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Greedy vector quantization

HARALD LuscHay * and  GILLES Packs |

Abstract

We investigate the greedy version of the LP-optimal vector quantization problem for an R%-
valued random vector X € LP. We show the existence of a sequence (an)n>1 such that an
minimizes a — || mini<;<y—1 |X —a;| A|X —ql HLP (LP-mean quantization error at level N induced
by (a1,...,an_1,a)). We show that this sequence produces LP-rate optimal N-tuples a(N) =
(ay,...,ay) (i.e. the LP-mean quantization error at level N induced by a™) goes to 0 at rate
N _5). Greedy optimal sequences also satisfy, under natural additional assumptions, the distortion
mismatch property: the N-tuples oY) remain rate optimal with respect to the Li-norms, p < ¢ <
p+d. Finally, we propose optimization methods to compute greedy sequences, adapted from usual
Lloyd’s T and Competitive Learning Vector Quantization procedures, either in their deterministic
(implementable when d = 1) or stochastic versions.

Keywords : Optimal Vector Quantization ; greedy optimization ; distortion mismatch ; Lloyd’s I
procedure ; Competitive Learning Vector Quantization.

2010 AMS Classification: 60G15, 60G35, 41A25.

1 Introduction and definition of greedy quantization sequences

Let p € (0,+00) and Lp,(Q2,A,P) = {Y : (2, AP) — R9, measurable, ||V, = (E|Y|p)% < 400}
where | .| denotes a norm on R%. We consider X : (22, A,P) — R% an LP-integrable random vector. For
every I' C R%, we define the LP-mean quantization error induced by I' as the LP-mean of the distance
of the random vector X to the subset I' (with respect to the norm |.|), namely

ep(l', X) = [|ld(X, D),

where d(£, A) = infaea |€ —al, €€ RY, A C R?, denotes the distance of £ to A. This quantity is always
finite when X € LP(PP) since e,(I', X) < || X||, + minger |a| < 400 owing to Minkowski’s inequality
when p > 1. When p € (0,1), one has likewise e,(I', X )P < || X ||} + minger |alP < 400. The usual
LP-optimal quantization problem at level N > 1 is to solve the following minimization problem
epN(X)= min ¢e,(I',X) (1.1)
I'CR4,|T|<N
where |I'| denotes the cardinality of the subset I', sometimes called grid in Numerical Probability or
codebook in Signal processing. The use of “min” instead of “inf” is justified by the fact (see Propo-
sition 4.12 in [22], p.47 or [31]) that this infimum is always attained by an optimal quantization grid
(V) (of full size N if the support of the distribution p = P, of X has at least NV elements).
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The above optimal vector quantization problem is clearly related to the approximation rate of an
R9-valued random vectors X : (92, A,P) — R% by random vectors taking at most N values (N € N).
One shows (see e.g. Theorem 4.12 in [22] combined with comments, Section 3.3, p.33) that, for very
p€ (0,+00),

epn(X) = min{HX — q(X)],, ¢ : RY > R% Borel, |g(RY)| < N}
= min{HX Y|, Y:Q— R?, measurable, |Y (Q)| < N},
both minima being attained by random vectors of the form
YN = XM = ) (X) (1.2)

where 7 (v) denotes a Borel projection on ') following the nearest neighbour rule where TW) ¢ R4
has size at most V.

This modulus is also related to the Wasserstein (pseudo-)distance W,, p € (0,1] on the space of
Borel probability measure on R%: let P, be the set of distributions whose support has at most N
elements. Let ;1 be a Borel distribution on R? and let v € P,, that we can associate to random vectors
X and Y respectively ; then for every p-Holder function f : R4 — R, with p-Hélder ratio [ f]n Ho < t00
and every ve Py,

\/Rd Sy~ / fdv| = [ES(X) = ES(O)| < [l uall X = Y1, (1.3)

Conversely, noting that the function & — d(&,TV)) is p-Holder, we easily derive that

Wp(MaPN):ylel%)fNSUP{‘/Rdfdﬂ—/Rdde

When v = uowlf(lN) = L(YN)) (defined in (1.2)), the above inequality (1.3) is often used as a cubature
formula for numerical integration (see [31, 13, 14]). When dealing directly with with random vectors,
extensions of this formula are used to compute conditional expectations (see among others [3, 38, 8]
and further on for more references).

, [f]p,Hoz < 1} = 6;D,N(*Xv)

The most celebrated result in Optimal (Vector) Quantization Theory is undoubtedly Zador’s The-
orem (see [42, 11] and [22]) recalled below which rules the sharp asymptotic rate of convergence of
ep N (X) as the quantization level N (or grid size) goes to infinity.

Theorem 1.1 ((Zador’s Theorem), see [22], Theorem 6.2, p.78 and Remark 6.3(c), see also [24]).
(a) If E|X|P < 400 and p = Px = @.\g + v where v is a singular Borel measure with respect to the
Lebesque measure A\g on R%. Then

1,1
pta

limianéep,N(X) > jp,d (/ Lpzidd)\d>
N Rd

where j;’d is the sharp limit for the uniform distribution U([0,1]%) over the unit hypercube which
satisfies

Tpa =inf Nae, x (U([0, 1) € (0, +0).
(b) If furthermore E| X |[PT0 < 400 or some § > 0, then

+

3 =
=

lim Nie, n(X) = J,q (/ gppiddAd>
N ’ R4



This N~a (sharp) rate is known as the curse of dimensionality. The numerical search of optimal
grids solution to (1.1) (especially in the quadratic setting when d = 2) leads to an N x d-dimensional
problem for each grid size N which is often too demanding in practice when N or d grows. Hence the
need for a possibly sub-optimal “solution”” to this problem, easier to compute in terms of complexity
and dimensionality, provided the price to pay remains asymptotically reasonable.

The starting idea of greedy quantization is to determine a sequence (an)n>1 of points of R? which
is recursively optimal step by step or level by level with respect to the LP-mean quantization criterion.
We mean that, if we set (™) = {ay, .. a5y}, N >1, and a® = @, then

VN >0, anyi€ argmingeRdep(a(N) U{¢} X). (1.4)

Note that a; is simply an LP-median of (the distribution of) X and that, when p > 1, a strict convexity
argument implies the uniqueness of this LP-median. This idea to design not only optimal N-tuples
but an optimal sequence which, hopefully, will produce N-tuples with a rate optimal behavior as
N — 400 is very natural and can be compared to sequences with low discrepancy in Quasi-Monte
Carlo methods.

In fact, such sequences have already been investigated in an L' setting for compactly supported
random vectors X as a model of short term experiment planning vs long term experiment planning
represented by regular optimal quantization at a given level N (see [10]). Our aim in this paper is to
solve this greedy optimization problem for as general as possible distributions p# = P, and in any LP-
space, p€ (0, +00), in two directions: first establish the existence of such LP-optimal greedy sequences
and then evaluate their rate of decay of ep(a(N ), X) to 0 as the quantization level N goes to infinity.

A possible wider field of applications is to substitute such sequences to optimal N-quantizers in the
quantization based numerical schemes that have been developed in the early 2000s. In these procedures
optimal quantizations used as a spatial discretization method that “fits” optimal the distribution of
interest at each time step. Among these application, often in connection with Finance but also with
reliability, we may mention Numerical integration (see [31, 35]), Optimal Stopping Theory (pricing
of American style or callable derivatives, see [2, 3, 4]), Stochastic control of diffusions and portfolio
optimization (see [32, 38, 15]), or control of PDMP (1), for reliability (see [8, 9]), non-linear filtering and
stochastic volatility models (see [32]), discretization of BSDFEs and Stochastic PDEs ’see [21]). See
also the review papers [33, 36] and the references therein for more details. In most of these applications,
up to some variant, an R%valued discrete time Markov chain (Xk)o<k<n is approximated path wise
and in distribution by its quantized approximation sequence ()/(\',I; *)o<k<n living on a quantization
tree made up by the optimal quantization grids I'y (of varying sizes Ni) and the transitions matrices
k= E()? s |)? Fk) which discretize the Markov dynamics of the chain. The quantization based
scheme turns out to be in many cases spatial discretization of a (Backward) Dynamical Programming
principle. Given the common sizes of the grids in these implemented procedures (Nj is often greater
than 1000) and the number n of time steps (n > 10 and sometimes equal to 100) the storing of
this quantization tree may exceed the storage capacity of the computing device. Using the induced
grids a®™0) o) a(Vn) induced by a greedy optimal sequence (an)n>1 will dramatically reduce
this drawback, provided that, on the other hand, their rate of decay of their mean quantization rates
remain comparable to those of optimal quantizers.

The paper is organized as follows: in Section 2, the existence of (LP, u)-optimal greedy sequences
and their first properties are established for general and Euclidean norms. In Section 3, (LP, u)-
optimal greedy sequences are shown to be rate optimal in terms of mean quantization error, compared
to sequences of LP(u)-optimal N-quantizers. We also solve - positively — the so-called distortion

!Piecewise Constant Deterministic Markov Processes introduced by M. Davis in [16].



mismatch problem i.e. the property that the above rate optimal decay property remains true for the
L9(p)-mean quantization error when g € [p,p + d) in a d-dimensional setting (and sometimes for
q = p—+d). In Section 4, easy-to-check criteria, mostly borrowed from [24], are adapted to our greedy
framework. Section 5 is devoted to some further questions about the asymptotic behaviour of LP-
greedy sequences, compared to LP-optimal N-quantizers or non-greedy LP-rate optimal sequences. In
Section 6, we propose numerical procedures to compute quadratic optimal greedy sequences in both 1
and higher dimensional settings, either by deterministic means or by simulation. Finally, we propose
in Section 7, when X is uniformly distributed on the unit hypercube [0, 1]d, a comparison between
optimal greedy sequences and the sequences with low discrepancy popularized by the Quasi-Monte
Carlo method.

NoOTATIONS: @ N* = {1,2,...} the set of positive integers.
e | .| denotes any norm on R? (except specific mention). B(z,p) denotes the closed ball centered at

z € R? with radius p > 0. For every subset A C R? and £ € R?, d(€, A) = infaeca |€ — a| (distance of ¢
to the set A in (R%,].1)).

2 Existence of optimal greedy quantization sequences

Proposition 2.1. (a) Existence: If X € LP(P), then the sequence of optimization problems (1.4)
admits at least one solution (a,)n>1 where ay is the LP-median of the distribution p. Moreover,
the finite sequence (ep(a("),X))1<n<N is (strictly) decreasing as long as N < card(supp(,u)). In
particular, a, ¢ oY, forne {1,...,N}.

Any such a solution is called an LP-optimal greedy quantization sequence.

(b) Local optimality: As long as N < card(supp(u))

#(Cay (™) > 0 where Coy, (™) = {E€ R ¢ —ay| < | _min  |¢ - ail}

and for any Borel set C such that Cqy (a™) C C C Wy (™)) = {€€ RY||¢ —a, | < minj<j<y_1 |€—
ai|}, a, 1s solution to the local optimization problem

ay € argmingcpE(|X —aP | X € C).

(c) Space filling: Assume X € L%{d (P) for some q > p. Then, any LP-optimal greedy quantization
sequence (an)n>1 satisfies
li]{/neq(a(N), X)=0

. . . . N
i.e., equivalently, NhrJrrloo y 1r<]r11<nN 1€ — a;|"u(d€) = 0. In particular limy ep(a( ), X) =0.
Proof. (a) We proceed by induction. When N = 1, the existence of a; is obvious once noticed that
& — E|X — P is continuous and goes to infinity as [{| — 400. Assume there exists ay,...a, such
that e,(a®, X) = min,cga ep(a* 1 U {a}, X) for every k€ {1,...,N}.

If supp(p) C {a1,...,ay} then for every a€ RY, e,(a™¥) U {a} X) = e,(a™), X). Otherwise, let
& esupp(p) \ {a1, ..., N} It is clear that |€ — £*| < d(£,a™)) on the ball B(é’* 1d(&, a(N))) which
satisfies (B (€*, 1d(¢*,a™)))) > 0. Consequently, e,(a™) U {¢*}, X) < ep(a(N),X). Now let

Ky ={€e R ep(a™ U{e}, X) < ep(a™M U (€7}, X))



This is a closed non-empty set. Now let (£)x>1 be a sequence of elements of K% 41 such that [§x] —
4o00. It follows from Fatou’s Lemma that

lim inf ep(a™M Uu{g P > /R lim inf (d(&,a™)P A€ — &P p(dE)

= [ dcaVyutae)
= @™, X > (™ U e, X

This yields a contradiction which in turn implies that K?V 41 18 a compact set. On the other hand

¢ = ep(a™) U {€}, X) is clearly Lipschitz continuous on R?, hence it attains its minimum on K¢ 41
which is clearly its absolute minimum.

(b) If u(CaN(a(N))) = 0, then one checks that
ep(a(Nfl),X) — ep(a(N),X) = / (d(ﬁ, a(Nfl))p — |z - aN\p)u(d§) =0
Car (a(M)
which contradicts the strict decreasing monotony of ep(a(N ), X). Let (Ci)1<i<n be a Borel Voronoi
partition of R% induced by a™), i.e. satisfying C; € Wy, (aN)) = {¢e RY||¢—a;] = mim<j<n [E—ay]},

and such that Cy = C. Assume there exists be C such that [ |§ —an[Pu(dé) > [, [€ — bPu(dE).
Then

a xp = Y / €~ aPude) + [ 16— Pu(ag)

/ a(, ™D U (b)) u(de) + / € — ay [Pu(de)
C, C

1M

aN-1) P — blP since
3 /C (6D 0 b)) + /C € — bPu(de) w(C) >0

> / d(&,a™" "D U {b})" (de) + / d(&,a™" "D U {b})" p(de)
: C C

= ey(a™ VU b}, X)P
which contradicts the minimality of a .

(c) Let p€ (0,+00). Tt is clear that, for every ¢ € R, minj<;<x |¢ —a;| is non-increasing and converges
toward ]%[n>f1 |¢ — a,| so that by the monotone convergence theorem, one has

@ X b= [ int I = alPn(de).

Let a(®) = {ay, N > 1}. If £, # 0 then there exists & € supp(u) such that g = d(&,al™)) > 0.

Then, for every & € B(&o, %), d(€,a(>®)) > 250 so that

()P - VECAN £
/B(m)d(g,a ) u(dg) =mo with 0= ( 4> u(B(&, 7))-

Now, let Ny be a positive integer such that,
1
d(€, a0V u(de) < oo (1_7)
/R LA(&a™) p(dg) < foo + (1= 55
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We consider the (Ny + 1)-quantizer a(¥) U {&}. On the one hand,

/B(Eo,?)d(& {a1, ..., any, &o}) u(de) < (%O)pu(B(go, %0)) _ g%

and, on the other hand,

[ ded™ gl ue) < [ dea™)
B(&o,2)° B(é0,22)°

< d(&,a MNP u(de) — d(&,a™NNP (d
< e uae - [ aea) )
< s B g

so that

1
/Rd d(&,a™ U {&}) u(de) < oo + %0(1 . 3To> - % <l

which yields a contradiction. Hence £, = 0 which completes the proof for ¢ = p.

Finally, we derive from what precedes that limy minj<;<y | X — a;| = infx>1 | X —ay| =0 P-a.s..
As X € LI(P), mini<;<n | X —ai| < |X —a1]|€ L9, the conclusion follows from the Lebesgue dominated
convergence theorem. O

Remark on uniqueness. Uniqueness of LP-optimal greedy quantization sequence turns out to
be quite different problem from its counterpart for regular LP-optimal quantization. Thus, for 1-
dimensional log-concave distributions, it is well-known that uniqueness of LP-optimal quantizers holds
true (up to a reordering of the components in an increasing order, see [25]) holds true. For LP-optimal
greedy quantization, this uniqueness may fail. Basically, greedy quantization is more influenced by
the symmetry properties of the distributions: thus for the A/(0; 1)-distribution (whose density is log-
concave), its is clear that a; = 0 (unique LP-median) but then we have that, if as is the (unique, see
Proposition A.1 in Appendix A) solution to the the problem

mggE(]X\p A|X —al?)  where X has distribution p = A(0; 1),
az

then both ag and —ay are solutions to the greedy problem (1.4) at level N = 2 by symmetry of (the
distribution of) X. In fact, one derives in turn that (0, a2, —a2) and (0, —ag,as) are both the first
three terms of (LP, N'(0;1))-optimal greedy quantization sequences.

2.1 About LP-optimal greedy quantization in an Euclidean framework

In this section we assume that |.| denotes an Euclidean norm on RY. Let H,, be the closed convex
hull of the support of the distribution .

Proposition 2.2. Let (.|.) denote the inner product induced by the Euclidean norm. If supp(u)
contains at least N elements then, the first N elements of any optimal greedy quantization sequence
takes values in H,. If supp(p) is infinite any optimal greedy quantization sequence takes values in H,,.

Proof. We proceed by induction. Let a; € argmin,cpaE|X — a|? and let II;(a1) be its projection on

H,. If a1 # m1(a1), the pseudo-Pythagoras Theorem implies

VEEH,, [E—ar’ > ¢ —m(ar)]* + |ar — mi(a1)]?



so that E |X — a|?> > E|X — m(a1)]* + |a; — m1(a1)|? which yields a contradiction to the definition of
a1. Hence a1 € ﬂu'

Let a, € argmin,cgae,(aN"YU{a}, X). It follows from Proposition 2.1(b) that a, € argmin,cpE (| X —
alP | X € W,y) where W, = {€ € RY|[€ — ay| < d(&aNV)} is a closed (polyhedral) convex
set since the norm is Euclidean and has a positive p-measure. As a consequence a, € ﬁu(-\WaN)
where u(.|Ws,) is the conditional distribution of p given W,,. One concludes by noting that

Hu(-IWaN) =H, NWuy CH,. 0O

Remark. Let p = 2. As soon as card(supp(p)) > N, we know from Proposition 2.1(b) that u(Wg, ) >

0 and Jw, & nu(dé)
an M
i 6=l = { 2o
i.e. [ € p(dE)
Oy = % = E(X | X € WGN)' (2:5)

This can be seen as a fixed point formula and is the starting point of stochastic optimization procedure
to compute by simulation (of i.i.d. samples of X) of optimal greedy sequences using a variant of the
celebrated Lloyd method introduced in [27] and widely used in Statistics and Data Analysis(see [29])
as k-means algorithm (see Section 6).

3 Greedy quantization is rate optimal

3.1 A general rate optimality result

Following [24], we define for every be (0, %) the b-mazximal function associated to an LP-optimal greedy
quantization sequence (ay)n>1 by

o Ma(B(E (€, aM)))
Vee R, Wy (€) = u(BLE, bd(e, ™))

It is clear that ¥;(&) > 0 for every £ # a1 (LP-median).

Note that this notion of b-maximal function (originally introduced in [24]) can be naturally defined
with respect to a sequence of grids (I'y) n>1 where I'y has size N.

The theorem below yields a criterion based on the integrability of the maximal function ¥, which
implies that an (LP, u)-optimal greedy quantization sequence is (LP, u)-rate optimal (in the sense of
Zador’s Theorem). More practical criteria are given further on in Section 4.

€ [0, +o0].

Theorem 3.1. Let pe (0,400) and let p =P, be such that/ |€[Pp(d€) < +o0. Let (an)n>1 be an
Rd

LP-optimal greedy quantization sequence. Assume that there exists be (0, %) such that Wy € LP%(M).
Then
lim sup Néep(a(N), X) < +o0. (3.6)
N
Proof. First, note that if 4 is a Dirac mass &, for some a € R?, then a; = a and e,(a!™), X) = 0 for
every integer N > 1. Otherwise, we rely on the following micro-macro inequality established in [24]
(see Equation (3.4) in the proof of Theorem 2, with the standard convention § = +00).

C
d (N) p,b
VEe R, d(&a )pSM(B(g,bd(g,a(N))))

(@™, X)7 = ep(a™ U fe}, X))

7



where be (0, %) and O, is a positive real constant depending on p and b. Then, it follows that

1 p(B(Ebd(¢ a™M)))

(N) (N) _
el UAE) XY < (@ X0 = 5 (B e, ba(e, a™))

bld(¢, aN) Py, (3.7)

where Vy denotes the hyper-volume of the unit ball with respect to the current norm on R? i.e.
Vi = Aq(B.(0;1)). This implies that

1 1
ép@d Uy (5)

ep(a™ U {e}, X)P < ep(a™, X)P — d(g, a M yrtd (3.8)

where ép@d = Cpp/(b?Vy) € (0, +00). Note that p({a;}) < 1 since p is not a Dirac mass, so that
_p
L v ©ntag) > o

p
Consequently, as ¥y, € L:D’ﬁ(,u), we can define the probability distribution v = kj 4 \Ilg”d.,u (where

p -1
Kbpd = (f\I/lf”d,u> € (0,400) is a normalizing real constant). Then, integrating the above
inequality with respect to v yields

v(d§)

/Rd ep(a(N) U {g},X)py(df) < ep(a(N),X)p _ ép,b,d /Rd d(f,a(N))pﬂim.

d
Jensen’s Inequality applied to the convex function u +— ulTe yields

1+4
L (ypra 2 (d€) Ly 2(dE) ’
[ ey 2 </Rdd(5’ )p\pb@pid>

1+4 1+3
= Fipa ( /IR , d(@a“v))pu(ds))
144

= nbpz ep (a(N) , X)p+d.

On the other hand, it is clear that

ep(a(N+1),X)p S/

| e (@ Ufe), X))

so that, finally, if we set A, = ep(a(N ) X )P, N > 1, this sequence satisfies for every integer N > 1,

the recursive inequality

o 1+d

Ay Ay —RAY T
d__

where k = lﬁb’pf;lcp,b’d. The sequence (A, )n>1 being non-negative, one classically derives the an-

nounced conclusion (for a proof, see Lemma B.1 in the Appendix B, applied with p = g and

C=%. O

Remark. e One straightforward derives from Zador’s Theorem (Theorem 1.1(a)) that, under the
assumption of the above theorem and if p has a non-zero absolutely continuous component (i.e.
Y= j—;d # (), one has

ep(a™P X)) < N~



- 1
since e,(a™M? X) > e, nv(X) and limNianéenN(X) > Jpdllell” o > 0. The same conclusion
Lrtd (g
will hold true for the distortion mismatch problem investigated in Proposition 3.1 in the next section.

e A careful reading of the proof shows that, if we define the sequence of functions ¥y, 5 by

Aa(B(E,bd(¢,a™M)))
p(B(&,bd(€,aM)))
then the theorem holds true under the weaker assumption that there exists an integer Ny > 1 such

that sup / Uy, v (§)p(d€) < 4o00.Unfortunately, this fact seems to be of little practical interest.
N>N, JRrd

VEERT, Wy n(E) =

€ [0, 4o0],

e When p is singular with respect to the Lebesgue measure (no absolutely continuous part), it is likely
that, like for standard optimal vector quantization in Zador’s Theorem, this rate is not optimal. The
natural conjecture should be that greedy quantization sequence(s) go to 0 at the same rate as that

obtained for sequences of optimal quantizers which is not N ~7 when the distribution W is singular
(see e.g. [22]).
e Since we know that d(&,a™)) | 0 as N — +oo, u(df)-a.s., it is clear that if © = p.\g (or even

il
1= @.\g + [, to be checked), then by the Lebesgue differentiation theorem
1 Aa(B(€, bd(€,aN)))

—— = liminf

G N p(B(E bd(€,aMN)))

so that by Fatou’s Lemma, the condition ¥y € Lﬁ(,u) implies

[ 7@ dra(de) < +c.

<Wy(6)  plde)-as.

So, we retrieve here the statement of Remark 6.3(c), p.79, in [22] which points out that if optimal
LP-mean quantization goes to zero at rate N =7 then the above integral is finite (see also Section 1
in [24]). Of course, as emphasized in Remark 6.3(a) from [22], p.79, the classical condition under which
Zador’s Theorem holds, namely E[X [P0 = [0, |¢[PTOu(d€) < +oo for a § > 0, implies the finiteness
of this integral owing to an appropriate application of Holder’s inequality. The above result suggests
a hopefully nonempty question: since LP-rate optimality for greedy sequence (and consequently for
true LP-optimal quantizers) holds as soon as X € LP(IP) and (X)) € L+ (P) for a be (0, 3), are such
conditions achievable when E|X [P+ = 400 for every ¢ > 0.

3.2 Distortion mismatch for optimal greedy quantization sequences

In this section we address the problem of distortion mismatch originally investigated in [24] for se-
quences of optimal N-quantizers.

If ge (0,p] and X € LP(P) any optimal greedy sequence (a, )n>1 remains Li-rate optimal for the
L4-norm owing to the monotonicity of the Li-norm as function of q. But the challenging question
for distortion mismatch starts with the case ¢ > p. It is solved in the proposition below, still relying
on an integrability assumption on the b-maximal function(s) W,. For more practical criteria we again
refer to Section 4.

Proposition 3.1. Let g € (p,+00) and let X € LP(IP) with distribution p = P, . Assume that the

mazximal function Wy € Lﬁ(,u) for some be (0, %) Let (an)n>1 be an LP-optimal greedy sequence.
Then X € LY(P) and

lim sup Néeq(a(N),X) < +o0.
N



Remarks. When supp(u) is not compact it is hopeless to have results for ¢ > p + d since it has been
shown in [24] (Theorem 10 and Equation (2.7)) that the L%-rate optimality of a sequence (an)n>1
would imply when p = p.\g that

/ o7 (©)u(de) = / o7 (6)Ma(de) < +oo.
©>0 ©>0

However when p has a compact support, we will see in Proposition 4.2(c) that Li-rate optimality can
be preserved under appropriate integrability assumptions.

Proof. First, note that if 4 is a Dirac mass §, for some a € R?, then a; = a and e,(a!™), X) = 0 for
every integer N > 1. Otherwise, it follows from Equation (3.7) rewritten in a reverse way that

L q
VEERT,  d(€, ™)1 < Chapg (ep(a™, X)P = e(a™ U{E}, X)) Wy (€ (E).
Now, we note that
VEERY,  e,(a™M U{E} X)P > ey(alV D X)P

by definition of the sequence (an)n>1 so that

_9
VEER?, (€0 < Chapy (ep(a™), X)P = ey, X)) Wy (€7 (€).

Integrating with respect to p yields

eq(@™, X)" < Chapq (ep(a™, X = ey (a™*D, X)) 7 /IR ()7 () ().

We know that / \Ilb(g)#d(g)u(dﬁ) € (0,400) owing to the assumption made on p and 1. Hence
Rd

q

eq(a(N),X)q < ébd’p,q (ep(a(N),X)p — ep(a(N+1),X)p> Hd

where éb,d’nq = Chdpyq Jpa \I/b(é)ﬁ(f),u(df). Equivalently

p+d

bdp.g <ep(a(N)7X)P — ep(a(N“), X)p) _ (3.9)

Summing over k between N and 2N — 1 yields

2N—1 pd
Z eq(a®, x)PHd < Chidpa (ep(a(N),X)p - ep(a(QN),X)p>
k=N
_ptd N
< Cb7fl7p7qep(a( ), X)P.

It is clear that ¥, € Lprﬁ(u) since p < q and Wy € Lpﬁ(,u). Consequently, it follows from
Theorem 3.1 that there exists a positive real constant Cl’,’ dpag € (0, +00) such that, for every N > 1,

2N—-1

Z eq(a(k),X)erd < C~'{,7d7p’qN*§.
k=N

10



On the other hand the sequence (eq(a(N),X))N>1
itself non-decreasing for every ¢ € R%. Finally, this implies that, for every N > 1,

is clearly non-decreasing since (d(¢,a™))?) > is

2N—-1
Neq(a(ZN_l),X)p+d < Z eq(a(k)’X)p—l-d < élly,d,p,qN_g'
k=N

Hence, for every integer N > 1,

&N

( () X)p+d < 2C'bdpquj\/v/2~|
(where [m] denotes the upper integer part of me€ N). Consequently, for every N > 1,

eq(a™, Xyt < 2 HECY ,,  NTOHD.

One completes the proof by taking the (n + p)!* root of the inequality. [

4 Practical criteria for the integrability of the maximal function

These criteria are mainly borrowed from [24] where they have been established for the first time in
order to solve the mismatch problem for optimal quantization

Compact case and ¢ < p+ d. The compact case relies on the following lemma which allows for
non convex support for the distribution .

Lemma 4.1 (see Lemma 1 in [24]). If X € LP(P) has a distribution p and (I'n)n>1 S a sequence of
N-quantizers such that [pq d(€,T )Pu(d€) — 0, then the mazimal functions ¥, associated to (T )n>1

lie in L], .(u) for every re (0,1) i.e.
1
Yre (0.1, Ybe (0.), VRe 0+o0) [ e a(de) < +ox.
2 {lgI<R}
By combining this result (applied with r = —) with Proposition 2.1(b), we derive the following

result which extends the one established in 1()]p for absolutely continuous distributions with convex
support on R?. Note that the proof of the above lemma is not elementary, especially when supp(p) is
not convex, and relies on the Besicovitch covering theorem.

Proposition 4.1 (Compact support). If X has a distribution p with compact support, then any LP-
optimal greedy quantization sequence (a, )n>1 is Li-rate optimal for every g€ (0,p+ d) i.e. satisfies

lim sup Néeq(X, ™)) < 4o0.
N

Compact case and ¢ > p+d. Results can be derived for ¢ > p+ d when pu is absolutely continuous
and has a compact support. They rely on the following Lemma (see Lemma 2 in [24]).

Lemma 4.2. Assume = p.\g, E|X|P < 400, supp(u) is the finite union of closed convexr sets and
Adjsupp(u) @S absolutely continuous with respect to pu.

Let (I'y)n>1 be a sequence of quantization grids satisfying ep(I', X) —> 0 as N — +o0o. Then, for
every q€ (1,+00], the associated mazimal functions Uy, lie in L] (1) zﬁ e L ().

As a consequence of this lemma, we derive the following proposition which deals with the cases
g>p+d(in (a)) and ¢ =p+d (in (b)).

11



Proposition 4.2. (a) Let p = p.\q be like in the preceding lemma and let (an)n>1 be an LP-optimal
greedy quantization sequence for u. Let ¢ > d + p. If

/ o () p(de) = / o1 () Aa(d€) < +oo
R4 {¢>0}

then (an)n>1 is LY -rate optimal for every ¢ € (0,q] i.e.

lim sup Néeq/ (X,a™)) < +o0.
N

In particular, if ¢ > e >0 on supp(u), then the above integral criterion is fulfilled.
(b) Let q = p+d. If there exists § > 0 such that

/ o (E)u(e) = / o3 (E)MaldE) < +oo
R4 {¢>0}

then limsupNéeijd(X, ™) < 4oo.
N

Non-compact radial case.

Lemma 4.3 (see Corollary 3 in [24]). If X € LPTO(P) for some § > 0 with an essentially radial
distribution p(d§) = (&) Ag(d) in the sense that

o =h(].lo) on B |,(0,R)® with h: (R,+00) — Ry, non-increasing and |.|o any norm on R<,
(4.10)
Let (I'n)n>1 be a sequence of N-quantizers such that eq(I'y,, X) — 0. If there exists a real constant
¢ > 1 such that

/ p(c€)” 7 u(de) = / o(c€) P p(€)dE < +oo (4.11)
Rd Rd

then Wy € Lt ().

In fact, as stated in [24], Corollary 3 is written to be used only with LP-optimal quantizers so the
above formulation includes minor modifications. Combining this lemma with Proposition 2.1(b) and
Theorem 3.1 yields the following proposition.

Proposition 4.3 (Non-compact support with radial density). If X € LPTO(P) for some § > 0 with an
essentially radial distribution in the sense of (4.10) and if, furthermore, ¢ satisfies (4.11), then any
LP-optimal greedy sequence (a,)n>1 ts Li-rate optimal i.e. satisfies

lim sup Néeq(X, ™)) < 4o0.
N

This case includes e.g. all the centered hyper-exponential distributions of the form pu = p.\g with
0(€) = Kapel€l5e 0, e RY a,b>0, ¢ > —d

and |.|o is any norm on R? and subsequently all hyper-exponential distributions since LP-mean-
quantization errors are invariant by translation of the random vector X. In particular, this includes
all normal and Laplace distributions.

Remark. In one dimension, (4.10) can be replaced mutatis mutandis by a one-sided variant: if there
exist Ry, Rj € R, R{, > Ry such that

supp(u) C [Ro,+00) and fj(g; 1oy is nOn-increasing. (4.12)
This criterion is satisfied by the gamma distributions on R (including the exponential distribu-

tions).

12



Non-compact and possibly non-radial case.

Corollary 4.1. Assume p = p.\g and E\X|p+5 < 400 for some § > 0. Furthermore, assume that
supp(u) is peakless in the following sense

oy - Ad(supp(p) N B(&, p)) =0 (4.13)

= i
¢esupp(p), 0<p<1 Ai(B(&p))

and that ¢ satisfies the local growth control assumption: there exist real numbers € > 0, n € (0, %),

M, C' > 0 such that

Ve, & esupp(p), [€] > M, € — € < 2m[E] = p(€) = Cp(§) . (4.14)
Then, for every g€ (0, %) such that

_g(+e) 1_a(+e)
L@ 5t = [ o' () < 4o
Rd {v(€)>0}
(if any), any greedy LP-optimal sequence (a, )n>1 is Li-rate optimal i.e. satisfies

lim sup N%eq(X, ™)) < 4o0.
N

In particular, if (4.14) holds either for e =0 or for every e€ (0,e] (e > 0), and if
Ve Oprd, [ O T = [ p©' T <o (119)
Rd {e()>0}
then the above conclusion holds for every q€ (p,p + d).

Note that (if A\j(supp(p)) = +00) Assumption (4.13) is e.g. satisfied by any finite intersection of
half-spaces, the typical example being ]Rﬂlr. Furthermore, a careful reading of the proof below shows
that this assumption can be slightly relaxed into: there exists a real ¢ > 0 such that

{Ad(supp(u) N B, p))

nfp = Inf
§esupp(u)

,O<p§c|:c}>0.

5 Further answers and questions about greedy quantization

In this section, we temporarily denote by (a N,p) the LP-optimal greedy quantization sequence for

N>1
the uniform distribution U(]0,1]) and by (oz(N )’p) N> the resulting sequence of greedy quantizers.

> Rate optimality of greedy sequences It is a straightforward consequence of Zador’s Theorem

that if the distribution p =P, of X € LP9§ > 0, has a non-zero absolutely continuous component

(t.e. p = j—/\‘; # 0) and satisfies the assumptions of Theorem 3.1, then

1

ep(a(N)’p,X) =< N4

- 1
since e,(aV)P, X) > e, y(X) and liminfy Néeva(X) > Jpdllell” o > 0. (By the way it proves
L

p+d (>\d)

that under the assumption of Theorem 3.1, o] 4 < +o0.)
L

PFd (Aq)
By a similar argument, the same holds true for the distortion mismatch problem under the as-
sumptions of Proposition 3.1.
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> Can greedy quantization sequence produce asymptotically optimal quantizers? If
has an absolutely continuous component with density ¢, then any sequence (I'y,),>1 of asymptotically
(LP, p)-optimal quantization grids at level N, = card(I',) — +oo, satisfies the empirical measure
theorem (see [22], Theorem 7.5, p.96 and [17] for a slight refinement), namely

d
1 d+p
N Z (5(1@#(7’):%.&1 as  n — 400

acl'y fRd patr d)‘d

where @) denotes the weak convergence of probability measures. Note that when p = U([0,1]),

p®) = U([0,1]), for every pe (0, +00).
By asymptotically (LP, u)-optimal, we mean that the (LP,pu)-mean quantization errors induced
1
by the grids T, satisfy the sharp asymptotics of Zador’s Theorem, namely lim, Nye,(I'y, X) =
1

Jp,d (ao”pi :
Lr+d(Xq)

It is pointed out in [10] (Theorem 4.10 and Corollary 4.11) that the quantizers (aN)?) x> designed
from an (L?, p)-optimal greedy quantization sequence (a, ) n>1 are usually not asymptotically (LP, u)-
optimal, even up to an extraction. The counter-example is exhibited in the 1-dimensional basic setting
of the uniform distribution U(]0,1}).

The authors first build and analyze an (L', U([0, 1]))-optimal greedy sequence (a, ,)n>1. Then,

they show that the (tight) sequence of empirical measures fiy, = % > 1<p<n day,, on [0,1] does not
have the uniform distribution U([0,1]) (or equivalently the Lebesgue measure Ay ] over [0,1]) as a
weak limiting distribution. In particular, this implies, owing to the above empirical measure theorem,
that

1 ~
limNianel (a(N)’l,U([O, 1])) > 1= Ji1

keeping in mind that J;; = hj{[n Nein(U([0,1])) = i%fNeLN (U([0,1])). Otherwise, by the above

empirical mean theorem, there would exist a subsequence N’ — +o0 such that iy (w—>) p) = Ajjo,1] =
U([0,1]). Equivalently, this reads

. €1 (a(N)’lv U([Ov 1]))
lim inf
N e1,n (U([0,1]))
Numerical tests graphically reproduced in [10] (Figure 1, p.521) suggest that
lim inf Ne, (a™1U([0,1])) ~ 0.255 ~ 1.02 x J1 1.

Our own numerical tests, based on the algorithms developed in Section 6 in the quadratic case (p =
2), implemented with the uniform distribution, the scalar N(0,1) and bi-variate N(0;I3) normal
distributions provide similar conclusions (see Section 6 devoted to algorithmic aspects and numerical
experiments).

This leads to our first open question: is this a generic situation? Or, to be more precise:
Open question 1: May an optimal (L?, ;1)-greedy sequence (a, ) y>1 contain subsequence(s) (a(N/)’p)
of asymptotically (L, u)-optimal p-quantizers?

In fact, we conjecture that the a generic answer is negative. This amounts to proving, still owing
to the empirical measure theorem, that for any optimal (L?, u1)-greedy sequence (a, ,)N>1

ep (a(N)yp’ M)

> 1.
€p,N (“)

lim inf

14
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> Are (LP, 1)-optimal greedy quantization sequence really optimal among (u-rate optimal)
sequences? Let us have a look at the celebrated dyadic Van der Corput (VdC') sequence, viewed
as a quantization sequence. Let us recall that the dyadic VdC sequence is defined by

ng

T
EN:ZTIVH where N =n,2" 4+ ---4+ng, n;€ {0,1},i=1,...,7r

k=0
> The L'-mean quantization problem for the VAC sequence. Elementary computations, not repro-
duced here, show that

o I~
thlanel(&,...,fN, [0, 1]) =1= Ji1

and that 9 9
li N 0,1) = — = = J1..
Hn]\?up €1 (517 75]\]7 [ ]) 32 S
This liminf is achieved by the subsequence N,, = 2", n > 1, and the limsup with subsequence

Ny, = %.2” =3.2""1 n > 1. So we can claim that:

e there exist rate optimal sequences in the sense of (3.6) which are not solutions to the greedy
problem (1.4);

e there exist rate optimal sequences ({x)n>1 containing subsequence of quantizers (§(N /)) N>1
which are asymptotically L!-rate optimal quantizers: so is the case of the VdC sequence with
the above subsequence N/ = 271,

Figure 1 in [10] also suggests that the L'-optimal greedy quantization sequence (a N,l) N> for the
uniform distribution U([0, 1]) satisfies -

limsup Nej (a™),U([0,1])) ~ 1.09 x Ji1 and 1.09 < 1.125 = 9/8.
N

> The L?-mean quantization problem for the VAC sequence. The same phenomenons are confirmed
in the quadratic case since, mutatis mutandis,

3f~

1 ~
= Jo1 and limsupNeg(gl,...,fN,[(),l]) =" X oy
N

2V3

where we keep in mind that ng = li]{[n Nea n(U(]0,1])) = ijr\1ff Nea n(U(]0,1])).

limNian€2(f1, a6y [0,1]) =

On the other hand, in a quadratic framework, using the greedy Lloyd I procedure described and
analyzed in the next Section 6.1 (see Equations (6.17) if d = 1 and (6.20) if d > 2), we also observe
numerically (see Figure 5) that

lim inf Ney(a™2 U(]0,1])) &~ 0.29656 ~ 1.02732 x Jo; > Jo

and
lim sup Neg (a™)2,U([0,1])) = 0.32736 ~ 1.13401 x Jo
N
since jg71 = ﬁ So the “loss” is about 13 %.

As for the liminf, we verify again that no subsequence of (a(N )’2) can be asymptotically L?-

N>1
optimal and, ss for the limsup, that the quadratic optimal greedy sequence (aNQ)

the dyadic VdC sequence from the lim sup criterion since 1.13401 < % = 1.67706.

N>1 outperforms
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Figure 1: Graph N — Neg(a(N),U([O, 1])), N =1,...,10000.

> Concatenated sequences. From a more general point of view, there is a canonical method to produce
for any distribution x on (R?, Bor(R%)), a p-rate optimal sequence for (LP, i1)-quantization by con-
catenating (LP, p1)-optimal grids of size 2¢. We proceed as follows. Let (by)n>1 be a sequence made
up with (L?, ju)-optimal quantizers at level 2¢, £ =0,...n — 1 i.e. so that

{bze, e b22+1_1} is an (LP, p)-optimal quantizer at level 2. (5.16)
One checks straightforwardly by monotony of the LP-mean quantization error that, for every n > 1,

egnfl(b@n_l),ﬂ) S €on—1 ({an—l, ey b2n71}, ,u)
Hence, for every N > 1, let be n = n(N) be such that 2" —1 < N < 2", Then

ep(™), 1) < ep({byn-1, ... ban_1}) = €, 9n-1(k)

so that

lim sup N%ep(b(N),u) < limsup (N) " lim Nie N(p) = 2i limNie N ().
N N on(N) N b, N P,

> First elements of comparison.
—1If 4 =U([0,1]) and p = 1, one easily checks by induction that the dyadic VdC sequence can be
obtained as a properly reordered sequence (by)n>1 from the LP-optimal quantizers at level N given
by {257;,1, 1<k< N} when N = 2" n > 0. In this very situation, the factor 94 = 2 is conservative

since it can be replaced when p = 1 by % = 1.125 as seen above.

(N),1
e1(a
Anyway, the L'-optimal greedy quantization sequence keeps the lead, since lim sup u =

. N e1,N (1)
109 < ¢ ~ 1125,

—If = U(]0,1]) and p = 2, once again, the quadratic optimal greedy quantization sequence again
keeps the lead, since

eQ(Q(N)ga 1) 3v5

lim sup ~ 1.13401 < e ~ 1.67706 < 2.

N ez, N (1)
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—If u = N(0;13) (bivariate normal distribution i.e. d = p = 2), our own numerical experiments
suggest for the third time (see more detailed numerical results in Section 6.2) that a quadratic optimal
greedy quantization sequence (or, in practice, the suboptimal sequence resulting from the numerical
implementation of the greedy Lloyd I algorithm) has a lower constant than 24 x limy N %62’ NN(0; I5).

All these considerations experiments lead us to formulate a second open question:

Open question 2: Does an (LP, )-optimal greedy quantization (a N,p) ~>1 produce the lowest value

for lim sup Ni ep,N (a(N)’p, u) among all sequences (ay ,)n>1 7
N

A less ambitious question could be to compare (L, i1)-optimal greedy sequences to concatenated

. ep (a(N)m’ H)
sequences (5.16) i.e.: “Is the (strict) inequality lim sup —————*

<21 always satisfied?”
N epN (1)

> Practical aspects in view of numerics. From a more applied point of view, it would be of
interest to establish for (LP, u)-optimal greedy sequences a counterpart of the non-asymptotic Zador
Theorem in order to upper-bound the (L, u)-mean quantization error of any greedy optimal sequence
(normalized by N 75) by the LPT9-pseudo-standard deviation of the distribution p and a universal
constant depending only on d, p and §. The proof of the non-asymptotic Zador’s Theorem (a slight
improvement of Pierce’s Lemma established e.g. in [28]) relies on a random quantization argument
involving the random quantizers (Y (N))ys1 designed from an i.i.d. sequence (Yy)n>1 with an appro-
priate distribution v, such a result is not hopeless.

For numerical purposes, in particular numerical ilntegration or conditional expectation approxima-
tion, some reasonably good estimates of limsupy Nde;, ~N(a®™) | 1) in (3.6) would be very useful. This
is to be compared to the never ending quest for sequences with low discrepancy with lower constant
in the Quasi-Monte Carlo community.

6 Algorithmic aspects in the quadratic case

In this section we assume that R? is equipped with the canonical Euclidean norm and that p = 2
(purely quadratic setting). So, will simply denote (a, )n>1 quadratic optimal greedy sequences.

Practical computation of an optimal greedy sequence of quantizers relies on obvious variants al-
gorithms (CLV @ and Lloyd) implemented recursively: to switch from N to N + 1, one first adds a
(N + 1) point (sampled from the support of the distribution ) to the N-tuple (ay,...a, ) computed
during the first N*" stages of the optimization procedure. This makes the starting (N 4 1)-tuple for
the modified CLV Q) to Lloyd procedure. Then, one launches one of these two optimization procedures
with the following restriction: all formerly computed components a;, 1 < i < N — 1 are kept frozen,
and only the new point is moved following the standard rules. Thus, if implementing a CLVQ like
procedure, when the N** component is the “winner” in the competition phase (i.e. the N** component
is the nearest neighbour to the new input stimulus). As for the (randomized) Lloyd I procedure, the
Voronoi cell of the N** component is the only one whose centroid (the N** component) is updated,
the other N — 1 components remaining frozen as well. Let us be more precise.

6.1 The one-dimensional quadratic case

When d = 1 and the distribution p is absolutely continuous with a continuous positive probability
density ¢ on the real line, one can directly consider the counterpart of the historical deterministic
Lloyd I procedure and of the gradient descent sometimes known as Forgy’s algorithm or k-means. Let
us be more specific.
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> Greedy Lloyd’s I procedure e Assume aq,...ay_1 have been computed. Let a(N Do <
aS\J,V 1 Y be an increasing reordering of a1,...,a,_,.
e Agsume the IV inter-point local inertia has also been computed, namely
(N 1) (N—
2. _ [ i+ (N-1) 2 i (N-1) 2 L
wtim [ a0 g u(d£)+/N ) D ePuta), i—1.....N
i i+l
where
(N-1) (N-1)
_ _ _ a;_ +a; _
a(()N l)za(lN Do oo, o V7Y = 2t 5 ! ,1=2,...,N—2, (N 1)—ag\J,V V2= b
2 2

e Choose an index ig = ip(IN — 1) such that 01-20 = maxp<;<y 07 (maximal local inertia), then consider

ap = anp € (agévfl), az((])\j:ll)) and finally define recursively a sequence ap,) = ann, n > 1, by
(N 1) (N 1)
K () — K (M)
Ant1] = E(X | X € WNv[n]) = oD Far D g n =0, (6.17)
i0+1 n 7, n
Fy (Mot — (R

where Fj,(z) = p((—o0,z]) is the cumulative distribution function of 1 and K, its cumulative first
moment function defined by

Km:):/( £lde), wE .

It follows form an easy induction that, at every step n > 0 of the procedure, ay [, € Wy ) C

(a(N—l) d=1

io N ) so that the procedure is well-defined.

Proposition 6.1. If p is strongly unimodal in the sense that p = . )\1 with ¢ : R — R log-concave,

then ay [, converges toward the unique solution ay o € ( (V= 1),a£]\il ) of the fized point equation
=E(X|X € Wy) (6.18)
where Wy C (a(N_l), agé\;—ll)) is the closed Voronoi cell of ay in a™ =Y U {a,}.

The detailed proof is postponed to the Appendix A.1. But we can already mention that it relies
on classical arguments called upon in the proofs of the convergence of the standard Lloyd I procedure
(and the uniqueness of the possible stationary limiting point, see [25, 7]).

Remarks. e The computation of the integrals involved in the algorithm can be performed by
higher order quadrature formulas, or e.g. in the case where p = N(0;1) using the closed form for
2

2 x

f 567%i = —e\;% and high accuracy approximations for its cumulative distribution function
g, using e.g. Continuous fractions expansions (see [1]).

e The log-concave assumption which implies the uniqueness of the fixed point for Equation (6.17),
is satisfied by many usual families of distributions on the real line like e.g. the normal distributions
N(m;0o?), the exponential and Laplace distributions, the v(c, 8)-distributions, o > 1, 8 > 0, are
strongly unimodal. On the other hand, the Pareto distributions are not strongly unimodal though
uniqueness holds true (see [19]).
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> Greedy Forgy’s algorithm (Newton zero search algorithm) This procedure is defined
recursively by

(N-1)
Tig+1  Tn]
i =~ (i A ) T (g — €l (6.19)
[n+1] [n] plag)/ Jo 2+a[n] [n]
where vy,11 € (0,1) goes to 0 as n — 400, >, Y, = +00 and
az(évfl) +a az(»é\:l) +a a— agévfl) a+ agévfl) agé\ﬁl) —a sa+ agé\rl) 0
p(a)_“q 2 2 ]>+ 2 f( 2 )+ 2 f( 2 >>

is the second derivative of the a function a — E(min |X — a;* A |X — af?).

Note that, owing to the thresholding of 1/p(ay,n) by Yn+1 € (0,1), this procedure lives in the
Z(év_l), ag(ﬁ_ll)) which makes it well-defined and consistent for every n.

When p is not absolutely continuous, one can implement the same procedure by removing the
term involving the second derivative with a step -, satisfying the standard decreasing step assumption

(32, v = +oo and Y, 72 < +00), provided one can compute the u-integrals of interest.

interval (a

> Numerical illustration with the A/(0; 1) distribution To compute a quadratic optimal greedy
sequence of the normal distribution = AN(0;1), we will take advantage of its symmetry. To this end
we consider the distribution i = (.| R4) (u conditioned to stay non-negative) which is clearly
strongly unimodal and we compute by induction its quadratic optimal greedy sequence (a, )n>1 by
the greedy Lloyd I procedure (6.17) with the convention that the origin 0 is a fixed but active point as
a possible nearest neighbour for this slight variant. To be precise, we mean that 0 has its own Voronoi
cell in Ry or, equivalently, that we implement the algorithm, starting at ag = 0 when N = 0.
As a second step, it is straightforward that the sequence defined by

ag =0, ayy |, =y, Gy = —ap, N >1,

is a quadratic optimal greedy sequence.

We reproduce in Figure 2 the graph N (2N — 1)e2(a®N=Y, 1), N =4,...,210 = 10000, where
p=N(0;1).

Note that limj\?up Nes (a(N), u) = lim]\?up(QN— 1) e (a(QNfl), ,u) since eg (a(N),u) J0as N = +oo.

As a consequence, we derive that
lim inf Ne, (a™M N(0;1)) ~ 1.6534 - - - > \/gwi = liJIVnNeQ,N(N(o; 1))

since % 71 a 1.63055. (The real constant in the right hand side of the inequality easily follows from
Zador’s Theorem). Note that, for the values N = 2", 0 < n < 7, we observe that Neg (a(N),./\/(O; 1)) <

Vim0,

As for the limsup, we observe numerically that
: () S ot
limsup Nea(a'™, N(0;1)) ~ 1.8921 < 2 x ST 3.2611.
N

Consequently, the highest “loss” for this one-dimensional distribution with unbounded support is
approximately of 15.7 %.

2This is consistent in some way with the conjecture that Nes n (N (05 1)) is increasing toward its limit.
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Figure 2: Graph N — (2N — 1)ea(a®¥ =Y, N (0;1)), N = 4,...,10000.

6.2 The multidimensional quadratic case (higher dimensions)

In higher dimensions, deterministic procedures like deterministic greedy Lloyd’s I (fixed point pro-
cedure defined by (6.17)) or the greedy Forgy’s (recursive zero search defined by (6.19)) algorithms
become computationally too demanding due to the repeated computations of integrals on the Voronoi
cells of the quantizers. So, it becomes necessary, at least when d > 3, to switch to stochastic opti-
mization procedures like those described below, which are adaptations of the stochastic procedures
introduced to compute true optimal N-quantizers. For more details about these original stochastic
optimization procedures, mostly devised in the 1950’s, we refer e.g. to [5, 35] for CLV Q and [25, 18, 39]
for (randomized) Lloyd’s I procedure or more applied textbooks like [20]. These procedures have been
extensively implemented to compute for numerical probability purposes optimal grids of d-dimensional
normal distributions N (0, I4) for d = 1,...,10 and sizes up to N = 10 000.

From a theoretical point of view, the common feature of these stochastic algorithms is that the
convergence results (a.s. or in LP) remain partial, especially little is known when the distribution
is not compactly supported. So we present below their greedy variants (without rigorous proof as
concerns CLV Q). From a practical point of view, for both procedures, the computation of integrals
on the Voronoi cells is replaced by repeated nearest neighbor searches among the components of the
current IN-quantizers which make them rather slow. But in our greedy framework, this drawback
could be overcome by appropriate localization around the elementary quantizer of interest. But this
is beyond the scope of the present work.

> (RANDOMIZED) GREEDY LLOYD’S I LIKE PROCEDURE. The greedy Lloyd I procedure to compute
a, , assuming that aN =1 is known, (starting from the mean a; = E X) can be recursively defined in
the quadratic case as follows:

an 1) = E(X | X€ Wy ), anj€ R {a™=13, (6.20)
where Wy 1, is the closed Voronoi cell of ay,,; with respect to the quantizer a1y {aNJn]}. Of

course in practice, we stop the Monte Carlo simulation at finite range M,,.
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We establish in the proposition below, at least for absolutely continuous distributions with convex
support, that

lim ay, [, does exists
n—-+o0o ’

under a local finiteness assumption on the possible equilibrium points. Due to the existence of several
equilibrium points, especially in higher dimension, this limit may not be the solution to the greedy
optimization problem at level IV, but only a local minimizer. However, in practice, it turns out to be
a good candidate.

Proposition 6.2. Assume the distribution p of X is strongly continuous (i.e. assigns no mass to
hyperplanes) with a conver support denoted C,, = supp(u). Then the above sequence (ap [n))n>0 8
bounded and there exists ¢ € [eg(a(N)),eg(a(Nfl) U{ap}) such that the set Ax(ajg) of its limiting
points is a connected compact subset of the set Ay of £-stationary points defined by

A= {ae ]Rd]eg’N(a(Nfl) Ufa}) =4 and a=E(X|X¢€ WN,Q)}

where Wy, denotes the closed Voronoi cell of a induced by the N -quantizer aV-1) U{a}. In particular,
€2 (a(N_l) U{apy}, X) = € as n — 4oo.

Furthermore, if the {-stationary set Ay is locally finite (i.e. with a finite trace on compact sets of
R?), then ap, [ a-s. converges to some point in Ay.

The proof is postponed to Appendix A.2.

The true algorithm to be implemented in practice is a randomized version of this procedure where
each conditional expectation is computed by Monte Carlo simulation (provided X can be simulated
at a reasonable cost): let (X");,>1 be an i.i.d. sequence of copies of X (with distribution p) defined
on a probability space (Q2,.4,P). Then, by the Strong Law of Large Numbers,

M
Zm:l Xm]‘{XmEWN’[n]}

e P-a.s.
2 m=1 Lixmewy 1}

ONn+1] = Mlirﬂoo

> SEQUENTIAL COMPETITIVE LEARNING VECTOR QUANTIZATION PROCEDURE: Let (7v,)n>1 be a

sequence of (0, 1)-valued step parameters satisfying a so-called decreasing step assumption: Z%‘ =

n

400 and Y, v2 < 4o00. Then set
1 d
AN fo+1) = AN ] = Vbt Lty g <min, v 160 aly (@8 ) = X, anjo € RY.
One may conjecture and experimentally check, at least for distribution with compact convex support,
ngl—}-loo ANn] = O

If so is the case, one may apply the so-called Ruppert-Polyak principle which states that choosing a
“slowly decreasing” step of the form ~,, = Hﬁ, % < a < 1, and averaging the procedure by setting

_ 1
aN,[n) = E(G[N,O] + ot age), > 1,

will speed up the convergence or, to be more precise, will satisfy a Central Limit Theorem at rate y/n
with the lowest possible asymptotic variance (see e.g. [26, 34] for details).
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> RANDOMIZED GREEDY LLOYD’S I RANDOMIZED PROCEDURE FOR THE BI-VARIATE NORMAL DIS-
TRIBUTION

Let u = N(0;I3) be the bi-variate normal distribution on the plane. Figure 3 depicts the graph
of N — V/Nes (a(N), ,u) for N =1 up to 1000 (and Figure 4 depicts a(lOOO)). This suggests that this
sequence remains bounded. However, we are not sure with such a rough procedure that the computed
sequence (ay)n>1 is the optimal greedy one: at each step/level, there are clearly many local parasitic
minima and one should add, prior to computing ay, a pre-processing phase, like in one dimension, in
order to choose among the areas defined by the Delaunay triangulation attached to a1, the one
which induces the minimal inertia. But this phase is numerically demanding and has not yet been
included in the existing script.

The randomized greedy Lloyd’s method 1 has been implemented at each level N with M = M(N) =
1000 x N i.i.d. simulations of the N (0; I5) distribution. Owing to Zador’s Theorem, we know that
optimal quadratic quantizers satisfy (asymptotically)

= 2
lim VNey v (N (03 I2)) = 2v2mJy p = 3 ?/g ~ 2.0077

since, owing to [22] (Theorem 8.15, p.120, and Examples 8.12, p.116, devoted to hexagon lattices),

Joo = %1 / % Consequently, the “loss” is less than 10 %. We verify on our own numerical experiments

carried out with N = 1000 that it is likely that

sup VN ea(a™, N(0; 1)) < 2.18.
1<N<1000

As already mentioned, it suggests again that the greedy quantization sequence outperforms the con-
catenated sequence (5.16) since 2.18 < v/2 x 2, /5—\/% ~ 2.8392 (even if one may guess that the factor

2 = v/2 is probably too conservative in practice).

7 Greedy quantization versus Quasi-Monte Carlo?

Of course, for every integer N > 1, the weights induced by the pu-mass of the Voronoi cells associated
to al™) define canonically a sequence of N-tuples which usually cannot be “arranged” into a sequence,
even up to a re-scaling. When considering the unit hypercube [0, 1]¢ as a state space in d dimension,
it is easy natural to compare an optimal greedy sequence with respect to the uniform distribution
U(]0,1]%) and the so-called uniformly distributed sequences usually implemented in the Quasi-Monte
Carlo method.

Let us recall that a sequence (£, )n>1 is uniformly distributed over [0, 1]¢ if the empirical measures

N
1
Vy = N Z ¢, weakly converges toward the Lebesgue measure A\g on [0, 1]4. In particular this means
i=1
1 1 N
that for every bounded Ag-a.s. continuous function f : [0,1]? — R, —Zf({z) — fd g =
N [0,1)4

f(u)du. This means that the weights associated to a uniformly distributed sequence are by

[0,1]
definition all equal to % which leads to a simple normalization factor 1/N. What is the cost induced
by these uniform weights %, compared to the optimal weights deduced from the cell (hyper-)volumes

of the Voronoi diagram of i,...,£,? The answer is essentially log N and is provided by Proinov’s
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theorem (see [41]) recalled below which evaluates precisely the convergence rate of empirical measures
of uniformly distributed sequences on Lipschitz continuous functions.

In the Quasi-Monte Carlo (QMC) method, the performance of an N-tuple (¢1,...,&,) € ([0, 1]H)N
is measured by the Kolmogorov-Smirnov distance between the extended cumulative distribution func-
tion of its empirical measure v, N > 1, and the uniform distribution U([0, 1]¢), namely the so-called
star discrepancy defined by

D6, &y) = e v Zl{sleuo oy — Aa([0,u]) (7.21)
ue
where [0,u] = H;lzl[(),ue], uw=(ul,...,u).

Several sequences = (£, )nv>1 have been exhibited (see [30]) whose star discrepancy at the origin
satisfies for a real constant C(&) € (0, +00),

(1+log N)4

YN 21, Dl &) < C6)

(7.22)
Among them one can cite the p-adic VdC(p) sequences (p > 2 in 1-dimension) and, when d > 2,
the Halton sequences (whose i** component is the VdC (p;) sequence where the bases p;, i = 1,...,d,
are the first d prime numbers), the Faure sequences, the Sobol” sequences (a unifying framework has
been developed by Niederreiter, see e.g. [30]). For definitions of these sequences and numerical tests
on various problems we refer to [6, 37]. Although such a rate has never been proved to be the lowest
possible, this opinion is commonly shared by the QM C community (however see again [30] or [34] for
a review of existing lower bounds).

The striking fact with these sequences satisfying (7.22), called sequences with low discrepancy, is
that when they are implemented on the class of functions with finite variation on [0,1]¢ the Koksma-
Hlawka inequality implies that, for every such function f : [0,1]¢ — R

fudu——Zf@

[0,1)¢

< V ) (gl v 7§N) (723)

where V(f) denotes the variation of the function f. So it induces for this specific class of functions

(log N)4
N

a rate of numerical integration of order O( ) In one dimension (d = 1), However, the above

notion of finite variation coincides with the standard definition of finite variation in real analysis.

When d > 2, several definitions can be given, the most popular being the finite variation in the
Hardy & Krause sense (as described e.g. in [30]). Another slightly less general — but more elementary —
being the finite variation in the signed measure sense developed in [6] (see also [34]). Unfortunately,
as the dimension d increases, the set of functions with finite variation (in any of the above senses)
becomes somewhat “sparse” among the set of all real-valued Borel functions defined on [0,1]%. So
this striking behavior may be considered as not significant when dealing with practical simulation
problems. However to carry out a comparison, we need to evaluate their performances the same
significant functional space, namely that of Lipschitz continuous functions. Proinov’s theorem below
provides an answer.

Theorem 7.1 (Proinov [41]). Assume R? is equipped with the £°-norm |(£Y,...,£%)|.. = maxj<i<q €Y.
For every continuous function f :[0,1]7 — R, we define uniform continuity modulus of f (with range
6€10,1]) by

w(f,0) = sup 1£(&) = (€.
€ €/€01]%,[6~€/) oo <6
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(a) Let (&1,...,&y) € ([0,1]H)N. For every continuous function f :[0,1]¢ — R,

=

N
/[o,l]df(“)d“_zlv;f(&) < Cqw(f, D% (E1,...,64)7)

where Cy € (0,00) is a universal optimal real constant only depending on d. In particular, if the
Lf (x)—f ()l

‘x_yloo ’

function f : [0,1]% — R is £>°-Lipschitz continuous with coefficient [flLip = SUP, ye(o,1]4
then

-

1 N
/{W Flw)du — < ;f(ﬁik < Cy[flLipD% (&1, -1 &)

Ifd=1,Cq=1and ifd > 2, Cg€ [1,4].

(b) In particular if (§n)N>1 is a sequence with low discrepancy in the above sense, then

1+log N

< Ca[flLipC(§) R

L
du — —
[T > 16
Corollary 7.1. (a) For every N-tuple (&1,...,&,)€ ([0,1]H)N

e1(1, -, £, U([0,1]%) < CaD% (€1, 61
(b) In particular, when d =1, e1(&1,...,&y,U([0,1])) < D (&1, &y).

Proof (of (b)). Assume d = 1. The function f¢ : u — min;<;<n |u—&| defined on [0, 1] is 1-Lipschitz
continuous, hence has finite variation with V(f¢) = 1. Then Koksma-Hlawka Inequality (7.23) or
Proinov’s error bound in (a) both imply that

1 N

e1(&1,. -, &n,U([0,1])) = Nng(fi)—61(51,---,§N7U([0=1]))
=1

= Dy, &n). O

The above claim (b) and the corollary both emphasize the fact that considering uniform weights
% induces the loss of a log N factor compared to an optimal (or simply rate optimal) greedy sequence
for optimal quantization since, for such an (L', U([0,1])) greedy optimal sequence a = (ay)n>1, one
has for every integer N > 1,

N
/[0,1]d f(u)du — Zz;wEN)f(ai) < k(a) [f]Lip]\;}l

where the N-tuple (wZ(N))lgig N is vector of hyper-volumes (Lebesgue measure) of the Voronoi cells
attached to a™. Of course the practical implementation of such greedy sequences remains more
demanding since one needs to have access to these N-tuples of weights.

However, by contrast, optimal quantization based cubature formulas turn out to be efficient (ac-
curate) for much lower values of N than sequences with low discrepancy (see e.g. the numerical
experiment carried out in [35] dealing with the pricing of European derivatives).
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A Appendix: Greedy Lloyd’s I procedure

A.1 The one-dimensional greedy Lloyd I procedure

The first is to establish the uniqueness of the equilibrium point a, satisfying (6.18) and the convergence of the
Lloyd I procedure at level N toward this point, but with the significant additional constraint that the endpoints
of the (closed convex) support of the strongly unimodal distribution p are active (though fixed). By active
we mean that, when finite, they have there own Voronoi area. To be more precise we will show the following
proposition

Proposition A.1. Let pu be a distribution on the real line with log-concave density : varphi (i.e. strongly
unimodal) with a finite second moment. Then the support I = {p > 0}) is closed interval with endpoints
a, b€ R. Ifa or b are finite, one may assume without loss of generality that p(a) or p(b) > 0 (so that I is
closed). Then the quantization problem at level N with active finite endpoints (if any) reads

r;lel? [p(x) =E(|X —a| A [X —b]* A X — z|?)]

(note that when a or b are infinite, the corresponding terms in the above expectation can be omitted).

(a) The function ¢ is differentiable on I with a derivative given, for every x€ I, by

x+b

) =5 [ - enlde).

Furthermore argmin; G is reduced to a single (stationary) point x* satisfying ¢’ (z*) =0 i.e.

K#(HTQ:) — Ku(%)

' =®0(z*) where O(x)= FM(HTE) —Fu(a;m)

and F,, and K,, denote the cumulative distribution and first moment functions of the distribution p respectively.
(b) The greedy Lloyd I procedure defined by

Tpy1 = P(zp), zo€ [
converges toward x*

This result can be seen as a variant of the Lloyd procedure at levels N (N =1 up tp 3), depending on the
finiteness of the endpoints of the interval I.

Proof. First note that, when both endpoints are infinite and cannot be active, the above statement becomes
trivial since G(x) = E|X — z|? which attains its minimum at z* = E X, whereas the Lloyd I procedure reads
r1 =E X, n > 1, whatever the starting point z is.

Otherwise, if a or b are finite, we may assume, up to a symmetry-translation, that « = 0 and b€ (0, +o0].
(a) Elementary computations show that, for every z € I,

z+
2

g<x>=;[ [ ena+ [T @-erua+ [ @ Pn@tpen

z+b

G'(x) = / " (@ — ©u(de)

[N
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and
- F

z+b
G"(x) = FM(T)
In what follows we focus on the case b < +00. The case b = +00 can be handled likewise (in fact in an easier
way).
1
Note that G'(0) = — [ £u(d¢) < 0 and G'(b) = fll(b — &)p(d¢) > 0 so that G has at least one zero on
2

(0,b). (When b = 400, the existence follows form the fact that G does attain a minimum on (0, +00) since
lim, 100 G(x) = +00.)

Set y1 = 5 and yp = ”’T'H’. If we assume that z is a solution to x = ®(x) (or equivalently to the stationary
point equation G’'(x) = 0), we can plug this expression for z into the above equation for G”(z) so that G”(x)
can be expressed as a function of y; and y» ias follows:

6 (5= - (=315

G'(z) = )211)’ Y1 < Y2, Y1,y2€ I,
with
B(y1,y2) = (Fuly2) — Fulyn))” + (Kuly2) — K,u(yl)) (p(y2) — o)) = (Fu(y2) = Fu(yr)) (y2 ©(y2) — y1 ¢(y1))-

Now we consider y; and ys as free variables living in I such that y; < y,. First we note that i(y, y) = 0. Then,
denoting by ¢!. the right derivative of the log-concave function ¢, we compute the following two (right) partial

derivatives of ®:

(gi)(yl,yz) = (Fu(y2) = Fu(1)) (1 (1) — (1)) + (2 — y1)e(w1)e(y2) — @5 (y1) (K (y2) — Ku(yr))

and

ﬁ ( )
0y10y2 b2

T

(92— 1) ()¢ (2) — ()0 (32) ).

4 . . . . . 2~ . &
As (log )l = % is non-increasing in I, it follows that %(yl,yg) < 0if y; < y2 so that yg — (g—i)r(yl,yg)

is (strictly) decreasing on [y, b) which in turn implies it is positive on (y1,b). This shows that ®(y1,y2) > 0
for every yi,y2 € I, y1 < y2. As a consequence, any stationary point x satisfies G”(z) < 0 i.e. is a strict
local minimum of G. This implies uniqueness of the solution to the equation G’(x) = 0 by an elementary one
dimensional “mountain pass” argument.

(b) In this second claim, we use again a random variable X with distribution p. By Proposition 2.1(b), we know

that if W}, = [%, £2] denotes the closed Voronoi cell of z,, with respect to {0,z,,b} (if b is finite, or {0, z,,}

otherwise) then

Eu(|X *zn+1‘21{XeW[n]}) < Eu(|X - xn|21{XeW[n]})~

with equality iff ,,41 = z,, which is equivalent to z,, = 2* (see claim (a) above). Decomposing | X — x,11|? on
the Voronoi partition [0, Z+] U [%e, Zatb] U [£atb b] of T, one derives that G(z,41) < G(2,,) as soon as z, # z*.
the function G being non-negative G(z,) — £ as n — oo.

When b is finite the sequence (x,, ), >0 is trivially bounded. When b = 400, assume there exists a subsequence

ZTyp — 400. By combining the above monotony property and Fatou’s Lemma, we get

E|X|? A |X — 20]* = G(z0) > liminf G(z,,/) > E X?

which implies that X? < (X — 2)? P-a.s. This is clearly not satisfied on the event {X € [0, %)} which has
positive probability. Consequently, (z,), is always bounded.

Then let zoo = lim,,—, 4o T, be a limiting value of the I-valued sequence (z,)n>0. Up to a new extraction,
still denoted (n’), one may assume that x,,41 converges toward a limiting value z/_ as well. Passing to the
limit owing to continuity we get

Too+b

o= [ utae)
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One shows as above that, except if 2/ = 2o = =%, G(z),) < G(2) which cannot be true since the sequence
(G(z1))n>0 converges to £2. Consequently, 2* = z is the only possible limiting value for the bounded sequence
(Tn)n>o t.e. its limit. O

Proof of Proposition 6.1. The result follows by applying the above result to the procedure on the interval

(N-1) (N-1)
a; i0+1 . . .
OT’ 02] of maximal inertia. 0O

Remark. If we choose ajg) inside an interval which has not the highest local inertia, the procedure will still
converge since we never use this fact throughout the proof of the convergence. The resulting limit will live in
the same interval as the starting value since the algorithm leaves each interval stable by an obvious convexity
argument. So the greedy Lloyd I procedure yields potentially N +1 “candidates” corresponding to each possible
starting interval, but only one (issued from the interval with the highest local inertia) is solution to the greedy
optimal quantization problem.

A.2 The multi-dimensional greedy Lloyd I procedure (proof of Proposition 6.2)

We assume in this section that p has a convex support C,, = supp(u) and that d > 2. Note that in such a
framework there is a major topological difference with the 1-dimensional case: a convex set not reduced to a
single point remains pathwise connected when one point of its points is removed. Owing to that property, it is
easy to show that the algorithm may visit with positive probability the whole support of C,, (to be precise any
nonempty open set of C,). Moreover, the points can no longer be naturally ordered like in 1-dimension.

To alleviate notations, we denote by G the R -valued function a — e (a(N_l) U {a})2 defined on C, by

G(a) = eg (a(N_l) u {a})2 = E(d(X, aN Dy {a})2).
Let agg) € Cy \ a™N=1 . Lloyd’s I procedure is defined by induction by Equation (6.20), namely
Alp+1] = E(X | Xe WN,[n]) € Cﬂ

where Wy 1, denotes the (closed) Voronoi cell of ap,) induced by a™-1y {ap}-
STEP 1: It follows from Proposition 2.1(b) that, as son as aj,) is not stationary, i.e. ap,) # ]E(X | X e WN,[n]),
one has

E(1X = a1 "Lixewy, ) < E(X = ap "Lixewy,.))-

hence
Glapsr) = E(d(X, alN=b U{a nt1]}) %)
< E(dX,a™" ) Lixgw, 1) +E(X = apyPlixew, 1)
< E(dX,a™ ") L ixgwy ) FE(IX —apPlixew, )
= Glap).

hence, the (non-increasing, non-negative) sequence (G(ag,)))n converges to a finite limit 2c Ry asn — +oo.

The fact that £€ (e2(a™), e2(a™¥ =Y U {a}) is obvious form what precedes.
STEP 2: Assume there exists a subsequence (af,/) such that |ap,| — +00 as n — +o0o0. Combining the above
monotony of the sequence (G(aj,)))n>0 and Fatou’s Lemma yields

Ed(X,aN"Y)? <liminf Ed(X,a™ 1 U {a[n/]})2 < liminf G(ap,)) < G(ag))

But, as aj € C,, \ a1V, we know from Proposition 2.1(a) that G(aj) < Ed(X,a™~1)? which yields a
contradiction.

STEP 3: Let ajs) be a limiting value of the bounded sequence (af,))n (i.e. the limit of a subsequence). Up
to a new extraction, we may also assume that ap, 1) — afoo]. Since G(af,)) is non-decreasing, G(aj)) and
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Q(a'[oo]) < Gl(ajy) < ez (a™N=Y 1) so that we a{oo], a{oo] ¢ aW=1_ The distribution y being strongly continuous
(i.e. assigning no mass to hyperplanes), one shows e.g. by following the lines of the proof of Lemma 2.3 in [39]
that

E(X|We W) = E(X|X €Wy s)

where Wiy (o) denotes the closed Voronoi cell of a[] induced by aN-Dy {a[oo]}. Consequently
al, = E(X | X e WN,[OO]).

If afoc) # aje) then G(aj,,)) < G(aj)) which is in a contradiction with the fact (G(aj,)))n converges to a finite
limit /2 € R, as n — +oo. Hence a{oo] = @[] Which shows that one the one hand that ap, 1) — aj,) — 0 as

n — +o0 and that any limiting value of (af,))n is a stationary point in the sense that a., = IE(X | X e WN7[OO]).
The conclusion follows by standard topological arguments on convergence of sequences. [

B Appendix: A technical result on sequences
Lemma B.1. Let (An)n>1 be a sequence of non-negative real numbers and let p€ (0,+00) such that
VN >1, Ayy < Ay — CAY?
for some real constant C' > 0. Then there exists a real constant K > 0 such that
VN>1, Ay <KN 7.

Proof. We may assume that A, > 0 for every NV > 1, it follows from the inequality satisfies by the sequence
(An)N>1 that for very N > 1,

1 1 1 1
—_— > —(1 AR)P
A7 (1= CcAty = ag, LT eAy)

>
p -
AN+1

Now, there exists ug = ug(p) such that for every ue [0,uo], (14 u)? > 14 Su. It is clear from the assumptions
that Ax | 0, hence, there exists a large enough integer Ny such that for every N > Ny,

1 1 Cp

Ay = AT

which in turn implies that

1>1 Cp Cp

7 2 7ot (N=No) = —(N — No)
AR A7V0 2 2
so that, for every N > Ny,
1
2\~ 1
(2
Cp) (N =Ny

This completes the proof. O
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