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Inflated Graph States Refuting Communication-Assisted LHV Models

Uta Isabella Meyer[| Frédéric Grosshans[f| and Damian Markharf]
Sorbonne Université, CNRS, LIP6, F-75005 Paris, France
(Dated: November 25, 2022)

Standard Bell inequalities hold when distant parties are not allowed to communicate. Barrett et al.
found correlations from Pauli measurements on certain network graphs refute a local hidden variable
(LHV) description even allowing some communication along the graph. This has recently found
applications in proving separation between classical and quantum computing, in terms of shallow
circuits, and distributed computing. The correlations presented by Barrett et al. can be understood
as coming from an extension of three party GHZ state correlations which can be embedded on a
graph state. In this work, we propose systematic extensions of any graph state, which we dub inflated
graph states such that they exhibit correlations which refute any communication assisted LHV model.
We further show the smallest possible such example, with a 7-qubit linear graph state, as well as
specially crafted smaller examples with 5 and 4 qubits. The latter is the smallest possible violation

using binary inputs and outputs.

I. INTRODUCTION

A simple undirected graph is a set of vertices and edges
connecting the vertices. Graph states are defined in one
to one correspondence with a simple undirected graph,
where the vertices represent qubits, and each edge cor-
responds to a preparation entanglement operation. In
quantum information, graph states form an important
class of multipartite entangled states [I] including Bell
states, GHZ states [2], stabiliser code states and cluster
states. Their application ranges from universal resources
for quantum computation [3], to error correction and fault
tolerance [ 5], quantum metrology [6] and to quantum
network protocols such as secret sharing [7] and anony-
mous communication [§].

Non-locality is an increasingly recognised resource for
quantum information [9]. The standard setting for non-
locality is of separated laboratories which are prohibited
from communicating, where we look at the correlations
that come out of local measurements. If they cannot be
reproduced by a local hidden variable models, or equiva-
lently with shared classical randomness, we say they are
non-local, and they give rise to quantum advantages in
non-local games and communication complexity and are
behind device independent security [9]. Any non-trivially
connected graph state can demonstrate non-locality [10].
In particular no local hidden variable (LHV) model can
describe all Pauli measurements on graph states with
more than two connected vertices [11].

Barrett et al. [I2] showed that certain graph states still
display non-locality even when the LHV model is assisted
by classical communication along the graph’s edges. Their
construction essentially takes the three party GHSZ para-
dox [I3], which corresponds locally to a triangle graph
state where different Pauli measurements are performed
on each corner, and extends it by adding vertices along
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the edges and performing fixed measurements on these
additional vertices. The resulting correlations not only
violate an LHV description, but also an LHV description
extended to allow communication along the edges of the
graph up to a fixed distance.

As well as its fundamental interest, this extension of
the standard setting for non-locality has given rise to
several new applications. It is behind the only assump-
tion free proof of the separation between quantum and
classical computational power in the context of shallow
circuits [I4]. It has further been used to show quantum
advantage in distributed computing [I5] and to certify ran-
domness replacing the assumptions of no-communication
by assumptions on circuit depth of an adversary [16].

In this work we extend the class of graph states that
exhibit non-locality when allowing distance-bounded clas-
sical communication. We follow the model for networks
and allowed communication as presented by Barrett et al.
[12]. For bounding classical communication we assume
that the vertices can exchange classical information if they
are connected by a bounded (yet not vanishing) number
of edges. Note that this is a reasonable assumption as,
given a graph state, vertices sharing an edge must have
interacted in the past (at least indirectly). In particular
we consider classical communication restricted to a fixed
bounded distance d over the graph edges. We denote
an LHV model assisted by such classical communication
as d-LHV*. We construct graph states and formulate
GHSZ-like paradoxes [13] that impose an all-or-nothing
constraint on any d-LHV* model. Using the formulation
by Mermin [I7], this leads to a Bell inequality that a given
graph state violates. We also explore examples for small
graph states. We show that the smallest graph state that
refutes a d-LHV* model with a GHSZ-like paradox using
Pauli measurements is a 5-qubit cycle. We also provide
a Bell inequality for the smallest possible graph state of
four qubits that violates any d-LHV™ model with binary
inputs and outputs. It uses Clifford operations instead of
Pauli operators.

The article is structured as follows. We begin in sec-
tion [[ with an introduction of graph states and some
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definitions for our construction. In section [[T]] we present
general conditions for sets of measurements on graph
states whose correlations cannot be mimicked by any
LHV-model, and then any d-LHV*-model. In section [[V]
we present the inflated graph states, and some defini-
tions and sets of measurements used for our construction.
Our main result appears in section [V] We define sets of
measurements for any inflated graph state, and prove
that they satisfy the conditions set out in section [[I]
hence proving that they cannot be mimicked by any d-
LHV*-model. In section [VI] we present the simple Bell
inequalities, and in section [VII] we explore small graph
state examples. We close with discussions in section [VIII}

II. GRAPH STATES

We denote a graph G = (V, E) with a set of vertices V
and edges E C (V x V). When each vertex represents a
qubit, the associated graph state |G) is a quantum state
on n = |V| qubits that uniquely corresponds to the graph
G. The graph state is defined as the unique eigenvector
with eigenvalue 1 to the generator elements

g = Xy ® Zy , (1)

(u,v)EE

for all v € V and with the Pauli operators o, =
{14, Xy,Yy, Z,}. The generator elements commute pair-
wise and generate the stabiliser group & = ({g, ,v € V'}).
As such any product is a stabiliser element with a decom-
position

S = H Gu - (2)

ueUCV

Applying Eq. (1) we can write any stabiliser element as a
product of Pauli operators and a sign factor

S:X ®0v~ (3)

veV

We will now specify a map between both representations,
Eq. and Eq. , that is local to the vertices and its
nearest neighbours. Starting from any stabiliser element
S as a product of generator elements with an index set
U C V, we determine

0, u¢U,
Oy = 4
{1,UEU, )

and t, = Z(u V)eE 0, mod 4 for every vertex u € V.

The acquired three bits of information suffice to uniquely
assign a Pauli operator with a sign factor to every vertex
by using

S ®)

Then, the sign factor in Eq. is x = [lev Xo-
Conversely, applying Eq. can be used to determine

whether any Pauli product is a stabiliser element and
provide the decomposition into generator elements.

When using graph states, we are very often interested in
performing Pauli measurements, whose operators are ten-
sor products of Pauli operators. On a given graph state
Pauli measurements have deterministic outcome +1 if
they are proportional to a stabilizer element as in Eq. 7
otherwise the outcome is random with expectation value
0. When measuring a Pauli product, the outcome can
be regarded as a product of the local Pauli operator’s
outcome. Checking a stabiliser condition, for example,
corresponds to checking that the product of all the in-
volved Pauli operators gives the correct sign (according
to (3)). Barrett et al.[12] provide a 1-LHV* model that
correctly predicts the outcome any Pauli measurement
performed on a graph state. However, they also show
that by ignoring certain vertices output they abrogate
any d-LHV* description. This motivates the following
definition.

Definition II.1 (Submeasurement). Given a Pauli mea-
surement M = &),.y 0, on the graph state, a sub-
measurement of M is defined by a Pauli product C' =
&,y 0y, such that o), = 0, or o, = 1, for all v € V.

When considering the correlations, all the vertices
where the submeasurement’s operator differs from the
Pauli measurement’s are those whose outcomes are disre-
garded.

III. NON-LOCALITY IN GRAPH STATES

In this section we will review non-locality of graph
states, and present an alternative approach to that of
[10], which we then extend to show non-locality persists
when limited classical communication is allowed between
vertices.

Graph states exhibit non-local properties when consid-
ering a vertex as a local unit. That is, they contradict the
prediction of a measurement’s outcome made by a local
hidden variable (LHV) model [10]. We formulate LHV
models as follows. We denote a hidden variable A with a
probability distribution p(A). To each A, the LHV assigns
deterministic variables h(O, \) to local observables O. A
measurement’s outcome is then a probabilistic mixture of
the deterministic variable over the distribution of the hid-
den variable A\. As the variables’ values are the possible
observables’ outcome, it is h(o,, \) = £1 for Pauli oper-
ators o, = X,,,Y,, Z, and h(1,,)\) = 1. Given a Pauli
measurement M = @,y v, the LHV model predicts
the outcome as (M)ruv = [ p(A) [I,cv b (0w, A) dA. In
order to show a contradiction with any LHV model, it
suffices to show that all arbitrary choices of deterministic
variables h sustain the contradiction, thus a probabilis-
tic mixture does as well. We can, therefore, drop the
notion of a hidden variable A but consider all possible
deterministic variables’ outcomes instead.



We briefly outline the arguments for non-locality of
graph states, which will be the starting point of our
constructions. A set of Pauli measurements { M} on a
fixed graph state contradicts any LHV model if it fulfills
the three properties. First,

{k; (Mg), = 0p}| mod 2 =0,VYo, #1,, (6)

for all v € V and the set cardinality |- |, which states
that all non-trivial Pauli operators must occur an even
number of times on very vertex. Second and third,

Mk = XkSk ) (7)
[T = -12", (8)
k

with a stabiliser elements Sj and sign factors x, = £1.
Such a set exists for all graph states with at least three
connected vertices, as shown in [I0].

Equation @ states that on every vertex, the num-
ber of every non-trivial Pauli operators the set of Pauli
measurements { My}, is even. For any LHV this implies

[Ty =TT [ o0 T (3. 3) ax
k k

veV
= [ o TT TT 7,3 ax
k' veV
- /p()\) [[ED?ax=1,
veV

where we used h((Mg), = 1,,A) = 1. On the other
hand, Eq. (7)) implies that quantum mechanics predicts
every measurement’s outcome to be deterministically
X = £1. Furthermore, from Eq. the overall product
of measurements’ results is then deterministically
[[.(Mi)gu = —1. The contradiction implies that no
LHV model can reproduce the results predicted by
quantum mechanics.

We now move to consider classical models where
distance-bounded communication is permitted.

Definition ITI.1. Given a graph G and non-negative in-
teger d, a graph’s vertex serves as a local unit and distance
is measured along the edges. Then, a communication-
assisted LHV model d-LHV* is a hidden variable model
where each hidden variable depends on a local input and
inputs up to distance d, which accounts for vertices broad-
casting information about their inputs.

We define slightly adapted conditions on the measure-
ments, which will similarly lead to contradictions. Con-
sidering Pauli measurements, d-LHV* model specifies
randomly predetermined variables conditioned on the
Pauli operators local to a vertex and its neighbours up
to distance d edges apart. For every vertex u and My,

we define an excerpt of local measurements around the
vertex v with maximum distance d along the edges

(Mp)d = Q) (M), (9)
|u—g|§d
which is a tensor product of Pauli operators ¢? =
®u7 Ju—v|<d Tu around the vertex v.

In order to obtain a contradiction between the predic-
tions of quantum mechanics and those allowed by such a
d-LHV*, we consider now pairs of measurements (M}, Ct),
where the M}, will be the measurements that the vertices
are asked to perform, but the Cy, which are submea-
surements of the M}, are the measurements that lead
to contradictions similar to what we have above. Recall
that the submeasurement’s Pauli operators are either the
identity, or identical to the Pauli measurement. The role
of the My, is then to hide from any d-LHV* information
that identifies fully the correlations being checked.

For a communication-assisted version of Eq. @, the
number of Pauli products (M},)¢ must be even in the set
of measurements conditioned on (Cy), # 1,, that is

{k; (Mp)e =02 A (Cr)y # 1} mod 2 =0, Vo, (10)
for all vertices u € V. Note that for d = 0 the above con-
dition is equivalent to Eq. @ for a given vertex. Again,
for d > 0, Eq. requires not only that every non-trivial
Pauli operator occurs in pairs in the set of submeasure-
ments but that, at the same time, the corresponding Pauli
measurements are equal on the neighbour vertices up to
distance d.

We will now see contradictions between any d-LHV*

model and sets of measurements pairs (Mg, Cj) that sat-
isfies for all vertices, and

Ck: :XkSka (11)

[Tc.=-1%". (12)

k

Lemma IT1.2. If a graph state has sets of measurements
and submeasurement pairs {(My, Cy)}r, such that the
{Cr}i satisfy (11),([12) and the pairs satisfy Eq. for
all vertices, then their statistics cannot be mimicked by
any d-LHV* model.

Proof. When one performs Pauli measurements on a graph
state, any d-LHV* model randomly assigns predetermined
variables h for each vertex depending on the Pauli op-
erators on the vertex and its neighbours up to distance
d. In the submeasurements, we discard certain local
outcomes. If they fulfill Eq. on every vertex, all vari-
ables conditioned on different Pauli operators occur an
even number of times among the set of measurements and
h((Ck)m = ]lu{(Mk)v}0<|u—v|§d7 >‘) = 1. For any d-LHV*
model we evaluate the product of all submeasurements’



FIG. 1: Circular graph seen as a (d = 1)-inflated triangle
graph whose graph state is locally equivalent to the
3-GHZ state. The nodes contain the vertices’ label. We
provide a set of Pauli measurements and
submeasurements in Tab.[[] that no (d = 1)-LHV* model
can correctly predict.

outcomes

H<Ok>d—LHV*

k
-1 / ) TT A((Ch)us { (M) bocpuvjas A) dX
k

ueV

= [ o0 TT T #(M0) an

ueV k
:/p(/\)d)\zl.

Contrarily, Eq. implies that quantum mechanics pre-
dicts every submeasurement’s outcome to be determinis-
tically x;, = 1 . Furthermore, from Eq. the overall
product of submeasurements’ results is then determinis-
tically [],(Cr)qom = —1. The contradiction implies that
no d-LHV* model can reproduce the results predicted by
quantum mechanics. O

In Tab.[] we see how the cycle graph in Fig.[I} viewed as
a triangle with GHSZ like correlations at the corners gives
such a contradiction, which is just a different presentation
of the results of [12]. In the following we will extend this
idea to arbitrary graphs.

IV. INFLATED GRAPH STATES

In this section we define a method to generate exam-
ples from any graph states, which we call inflated graph
states, and the measurements that will be used in our
construction.

For any graph with at least three connected vertices
we construct an inflated graph by substituting every edge
by chain of 2d vertices bridging the edge. Starting from
a graph G = (V, E), the inflated graph G’ = (V', E’) has
the same vertices as the old graph, completed by 2d ver-
tices 7(y,) for every edge (u,v) € E and r € [1,2d].

4

M{ =Xi }\V'u 2) Xé<112) Z ‘\71': 3) )‘7’3: 2,3) Z3 X{(3,1) ‘Yz\'.‘ﬁ 1)
Mj= 20 X{,, Xa, ., X2 X1, Xb, o Zs X1, Xo,

2(2,3
Mé =7 ‘Ylu._f} ‘\72(1._)1 Za Xi(2,3) ‘Y2f_).ﬁ,)y X3 ‘le.u Xé(g,l)
M‘} = X} X11,2) ){Qu,z) X2 X}/(za) Xf/(za) X3 X}(a,l) X251
Ml = X X1(112) ‘\2(1»-’1 Yz X1(2,3) X2(2,3) Y3 Alm.u X2(3 1)
z\~4é = 7 XV{M) Xogia) Yo X7, ){é/(w Vs X}/‘.;.u X%a b
]\?3 =" )"u 2) X2(1,2) Xo X1(2,3) /\3::..3,\ Ys Xl(g,l) X2(371)
]\~441 =Y X ., Xé(uz) Za X{(273) Xo, ., Y3 X{/(ii,l) Xél(fs,l)
]\?5; =" X{/(Lz) é/u,z) Yz Xi‘\_’ 3) X2(2,3) X3 X1(3,1) X2y,
Mé =N {/(1,2> é/(1,2) Y2 Xlx-’-«%‘Xé(z,S) Zs X{(Byl) X2‘~‘-‘

TABLE I: Set of Pauli measurements (black and grey
text) and with submeasurements (grey operators are
treated as 1) on the graph in Fig. that contradicts any
d = 1-LHV* model. In order to account for a round of
classical communication among nearest neighbors, the
default is that the nearest neighbours are measuring
Pauli X and we prime an operator when a nearest
neighbor measures Pauli Z and double prime when Pauli
Y. In the first four measurements, the vertices 1, 2,3
mimic a GHSZ-like paradox on a triangular graph state.
The remaining measurements are hiding the classical
information acquired by the other vertices from the main
three vertices. Altogether the submeasurements fulfill

Eq. and Eq. , and the pairs fulfill Eq. on all

vertices.

The new edges are (u, 1)), ((2d)w,v),v) € E' and
(Peuw), (1 + D)) € B for all 7 € [1,2d — 1] and
(u,v) € E. Note that even though the notation of the
edges is symmetric ((u,v) = (v,u)), we break it by count-
ing the vertices starting from the first vertex to the second
as above. We refer to the original vertices as power ver-
tices and to the newly added vertices as chain vertices.
We denote Pauli measurements and stabiliser elements
with the primed letter used for the original graph state.
Figure [2] shows an exemplary inflated graph.

Definition IV.1 (Inflated Measurements). Given a Pauli
measurement M on the original graph state, the Inflated
measurement M’ is a Pauli measurement on the inflated
graph state. On the power vertices u it measures (M), =
(M), and (M'),, = X, on all chain vertices w = r(,,,)
with 7 € [1,2d] and (u,v) € E.

Definition IV.2 (Inflated generator element). The in-

flated generator element f, is a stabiliser element of the
inflated graph state with

fu= g'/u, H -gg?s)(u,v) :

(u,v)EE,
s=1,...,d

(13)

Writing the inflated generator elements in terms of
. d
Pauli operators f, = X, ®v’(uﬁv)€E Zy Q_y X(25) (wuy®
we see that they mimic the generator elements of the
original graph state g, = X, ®(u v)EE Z,, on the power
vertices and measure X on every second chain vertex.



Definition IV.3 (Inflated Stabiliser Element). Given a
stabilizer element S =[],y gu With U C V' on the origi-
nal graph state, we define the Inflated Stabiliser element

S =1] fu

uelU

(14)

on the inflated graph state with the inflated generator
elements f, from Def.[[V.2]

Definition IV.4 (Shell Stabiliser Element). For a vertex
u € V, with at least two nearest neighbours vy,v9 € V,
we define the Shell stabiliser element

S = f v1 f v2 (15)
on the inflated graph state with the inflated generator
elements f, from Def.[[V.2]

Definition IV.5 (Decoy Measurements). For a vertex
u € V with two nearest neighbours v1,v9 € V, and two
different Pauli operators o, # o), we define a pair of
Pauli measurements (M, My) called decoy measurements
on the inflated graph state. On the power vertex u they

measure
(M), = Oy s (Ms), = al,.
On the chain vertices w linking u to vy and vs,
(M1)w = (Ma)y = Xu ,

with w = 7(y,0,,,) for all r € [1,2d], and
(Ml)v = (M2)v = (S’)v,

on all other vertices v ¢ {u} U {r(, v)}vefor,va},rel1,2d]
of the inflated graph for the Shell stabiliser element S
defined by the same vertices u, vy, va.

Lemma IV.6. Given the same vertices w,vi,vs, the
Shell stabiliser element C' = S from Def. s a sub-

measurement of both decoy measurements (M, Ms) from

Def [IV3

Proof. We determine the local Pauli operators and the
sign factor of the Shell stabiliser element from Def. [[V.4]
using the rules in Eq. . The power vertex u does not
contribute a generator element but two nearest neighbour
chain vertices do, therefore, the C' has Pauli operator 1,,
on power vertex u. The same holds for the chain vertices
T(uwy) A0d T(y4,) for 7 = 1,3,...,2d — 1. The chain
Vertices 7(y, v, ) and 7y ., for 7 = 2,4, ..., 2d contribute a
generator element but no nearest neighbours do, therefore
the Pauli operators in C' is X. By definition, all other
vertices have congruent Pauli operators. The overall sign
factor is +1. O

FIG. 2: Example of an inflated graph for d = 2 from a
graph with 5 (large) vertices. The fat nodes highlight the
vertices that measure a non-trivial Pauli operator when

measuring the inflated generator element f4 from
Def.[IV.2] Power vertex 4 and all highlighted chain
vertices measure Pauli X while the power vertices 2, 3,5
measure Pauli Z.

V. MEASUREMENTS INCONSISTENT WITH
d-LHV*-MODELS

Given our definitions, we can now move to finding the
set of measurement which will allow us to apply lemma
I.2] Here, we construct a set of Pauli measurements on
the inflated graph state from the Pauli measurements on
the original graph state. Then, we show that submeasure-
ments of the new Pauli measurements fulfill Egs. ,
(1), on all vertices, i.e. they are proportional to sta-
biliser elements on the inflated graph state, their overall
product equals —1 and all Pauli operators in the set of
submeasurements, together with the Pauli operators from
the Pauli measurements on the neighbours up to distance
d, occur in even pairs. Thus, the new Pauli measurements
exhibit correlations that no distance-d communication-
assisted LHV model can predict.

Given a set of Pauli measurements (M, ..., My) that
fulfill Egs. @f on the original graph state, we construct
a set of Inflated measurements (M7, ..., M}) according
to Def. [[V.1] Furthermore, we define Inflated stabiliser
elements (57, . .., S}) following Def. [[V_3|for the stabiliser
elements (S1 = x1 M1, ..., Sy = xyMn) on the original
graph state from Eq. (@

Lemma V.1. Starting from a Pauli measurement My =
XSk on the original graph state, given the respective
Inflated measurement Mj, from Def. and Inflated
stabiliser element S}, from Def. then C}, = x},S), is
a submeasurement of the Inflated measurement M}, and

Xie = Xp-

Proof. First, we map the Inflated stabiliser element from
its decomposition in generator elements to the representa-
tion with a sign factor xj and local Pauli operators using
Eq. (f). From Def. the power vertices contribute a
generator element if and only if a vertex on the original
graph. The nearest-neighbour (a chain vertex) of a power



vertex on the inflated graph contributes a generator el-
ement if and only if a nearest-neighbour vertex on the
original graph contributes a generator element. Thus, the
contribution of generator elements on the power vertices
is the same as for the original vertices. As a result, a
power vertex has the same Pauli operator with the same
local sign as the vertex on the original stabiliser element.
Therefore, the submeasurement perfectly coincides with
the Pauli measurements on the power vertices and the
overall sign is the same.

For the chain vertices, they contribute a generator element
if and only if their neighbors at distance 2. As a result
the respective t,, mod2 = 0 from Eq. and therefore,
0w = Xy or o, = 1, depending on whether chain vertex
w contributes a generator element. This complies with
the Inflated measurements where all Pauli operators on
the chain vertices are X. A minus sign occurs if chain
vertex w and its nearest neighbors contribute a generator
element, in which case all chain vertices of a given chain
do. Since there are an even number of chain vertices in
every chain the cumulative sign is +1. Altogether the
chain vertices do not invoke a sign change. O

Lemma V.2. The submeasurements (C] = x157,...,
CyN = xnySy) of the Inflated measurements (Ml,...,

M N) fulfill Eq. @ for all vertices and Eq. . on the
mﬂated graph state.

Proof. According to Lemma[V.1] the submeasurements ful-
fill Eq. (7). In its proof, we also show that (C},)y = (Mp)u
on all power vertices u. Furthermore, the chain vertices
measure Pauli operator X if and only if they contribute
a generator element, which they do if and and only if the
closest power vertex at even distance (from Def. |: .
Due to, @ for the original Pauli measurements, the Pauli
operators and generator elements occur an even number
of times across the set of original Pauli measurements
(which are proportional to stabiliser elements on the orig-
inal graph). As a result, Pauli operators occur an even
number of times in the set of submeasurements for all
power and chain vertices. Consequently, Eq. @ holds for
all vertices. Lastly, following Lemma it is x, = X%
and therefore Eq. holds for the set of submeasure-
ments. O

Lemma V.3. The submeasurements (C] = x5, .-,
CyN = xnyShy) and Inflated measurements (M1, ..., Mpy)
fulfill Eq. on the power vertices.

Proof. The Inflated measurements have Pauli operator
X on all chain vertices. Up to distance d, all neigh-
bour vertices of any power vertex u are chain vertices,
thus (M) = oF & o< |u—v|<a Xv- Since the {oF}p =
{( M)}k fulﬁll Eq. @ for all v € V, the {Mk,C’k}k
fulfill Eq. ( on all power vertices.

Lemma V.4. Either the submeasurements (C = x1.51,
..., CN = xySy) and Inflated measurements (Mj, ...,
M} fulfill Eq. on the chain vertices or we can add
pairs of decoy measurements from Def. [IV.5 with a Shell

stabiliser element as both submeasurements to the set of
Pauli measurements such that the complete set fulfills
FEq. on all vertices.

Proof. We evaluate Eq. for a given chain vertex w.
Let us call u the power vertex at the end of w’s chain
with even distance, then (C} )., # 1, if and only if u
contributes a generator element to all S, with C}, = xS}
Up to distance d along the graph’s edges, almost all
neighbours of w are chain vertices, thus measuring Pauli
operator X, the only exception being the closest power
vertex of w, which we call v (Jv — w| < d). Therefore,
if u contributes a generator element to S, then we are
interested in (My)? = o, Qo £0,0< w0’ —w)<d X'

For u = v, that is for |w — v| even, Eq. holds for
chain vertex w, since (C}), = (M}), and Lemma
holds on all power vertices .

For w # v, that is if |w — v| odd, we study how Eq.
might not hold on vertex w. Consider a set of four Inflated
measurements M;, , M , M| , Mj with submeasurements,
such that (C} )u = (C] ), (Cp,)u = (C})u, (Cf,)u #
(C},)u- Furthermore, recall C" = x;S’, power vertex v
contributes a generator element to both Sl/ﬂ , While it does

to neither of Sl’1 ,- Since Eq. holds on both power

vertices u, v, such a set either exists or Eq. holds on
vertex w.

Since the submeasurement are proportional to Inflated
Stabiliser elements, the Pauli operators on the power ver-
tex u depends on the contribution of generator elements
from main vertex u and its power vertex neighbors, in-
cluding v, following Eq. . For two Inflated stabiliser
elements with the same Pauli operator on vertex u, the
contribution to the generator elements from u is the same
and from its neighbors modulo two. In the quartet, the
measurements ki,l; have the same Pauli operator on
power vertex u but the power vertex neighbor v does not
contribute a generator element to the stabiliser elements
they are proportional to. Therefore, there must exist a
second power vertex v, which is a power vertex neighbor
of u (not necessarily v), with opposing contribution of
generator element to the stabiliser elements kq,l;. The
same holds for ko, ls. Note that there might be additional
power vertices, but since they must occur in pairs, they
can also make their own set of four Inflated measurements.
Note furthermore, that, while we focussed on chain vertex
w, the above quartet accounts of all chain vertices with
nearest power vertex u and nearest power vertex at even
distance v or v/, for all of which Eq. does not hold.

For such a quartet of Inflated Pauli measurements
My, My, , Mj , Mj, we add two decoy measurements M]
and M} from Def. with one Shell stabilizer element
from Def. [V.4] for both submeasurements around the
power vertex u with neighbor power vertices v and v’.
The Pauli operators are (M), = (My, ). = (M| ), and
(M) = (Mj,,)u = (M],)y. Tt might occur, that two of
the four measurements already have the form of Shell
stabiliser elements, in which case, we do not need to add
the decoy measurements but alter the two measurements



on the power vertex u to have the same Pauli operator
as the other to measurements of the quartet.

The added decoy measurements alter Eq. for chain
vertices whose closest power vertex is u. Additionally,
their submeasurement only measure Pauli operator X on
chain vertices with odd distance to power vertex u. As
a result, they target precisely those chain vertices, for
which Eq. (10) did not hold. One decoy measurement
corrects Eq. (10) either for two chain branches and the
same Pauli operator o, or for the same chain branch and
different Pauli operators. O

Altogether, the set of Inflated measurements and sub-
measurements constructed in Def[[V.1] and Def[IV.3| from
the original set of Pauli measurements fulfill the Eqs. (11—
on all power vertices and most chain vertices. If the
above does not hold, one can always isolate responsible
sets of four Inflated measurements. Then Def. pro-
vides an algorithm to construct specific pairs of decoy
measurements and submeasurements such that the overall
set fulfills Eq. on all vertices. The additional sub-
measurements do not impede the results of Lemma [V.2]
as they occur in equal pairs.

VI. BELL INEQUALITY

It is often useful to translate statements of non-locality
into statistically robust inequalities, in order to exper-
imentally test, or indeed use these kind of statements.
Given a GHSZ-like paradox on a graph state, i.e. a
set of measurements that fulfills Egs. @7, one can
sum up the measurements’ operators to form a Bell op-
erator and obtain a corresponding Bell inequality for
any LHV model. Specifically, take Eq. and define
B =25, xxMy =3, Sk Suppose the GHSZ-like paradox
consists of N measurements, any LHV model predicts

N

(B)Lav = ZXk <N =
=1

(B)qu - (16)

Due to Eq. the inequality must be strict.

One can do the same thing for the inflated graphs, to
give bell inequalities for d-LHV* models. We can define
a Bell operator from the set of measurements and corre-
sponding submeasurements on the d-inflated graph state,
that is B’ = >, x},C}.- The constituting N’ submea-
surements form a Bell inequality for any communication-
assisted LHV (d-LHV*) model,

N

(B)armv- =Y X < N' =
k=1

<B/>QM ) (17)

as they fulfill Egs. (10)—(12). The relations between these
values and the number 2s of added decoy measurements
from Def. that sustain the paradox in the d-LHV*

la2)y 20,2 12,3y 223

FIG. 3: Inflated graph for d = 1 with 7 vertices in a
chain from smallest non-trivial graph with 3 vertices in a
chain (considering only large balls). The symbols inside
the balls denote Pauli operators of Pauli measurements

on the corresponding graph states.

setting are simple:

(BYqm = N' =N +2s = (B) gy + 25, (18)
(B qrmv- = ZXk = ZXk+23— B)yyv + 2s,
(19)

The violation ratio of the Bell inequality for the original
graph state, against any LHV model, is therefore greater
than or equal to the violation ratio of the Bell inequality
for the inflated graph state against any d-LHV* model:

Bl . Blau+2 _ (Ba
B)uy — (B)ray +2s

<B> d-LHV* -

VII. SMALL GRAPH STATES

We now move to consider what are the smallest exam-
ples that can contradict d-LHV* models. In the original
work of [I2] the smallest example used 12 qubits. Our
construction can use 7 starting from a line of three (See
below). We will further find that through a slightly differ-
ent construction we can show a contradition with 1-LHV*
models using linear graph state of 4 qubits. Interestingly,
to have examples using graph states of fewer than 5 qubits,
one requires non-Pauli measurements.

A. Smallest 1-LHV*-violating inflated graph

Consider first the linear graph state with 7 vertices
drawn in Fig. [3] It can be considered as an d = 1-inflated
graph of the linear graph state with three qubits in a line,
which is locally equivalent to the GHZ state. Here, no
LHV model can reproduce the measurement outcome of
the four Pauli products M; = Y1 XoY3, My = Y1YsZ3,
Ms = Z1YsYs, My = Z1X5Z3. Then, we construct
the Pauli measurements and submeasurements (omitting



) Linear graph, [ =3

*

) Circular graph c¢) Triangle graph

Fully
connected graph

) Linear graph,
=4

) Star graph f) Square graph

) Two triangle
graphs sharing
one edge

i) Triangle graph
Wlth appendix.

FIG. 4: Circular Graph of 5 vertices in b) and all
connected graphs with 3 and 4 vertices. Highlighted
vertices flip output variable’s sign in 1-LHV™* model if
they and their direct neighbours measure the indicated
Pauli operators. Unspecified operators might be any
Pauli operator. Symmetrically equivalent vertices and
operators also flip the variables’ sign. In (h) it is
01020304 = X1Y2Z3Y4 for vertex 1 and
010203 = Y1 XoY3 for vertex 2. In (i) it is either
01020304 — Y1X2X3Y4 Or 01020304 = X1X2X3Z4.

grayed out Pauli operators)

M; =Y, X112y X200 X2 X1 ) X205 Y3
Mé =Y X1<1,2)X2(1,2) e ‘Xl’f—' "’"Xg(z’g) s
My = Z1 X1, 5 Xo ) Yo Xug X2, ) Y3
Mz,ll = Z1X1(1,2)‘Y21‘ 2 X2 Xl"‘)"“XZ(z’g')Z:g ’
M{ = Xl ){1” 2) X2(1,2) XZ Xl(z,s) ‘th’l 3) X3 ’

Vi Vs <
M2 = Xl/\/]w.z\XQ(lg) )2 Xl(z,a) ‘sz > .’SVXS ’

which leads to the constraints (M} )qom = (M} )i-Luv-,

for any nearest-neighbour communication-assisted LHV

model
—-1= b x%/(l,z)wgflp)’%‘2 x{{(2,3>x§(2=3)y3 ’
l=yia] oy v w3, %3
1= 215512(1,2) Y2 x}’(m)mg;w)ys .
1= Zlmlz(l,z) T2 I2Z(2’3)23
1=z xé(u,’z) xi{(ZS) 3,
1l=x {L‘;/;LZ) .1‘31(213) T3

The superscripts denote the information acquired from
communication with the vertices that change their Pauli
operator in the different measurements. Multiplying the
constraints results in —1 = 1, a contradiction. Thus,
no 1-LHV* model can predict all correlations for the 7
qubit chain graph state. Note that the Pauli operators
for Pauli products Mj 5 5 4 match the ones in M 334 on
the power vertices 1,2,3. The Pauli operators Mg 4 are
added as decoy measurements so that the LHV model
fails to distinguish between power vertex 2 measuring X5
or Y5 on the adjacent chain vertices.

More quantitatively, this example shows a 1-LHV*
violation ratio of % = % by by inflating the 3-qubit linear
graph state to 7 qubits, the later showing a LHV violation
ration of % =2.

B. Smallest 1-LHV *-violating graph through Pauli
measurements

The smallest graph state where no 1-LHV* model can
reproduce submeasurements from Pauli measurements is
the one with 5 vertices in a circle which is drawn in Fig.[db}
These do not follow the structure of the Inflated Pauli
measurements and 16 Pauli measurements are needed
that exploit the rotational symmetry of the cyclic graph.
These are

M = X1 XoX3X4 X5
My = (X1 XoY3Yy X5)
M, = (Y1 XoX3Yy V5 )k
Miyy, = (Y1 XoX3Yy Xo)p
with £ = 0,...,4 denoting a cyclic rotation of the op-

erators. Comparing (M} )qm = (M})i1—Luv- leads to
constraints on the variables

XX XX XX XX XX
—l=a7 25 x5 x5 " T}

)
XY, YX )k
)

1= ™y
=GN
L=y a3 XYy O,

which leads to a contradiction. We have thus obtained a
1-LHV* violation of % using Pauli measurements on five
qubits.



In order to prove that a graph state with 5 qubits is the
smallest graph state such that no 1-LHV* model can pre-
dict all Pauli measurements, we show that for every graph
state with less than 5 qubits, there exist a 1-LHV* model
that correctly predicts the outcome of all Pauli measure-
ments. The model is similar to one proposed by Barrett,
Caves et al. in [I2]. Specifically, for every vertex u, we
define hidden variables z,,z,,y, = £1 as the output
values for a Z,,X,,Y, Pauli measurement. The vari-
ables’ value z,, = = 1 is chosen uniformly at random, then
one calculates the values of variables x, = H(u,v) cE v
and y, = Ty2y. If no measurement is performed on a
vertex, the assumed output is 1. So far the model is a
LHV model since it does not rely on any classical com-
munication. Every vertex has the variables 1, 2y, T4, Yu
at disposal as output given a local Pauli operator. Any
Pauli measurements outcome is then a product of these
variables.

We argue that this model correctly predicts any Pauli
measurement except when M = @), 0, = —5 for a sta-
biliser element in Eq.(3). Compare 1 = z, H(u)v)eE Zy
to Eq. to note that the model predicts the measure-
ment of a generator element of the graph state correctly.
Furthermore, y, = x4z, mimics the product of Pauli
operators up to the missing imaginary unit i. Therefore,
the model only makes an error, if the missing imaginary
units inflict a sign change, which happens exactly for
the stabiliser elements with x = —1 in Eq. . A more
detailed reasoning can be found in [12].

Including a round of classical communication between
along the graph’s edges up to distance d, a successful
model selects the cases when a sign flip of a vertex’s
output variable is necessary, while remaining foolproof
to a submeasurement scheme ignoring certain vertices’
outputs. For every connected graph with less than 5
vertices, we display the cases of a needed sign flip in
Fig. [ based on the LHV model described above. An
analysis of all the possible Pauli measurements and
submeasurements on the graph states reveals that the
Distance-1-communication-assisted LHV model predicts
the outcomes in accordance with a quantum measurement
on the graph state.

C. Smallest 1-LHV *-violating graph through
Clifford measurements

The smallest example for any violation of a 1-LHV*
model using binary inputs and outputs is the distance-1
inflated CHSH inequality that resorts to Clifford mea-
surements on a chain of 4 qubits. The Bell operator
is

B =(Rx(%)1 X + Rx(35)1X2) X¥3X4
+ (Rx(%)1X2 — Rx(35)1X2) X3Y4, (20)
with Rx(0); = cos(g)Zl + Sin(g)Yl and the grayed-out
operator output is ignored in the measurement’s outcome.

A 1-LHV* model obeys (B)1.rnv- < 2 while the measure-
ment outcome on the 4 qubit chain graph state equals
(Bowm) = 21/2, leading to a violation ratio of v/2. This
can easily be checked using the same reasoning as above.

This 4-qubit graph is the smallest graph state showing
violations for the restricted case of binary inputs and
outputs. Indeed, the both 3-qubit graphs states can
be simulated classically in this setting. This is obvious
for the triangle, where everyone knows all the settings
; and Chaves et al. [I8, A.3] showed through convex
optimization the class corresponding to a 3-qubit linear
graph-state in 1-LHV* — the class {(1,3),(2,3), (1,2, 3)}
in their terminology — is nonsignalling boring for binary
inputs and outputs.

VIII. CONCLUSION

From any graph states with more than three connected
vertices we constructed a set of Pauli measurements on a d-
inflated version of the original graph. The set contradicts
any LHV model even assisted by classical communication
along the graph’s edges up to distance d. We state the
violation in terms of a GHSZ-like paradox which we can
write it in terms of a Bell inequality. The construction
and proof works for any integer d, such that successive
inflation is also possible.

Furthermore, we found a set of Pauli measurements for
the smallest graph state that is robust against a LHV de-
scription including nearest-neighbour classical communi-
cation, the circular graph on 5 qubits. The smallest graph
state that defies a nearest-neighbour Communication-
Assisted LHV model using binary inputs and outputs is
a linear graph on 4 qubits; we provide a Bell inequality
that uses Clifford operators for this case.

These results are useful in two directions at least.
Firstly, we have found much smaller examples than previ-
ously, which are minimal in size using only four qubits,
well within the reach of many experimental labs. Secondly,
the existence of correlations which cannot be explained
by communication assisted LHV has already found appli-
cations in proving classical and quantum separation for
shallow circuits [14], [19], distributed computing [15], and
giving novel ways to certify randomness [16]. Given the
extent that graph states are used in quantum information,
from fault tolerance to quantum sensing, this work gives
a good route to finding more applications or improving
on those existing.
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