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Highlights 

●We propose a novel method based on Schmid׳s law for predicting the twin variant selection 

in titanium. 

●This method is proved to be a more effective criterion than Schmid׳s law by comparing with 

the experimental results. 

●This method effectively improves the accuracy to about 90% of predicting the primary, 

secondary and tertiary twinning variant selection. 

Abstract 

The present paper proposes a novel method based on Schmid׳s law by introducing a 

calculation of “Normalized Schmid factor” as an indispensable criterion for predicting twin 

variant selection in commercially pure titanium. Through comparing the calculation with 

experimental results, this novel method is proved to be a more effective criterion than 

Schmid׳s law and the accuracy is about 90% during primary, secondary and tertiary twinning 

variant selection. 
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1. Introduction 

Mechanical twinning is a particularly important deformation mode in HCP metals that have 

limited number of slip systems [1], [2], [3], [4]. As the research on mechanical twinning of 

HCP metals continues, a number of experts concentrate themselves on the field of twin 

variant selection, and propose that several factors could have influence on twin variant 

selection during plastic deformation, such as Schmid factor (SF), potential for growth and 

total strain accommodation [5], [6], [7], [8], [9]. 
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At present, it is well accepted that variant selection during primary twinning follows Schmid׳s 

law. However, in the case of secondary twinning, Barnett, Jonas et al. and Mu et al. [7], [8], 

[9], [10] reported that Schmid׳s law is not the only factor affecting variant selection, common 

volumes and primary to secondary accommodation shears would play more important roles. 

For polycrystalline titanium, because of the difference in c/a ratio from that of magnesium, 

the twin variant selection during both of primary and secondary twinning is found to follow 

Schmid׳s law well on the whole. Nevertheless, the accuracy of predicting twin variant 

selection by Schmid׳s law is unacceptable due to some inevitable errors in the calculation of 

SF [11]. 

Consequently, to improve the accuracy of predicting the twin variant selection, the present 

paper proposes a novel method based on Schmid׳s law. This method introduces “Normalized 

Schmid factor” (NSF) as an indispensable criterion for predicting the twin variant selection 

and we define this novel method as “SF–NSF method”. We compare the predictions by both 

of Schmid׳s law and the SF–NSF method during the primary, secondary and tertiary twinning 

in commercially pure titanium with the result of a “Quasi-in-situ EBSD observation” 

experiment on uniaxial compression deformation. 

2. Experimental 

The material investigated is commercially pure titanium T40 sheet in the form of rolled sheet 

with the thickness of 1.5 mm. The detailed descriptions of “Quasi-in-situ EBSD observation” 

layout can be found in Ref. [11]. 

3. Results and discussions 

As we know the traditional SF describes the resolved shear stress applied on twinning plane 

and to twinning direction under microscopic stress. For polycrystalline materials, the indices 

of twinning plane and twinning direction in macroscopic coordinate reference can be easily 

obtained through crystallographic calculations from the EBSD data of matrix grains [6]. 

However, the microscopic stress applied on the twin system is extremely difficult to be 

accurately acquired since neighboring grains, boundaries, texture, defects and precipitated 

particles can all affect the microscopic stress. Hence the common practice is using 

macroscopic stress instead of microscopic stress in the SF calculation. As a consequence of 

this replacement, the calculated SF is not accurate and would cause an incorrect SF ranking in 

the case that some of the potential twin variants have relatively close SFs. This is the primary 

problem of using Schmid׳s law to predict the twin variant selection [11]. 

Therefore, to overcome the challenge, we propose a novel method based on Schmid׳s law by 

proposing a calculation of NSF. As we know, a twin in HCP materials has six potential 

variants and the variant with the highest SF indicates that the highest resolved shear stress is 

applied on it among all the six variants. The aim of proposing the calculation of NSF is to 

give the quantitative information to the deviation of each variant׳s resolved shear stress from 

the highest one. The NSF calculation is NSF=SFi/SFh, where SFi represents the SF of the 

current variant and SFh represents the highest SF among the six potential variants. If NSF 

equals to 1, it means that the current variant is the highest SF variant; if NSF is less than 1, the 

NSF then provides information about to what extent the SF of the current variant deviates 

from the highest SF. 
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We analyze the SF and the NSF for each potential primary, secondary and tertiary twin 

variant in 100 twinned grains and compare them with the experimental result. The frequency 

of the active primary twin variants ranked by the SF corresponding to the six potential 

primary twin variants is calculated and shown in Fig. 1, where “1” is the highest and “6” is 

the lowest in the SF. It is seen that the 43% active twin variants have the 1st ranking SF, and 

30% active twin variants have the 2nd ranking SF from Fig. 1a. Therefore, the accuracy of 

predicting twin variant using Schmid׳s law is only 43% that is not acceptable. In Fig. 1b, 

clearly we can see that 91% active variants have the NSF higher than 0.83, which 

demonstrates that the majority of twin variants with the non-highest SF can be activated on 

condition that their SFs are relatively close to the highest SF. Consequently it is reasonable to 

assume that the replacement of microscopic stress by macroscopic stress probably reverses 

the SF ranks of some of variants whose NSFs are higher than 0.83. 

 
Fig. 1. (a) Frequency of the active primary twin variants in function of their SF rank with 

respect to the SF of the 6 potential variants (here “1” is the highest and “6” is the lowest), 

(b) Frequency of the active primary twin variants in function of their NSF and (c) Scatter 

diagram of primary potential twin variants on the NSF–SF coordinate (inactivated variants 

represented by vacant spots and activated variants represented by solid spots). 

The operation of the SF–NSF method is firstly to build a rectangular coordinate with NSF as 

the horizontal axis and SF as the vertical axis, and then divide this NSF–SF coordinate into 

four quadrants by two reference lines of SF equals to 0.38 and NSF equals to 0.90. Next, 

scatter all calculated variants on this NSF–SF coordinate as shown in Fig. 1c, where vacant 

spots represent inactivated variants and solid spots represent activated variants. One of the 
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interesting findings in Fig. 1c is that 90% variants within quadrant I are activated, and it is 

reasonable to deduce that the SF greater than 0.38 and the NSF greater than 0.90 (the 

quadrants I in Fig. 1c) is a better criterion of predicting the variant selection with a 

satisfactory accuracy of 90%. 

 
Fig. 2. A grain in the (a) initial state and (b) 8% compressive deformation. 

Fig. 2 shows two OIM images by “Quasi-in-situ EBSD observation”. The initial state of the 

matrix grain is given in Fig. 2a. The SFs and the NSFs of the six potential {} twin variants are 

calculated according to the crystallographic orientation of the matrix grain and the 

macroscopic stress (see Table 1). Note that in the matrix grain after 8% compressive 

deformation shown in Fig. 2b, the activated variant is not the one with the highest SF (V1 in 

Table 1), but the one with the 2nd ranking SF of 0.45 and a very high NSF of 0.96 (V2 in 

Table 1). In this case, the SF–NSF method identifies V2 as a high-probability variant, 

inversely, Schmid׳s law identifies it as a low-probability variant since it is not the highest SF 

variant. 

The SF rank and the NSF for the secondary and the tertiary twinning were also examined and 

are shown together in Fig. 3, where the secondary variants are presented in blue and the 

tertiary variants are presented in red. From the information given in Fig. 3, 88% variants in 

quadrant I are activated, which is not significantly different from the accuracy of the primary 

twinning. Fig. 4 shows a grain with secondary and tertiary twinning. The 2nd and the 3rd 

columns of Table 1 list the SFs and the NSFs for all the potential secondary and tertiary 

variants of the grain in Fig. 4. The activated secondary and tertiary variants both have very 

high NSF but not the highest SF, which is quite similar to the situation of the primary 

twinning shown in Fig. 1. Thus we can conclude that the NSF–SF method is still valid for 

secondary and the tertiary twinning. 
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Table 1. SFs and NSFs of the six potential twin variants of the grains shown in Fig. 2, Fig. 

4. 

 

 

 
Fig. 3. (a) Frequency of the active secondary and tertiary twin variants in function of their 
SF rank with respect to the SF of the 6 potential variants (here “1” is the highest and “6” 

is the lowest), (b) Frequency of the active secondary and tertiary twin variants in function 

of their NSF and (c) Scatter diagram of active secondary and tertiary twin variants on the 

NSF–SF coordinate.  
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Fig. 4. A grain in the (a) initial state, (b) 8% and (c) 16% compressive deformation. 

Figs. 1(c) and 3(c) reveal two kinds of errors reducing the accuracy of this method. The first 

error is that several unexpected low NSF twin variants were activated in non-quadrant I, and 

the second error is that several predicted variants were not activated. In another word, the first 

error causes some variants “observed but not predicted”, and the second error causes some 

variants “predicted but not observed”. 

During plastic deformation, stress concentration is inevitable because of the inhomogeneity of 

plastic deformation in polycrystalline metals. The microscopic stress thus probably deviates 

greatly from the macroscopic stress under the effect of severe stress concentration, so the 

calculated SF and NSF are far from the true values and cause the first error of this SF–NSF 

method. The first error reduces the accuracy by less than 5% according to the statistical result, 

but unfortunately this percentage will increase during higher plastic deformation because of 

the severe stress concentration. 

The second error is mainly caused by the competitive mechanism among twin variants. 

Generally, in one grain, there may exist several predicted variants in quadrant I. Once the 

most competitive variant has been activated, then the local energy is released, and the other 

predicted variants in this grain do not have the required local energy to be activated. This 

error reduces the accuracy by approximately 5–10%, and it can be avoided by adding an 

additional criterion to exclude the other predicted variants belonging to one same grain within 

quadrant I. 

In brief, the limitation of this method is that the high plastic deformation causes the first error 

and the competitive mechanism causes the second error. Consequently, we recommend 

readers adopting this method under relatively low plastic deformation and using an additional 

criterion to reduce the second error. 
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4. Conclusions 

In summary, according to the comparison with the experimental results, the NSF–SF method 

is proved to be a more effective criterion than Schmid׳s law. It could allow us to avoid the 

error in the calculation of the SF to a large extent, and effectively improve the accuracy to 

about 90% of predicting the primary, secondary and tertiary twinning variant selection. 
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