N
N

N

HAL

open science

Spectral and steady-state properties of fermionic
random quadratic Liouvillians

Joao Costa, Pedro Ribeiro, Andrea de Luca, Tomaz Prosen, Lucas S&

» To cite this version:

Joao Costa, Pedro Ribeiro, Andrea de Luca, Tomaz Prosen, Lucas Si. Spectral and steady-state
properties of fermionic random quadratic Liouvillians. 2022. hal-03867307

HAL Id: hal-03867307
https://hal.science/hal-03867307

Preprint submitted on 23 Nov 2022

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-03867307
https://hal.archives-ouvertes.fr

arXiv:2210.07959v1 [cond-mat.stat-mech] 14 Oct 2022

SciPost Physics Submission

Spectral and steady-state properties of fermionic random quadratic
Liouvillians

Jodo Costa'*, Pedro Ribeiro!?, Andrea de Luca®, TomaZ Prosen?, and Lucas S4!

1 CeFEMA, Instituto Superior Técnico, Universidade de Lisboa, Av. Rovisco Pais, 1049-001
Lisboa, Portugal
2 Beijing Computational Science Research Center, Beijing 100193, China
3 Laboratoire de Physique Théorique et Modélisation, CY Cergy Paris Université, CNRS, F-95302
Cergy-Pontoise, France
4 Department of Physics, Faculty of Mathematics and Physics, University of Ljubljana, Jadranska
19, SI-1000 Ljubljana, Slovenia
* joao.sanfins.costa@tecnico.ulisboa.pt

October 17, 2022

Abstract

We study spectral and steady-state properties of generic Markovian dissipative systems de-
scribed by quadratic fermionic Liouvillian operators of the Lindblad form. The Hamiltonian
dynamics is modeled by a generic random quadratic operator, i.e., as a featureless super-
conductor of class D, whereas the Markovian dissipation is described by M random linear
jump operators. By varying the dissipation strength and the ratio of dissipative channels per
fermion, m = M /(2N ), we find two distinct phases where the support of the single-particle
spectrum has one or two connected components. In the strongly dissipative regime, this
transition occurs for m = 1/2 and is concomitant with a qualitative change in both the
steady-state and the spectral gap that rules the large-time dynamics. Above this threshold,
the spectral gap and the steady-state purity qualitatively agree with the fully generic (i.e.,
non-quadratic) case studied recently. Below m = 1/2, the spectral gap closes in the ther-
modynamic limit and the steady-state decouples into an ergodic and a nonergodic sector
yielding a non-monotonic steady-state purity as a function of the dissipation strength. Our
results show that some of the universal features previously observed for fully random Liou-
villians are generic for a sufficiently large number of jump operators. On the other hand, if
the number of dissipation channels is decreased the system can exhibit nonergodic features,
rendering it possible to suppress dissipation in protected subspaces even in the presence of
strong system-environment coupling.
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1 Introduction

The vast majority of systems in nature have their own time evolution deeply influenced by the
interaction with their environment. Under the assumption of either a very weakly or very strongly
coupled environment, with memory times much shorter than all other characteristic time scales
(Markovian approximation), the time evolution equation for the system’s reduced density ma-
trix p, assumes the Lindblad form [1-3]:

M
9 Llp1=-ilp]+ 8 Y (2hupk] ~{i] L p}), M
where the superoperator £ is known as the Liouvillian and g is a parameter that quantifies the
dissipation strength. The M independent jump operators, f,“, represent channels of interaction
with the environment that act, e.g., as sources of dephasing and dissipation. In the absence of
these operators, the evolution is that of a closed system, and the Liouvillian becomes just the von
Neumann generator, —i [H o) ] Note that, although for strictly zero dissipation the ensuing unitary
time evolution is completely determined by the Hamiltonian, H, for any finite dissipation strength
there is a (generically unique) steady-state the system relaxes to at large times. Although the
Markovian approximation leads to a considerable simplification to the time-evolution equation,
it leaves out the possibility of studying, for instance, some quantum transport setups,for which
different approaches need to be taken [4,5]. Nevertheless, it still finds many valuable applications
in various subjects, namely in quantum optics and quantum computation [6].

Despite the clear simplification the Markovian approximation brings to the problem, the deter-
mination of the spectral and steady-state properties of the Liouvillian for generic Hamiltonian and
jump operators remains a formidable task and is the object of intense ongoing research. A further
simplification can be achieved if we restrict our analysis to quadratic systems, which are charac-
terized by a quadratic Hamiltonian and linear jump operators in bosonic or fermionic creation
and annihilation operators [7-15]. More precisely, and focusing on a system with N; complex
fermions satisfying {c;, c;'} = 0;j, the Liouvillian of Eq. (1) is said to be quadratic if

1 2Ng 2Np
A=2 2 clHC;  and  L,=)1,C;, )
ij=1 =1

with C = {c,... s CNps cI, e, c;,F}T a vector of fermionic creation and annihilation operators that

satisfies {C;, C]'.'L} = 6;;. The quadratic Lindblad operator obtained from this construction ensures
that the dynamics preserve the Gaussian form of an initial density matrix. Thus, the time evolu-
tion of the 2NF x 2NF density matrix can be encoded by its second moments matrix—the corre-
lation matrix—of size 2Ny x 2Np. Analogously to quadratic Hamiltonian systems, it is possible
to construct a single-particle basis whose dimension scales linearly with the number of fermionic
modes, Nr. Many-body observables, such as the Liouvillian’s many-body spectrum and steady-
state correlators, can be straightforwardly computed from single-particle quantities. Moreover,
the single-body spectrum can be identified with that of a non-Hermitian Hamiltonian [7], leaving
the determination of the Liouvillian’s spectral properties only dependent on the specification of
the single-particle Hamiltonian H and jump operators .

However, most systems of interest are extremely complex, with many degrees of freedom and
exhibiting very complicated dynamics, rendering the task of determining these operators impossi-
ble in practice. We thus resort to Jayne’s principle of maximal entropy [16,17], constraining these
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operators to a manifold compatible with their symmetries and randomizing all other degrees of
freedom. This principle has proven immensely successful for complex closed quantum systems,
as pioneered by Wigner, who proposed to approximate the Hamiltonian of a compound nucleus
by a random matrix [18]. The success of the approach led to the formulation of the celebrated
Bohigas-Giannoni-Schmit conjecture [19] that states that the spectral correlations of quantum
chaotic Hamiltonians coincide with those of a random matrix of the appropriate symmetry class.
Besides level correlations, also level densities are captured by many-body random matrix models
with few-body interactions (quartic in creation and annihilation operators), the random embed-
ded ensembles [20-25] and the Sachdev-Ye-Kitaev (SYK) model [26-30]. Finally, the interplay of
single-body chaos and many-body integrability in random quadratic fermionic Hamiltonians has
also been studied [31-35].

More recently, the random matrix theory (RMT) approach has been extended to generic open
quantum systems with Markovian dissipation [36-42]. A random Liouvillian was shown to have
a lemon-shaped spectral support [36,42] and its spectral gap was extensively studied [37]. The
dependence of spectral and steady-state properties of the random Liouvillian with system size,
dissipation strength, and number of jump operators was addressed in Ref. [39]. Considering
jump operators with few-body interactions has clarified the role of locality in the separation of
dissipative timescales [43,44] and metastability [45] and allowed for the analytic computation
of the spectral gap of the strongly-coupled SYK Liouvillian [46-49]. An important open question
is to establish the universality of these results. Encouraging first steps showed that, besides local
level statistics [50], the steady-state of fully random Kraus maps and Liouvillians coincide [40]
and that global spectral features of quartic Liouvillians are qualitatively similar to the fully random
case [46,47].

In this paper, we extend this ongoing effort and study the single-body spectral and steady-
state properties of fermionic random quadratic Liouvillians. The rest of the paper is organized
as follows. In Sec. 1.1 we summarize the main results of this work, which are then worked out
in detail in the following sections. In Sec. 2 we review the formalism of quadratic Liouvillians
and explain our random sampling. Spectral properties (spectral boundary, phase transition, and
spectral gap) are discussed in Sec. 3 and steady-state properties (distribution, purity, and statistics)
in Sec. 4. In Sec. 5, we present concluding remarks and possible further directions. Technical
calculations and proofs are presented in a series of six appendices.

1.1 Main results

In the thermodynamic limit N — o0, the single-particle properties of random quadratic Liouvil-
lian, specified by Egs. (1) and (2), are determined by two parameters: the dissipation strength
g and the ratio of the number of jump operators to the number of fermions m = M/(2Ny). In
Fig. 1(a), we plot the phase diagram of this system in the 1/g versus m plane. For large enough
m and small enough g, the system is in phase I, characterized by a single-body spectrum sup-
ported on a simply-connected region of the complex plane, see Fig. 1(b). When g is increased
or m decreased across a critical value, a phase transition occurs and, in phase II, the single-body
spectrum splits into two disconnected components, see Fig. 1(c). The existence of these two re-
gions signals the existence of an intermediate period of metastability, during which an extensive
number of modes coexist without (considerable) decay. The critical line separating the two phases
[dashed line in Fig. 1(a)] and the boundaries of the single-body spectral support can be computed
analytically [51-54].

For very strong dissipation g — oo, the transition occurs at m = 1/2 and corresponds to
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Figure 1: Schematic representation of the main results of this paper, the single-particle
spectral and steady-state properties of random quadratic Liouvillians. (a) Phase diagram
in the 1/g versus m plane. Phases I and II are separated by the critical line g.(m) (dashed
line). In the limit g — oo, the phase transition occurs at m = 1/2, with the spectral
gap vanishing for m < 1/2 (red line). (b, c¢) Single-body spectrum in the complex plane,
with a single connected component in phase I (b) and two disconnected components in
phase II (c). The spectral boundary (red line) can be obtained analytically. (d, e) Steady-
state properties for g — 0o and m > 1/2 (phase I). The steady-state has a single sector
with the single-particle effective Hamiltonian eigenvalues, w, distributed according to
RMT (d) and GUE statistics for the spacing ratio 7 (e). (f, g) Steady-state properties
for g —» oo and m < 1/2 (phase II, red line). The steady-state spectrum splits into
an ergodic and a nonergodic sectors, in which the effective-Hamiltonian eigenvalues
follow, respectively, RMT and a normal distribution (f). The 7 statistics are Poisson in
the nonergodic sector and interpolate from GUE to GOE in the ergodic sector as m — 0

(g).

the decoupling of some fermionic degrees of freedom from the dynamics. Indeed, the Hamilto-
nian contribution vanishes when g — oo and there is an insufficient number of jump operators
(M < 2Npg) to couple all 2Ny fermionic creation and annihilation operators to the environment.
Below the transition [m < 1/2, red line in Fig. 1(a)] the decoupled fermions exhibit nonergodic
features, discussed in detail below. As g is lowered to a finite value, the Hamiltonian starts to
couple the dissipatively-decoupled fermions and the critical value of m decreases. At weak dissi-
pation g < 1/+/2, the Hamiltonian contribution is strong enough to couple all fermions and there
is no transition.

The spectral gap, which sets the (inverse) timescale of relaxation to the steady-state, coincides
for the single- and many-body spectra. It can also be obtained analytically and assumes a very
simple form in the limits g — 0 and g — oo. For weak dissipation, the spectral gap closes
linearly with g and m (for all m), as expected from perturbation theory. On the other hand, for
large dissipation, the spectral gap acts as an order parameter of the transition at m = 1/2. For
m < 1/2, in the limit g — oo the gap closes like 1/g leading to a gapless Liouvillian, signalling
a slow approach to the steady-state. For m > 1/2, the gap has the linear scaling in g, typical of a
dissipation-driven relaxation, growing with m as (v/2m—1)?, as dictated by the Marchenko-Pastur
law. At the critical point m = 1/2, the gap closes as (m/g)'/3. For large but finite g, the gap is
nonzero for any value of m, but still exhibits qualitatively different behaviours above and below
the transition.
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The steady-state, to which the system relaxes in the long-time limit, is Gaussian for quadratic
Liouvillians and is thus fully characterized by its single-particle properties. In the limit g — 0
(where there is no decoupling transition), the steady-state single-body spectrum is Gaussian, fully-
mixed, and displays Poisson statistics irrespectively of the value of m. As g increases, there is a
perturbative crossover well-below the threshold g = 1/+/2 for the appearance of the decoupling
transition and the steady state becomes distributed according to RMT [see Fig. 1(d) ], is mixed but
not fully mixed, and exhibits GUE statistics [see Fig. 1(e)]. The purity interpolates monotonously
between the two limits g — 0 and g — oo.

When g is further increased, the steady state is also influenced by the decoupling transition.
In the limit g — oo, the results can be obtained analytically through perturbation theory. Above
the transition, m > 1/2, the properties attained after the perturbative crossover do not change.
However, for m < 1/2, the spectrum of the steady state also splits into two independent sectors,
see Fig. 1(f). The sector of the fermions coupled to the environment retains the properties of
m > 1/2, except for the spectral statistics which, remarkably, crossover from GUE to GOE as
m — 0, see Fig. 1(g). The spectrum of the decoupled sector, on the other hand, is composed of
uncorrelated Gaussian random variables displaying Poisson statistics (nonergodic behavior), see
Fig. 1(g). These two sectors are well-separated for small-enough m, see Fig. 1(f), but overlap for
larger m.

We emphasize that the nonergodic features of the steady state were obtained in the limit
g — oo. However, they leave strong imprints in the dynamics at large but finite g and Np.
Indeed, the interplay of the two sectors leads to a decrease of the purity, with a nonmonotonic
behavior as a function of g, and to an interpolation between RMT and Poisson statistics.

Finally, we note that the properties of random quadratic Liouvillians above the transition are
quantitatively similar to those identified in previous studies of fully random Liouvillians with un-
constrained interactions [39,40] !. The nonergodic behaviour below the transition is, however,
not accessible to these fully-random Liouvillians.

2 Random quadratic Liouvillians

2.1 Liouvillian dynamics

The dynamics of the system can be entirely specified by looking at the Liouvillian eigenvalue
problem. In fact, after determining a complete set of Liouvillian eigenmodes p; with eigenvalue
A; [L(pj) = Ajp;], we can write the evolution of any initial state p(0) = Zj CiPj as?

p(t)=cheAftpj. (3)
J

All A; have a non-positive real part as ensured by the complete positivity of the Lindblad
equation. Moreover, the Hermiticity preservation property guarantees that eigenvalues are real

1with the important caveat that here we studied the single-particle properties, whereas for non-quadratic models
many-body properties have to be considered. Nonetheless, unconstrained fully-random Liouvillians also exhibit a
connected spectrum, the gap (which is the same in the single- and many-body case) has the exactly same scaling as
here, and the steady state exhibits an nonergodic-to-ergodic crossover and corresponding change in purity as function
of g.

2We assume a generic case where Liouvillian has no non-trivial Jordan blocks. For the most general treatment see,
e.g., Ref. [9].
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or come in complex-conjugated pairs. Generically, because of trace preservation, there is a single
eigenstate, the steady state pygsg, With corresponding zero eigenvalue. pyggg is invariant under
time evolution, as

d
“PAES — £(pess) = 0. 4)

If there are no other eigenvalues with Re A; = 0, the system will relax to the steady state as
t — 00, since all the other eigenmodes of the Liouvillian decay to zero. The rate at which the
system relaxes to the steady state is dictated by the Liouvillian spectral gap, defined as

Gap = —maxRe(A,). 5
ap 5\1}%6(1) 5)

2.2 Vectorization and adjoint fermions

To study the eigenvalue problem of the quadratic Liouvillian superoperator, it is convenient to
recast the it as a matrix acting in an enlarged Hilbert space, a procedure known as vectorization.
In the Fock space of Ny fermions, pure states are represented by 2"F-dimensional vectors and
mixed states and operators by 2VF x 2NF matrices. Alternatively, we can see mixed states and
operators as 22Vr-dimensional vectors over a tensor product of two copies of the fermionic Fock
space, while superoperators are represented by 22Vf x 22NF matrices. More explicitly, if |a) and
|B) are basis elements in the fermionic Fock space and (A)Lz Fock-space operators, we map

|a) (Bl — la) ® (BI", (6)
Oy la) (10} — (0,00} )y ® (" %

Following this procedure, the Liouvillian [Eq. (1)] is mapped to:

M
ﬁ:—i(ﬁ@ﬂ—ﬂ®ﬁT)+gZ{2i“®i;—iliu®ﬂ—ﬂ®(i;fw)T}. (8)
u=1

It is possible to generalize the notion of creation and annihilation operators to this space while
keeping the Liouvillian quadratic, resembling the Hamiltonian of a free theory [7]. To enforce the
canonical anticommutation relations in the vectorized representation also, we define the vector

inNT

N . T . T . T .
a=[c1®e‘“N,...,cNF®emN,c1'®el"N,...,c;VF®e ,

C)

I 4T . AT AT AT T
1®c o™ ,...,ﬂ®cI'VFemN,ﬂ®el“N c{,...,ﬂ@e”w cI\T]F] ,

where N =}, ¢/¢; is the number operator, which satisfies {d;, &]'f} = §;; as required. d; are known
as adjoint fermions. An important feature of this vector is that it is particle-hole symmetric, i.e.,

T ax = [s o _Jo 1
(@) =38a, s_[o s]’ s_[ﬂ 0}. (10)

S and S implement the particle-hole in the original and vectorized spaces, respectively. This vec-
torization scheme is equivalent to third quantization [7]. For an explicit demonstration, we refer
the reader to Appendix A.
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2.3 Single-particle spectrum and diagonalization

Recall that, as mentioned in Sec. 1 [see Eq. (2)], the Liouvillian in Eq. (1) for a system of Ng
fermions is said to be quadratic if

1 2Np 2Np
- + s
H= E Ci Hl]C] and LU = E ZH].CV'
i,j=1 j=1

The 2Ny x 2Ny matrix H, the so-called single-particle Hamiltonian, is Hermitian and can always
be chosen to satisfy particle-hole symmetry, SH'S = —H. In turn, the dissipative contribution
to the Liouvilian is determined by the M x 2N non-Hermitian (and in general complex) matrix

.....

Next, we define the matrices

Njo= > 1l5,  Ng=5N's, 11
u

the particle-hole-symmetric and antisymmetric combinations

N +Ng N —Ng
= , Iz = , 12
> B 5 (12)
and the non-Hermitian single-particle effective Hamiltonian
K=H-—igrl. (13)
In Appendix B.1 we show that
c=—Ltata-Llm (K), (14
2 2
where the single-particle Liouvillian is given by
T | —igJSN —J(H+iglx)'J |’
with
1 0
J= [ 0 — ﬂ] . (16)

Note that the matrix L also satisfies particle-hole symmetry, SLTS = —L.
As shown in Appendix B.2, we can (almost) always find a change of basis that renders the

Liouvillian diagonal,
. 2Np

1
E:—EZ/&ibl’.bi, (17)

where b; and blf (note, however, blf # blT) satisfy the canonical anticommutation relations

{bb b)}:O: {b,3 b/}:O: and {bu b/}:5

i j ij) (18)

.....

cide with the eigenvalues of the non-Hermitian Hamiltonian K. It is clear that due to the form of
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Eq. (17), the many-body spectrum of the Liouvillian is completely determined by the single-body
spectrum (take all possible sums of subsets of {—if3;/2};), which implies that all its properties are
encapsulated in the latter. We will thus focus on studying the features of the single-body spectrum
in Sec. 3.1.

Since the Liouvillian is quadratic and the single-body spectrum is entirely contained in the
left-half plane, the Liouvillian spectral gap corresponds to the gap of the single-body spectrum.
Thus, the following definition holds:

1
Gap = —3 maxImf;. (19)

2.4 Steady state

From the diagonal form (17), the steady state pygss is found to be the state annihilated by all b;.
For a quadratic Liouvillian, any initial Gaussian state will remain Gaussian under time evolution,
which implies that the steady state must be Gaussian as well. We can thus describe the steady
state entirely by its correlation matrix>,

xij =Tr (PNEssCiCD , (20)
which satisfies the particle-hole symmetry
SyTs=1—y. (21

Alternatively, we can define an effective thermal-like Hamiltonian €2 as

1 A
ONESS = Ze“, Z =Tre'. (22)

This parametrization is convenient as it automatically takes care of the normalization and positive-
definiteness of the steady-state density matrix. Moreover, because the steady state is Gaussian, £
can be fully characterized by the single-particle matrix €2,

1 1 i
PNESs = Eei 2 G , (23)

with normalization . .
Z=Tr (e7 2 QUCJ') = 4/det(1+e9), 24

which is related to the correlation matrix through the matrix relation:
r=(1+e2)7". (25)

Remarkably, the steady-state correlation matrix can also be entirely determined by the single-
particle non-Hermitian Hamiltonian. Indeed, as shown in Appendix B.3, one can solve the steady-
state Lyapunov equation for the correlation matrix:

yK'—Ky =igN. (26)

Alternatively, ¥y can be constructed more efficiently using the right and left eigenvectors of the
single-particle matrix L, see Eq. (99) below and Ref. [7]. The equivalence of the two methods is
established in Appendix B.3.

3Also referred to as covariance matrix.
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2.5 Majorana basis

At this point, we change to the Majorana basis, which is more convenient for our purposes. It is
implemented by the unitary transformation

11 1
U:E[iﬂ —ijl]' @7

From it, we define the Majorana operators
f={f.....fan,}T = v2UC, (28)

where C is the Nambu vector defined after Eq. (2), satisfying fl.T = f; and the anticommutation
relation {f;, f;} = 6;;.
In this basis, K is transformed into a more suitable matrix, K,

KW =HOU g1 = ygut (29)
where HY) is an anti-symmetric matrix,
HO' = y*H"UT = USH"SUt = —H®), (30)
and I'¥) is a symmetric matrix,

T i .
) = pLEASHS 1 (1071 @) = 1 (VO N, 31
2 2 2
with NU) = ()T 0)* ang
@ =T, (32)

2.6 Random sampling

The characterization of the Liouvillian’s spectrum and steady state is now completely determined
by the specification of matrices HY) and 1), which can only be obtained from the knowledge
of the system’s Hamiltonian and interactions with the environment. However, assuming that the
dynamics is generic, one can argue based on Jayne’s principle of maximal entropy that they are
well described by a random matrix of a symmetry class consistent with the symmetries of the
system. In this case, we restrict HU) to the set of Hermitian matrices satisfying particle-hole
symmetry H )" = _HW) and randomize all other degrees of freedom, corresponding to 2Ny x 2Ny
Gaussian random matrices of class D in the Altland-Zirnbauer classification [55]. The simplest way
to achieve this is to draw a matrix H;,; from the Ginibre orthogonal ensemble (GinOE) [56], i.e.,
sample a real matrix from the probability distribution ~ exp{—Np Tr(H ;;tH int)} and then set

v) _ L T
HY = 3 (Hy—HE)). (33)
On the other hand, since we do not impose any restriction on the jump operators, we sample [(V)

from the Ginibre unitary ensemble (GinUE) [56] of rectangular M x 2N matrices, i.e., sample a
complex matrix from the probability distribution ~ exp {—N Tt (Z(U)TZ(U))}. This is equivalent to

10
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saying that the 2N x 2N matrix N ) is drawn from the complex Wishart ensemble [also known
as the Laguerre unitary ensemble (LUE)].

Now that we have established a procedure to determine matrices HY) and 1(¥), we can turn
to the study of the spectral and steady-state properties of random Liouvillians, which are entirely
determined by single-body ones, allowing us to focus just on the properties of the latter. We start
with the spectral properties.

3 Spectral properties

We are interested in the support of the single-body spectrum, as it contains the information on the
relevant timescales of the problem. The rightmost boundary point gives the spectral gap (recall
that the single- and many-particle gaps coincide). The width of the spectrum along the imaginary
axis is related to the timescale for the oscillations of the states’ phases. Finally, if the spectral
support splits into several components there is a hierarchy of decay times [43,44], with separate
sets of modes decaying at different rates, interspersed by periods of metastability [45].

We first show that our random model can be mapped exactly, in the limit Ny — 00, to a slightly
different non-Hermitian Hamiltonian whose boundary has been computed using free probability
and use it to identify a phase transition in the single-body spectrum, see Sec. 3.1. Then, in Sec. 3.2,
we focus on the spectral gap, studying it it detail, both numerically and analytically, as a function
of g and m.

3.1 Single-body spectrum
3.1.1 Spectral boundary

As mentioned in Sec. 2 and proven in Appendix B.2, the spectrum of the single-body Liouvillian
matrix L coincides with that of K = H —igIl'. In Refs. [51-54], the authors studied the spectrum
of a related random matrix H¢ = H, —ig,I,, with H, and T, = AAT being 2Ny x 2N Hermitian
matrices drawn from the Gaussian Orthogonal Ensemble (GOE) and the real Wishart ensemble
[also known as the Laguerre orthogonal ensemble (LOE)], respectively. (A is a real 2Ny x M
matrix.) Using replicas [51], supersymmetry [52], diagrammatics [53], or free probability [54],
they established that, in the limit Ny — 00, the spectrum of H is supported on a bounded region
in the complex plane delimited by a boundary that satisfies the equation

2
&y \1-2gy 2y 2g

where m = M /(2Ny) and x + iy represents a point in the complex plane*.

In our case, the problem is slightly different as, to obtain the single-body spectrum, we need to
calculate the eigenvalues of K(Y) = HU) —igI'V) rather than He = H, —ig,I,. Quite remarkably,
apart from numerical prefactors and subleading 1/Nj corrections, the eigenvalue distribution of
KW and H. coincide, as we argue below.

The difference between HY) and H, stems from the fact that the former is Hermitian and
anti-symmetric whereas the latter is Hermitian and symmetric. Although they belong to distinct

“Note that Eq. (34) differs from that in Refs. [53] by some numerical factors, which have their origin in the different
normalizations used. Using our conventions, H, is sampled from the probability distribution ~ exp{—NTr (H f)} and

A from the distribution ~ exp{—Ny Tr(AAT)}.

11
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Figure 2: Single-body spectrum of the Liouvillian for m = 0.2 and g =1 (a), g ~ 5.2
(b), and g = 20 (c). The the 2Ny blue points are obtained numerically by exact diago-
nalization (for a single realization with Ny = 4000) and are bounded by the red curve,
which is parametrized by Eq. (36).

symmetry classes, their resolvents and, hence, their eigenvalue distributions match to leading
order in 1/Np, as we review in Appendix C. Because the resolvent is the only property of HY) that
enters the determination of the eigenvalue distribution of K(Y), we can interchange it with H,.
In addition, @) is drawn from a symmetrized complex Wishart ensemble, in contrast to [},
which is drawn from the real Wishart ensemble. However, we can also simply draw I'"Y) from the
real Wishart ensemble, provided we double the number of jump operators (m = M /2Ny — 2M /2Ny = 2m):

1= 1370, (0 (), 0,

H_l oM (35)
= D (O (O, G, = S50, (),
u=1 u=1

where (1) l(U) + Z(U) and Z(U) is a 2M x 2Ny real matrix built from concatenatin
] F g

(Z(U))R (taken as the ﬁrst M rows of lﬁU)) and (Z(U)) (the last M rows).

With the equivalence of the spectra of K(Y) and H, established, to obtain the boundary of the
single-body spectrum of the Liouvillian in the limit Ny — oo, we must simply replace m by 2m in
Eq. (34), together with x by —2y and y by 2x (since the single-body spectrum is obtained from
the spectrum of K by multiplication by —i/2):

2 1)?
S _( g/ +£__) _ (36)
4gx 1—4gx 4x 4g

In Fig. 2, we plot the curve parametrized by Eq. (36) in the complex plane and compare it with
the single-body spectrum of —iK /2 obtained numerically by exact diagonalization (ED), for three
different points in the parameter space (m, g). We observe that it adjusts perfectly to the boundary
of the spectrum in all cases. The very small number of outliers can be attributed to finite-size
effects, since the boundary becomes sharp in the limit Ny — oo. In particular, one can show [51-
54] that for Ny — 00, no states lie outside the boundary with probability going to 1.

All the spectral information, including the phase diagram in the 1/g versus m plane and the
spectral gap, can be extracted from Eq. (36), as we discuss in the remainder of this section.

12
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3.1.2 Phase diagram

From Fig. 2, we can observe that two different behaviours of the single-body spectrum emerge for
different values of m, for a given g > 1/+/2. For large enough m and small enough g, the single-
body spectrum is supported on a simply-connected region of the complex plane, see Fig. 2(a).
We call this region of (m, g) space phase I. When g is increased or m decreased across some
critical value g.(m) or m.(g), a phase transition occurs [51-54], see Fig. 2(b), and the single-
body spectrum splits into two disconnected components. In phase II, for large enough m and small
enough g, the two components of the single-body spectrum are well separated, see Fig. 2(c).

In the 1/g versus m plane, phases I and II are separated by a critical line that can be obtained
analytically from Eq. (36), see Fig. 1(a). Indeed, assuming the spectrum to be the union of convex
sets in the complex plane (an assumption verified in all numerical simulations) and since the
boundary described by Eq. (36) is clearly symmetric under reflections across the real axis, the
number of components of the spectrum is determined by the number of real roots of the equation
y? =0, which can be rewritten as:

1 1 >(1—2m)? 1
x4+((1+2m)g——)x3+ +g( m) —m—= |x?
2g 16g2 4 4

1 2
+B(—+1—2m)x+m—20.
4 \2g2 16

(37)

Since Eq. (37) is quartic in x, it can have at most four real roots. In that case, the spectrum of the
Liouvillian is formed by two disconnected components, each bounded between two real roots of
Eq. (37), i.e., the system is in phase II. Alternatively, there could be only two real roots (and a pair
of complex-conjugated roots that do not contribute to the boundary of the spectrum), in which
case the system would be in phase I. The phase transition between these two situations occurs
when two real roots coalesce into a double root. The number of real roots of Eq. (37) is controlled
by its discriminant 5

A4=—%8[(1—2(1—2m)g2)3+216mg4]. (38)
As discussed, the phase transition corresponds to the merger of two distinct real roots into a double
root, which occurs if and only if the discriminant vanishes. Setting Aﬁ = 0 thus gives the critical
line in the 1/g vs m plane [51,52,54]:

== V2(1-emys) (39)

If Ay, >0, ie., g > g. then Eq. (37) has four real roots and we are in phase II. In the converse
case A, <0, i.e., g < g., there are only two real roots and the spectrum belongs to phase I.

From Fig. 1(a) and Eq. 39), it is clear that a critical point exists at (m, g) = (1/2, o). Below
m = 1/2, there is always a finite value of g for which the spectrum splits into two distinct regions.
However, the closer m gets to 1/2, the larger are the values of g required for the phase transition
to occur, tending to infinity as m — 1/2. Above m = 1/2, the spectrum is connected for all
values of g and just stretches indefinitely as we increase g. On the other hand, for g < 1/+4/2, the
system also belongs to phase I for all values of m. As discussed in Sec. 1.1, below g = 1/+/2 the
Hamiltonian contribution to the Lindbladian is strong enough to couple all degrees of freedom,
preventing the system to split into two decoupled components.

In phase II, when we increase g, the two regions drift further and further apart from each other,
both becoming very thin stripes in the limit g — oo, one of them aligned with the imaginary axis

13
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Figure 3: Average spectral gap as a function of the dissipation strength g and number of
jump operators m. Left: Gap as a function of g for three different values of m: m = 0.25,
0.50, and 0.75. The full colored curves give the numerical results, the dashed black curve
gives the exact result in the limit Ny — oo obtained by solving Eq. (36). Right: Gap
as function of m in limit g — oo. The red dots correspond to the numerical results for
g = !0 and black curve to the exact result of Eq. (40). In both panels, the numerical
results were obtained by exact diagonalization, for Ny = 500 and 400 realizations, and
match perfectly the analytical predictions.

with increasingly small absolute real part and the other aligned with the real axis with increasingly
large absolute real part. Physically, the existence of these two distinct regions of eigenvalues means
that the group of modes associated to the region with larger absolute real part will decay much
faster than the others. In an intermediate time window, the system will evolve to a metastable state
in which only the modes that belong to the region with smaller absolute real part are populated.
Eventually, those also fade away and the system reaches the the steady state.

3.2 Spectral gap

We now turn to the computation of the spectral gap, obtained from the single-body spectrum
through Eq. (19). In the limit N; — o0, the boundary of the single-body spectrum is determined
by Eq. (36) and, thus, the gap is just the largest real root of Eq. (37). In Fig. 3(a), we plot the gap
as a function of g for three different values of m obtained both numerically from ED and exactly
from Eq. (37), showing perfect agreement between the two. While the expression for the gap
can be obtained analytically for any g, its precise functional form is rather complicated and not
particularly enlightening. In what follows we will see, however, that simple scaling expressions
can be obtained in the limits of weak (g — 0) and strong (g — 00). The latter case is particularly
interesting due to the influence of the decoupling transition.

3.2.1 Weak dissipation

Regardless of the value of m, the gap goes to zero in the limit g — 0. This behaviour is expected
as, for g = 0, there is just unitary evolution (the Liouvillian becomes simply the von Neumann
generator) and so all the eigenvalues lie on the imaginary axis, which means that, by definition,
the gap vanishes. In fact, since in Fig. 3(a) the slope of all curves approaches 1 for very small g,
we see that, in this limit, Gap o< g, a result that can be understood perturbatively. Since a Taylor
expansion of the gap around g = 0 yields Gap = Z:il c,g", the mentioned scaling behaviour
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holds unless ¢c; = 0. Now, H ) is a random Hermitian and anti-symmetric matrix and, in the
space of all such matrices, the set of degenerate matrices has measure zero. Thus, we can safely
apply non-degenerate first-order perturbation theory and conclude that ¢; = min({vjl"w)vi}i),
where {v;}; is the set of normalized eigenvectors of HV). TY) is a positive semi-definite matrix
and thus ¢; = 0 only if there is a v; that belongs to the nullspace of W), Clearly, Eq. (35) implies
that, for m < 1/2, T has a nullspace of dimension 2Ny —2M = 2Ng(1 — 2m). However, except
for the trivial case m = 0, this is always a set of measure zero and, thus, the probability that one
of the v; belongs to the nullspace of I'Y) is 0. For m > 1/2, the nullspace of T is empty. As a
consequence, ¢; # 0 and Gap o< g, when g — 0, for all m.

3.2.2 Strong dissipation

On the other hand, the limit g — oo has a nontrivial dependence on m as depicted in Fig. 3(a).
In fact, for m < 1/2, the spectral gap closes in this limit (Gap o< g~1), whereas for m > 1/2 it
grows linearly with g — oo, which suggests a phase transition in the gap at m = 1/2, where an
intermediate behaviour is observed, Gap o< g~'/3. The quantity lim,_,, (Gap/g) can be used as
an order parameter for the phase transition as it vanishes for m < 1/2 and acquires a nonzero
finite value for m > 1/2. In Fig. 3(b), we plot it as a function of m and compare it with the exact

result G 1
lim ap _ Emax{(«/ﬁ— 1)2,0} (40)

g—)OO g

that follows from the Marchenko-Pastur law [57]. Indeed, we have lim,_, ., iK W)y g= W), where

'Y is a 2Ny x 2Ny matrix drawn from a real Wishart ensemble with rank 2M, and hence the gap
coincides the the hard edge of the Marchenko-Pastur distribution.

The critical behaviour can be traced to the existence or not of zero eigenvalues in the spec-
trum of I'Y) and understood perturbatively. Since K(V) = g (H(Y)/g —ir'")), we can expand the
eigenvalues of K(Y)/g in powers of 1/g and write the gap as Gap = gzz 0d,g . To zeroth
order, the spectrum of K(U)/g is the spectrum of —iI'"). If m > 1/2, T) is a positive-definite
matrix and thus dy = min(Im({y;};)) > 0 , where {y;}; is the spectrum of I'Y). This justifies the
linear growth of the spectral gap with g for m > 1/2. However, for m < 1/2, some of the y;
vanish and, consequently, d, = 0. We must look at the next term in the expansion and since,
to do that, we need to calculate first order corrections to the zero eigenvalues of F(U), we must
resort to degenerate perturbation theory. The corrections are thus given by the eigenvalues of
(1/ g)wlTH (U)wj, where {w;}; is an orthonormal basis of the nullspace of rW). Since, however,
HW) is Hermitian, all the corrections to these eigenvalues are real and thus do not affect the gap,
leading to d; = 0. Only at second order in 1/g do non-zero corrections to the gap arise, which
means that Gap = g Zsi ,d,g . In the large g limit, Gap o< g~ ! as confirmed by Fig. 3(a).

Since m = 1/2 is the critical point, the above expansion in powers of 1/g does not hold.
We need, therefore, to resort to Eq. (36) to determine the gap’s scaling behaviour with g. In
Appendix D we perform an asymptotic analysis of the solutions of Eq. (36) for large g and show
that, at m = 1/2, Gap o< g~'/3. The same procedure can be employed as an alternative to the
perturbation theory above, in order to obtain the scaling behaviour of the gap for m > 1/2 and
m < 1/2 (and the corresponding prefactors), which is also done in Appendix D.
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3.2.3 Comparison with non-quadratic models

We conclude this section by comparing the results obtained here with the gap of a fully-random
(non-quadratic) Liouvillian [37-39]. Because the single-body gap coincides with the many-body
gap the results of the two models can be directly compared. In the weak dissipation regime, the
same linear growth with the dissipation parameter is found in both cases and it is the expected
perturbative result. The strong dissipation regime is, as we have seen, richer. In the fully-random
case, the role of the parameter m is played not by the ratio of dissipation channels to the number
of degrees of freedom (2N here), but by the number of channels itself m — M /2. The regime
m < 1/2 is, therefore, inaccessible since M is a positive integer. For fully-random Liouvillians
with more than one decay channel (corresponding to m > 1/2) we also observed a linear-in-g
growth of the gap, which again is the expected perturbative result for the dissipation-dominated
dynamics. For the case of a single decay channel (corresponding to m = 1/2 here) shows the same
closing of the gap with ~ g7/3 (once one accounts for different normalization conventions). This
closing was interpreted as a Zeno-like phase, but it was not understood why it is not observed
for more than one decay channel (corresponding to m > 1/2). We can now understand the
difference between m > 1/2 and m < 1/2 as a transition in which some degrees of freedom
become decoupled from the environment and, thus, protected from dissipation, with m = 1/2
corresponding to the critical transition point. Our findings thus shine a new light to the special role
played by fully-random Liouvillians with a single jump operator (corresponding here to m = 1/2).
Remarkably, the scaling with m also coincides in both cases (see Appendix D for a computation
of the prefactors, which can be compared with Ref. [39]) and we conclude that the spectral gap
coincides in quadratic and fully random Liouvillians in the mutually accessible regimes (m > 1/2),
pointing towards a high degree of universality in dissipative quantum chaos. On the other hand,
realistic models with constrained interactions, such as quadratic Liouvillians, contain an additional
regime (m < 1/2) of suppressed dissipation.

4 Steady-state properties

We now turn to the characterization of the steady state, to which the system relaxes in the long-
time limit. Because of its Gaussian nature (see Sec. 2), we will base our discussion at the level
of the single-particle correlation matrix y or the thermal-like Hamiltonian 2, which are related
through Eq. (25) (proven in Appendix B.3). We will start by studying the spectrum of these single-
body operators, which describe the occupation probabilities of different single-particle states in
the long-time limit, see Sec. 4.1. We will focus on the limits of very weak (g — 0) and very strong
dissipation (g — ©©), which can be studied perturbatively. To infer the behavior of the steady
state as a function of g, we will consider, in Sec. 4.2, the first nontrivial moment of the steady-state
distribution—the purity—which captures its degree of mixing. Finally, in Sec. 4.3 we probe the
ergodicity of the steady state by analyzing the single-particle level statistics of 2. As was the case
for the single-body spectrum and spectral gap, the results are qualitatively different for m > 1/2
and m<1/2.

4.1 Spectral distribution

The correlation matrix y is the solution of Eq. (26), reproduced here for convenience:

xK'—Ky =igN.
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Because of the particle-hole symmetry of y, Eq. (21), its eigenvalues come in pairs {1;,1— A;},

i €{1,...,Np}. Consequently, the spectrum of Q (denoted as {w;};) is formed by the pairs {w;, —w;}.
The statistical behaviour of A; and w; depends on the value of the parameters g and m. Equa-

tion (26) can be solved perturbatively for g — 0 and g — oo, allowing us to analytically study

the spectral distribution in these two limiting cases. The details of the perturbative expansion are

given in Appendix E, while here we state the final results and work out the consequences for the

single-particle effective Hamiltonian .

4.1.1 Weak dissipation

In the weak dissipation limit (g — 0), the eigenvalues of y to first order in g are determined
by Eq. (112) of Appendix E, which we rewrite in the Majorana basis by performing the unitary
transformation U, Eq. (27):
vINWy,
A= - (41)
I T ’
v (N + (NO©)" )y,

with v; an eigenvector of H W), since HY) is Hermitian and anti-symmetric, it can always be

diagonalized by a unitary matrix of the form OU, for some orthogonal matrix O. Therefore, in
the eigenbasis of H w ), Eq. (41) reads

(NG, (NG,

Al — . 1,1 - — 1,1 - (42)

(ven + @wToyf (ven) UTw) - (NUD + (SNGDS)')

B
i, i,

where UTU =5, N = (l(H))T (l(H))* and (1)) = 1WOU*. From Eq. (42), we conclude that
the spectrum of y is composed of Ny independent pairs {A;,1— A;}, with

2 2
22/1:1 ’(Z(H))u,i Z;AA/I ‘(l(H))H,H'NF

2 2
‘ + ‘(Z(H))H,HNF ‘

A

s (oo,

The eigenvalues of €, in turn, are:

=1+

) (e,

(43)

2
M
ZH ’ (l (H))U>i+NF

ey, |

w; =log (44)

2
Each ‘(Z(H))H’Zi =Re ((Z(H))M’i)z +Im ((Z(H))u,i)z is a sum of two random variables with average

o2 =1 and variance 20* = 2 (recall that Re (Z(H))W. and Im (Z(H))W. are sampled from a normal
distribution with zero mean and standard deviation o = 1). We can now resort to the central limit
theorem to argue that, for sufficiently large M,

1+ =2 F
w; ~ log ++INF R\ —Z;, (45)
1+ _MZ' M

vM i

where Z’ and Z are, respectively, a set of 2Ny and Ny random variables following a normal dis-
tribution with unit variance. We conclude that the steady-state single-body spectrum in the weak
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Figure 4: Spectrum of the effective Hamiltonian Q for Ny = 500, m = 0.25 (a) and
m = 0.75 (b), and g = 1071°. The histograms were obtained by exact diagonalization for
100 disorder realizations, with the correlation matrix obtained by the method described
in Appendix E. The blue line represents a normal distribution with variance /2/M, as
predicted by Eq. (51).

dissipation limit is composed of a set of uncorrelated Gaussian random variables with variance
2/M. In Fig. 4, we plot this prediction against the numerical results obtained by exact diagonal-
ization and find perfect agreement.

Itis clear from Eq. (45) thatlim,,_, ., ¥ = 1/2, which means that, in the limits N, M — oo with
m fixed and g — O, the steady state of a random quadratic Liouvillian is the fully-mixed state. We
will elaborate on this in Sec. 4.2 below. Moreover, we expect single-body Poisson spectral statistics
because of the uncorrelated nature of different w;, a prediction confirmed in Sec. 4.3.

4.1.2 Strong Dissipation

In the strong dissipation limit (g — ©0), m plays a significant role in the statistical behaviour of
the spectrum of Q, with two qualitatively different regimes for m > 1/2 and m < 1/2, which can
be traced back to the decoupling transition at m = 1/2.

If m> 1/2, y is determined, in the eigenbasis of I'Y), by Eq. (115) of Appendix E:

WTN(U)W]-

1

Xig=———, (46)
v Vit

where {y;}; and {w;}; are the set of eigenvalues and orthonormal eigenvectors of V), respectively.
Since T is positive semidefinite, y; > 0. Note that, for m > 1/2, there are no zero eigenvalues
of TW), and hence y; +y ; # 0 always holds. From Eq. (46) it follows that the eigenvalues of y are,
in general, correlated. Since they are completely determined by the eigenvectors and eigenvalues
of a Wishart matrix, we conjecture that they can be related to the Marchenko-Pastur law, although
we were not able to do so explicitly.

When m < 1/2, y cannot be obtained from Eq. (115) since y; + y; = 0 for some pairs (i, j).
More precisely, ¥ becomes a matrix that acts separately in two subspaces (see Appendix E): sub-
space N spanned by the eigenvectors of I'Y) with a corresponding non-zero eigenvalue, (WN)i,

and its complement, subspace N, which is also the nullspace of I'"), spanned by the eigenvectors
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(wy);. Correspondingly, the spectrum splits into two independent components. Antecipating the
results found below, we call N the RMT or ergodic sector and N the Poisson or nonergodic sector.

The component of y that acts in N (i.e., in the sector with no vanishing y;), yxs, is directly
obtained from Eq. (115) by replacing w; with (WN)i. The only difference to the case m > 1/2 is
thus a reduction of dimensionality. On the other hand, in Appendix E, we show that the eigenval-

ues of yyy (i.e., in the sector with zero eigenvalues of F(U)) are given by Eq. (125), which can be
rewritten as

@ () N () @)
(wn); Hyg (FNN) Nyx (FNN) Hyy (Wn)i

A. = b
l f () ()Y A 0) ()T @) t (@ (PO L @ (p@Y 7 o)
(wn); Hyy (FNN) Nyx (FNN) Hyy ()i + (wyy); (HNN (FNN) Nyx (FNN) HNN) (wn);
47)
T U T U . .
where we used that (FIE]N) ) = (FIEJN) ) and (Hz(\n\?) =— (H 1(\11\?) Given the similarity of Egs. (41)

and (47), it is possible to replicate the argument we used for the weak-dissipation case to find the
eigenvalues A; and w; in this sector. To do so, we change coordinates in both subspaces: in N to

_ -1 -1
the eigenbasis of H I(VLI]\; and in N to the eigenbflsis of (F]EIL]:[)) 1 NzErlzir) (Fzgrlzir)) . We denote H I(VLIE in this
basis by H 1(\1[1]\3 and the eigenvalues of (Fzgrlzir)) NJErlzir) (F}E&)) as a,,. Note that both transformations

are unitary in their respective subspaces and independent of H](Vljv)

of H 1(\53 remain independent and normally distributed after the transformation. As before, it then
follows that the eigenvalues of y and Q come in pairs {A;,1 — A;} and {w;,—w;}, respectively,
with

, which implies that the entries

2N —1 2
2M ~(U)
| 28" o () v

ZiM A ‘(I:II(\JZ;V))IM 2

ZiM Ay ‘ (IjII(V(j\;)iJ,-NF,H

A’i == 1 + 2
2M 7 (U)
Zu A ‘(HNN),',M‘

and w; =log (48)

2 2

Now, assuming that ‘(HI(VIIJ\?) are independent random variables with av-

and ’(I—NI](VI;V_))HNF,M

erage 0 = 1 and variance 202 = 2 and applying the central limit theorem, we conclude that

i

2M i 9 2M S a?
Za“‘(H](VL]’\D ~(Zau) 1+ Normal | 0,2———*— | | | (49)
# i # (Zuau)

In the limit of very large 2M, this relation becomes

2M

; a, ‘(HI(V‘]JV))W * < 2M(a) {1 +Normal[0, ﬁ (1 + \?;—gg))]} : (50)

When inserted into Eq. (48), it yields

1+ =Y/
VM " i+N, 2
1+-+v, J

7i

where Y’ and Y are, respectively, a set of 2N and Ny random variables following a normal dis-

tribution with variance 1 + Var(a)/(a)?. In summary, for m > 1/2, the eigenvalues of Q are
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Figure 5: Spectrum of the effective Hamiltonian €, for Ny = 500, m = 0.25 (a) and
m = 0.75 (b), g = 10°. The histograms were obtained by exact diagonalization for 100
disorder realizations, with the correlation matrix obtained by the method described in
Appendix E. In (a), the spectrum splits into two independent sectors. The central region
corresponds to the nonergodic sector (subspace N), and the distribution is Gaussian, as
shown in the left inset, where we compare the eigenvalues w centered at their mean
and normalized by their standard deviation [& = (w — (w))/0o,,] against a normal dis-
tribution with unit variance (red line). The remaining eigenvalues belong to the ergodic
sector and are perfectly described by Eq. (46), see right inset (red line). In (b), there is
no nonergodic sector, and all eigenvalues are distributed according to Eq. (46).

correlated according to RMT, as dictated by Eq. (46). In contrast, for m < 1/2, the steady-state
spectrum splits into two sectors: in the first, the eigenvalues of Q are still distributed according to
Eq. (46), but in a space of smaller dimension; the second sector is formed by a set of uncorrelated
Gaussian random variables (Poisson level statistics are checked in Sec. 4.3). As in the weak dissi-
pation case, it becomes clear from Eq. (51) that limy,;_, ., ¥y = 1/2, signalling that the Poisson
sector is fully mixed.

In Fig. 5, we plot the spectrum of the single-particle effective Hamiltonian obtained numeri-
cally form ED. In Fig. 5(a) (phase I, m < 1/2), the spectrum splits into two well-separated sectors.
The central eigenvalues are normally distributed, see left inset, while the larger eigenvalues (in
absolute value) follow Eq. (46), see right inset. The parameters (&) and Var(a) appearing in the
variance of the nonergodic eigenvalues can be written in terms of the matrices I'Y) and F]gU) as

_ —1372 —1872 2
(a) = Tr((l“g]]\_,)) 1) and Var(a) =Tr [((FIE;ZJV)) 1) ] + Tr{[((rzgllzjv)) 1) (Fng))NN] } ,

(52)

where averaging over the appropriate random ensemble is understood. While (a) and the first

term in Var(a) can be re-expressed in terms of the Marchenko-Pastur distribution, we were unable

to evaluate the second term in Var(a). While this prevents a parameter-free comparison with the

numerical results, we still confirmed perfect Gaussianity of the nonergodic sector of the steady

state in the inset of Fig. 5(a). In Fig. 5(b) (phase I, m > 1/2), all eigenvalues belong to a single

ergodic sector.
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Figure 6: Reduced purity as a function of the dissipation strength g for seven different
values of m = 0.10-0.95, as given by Eq. (53). These results were obtained by exact
diagonalization, with the correlation matrix obtained by the method described in Ap-
pendix E, for N = 60 and by averaging over 400 different realizations.

4.2 Purity

To study the steady-state spectral distribution away from the limits g — 0, 0o, we look at its
moments as a function of g. The first moment is identically one, because of the normalization of
probability. The purity, P = Tr (pI%IESS), is the lowest nontrivial moment and quantifies the degree
of mixing of the steady state.

Since it is possible to express the steady-state density matrix as a function of its correlation
matrix y, the same same applies to the purity:

Tr(ecmc) det(1+ e_m)%
Tr(e%crﬂc)z B det(1+e—%) B

P=Tr (pI%IESS) = \/det (A=) +22), (53)

where we applied Egs. (23)-(25) to obtain the third and fourth equalities.
In the following, instead of the purity itself, we consider the quantity

1 P 1
—log — =log2+ —logP, (54)
Np FM Np

which we dub reduced purity, and where Ppy = 27 is the purity of the fully-mixed state. The
reduced purity, coincides with the shifted and rescaled second Rényi entropy, is finite in the limit
Np — o0 and its lower bound (corresponding to the fully-mixed state) is zero.

In Fig. 6, we plot the reduced purity as function of g for different values of m and Ny = 60.
In the limit g — 0, it tends to a fixed value close to zero, for all m. In fact, it is expected to
converge to zero in the limit Ny — oo regardless of m, since, as we proved in the last subsection,
limy;_,00 ¥ = 1/2 (note that this proof also justifies the slower convergence for smaller values of
m depicted in Fig. 6).

As we increase g, two different behaviours of the purity emerge independently of Ny in the
large-Np limit. If m > 1/2, it increases monotonically with g, stabilizing to a constant in the limit
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Figure 7: Mean level-spacing ratio (7*) as a function of as a function of the dissipation
strength g for six different values of m = 0.1-0.75. These results were obtained by
exact diagonalization, with the correlation matrix obtained by the method described in
Appendix E, for Ny = 60 and by averaging over 400 different realizations.

of very large g. The value of this plateau decreases with m. On the other hand, for m < 1/2, the
purity initially increases, attaining a maximum at a finite value of g, and then it starts decreasing,
converging in the limit g — oo to a value smaller than for m > 1/2, and which increases with
m. The nonmonotonic behavior of the purity is a consequence of the splitting of the steady-state
spectrum into two independent sectors at m = 1/2. In the RMT sector, the steady state has a finite
reduced purity, which follows the same functional form as for m > 1/2. On the other hand, in
the Poisson sector, the steady-state is fully mixed, as shown in the previous section, and hence
has vanishing reduced purity. The competition of the two sectors determines the total purity of
the steady-state. Since the nullspace of I" has dimension 2Ny (1 —2m), the Poisson sector becomes
increasingly dominant as m decreases. In the limit m — 0, almost all eigenvalues of y are obtained
from the component y,, and we conclude that the reduced purity converges to zero.

4.3 Spectral statistics

We conclude our study of the steady state by studying the single-particle spectral statistics of €2,
which characterize the ergodicity, or lack thereof, of the steady state. We will focus on the distri-
bution of consecutive spacing ratios, 7, [58,59]. Let s, be the sequence of differences between
consecutive eigenvalues of Q. Then, 7, is defined as [58]

= . [ Sat1 S
o= mm(n—, n ) (55)
Sn Sn+1

This quantity has the advantage of being independent of the local level density and bounded
(0 < 7, < 1). If the steady state is ergodic, the spectral correlations of £ coincide with those
of a random matrix of the appropriate symmetry class. On the other hand, if it is nonergodic, it
will display Poisson statistics characteristic of uncorrelated random variables. The spacing ratio
distributions for all three classes of level repulsion—the Gaussian Unitary Ensemble (GUE), Gaus-
sian Orthogonal Ensemble (GOE), and Gaussian Symplectic Ensemble (GSE)—are well known
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Figure 8: Level spacing ratio distribution 7 for Ny = 500, m = 0.25 (a) and m = 0.75
(b), in the limit g — 0. The histograms were obtained by exact diagonalization, with the
correlation matrix obtained by Eq. (41), for 100 different realizations. The colored lines
correspond to the analytical results of Egs. (56) and (57). We find perfect agreement
with the Poisson prediction, confirming nonergodic behavior.

and approximated by [59]
2 (7 + 72)P
Po(7) = — ’ 56
(1) Zp (147 + 72)3P/241 0)
with Z; = 8/27 (B = 1, GOE), Z, = 81+/3/4n (8 = 2, GUE), and Z, = 729+/3/4n ( = 4, GSE),
while for Poisson statistics it is

2
(1+7)%

Ppoi(F) = (57)
The average spacing ratio (r) = f 01 d7# P(#) has become a popular measure of ergodicity and of the
presence of time reversal in the ergodic phase. Its value for the GOE, GUE, and Poisson statistics
is given by, respectively [59]:

(F); =4—2v/3~0.536, (F),= ? — % ~0.603, and (F)p, =2log2—1~0.386. (58)
(In the following, the GSE will play no role and will not be referred to further.)

As a first indication of the influence of m and g on the spectral statistics of 2, we plot (7) as a
function of g for different values of m in Fig. 7. We observe that, in the limit g — 0, (7*) converges
to (F)py; (the Poisson value) for all m. Figure 8 corroborates this result by clearly showing that the
full distribution of 7 in the limit g — 0 perfectly matches Ppy;(7). In fact, this result follows from
Eq. (45), where we showed that the spectrum of Q is Gaussian and composed of Ny uncorrelated
pairs of eigenvalues.

On the other hand, in the limit g — oo, two distinct behaviors are observed in Fig. 7: if
m > 1/2, i converges to (i*), (the GUE value), whereas, if m < 1/2, it converges to different values
depending on m. The GUE ratio statistics for m > 1/2 are confirmed in Fig. 9(d). The results for
m < 1/2, however, show that there is a crossover from GUE statistics at m = 1/2 to Poisson
statistics as m — 0. Again, this behaviour can be understood from our results in Sec. 4.1. There,
we showed that, in the Poisson sector (N), the spectrum of Qy is composed of uncorrelated pairs
of eigenvalues [Eq. (51)]. This prediction is confirmed in Fig. 9(c). In contrast, in the ergodic
sector (N), the eigenvalues of Qg are in general correlated. In our generic setting, y (and
hence ©2) has no symmetries besides particle-hole symmetry and, consequently, we expect GUE
statistics in the ergodic sector, see Fig. 9(b). Remarkably, in the m — 0 limit, the ergodic sector
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Figure 9: Level spacing ratio distribution 7 in the RMT sector for m = 0.025, the RMT
(b) and Poisson (c) sectors for m = 0.25, and for m = 0.75 (d), in the limit g — 0o. The
histograms in panels (a), (b), and (d) were obtained by exact diagonalization of Eq. (46)
for N = 3000 and 1000 different realizations. The histogram of panel (b) was obtained
by solving Eq. (47) for Ny = 500 and 100 distinct realizations. The colored lines cor-
respond to the analytical results of Egs. (56) and (57). We find perfect agreement with
the theoretical predictions in each case.

supports GOE statistics instead, see Fig. 9(a), a point we elaborate on further at the end of this
section. Moreover, the relative weight of the ergodic and Poisson sectors changes as a function
of m, although their dimensions always add up to 2Ny. As a consequence, the spectra of Quy
and Qpy coexist in the interval m € (0;1/2) and it is the variation of their relative contributions
that causes the crossover from GUE to Poisson statistics as m decreases. In the limit m — 0, the
dimension of N converges to 2N and the spectral statistics of £ becomes Poissonian.

These two limits (weak and strong dissipation) have implications in the spectral statistics of the
steady state at finite g. As depicted in Fig. 7, as g increases from —oo the spectral correlations
of the steady state exhibit a perturbative crossover from Poisson to GUE statistics for all m. A
plateau is reached when g is of the order of the inverse mean level spacing of the Hamiltonian.
The plateau extends to infinity in the case m > 1/2, in agreement to the previous discussion of the
limit g — oo. On the other hand, for m < 1/2, the plateau is of finite length and, for sufficiently
large g, the effects of the nullspace of I' become relevant. Therefore, the curve (F) decreases
again to meet its expected value in the limit g — oo, that is, the result of the overlap of the two
independent spectra previously mentioned.

Having established the main features of the dependence of the spectral correlations of the
steady state on g and m, we now discuss a curious aspect of the strong dissipation limit, namely,
that the ergodic sector displays GOE statistics in the limit m — 0, contrarily to a the expectation
of GUE statistics discussed above. As shown in Fig. 9(a) and (b), for finite Ny, there is a GUE-
to-GOE crossover as m decreases from m = 1/2 to m — 0. In the thermodynamic limit, GUE
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statistics are attained for any finite m, while GOE statistics hold only in the strict limit m — 0°. In
Appendix F, we show that the spectrum of yy 5 can be expanded in powers of 4/m and, to lowest
nontrivial order (~ m), it coincides with the spectrum of a matrix from class CI [55], which has the
same level correlation as the GOE. We thus conclude that inside the phase m < 1/2 the spectral
correlations of the steady state gradually change with m due to two competing phenomena: a
RMT-to-Poisson crossover due to the relative weight of the ergodic and nonergodic sectors and a
GUE-to-GOE crossover in the ergodic sector.

5 Conclusions and outlook

In this paper, we studied the single-body spectral and steady-state properties of a fermionic ran-
dom quadratic Liouvillian. We studied the spectral support and boundary of the single-body Li-
ouvillian spectrum, the spectral gap ruling the approach to the steady-state, and the single-body
distribution, purity, and single-body level statistics of the steady state. Our analysis focused on
the phase transition observed in the single-body spectrum and its repercussions in the steady-state
properties. More precisely, in phase I, the spectral and steady-state properties of quadratic and
fully-random Liouvillians are qualitatively similar: the spectrum is formed by a single connected
component; the gap grows linearly with dissipation strength; the steady-state purity is monotonic
with dissipation strength; and there is a nonergodic-to-ergodic crossover in the steady-state level
statistics, the full steady state being ergodic for sufficiently strong dissipation. In phase II, there
are qualitative differences: the single-body spectrum splits into two disconnected components at
a finite system-environment coupling strength; the spectral gap closes for strong dissipation; the
purity is non-monotonic with dissipation strength; and the steady-state decouples into an ergodic
and a nonergodic sectors.

In summary, our work identifies a regime of universal random Markovian dissipation but
also illustrates the possibility of nonergodic behaviour in quadratic open quantum systems (see
also Ref. [60]) and the potential to suppress dissipation even in the presence of strong system-
environment coupling. A natural extension of this work is to ask whether these nonergodic fea-
tures survive interactions. Their robustness could be addressed, for instance, with the SYK Lind-
bladian [46-48]). Moreover it is also not clear whether the nonergodic features of the steady state
survive in the thermodynamic limit Ny — oo at large but finite g (i.e., whether the red line in
Fig. 1(a) is smoothly connected to the rest of the diagram). This interesting question would re-
quire a more detailed finite-size scaling analysis and is deferred to future work. Other interesting
possibilities are to consider bosonic Liouvillians and non-Markovian generators. Finally, further
work is needed to determine whether the properties of stochastic Markovian dissipative models
that we described are also present in more realistic models of open quantum systems.
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A Vectorization and third quantization

In this appendix we explicitly show the equivalence between our vectorization scheme and the
more standard third quantization, first introduced in Ref. [7].

In Ref. [7], it was noted that an orthonormal basis under the Hilbert-Schmidt inner product
(01104) = 27N Tr (OIOZ) can be defined on the (vectorized) space of operators by considering the

set of all possible vectors
Pg> =ffy fzo;\?:F > ) (59)

where a; € {0,1} and {f;}; represents a set of 2N Majorana fermions satisfying the Clifford
algebra {fj, f} = 20 x.They can be obtained from the creation and annihilation operators, c}' and

¢j, through
=2 Z G, (60)

where U is defined in Eq. (27).
At this point, creation and annihilation operators can be naturally defined on the vectorized
space through

d;

Py) =61 ’ijg) = % (‘fﬂ@— ‘HPngJ')) 1)
1
Pz> = 5a,~,0 ‘fjpg> ) (‘fjpg> + ‘HPng])),

:
d;

where IT = ¢!™ is the fermionic parity. The Liouvillian becomes quadratic when written as a
function of these creation and annihilation operators and its diagonalization proceeds in a very
similar manner to our case (see Appendix B).

Our goal is to find a linear transformation from the elements of d to d; and dJ' In order to do

this, we first note that

oy | 2 (pram e fran)) =S Rar), - (mem) ey =|r.)
- %(‘f]PH >)=_ 4NFQ§?<)~1< Pg>’ (H®HT) Pg>:_Pg>’
_ é(fJPH PHfJ) 4NF Si)NkP% (H®HT) Pg>: Pg)
%2\ 3 (e + ) - o), (monn)|p=— |
2 J a/> a a
(62)
h
e Qu)__i[ U USJ ] and Q(Z)——i[ U —UsJ ] (63)
- =—7% :
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It is now easy to see that, after building the matrices

QW] 1Ju olf1 sJ
Q= @ T /2l 0 U |1 =sT ]

2 (64)
0= QP _1TuUu o[1 —sJ
S 15O RV S I IR U I R A
we can relate d@ with D = {d;,...,day,, df, e, d;NF}T through
Ql(me1)p=a, if(nen’)|p,)=|P,),
N - T (65)
Q' (Me1)D=a, if (MeN")P,)=—|P,).

The two subspaces that appear in the previous equation correspond to the two parity sectors of
Ref. [7]. In fact, if (1@ I17) ’Pg> = ‘Pg> (respectively, (II® I17) Pg> =—
even (respectively, odd) number of Majorana fermions.

We can now apply this transformation to Eq. (15) to reproduce the results in Ref. [7]:

Pa>), P, contains an

: - —iptWp—Lityk), if (men?)|p,)=|p
»C:—L&TLCNI——Tr(K)z 2~,.4 (D_l)N 2.1'( ) ! ( ) E> 2) , (66)
2 —iD'Ly VD —imr(K), if (MeN”)|P,)=—|P,)
where
‘ HO _ i (NO L (NOY) s, (N — (N
1Y =Q,LQ} = V) ) i (WO () ) 67)

—i5, 4 (NO (N} HO 4+ L (N 4+ (NO)T) |

and y € {—1,1} is an eigenvalue of [T ® 17, The matrices HY) (Hermitian and anti-symmetric)
and N (Hermitian) of the previous expression are defined in Sec. 2.

It is now clear that Egs. (66) and (67) in the even-parity sector (y = 1) yield the same result as
Eq. (22) of Ref. [7] ©. We have thus successfully established the equivalence between both paths
to vectorization.

B Spectrum and steady state of fermionic quadratic Liouvillians

In this appendix, we prove the statements made in Sec. 2 about the spectrum and steady-state of
quadratic fermionic Liouvillians. In Appendix B.1 we show how to write the single-body matrix of
the Liouvillian using our vectorization scheme, proving Eq. (15). Then, in Appendix B.2 we show
how to diagonalize this single-body matrix and, thus, prove Eq. (17). Finally, in Appendix B.3, we
connect the steady-state and the single-body spectrum, proving Eq. (26).

®Note that these equations seem to differ by some factors, but they are just a consequence of different definitions of

the Lindblad equation (a factor of 2 in the dissipation part) and the fact that H = 1 >, ; C/H,;C;=3, j (H (U))ij ww;.

27



SciPost Physics Submission

B.1 Single-body Liouvillian

In this section, we start by showing how to arrive at Eq. (15) from the vectorization of the Lindblad
equation, given in Egs (6)—(9). First, the von Neumann generator,

—i [I—AI,p:Iz—éZHiJ (cicip—pcic)), (68)
—
becomes, after vectorization,
——ZH (cic;o1—1@crCl )|
ij P)

ij

ZHU(c‘c ®1+18C/ CT)|p) (69)
ij

i [H o 7.
:_Ea 0 —JHTJ a|p>

Particle-hole symmetry, SH S = —H, was implicitly used in the first equality.
One can proceed in a similar way to determine the vectorized version of the jump term in the
Lindblad equation:

1, 0 —gNsSJ .
T— l T S
uij

Finally, the dissipative contribution,

1 PO
—gZE{ AT —gz Ll (Clcp +pClC)) 71)
[0 uij
becomes
1. .| glp 0

where we used Tr(H) = Tr(SHS) =—Tr(H) =0

Note that similarly to the case of H, we can always chose the adjoint fermionic creation and
annihilation operators to satisfy particle-hole symmetry, which, in the vectorized space, reads as
SATS = —A, where § is defined in Eq. (10).

Summing Egs. (69), (70), and (72), we can finally write the Liouvillian single-particle matrix:

i [ H—igT —igN.SJ '
£=_i~~[ 185 8N ]d—%Tr(K), (73)

2% | —igISN —J(H+igly)"J
concluding the proof of Eq. (15).

B.2 Single-body spectrum

To diagonalize the Liouvillian, we must look at transformations of the form @ — b = UaU?,

that the canonical anticommutation relations are preserved. Let us consider the matrix exp{—— Zl 1@; A
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with A = —8ATS (note that A can always be chosen to satisfy particle-hole symmetry). It follows

that )
2[2 @l Ayd, k] Z&Mik’ (74)
ij i

which implies that
02 24 A o= 6 Ay — gTeld, (75)

Defining b=R1'dand b'T = d"R, where R = e!?, we find:

L= —%B’T (RLR)D— %Tr (K). (76)
We have reduced the diagonalization of the Liouvillian to the determination of the matrix ei4
that diagonalizes L. Note that in general b’" # b', all we know is that {b;, b;} = 0;j. Also, the

particle-hole symmetry of A leads to the following restriction for the choice of e™'4:

SRT§ =84S =2 =R, 77)
Any R that diagonalizes L can be made to satisfy Eq. (77) by reordering columns, if necessary. To

see this, suppose first that v; is a left eigenvector of L, i.e., LT v; = 7, ;. Then,

LSv; =-8LTv, =—1,8v,. (78)

If {7}, is a set of 2N; eigenvalues of L with, for example, non-positive imaginary part and {v(Li)}l-
and { vg)}i are the corresponding left and right eigenvectors, respectively, then one can easily check

that the matrix

R ="R1Pas, (79)
with
Ry= v v,80, 5] (80)
and
100 0
0010
=101 0 0 (81)
000 1

does indeed satisfy Eq. (77).
At this point, all that is left to complete the diagonalization of the Liouvillian is to determine
the matrix R explicitly. To this end, we first note that L can be made block upper triangular after

1 -1
application of the transformation U = % [ ]:

2|JS JS
_ K 2igT
1 _ B
U LU_[0 P ] (82)

Note that the previous equation implies the eigenvalues of L and K coincide. It is straightforward
to see that the matrix L can be finally diagonalized by application of another change of basis,

implemented by
T
vo[R X , (83)
0 R
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where X is the solution of

XK' —KX = 2igTy. (84)
Indeed,
RKR 0 D. O
uv)lL(uv) = K 85
o= =T 5 e

Recalling that K = H —igI', with I' a positive semidefinite matrix, all the eigenvalues of K are
non-positive, which implies that

) evp)1_ 1 | R
[V, v = ﬁ[JSR], (86)

To calculate the corresponding left eigenvectors we note that, after choosing the correct normaliza-
tion, X; Xp = 1, where X; (Xy) is a matrix whose rows (columns) are the left (right) eigenvectors
of L. Thus, inverting UV and keeping the first 2N rows gives us the desired result:

1+xT)RT
i ] = [Jg(ﬂ X)T)RT 1} ©7”

and, therefore,

1[ R s(+xT)RT’
Rl = —= ( 7) -1 (88)
v2|JSR —J(1—XT)R
Finally, the Liouvillian assumes the form
L:—é(B’TDLB)—éTr(K), (89)
where D; = R™!L'R obeying the particle-hole symmetry:
$0,8§=3R"LT (R") §=—R LR =-D;. (90)

Therefore, we can write Diagonal (D;) = {1, =M, &) -2} where M and P are both
vectors of N distinct eigenvalues of K. Actually, Eq. (89) can be further simplified by noting that
it follows from Eq. (77) that

$b=5rR'a=(a'"R) =¥, 1)

which means that b = {b™), bV, b@, '@} and b’ = {p'Y, bM, b, b3}, where b and b
are both vectors of Ny annihilation operators and b’ and b’® of the corresponding creation
operators. Equation (89) can be finally reduced to

_ i ZZ B (b p4) — 0y éT’f )

1) 1
2 N
:__ZZ R (22/5”0 Tr(K)) (92)
=1j=1 k=1 j=1
; 2NF

:__Zﬁ] Y
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where b = {1, b} and p = {1, B@}. The levels —if3;/2 are the single-particle eigenvalues
of the Liouvillian. The many-body eigenvalues are immediately obtained as

i
Ap :_Eznjﬁj’ (93)
where n = {ny,...,nyy, } and n; =0, 1.

B.3 Steady state

From the discussion above, all elements of 8 have nonpositive imaginary part, which implies that
if Im(3;) # 0 holds for all 3;, then the steady state, which satisfies £(pngss) = 0, is unique and it
is annihilated by all b;. To see this, we note that £7(1) = 0 or, in vectorized notation, (1| £ = 0.
Thus, (1| and |pygsg) form a biorthogonal left-right eigenvector pair. Using the anticommutation
relations of b; and Eq. (92), this implies that

(11B;£10) == (11 £{10) + 3B, {41 5 0), ©94)

or equivalently, ‘
(115238 )10) =0, 95)

for all vectorized operators O. Since the single-body spectrum of the Liouvillian is contained in
the lower-half plane and, by assumption Im(f;) # 0, we have £ — % p; # 0 and, hence, Eq. (95)
implies that, for all i, (1| b; = 0 and, consequently, b; |ongss) = O.

For quadratic systems, the steady state is Gaussian and completely determined by its 2Ny X 2Ny
correlation matrix,

2N
Xij=Tr (PNEssCiCj") = Zsjk (1] d;dx |ongss) » (96)
k=1
where i € {1,...,2Np}. Remarkably, y;; is also easily determined in terms of the single-body
matrices K and I. Indeed, we can write d as a combination of b and b’

2Np 4Ng

Xij = Z Z SikRiaRip (11babg loness) » 97
k=1a,p=1

and use the relations
(1] b;bj lpness) = (1 bl{b; lonEss) = (1] bl{bj longss) =0 and (1] bib; loNEss) = O (98)
along with Eq. (88) to simplify Eq. (97):
2N 1
Xij = Z SijE,ll)an) =3 (1+X);5, (99)
k,n=1

RO R@)
REB) RMA
through Eq. (84). The single-particle matrix X thus completely determines the steady state.

with RM, ..., R® particle-hole blocks of the matrix R4, i.e., R; = ], and X defined
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C Resolvent of antisymmetric Hermitian random matrices

In this appendix, we show that the resolvent (also known as the Green’s function) of anti-symmetric
random Gaussian matrices (class D) coincides with that of GUE and GOE matrices (classes A and
Al respectively), in the large-N; limit. We will use the method of moments, in which we find
the exact leading-order behaviour of the pth moment of a matrix Q and then infer the resolvent
through the relation

G(z):NiFTr<L>:ii ! (TrQP). (100)

2—Q Ng OzP+1

Let us first compute the resolvent of a GUE matrix Q, with probability distribution P(Q) ~
exp{—Np/2TrM?}. All odd moments vanish. All even moments can be related to the second
moment (the propagator),

1
(QupQed) = ]75ad5bc (101)
F

through Wick’s theorem, i.e., by summing over all possible pair contractions of the indices a, b, c,
etc. For instance, the second moment is trivially

(rQ?) = Z {QavQpa) = NF, (102)

a,b

while the first nontrivial moment, the fourth, is given by:

<T1‘Q4>: Z <Qabechdea>

a,b,c,d

Z (<Qabec> (chQda> + (Qadea> (chch) + (Qachd) (chQda)) (103)

a,b,c,d

Il

=z
~—

N

+
"112[\;| =
N

We can associate to each Wick contraction a perfect matching of the p matrices Q in the trace.
Schematically, for p = 4:

= M /] — ]
(TrQ*) = (TrQQQQ) = (TrQQQQ) + (TrQQQQ) + (TrQQQQ).

Then, non-crossing (or planar) perfect matchings (e.g., the ones corresponding to the first two
contractions in the fourth moment) contribute with a factor Ny to the trace, while each crossing
in the perfect matching suppresses the contribution of that contraction by 1 /Nﬁ (e.g., the third
contraction in the fourth moments has a single crossing). The number of non-crossing perfect
matching of p elements is well-known to be the pth Catalan number, Cps and, hence, we conclude
that (TrQ”) = Ny C, in the large-Ny limit. Equation (100) can then be resummed.

Let us now turn to symmetric and antisymmetric random matrices, Q. = (Q £QT)/v2. Q.
is a GOE matrix, while Q_ belongs to class D, as considered in the main text. As before, we can
express each moment of Q. in terms of the propagator of Q using Wick contraction. The second
moment is given by

(TrQ2) = (1rQ*) = (1rQQ") = (TrQ*) & > ;QupQap =Ny £ 1. (104)
ab
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We see that the contribution due to (anti)symmetrization is subleading in 1/Ny. This carries
over to higher moments: any contraction of Q and QT is suppressed by 1/Nz. We note that,
incidently, the corrections due to (anti)symmetrization are less suppressed than those arising due
to nonplanarity. We can proceed similarly for the fourth moment, which is given by:

(TrQi)= % (TrQ*+4TrQ’Q" +2TrQ*(Q")* +reQ"QQ"). (105)
The only nonsupressed contractions (either by symmetrization or nonplanarity) are
> ((110QQQ) + (110Qa"Q") ) = (1rQ). (106)
For the sixth moment, we find
% ((TrczmQQ?itszz> + 3<TerQQmQQT72T>) =(TrQ®), (107)

and similarly for higher moments. We conclude that (Tr Qi) = (TrQP) and, hence, their resolvents
coincide.

D Spectral gap from the asymptotic analysis of Eq. (36)

In this appendix, we extract the leading-order behavior of the gap from an asymptotic analysis of
Eq. (36), which we reproduce here for convenience,

2 1)?
yio_ _( g/ +ﬂ__) ,
4gx 1—4gx 4x 4g

in the limits g — oo and g — 0. This procedure can be employed as an alternative to the
perturbation theory of Sec. 3.2 and yields not only the leading scaling with g but also the exact
prefactor.

Let us fix the notation first. We say that A(g) =< B(g) if the leading order terms of A and B are
equal (more rigorously, lim,_, ., A(g)/B(g) = 1). We are therefore interested in computing C and
a in x,(g) < —Cg*, where x, is (minus) the gap and C > 0. We can now proceed as described
before, setting y = 0 and replacing x by —Cg® in order to estimate the asymptotic behavior in
Eq. (36). After some manipulations becomes:

m 1 m 1
+ o —(OL+1)/2+ 4 C (a+1)/2)x(__ ) _C a__ " —a_ — —1. 108
(\/ 4Cg vamtg 5 m)g—=_Lg 4Cg 48 (108)
If none of the exponents of g in the previous equation match, then every term must vanish identi-
cally and the equation becomes trivial. There are five different values of a for which some of the
exponents match: a=1,a=0,a=—1/3, a =—1, and a = —3.

* At a = —3 the leading order term in the right hand side is —m/(4C)g® and it is unmatched
in the left hand side, which implies that m = 0. Since the gap at m = 0 trivially vanishes,
we must rule out o = —3.

* Similarly, for @ = 0, we obtain that m = 1/2 and then C = 0, which also means that a = 0
is not allowed.
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e For a =—1, Eq. (108) becomes

1
I e o= ™4

L e 10
2 4c 1/2—m (109)

Note that this equation is only valid for m < 1/2 as C must be positive.

* If we instead assume a = —1/3, thenm = 1/2 and £v/4mC = —m/(4C) < c3/2 — +./m/8.
Since C is positive, C = m'/3/4 =271/3 /4,

e Last but not least, fora =1, £/4mC=1/2—m—-C < C = (1 + \/Zm)2 /2. This solution
exists for all values of m.

By inspection of the graphics present in Fig. 2 of the main text, we can assign one of the
asymptotic behaviours above to each of the intersection points of the boundary with y = 0.

* For m < 1/2, the system is in phase II and thus there are two disconnected regions in the
spectrum and four intersection points. The ones that delimit the region of eigenvalues with
smaller real part correspond to the two solutions for the case @ = 1. The other two must
correspond to the other solution available, at « = —1, which means that they have the same
scaling behaviour with g. Since the gap is given by (minus) the intersection point with

largest real part, we conclude that for m < 1/2, Gap ~ 1;"2/_4,“ g !

* For m > 1/2 there is just a single connected region (phase I) and thus there are just two
intersection points. At m = 1/2, Gap ~ 27 /3g71/3/4,

e Form > 1/2, Gap ~ (1 - v2m)2 g/2, in agreement with the Marchecko-Pastur formula,
Eq. (40).

The behaviour of x,(g) in the limit g — O can also be extracted from Eq. (108) (note that
now A(g) =< B(g) means that lim,_,,A(g)/B(g) = 1). The non-positive solutions of a cannot
represent the asymptotic behaviour of the gap, since it is clear from the expression for K(g) that
the gap converges to 0 in the limit g — 0. Therefore, we are left with @ = 1, for which the
condition +4/m/(4C) = —1/4 — m/(4C) must be verified. Since C > 0, this equation becomes
vm/(4C)=1/2 & C = m and thus Gap ~ mg, in agreement with perturbation theory.

E Perturbative steady state spectrum

In this appendix, we compute perturbatively the steady-state correlation matrix and its spectrum,
in the limits of very weak and very strong dissipation. From Egs. (84) and (99) in Appendix B.3,
we can write the following equation for the correlation matrix of the steady state:

¥K'—Ky =igN. (110)

We are interested in determining the solution to Eq. (110) in the limits g — 0 and g — ©0.
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E.1 Weak dissipation

In the weak dissipation limit, we expand y in powers of g, y = x(o) + x(l)g + x(z)gz +...,and
plug it in Eq. (110). Comparing terms order by order, we obtain that:

[x®,H]=0,

(111)
—i[ P H]+Ty O+ yOr=Nn.

Let {v;}; be an orthonormal eigenbasis of H (the element v; is to be understood as a column

vector). Since y¥(® commutes with H, {v;}; can always be chosen to also form an eigenbasis of
2. Thus, denoting the eigenvalues of H and ¥ as ¢; and A;, respectively, the second equality
in Eq. (111) yields

1va

—i(x.(l.)el x(l) )+21v Ty, =v; Nv — A, = (112)

i,i

2 v. Fvi

where )(i(? is short-hand notation for vl' #Wv,. Note that we used that both H and y© are Her-
mitian and, consequently, their spectrum is real. We thus find that

lim ¢(g) = 7@ = 2 2wy, (113)
i

with A; given by Eq. (112). Note that, in general, we could have to be more careful here. If
some of the v;rl"vi were zero, this result would not be valid and we would have to look at terms of
higher order in g in the power expansion of Eq. (110). This could only happen if v; belongs to the
nullspace of T, since T is a positive semidefinite matrix. However, since in the present paper we
work with random and independent H and T, the probability of vjl“vi = 0 is zero as the nullspace
of T is a set of measure zero.

E.2 Strong dissipation

In the strong dissipation limit, y is expanded in powers of 1/g, y = y©@ + y(M/g+ @ /g% + ...
and the comparison of terms of the same order in Eq. (110) yields
Ty @+ 4Or=n,
Fx(1)+)((1)F:i|:x(0),H], (119
F}((Z) + X(z)F =1 [x(l),H] .

Let {y;}; and {w,}; be the set of eigenvalues and orthonormal eigenvectors of I', respectively. Then,
it is easy to see that from the first equality in Eq. (114), we can obtain

wiNw;
(re+ ) 1) =wiNw; e 1 = —E2, iy £, (115)
J

Yit
where )(i((]).) = WZ.L 17 Ow ;- Since I'is positive semidefinite, y; > 0. If all y; are positive, then Eq. (115)
completely determines y(*) = lim,_, o x(8)-

However, if y;+7v; = 0, Eq. (115) trivially holds for all x pj % and we have to look at higher order
terms to compute it. Note that the nullspace of the matrix I' is contained in the nullspace of N. In
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fact, since N and Ny = SNTS are positive semidefinite matrices, W}LN w; > 0 and WjNSWi >0.If

w; belongs to the nullspace of T, then w{T'w; = 0=> w/Nw; = 0= Nw; =0.
Suppose, for example, that, in Eq. (115), y; = 0. Then, because of the property we have just
) _

showed, Xij = 0. This means that, introducing the projector onto the nullspace of T', Py, and
onto its orthogonal complement, we have Py, x( ) = Pyx©P; = 0 and XI\_IN =Py xOpy = 0.
This is equivalent to the statement that ;((0) is block diagonal,
(0)
0
1= |:xNN (0):| (116)
0wy

(©

where )((0) =Py x@Py and Xz(v =Py xOp,. ANN ) can be determined directly from Eq. (115),

(W):N Y (W)
(x(o) )l] _ N NN N J, (117)

Yity;

(0)

with (wy); an eigenvector of I' that does not belong to its nullspace, whereas, to compute y,y

we must resort to the other equalities in Eq. (114). From the second one, we can write

0
XN)HNN_HNNX( ) =0,

0 1
XN)HNN_HNNX( = NX]E”\), 0, (118)
0 0 1 1
XI(\-”%HNN NNXIEH\)] ‘HFNN)((-2 'HX( )FNN 0,

where we used that Iijy = Iyy = Xz(vozx)r = 0. The first equality states that )(JE,% and Hyy share the

same eigenbasis but it does not allow us to compute its eigenvalues. To determine them, we start
by observing that, from the third equality in Eq. (114),

1 1 1
XN)HNN_HNNX](\[]\)] ZHNNX,(V;,—X]EH\), NN- (119)

Up to this point, we were completely free to choose a basis {(wy);}; for the nullspace of T as
long as we kept it orthonormal. However, we will fix it now in such a way that Hyy becomes a
diagonal matrix: Hyy = > €; (Wy); (wN)l.T (note that it is always possible since Hy;y is Hermitian).
Plugging this in Eq. (119), we arrive at:

(28), (e =€) = (Hnn s — 2iaHin ) .- (120)

Setting j = k, we can eliminate the new variable XI(V113; and write a closed equation for the variables
already present in Eq. (118):

1 1

We can now solve the second equality in Eq. (118) for Xz(vll\zr (and its Hermitian conjugate), insert it
in the last equality and use the fact that, since XI(VOA),H NN = Hyn ;(]Eg\),, {(wy);}; is also an eigenbasis

Of X](\[O]\)la 1.€. XI(VOZ\)T (WN)i = A’i (WN)i:

(_IHNNF HNNX( )+ iHyg T NXN)HNN _lXN)HNNF 1HNN + lHNNX,(VN HNN)J.j =0,
(122)
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which implies:

ZZ(HNN) e (Hyw) g i :Z(Y;1 +Y51)( )1/5 (XIE,(;\),) a(HNN)aj' (123)

ap

In the preceding equations, the Greek indices label the eigenvectors that do not belong to the
nullspace of I' and (H NN)]. b= (WN)}. H (WN) b We can now use Eq. (117) to simplify the above
result,

(Nyx)
22 HNN i Y/g HNN) jAj :Zﬁ:(HNN)jﬁ T?(HNN)W’ (124)
a

and, solving for A;:

1 (WN)]T' HNNF-_l NNNF HNN (WN)
A== ) (125)
2 (WN)]' HNNF HNN (WN)
In conclusion, we found that
lim y(g) Z(W ) ( )a NN( N)/j (W-)T+Zk-(w ), (wy)! (126)
g_)oo)(g— N Yat1p N)g i i\WNJ)i \WN); .

Considering the case m < 1/2, we now show that Eq. (117) can be considerably simplified.
Noting that N =T + I, it is easy to see that
T
1 (wx); T (wx);
(x9) = Lo, 4 B0 az27)
1 2 Yi + ')/J

If we now decompose [, ; = ZS ;t illﬂ ; into its real and imaginary parts, I' and I can be
rewritten as

M 2M
k= Z(lﬁﬂﬁk—i_l;}lik) Zyl%iyl%k
u

m
M oM (128)
(FB)J',k :iZ(lﬁlek_lic]lﬁk) Zy,u,jju,v.)’v,k:
u uy
; R
where J = [_?ﬂ lg] and y = [él]

Since we assume that 2M < 2N, and due to Eq. (127), only the subspace spanned by the
eigenvectors of T' associated to non-zero eigenvalues is relevant. We therefore restrict all the
following analysis to this subspace. We start by changing coordinates to the basis defined by y,,
writing the eigenvectors of I as (WN)l. =>, (VT/N)l. o Ya:

The action of I on a vector x; = YaXaa, j that belongs to this subspace can thus be written

2M 2M
Z L jx; = Zyu,j Zzyu,kya,kfa = Z}’u,j Z T aXa (129)
J u a  k u a

as
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implying that fu’a =D YukYak is the matrix representation of T in the new basis 7. Similarly, it
is easy to see that Iz in the new basis reads Iy = JT.

Since the matrix that implements this change of basis is not orthonormal, the metric after
the transformation is no longer the identity. In fact, it becomes T", which means that it must be
included in all inner products computed in this basis. This allows us to rewrite Eq. (127) as

~ Te ~r. N T .
©y _ 1. (wy); TIT (g ), 1. .(WN)I- J (Wx);
(XNN)U_ 5 0ut —— = 251,J+m]—yi+yj : (130)
Note that, since the eigenvectors (WN)l. are normalized, we have
e T = - T /. 1
(wy); T(wy), =1 (Wg), (Wx), = ik 131)

which means that the norm of (WN) under the usual inner product is 1/,/y;. For convenience,

we perform the transformation (WN)l. — ( ) //Yi, leading to our final expression for ( Xz(\?;r) E
ij

(132)

F GOE statistics for the steady state in the limit g - co,m — 0

In this subsection, we are interested in studying the limit m — 0 of Eq. (132) for the case of a
random Liouvillian (sampled as described in Sec. 2). We show that the steady state supports GOE
statistics in this limit.

Assuming M and Ny are sufficiently large, but such that M < 2N, we can write

=1+ N r(l) (133)
F

where, from the central limit theorem, the spectrum of ), yl(.l) (withy; =1+ \/ﬁyl(.l)), is conver-
gent in the limit M — oo and Ny — oo and of order one. Plugging this in Eq. (132) and Taylor
expanding it up to second order in /m = /M /(2Ny), we obtain:

(;(gg)l]_—a + ”Tjw ——(ygl) }/51)) Wl Tw;+0(m?) =w" y M w+0 (m*?), (134)

where we defined

w_1,,1 (1) D)2 _ o (F) 7 (FO

=214 57 = () 7+ 7 ((O) —2(10) 7 (ID)). (135)
We conclude that the diagonalization of ;( prov1des the eigenvalues of x(o) up to first order in
m.

"Note that in the case where the entries Y,k are independent real random variables, this transformation establishes
an equivalence between the non-zero eigenvalues of a Wishart matrix with dimension 2N > 2M and 2M degrees of
freedom with the spectrum of another Wishart matrix with dimension 2M and 2N, degrees of freedom.
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We now resort to first-order perturbation theory to simplify the previous equation while keep-
ing it exact to first order in m. The eigenvalues of 7 are either —1 or 1, which means that the

spectrum of )(I(VV;? splits into two regions, one close to 0 and the other to 1. 7 is diagonalized by

the matrix
U=L|:ﬂ. .ﬂ]. (136)

Defining

o0 - gpongr - [( )y (1
v () ().,
1B+ () - 1)) B -1+ () + 1))

- - - - - . - - 137)
1) 1 _ () 1) (1) M _ (&) MY | (
2|1 -1 _l(FZI +F12) I+ 15 _l(r21 _Flz)

the first order correction to the positive eigenvalues of J is given by the spectrum of

—5 (), (1), == (B =1 i (150 + £ (B - 15 i (B3 + 1))

= —1—";vv‘", (138)

where V = 1:1(}) —1:2(;) +i (1:2(}) + 1:1(;)) is a generic complex symmetric matrix. In the limit of m — 0
the spacings of the eigenvalues of )(]E,”]’\; are thus determined by the spacing of the eigenvalues of
VVT. Since the eigenvalues of VV coincide with the positive eigenvalues of the chiral matrix

T
[8 A } (139)

VVT belongs to class CI [55, 61], which has the same level statistics as the GOE. This finally
explains the observation that the level correlations of Eq. (132) approach those of the GOE in the
limit m — 0.

References

[1] A.A.Belavin, B. Y. Zeldovich, A. M. Perelomov and V. S. Popov, Relaxation of quantum systems
with equidistant spectra, Sov. Phys. JETP 29(1), 145 (1969).

[2] V. Gorini, A. Kossakowski and E. C. G. Sudarshan, Completely positive dynamical semigroups
of N-level systems, J. Math. Phys. 17(5), 821 (1976), doi:10.1063/1.522979.

[3] G. Lindblad, On the generators of quantum dynamical semigroups, Commun. Math. Phys.
48(2), 119 (1976), doi:10.1007/BF01608499.

[4] P Ribeiro and V. R. Vieira, Non-Markovian effects in electronic and spin transport, Phys. Rev.
B 92, 100302 (2015), do0i:10.1103/PhysRevB.92.100302.

39


https://doi.org/10.1063/1.522979
https://doi.org/10.1007/BF01608499
https://doi.org/10.1103/PhysRevB.92.100302

SciPost Physics Submission

[5] P Ribeiro, Steady-state properties of a nonequilibrium Fermi gas, Phys. Rev. B 96, 054302
(2017), doi:10.1103/PhysRevB.96.054302.

[6] C. Gardiner and P Zoller, Quantum noise: a handbook of Markovian and non-Markovian
quantum stochastic methods with applications to quantum optics, vol. 56, Springer, Berlin
(2004).

[7] T. Prosen, Third quantization: a general method to solve master equations for quadratic open
Fermi systems, New J. Phys. 10(4), 043026 (2008), d0i:10.1088/1367-2630/10/4/043026.

[8] T. Prosen and I. Pizorn, Quantum Phase Transition in a Far-from-Equilibrium Steady State of an
XY Spin Chain, Phys. Rev. Lett. 101, 105701 (2008), doi:10.1103/PhysRevLett.101.105701.

[9] T. Prosen, Spectral theorem for the Lindblad equation for quadratic open fermionic sys-
tems, J. Stat. Mech.: Theory Exp. 2010(07), P07020 (2010), doi:10.1088/1742-
5468,/2010/07/P07020.

[10] T. Prosen and T. H. Seligman, Quantization over boson operator spaces, J. Phys. A: Math.
Theor. 43(39), 392004 (2010), doi:10.1088/1751-8113/43/39/392004.

[11] A. A. Dzhioev and D. S. Kosov, Super-fermion representation of quantum kinetic equa-
tions for the electron transport problem, J. Chem. Phys. 134(4), 044121 (2011),
doi:10.1063/1.3548065.

[12] C. Guo and D. Poletti, Solutions for bosonic and fermionic dissipative quadratic open systems,
Phys. Rev. A 95, 052107 (2017), doi:10.1103/PhysRevA.95.052107.

[13] S. Lieu, M. McGinley and N. R. Cooper, Tenfold way for quadratic Lindbladians, Phys. Rev.
Lett. 124, 040401 (2020), doi:10.1103/PhysRevLett.124.040401.

[14] T Barthel and Y. Zhang, Solving quasi-free and quadratic lindblad master equations for open
fermionic and bosonic systems, arXiv:2112.08344 (2021), doi:10.48550/arXiv.2112.08344.

[15] M. Kawasaki, K. Mochizuki and H. Obuse, Topological phases protected by shifted sub-
lattice symmetry in dissipative quantum systems, Phys. Rev. B 106, 035408 (2022),
doi:10.1103/PhysRevB.106.035408.

[16] E. T. Jaynes, Information Theory and Statistical Mechanics, Phys. Rev. 106, 620 (1957),
doi:10.1103/PhysRev.106.620.

[17] E. T. Jaynes, Information Theory and Statistical Mechanics. II, Phys. Rev. 108, 171 (1957),
doi:10.1103/PhysRev.108.171.

[18] E. Wigner, On the statistical distribution of the widths and spacings of nuclear resonance levels,
Math. Proc. Cam. Phil. Soc. 49, 790 (1951), d0i:10.1017/S0305004100027237.

[19] O. Bohigas, M. J. Giannoni and C. Schmit,  Characterization of Chaotic Quantum
Spectra and Universality of Level Fluctuation Laws, Phys. Rev. Lett. 52, 1 (1984),
doi:10.1103/PhysRevLett.52.1.

[20] J. B. French and S. S. M. Wong, Validity of random matrix theories for many-particle systems,
Phys. Lett. B 33(7), 449 (1970), doi:10.1016/0370-2693(70)90213-3.

40


https://doi.org/10.1103/PhysRevB.96.054302
https://doi.org/10.1088/1367-2630/10/4/043026
https://doi.org/10.1103/PhysRevLett.101.105701
https://doi.org/10.1088/1742-5468/2010/07/P07020
https://doi.org/10.1088/1742-5468/2010/07/P07020
https://doi.org/10.1088/1751-8113/43/39/392004
https://doi.org/10.1063/1.3548065
https://doi.org/10.1103/PhysRevA.95.052107
https://doi.org/10.1103/PhysRevLett.124.040401
https://doi.org/10.48550/arXiv.2112.08344
https://doi.org/10.1103/PhysRevB.106.035408
https://doi.org/10.1103/PhysRev.106.620
https://doi.org/10.1103/PhysRev.108.171
https://doi.org/10.1017/S0305004100027237
https://doi.org/10.1103/PhysRevLett.52.1
https://doi.org/10.1016/0370-2693(70)90213-3

SciPost Physics Submission

[21] J. B. French and S. S. M. Wong, Some random-matrix level and spacing distributions for fixed-
particle-rank interactions, Phys. Lett. B35(1), 5 (1971), doi:10.1016/0370-2693(71)90424-
2.

[22] O. Bohigas and J. Flores, Two-body random Hamiltonian and level density, Phys. Lett. B
34(4), 261 (1971), doi:10.1016/0370-2693(71)90598-3.

[23] O. Bohigas and J. Flores, Spacing and individual eigenvalue distributions of two-body random
Hamiltonians, Phys. Lett. B 35(5), 383 (1971), d0i:10.1016/0370-2693(71)90399-6.

[24] K. K. Mon and J. B. French, Statistical properties of many-particle spectra, Ann. Phys. 95(1),
90 (1975), do0i:10.1016/0003-4916(75)90045-7.

[25] T. A. Brody, J. Flores, J. B. French, P A. Mello, A. Pandey and S. S. M. Wong, Random-
matrix physics: spectrum and strength fluctuations, Rev. Mod. Phys. 53, 385 (1981),
doi:10.1103/RevModPhys.53.385.

[26] S.Sachdevand J. Ye, Gapless spin-fluid ground state in a random quantum Heisenberg magnet,
Phys. Rev. Lett. 70, 3339 (1993), doi:10.1103/PhysRevLett.70.3339.

[27] A. Kitaev, Hidden correlations in the Hawking radiation and thermal noise, https://
online.kitp.ucsb.edu/online/joint98 /kitaev/, KITB University of California, Santa Barbara,
12 February 2015 (2015).

[28] A. Kitaev, A simple model of quantum holography (part 1), https://online. kitp.ucsb.edu/
online/entangled15/kitaev/, in KITP Program: Entanglement in Strongly-Correlated Quan-
tum Matter, KITB University of California, Santa Barbara, 7 April 2015 (2015).

[29] A. Kitaev, A simple model of quantum holography (part 2), https://online.kitp.ucsb.
edu/online/entangled15/kitaev2/, in KITP Program: Entanglement in Strongly-Correlated
Quantum Matter, KITE University of California, Santa Barbara, 27 May 2015 (2015).

[30] S. Sachdev, Bekenstein-Hawking entropy and strange metals, Phys. Rev. X 5, 041025 (2015),
doi:10.1103/PhysRevX.5.041025.

[31] J.S. Cotler, G. Gur-Ari, M. Hanada, J. Polchinski, P Saad, S. H. Shenker, D. Stanford, A. Stre-
icher and M. Tezuka, Black holes and random matrices, J. High Energy Phys. 2017(5), 118
(2017), doi:10.1007/JHEP05(2017)118.

[32] J. M. Magan, Random Free Fermions: An Analytical Example of Eigenstate Thermalization,
Phys. Rev. Lett. 116, 030401 (2016), doi:10.1103/PhysRevLett.116.030401.

[33] P Lydzba, M. Rigol and L. Vidmar, Eigenstate Entanglement Entropy in Random Quadratic
Hamiltonians, Phys. Rev. Lett. 125, 180604 (2020), doi:10.1103/PhysRevLett.125.180604.

[34] Y.Liao, A. Vikram and V. Galitski, Many-Body Level Statistics of Single-Particle Quantum Chaos,
Phys. Rev. Lett. 125, 250601 (2020), doi:10.1103/PhysRevLett.125.250601.

[35] M. Winer, S.-K. Jian and B. Swingle, Exponential Ramp in the Quadratic Sachdev-Ye-Kitaev
Model, Phys. Rev. Lett. 125, 250602 (2020), doi:10.1103/PhysRevLett.125.250602.

41


https://doi.org/10.1016/0370-2693(71)90424-2
https://doi.org/10.1016/0370-2693(71)90424-2
https://doi.org/10.1016/0370-2693(71)90598-3
https://doi.org/10.1016/0370-2693(71)90399-6
https://doi.org/10.1016/0003-4916(75)90045-7
https://doi.org/10.1103/RevModPhys.53.385
https://doi.org/10.1103/PhysRevLett.70.3339
https://online.kitp.ucsb.edu/online/joint98/kitaev/
https://online.kitp.ucsb.edu/online/joint98/kitaev/
https://online.kitp.ucsb.edu/online/entangled15/kitaev/
https://online.kitp.ucsb.edu/online/entangled15/kitaev/
https://online.kitp.ucsb.edu/online/entangled15/kitaev2/
https://online.kitp.ucsb.edu/online/entangled15/kitaev2/
https://doi.org/10.1103/PhysRevX.5.041025
https://doi.org/10.1007/JHEP05(2017)118
https://doi.org/10.1103/PhysRevLett.116.030401
https://doi.org/10.1103/PhysRevLett.125.180604
https://doi.org/10.1103/PhysRevLett.125.250601
https://doi.org/10.1103/PhysRevLett.125.250602

SciPost Physics Submission

[36] S. Denisov, T. Laptyeva, W. Tarnowski, D. Chrusdcinski and K. Zyczkowski, Univer-
sal Spectra of Random Lindblad Operators,  Phys. Rev. Lett. 123, 140403 (2019),
doi:10.1103/PhysRevLett.123.140403.

[37] T. Can, Random Lindblad dynamics, J. Phys. A: Math. Theor. 52(48), 485302 (2019),
doi:10.1088/1751-8121/ab4d26.

[38] T. Can, V. Oganesyan, D. Orgad and S. Gopalakrishnan, Spectral Gaps and Midgap
States in Random Quantum Master Equations, Phys. Rev. Lett. 123, 234103 (2019),
doi:10.1103/PhysRevLett.123.234103.

[39] L. S4, P Ribeiro and T. Prosen, Spectral and steady-state properties of random Liouvillians, J.
Phys. A: Math. Theor. 53(30), 305303 (2020), do0i:10.1088/1751-8121/ab9337.

[40] L. S4, P Ribeiro, T. Can and T. Prosen, Spectral transitions and universal steady
states in random Kraus maps and circuits, Phys. Rev. B 102, 134310 (2020),
doi:10.1103/PhysRevB.102.134310.

[41] S.Lange and C. Timm, Random-matrix theory for the Lindblad master equation, Chaos 31(2),
023101 (2021), doi:10.1063/5.0033486.

[42] W. Tarnowski, I. Yusipov, T. Laptyeva, S. Denisov, D. Chrusciniski and K. Zyczkowski, Random
generators of Markovian evolution: A quantum-classical transition by superdecoherence, Phys.
Rev. E 104, 034118 (2021), doi:10.1103/PhysRevE.104.034118.

[43] K. Wang, E Piazza and D. J. Luitz, Hierarchy of Relaxation Timescales in Local Random Liou-
villians, Phys. Rev. Lett. 124, 100604 (2020), doi:10.1103/PhysRevLett.124.100604.

[44] O. E. Sommer, E Piazza and D. J. Luitz, Many-body hierarchy of dissipa-
tive timescales in a quantum computer, Phys. Rev. Research 3, 023190 (2021),
doi:10.1103/PhysRevResearch.3.023190.

[45] J. L. Li, D. C. Rose, J. P Garrahan and D. J. Luitz, Random matrix theory for quan-
tum and classical metastability in local Liouvillians, Phys. Rev. B 105, L180201 (2022),
doi:10.1103/PhysRevB.105.1.180201.

[46] L. S&, P Ribeiro and T. Prosen, Lindbladian dissipation of strongly-correlated quantum matter,
Phys. Rev. Research 4, L022068 (2022), doi:10.1103/PhysRevResearch.4.1.022068.

[47] A. Kulkarni, T. Numasawa and S. Ryu, Lindbladian dynamics of the Sachdev-Ye-Kitaev model,
Phys. Rev. B 106, 075138 (2022), doi:10.1103/PhysRevB.106.075138.

[48] A. M. Garcia-Garcia, L. S4, J. J. M. Verbaarschot and J. P Zheng, Keldysh Wormholes and
Anomalous Relaxation in the Dissipative Sachdev-Ye-Kitaev Model, arXiv:2210.01695 (2022),
doi:10.48550/arXiv.2210.01695.

[49] K. Kawabata, A. Kulkarni, J. Li, T. Numasawa and R. Shinsei, Dynamical quantum phase
transitions in SYK Lindbladians, arXiv:2210.04093 (2022), doi:10.48550/arXiv.2210.04093.

[50] L. S4, P Ribeiro and T. Prosen, Complex Spacing Ratios: A Signature of Dissipative Quantum
Chaos, Phys. Rev. X 10, 021019 (2020), doi:10.1103/PhysRevX.10.021019.

42


https://doi.org/10.1103/PhysRevLett.123.140403
https://doi.org/10.1088/1751-8121/ab4d26
https://doi.org/10.1103/PhysRevLett.123.234103
https://doi.org/10.1088/1751-8121/ab9337
https://doi.org/10.1103/PhysRevB.102.134310
https://doi.org/10.1063/5.0033486
https://doi.org/10.1103/PhysRevE.104.034118
https://doi.org/10.1103/PhysRevLett.124.100604
https://doi.org/10.1103/PhysRevResearch.3.023190
https://doi.org/10.1103/PhysRevB.105.L180201
https://doi.org/10.1103/PhysRevResearch.4.L022068
https://doi.org/10.1103/PhysRevB.106.075138
https://doi.org/10.48550/arXiv.2210.01695
https://doi.org/10.48550/arXiv.2210.04093
https://doi.org/10.1103/PhysRevX.10.021019

SciPost Physics Submission

[51] E Haake, E Izrailev, N. Lehmann, D. Saher and H.-J. Sommers, Statistics of complex levels
of random matrices for decaying systems, Z. Phys. B Condens. Matter 88(3), 359 (1992),
doi:10.1007/BF01470925.

[52] N. Lehmann, D. Saher, V. Sokolov and H.-J. Sommers, Chaotic scattering: the supersymmetry
method for large number of channels, Nucl. Phys. A 582(1-2), 223 (1995), doi:10.1016/0375-
9474(94)00460-5.

[53] R. A.Janik, M. A. Nowak, G. Papp and I. Zahed, Non-hermitian random matrix models, Nucl.
Phys. B 501(3), 603 (1997), do0i:10.1016/S0550-3213(97)00418-5.

[54] R. A. Janik, M. A. Nowak, G. Papp, J. Wambach and I. Zahed, Non-Hermitian ran-
dom matrix models: Free random variable approach, Phys. Rev. E 55, 4100 (1997),
doi:10.1103/PhysRevE.55.4100.

[55] A. Altland and M. R. Zirnbauer, Nonstandard symmetry classes in meso-
scopic normal-superconducting hybrid structures, Phys. Rev. B 55, 1142 (1997),
doi:10.1103/PhysRevB.55.1142.

[56] J. Ginibre, Statistical Ensembles of Complex, Quaternion, and Real Matrices, J. Math. Phys.
6(3), 440 (1965), doi:10.1063/1.1704292.

[57] V. A. Marcenko and L. A. Pastur, Distribution of eigenvalues for some sets of random matrices,
Math. USSR Sb. 1(4), 457 (1967), do0i:10.1070/SM1967v001n04ABEH001994.

[58] V. Oganesyan and D. A. Huse, Localization of interacting fermions at high temperature, Phys.
Rev. B 75, 155111 (2007), doi:10.1103/PhysRevB.75.155111.

[59] Y. Y. Atas, E. Bogomolny, O. Giraud and G. Roux, Distribution of the ratio of consec-
utive level spacings in random matrix ensembles, Phys. Rev. Lett. 110, 084101 (2013),
doi:10.1103/PhysRevLett.110.084101.

[60] L. S4, P Ribeiro and T. Prosen, Integrable nonunitary open quantum circuits, Phys. Rev. B
103, 115132 (2021), doi:10.1103/PhysRevB.103.115132.

[61] FE Haake, Quantum signatures of chaos, vol. 54, Springer, Cham (2013).

43


https://doi.org/10.1007/BF01470925
https://doi.org/10.1016/0375-9474(94)00460-5
https://doi.org/10.1016/0375-9474(94)00460-5
https://doi.org/10.1016/S0550-3213(97)00418-5
https://doi.org/10.1103/PhysRevE.55.4100
https://doi.org/10.1103/PhysRevB.55.1142
https://doi.org/10.1063/1.1704292
https://doi.org/10.1070/SM1967v001n04ABEH001994
https://doi.org/10.1103/PhysRevB.75.155111
https://doi.org/10.1103/PhysRevLett.110.084101
https://doi.org/10.1103/PhysRevB.103.115132

	1 Introduction
	1.1 Main results

	2 Random quadratic Liouvillians
	2.1 Liouvillian dynamics
	2.2 Vectorization and adjoint fermions
	2.3 Single-particle spectrum and diagonalization
	2.4 Steady state
	2.5 Majorana basis
	2.6 Random sampling

	3 Spectral properties
	3.1 Single-body spectrum
	3.1.1 Spectral boundary
	3.1.2 Phase diagram

	3.2 Spectral gap
	3.2.1 Weak dissipation
	3.2.2 Strong dissipation
	3.2.3 Comparison with non-quadratic models


	4 Steady-state properties
	4.1 Spectral distribution
	4.1.1 Weak dissipation
	4.1.2 Strong Dissipation

	4.2 Purity
	4.3 Spectral statistics

	5 Conclusions and outlook
	A Vectorization and third quantization
	B Spectrum and steady state of fermionic quadratic Liouvillians
	B.1 Single-body Liouvillian
	B.2 Single-body spectrum
	B.3 Steady state

	C Resolvent of antisymmetric Hermitian random matrices
	D Spectral gap from the asymptotic analysis of Eq. (36)
	E Perturbative steady state spectrum
	E.1 Weak dissipation
	E.2 Strong dissipation

	F GOE statistics for the steady state in the limit g, m 0
	References

