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VARIATIONAL PROBLEMS WITH LONG-RANGE INTERACTION

NICOLA SOAVE, HUGO TAVARES, SUSANNA TERRACINI, AND ALESSANDRO ZILIO

ABSTRACT. We consider a class of variational problems for densities that repel each other at
distance. Typical examples are given by the Dirichlet functional and the Rayleigh functional

k 2 k fQ|v“i|2
D(u):Z/Q|Vui| or Rw =Y 120
i=1 i=1 Q i

minimized in the class of H 1(Q,]R’“) functions attaining some boundary conditions on 92, and
subjected to the constraint

dist({u; > 0}, {u; >0}) > 1 Vi # j.

For these problems, we investigate the optimal regularity of the solutions, prove a free-boundary
condition, and derive some preliminary results characterizing the free boundary 8{2;;1 u; > 0}.

1. INTRODUCTION

The object of this paper is the study of a class of minimal configurations for variational problems
involving arbitrarily many densities related by long-range repulsive interactions. The mathematical
setting we consider is described by the following two archetypical situations.

Problem (A) Let Q be a bounded domain of RN, N > 2, and let
O = | Bi(x) = {z e RV : dist(2, Q) < 1}.
€N
Given k > 2 nonnegative nontrivial functions fi,..., fr € H' (1) N C() satisfying *
dist(supp fi,supp f;) 21 Vi #Jj,
we consider the minimization problem

ol T

where the set H,, and the functional J, are defined by

dist(supp u;, suppu;) =1 Vi#j
_ _ 1 k ; J
(1.1) Hoo—{U—(ul,...,uk)EH (©1,R7) wi = f; ae. in O\ Q ,

Date: August 3, 2021.

Key words and phrases. Free boundary condition, Lipschitz regularity, Long-range interaction, Optimal partition
problems, Segregation problems, Variational methods.

1Here and in the rest of the paper, the distance between two sets A and B is understood as

dist(A, B) :=inf{|z —y|: z € A, y € B}.



2 N. SOAVE, H. TAVARES, S. TERRACINI, AND A. ZILIO

and

k
oo (1) :;/Q|Vui .

The support of each component w; is taken in the weak sense: it corresponds to the complement

in Q) of the largest open set w C RY where u; = 0 a.e. on w (cf. [3, Proposition 4.17]). Notice

also that the existence of fi,..., fr with the above properties imposes some conditions on Q (for

instance, the diameter of 2 cannot be too small), and we suppose that such conditions are satisfied.
We are interested in existence and qualitative properties of minimizers.

Problem (B) Let 2 be a bounded domain of RN, N > 2, and let k > 2. We consider the set of

open partitions of Q0 at distance 1, defined as
_ w; C 1 is open and non-empty for every ¢,
Pi($2) = {("Jl’ oWk | ng dist(w;,w;) =1 Vi#j '
Then, for a cost function F € C*((R)¥,R) satisfying
e 0;F(x) > 0 for all z € (RT)* and i = 1,...,k, which in particular yields that F is
component-wise increasing;;

e for any given ¢ =1,...,k,
m,l—l>r—ri-loo F(fl, ey i1, Ty Tl - - - ,i‘k) = 400
for all ('fh ey L1, T 1 - - ,fk) € (R+)k71,
we consider the minimization problem
(1.2) inf F(A(w1), ..y A1 (wk)),

(wl,.wwk)epk(ﬂ)

where A (w) is the first eigenvalue of the Laplace operator in w with homogeneous Dirichlet bound-
ary conditions. Problem (1.2) is a particular case of an optimal partition problem (cf. [1,4]). A
typical case we have in mind is the cost function F/(A1(w1),..., A1(wk)) = Zle A1 (w;).

We are interested in existence and qualitative properties of an optimal partition.

Our main results are, for problem (A):

e the existence of a minimizer;
the optimal interior regularity of any minimizer;
the derivation of several properties of the positivity sets {u; > 0};
the derivation of a free boundary condition involving the normal derivatives of different
components of any minimizers on the regular part of the free-boundary 9{u; > 0}.
For problem (B):
e the introduction of a weak formulation in terms of densities, and the existence of weak
solutions;
e the global optimal regularity of any weak solution, which leads in particular to the existence
of a strong solution for the original problem;
e the derivation of properties of the subsets w;, and of a free boundary condition on the
regular part of Jw;.

In a forthcoming paper, we will study more in detail the regularity of the free-boundary.

We stress that, both in problems (A) and (B), the interaction among different densities takes
place at distance: in problem (A) the positivity sets {u; > 0}, and in problem (B) the open subsets
w;, are indeed forced to stay at a fixed minimal distance from each other.



VARIATIONAL PROBLEMS WITH LONG-RANGE INTERACTION 3

When the interaction among the densities takes place point-wisely, segregation problems ana-
logue to (A) and (B) have been studied intensively, in connection with optimal partition problems
for Laplacian eigenvalues [5,9,10,11,21,25, 26], with the regularity theory of harmonic maps into
singular manifold [6, 12, 25], and with segregation phenomena for systems of elliptic equations
arising in quantum mechanics driven by strong competition [6,13,18,22, 23, 24, 30].

In contrast, the only results available so far regarding segregation problems driven by long-range
competition are given in [7], where the authors analyze the spatial segregation for systems of type

(1.3) —Auig = =Buip XL+ ugl?) in €
uip=fi =20 in Q1 \ Q,

with 1 < p < +o00. In the above equation, 1, denotes the characteristic function of By, the ball?
of center 0 and radius 1, and * stays for the convolution for p < +o0, so that

(L, * usP) () = / ()P dy Vo e Q, with 1< p < +oo:
Bl xr

in case p = +00, we intend that the integral is replaced by the supremum over By (x) of |u;|. In [7],
the authors prove the equi-continuity of families of viscosity solutions {ug : 8 > 0} to (1.3), the
local uniform convergence to a limit configuration u, and then study the free-boundary regularity
of the positivity sets {u; > 0} in cases p = 1 and p = +o0o, mostly in dimension N = 2. As we
shall see, our problem (A) is strictly related with the asymptotic study of the solutions to (1.3) in
case p = 2 (see the forthcoming Theorem 2.1); nevertheless, also in such a situation our approach
is very different with respect to the one in [7], since we heavily rely on the variational nature of the
problem. This gives differenti free boundary conditions which requires different techniques, and
allows us to prove new results.

Regarding problem (1.3), we also refer to [2], where the author proves uniqueness results in the
cases p =1 and p = 4o0.

1.1. Main results. We adopt the notation previously introduced. First of all, we have the fol-
lowing existence results for problems (A) and (B).

Theorem 1.1 (Problem (A)). There exists a minimizer u = (uy,...,u) for infy_ Joo.
Theorem 1.2 (Problem (B)). There exists a minimizer (w1, ... ,wy) € Py for (1.2).

Observe that, to each optimal partition (wq,...,ws), we can associate a vector of signed first
eigenfunctions. To fix ideas, from now on we always consider nonnegative eigenfunctions. The
second part of our analysis concerns the properties satisfied by any minimizer of problems (A) and
(B).

Theorem 1.3. Let u = (uq,...,ux) be either any minimizer of Joo in Ho, or a vector of first
eigenfunctions associated to an optimal partition (wi,...,wr) of (1.2). Then u is a vector of
nonnegative functions in Q, and denoting by S; the positivity set {x € Q : w; > 0}, for every
i1=1,...,k, we have:
(1) Subsolution in Q: We have that
—Au; < 0 in distributional sense in Q, if u is a solution to problem (A),
—Au; < Ar(wr)u; in distributional sense in Q, if u is a solution to problem (B).
(2) Solution in S;: We have that
—Au; = 0 in int(S;), if u is a solution to problem (A),
—Au; = A (w;) in int(S;), if u is a solution to problem (B).

2We denote by B (z) the ball of center x and radius ~ in RY. In case x = 0, we simply write B;.
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(3) Exterior sphere condition for the positivity sets: S; satisfies the 1-uniform exterior sphere
condition in Q, in the following sense: for every xog € 0S; N there exists a ball B with
radius 1 which is exterior to S; and tangent to S; at xg, i.e.

S;NB=0 and zy€S;NB.

Moreover, in B N Bi(xg) we have uj =0 for every j =1,...,k (including j =1).

(4) Lipschitz continuity: wu; is Lipschitz continuous in Q, and in particular S; is an open set,
for every i.

(5) Lebesgue measure of the free-boundary: the free-boundary O{u; > 0} has zero Lebesgue
measure, and its Hausdorff dimension is strictly smaller than N.

(6) Exact distance between the supports: for every xg € 9S; N QY there exists j # i such that

By (x0) Ndsuppu; # 0.
Notice that, if yo € 0S; is such that |zg —yo| = 1, then By (yo) is an exterior sphere to S; at zo.
Moreover, by the Hopf lemma, the interior Lipschitz regularity is optimal.
Regarding the regularity of a vector of eigenfunctions u of problem (B), if we ask that €2 satisfies
the exterior sphere condition, then we have actually a stronger statement.

Theorem 1.4. Let u be a vector of first eigenfunctions associated to an optimal partition (w1, ..., wk)
of (1.2). Assume that Q satisfies the exterior sphere condition with radius r > 0. Then u is globally
Lipschitz continuous in €.

Next, we establish a relation involving the normal derivatives of two “adjacent components” on
the regular part of the free boundary.

In what follows, for each 4, v;(2) will denote the exterior normal at a point x € 95; (at points
where such a normal vector does exist).

Assumptions. Let zg € 95; N Q, and let us assume that FZR := 05; N Br(xp) is a smooth
hypersurface, for some R > 0. By the l-uniform exterior sphere condition, we know that the
principal curvatures of 0S; in xg, denoted by Xlﬁ (x0), h=1,...,N — 1, are smaller than or equal
to 1 (where we agree that outward is the positive direction). We further suppose that the strict
inequality holds, that is there exists § > 0 such that

(1.4) X1(@0), -+ Xiv—1(z0) <1 4.
We know that there exists j # ¢ and yo € 0 supp u; such that |zg — yo| = 1.
Theorem 1.5. Let u = (uq,...,ux) be either any minimizer of Joo in Hy, or a vector of first
eigenfunctions associated to an optimal partition (w1, ...,wk) of (1.2). Under the previous assump-
tions and notations, we have that yo = xo+v;(x0) s the unique point in Uk# Osupp uy at distance
1 from zo. If yo € Osuppu; N2, then dsuppu; is also smooth around yo, and

N—1

X, (o) g
(1.5) M _ hl;[1 m if X3 (z0) # 0 for some h,
(9143 (40)) X, (20)#0
L if Xi(20) =0 for allh=1,... N —1.

We stress that, since the sets S; and S; are at distance 1 from each other and (1.4) holds,
X4 (wo) # 0 if and only if xfl(yo) # 0, and hence the term on the right hand side is always well
defined.

The proof of Theorem 1.5 is based on the introduction of a family of domain variations for the
minimizer u. As we shall see, the possibility of producing admissible domain variations, preserving
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the constraint on the distance of the supports in H.,, presents major difficulties. At the moment,
we can only overcome such obstructions and produce more or less explicit variations supposing that
09, is locally regular. This is the main problem when trying to study the regularity of the free
boundary. Regarding this point, we mention that the proofs of all our results (and also of those
in [7], in a nonvariational case) are completely different with respect to the analogue counterpart
in problems with point-wise interaction. Indeed, all the local techniques, such as blow-up analysis
and monotonicity formulae, cannot be straightforwardly adapted when dealing with long-range
interaction; the reason is that the interface between different positivity sets {u; > 0} and {u; > 0}
with ¢ # j is now a strip of width at least 1, and hence with a standard blow-up one cannot catch
the interaction on the free-boundary at the limit.

We also mention that the validity of a uniform exterior sphere condition does not directly imply
any extra regularity for 95;: if we could show that 0S; is a set with positive reach (see [14]),
then we could argue as in [7, Corollary 6.3] and prove at least that the Hausdorff dimension of
0S; is N — 1 (see also [8, Theorem 4.2] for a different proof of this fact), but on the other hand
sets enjoying the uniform exterior sphere condition are not necessarily of positive reach, as shown
in [19, Section 2].

Remark 1.6. A very interesting feature of Theorem 1.5 stays in the fact that it reveals a deep
difference between segregation models with point-wise interaction, and with long-range interaction.
To explain this difference, let us consider a sequence {ug} of solutions to (1.3), with p = 1 and
B — 4o0. This is the setting studied in [7]. In [7, Theorem 9.1], the authors derive a free-boundary
condition analogous to (1.5) for the limit configurations in case p = 1, but in their situation, the
left hand side is replaced by the ratio between the normal derivatives, d,u;(xo)/0,u;(yo). This
difference is in contrast with respect to segregation phenomena with point-wise interaction, where,
as proved in [25], limit configurations associated with

—Au; = —fu; Zuj or —Au; =—pu; Zu?
J#i J#i

belong to the same functional class [13,25], and hence in particular satisfy the same free-boundary
condition, that is |0, u;(z0)] = |0 u;(x0)| on the regular part of the free boundary. A similar
difference has been observed in [27,28,29] in the case of fractional operators, that is when the
non-locality is in the differential operator.

Finally, in comparison with the free boundary condition derived in [7], it is worthwhile noticing
that the analogue of (1.5) there involves the plain quotient of the normal derivatives, while here
we find the squared one.

Remark 1.7. The previous result may fail if the right hand side in (1.4) is replaced by the constant
1. Indeed, if 0S; N Br(xo) = 0B1(0) N Br(zo) for some xg € 0B1(0) and R > 0, and the set S; is
contained in the exterior of By (0), then yo = 0 is a cusp for 9.5;.

1.2. Structure of the paper. We first treat problem (A). In Section 2 we prove Theorem 1.1
for this problem, relating this segregation problem with a variational competition—diffusion of type
(1.3). Then some qualitative properties of any possible minimizer of problem (A) are shown in
Section 3, where we prove Theorem 1.3 for this problem. Section 4 contains the proof of the free
boundary condition contained in the statement of Theorem 1.5 for problem (A).

The analogous statements for problem (B) — existence and properties of minimizers, and free
boundary condition — are proved in Section 5.

Finally, in Appendix A we state and prove an Hadamard’s type formula which we need along
this paper.
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2. EXISTENCE OF A MINIMIZER FOR PROBLEM (A)

In this section we prove Theorem 1.1. To this purpose, we introduce a competition parameter
B > 0 which allows us to remove the segregation constraint. To be precise, let

Hz{uEHl(Ql,Rk): u; = f; a.e. in Q1 \ Q} D Hy,

and let B > 0. We consider the minimization of the functional

k
B =3 [vuls 3 s pudad) dedy

1<i<j<k X
in the set H. With respect to the search of a minimizer for infy__ J, the advantage stays in the
fact that we can get rid of the infinite dimensional constraint dist(supp u;,suppu;) > 1 for i # j,
and we can easily show that a minimizer for Jg in H does exists, and satisfies an Euler-Lagrange
equation of type (1.3) with p = 2. This allows us to obtain Theorem 1.1 as a direct corollary of
the following statement:

Theorem 2.1. For every 5 > 0, there exists a minimizer ug = (u1 .8, ...,urg) forinfy Jg, which
s a solution of

—Au; = —Pui 35, (I, xuj)  inQ
(2.1) u; >0 in Q
u; = f; in Q1 \ Q.
The family {ug : B > 0} is uniformly bounded in H'(Q1,R¥) N L>°(Q4), and there exists u =
(u1,...,ur) € H such that:
(1) ug — u strongly in H'(Q) as B — 400, up to a subsequence;

(2) dist(suppu;,suppu;) = 1 for every i # j, so that u € Hy;
(3) for everyi # j,

lim 1, (z — y)ui 5(z)u? drdy =0

Jim [ et g () de dy
(4) u is a minimizer for infy_ Jo. In particular, u is a solution to problem (A).

Remark 2.2. Without any additional complication, we can replace in the previous theorem the

indicator function 1p, with a more general function V' € L (RN) satisfying V > 0 a.e. in By,
V =0ae. on RV\ By.

The proof of Theorem 2.1 is the object of the rest of the section. Before proceeding, we observe
that, by the definition of support given in [3, Proposition 4.17], the set H., can be defined in the
following equivalent way:

Hoo:{ueH: // ]lBl(x—y)u?(x)u?(y)dmdyzow;éj}
Q1 xQ
(see the proof of Lemma 3.1 below for more details).

Remark 2.3. Here it is worth to stress that we consider the functions u; as defined in 1, and
hence the supports have to be considered in this set (and not only in Q).

Proof of Theorem 2.1. The existence of a minimizer ug follows by the direct method of the calculus
of variations, and the fact that minimizers solve (2.1) is straightforward. Observe that f; > 0, hence
the minimizers are positive in §2, by the strong maximum principle.
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For the uniform L* estimate, since u; g > 0 is subharmonic in Q for every i = 1,...,k, by the
maximum principle we have [|u; g|| L) < [|fill L (90). Let us set

;= inf J, d ;= inf J,
cp:=inf Jg and  coo }}100 o

We observe that, since Jg(v) = Jo(v) for every v € Hy,, we have ¢g < cx. Then, by the
minimality of ug, for every 5 > 0 we have Jg(ug) < ¢. Since moreover u; g = f; in Q4 \ , the
uniform H!(Q, R¥) boundedness of {ug} follows. Hence, up to a subsequence, ug — u weakly in
H'(9;,R*) and a.e. in Q. Moreover

lim // 1p,(x— y)u?(x)u? (y)dxdy =0 Vi j
B—>+OO Ql XQl
and by the Fatou lemma we have

o< | tnle-puend)dedy < mint [ (0= gl (o0 ) dedy =0
Q1 X Q1 X

B—4o0

for every ¢ # j. This in particular proves point (2) in the thesis and implies that u € H,, defined

n (1.1).

On the other hand, by the the minimality of ug and weak convergence,
k k
%<%M=ZAWW<%gZAWwP

< limsupZ/ |V g)? hmsup Ja(ug) = hmsup 8 < Coo-
B—

B_)OO’LI

This means that all the previous inequalities are indeed equalities, and in particular:

e we have convergence ||Vu;gllz2(q) — [|Vuilr2(q), which together with the weak conver-
gence ensures that ug — u strongly in H!(Q,R¥) (recall that 2 is bounded);

e point (3) of the thesis holds;

e we have ¢o, = Joo(u), which proves the minimality of u € Hy. |

3. PROPERTIES OF MINIMIZERS FOR PROBLEM (A)

This section is devoted to the proof of Theorem 1.3 for the solutions of problem (A). Let then u
be a minimizer for infy__ Jo. Theorem 1.1 (see also Theorem 2.1) does not give any information
about the continuity of u;, and in particular we do not know if the sets S; = {z € Q : u;(x) > 0}
are open. On the other hand it is reasonable to work at a first stage with the functions

P, : Q) — R, ®; () :=/ u? (y) dy,
Bi(x)

which are clearly continuous due to the Lebesgue dominated convergence theorem.
Let us consider the open sets

C;=Qn U Bi(y) |, D; :=1int (Q\ C;),

ye{®;=0}
fori=1,...,k, so that
Q:CZUDZU(E)DZHQ), and 8DZHQ:8010Q
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Observe that, by the definition of ®;, we have u; = 0 a.e. in C;. Moreover
D; = {z € Q: dist(z,{®; = 0}) > 1} C {®; > 0}.
The strategy of the proof of Theorem 1.3 can be summarized as follows:

e At first, we prove some simple properties of the set D; and of the restriction of u on D;.

e In particular, we show that .S; is the union of connected components of D;, so that the
regularity of u; in € is reduced to the regularity of w; on 0D;.

e Using the basic properties of D;, we show that w; is locally Lipschitz continuous across
0D;, and hence in €. It follows in particular that S; is open, and directly inherits from D;
properties (3) and (5) in Theorem 1.3. Moreover, points (1) and (2) holds.

e As a last step, we prove point (6) by using the minimality of u.

Lemma 3.1. The function u; is harmonic in D;. In particular, if D, is any connected component
of D;, then either u; =0 or u; > 0 in D;.

Proof. The set D; is open. If we know that dist(D;,suppu;) > 1, then we can consider any
¢ € C(D;) and observe that, by the minimality of u for J, on the set Ho,, the function

f(f) = Joo(“lw-w”i—la“i +€¢7ui+17"'7uk)

has a minimum at € = 0. This implies that u; is harmonic in D;, and all the other conclusions
follow immediately. Therefore, in what follows we have to show that

(3.1) dist(D;, suppu;) > 1 Vi # .
By definition of Hy, we have u(x)u?(y)1p, (x —y) =0 for a.e. x,y € Qy, that is
uf(m)u?(y) =0 forae z,y€, |[z—y| <1

As a consequence, u;(z)®;(z) = 0 for a.e. € Q and every j # ¢. In particular, this implies that

(3.2) {®; >0} C (2\ suppuy).
Let 29 € D;. Then by definition of D;, dist(zo, {®; = 0}) > 1, and hence B;(z¢) C {®; > 0}. But
then, due to (3.2), and since xo has been arbitrarily chosen, we deduce that (3.1) holds. O

Let A; be the union of the connected components of D; on which u; > 0, and let N; be the
union of those on which u; = 0, so that D; = A; U N;. We know that u; is positive and harmonic
in A;, while u; = 0 a.e. in N; UC;. Since A;, N; and C; are open, this means that (if necessary
replacing u; with a different representative in its same equivalence class) u; is continuous in A;, N;,
and C;. To discuss the continuity of u; in €2, we have to derive some properties of the boundary
OD; NQ = (0A; UON;) N Q = 9C; N Q. In the next lemma we show that D; satisfies a uniform
exterior sphere condition.

Lemma 3.2. For each i, the set D; satisfies the 1-uniform exterior sphere condition in §2, in the
following sense: for every xg € 0D; N ) there exists a ball B of radius 1 such that

D,NB=1( and zy€ D;NB.
Moreover, in B we have u; = 0.
Proof. This comes directly from the definitions: we have
0D; N =0C;NQ = {z:dist(z, {®; =0}) =1} N Q.

Thus, given z € 9D; N, there exists y € B (x) with ®;(y) = 0. The ball B;(y) is the desired
exterior tangent ball, since B;(y) C C;, and hence B;(y) N D; = (). O
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The exterior sphere condition permits to deduce that dD; has zero Lebesgue measure.

Lemma 3.3. The boundary 0D; is a porous set, and in particular it has 0 Lebesgue measure and

For the definition of “porosity”, we refer to [20, Section 3.2], while here and in what follows
dimg denotes the Hausdorff dimension.

Proof. Since 0D; C €2 is bounded, to prove its porosity it is sufficient to show that there exists § > 0
such that: for every ball B,.(z¢) with xg € 0D, there exists y € B,.(xo) with By, (y) C B (20)\9D;
(see [20, Exercise 3.4]).

The existence of such 6 = 1/2 follows immediately by the exterior sphere condition: given
xg € OD;, there exists z € Q; such that Bj(z) is exterior to D;. Let then y be the point on
the segment zoz at distance /2 from D;. The ball B, /5(y) is contained both in €; \ 9D; and in
B, (zg), and this proves that 0D; is porous. The rest of the proof follows by [20, Page 62]. O

It is not difficult now to deduce that u; is continuous at every point of dN;. Indeed, notice that
ON; C 9C}, and in both N; and C; we have u; = 0. Since ON; C 0D; has 0 Lebesgue measure, we
deduce that u; = 0 a.e. in N; UC; = Q\ A;. That is, up to the choice of a different representative,
u; = 01in Q \ A;, and hence it is real analytic therein. At this stage, it remains to discuss the
continuity of u; on 0A;. This is the content of the forthcoming Corollary 3.6, where we show that
actually u is locally Lipschitz continuous in 2. We postpone the proof, proceeding here with the
conclusion of Theorem 1.3. The continuity of u; implies in particular that {u; > 0} is open for
every 4, so that {u; > 0} = A;. Thus, Lemmas 3.1-3.3 establish the validity of points (2) and (5)
in Theorem 1.3. The subharmonicity of u;, point (1), follows from (2).

Regarding point (3), the existence of an exterior sphere B of radius 1 for {u; > 0} at any bound-
ary point xy comes directly from Lemma 3.2. We also know that u; = 0 in B, and furthermore,
by (3.1), B1(xo) Nsuppu; = 0 for every j # i. This proves the validity of (3).

It remains only to show that also point (6) holds.

Proof of Theorem 1.3-(6). This is a consequence of the minimality. Take o € 95;NQ and assume,
in view of a contradiction, that dist(zo,suppu;) > 1 for some o € 95; N, for every j # i. Then
there exists p > 0 such that B,(zo) C Q and

(3.3) dist(B,(x0), suppu;) > 1 Yy # 1.
Let v be the harmonic extension of u; in B,(zo):

Av =0 in B,(zo)

v=u; ondB,(xo).

Since u; # 0 on 0B,(x¢), we infer that v > 0 in B,(z¢), and in particular v # w; in B,(z¢). Let
now u be defined by

; nQ\B
=% e\ By(zo) i =u; VjAi.

v in B,(xo)
Due to (3.3), it belongs to Ho, so that by minimality J(u) < Joo(@). On the other hand, by the
definition of harmonic extension we have also J (1) < Jo(u) (the strict inequality comes from
the fact that v # u, in B,(z0)), a contradiction. O



10 N. SOAVE, H. TAVARES, S. TERRACINI, AND A. ZILIO

Remark 3.4. In [7], the authors proved harmonicity, local Lipschitz continuity, and exterior
sphere condition for limits of any sequence of solutions to (2.1). Nevertheless, the result here is not
contained in [7], since we establish harmonicity, Lipschitz continuity, and exterior sphere condition
for any minimizer of infy_ J~, independently on wether it can be approximated with a sequence
of solutions to (2.1) or not. Also, it is worth to point out that the approach is completely different:
while in [7] the authors proceed with careful uniform estimates for viscosity solution of (1.3), here
we use the variational structure of the limit problem.

3.1. Lipschitz continuity of the minimizers. In this subsection we show that the solutions
of problem (A) are Lipschitz continuous inside 2, which is the highest regularity one can expect
for the minimizers of J, (by the Hopf lemma). This is a consequence of the following general
statement.

Theorem 3.5. Let A be a domain of RY, and let A C A be an open subset, satisfying the r-uniform
exterior sphere condition in A: for any xqg € AN A there exists a ball B with radius r which is
exterior to A and tangent to 0A at xg, i.e.

ANB=10 and zo€ ANB.
Let f € L°®(A), and let w € H'(A) N L>(A) satisfy
—Au=f inA
u=0 a.e. in A\ A

Then u is locally Lipschitz continuous in A, and for every compact set K & A there exists a
constant C = C(r, N, K) > 0 such that

[Vl Lo (ry < C ([[ull oo ay + 1|2 a)) -

For the sake of generality, we required no sign condition on the function u, even though we will
apply the result only to nonnegative solutions.

Corollary 3.6. Let u be any minimizer of Joo in Hs. Then u is locally Lipschitz continuous in

Q.

Proof. We apply Theorem 3.5 to the harmonic functions u; in A := A;, with A :=Qandr =1. O

The proof of Theorem 3.5 is based upon a simple barrier argument. For any R > 0, let us define
1 —AwR =1 in BR
wr(z) == == (R? — [z)>)T =
R( ) QN( | |> {wRO iHRN\BR,

and let
* R\ R RY 2 2\t

be its Kelvin transform with respect to the sphere of radius R. It is not difficult to check that

o0 s () () (8)

With this preliminary observation, we can easily prove the following estimate:
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Lemma 3.7. Let o € 0ANA, and let p > 0 be such that B,(xo) € A. Under the assumptions of
Theorem 3.5, there exists a constant C' > 0 depending on the dimension N, on r and on p, such
that

u(@)] < C (lulleay + 1 fllL=(n)) [# =20 Vo € By(xo).

Proof. Let yo € RY be the center of the exterior sphere in :

ANB.(yo) =0 and x9€ AN B,.(yo)

Let zp be the medium point on the segment xgyo. Up to a rigid motion, we can suppose that
29 = 0 and that xg = (0’,7/2), where 0’ denotes the 0 vector in RY¥~!. In this setting, we aim at
proving that u < w} , in By(xo) N A, with w}, defined by (3.4). Since u = 0 a.e. in 2\ A, we
have (in the sense of traces) that u = 0 on dA N B,(xo). Moreover, since B, 2(20) C B;(y0), and
0B, 2(20) N OB, (yo) = {0}, there exists a value 6 = d(r, p, N) (independent on the point x¢) such
that dist(z9, AN 0B,(x0)) = dist(z0, 0B, (yo) N 0B,(x0)) > r/2 + 6. Hence

inf Py = ,p,N) >0,
andBE ey 12 2 M2 N)

M=) 20\ .
o@) = (o= () s | 0 o)

It is now not difficult to check that
{—A(gp —u) >0 in AN B,(xo)
(p—u)=0 on (AN B,(x0))
Indeed, in AN B,(zo), by recalling (3.5),

and we can define

r N+2 ” N+2
—Au=f<|fllLe@n) and  —Aw, = <2|w> = <2p>

The boundary 9(A N B,(zo)) splits into two parts. On the first part A N B,(x¢) we know that
u = 0 in the sense of traces, and since ¢ > 0 there, we have ¢ —u > 0 on 9A N B,(xo) in the
sense of traces. On the remaining part A N 9B, (), the function u can be evaluated point-wisely,
since in the interior of A the function u is of class C%®; therefore, it makes sense to write that
u(r) < [Jul|pe @) < ¢ for any x € ANIB,(,,). All together, we obtain that u < ¢ on d(ANDB,(x0))
in the sense of traces.
In conclusion, we have u < ¢ in AN B,(zo) by the maximum principle. Observing that
N

r 2)? (7‘)2 rN (| |+r) (‘ | r)
| |z]"— (= = (lz|+ =) (|z] — =
ONFIN 2|V 2 ONFIN 2|V 2 2

rN r 2N=1(2p 4 1)
< svmiv W (Pt 5) (2] = lol) € ———F—— |z — ol.
vy (7 g) (=l L — ol

for every x € B,(xo), we obtain the desired upper estimate for u. Arguing in the same way on —u,
we obtain also the lower estimate, and the proof is complete. O

As an immediate consequence:
Corollary 3.8. For every compact set K € A there exists C = C(K,r,N) > 0 such that
lu(@)] < C ([[ull oo (a) + 1 f | Lo a)) dist(z, DA)
whenever x € K with dist(x,0A) < dist(K, JA).
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Proof. Let x € ANK such that dist(z, dA) < dist(K,0A). Then take xo € A such that |z — x| =
dist(z, 0A). Then we can apply the previous theorem to Byist(x,on)/2(T0)- O

We are ready to proceed with the:

Proof of Theorem 3.5. Recall that —Au = f in A, hence there the function u is of class C1**. Since
moreover u € H'(A) and Vu = 0 a.e. in A\ A, it is sufficient to obtain a uniform estimate for
Vu in a neighborhood of A (and actually only in A). Notice that in A it makes sense to consider
point-wise values of the gradient of wu.

We use the notation d, := dist(x,0A), for every x € Q. Take zo € AN A and let 6 > 0 be
small enough such that, considering the compact set

K:= |J B

z€Bs(x0)
then
dist(x, 0A) < dist(K,IA) vV € K.
By Corollary 3.8, there exists C' = C'(K, N,r) > 0 such that
lu(@)] < C ([ullLea) + [ fllze@)) do Vo€ K.
In particular, for every x € AN Bs(xg), since By, () C K, then

(3.6) [ull oo (Ba, (o)) < 2C (lullpoo(a) + [1.fll oo (a)) da-
Now, let

dy .
Qz = {yERN:|yi—xi|<m, z=1,...,N},

where m > 0 is chosen so large that the cube @, is contained in the ball By (z) (m > 0is a universal
constant, depending only on the dimension N). Since By, (z) C A, then —Au = f in By, (x) and
we can combine (3.6) with interior gradient estimates for the Poisson equation (see [15, Formula
3.15)]), deducing that

Nm dy
Vu(@)| < —— sup [ul + 5~ sup F1 <O (lullpeay + 1fllL=)) Vo€ ANBs(zo). O

4. FREE-BOUNDARY CONDITION FOR PROBLEM (A)

In this section we prove Theorem 1.5. We briefly recall the setting.
Let 7o € 95; N, and let us assume that T'F := 8S; N Br(xo) is a smooth hypersurface, for
some R > 0. We suppose that, for a positive §, condition (1.4) holds on I'Z:

Xi(@),oxvoa(@) <16 Vo el

where xi,...,x%_; denote the principal curvatures of 8S;. Without loss of generality, we can
suppose that T'F is a graph:

DF = (@, 0(a) s o € BY (ah)}, and SN Balwo) = {(«',2) € Ba(wo) : =< 1h(a'))

for a function ¢ : BY '(x}) — R, where By ~*(x}) denotes the ball of radius R in RV~ centered
at = (z}, ..., 2 ). We know from Theorem 1.3-(6) that there exists j # i and yo € dsupp u,
such that |zg — yo| = 1.

The proof of Theorem 1.5 is divided into several steps. We start with the uniqueness and

characterization of yq.
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Lemma 4.1. If x € 95;NQ and 3S; is smooth in a neighbourhood of x, then y = x + v;(x) is the
unique point in Ul# dsuppuy; at distance 1 from x.

Proof. By Theorem 1.3 (points (3) and (6)), we know that there exists a point y € (J;_; 0 supp
such that

lt—y|l=1, and |z—2z|>1 forallzeuasuppul.

I#i
This means that y — x € Q := {v : dist(x 4+ v, S;) = |[v|}. By [14, Theorem 4.8-(2)], Q is a subset
of the normal cone to S; in z, and since 95; is smooth in z, we deduce that y — z = v;(z). O

The previous lemma implies that there exists a unique j and a unique yo € dsupp u; at distance
1 from z(. In order to simplify the notation, let i = 1 and j = 1, and so g € 951N, yo € O supp us.
Assume from now on that yg € €2, so that yo € 9S2 N Q. We denote I'f := 9S; N Br(xo) and
% .= {x + vi(z) : 2 € TF}. Notice that by Lemma 4.1 and by continuity, we have that
yo € TE C 05, N Q, where the last inclusion holds for sufficiently small R > 0.

Lemma 4.2. The set T'E is a smooth hypersurface.
Proof. The set T4 can be parametrized by ® : BN ~!(z}) — RY,
V(' 1
_ &7 w(x’) |,
V14V ()P V14V

and hence we need to prove that D®(2’) has maximum rank. We have

S 1 WP IR (N 20
(4.1) D(ac— 1+|V¢(w’)|2>_Ile D< 1+|V¢($’)2>’

where Idy_; denotes the identity in RV=1. Observe that D (v¢(z’)/,/1 T \vzp(zf)P) is the

curvature tensor of I'f at (2/,1(2")) (see for instance [15, p.356]). Assumption (1.4) implies that
all its eigenvalues are strictly smaller than one. Then the determinant of (4.1) does not vanish,
and the result follows. |

¢@3=@ﬁwﬂﬂ+m@ﬂwfﬂ=<f

Observe that, with the previous notations,
(4.2) vi(z) = —a(z+vi(2)) Ve € TE  and  wa(z) = —vi(z + va(z)) Vo € TE.

Let n € C°(Brg(xo)) be a nonnegative test function. We define two deformations, one acting on Sy,
and the other on Ss. The first one, which deforms S, is a function denoted by Fy . : RN — RY,
e €10,¢), such that,

e if « ¢ Br(wo)
Fie(z) = {x +en(z)vi(z) if z e TR,

extended to the whole RV in such a way that (g,2) € [0,8) x RN s Fy () is of class C!, and
F1,0(-) =Id. We denote

Siei=F1(S) =S U{z+sn)v(z): €T 0<s<e}

and
F{%’E = FLE(F{%) ={z+en(x)(z): z€ Ff"}.
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8 = {u >0} Sy = {uy > 0}

FI1GURE 1. The picture on the left represents the deformation acting on S;. The
picture on the right represents the deformation acting on Ss.

Lemma 4.3. The set Fﬁg 18 a smooth hypersurface. Moreover, if we denote its exterior normal
at a point x + en(x)vy(x) (for x € TE) by ve(x), then e — v°(z) is differentiable at e = 0 and

d
(4.3) d—sua(x) is orthogonal to vy (x), for every x € TE.
e=0

Proof. By the smoothness of I'ff and of the perturbation 7, it follows that v¢ is differentiable in e
for € small. By deriving the identity [v°(2)[> = 1 in e for each @ € T'ff, we have Lv°(z)-1v°(z) = 0.
Since 10(x) = v1(x), the statement (4.3) follows. O

Now we consider an open neighbourhood BZ% of o such that Bzﬁ NSy = I'ff and dist(Bff), o) >
0. In order to deform Sa, we take Fy . : RY — R¥ ¢ € [0,2), such that

Fyo(y) = 4" ify ¢ B,
’ z+en(zv(z) +ve(x), ifz=y+w(y), yeT§

extended to the whole RV in such a way that (g,2) € [0,8) x RY s Fy . (z) is of class C!, and
F50(-) =1d. Define

So o= Fp o (S2) := So\{x + sn(x)v(z) +v°(z) : 2 €T, 0<s<e}
and
PE, i= B () = {o + en(e)n (z) + v*(2) : © € TR).
Notice that, since n > 0, we have Fg,e C S5 for every € > 0.
Remark 4.4. We observe that the map z € It — x. := x+en(z)vi(z) € T'f, is a diffeomorphism

for € > 0 small enough. For this reason, we can see the normal v° as defined on I‘ffg, and use the
notation

vi(z:) =1 (x) <= z.=2a+en(z)v(z).
The crucial point in our argument is the following:

Lemma 4.5. We have dist(S1¢,S2.) = 1. Moreover, dist(S;.,S;) > 1 for every i € {1,2},
JA1,2.

For the proof we will need the following elementary fact.
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Lemma 4.6. Let (v1,v1), (z2,¥2), two points on the lower semi-circle 9By := {x?+y?> = 1,y < 0}
in R%. Let vy be the graph of a C? function f : [x1,72] — R, and let us suppose that:

e the curvature of 7y is strictly smaller than 1;

o f(x1) =y, i.e. (x1,y1) is the initial point of ~;

o there exists p > 0 such that f(t) < —vV1—12 fort € (x1,21 + p).
Then f(xq) < ya, i.e. v cannot contain any other point on 0B .

Proof. In terms of f, the curvature of v is defined by
/()
1+ (f(1))?)
Thus, by assumption:
£ < (U @A in o, ) < ﬁ and f(r1) = y1.
— 12
Recalling that v(t) = —v/1 — 2 solves v = (1 4 (v')?)%/2, the thesis follows by a comparison
argument for solutions to ODEs. O

Proof of Lemma 4.5. The second statement of the lemma comes from the fact that dist(S;,.5;) > 1
and dist(T'f, S;) > 1 for i = 1,2 and j > 2. As for the first statement, observe that it is enough to
show that

dist(051, N, 052 NN) > 1.

By construction, 0.5; . \Ff’e = 085; \T'E for i = 1,2, and since dist(dsuppu;,dsuppus) = 1, then
dist(9S1,c \ I'f'., 08, \T'5.) > 1.

l,e»
Since every point in I'? admits a unique point on 0S; at distance exactly one, we have that
dist(T'E, 09, \Ff‘) > 1 for every i # j, i,j € {1,2}. Thus, by the continuity of the deformations
Fl,Ey FZ,ev

dist(I',, 08, \IF.) >1  Vi#j, i,j€{1,2}.
It remains to show that
dist(I'f'., T5.) =1

This follows from the following property (we use the notation introduced in Remark 4.4):
(C) there exists e > 0 small enough such that any point in y € S§_ such that dist(y,I'{',) =
1 has unique projection at minimal distance onto S ., this projection lies in Ffw and
moreover y = z. + v°(z,) for some z. € F{‘:E.
Indeed, (C) implies, by definition of I‘gs, that
{y € STe: dist(y,]."ﬁg) =1}={yeS;: dist(y,]."ﬁg) =1}
={yeSy:y=m.+1(x.), x. € Ff;a} = I‘gfs,

and completes the proof.

Let us now prove property (C). That any point at minimal distance from S; . stays on Fﬁa is
a consequence of Lemma 4.1 for € = 0; the case ¢ > 0 small follows by continuity of F} ., and
recalling that n has compact support. Take y € Sy N {dist(z, Ffa) = 1}. To prove the uniqueness
of the projection, suppose by contradiction that there exist two points z1 and x5 in Ffe such that
|1 —y| = |z2 — y| = 1. Since our argument is local in nature, it is not restrictive to suppose that
we chose R < 1/2 from the beginning, and hence in particular |z; — 22| < 1.
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Let II be the plane containing 1, 2 and y, and let v be the arc of the curve Fffe NII connecting
x1 and x5. The basic idea which we develop in what follows is that the existence of both z; and
x9 is forbidden by the fact that, thanks to (1.4), the curvature at every point of ~ is smaller than
1.

Since I‘{%E is a graph of a function of zy,
(4.4) also v can be seen as the graph of a function of zy for € small enough.

Also, since the principal curvatures of 35, are all smaller than 1 — & on I', for ¢ small enough the
principal curvatures of 951, are all smaller than 1 —§/2) on I'f’_. Combining this with the fact
that x; is a projection of y onto Si ., it follows the existence of > 0 small (possibly depending
on ¢) such that

(4.5) By(z1) NTT. N By(y) = {21}
Moreover,
(4.6) the (planar) curvature of + is also smaller than 1 — §/2.

Collecting together (4.4), (4.5), (4.6), we are in position to apply ® Lemma 4.6 to the curve T
on the plane II, deducing that T' cannot meet Bj(y) in any other point than z, in contradiction
with the existence of xs.

It remains to show that y = x. + v°(z) for some x. € Ffa. Having proved the uniqueness of
the projection, this follows directly from [14, Theorem 4.8-(2)] and the smoothness of T'{f.. O

Lemma 4.5 is crucial since it allows us to produce a family of admissible variations of the
minimizer u in the following way. For i € {1,2}, let u; . € H'(S; ) be such that

Au; e =0 in S;.
Uje =U; O 852-75\Ff?€ = 0S,\I'E
Uje =0 on I‘fe

extended by zero to Q\S; .. Observe that S; . = {x € Q: wu;(x) > 0}, and that for ¢ > 0 small
the vector (uj ¢, Uz, us, ..., ur) belongs to the set Hy, — defined in (1.1)— by Lemma 4.5.

Proposition 4.7. We have

d
(4.7) d—g/ Vg |2 = —/ n(z)(8y,u1)?,
Q e=0+ re
d
(4.8) e (Vg |? :/ n(x + va(z))(yyua)*.
€Ja e=0+ ry

Proof. The identity (4.7) is a direct consequence of Lemma A.2 in the appendix, with S := S; and
w = Bpg(xzp), since

d
Y= - Fe(2) T n(@)vi(z).
As for (4.8), we apply the same lemma with S = S, and w = Bzﬁ' We have
d d
Ya(y) = —Fac(y)|  =nly+ra@)vly+re(y) + vy +r2y))
de e=0 de e=0

Safter a translation and a possible rotation
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for every y € T'lt. Recalling (4.2) and taking into account (4.3), we have

(vt mw) 6_0”’2(y)> (A m)| nlm) ) =o

Therefore, using (4.2) once again, (Y2(y),12(y)) = n(y + v2(y)), and (4.8) follows by Lemma
A2. O

e=0

Proof of Theorem 1.5. Without loss of generality we work in the case i = 1 and j = 2, and use the
notations previously introduced. Take, for € > 0 small, the vector (uj ¢, ug.¢, us, . .., ux), which by
Lemma 4.5 belongs to the set H,. Since uj ¢ = uy and ug g = ug, then by the minimality of u we

have that
d

de
By Proposition 4.7, this is equivalent to

/F RECRDE / e+ ) D)

Joo(ul,s; u2,57u37 e ,Uk;)

This identity holds true for every nonnegative n € C°(Bg(xo)). In particular, by taking n = n;
such that ns(x) =1 for x € Br_as5(x¢) and ns(x) = 0 in Br(xo)\Br-s(x0), and by making § — 0,

we can easily conclude that
/ (By1)? < / (Byyu2)?.
Tk R

1
Arguing exactly in the same way, but deforming first I'; , and afterwards I'y r, we can prove that
also the opposite inequality holds, and hence

/FR(&/IM)Q = /FR(3VZU2)2-

1 2
Therefore
fop@nm)® |rg|
ra\Yrs u2) | 1 I
and we can thus end the proof by applying [7, Lemma 9.3], which states that the right-hand-side
of (4.9) tends to the right-hand-side of (1.5) as R — 0. We point out that, with respect to [7],
the modulus is present in our formula (1.5). This is only a consequence of the different convention
that we adopted regarding the sign of the curvatures. (|

5. EXISTENCE AND PROPERTIES OF SOLUTIONS TO PROBLEM (B)

We focus now on problem (B). It is convenient to restate the problem as follows. Letting, for

all u € H}(Q;RF),
J(u):F</ |Vu1|2,...,/|Vuk|2),
Q Q

we define
(5.1) c:= uggoo J(u)
where

dist(supp u;, suppu;) =1 Vi#j

u? =1Vi
Q

Hy =<{u=(u,...,u) € H(Q,RF)
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Clearly, since to each set w; of an element in P, we can associate an eigenvalue u; € H& (wi), we
have

< inf F(A s A '
¢ (wl,...,ul)g)epk(ﬂ) ( 1(w1) 1(wk))

We show below that these levels coincide.

5.1. Existence of a minimizer and its first properties. We first address the problem of
existence of optimal partitions, and derive some preliminary properties of the sets composing the
minimal solutions. This part is close the results in Section 2 and for this reason we shall only give
a brief sketch of the methodology.

We consider the auxiliary problem: for any u € Hg(Q, R¥) we let

s = ([ 1Vl [Vul) e 5[ st i) o

1<i<j<k

We have, similarly to Theorem 2.1:
Theorem 5.1. For every > 0, there exists a nonnegative minimizer ug = (u1,g,...,urg) of Jg
in the set

H = {u: (uy,...,up) € HL(Q,RY) :/ule Vi = lk}

Q
There exist 11,8, ..., kg > 0 such that ug is a nonnegative solution of
(5.2) —0;F ( |Vuil?,.. .,/ Vuk|2> Au; = p; gu; — Py Z (1s, *uf) .
Q Q

i
Moreover, the family {ug : 8 > 0} is uniformly bounded in H} N L=(Q,R¥), and there ewists
u=(u1,...,ux) € H such that:
(1) ug — u strongly in H'(Q,R¥) as B — 400, up to a subsequence;
(2) dist(suppu;,suppu;) = 1, for every i # j, so that u € Hy;
(3) for everyi # j,

. 2 2 .
Jim [ o= sl s dedy = 0

(4) u is a minimizer for c, defined in (5.1).

Proof. All the listed properties can be shown by very similar arguments of Theorem 2.1, we shall
only consider here those that are new. In particular, we focus on the uniform bounds on {ug}.
The existence of a nonnegative minimizer ug for Jg on H is given by the direct method of the
calculus of variations (J is lower-semicontinuous because F' is component-wise increasing). Since
H is not empty, it contains a smooth function v = (vi,...,v). Thus, Jz(ug) < ¢ < J(v) < +o00
for every 8 > 0, and this implies that {ug, 3 > 0} is bounded in H{. Notice also that, by definition,

/ |V, g2 = A (Q) forany i =1,...,k and 8 > 0.
Q
Therefore, by the assumptions on F', there exists a > 0 such that

1
a < o F (/ \Vu1’5|2,...7/ |Vuk7g|2> < = foranyi=1,...,k and 8 > 0.
Q Q a
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It follows, by the method of the Lagrange multipliers, that any minimizer ug is a weak solution to
(5.2). Testing such equations by ug itself and using the uniform bound on Jsz(ug), we obtain that
the exists p > 0 such that

O<pip<p foranyi=1,...,kand 3 >0.

The proof of the uniform L bounds is then a rather standard consequence of the Brezis-Kato
iteration technique, since —Awu; 3 < pu;g. The remaining properties can be shown reasoning
exactly as in the proof of Theorem 2.1. O

The previous result shows the existence of minimizers for problem ¢, in connection with an
elliptic system with long-range competition. Since both H., and J are invariant under the trans-
formation (uy,...,ug) — (Jui|,...,|ux|), we can work from now on, without loss of generality, with
nonnegative functions. In what follows, we will show that all the minimizers for ¢ are continuous
(actually, we will show that they are Lipschitz continuous in Q), and this will imply that (1.2)
and (5.1) coincide, and there is a one-to-one correspondence between (open) optimal partitions
(w1, ...,wy) of (1.2) and minimizers u of (5.1): for every u minimizer of ¢, the sets w; = {u; > 0}
constitute an optimal partition at distance 1 of €.

5.2. Proof of Theorems 1.3 and 1.4 for problem (B). By following exactly the same lines
of the proof of Theorem 1.3, (1)-(2)—(3), (5)—(6) for problem (A), we can show the exact same
properties for any minimizer u of the level c.

Regarding the regularity of the eigenfunctions, using the notations of Section 3, we observe that
u = 0 on 09, and that Q satisfies the r-uniform exterior sphere condition for some r > 0. Then
the Lipschitz continuity in Q is a direct application of Theorem 3.5 with f = A\;(w;)u;, A = RY
and A := A; (this shows Theorem 1.4).

Observe that the continuity of u implies that then w; = {u; > 0}, i = 1,...,k are minimizers
for problem (B). Thus ¢ and (1.2) coincide, and given any optimal partition of (1.2), then the
conclusions of Theorem 1.3 hold also for the associated eigenvalues u.

5.3. Proof of Theorem 1.5 for problem (B). The proof of this result for problem (B) follows
word by word the lines of the proof for problem (A), replacing only Lemma A.2 by the classical
Hadamard’s variational formula [16, Theorem 2.5.1].

APPENDIX A. SHAPE DERIVATIVES

In this appendix we establish a formula which relates the change of the energy of the harmonic
extension of a function ¢, defined on a boundary 9S and vanishing on a portion 95 Nw of 3S.
The domain variation is localized on 0S Nw. Although similar results are by now well known, and
excellent references are available (we refer for instance to [17, Chapter 5]), we could not find exactly
the result we needed, and therefore we provide here a short discussion for the sake of completeness.

Let S € RY be a open set, and let w C RY be a bounded smooth domain such that 9SNint (w) #
(). For a function ¢ : S — R such that ¢ € Lip(dS) and ¢(z) = 0 if z € IS Nw, we consider its
harmonic extension in S, that is the function u € H*(S) solution to

A = i 1
w=0 5 or, equivalently, / |Vu|? = min {/ IVo)? : v e H\(S), } )
u=¢ ondS g g v=¢pondS

The question we want to address is how a smooth deformation of a regular part of S where u =0
impacts the energy of the corresponding harmonic extension. We start by analyzing the derivative
with respect to a global homotopy F : [0,T) x RY — R¥ | for some T > 0, satisfying:
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(H1) t € [0,T) — F(t,-) € WH°(RN RY) is differentiable at 0;
(H2) F(0,-) = 1d;

(H3) F(t,z) =z for every t € [0,T), z € 0S\w.
For notation convenience, we let Fi(x) = F'(t,z), while DF}(x) := D,F(t,z). We can assume
that T > 0 is sufficiently small so that D, F(¢,z) is an invertible matrix for (t,z) € [0, T[xRY.
Moreover, we define
SEO| ewhe@Y RY),
dt i—o
so that, by (H1), Fy(z) =z +tY (z ) +o(t) in WE (RN RM) as ¢t — 0.

For every t € [0,T) we let S; = Fy(S) and T'y = F3(0S Nw). Let u; € H'(S;) be such that

Y:Fé::

Aut:() in St ’UEHl(St)7
u=¢ on 0S\w thatis I; := [ |Vu|* = min / Vo2 : v = on dS\w,
St St

w=0 on T, v=0onTI}

Lemma A.1. Under the previous assumptions, the function I; is differentiable at t = 0, with

d
°r
dt’

:/<(diVYId—2DY)Vu7Vu>
t=0 S

Proof. Step 1: Fixing the domain through a change of variables. For any t € [0, T, let v; € H*(S)
be defined as v; := us o Fy. Observe that for every v € H'(S;) one has

Vo) dy = [

[Vo(y)|? dy:/ [(DF()) ™ V(v(Ey(2))]? det(DF (x)) da.
Fi(S) S

St
Thus v; is the minimizer of
1
to=win{ [ aemy 0y Tvu ST
s

w = on dS
(recall that ¢ = 0 on 95 Nw) and a solution to the problem
— diV(Atht) =0 inS
Vg =@ on 05
with A;(x) = det(DFy(x))(DF,(z)) L [(DF;(x))1]T. Observe that A;(x) is symmetric and there
exist 0 < A < A such that
MNEP < (An(2)€,€) <Ale]* forallz e RVt € [0,T),6 € RY;

the map t € [0,T) — A; € L>®(RY) is differentiable at ¢ = 0, and lim;_,o A; = Ay = Id uniformly
in RY; and by recalling that Y := F}, we have by Jacobi’s formula
aAt( z)| =divYId— (DY +DYT)  uniformly in RV,
t=0
Step 2: Differentiability of the map t € [0,7) ~ v, € H*(S) at t = 0. We introduce the
incremental quotients
Ut — Vo Ut

—Uu
W0 = g = T € Hy(S),  te€]o,T.

Each w; o is a solution to

(A.l) — diV(Atitvo) = div (@VU) in S
wio =0 on 0S.
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We introduce the function wy € Hg(S) solution to

(A.2)

—Awgy = div(AjVu) in S
wy =0 on 0S.

and show that indeed w; o — wo as ¢ — 0, strongly in Hj(S), so that ¢ — v, is differentiable at
t =0, with v = wy. To do this, we subtract (A.2) from (A.1) and obtain the identity

— div(A,V (w0 — wo)) = div((A; — Ag) V) + div <<A‘§;A° - A{)) vu())

||vo||H1)
oo

Step 3: Differentiability of the map ¢ € [0,T) — I; € R at ¢ = 0. As a result of the previous step,
the derivative of I; at t = 0 is equal to

Testing this equation by wy o — wo € H(S), we can conclude that

1
([ 170 =w0R) " < 5 (140 = Aol ool +

and the claim follows recalling the properties of the functions A;.

Ay — Ag
f—f%

t—0

A, — A
lim (<ttOVvt + AgVw o, Vvt> + (Ag Vo, th’())) = /(AGVU, Vu) + 2 / (Vwg, Vu)
s s s

By testing the equation of u by wy € Hg(S), we see that the last term in the previous expression
is zero, and by exploiting the symmetry of the scalar product we obtain
d

s
dt"

= / (A)Vu, Vu) = / ((divY1d — 2DY) Vu, Vu) 0
t=0 S S

We now show that, if F} leaves invariant a neighborhood of 95\w, then the derivatives in Lemma
A.1 can be expressed only in terms of the value of the first order behavior of F' around 05 Nw.
Lemma A.2. Assume (H1),(H2), and instead of (H3) assume the stronger condition

(H3") F(t,x) =z for everyt € [0,T), x € S\w', for some w' € w;
and assume also that 0S Nw is a smooth hypersurface Then we have

d / 9
—1 =— Y -v)(O,u
|, mas( )(Oyu)

In particular, the first derivative of the energy at 0, I}y, depends on Fy only through the value of
Y = F} over wn 9S.

Proof. Observe that the assumptions imply that Y € W12 (R) satisfies Y = 0 in S'\w. Moreover,
since u is harmonic in S, u € H%(0), for every O € w N S. Thus we can test the equation of u
with Y - Vu € H'(S), obtaining

Oz/SVu-V(Y-Vu)—/UmaS(Y-Vu)(u-Vu)

=/ (<vu,DYVu>+<vu,D2uY>)—/ (Y - Vu)(v - Vu)
wnS wnNos

= /ms ((Vu,DYVu> + ;<V|vu|2,Y>) - /UJHBS(Y-W)(%VU)
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(the boundary term is well defined since w N IS is a smooth hypersurface). A further integration
by parts and the observation that, since u = 0 on wN S, we have |Vu| = |0,u| and Vu = (v-Vu)v
on w N AY, yields the identities

/ {(divY Id—2DY)Vu, Vu) :/ (Y - )| Vu|* = 2(Y - Vu) (v - Vu)) :—/ (Y-v)(8,u)>.
wnS wnos wnos 0
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