve contracted by c¢, we need ext!(Fy, F1) > 1: by [4,
Theorem 5.7], the objects with the same image as E are exactly those that
are also extensions of £} by Fb.

We claim that the only possible Mukai vectors are a; = a, a2 = w. Indeed,
since W is not totally semistable by Lemma 28, any effective class in A has
non-negative intersection with respect to the Mukai pairing with v so, by
[4, Proposition 5.5], (a1,a2) must be of the form (a,v — a) for a listed in
[12, Remark 2.8]. This can be translated via [12, Lemma 2.5] in terms of
solutions to certain Pell’s equations, which coincide with the equations that
already appeared in the proof of Proposition 25 — namely the equations
X2 —72Y? = 8+ o?, such that XH3 — 18Y§ is a multiple of Hz — 25. We
have shown in the proof of Proposition 25 that the only solution is (9,1),
which corresponds to a = —(2,—H,5), and we conclude that the base of ¢
is birational to M, (a) X My, (w) ~ {pt} x ¥, as claimed.

The same analysis also applies to d = d,,. In fact, [4, Proposition 9.1]
allows to produce, for a generic element of the base, a positive dimensional
fiber for both ¢ and d. In other words, the bases of the contractions ¢ and
d coincide. This implies our first claim. O

Now we take a closer look to the subcategory Coh™(S) associated to
oo and o4. According to [2, Section 2], it can be constructed from two
subcategories T and F of C'oh(S), as the extension-closure (7%, F5[1])
in D?(S). One gets an abelian category in which short exact sequences are
the exact triangles of the derived category whose objects lie in CohBO(S ).

An easy computation shows that Z,, &Y € T for any Z in S and any
vector bundle £ corresponding to a point of ¥ = My(3,#,3). Moreover
Uy € F Po.

Lemma 30. A length three subscheme Z of S defines a point of I if and
only if the sheaf Tz lies in a a short exact sequence

(22) 0—slty 25 VT ,—0

for some vector bundle & from X = My (3,H,3). Moreover Z and Z' lie
in the same fiber of ¢ if and only if the two associated exact sequences (22)
involve the same bundle £.
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Proof. By Lemma 29, the only possible Mukai vectors for two objects in P(¢)
of which Z7 is an extension are a and w. An explicit computation of the
phase ¢4 of a,v, w with respect to o4 shows that ¢ (w) < ¢4+ (v) < ¢4 (a).
Therefore the first subobject A in the Jordan-Hélder filtration of an object
Zz in P(¢) has necessarily Mukai vector w [4, def 2.1 (b)]. This yields a
short exact sequence in P(¢):

(23) 0—A—7Z;,—U—0,

with v(A) = w, v(U) = a. Now consider (23) as a sequence in Coh™(S).
Objects of M, (v) are concentrated in degree 0 by Proposition 27, hence by
[2, Proposition 2.4], A is a semistable sheaf with Mukai vector w, so A = £V
for some vector bundle £ corresponding to a point of 3. Moreover, again by
[2, Proposition 2.4], (23) is equivalent to a long exact sequence of sheaves

0—sk—seY 2 T;—Q—0

with I € F, of rank two (we cannot have v* = 0, since £ € F% and
EV € TH). We claim that v is necessarily surjective. By contradiction,
suppose that Q # 0: then Q is torsion. Since £V is semistable, K has slope
un () = W < —%2, so ¢1(K) = —=AH with A > 0. The Mukai vectors
of K and Q are respectively v; = (2, —AH,r) and vo = (0, —(A—1)H,r —5).
For ve to be the Mukai vector of a coherent sheaf we need —(A — 1) > 0,
so A = 1. Hence vg = (0,0,7 — 5) with » > 5, which is absurd since then
v? =18 —4-r < —2. So Q = 0, hence K has Mukai vector —a and thus
K = Usy: we have obtained (22). The last assertion is clear. O

Lemma 31. For any vector bundle £ from My (3,H,3), we have
hom(E,Uy) =3, ext'(E,Uy) = ext?(E,Uy) = hom(Uy ,E) = 0.

Proof. Riemann-Roch yields x(Hom(E,Uy')) = 3. Since € is semistable,
hom(Uy,E) = 0. Suppose ext'(E,Uy) # 0, hence, there is a nontrivial
extension 0—Uy —K—E—0, with py (K) = 2H2/5.

We claim that C must be stable. By contradiction, suppose it contains a
destabilizing subsheaf X', with the induced extension 0—A'—K'—&'—0. If
A’ and £’ have rank smaller than Uy’ and & respectively, then by semistability
c1(A’) <0 and ¢;(€’) < 0, hence also ¢1(K') < 0, a contradiction. So A’ or
&' must be zero (otherwise both must have full rank, hence also K', which
is excluded). If & = 0, K’ is a subsheaf of Uy and cannot destabilize &,
so neither K. If A" = 0, then we need c¢;(£’) = H, which implies that the
inclusion of £ in £ is an isomorphism in codimension one. But then the
embedding of £ into K can be lifted to &£, which is impossible since this
would trivialize the extension that defines /.

Now, the bundle K being semistable, it defines a point of a moduli space
of dimension v + 2, the Mukai vector of K being v = (5,2%,8). But this
gives ’U,2C + 2 = —6, so the moduli space is empty — a contradiction! O
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Lemma 32. Any nonzero v € Hom(E,Uy) yields an extension

(24) 0—slhy 25 €V —T,—0

for some length 3 subscheme Z € S13!.

Proof. Let K be the kernel of v and Q its image. The rank of K is at most
one since ¢ is nonzero. If IC (hence also Q) has rank one, the stability of s
and & implies that ¢;(K) < —H and ¢1(Q) < —H, hence ¢1(Us) < —2H, a
contradiction. So K = 0 since U5 is torsion free.

Note that v induces a morphism from A%Us = Og(—1) to A2EY = £(—1),
hence a non-trivial section s of £. Since £ is stable, s vanishes in codimen-
sion two and the associated Koszul complex is exact, hence the sequence
Us—EY —Og is also exact. So the cokernel of v is a rank one subsheaf
of Og with ¢; = 0, hence the ideal sheaf of some finite scheme Z. Since
ch(€) =3+ H and ch(Us) = 2+ H + 3[pt], we get

ch(Oz) =1—-(3—H)+ (2 —H+3pt]) = 3[pt],
which means that ¢(Z) = 3. O

Let F be the twisted universal rank three vector bundle on S x ¥ (see
[17, X.2.2 (ii)] for the definition and existence of F). Let p; and ps be the
projections from S x X to the two factors. Since F is twisted with respect
to a Brauer class that is pulled-back from X, the push-forward

G = po.Hom(F, piUy)

makes sense and defines a twisted sheaf on ¥. By Lemma 31, G is actually
a rank three twisted vector bundle on 3, and its projectivization is well-
defined. Moreover, Lemmas 30 and 32 yield a surjective morphism

0 : Py (G)—1 c SP.
Proposition 33. § maps Px(G) isomorphically to I = J C SB and we get

a commutative diagram
Ps(G) — 22—~ J
\ /
by

Moreover the fibers of f coincide with those of the restriction of ¢ to J.

(25)

Proof. We consider any Z; lying in an exact sequence as in (24) and we
prove that Z € J. To do that, we tensor (24) by Uy and take cohomology.
Since U, is stable on S (hence simple) and rigid, we get an exact sequence

0— End(Us) = C— Hom(E,Uy ) — H(Z7 @ Uy )—0.

Since Hom(&,Uy') is three-dimensional by Lemma 31, we deduce that

H°(Zz; ® Uy) is two-dimensional, which means that Z only spans a codi-

mension two subspace of V7, that is, Z € J. Moreover, the long exact
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sequence continues and yields
Ext' (&, Uy ) —HY(T7 @ Uy )— Ext*(Uy , Uy ) — Ext?(E,Uy).

By Serre duality ext?(,Uy) = 0 and ext?(Uy,Uy) = 1, while we have
ext (€,Uy/) = 0 by Lemma 31. So h'(Z; ® Uy) = 1, meaning that the
extension (24) is unique.

Hence 6 is injective, with image I = J; and since J is smooth by Lemma
21, @ must be an isomorphism. Finally, the fibers of f parametrize sub-
schemes of SBl that are S-equivalent, since the S-equivalence class is de-
termined by the isomorphism class of the vector bundle £ in (24); so they
coincide with the non-trivial fibers of c. O

3.6. The Mukai flop. Since Px(G) ~ J embeds in S as a codimension
two subvariety and is a P?-fibration, one can perform a Mukai flop

(26) / \

GBI - M

where M is again simply connected and admits an everywhere non-
degenerate two-form [37, Theorem 0.7]. Recall that b is just the blow-up
of SBI along J. The exceptional divisor E is a F/s-fibration over ¥; the
contractions to S® and to M contract each copy of F¢s C P? x P2 on one
of the two factors.

It is of course tempting to imagine that ¢ should coincide with ¢, since
as a consequence of Proposition 25 the latter is the unique flop of S/, and
the two transformations have the same indeterminacy locus I = J. But
the unicity statement only holds in the algebraic setting, while the result of
a Mukai flop needs not always be Kahler; a counter-example was given by
Yoshioka [48, Section 4.4]. So we need to provide an extra argument. This
will be based on an explicit extension of ¢ to B.

Proposition 34. The birational involution ¢ lifts to a biregular involution
T of B, preserving the exceptional divisor E.

Proof. First recall that J was defined as the degeneracy locus of the mor-
phism ¢ in (15). By Proposition 19, the rank of ¢ never drops to four, so
the restriction of ¢ to J yields a long exact sequence

0—Q"—V © Oj—p.(¢*Uy )| ;—L—0,

for some line bundle £, and a vector bundle Qv whose fiber at [V3] is the
space of linear forms on V7 that vanish on V5. The normal bundle of J in
SBl can thus be described as Hom(QV,L) = Q ® L; its projectivization,
whose total space is the exceptional divisor F, can therefore be identified
with P(Q). This means that if Z € S spans V5 C V#, a point in E above
Z can be identified with a hyperplane Vi D V5.

33



Recall that V5 is a decomposing five-plane by Proposition 19, hence Z is
contained in a unique hyperplane section F' = X4(G2) N H containing S,
and R = FNG(2,V5) is a cubic scroll. By Proposition 8 and the remark that
follows, Xq(G2) NG(2,Vg) N H is a surface T of degree 6. Thus, = RUR’
for another surface R’ of degree three. The intersection of R’ with L is
then a length three subscheme Z’ of S, and mapping (Z, V) to Z’ defines a
regular extension @ of ¢ from Sl to B, coinciding with ¢ outside E.

In general Vg- is not isotropic, and FU(Vg) = X.q(Ga) N G(2,V5) is a
copy of F¢3 by Proposition 8. The surface T is therefore cut out in P? x P2
by a pencil of hyperplanes, defined by 3 x 3 matrices. Since it contains
the cubic scroll R = P! x P2 N H (see the proof of Proposition 14), one
of the hyperplanes in the pencil has to contain the linear span of P! x P2,
which implies that it is defined by a matrix of rank one. But then the
corresponding hyperplane section of P? x P2 is the union of P! x P? with a
copy of P2 x P!, and R’ is a linear section of the latter. So R’ is another cubic
scroll, necessarily contained in G(2, VZ) for some V7 C Vg, by [23, Lemma 7).
This proves that ¢ sends F to J, and by the universal property of blowups,
@ lifts to an involution of B, sending E to itself (and (Z, Vg) to (Z/,Vg)). O

The restriction of 7 to E is an automorphism over L via mobp: B — Lt
(see (17)) i.e. mobgp = mobjgo7. Consider the Stein factorization (19)

and let {€%,£%} be the fiber over a generic [H] € Lt (recall Theorem 23
and the Definition that follows). A general element Z of f~(£%) lies in the
pullback via v of a cubic scroll of o-type R; for any (Z,Vg) € b=(Z), the
scroll R’ such that 7(Z,Vg) = (R' N L, V) is the pullback of a scroll of o
or 7-type. By Corollary 24, this does not depend on the choice of Vg and
by continuity it also does not depend on the choice of H. Thus 7 induces
a birational, hence biregular, involution on >, which is the identity or the
covering involution according to whether R’ is still of o-type or not. We
denote this involution by ~.

Lemma 35. The involution ~ is the covering involution of g : ¥—L» .

Proof. Recall that according to [23] our scrolls come from G(3, Us), in which
copies of P? x P? are obtained by decomposing Us = A & B into the sum of
two three-dimensional subspaces, and considering the family of subspaces of
the form a @ b, for a,b one dimensional in A and BY, respectively. When a
hyperplane section decomposes into two cubic scrolls, we have seen that it is
defined by a rank-one pairing v € AY ® B = Hom(A, B), the condition being
that (v(a),b) = 0. Then the two components are the families of spaces of the
form a @ b+ for a C Ker(v), which contain the fixed hyperplane Ker(v) @ B,
or b C Ker(v!), which contain the fixed line Ker(v*)* C B. This shows that
the two scrolls R and R’ have different types. O

Corollary 36. ¢ = ¢ is a Mukai flop.
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Proof. Since T coincides with ¢ outside E, we have ¢ = bo 7 ob™!, so the
birational maps ¢ and ¢ are obtained by composing b~! with two a priori
different projections from B, respectively bo 7 and b.

Consider p € X. We denote

Pr=c(v(p) B =bT'()) Py =b(E))

and by by, 7p, Bp the restrictions of the corresponding morphisms. Note that
E, ={(x,[H]) |z € H} C P2 x Ip’; is the flag variety of P2, and that by, by
are respectively the first and second projection. Also b, o7, : Ep—>]IV”f, is a
projection contracting a family of P!’s; so it is either b, or l;p. Suppose that
b,oT, = by, for one p. Then ¢ could be extended over P127 by imposing, for any
S IP’IQJ, ©(Z) = br(C) for any ¢ € b~(Z), which is absurd by Proposition
33. So b, o 7, coincide with b, for any p, hence (bo 7)|g : E—>J can be
identified with the projection b|g. Hence, bo (br)~" : SBl -5 M extends to
a biregular map. U

The following diagram summarizes the situation; ¢ is the genuine Mukai
flop; it is identified with ¢ through the isomorphism between M and S0,
and can be lifted to the regular involution 7 of B:

/\ \

SBI - M

(27)

s3]

As an immediate consequence of Corollary 36 together with (21), the
Mukai flop is a flop also in the sense of [25, Definition 2.1], with associated
contraction ¢. This implies the smoothness of the base of the contraction,
yielding an identification of f : J—3 with the restriction of ¢ to J, see
Proposition 33.

Putting together all the results of the last two Sections, we obtain:

Theorem 37. The indeterminacy locus of p is the locus J of schemes gen-
erating a codimension two linear space in Vy. It is a P2-fibration over the
K3 surface ¥ and ¢ is the Mukai flop associated to J.

4. THE LINEAR SYSTEM |H3 — 20|

The extremal, flopping contraction ¢ : S Bl—5 N coincides with the mor-
phism @y, 2,—26) for & > 0 (see the proof of [36, Theorem 8.1.3]). In this
section we conduct an in-depth study of the linear system |Hg — 24| itself,
and show how it is related to the birational involution ¢. We also study the
direct sum map o : SB —-» P(V;/), showing that it is defined by a linear
subsystem of |Hsz — 24].
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We start by computing the dimension of the linear system |Hsz — 2d|. The
decomposition (20) is orthogonal with respect to the Beauville-Bogomolov
form ¢pp, which restricts to the intersection form on H?(S,Z), hence
qB(&n) = €2. On the other hand, ¢pp(d) = —2(n — 1) [13, 3.2.1].

Proposition 38. |Hs — 20| ~ PY.
Proof. We know that Hs — 2§ is nef by Proposition 25. Moreover
qpp(H3z —20) = H> + 46 =18 +4 - (—4) = 2.

Since the Fujiki constant of S is 15 according to [13, 3.2.1], this implies that
(H3—26)% = 15¢p5(H3—26)3 = 120. In particular, the class H3—24 is big as
well. We can therefore invoke Kawamata-Viehweg’s theorem and conclude
that the number of sections is given by the Riemann-Roch polynomial. But
on a hyperKahler sixfold X of K3-type we have

X(X,L) = (%QBB(:;C) +4>

by [13, 3.3], hence the claim. O

4.1. The secant variety and Pfaffian cubics. Recall that S is cut
in X,q(G2) by a codimension three linear space P(V11) C P(g2). Let
|I3(Sec(S))| denotes the linear system of cubics of P(V11) containing the
secant variety Sec(S).

Proposition 39. There is a natural identification
|H3 — 28] ~ |I5(Sec(S))].

Moreover, given a length three subscheme Z of S, not in the base locus
of the linear system, its image in |I3(Sec(S))|" is the hyperplane of cubics
containing the projective plane spanned by Z.

Remark. Since H is 3-very ample [24, Theorem 1.1], any length three sub-
scheme Z of S spans a plane.

Proof. First of all, since Hs is the pull-back, by the Hilbert-Chow morphism,
of the line bundle #® on S®), one has

HO(SB 23) ~ HO(SG®) HB)) ~ Sym3HO(S, H).

Explicitly, given a length three scheme Z supported at p; + p2 + p3, the sum
of three points of S, corresponding to three lines ¢1, 5, {3 C go, the fiber of
HO) at p; + py + p3 is ¢y @ £y @ £Y. Then the cubic polynomial P on L
defines a section of Hs whose evaluation at Z is given by the polarization P
of P, restricted to {1 ® fo ® l3.

Since 20 is the class of the divisor parametrizing non-reduced schemes, we

need to understand when this section vanishes on the locus of non-reduced
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schemes. But since the section is pulled-back from S (), this simply means
that P(x9,x2,23) = 0 for any py = 23], p3 = [x3] in S. This implies that

P(sxo+txs) = s°P(xg,xs, T2) + 352t P(xy, T2, 3)+
+38t2P($27 x3, 33‘3) + t3P($37 x3, 33‘3) =0

for any po = [z2], p3 = [z3] in S and any scalars s, t, and the converse is also
clearly true. This shows that |Hs — 26| identifies with the linear system of
cubic polynomials P vanishing on Sec(.S).

To prove the second claim, we can suppose that Z = p;UpsUps is reduced.
The secant variety of S contains the three lines p1ps, pap3 and p3p1, so the
restriction to the plane (Z) of a cubic polynomial vanishing on Sec(S) is
completely determined up to scalar. If p; = [z1],p2 = [z2],p3 = [z3], it is
clear that P vanishes on the whole plane if and only if P(azl,xg,xg) = 0.
This concludes the proof. O

Corollary 40. The map ¢j3,_as associated to the linear system |Hz — 26|
factorizes through the involution .

Proof. Let Z = p1 U ps U ps be reduced as well as p(Z) = ps U ps U pg. By
definition of ¢, for Z general there exists a copy s of sl3 in go such that the
six points py,...,pg belong to P(s), hence to P(s) N L. But the latter is in
general a P4, so the two planes (Z) and (p(Z)) have to meet. Generically, we
claim they will meet outside the lines of the two triangles defined by Z and
©(Z). Indeed, since the planes defined by p1, p2,p3 are in general position,
those are the only rank two points in (Z) (where the rank refers to the usual
rank as skew-symmetric tensors), and the other points on the three sides of
the triangle are the only rank four points. Obviously the two planes cannot
meet at a rank two point since otherwise two of the points p1, ..., pg would
coincide. They cannot either meet at a rank four point, since then two sides
of the two triangles, say pap3 and pgps would meet; but then ps, ps3, p4, ps
would be coplanar, contradicting the fact that ps,ps,ps are the only rank
two points inside the plane they generate.

b1 D4

b2 Y43

b3

We conclude that a cubic polynomial vanishing on one triangle plus the
span of the other triangle has to vanish on both spans. This proves the
claim. O
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Remark. Here again there is a strong analogy with the conics on Gushel-
Mukai fourfolds obtained as linear sections of copies of G(2,4) inside G(2,5).
The linear system of quadratic equations of the Gushel-Mukai, which con-
tains the Pliicker quadrics as a hyperplane, restricts to a pencil on the plane
spanned by such a conic. So, exactly as before, containing this plane is just
a codimension one condition on the linear system. See [19] for more details.

Since obviously Sec(S) C Sec(Xq4(G2)), let us describe the latter. The
secant variety is irreducible and reduced, and has dimension 10 according
to [20].

Lemma 41. Sec(X,4(G3)) = Sec(G(2,V7)) NP(g2).

Proof. The inclusion Sec(X,q(G2)) C Sec(G(2,V7)) NP(g2) is obvious, and
we only need to prove the reverse inclusion. Note that

Sec(G(2,V7)) = | P(A?Wa),
VyCVy

so it is enough to check that P(A2V;Ngy) C Sec(X,q(Ge)) for each Vy C V5.
Recall that go is the kernel of the contraction A2Vz—V." by the invariant
three-form w. There are two cases.

If wyy, = 0, the composition N2Vi—s A2 Vz— V2 factors through Vi,
hence its kernel has dimension at least three and its intersection with
Xa4(G2), being also the intersection with the Grassmannian, is a quadric
hypersurface in P(A%2V; N ga), whose secants span the whole space.

If wy, # 0, it is a nonzero decomposable three-form on Vj, hence
corresponds to a line V4 C V4. Then the kernel of the composition
A2Vi— N2 Vo— VY — V)Y is Vi A Vg Since P(V4 A Vy) C G(2,Vy), we
conclude that P(A2V} N go) is contained in X,4(G2), and a fortiori also in
its secant variety. O

For a variety like X,4(G2), which is cut-out by quadrics, the general expec-
tation is that the secant variety should be cut out by cubics. Of course, there
are many exceptions, typically when the codimension is not large enough.
But this is the case for G(2,V7), whose secant variety consists in tensors of
rank at most four (when considered as skew-symmetric forms on V7'), and
is cut out by the 6 x 6 Pfaffians. Restricting to go, we call Pfaffian cubics
those cubics defined, for v € V7, by

Pv(a:):v/\x/\a:/\xe/\7v7:(c, T € gy C A2VA.
Proposition 42. There is an exact sequence
0—Op(g,) (=) — V5’ @ Op(g,) (—4)—
— V7 ® Op(gy) (—3) —Op(g5) = Oec(X pu(G2)) —0-

As a consequence, I3(Sec(Xqq(G2))) = Vz.
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Proof. Recall that Sec(G(2,V7)) C P(A?V7) is Cohen-Macaulay of codimen-
sion three [47, Theorem 6.4.1]. Lemma 41 shows that Sec(G(2, V7)) NP(g2)
still has codimension three in P(gz), and therefore it is also Cohen-Macaulay.
It is easy to check that the intersection of Sec(G(2, V7)) with P(go) is trans-
verse at the general point of Sec(X,4(G2)), and since the latter is irreducible
and Sec(G(2,V7)) NP(gs) is Cohen-Macaulay, this intersection must be re-
duced everywhere. Hence Sec(X,q(G2)) = Sec(G(2,V7)) NP(g2) schemati-
cally. Moreover the restriction of the standard locally free resolution

0—>OP(A2V7)(—7)—>V7V (9 Op(/\zv7)(—4)—>

— V2 @ Op(nzvy) (—3)—Op(n2v7) ——Osee(c(2,v7) —0
to P(gz2) gives a resolution of the structure sheaf of Sec(G(2, V7)), hence the
first claim. We can then twist the resolution by Op(g,)(3): the first two

terms are clearly acyclic, so that taking cohomology we simply get the exact
sequence

0—V—H"(Op(g,)(3)) —H*(Ogee(G(2,14)) (3)) —0.
This implies the second claim. O

4.2. The direct sum map. Let Z be a length three subscheme of S outside
J, see Section 3.2. If Z is reduced, it corresponds to three planes in general
position in V7. The hyperplane they generate is simply their direct sum,
and we call the corresponding rational map from S to P(V7') the direct
sum map.

Proposition 43. The direct sum map is a rational map
(28) 0SB P(VY),
which is regular outside J, and generically finite of degree 20.

Proof. For a general hyperplane Vi of V7, S N G(2,Vs) is the union W of
six reduced points. These points define six planes in V7 such that any three
of them generate Vi by Proposition 19, since a dimension count shows that
Vs cannot contain any decomposing five-plane. So any scheme Z in the
preimage of [Vg] by o must be the union of three reduced points from W,
and we conclude that o is generically finite of degree (g) = 20. O

Remark. The direct sum map o is very similar to the one that, given a
smooth quartic surface T C P3, maps T1? to G(2,4) by sending a length
two subscheme of S to the line it generates in P3. Obviously, this is a
generically finite cover of degree 6 (finite if 7" contains no line).

Restricting Pfaffian cubics yields a natural inclusion j : V7 < I3(Sec(S)),
see Proposition 42, hence a linear projection

j' P(I3(Sec(S))") --» P(V7').
This linear subsystem induces a rational map SB —-» P(V.Y). The next easy

claim is that this coincides with the direct sum map.
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Lemma 44. The following diagram commutes:

(29) 51

_— o Bl -]

£ . N

In particular, ¢|f, 25 : SBl ——s P(I3(Sec(S))V) is generically finite of degree
d such that d|20.

Proof. The rational map j' sends a projective hyperplane H of cubics to
the hyperplane in V7 consisting of the Pfaffian cubics P, that belong to H.
Consider a general © = p; + py + p3 € SBl. Choose a basis ey,...,e; of
Vz such that the plane associated to pp is (ep,epy3) for h = 1,2,3. Then
xAxAx=6e; ANeg Aea Nes AegAeg, so Py(x) =0 if and only if v belongs
to (e1,...,es). This implies the first claim. The second claim follows, since
o is generically finite of degree 20. O

4.3. Base point freeness.
Theorem 45. The linear system |Hs — 20| is base point free.

The proof of Theorem 45 that we are going to present, after a few technical
preliminaries, is entirely due to an anonymous referee. It will use results from
sections 2.5 and 3.2.

Our initial proof relied on a completely different, and more involved,
deformation argument. We took a well-chosen 2-polarized K3 surface (T, D)
such that a general deformation, along a divisor in the moduli space, of the
pair (T8, D3) is of the form (S, #5 —26) for (S, ) one of our 10-polarized
K3 surfaces. Base point freeness is clear for |Ds| on T, and we deduced
base point freeness for |#z — 26| on S, since this is an open condition in a
family of polarized manifolds (X, D) such that h°(X, D) remains constant.

Let us denote by i : J < SB! the inclusion morphism. Recall that J was
defined in Section 3.2 as the degeneracy locus of the morphism

¢: V' ® Og3 —pa (U ).

Proposition 46. There is an exact sequence

0—>p*(q*u¥)v ¢—> V7 (9 05[3]—>OS[3] (7’[3 — 25)—>i*’i*05[3] (7‘[3 — 25)—)0.

Proof. Outside J, the morphism ¢ is surjective. So the kernel of ¢ is reflexive
of rank one, hence a line bundle. Since J has codimension two by Corollary
22, we can compute this line bundle by taking determinants. We get

(30) Ker(¢) = det p. (qUy)" = Ogps (20 — Hs)

(see [46, Lemma 1.5] for the latter isomorphism).
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On the other hand, the cokernel of ¢ is supported on .J, and the corank is
never bigger than one by Proposition 21. So Coker(¢) ~ i, L for some line
bundle £ on J, and we get an exact sequence

0—0g5(20 — H3)—V7' @ Ogi3—p« (¢ Uy ) —i L—0.

Since J has codimension two in SB, Hom(i.L,O) = Ext'(i,.L,0) = 0.
Dualizing the sequence above then yields the exact sequence

0—)p*(q*u2v)v—>V7 & 05[3] —)OS[3] (7‘[3 — 25)—)5mt2(i*£, O)—)O.

Finally, the last term is a line bundle on J, and therefore the surjectivity
of the previous arrow implies that this line bundle is isomorphic to the
restriction of Ogs)(Hs — 20). O

Now, recall from diagram (11) that the family R parametrizing cubic
scrolls and cones in X,4(G2) is an incidence correspondence

(31) R

LieGr(2, V7) Xoa(Go).

Moreover, R is contained is the family C of Schubert cycles over
LieGr(2,Vz7), parametrizing planes in the family Vs of decomposing five-
planes, that meet their axis from the family A,. Inside the incidence corre-
spondence

(32) GTLieGr(2,V7) (27 V5)
/ \
LieGr(2,V7) G(2,V7),
C is the degeneration scheme of the natural morphism
Uy = p*Vs — p*(V5/ Ag).

Hence we have the following Eagon-Northcott resolution where H is the
pullback of the hyperplane divisor by g:

(33) 0—G" Us(—H)—p" (V5/U2) @ O(—H)—O—O¢ —0.

Next, recall from the end of subsection 2.5 that R is obtained by intersecting
C with Priear(2,v5)(Ks5) inside Pricar2,v7) (A2 A Vs). Equivalently, it is the
zero locus of the tautological section of Hom(O(—H),p*((A2 AVs5)/K5)) on
C. Diagram (9) shows that the bundle (A2 A V5)/K5 is isomorphic to Us, so
R is defined in C as the zero locus of a global section of p*Us ® O(H); hence
the Koszul resolution

(34)  0—det(p*Uy) ® O(—2H)—p* Uy @ O(—H)—Oc—Or—0.
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Lemma 47.
124 ift =0,
Rp. (§" Uy (—tH)r) ~ ¢ 0 ift =1,
det(V2)Y @ det(V5)®2[-2] if t = 2.
As usual the shift notation [—2] means that the corresponding term ap-
pears in cohomological degree two, while one gets zero in the other degrees.

Proof. First twist (33) by ¢*Uy (—tH) and use the relative Borel-Weil-Bott
theorem to deduce that
Vi ift =0,
Rp. (§" Uy (—tH)r) ~ ¢ 0 if 1 <t<3,
det(V5)®?[—4] if t = 4.
Then use (34) to complete the computation. O

Recall that J comes with a natural map 7 : J—P2, defined in (17).
Lemma 48. One has i*Ogs(Hs — 20) ~ 7 Op2(1).

Proof. Since the morphism p : Z2—SB in (14) is flat, we can use base
change to get, from (30),

i*Ogps(Hs — 20) ~ i* det p.(¢* Uy ) ~ det p*(q*UQV‘ZJ),

where Z; = p~1(J). We will use the identification J ~ D(¢)) from Lemma
20 to compute the right hand side. Indeed, note that the family R of cubic
scrolls and cones is contained in Pr;.qp(2,15)(K5) and that

Zj~R XPriccr(2,vy) (Ks) P (Ker(y)).
In words, the subscheme Z C S of length three corresponding to a point
of J is equal to the intersection of the corresponding cubic scroll or cone
P(K5) N Xaq(G2) with the plane P(Ker(K5—>g2/V11)) C P(K5). But by
definition of v, we have
Coker(37) = 7" Op2(1) and Ker(ypy) = Ker(Ks—m*((1))).

Hence the Koszul resolution
0—>ORJ(—27-[)@71'*(91@2(1)—>ORJ(—H)@WWT(—D)—)ORJ—)OZJ—>0,

where Rj = R X piegr(2,v5) J and H is again the pullback of the hyperplane
class of X,4(G2). Now we can tensorize this exact sequence by (j*Z/[2v and
push it forward to J. Using Lemma 47, we get the exact sequence

0—V5);—ps(4°UY | 2, ) —(det(V2) Y ® det (V5)?) ), © m* Op2 (1) —0.
Taking determinants, and using (10), we deduce the Lemma. O

Proof of Theorem 45. Combining Proposition 46 and Lemma 48, we get the
exact sequence

(35)  0—pu(qUs )Y — V7 @ Ogis — Oz (Hz — 20)— s Op2 (1)—0.
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We claim that |[7*Op2(1)] ~ |Op2(1)| = P2. Indeed, the Stein factorization
of 7 described in Corollary 22 yields

W*OJ = g*Og = O]pz &) O]P’2(_3)7

since g is a degree two cover branched over a sextic curve. We thus get an
exact sequence

(36) 0—Ve—H(Ogp5 (Hz — 20))—H"(Op2 (1)) —0,

where a dimension count provides the surjectivity of the rightmost map, see
Proposition 38. This means that every global section of 7*Op2(1) can be
lifted to a global section of Ogs(Hsz —26), and since the former is base point
free, we can conclude from (35) that the latter is also base point free. [

Recall from Lemma 29 that the indeterminacy locus J of ¢ is also the
exceptional locus of the extremal contraction ¢ : SPl— N, induced by a
multiple of H3 — 20. Since |Hs — 20| itself is base point free, by [31, Lemma
2.1.28], c is also the first map of the Stein factorization of ¢z, a5,

P|Hg—25]

(37) g TR g 95|V
N

In the next section we will compute the degree of ¢35, hence of v.

In |H3 — 25|V there is a distinguished plane P(V-), of codimension one
linear subsystems containing the Pfaffian cubics. It is the center of the
projection j! from Lemma, 44.

Proposition 49. The image of J via ¢j3,_os) s P(V:h).

Proof. A length three scheme Z corresponding to a point in J is contained
in G(2,V;) for some V5 C V7. Since a form in five variables has rank at
most four, any Pfaffian cubic vanishes on (Z) C P(A2V5). Hence the claim
by Proposition 39. O

Remark. Here again, the situation is in some sense close to that of Gushel-
Mukai varieties in G(2, V;). The latter Grassmannian is cut out in P(A%V5)
by the Pliicker quadrics, parametrized by Vs itself. A Gushel-Mukai variety
is cut out by the Pliicker quadrics plus one extra, general quadric. Here,
the linear system of cubics containing Sec(S) is made of the Pfaffian cubics,
plus three extra cubics that remain mysterious. Equivalently, the projective
plane ]P’(V%) which is the center of the projection pvy remains elusive.

4.4. Computation of the degree. Let us finally determine the degree d
of ¢|3,,_26)- By Corollary 40, d is even, and by Lemma 44, d divides 20.
So d = 2,4,10 or 20. We will exclude the three last cases thanks to some
simple combinatorics.

Proposition 50. d = 2.
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Proof. Let us exclude the other possibilities. Recall that for the generic
fiber of o there are six distinct points {p;}i=1,. 6 such that the fiber is
{pi + pj + Pr}icj<i- Thus, at the generic point p; + p2 + p3 of SBI we have
another point ps + ps + pg of S in the same fiber of ®|H5—25), and any
other point in that fiber must be of the form p; + p; 4+ pi and come with
its complement p; + pp, + pp, where {i,7,k} N {¢,m,n} = (. To simplify
notations, we will denote these pairs by (123]|456) and (ijk|[¢mn), where we
can permute the two triples and the three integers in each triple.

d = 4. Up to permutation of the indices, we can always suppose that the
four points in the fiber are given by the triples (123]456) and (124]356).
Then each triple contains a unique pair of points (either (12) or (56)) that is
also contained in another triple. This means that we would be able to split
the generic point of S as the sum of a point of S2 and a point of S. But
then the universal family Z— S would admit a rational section, which is
impossible since Z is irreducible.

d = 10. We will use the same idea as before, although this case is a bit more
involved combinatorially. We first remark that up to permuting the indices,
there are only three ways to choose 5 pairs of complementary triples among
six indices. We leave the following lemma to the reader.

Lemma 51. Up to permuting indices, any 5-tuple of complementary triples
of indices between 1 and 6 is equivalent to one of the following:

(123]456) (123]456) (123]456)
(134]256) (124/356) (124/356)
(145/236) (125/346) (134]256)
(156]234) (126]345) (135/246)
(126]345) (156]234) (145/236)

A nice combinatorial gadget in order to distinguish these 5-tuples is to
associate to them a little graph by using the previous remark that each time
we have two pairs of complementary triples, we can arrange them in the
form (ijk|¢mn) and (ij€|kmn). In particular, the pair (k¢) is distinguished.
So each 5-tuple yields ten such pairs, which we can visualize as the edges of
a graph. We get the three following graphs:

3 1
3 4 3 4
6
5 6 2 )
2 4 2 1 6
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(Beware that on the rightmost graph, the three horizontal edges are double
and represented by a thick line). In particular the six points do not have the
same combinatorial properties, and in each case it is easy to see that in each
triple, one point can be distinguished. (In the first graph the vertex 1 is
clearly special, which gives one distinguished point in five of the ten triples;
in the remaining ones like (456), only one vertex, here 5, is not connected to
the other ones and can be distinguished. In the second graph, 1 and 2 are
special, allowing to distinguish one vertex in each triple that contains one
of them or both; in the remaining triples, two vertices are connected to the
same special vertex, and the other one is distinguished. In the third graph,
1 and 6 are special and give a distinguished point in each triple.) Exactly as
in the previous case, we would thus be able to construct a rational section
of the universal family Z—SB!, which is impossible.

d = 20. This means that all the triples p; + p; + py belong to the fiber. We
denote by m;;;, the projective plane in L spanned by p;, pj, px.. By Proposition
39, we conclude that there is a hyperplane in I3(Sec(S)) consisting of cubics
that vanish on the 20 planes ;. Recall that the six points p1,...,ps span
the linear space P(s)NL C P(g3), where s ~ sl3, which is a P4, see the proof of
Corollary 40. If the corresponding planes in V7 span the hyperplane V4, this
is also P(A2Vg)NL C P(A%V7). An explicit computation in coordinates shows
that a cubic on this P* vanishing on the 20 planes must vanish identically.
We conclude that the linear system |I3(Sec(S))| reduces on P(s) N L to a
unique cubic. But since the projective four spaces P(A?Vg) N L cover an
open subset of L (because any element of A2V7 has rank at most six), this
would mean that the linear system itself reduces to a single cubic, which is
absurd. The proof is complete. O

Corollary 52. ¢ is the covering involution associated to @3, _os)-

4.5. Odds and ends. We conclude the paper with a few observations.

Deformations. The variety N is normal and ¢ descends to an involution ¢
of N which is regular, since it fixes the ample class whose pullback via c is a
multiple of H3—24 [31, Theorem 2.1.27]. The quotient N/() is still normal,
hence isomorphic to the normalization of @, _os/(S 3]). This is summarized
in the following diagram:

(33) 59—y (8P
o7 x /
N 17
@Q \
N/



Remark. Note the analogy with the O’Grady involution, which yields a
similar picture where the map ¢ : S — N contracts a P2, N is a double
EPW sextic singular in ¢(P?) which is the inverse image of the Pliicker
point, and N — ¢‘H3_25|(S[2]) is the double cover Y4 — Y4 of a special
EPW sextic [42]. This is a situation where Y4 = ¢‘H3_25|(S[2]) is normal
(although YE’] # () does not have the expected dimension).

In our situation, we do not know whether ¥ is an isomorphism. But pur-
suing the analogy with EPW sextics, it would be tempting to imagine that
the double cover v : N— @3, 25/ (S [3}) can be deformed to a locally complete
family of polarized hyperKahler sixfolds. This very natural question is also
discussed in [21].

On the contact structure of X,4(G2). Since Xyq(G2) is an adjoint variety, it
is well known that it admits an algebraic contact structure (and a famous
conjecture by Lebrun and Salamon asserts that all contact structures on
Fano manifolds of Picard number one arise from adjoint varieties). Although
we did not insist on this, there is an interesting connection between the
contact structure on X,4(G2) and our constructions, which roughly goes as
follows.

Recall from Corollary 12 that LieGr(2,V7) ~ OG(2,V7) parametrizes
decomposing five planes V5 C V7. In section 2.5 we have constructed a rank
five subbundle K5 of the trivial bundle with fiber gs over LieGr(2,V7). By
item (2) of Proposition 14, its fibers are the affine spans of the corresponding
cubic scrolls. One can prove that this bundle K5 restricted to Xo4(G2) is
nothing else than the affine version of the contact vector bundle (sitting
inside the affine tangent bundle exactly as the contact hyperplane bundle sits
inside the tangent bundle). Moreover, the space of global sections of K is
isomorphic with go, and a generic section vanishes along two anticanonically
embedded Veronese surfaces. So we recover the two Veronese surfaces of
Proposition 16 in a completely different way.

Considering the relative zero locus over the projectivized space of sec-
tions, and its Stein factorization, we get a double cover of P(gs), branched
over the sextic hypersurface which is projectively dual to X,4(G2). This
double cover plays a crucial role in Homological Projective Duality for the
Go-Grassmannian, as developed in [26]. It was already observed in loc. cit.
that this double cover factorizes the so-called Grothendieck-Springer simul-
taneous resolution. Ultimately, it is related to the classical fact that a del
Pezzo surface of degree six can be represented as the blowup of the projective
plane at three points, in exactly two different ways.
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