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Functional convex order for the scaled McKean-Vlasov processes

Yating Liu * Gilles Pages T

6th January, 2022

Abstract

We establish the functional convex order results for two scaled McKean-Vlasov processes X =
(Xt)tefo,r) and Y = (Y4)¢e[o,7] defined on a filtered probability space (2, F, (Ft)t>o0,P) by

dX; = b(t7 X, [,Lt)dt + O'(t7 Xt7 [J,t)dBt7 Xo € LP(P)7

dY: = b(t, Yi, ve)dt + 0(t, Yz, v+)dBt, Yy € LP(P),
where p > 2, for every ¢t € [0,T], ut, v+ denote the probability distribution of X, Y; respectively
and the drift coefficient b(¢,x,p) is affine in x (scaled). If we make the convexity and monotony
assumption (only) on o and if o < 6 with respect to the partial matrix order, the convex order for the
initial random variable Xo <., Yo can be propagated to the whole path of process X and Y. That
is, if we consider a convex functional F' defined on the path space with polynomial growth, we have
EF(X) <EF(Y); for a convex functional G defined on the product space involving the path space and
its marginal distribution space, we have IEG(X7 (Mt)te[o,T]) < IEG(K (Vt)te[O,T]) under appropriate
conditions. The symmetric setting is also valid, that is, if § < o and Yy < Xo with respect to the
convex order, then E F(Y) < EF(X) and EG(Y, (vt)iepo,11) < EG(X, (1) eecfo,r))- The proof is based
on several forward and backward dynamic programming principles and the convergence of the Euler
scheme of the McKean-Vlasov equation.

Keywords: Convergence rate of the Euler scheme, Diffusion process, Functional convex order, McKean-
Vlasov equation

1 Introduction

Let U,V : (Q,F,P) — (Rd, B(Rd)) be two integrable random variables. We say that U is dominated
by V for the convex order - denoted by U <., V - if for any convex function ¢ : R? — R, such that
E@(U) and E¢(U) are well defined in (—o0, +0o0],

Ep(U) <Ep(V). (1.1)

Note that if U is integrable, then E p(U) is always well-defined in (—o0, +-00] by considering p* (U) with
¢F (z) = max(+p(x),0) since p~ is upper bounded by an affine function. For p € [1,+00), let P,(R?)
denote the set of probability distributions on R¢ with p-th finite moment.

Hence, the above definition of the convex order has the obvious equivalent version for two probability
distributions p,v € P;(RY): we say that the distribution z is dominated by v for the convex order -
denoted by p < ¢, v - if, for every convex function ¢ : R* = R, [o. @(§)p(d€) < [oa p(&)v(dE).
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Also note that, as U and V have a finite first moment, then
U<,V = EU=EV (1.2)

by simply considering the two linear functions ¢(x) = +z. In fact, the connection between the dis-
tributions of U and V, say p and v, is much stronger than this necessary condition or the elementary
domination inequality var(U) < var(V) when U,V € L?(P). Indeed, a special case of Kellerer’s theo-
rem ([Kel72, [HR12]) shows that pu <., v if and only if there exists a probability space (€2, 4,P) and
a couple (U,V) such that U ~ p, V ~ v and E(V |U) = U. Similarly Strassen’s theorem ([Str65])
establishes the equivalence with the existence of a martingale Markovian kernel ) K(z,dy) such that
v(dy) = Jpa K(z,dy)p(dz) and [;, yK (z,dy) = z for every z€ R%

The functional convex order for two Brownian martingale diffusion processes having a form dX; =
b(t, Xt)dt + o(t, X:)dB; has been studied in [Pagl6], [ACJ19a] and [JP19] (among other references).
Such functional convex order results have applications in quantitative finance to establish robust bounds
for various option prices including those written on path-dependent payoffs. In this paper, we extend
such functional convex order results to the McKean-Vlasov equation, which was originally introduced
in [McK67] as a stochastic model naturally associated to a class of non-linear PDEs. Nowadays, it refers
to the whole family of stochastic differential equations whose coefficients not only depend on the position
of the process X; at time ¢ but also on its probability distribution Px, =P o X, ! Thanks to this specific
structure, the McKean-Vlasov equations have become widely used to model phenomenons in Statistical
Physics (see e.g. [MAOI]), in mathematical biology (see e.g. [BFET12] and [BET15]), but also in social
sciences and in quantitative finance often motivated by the development of the Mean-Field Games (see
e.g. [CD13|, [CD15], [CLI8] and [CDI18a]). Moreover, results in this paper can be used to establish the
convex bounds and the convex partitions, which may be extended to applications within the framework
of Mean-Field Games in a future work (see further Section B]). For example, the modeling of the gas
storage (see e.g. [Gasl9]), or the stochastic control of McKean—Vlasov type when the control appears in
the volatility coefficient (see e.g. [BDLI1I], [Yon13]).

We consider now a filtered probability space (Q, F, (Fi)i>o0, P) satistying the usual condition and an
(F¢)-standard Brownian motion (B;)>o defined on this space and valued in R?. Let Myy,(R) denote
the set of matrices with d rows and ¢ columns equipped with the operator norm |||-|| defined by ||A]|| ==
Sup|| <1 |Az|, where |-| denotes the canonical Euclidean norm on R? generated by the canonical inner

product (-|-). Let X = (Xt)epo,r) and Y = (Y3)se[0,1) be two d-dimensional McKean-Vlasov processes,
respective solutions to

dXt = b(t,Xt,[,Lt) dt+0’(t,Xt,’U,t)dBt, Xo € Lp(]P)), (13)
d}/t :b(t, }/t,l/t)dt+9(t, }/t; I/t)dBt, YoeLp(]P)),

where p > 2, b:[0,7] x RY x P,(R?) — R?, 0,0 : [0,T] x R? x Pp(RY) — My, and, for every t € [0, 7],
e and v, respectively denote the probability distribution of X; and Y;.

In this paper, we will only consider the scaled McKean-Vlasov processes, which means the drift
function b : (t,z, u) € [0, 7] x R x P,(R?) — b(t, z, u) € RY is affine in x (see further Assumption [IH(1)).

We define a partial order between two matrices in Mgy, as follows:
VA BEMgx,, A=<B if BB'" - AAT is a positive semi-definite matrix, (1.5)

where AT stands for the transpose of the matrix A. Moreover, we introduce the LP- Wasserstein distance
W, on P,(R?) defined for any u,v € P,(R?) by

1
= inf d Pr(de, dy))”
W) = (it [ dGoy)re(as.dn)

IFor every = € R%, K (x,dy) is a probability measure on (R, Bor(R%)) and the function z + K (x, A) is Borel for every
fixed Borel set A of R?,



1
— inf { [E X — Yﬂ "UX,Y (A P) = (R Bor(RY) with Py = p, Py = v } (1.6)

where in the first line of (I6), IT(x, v) denotes the set of all probability measures on (R? x R%, Bor(R9)®?)
with marginals p and v.

Throughout this paper, we make the following two assumptions on the coefficients b, o and the starting
values Xy and Yy. Both depend on an integrability exponent p€ [2, +00).

Assumption 1. Assume | Xol|, V [[Yol[, < +o00. The functions b, o and 6 are p-Holder continuous in ¢ and
Lipschitz continuous in z and in p in the following sense: for every s,t € [0,T] with s < t, there exist a
positive constant L such that

Vi eRY Ve P, (RY,
|b(t,$,ﬂ) - b(S,SC,M)| \ |||O'(t,SC,M) - J(Sa xz, ,LL)||| \ |||9(ta xz, ,LL) - 9(57$7M)|”
< L1+ [2] + Wy (1, 60)) (t — 5)", (1.7)

where dp denotes the Dirac mass at 0; for every ¢ € [0, T, there exists L > 0 such that

Va,yeRLY pve ’Pp(Rd),
|b(ta xz, :U/) - b(taya V)' v |||0‘(t,.’L‘,/L) - U(taya V)'” \ |||9(t’xaﬂ) - G(t, Y, V)”'
< L(Jo =yl + Wy(,»). (1.8)

Assumption II. (1) The function b is affine in « and constant in g w.r.t the convex order in the sense
that for every u, v € P,(R?) with 1 <., v, we have

V(t,x) € [0,T] x RY,  b(t,x, ) = b(t, x,v). (1.9)
(2) For every fixed t € Ry and u € P,(R?), the function x + o (t, x, 1) is convex in the sense that
Va,y €RLVAE(0,1), ot he + (1= Ny, ) X Ao(t,z, 1) + (1 = Na(t,y, ). (1.10)
(3) For every fixed (t,z) € Ry x R? the function u + o(t,z, ) is non-decreasing with respect to the
convex order, that is,

Vi,v € Py(RY), pu=ev = otz <ot z,v). (1.11)

(4) For every (t,z, 1) € Ry x R? x P,(R?), we have

otz p) 2 0(t,x,um). (1.12)

(5) XO jcv YO-

Remark 1.1. Note that if Assumption II is satisfied with some py > 1 (especially when py = 1) then it is
satisfied for any p > po by the restrictions of b and o to [0,T] x R? x P,(R?) since P,(R?) C Py, (R?).
Idem for Assumption I, except of course for the integrability of Xy and Y, since W,, < W,. More
generally we will often use without specific mention that the restriction to P,(R?) of a W;-continuous
(resp. Lipschitz) functional ® : P;(R?) — R is W,-continuous (resp. Lipschitz).

Let E denote a separable Banach space equipped with the norm |-|5. A function f: (E,|-|5) = R
has an r-polynomial growth for some r > 0 if there exists a constant C' € R} such that for every
r€E, |f(x)] < C(1+ |z|g). Moreover, let

c([o, 171, Pp(Rd)) :={(11¢)tefo,7) such that the mapping t —



is continuous from [0,77] to (P,(R"),W,) } (1.13)

equipped with the distance

dC((Mt)tE[O,T]v(Vt)tE[O,T]) ‘= sup Wp(ﬂtvyt) (1-14)
t€[0,T]

be the space in which the marginal distribution of X = (X¢):ej0,r) and Y = (Y} ):e[0,r) have values. The
continuity of ¢t — u; = Px, will be proved later in Lemma

The main theorem of this paper is the following.

Theorem 1. Let p€ [2,+00). Assumell and[Ill are in force. Let X = (Xy)icpo,r), Y = (Yi)eepo,r) denote
the solutions of the McKean-Viasov equations (I.3) and (I-4) respectively. For everyt € [0,T], let uy, v
denote the probability distributions of X; and Y; respectively. Then, we have

(a) Functional convex order. For any convex function F : (C([0,T],R?), ||~||Sup) — R with p-polynomial
growth, one has
EF(X) <EF(Y). (1.15)

(b) Extended functional convex order. For any function

G : (a, me)eeor) € C(10,T],RY) x C([0,T], Pr(R?)) = G(ev, ()sepo,r)) € R

satisfying the following conditions:

(1) G is convex in a,
(it) G has a p-polynomial growth in the sense that

3C € Ry such that V (o, (me)ieo,ry) € C([0,T],RY) x C([0,T], Pp(RY)),
G(CY, (nt)tE[O,T]) < C[l + ||a||§up + S[lépT] pr(nta 60)]5 (116)
te|0,

(iii) G is continuous in (1¢)¢cjo, ) With respect to the distance dc defined in (1.14) and non-decreasing
in (M¢)refo,r) with respect to the convex order in the sense that

Va € C([0,T],RY), ¥V (n)iefo,)s (T)ieo,r) € C([0,T], Pp(RY)) s.t. ¥ t€ [0,T], m = cv i,
G(CY, (nt)tE[O,T]) S G(CY, (ﬁt)tE[O,T])a

one has
EG(X, ()epo,r) < EG(Y, (1)ieo,1)- (1.17)

The proof is postponed to Section B (and Section Ml for preliminary discrete time results). The
symmetric case of Theorem [Ilremains true, that is, if we replace Assumption [l by Assumption [l where
conditions (4) and (5) are replaced respectively by (4') and (5) as follows:

(4") For every (t,z,p) € Ry x R? x P,(R?), we have 0(t,z, 1) < o(t,x, ).
(5/) YO = XOv

then we have the following result, whose proof is very similar to that of Theorem [

Theorem 2 (Symmetric setting). Let p € [2,4+00). Under Assumption [l and [II, for every functions
F:C([0,T],RY) — R and G : C([O,T],Rd) X C([O,T], Pp(Rd)) — R respectively satisfying the conditions
in Theorem[ - (a) and (b), then

EF(Y) S EF(X) and ]EG(Y, (Vt)tE[O,T]) S ]EG(X, (,u‘t)tE[O,T])'



Theorem [ directly implies the following results.

Corollary 1.1. Let X = (X¢)tecjo,1], Y = (Yi)iejo,) denote the solutions of the McKean-Vlasov equa-
tions (L3) and ([I7)) respectively. For every t € [0,T], let pt, v denote the probability distributions of
X; and Y; respectively. Under Assumption [l and[Il, we have :

(a) Marginal convex order. For every t € [0,T], pt = cv Vt-

(b) Convexity with respect to the initial value. Let X* = (X¥)ic(0,1) denote the McKean-Viasov process
defined by [L3)) starting with the initial value Xo = x. Then for every functionals F and G respectively
satisfying conditions from Theorem[IH(a) and (b), the functions

r—=EF(X®*) and z— EG(XI, (Mt)te[o,T]) are convex.

The proof of Corollary [[L1]is postponed to Section [ It also has an obvious version under Assump-

tion [IT.

In fact, as far as marginal convex order is concerned, it is also possible to dissociate convexity in x
and monotonicity in p that is replace Assumption [[IH(3) by the following assumption:

(3') For every fized (t,z) € Ry x RY, the function 0(t,x,-) is non-decreasing in pu with respect to the
convez order in the sense that

Vo, v € Pp(RY), p <oy v, 0(t,x,u) 2 0(t,z,v).
Then, we have the same result in Corollary [[LTH(a). This is the purpose of Proposition 3 in Section [l

This paper is organized as follows. Section 2] contains comments on the Assumption [[land [ including
necessary and sufficient conditions on the monotonicity with respect to the convex order in terms of
the linear functional derivative. Next, in Section Bl we show two applications of Theorem [Il and 2lin the
framework of the stochastic differential equation and the stochastic optimal control. The proof of the main
theorem is constructed in Section 5l Our strategy of proof is to first establish the propagation of convex
order for the marginal distribution of the Euler scheme of the McKean-Vlasov equation (see Section [
and then rely on it to establish in a backward way the functional convex order for the whole trajectory
(Section [l). To be more precise, in Section @, we show the convex order result for (th\i)mzo,...,M and
(YM)p—o,....ns defined by the Euler schemes (see further (ZI) and (Z2)). We first prove that the Euler
scheme propagates the marginal convex order, namely, for every m =0,..., M, )_(tj‘i e 171&% . Then we
prove the functional convex order

EF(XY

to s "

LX) <EFREM, YA (1.18)
for any convex function F : (R%)M*! — R with p-polynomial growth, by using a backward dynamic
programming principle. Next, in Section Bl we prove Theorem [I the functional convex order result for
the stochastic processes and their probability distributions based on (LI8]) by applying the convergence
of the Euler schemes of the McKean-Vlasov equation. At the end, in Appendix A, we propose a detailed
proof of the convergence rate of the Euler scheme for the McKean-Vlasov equation in the general setting

dXt = b(ta Xta ,ut)dt + U(ta Xta /j/t)dBta

where b, o are Lipschitz in (z, ) and p-Hélder in ¢.

Generalization in dimension 1. In one dimension, it is possible to consider more general drift b (convex
in  and non-decreasing in p for convex ordering) if we restrict to monotone (non-decreasing) convex or-
der. This idea originated from Hajek’s theorem in ([Haj85]) established for Brownian diffusions by other
methods. However our approach based on the Euler scheme cannot be adapted straightforwardly: a trun-
cated version of the scheme is necessary to complete the proofs which adds significant some technicalities.



This extension for the McKean-Vlasov equations is developed in a devoted paper [LP21].

2 Comments on the assumptions

In this section, we give some comments on the assumptions made in this paper. In Section 2.1l we
prove that Assumption [l implies the convergence of the Euler scheme for the McKean-Vlasov equations
and in Section [Z2] we give some necessary and sufficient conditions for Assumption [IH(1) and (3).

2.1 Comments on Assumption [II

Let
C([0,T],RY) == {f : [0,T] — R? continuous function}

equipped with the uniform norm || f||,, = supycpo,r|f(t)|. Assumption [l guarantees the existence and
strong uniqueness of the respective solutions of (L3) and (L4 in LZ([O,T],]Rd) (Q, F,P) (see [Liul9, Section
5.1], [Lacl8, Theorem 3.3]) and the convergence of the following Euler scheme. Let M € N* and let
h = % For m = 0,...,M, we define t¥ .= h-m = % -m. When there is no ambiguity, we write ¢,
instead of tM. Let Z,, == ﬁ(Btm+1 —By,),m=1,..., M, be i.i.d random variables having probability
distribution N(0,1;), independent of Xy and Y;. The Euler schemes of equations (I3) and (L4) are

defined by

XM = XM b, XM M) + VI (e, XY 1) 2, X0 = Xo (2.1)
VM = VM4 h bt Y, M) + Vo 0t VM, 0 ) Zga, VY =Y (2.2)
where for every m =0,..., M, ﬂé\i and ﬂt]\i respectively denote the probability distribution of th‘i and

Yt% . Moreover, we classically define the genuine (or continuous time) Euler scheme X = (XM )eelo.1]>

Y = (YM)icpo,1) as follows: for every t € [tm, tm+1),

YtM = Ytif + b(tm’i/ti\fa Di]f,{)(t - tm) +9(tma1_/;£]:f’ E%)(Bt - Btm)' (2'4)

When there is no ambiguity, we write X,,, and X, instead of )_(% and XM to simplify the notation.

The value p € [2,+00) in Assumption [[ such that || Xol|, V [[Yol|, < +oo and in the Lipschitz condi-
tion (LJ) is crucial for the moment controls of the processes X, Y, (X¢)iejo,r) and (Yi)iepo,r) and the
LP-strong convergence result for the continuous Euler scheme (23] and ([24)). For convenience, we state
the following proposition only for X and (Xt)te[O,T] but the results remain true for Y and (Yt%e[o,T]-
The proof of Proposition [21]is postponed to Appendix [Al

Proposition 2.1. Assume Assumption [l is in force.
(a) There exists a constant C' depending on p,d,o,0,T, L such that, for every t € [0,T] and for every
M>1,

V
P

sup | XM
u€(0,t]

sup | Xo|

< C(L+ [ Xoll,,)- (2.5)
u€|0,t]

P

Moreover, there exists a constant k depending on L,b, o, ||X0Hp ,0,d, T such that for any s,t € [0,T],
s<t,
VM >, | XM - XM VX Xll, < svVE—s.



(b) There exists a constant C depending on p,d, T, L, L, p, [ Xoll, such that

| sup |x—XM|| < ChErv,
t€[0,T] 4

2.2 Comments on Assumption [II]

Assumption [[I] contains technical conditions. The drift b is assumed to be affine and Lipschitz contin-
uous in z, i.e. b has the following form

bt @, p) = a(t)a + B(t, p). (2.6)

In fact, Jensen’s inequality implies that for every u € Py (R%), & [ ¢u(de) = co p as for every convex function

[y FO[&u(dé)) < [ f(&)u(dE). Hence the condition in (IT) implies b(t, z, ) = b(t,®,0 ¢p(ae)) so that
the drift ([20]) is equivalent to the following drift

btz 1) = i)+ B, /R eulde)) (2.7)

Now we give necessary and sufficient conditions and a criterion based on the linear functional deriva-
tive to establish monotonicity with respect to the convex order of a function ®(u), as it appears in
Assumption [[IH(3). We will consider the case of probability measures on Py(R%) fro simplicity but what
follows can be straightforwardly adapted to adapted to P,(R?) for a p € [1,+00). The proof of the
following proposition is postponed to Appendix [Bl

Proposition 2.2. Let ® : (P2(R%), W) — R be a continuous function.

(a) @ is non-decreasing with respect to the convex order if and only if, for every p,v € Po(R%), 1 =< oy v,

faing 2t e — ) — ()

e—0t £

> 0.

(b) Characterization when ® is smooth. Assume ® : (Pg(Rd),Wg) — R is linearly functionally differ-
entiable with linear functional derivative 22 defined on Po(R?) x R? in the sense of [CD18d, Defini-

om

tion 5.43] E) Then, the following conditions are equivalent.

(i) The function ® is non-decreasing w.r.t. the convexr order on Py(R%).

0P

(i) For every u,v € Po(R?) with u = ¢y v, —
R4 5m

(1) (x)d(v — p)(z) = 0.
0P

(¢) A convexity based criterion. In particular, if, for every pe€ Pa(R?), > $2(u)(x) is conves, then ®
is non-decreasing for the convex ordering on Pa(R?).

Remark 2.1. The converse of the above criterion i.e. (b) implies the convexity of 22 (u)(z) in z for every
w1 seems not clear although we have no obvious counterexample.

Example 2.1. (a) Elementary examples of such monotonic functions ¥ on Py (R?) for convex ordering are
functions of the form

w() = x ([ wiemao)

ie. 92 (u)(x) is jointly continuous in (u,z) and, for any Wa-bounded subset K C P2(R?), z +— 22 (u)(x) has at most

om A N N X om
quadratic growth in x uniformly in p€ K, and satisfies

2

1
s —o = [ [ 52 ap (1~ (@)~ p) ).

Note that such a quantity is defined up to a real constant (not depending upon z).



where ¢ : R — R is a convex function with at most quadratic growth at infinity and y : R — R
is nondecreasing. In one dimension, typical examples of such functions ¢ are ¥(¢) = E [(aZ + b€)T]?,
ZTtelL?, ac Ry, beRor ¢(x) =E |aZ +b€|7, 1 < v < 2 with Z€ L7, a, b€ R. Any positive linear
combination of such functions VU is of course still non-decreasing for the convex ordering. This leads to
consider the more general family of functions

= [ ([ vt umtae)) niaw 2.9

where 7 is a non-negative o-finite measure on a measure space (E, &), ¥(-,u) is convex with quadratic

growth |¢(z, u)| < k(u)(1 + |z[*), u € E, such that x : R — R is non-decreasing and [, ‘x((l +
1€2p(de)) )dw < +00.

Note that if x in (Z38)) is continuously differentiable, one has, under appropriate integrability conditions

not detailed here,
%W(%) = /E X ( /}R ) w(s,u>u<ds)) W (, u)(du)

which is clearly a convex function in x for every distribution u since x’ > 0.

(b) Let W : R — R be a convex function with at most quadratic growth at infinity. Then the function
® defined on Py(R?) by

o) =4 [ [ Wyt

is well defined and non decreasing for convex ordering. This can be easily checked directly since both
W{(xz — ) and W(- — y) are convex functions. Nevertheless, one can also check that its linear functional
derivative is given by

S @) =4 [ (W= g) + Wiy — )ty

om

and is convex in x for every € Po(R?).

3 Applications

This section contains two applications of the main results.

3.1 Application: convex partitioning and convex bounding

Theorem [I] and Theorem [2] show that we can upper and lower bound, with respect to the functional
convex order, a scaled McKean-Vlasov process by two scaled McKean-Vlasov processes satisfying As-
sumption [IH(1), (2), (3), or we can separate, with respect to the functional convex order, two scaled
McKean-Vlasov processes by a scaled McKean-Vlasov process satisfying Assumption (1), (2), (3).
That is, if we consider the following scaled McKean-Vlasov equations satisfying Assumption [

dX7" = (a(t) X7 + B(t, EXY"))dt + o1 (t, X7, 17" )dBy, X' € LP(P),
aYy" = (a@t) Y + B(t, EY))dt + 01(t, Y, v ) dB,, YJ' € LP(P),
dX7* = (a(t)X7? + B(t, EXJ?))dt + oa(t, X7, u7?)dBy, XG* € LP(P),
Ay = (a(t) Y + B(t, EY,?))dt + 0a(t, Y,*, v}?)dB,, Y§* € LP(P),

and if o1 and oy satisfy Assumption [H(2), (3), X§* <c» Y091 <o X7? 2w Y092 and

o1 201 =X o3 X 0, (3.1)



then we have the following two types of inequalities:

— Convex bounding

EF(X7) <EF(Y")<EF(X°), (3.2)

EG(X™ (4 Jetom) < EG(Y®, (8 hetom) < EG(X™, (i )elom). |
— Convex partitioning

EF(Y%) <EF(X) <EF(Y%), (3.3)

EG(Y?, (v )icpo.ry) SEG(X7, (47*)iepory) < EG(Y?, (*)icpo1y) .

for any two applications F' and G satisfying conditions of Theorem [T

Remark that Assumption [[IF(2) and (3) are only made on ¢ of the equation of X. Consequently, in
this application, we can choose two “simple” functions o;, ¢« = 1,2 to construct the convex partitioning
and convex bounding. For example, we can choose two convex functions o;, ¢ = 1,2 which do not
depend on p and satisfy BI)). In this a case, the results in (8:2) and (33]) make a comparison between a
McKean-Vlasov equation and regular Brownian diffusions, the latter ones being much easier to simulate.

3.2 Application in stochastic control problem and mean field games

In this subsection, we give two examples to explain how to apply Theorem [I] and Theorem ] in the
framework of the stochastic control problem and mean field games.

» The construction of this first example for the stochastic control problem is based on the dynamic
and cost function in [CDL13, Section 4] but the same idea can be applied to other similar examples.
Consider the following two one-dimensional McKean-Vlasov dynamics:

dXtm’a = [atXtm,a + a;|E th,a + broy + Bt} dt +0dB;, Xo=zxz€R
dY;z’a = [at}/;z,a + @tE Y;m,a + btat + ﬁt] dt + G(t, Y;La, l/t) dBt, YO =X

equipped with the respective cost function J%X and JY defined by

T
1 T, — T, 1 1 T,x — T,
JX(z,a) =F {/ b(mtXt’ +mE X, )2+§ntaf}dt+ §(qXT’ +qEXT )2}
0

T
jY(z,a) =E {/0 {§(tht C +mEY )2 + 5ntogﬂ dt + §(qYT’ +qEY, )2}

with admissible controls a = (a)iepo,r] (see [CDLI3, Section 2], where for every t € [0,T], v; is the
probability distribution of Y;"*, at, ay, by, B¢, me, My, ne are deterministic p-Holder continuous functions
of t € [0,7T], ¢ and 7 are deterministic constants and the function t — n; is positive. Assume moreover
that 6 satisfies Assumption [l and

V(t,z, 1) €[0,T] x R x Po(RY), 0 <0(t,z,p1) < o.

We know from [CDL13| Proposition 4.1 and the remark that follows] that the optimal control minimizing
JX(z,-) has a closed form given by

b b
L T]tXt - ¢ Xt (34)
t t

n n

"X (8, Xy) = —

where (n¢)o<t<7 and (x¢)o<i<T are determined by solving a Riccati equation depending only on by, 1y, ag, a¢, me, My, B,
q and q (see (57) still in [CDLI3]). If the coefficient 7%77’5 and g—’t' Xt in (B4) are still p-Holder continuous,



then Theorem [2] directly implies
lgf jX (:L', Oé) :jX (:L', (a*,X(t, Xt))tE[O,T]) > jy(xv (a*ﬁx(tv n))tE[O,T]) ZlIalf jy(xv Oé). (35)
Consequently, if we define the value function by

v¥(z) =inf J¥(2,0) and oY (x):=inf T (z,a),

then ([3.4) directly implies vX (z) > vY (x). Moreover, it follows from Corollary [l that the function
x> vX(z) is convex.

» Similarly, in the framework of mean field games, a McKean-Vlasov equation appears when the
number of agents tends to infinity. If we consider the following one-dimensional (limiting) dynamics

dX: = apdt + U(/Lt)dBt, X € LP(]P))’ p>2

where o > 0 is W,-Lipschitz continuous and (41 )¢e[o,7 is a flow of square integrable probability meausres
on R, associated with the following cost function

J¥(a)=E |:%)CQXT + g(/qu(dx)) )2 + /OT [%|cth + f(/x,ut(dx)) }2 + % |at|2}dt} .

Theorems in this paper may provide some information on the value of the game. Assume that the Lasry-
Lions monotonicity condition is satisfied, then the equilibrium of the mean field game is unique with a
McKean-Vlasov dynamics (u is the distribution of X;) given by

dXy = — [ X + h(t,EX;)]dt + o(u)dB (3.6)

by taking ay = — [ Xy 4+ h(t,EX;)] (see e.g. [CDI8D, Section 3.5.2]). In B8), (m:)ec(o,7) is the solution
of a Riccati equation depending only on ¢y and ¢, and h depends on f, g, cs and ¢4. If 0 is non-decreasing
w.r.t. the convex order like in the previous example, results in this paper allow us to compare the value
of the cost function J () of the system (B.6) with that of the following system (Y;):cj0,7]

dY, = —[nYs + h(t, EY,)]dt + 0(vy)dB,, Yo € LP(P), p > 2, (3.7)

when
0<oc<0 and Xp=o Y.

In fact, if we denote by v; the probability distribution of Y; for every ¢ € [0, T], by applying Theorem [I]
and (L2), we know that pu; < vy for every t € [0,7] so that EX; = EY;. Thus g(fqu(dz)) =
g([zvp(de)) and f( [ap(dx)) = f( [zv(dz)), t € [0,T]. Let a — J*(a) and o — J¥ («) denote
the cost function for the system (3.6) and (B.1) respectively. Then the difference between J% () and
JY () only depends on terms containing E [X?], E[Y,2], t€ [0, T], that is, on the variances of X; and Y;
since they have the same mean.

4 Convex order results for the Euler scheme

In this section, we will discuss the convex order results for the random variables th‘i and Yt{\f ,m =
0,..., M defined by the Euler scheme (Z1)) and [22). In order to simplify the notations, we rewrite (ZI])

and (22) by setting

X =XM Y, = Yt%, Lo = ﬂi\i and 7, = 17%.

tm
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It reads

Xerl - bm(Xm; ﬂm) + Um(Xm; ,L_Lm)Zerl; XO = XOv (41>
7m+1 = bm(Ym 5 Um, ) + em(Ym; Um )Zm+17 YO = YOa

where for every m =0,..., M,
b (2, 1) = x4 h- bt 2, 1), O (5 1) = VD 0ty Ty 1), O, 1) = VI - O, T, 1) (4.3)
First note that it follows from Proposition 2.1 a) that
Vm=0,...,M, fim, Um€ Pp(R?)

(hence lie in P; (R9)). Then it follows from Assumption [l that Xo, Yy, by, Om, 0m, m =0, ..., M, satisfy
its discrete time counterpart.

Assumption 1g;sc. (1) The function b,,, m =0, ..., M, are affine in = and
Vo, v € Pp(RY), pp <oy v b (z, 1) = by (2, V). (4.4)
(2) The functions o,,, m =0,..., M, are convex in x :
Yz, y e RY VYA €[0,1], Om (Az 4+ (1 =Ny, 1) 2 Aom (@, 1) + (1= N)om(y, p). (4.5)
(3) The functions o,,, m = 0,..., M, are non-decreasing in p with respect to the convex order :
Vo, v € Pp(RY), p <oy v, om(x, 1) X om(z,v). (4.6)

(4) We have the following order between o, and 0,,, m =0,..., M :
V(ZL', ,LL) € Rd X Pp(Rd)v O'm(SC,M) j Qm(z, ,LL) (47)
(5) Xo <o Yo @)

At this stage let us mention that we will extensively use the following elementary characterization of
convex ordering between two integrable R%valued random variables or their distributions.

Lemma 4.1 (Lemma A.1 in [ACTI9b]). Let pu,v € P1(RY). We have u <y, v if and only if for every
conver function ¢ : R? — R with (at most) linear growth in the sense that there exists a real constant
C > 0 such that, for every v€ R?, |p(z)] < C(1 + |z)),

/Rd p(x)p(d) S/ o(z)v(dz).

Rd

This characterization allows us to restrict the proofs to convex functions with linear growth to establish
the convex ordering.

The main result of this section is the following proposition.

Proposition 4.1. Under Assumption [l and [II, for any conver function F : (RHMFL — R with p-
polynomial growth in the sense that

V= (zg,...,zp) € RHMTL IC >0, such that |F(x)| < C(1+ sup |z;"), (4.8)
0<i<M

we have EF(Xy,..., X)) <EF(Yo,...,Yar).

3Since Xo = Xo and Yp = Yp (see the definition @I) and @2).
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Before proving Proposition 1] we first show in the next section that the Euler scheme defined
in (1) and ([@2) propagates the marginal convex order step by step, i.e. X,, <¢, Yy, for any fixed
m € {0,..., M} by a forward induction.

4.1 Marginal convex order for the Euler scheme

Let Coy(R%, R) := {¢ : RY — R convex function}. For every m =0,..., M — 1, we define an operator
Qmi1: Cew(RER) — C(Rd x P1(R?) x deq,R) associated with Z,,11 defined in (£1) and (#2) by

(, p1,u) € RT X Pr(RY) X Maxg — (Qut1 9)(@, p, u) = E[@(bm(x,u) + uZm+1)}- (4.9)

For every m =0, ..., M, let F,,, denote the o-algebra generated by (Xo, Yo, Z1, ..., Zm). The main result
in this section is the following.

Proposition 4.2. Let (Xu)m=o...:m, (Ym)m=o....m be random wvariables defined by 1) and [Z.2).

The proof of Proposition relies on the following two lemmas whose proofs are postponed to
Appendix [Cl

Lemma 4.2 (Revisited Jensen’s Lemma). Let ¢ € Cpp(R% R) with linear growth and let u € Py (R?).
Then, for everym=1,..., M,
(i) the function (x,u) — (Qme)(x, u,u) is (finite and) conver.

(i1) for any fived x € R%, the function u — (Qmep)(z, 1, u) attains its minimum at Ogxg, where Ogxq is
the zero-matrix of size d X q,

(iii) for any fized x € R?, the function u — (Qume)(x, i, u) is non-decreasing with respect to the partial
order of d x q matriz (I3).

Lemma 4.3. Let ¢ € Cep(R% R) with linear growth. Then for a fized p € P1(RY), the function x
E[(p (bm (2, 1) + om (2, ,u)ZmH)] s convex with linear growth for every m =0,...,M — 1.

Proof of Proposition[.3. Assumption [Tz;.] directly implies Xo <., Yo. Assume X,,, <, Y, or, equiv-
alently, fiy, <cv Um. Let ¢ R? — R be a convex function with linear growth. Then,

E [p(Xons1)] = E [ (bon (Xons Fon) + 0 (Kim, o) Zoni)
= E [E [0 (bn(Zons fim) + 0 (Zons fim) Zun 1) | ]|
= [ o) B [0 i)+ ) Zri)]
(the integrability is due to Proposition 2] and Lemma [4.3))
< /Rd b (dz) E [(p(bm(:n, Um) + om(z, Dm)Zm_H)}
(by Assumption (4, ([@6]) and Lemma 2] since fin, =< v Um)
< /]Rd U (dz) B [gp(bm(x, Um) + om(z, ﬁm)Zerl)}
(by Lemma 3] since fim = ey Um)

< / U (dz) B [gp(bm(x, Um) + O (z, Ijm)Zerl)}
Rd
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(by Assumption (@7) and Lemma H.2)
=E[p(Ym+1)]-

Thus X,ni1 <o Yons1 by applying Lemma 1l One concludes by a forward induction. O
Proof of Corollary[Idl (a) This is a straightforward consequence of Theorem [[(a) by setting, f being a
convex function with linear growth and t€ [0,T], F(a) = f(a(t)), a€ C([0,T],R).

A direct proof is as follows: we only need to prove ur <., v since for any t € [0,7] the proof for
[t = v V¢ is the same by considering (Xs)sepo,4) and (Ys)sejo,- Let ¢ : R? — R be a convex function with
linear growth. Proposition implies that for every h = % >0, Xy <ev Yar. Thus for every h > 0,
Eo(Xp) <Ep(Ya). It follows from Proposition 2] that E (X)) = E@(Xr) and E@(Yay) — Ee(Yr)
as h — 0 since we assumed p > 2. Hence Ep(X71) < Ep(Yr) by letting h — 0, i.e. Xp <., Y by
applying Lemma 411
(b) For every x,y € R? and X € [0,1], we have Ma+(1-2)y Zev Az + (1 — A)J, and one concludes by
applying Theorem [l with 6 = o, Xo ~ 0xp4(1-2)y and Y ~ Adp + (1 — A)d,,. O

The next proposition prove that we can dissociate the assumption on the convexity and monotonicity
in Assumption[[T- (2), (3) to obtain the same marginal convex order as in Corollary[[T]- (a). This seems
to be specific to marginal convex ordering.

Proposition 4.3. Let u:, v, t € [0,T], respectively denote the marginal distributions of the solution
processes X and 'Y in (L3), (IZ). If we replace Assumption[Il-(3) by the following condition:

(3") For every fived (t,x) € Ry x R, the function 0(t,x,-) is non-decreasing in p with respect to the
convez order in the sense that

YV ou,ve Pp(Rd), U=V =>00t2,p1) <¢ 0(t,z,v), (4.10)
then for every t € [0,T], pt = cv Vt-

Proof of Proposition [{-3 First, remark that the proofs of Lemma [£2] and 33 do not depend on the con-
dition (LIT)) and (EI0) and the induction step of Proposition .2 remains true under the new assumption
(3’). Assume that X,, <, Y;,. If we consider a convex function ¢ : R? — R with linear growth, then

E [p(Kun41)) = B [0 (bus(Kom i) + 0s(Kons ) Zrn1) |

—E [IE [0 (b (X im) + O (Koo Fim) Zom 1) | fmﬂ

= [ ) [{bn (o) + 0 ) Zor)

< /Rd Dy (d) E {cp(bm(z,ﬂm) + Um(z,ﬂm)Zerl)}
(by Lemma E3 as fiy, = cy 7m)

< [ @) E [ (b ) + (i) Zonr)
(by Assumption (@7) and Lemma B2} (iii))

< /R Dy (dar) E {(p(bm(:z:, D) + O (2, pm)zmﬂ)}

(by Assumption (@4]), (EI0) and Lemma 2 since iy <y Um)

=E[p(Ym+1)).
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Thus one has X,, <¢ Yy, for every m = 0,..., M by a forward induction. Hence we can conclude by
applying the convergence of the Euler scheme as in the proof of Corollary [LT{(a). O

4.2 Global convex order for the Euler scheme

We will prove Proposition T in this section. For any K € N*, we consider the norm on (R?)X defined
by [|z]| := sup, ;< |2 for every @ = (x1,...,2x) € (R?)", where | - | denotes the canonical Euclidean
norm on R?. For any mj,ms € N* with m; < mo, we denote by Ty, .m, = (mml,xlmlﬂ, ey Tmy) €
(RY)mz=mitl - Similarly, we denote by i my = (Himys-- -5 fmy) € (P2 (IRd))mZ_mlJr . We recursively
define a sequence of functions ()

M—m+1
— R

P, (RY™H % (PL(RY)) , m=0,...,M
in a backward way as follows:

> Set
(I)M(.To;]\/j;/LM) = F(,CC(),...,ZEM) (411)

where F: (RY)M+1 5 R is a convex function with p-polynomial growth (&]).
» Form=0,...,M —1, set
(I)m (xo:m; ,U/m:]\/l) = (Qm+1¢m+1($0:m, S Mm-{-l:M)) (-Tm; Himy Om (-Tm; ,U/m))
- E |:q)m+1 (:CO:m; bm(xmv /Lm) + Om (zm; ,um)Zerl; ,uerl:I\/I)i| . (412)

The functions ®,,,, m = 0,..., M, share the following properties.
Lemma 4.4. For every m=20,..., M,

(i) for a fized pim:nr € (Pr (Rd))M_m+1, the function @, ( - 5 pom:r) @8 convexr and has a p-polynomial

growth in xq.;, so that ®,, is well-defined.

(i) for a fized xo.m, € (RY)™HL the function @, (To.m; - ) is non-decreasing in pm.ar with respect to
the convex order in the sense that for any phm:pr, Vm:pm € (7’1 (IRd))M_mJrl such that p; <y vi, 1 =
my...,M,

(I)m(-ro:m ;Mm:M) S (I)m (xo:m 5 Vm:]\x[)- (413)

Proof. (i) The function @,/ is convex in xg.ps owing to the hypotheses on F. Now assume that zg.,41 —
D@1 (T0:mt1 5 fma1:07) i convex. For any Zo.m, Yo.m € (R)™F! and A € [0, 1], it follows that

Py (AZ0:m + (1= N)Yom 5 fom:r)
—E®, (/\xozm H (1= N goims bon (A2 + (1= A) s i)
+ T (A 4 (1= N firn) Zon 11 ;MMH:M)
<E®, (/\xozm (1= N)Y0ums Ao (T i) + (1= A) by (Y f1m)

+ [)\Um(xma ,U/’m) + (1 - )‘)Um(yma ,U/m)] Zm+1 ;Mm-l-l:M)
(by Assumption (@3] and Lemma [£2] since @41 (T0m, * 5 hmt1:0) 1S CcONVEX)

S )\E |:(I)m+1 (-TO:ma bm(x’ma Mm) + O'm(xm; ,U/m)Zm—i-l ;,U/m—i-l:M):|

4We formally consider the case where ®;; may depend on pjs in view of the proof of Proposition 5] and item (b) of
Theorem [
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+ (1 - /\)E [(I)erl (yO:m; bm (ym; ,Um) + Um(ym; ,Um)Zerl ; ,Uerl:M)}
(since To.m+1 — Pont1(To:m+1 ; m+1:0) 1S convex)
= )\(I)m(-ro:m ) ,U/mM) + (1 - )\)(I)m(yOm 3 MmM)
Thus the function @, (- ; fm:ar) is convex and one concludes by a backward induction.

The function ®,; has a p-polynomial growth by the assumption made on F'. Now assume that ®,, 1
has a p-polynomial growth. As Assumption [l implies that b,, and ¢,, have linear growth (see further
(AD), it is obvious that ®,, has p-polynomial growth. Thus one concludes by a backward induction.

(i1) Firstly, it is obvious that for any pas, vasr € P1(RY) such that ppas <o var, we have
Qs (zonr s i) = F(xo.ar) = @ (won 3 var)-

Assume that @,,41(Zo:m+1 ;) is non-decreasing with respect to the convex order of f,41.0. For any

M=—m+1 .
fim:nts Vvt € (P1(R?)) "1 Such that Wi Sy Viyt =m, ..., M, we have

o (Toim ; fimins) = E [@erl(:cO:m, b (T fm) + Om (T, an) Zm+1 ;Uerl:M)}
<E |:(bm+1(.’1;0;m, bin (T Vin) + O (Tons Vi) Zms1 ;,um_H;M)}
(by Assumption ([£0), ([{4) and Lemma 12 since @,,41(Z0m, * ; 1.0 ) 1S CcONvex)
<E [@m+1(x0;m, b (T, Vi) + O (s Vi) Zim41 ;Vm_,_l:M)}
(by the assumption on ®,, 1)
= @, (0 3 Vim:M )
Then one concludes by a backward induction. O

As F has an p-polynomial growth, then the integrability of F(Xy,...,Xas) and F(Yp,...,Yyr) is
guaranteed by Proposition 2] since X, Yy € LP(IP). We define for every m =0,..., M,

X =E[F(Xo,...,Xun) | Fm]-

Recall the notation fi,, :=Pg =Po X 1, m=0,...,M.

)

Lemma 4.5. For every m =0,..., M, ®,,(Xo.m ; fim:11) = X

Proof. Tt is obvious that ® a7 (Xo.az; fins) = F(Xo, ..., Xar) = Xar. Assume that @, 01 (X1 Bms1:01) =
Xerl. Then
Xm =E [Xerl | fm} =E [(I)erl(XO:erl ;ﬂerl:M) | ‘Fm}
=E [q)erl(XO:m; bm(Xnmﬂm) + Um(Xm; ,L_Lm)Zm+1 ;,L_Lm+1:M) | fm]
= (Qm-ﬁ-lq)m-l-l(XO:ma : ;ﬂm-l-l:M)) (Xma ﬂma am(Xma ﬂm)) = (I)M(XO:m ;ﬂm:M)-

Then a backward induction completes the proof. O

M—m+1

Similarly, we define ¥y, : (R*)™* x (Py(R)) —R,m=0,...,M by

Unr(zon s o) = Fzo.mr)
\I]m (xo:m 5 MmM) = (Qm-{-l‘llm-l-l(xo:ma C S Mm-{-l:M)) (-Tm; Hms 9m (xm; ,U/m))
=E [\Iierl (SCO:m’ bm(xma .Um) + 9m(:cm, Mm)Zerl ;Merl:M)} . (4'14)
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Recall the notation 7y, := Py, . By using the same method of proof as for Lemma E.5] we get

\Ijm(YO:m;ﬂm:M):E[F(YOa-'-aYM> |fm}

Proof of Proposition [{.1 We first prove by a backward induction that for everym =0,..., M, ®,, < U,,.

It follows from the definition of ®5; and ¥y, that &y = Uy Assume now &1 < ¥ iq. For any
Zo:m € (RH™ 1 and fi,.0s € (P1(Rd))w[7m+l, we have

1 (T0:m 5 om: )
=E [®s1(20ims bn (T pian) + O (T, fim) Zms1 5 Bt 1:01) ]
<E [(I)m-i-l (ZCO:m, b (T fm) + O (Tims o) Zimt ;Mm-i-l:M)}
(by Assumption (7)) and Lemma [£2] since Lemma 4] shows that ®,,1 is convex in Zg.pmt1)
<E [‘Ijerl (SCO:m, bm(xmv /Lm) + Qm(zm, Mm)Zerl ;Merl:M)] = \I/m(zO:m ;/Lm:M)-

Thus, the backward induction is completed and

Vm=0,...,M, ®,<U,,. (4.15)
Consequently,
E[F(Xo,,XM)] ZE(I)O(Xo;ﬂo;M) (by Lemmam
< E®(Yo; fio:ar) (by Lemma FEZ}H (i) since Xg = Xg < Yo = Yp)
< E®(Yo;vo.01) (by Lemma [£4}(i7) and Proposition F.2])
<EWo(Yo; %) (by (&I5))
—E [F(Yo, ..., )] O

5 Functional convex order for the McKean-Vlasov process

This section is devoted to prove Theorem [I}(a). Recall that t¥ = m - %, m =0,...,M. We define
two interpolators as follows.

Definition 5.1. (i) For every integer M > 1, we define the piecewise affine interpolator iy : o €
(RHMFY 5 4 pp(zo.r) € C([0,T),RY) by

_ M
Vm=0,....M—1,Vte M ) ], in(zom)(t) = ?[(tﬁfﬂ = ) + (= ) Tmg1].

(1i) For every M > 1, we define the functional interpolator Ing :C([O, T],Rd) — C([O, T],Rd) by

Y a € C([0,T],RY), I (@) = in ("), ..., alth]))-
It is obvious that
Y aoar € (RYMH a0l = max, foul (1)

since the norm || is convex. Consequently,

¥ a e C([0,T),RY), s ()l gup < llevll gy - (5:2)

Moreover, for any a € C([0, T],R%), we have

13 (e) = allgy, < wle, 47), (5-3)
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where w denotes the uniform continuity modulus of «. The proof of Theorem[I}(a) relies on the following
lemma.

Lemma 5.1 (Lemma 2.2 in [Pagl6]). Let XM M > 1, be a sequence of continuous processes weakly

converging towards X as M — +oo for the ||| ,,-norm topology. Then, the sequence of interpolating

processes XM =1y, (XM) M > 1 is weakly converging toward X for the ||-||.,.,-norm topology.

sup

Proof of Theorem[IH(a). Let M € N*. Let (X )m=o0,....ps and (f@j‘rf)m 0,...m denote the Euler scheme
defined in 1) and Z2). Let XM := (XtM)te[O,T]a YM = (YM);ci0,r) denote the continuous Euler
scheme of (X¢):ep0,77, (Y)tejo,r) defined by ([2.3) and [Z4). By Proposition L1l there exists a constant

C such that

sup |X sup |Xy|| <Ca+ [ Xoll,) < +oo,
te[0,T) t€[0,T] »

sup |FM|| v || sup Vil < G+ IYa,) < +oc (5.4)
t€[0,T] » t€[0,T] »

as 1 < r < pand Xo,Yy € LP(P). Hence, F(X) and F(Y) are in L'(P) since F has a r-polynomial
growth.

We define a function Fy; : (R)M+1 — R by
zo. € RHYMT s Fay(wo.nr) = F (ing (wo:nr)). (5.5)

The function Fj; is obviously convex since ips is a linear application. Moreover, F); has also an r-
polynomial growth (on RM*1) by (G.1)).

Furthermore, we have In;(X™) = iy ((XM,..., XM

scheme and the interpolators iy; and I, so that

)) by the definition of the continuous Euler

Pa(X3 o X = P (i (R, X)) = P (X)),
It follows from Proposition [4]] that

EF(In(XM) =EF(in(X', ..., X3)) =EFn (X7, ..., X))
<EFu(YM, ... .Y ) =EF(in(YM,....Y)) = EF (I (Y™M)). (5.6)

The function F'is ||-[|,,-continuous since it is convex with [|-||,, -polynomial growth (see Lemma 2.1.1
in [Luc06]). Moreover the process XM weakly converges for the sup-norm topology to X as M — +oo
as a consequence of Proposition 21l Then I;(X™) weakly converges for the sup-norm topology to X
owing to Lemma [5.0l This proves that F(I (XM )) weakly converges toward F'(X) and, similarly, that
F (I m(YM )) weakly converges toward F(Y'). Moreover, as F' has a p-polynomial growth, we have

F(I(XM) < O+ [ (XML, ) < ¢+ [ XM

sup sup )

where the last inequality follows from (5.2)). It follows from Proposition 1] that
E HXMH —E [|X]|? as M — +oo0.

sup sup

Then one derives that E F(Iy(X*)) — E F(X) as M — +4oco. The same reasoning shows that
E F(Iny(YM)) - E F(Y). Finally, one derives by letting M — 400 in inequality (5.6) that

EF(X)<EF(Y). O
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Remark 5.1. The functional convex order result, in a general setting, can be used to establish a robust
option price bound (see e.g. [ACJ19al]). However, in the McKean-Vlasov setting, the functional convex
order result Theorem [I] is established by using the theoretical Euler scheme (2.1)) and (22 which can
not be directly simulated so that there are still some work to do to produce simulable approximations
which are consistent for the convex order. One simulable approximation of the McKean-Vlasov equation
is the particle method (see e.g. [BT97], [AKHO02] and [Liul9, Section 7.1] among many other references),
which, in the context of this paper, can be written as follows: forn =1,..., N,

X = XN b b, X0, % 0 ) + VR 0 (b X0 % S0 Sgnn) 2

tm41 » N Zun=1 tm ' N Zan=1

_ _ _ _ (5.7)
Vol = Y0 b b, VN 500 ) 4 VR 0t Y0, 5 500 S ) 20
Gn N ii.d on, N ii.d _ UM . T *
where X", 1 < n < N, ~ Xo, Yyj7',1 <n <N ~ Yo, t, =t, = m-5,M € N* and

Zrn.0<n<N,0<m< M, “ NO,I).

Unfortunately, this scheme (0.7 based on particles does not propagate nor preserve the convex order
as in Proposition since we cannot obtain for a convex function ¢ that,

1 & 1 &
N > e(xiN (W) < ¥ d (W), as.
n=1 n=1

under the condition that an;N = v }QZN, n=1,...,N, even if the random variables XZ:LN, n=1
and Y, n=1,..., N were both i.i.d. (see again [ACTIOa]).

N

ey

5.1 Extension of the functional convex order result

This section is devoted to the proof of Theorem [I}(b). We first discuss the marginal distribution
space for the strong solutions X = (Xi):ejo,r) and Y = (Yi)ieo,1) of equations (L3)) and (L4). By
Proposition 21l X,Y € Lg([o T],R4) (Q, F,P) then their probability distributions u, v naturally lie in

Pp (C([Oa T]a Rd))

= {u probability distribution on C([0,T],R%) s.t. /

oGy 1(der) < +OO} :
([0,T],R%)

We define an LP- Wasserstein distance W, on P, (C([0, T],R?)) by
YV u,v € Pp(C([0,T],RY),

o =yl wlde,dy)] ", (58)

sup

W (1, v) ::{ inf /
o mell(u,v) Je([0,T],R4)xC([0,T],R4)

where II(u1,v) denotes the set of probability measures on C([0,7],R%) x C([0,7T],R?) with respective
marginals ¢ and v. The space P, (C([O,T],Rd)) equipped with W, is complete and separable since
(C([0,T],RY), |||l ) is & Polish space (see [Bol08]).

Now, we prove that for any stochastic process X = (Xi)ico,1) € Lg([o,T],Rd)(Q"F’ P), its marginal
distribution (4u)se(o,r) lies in C([0,T7], Pp(R?)). For any ¢ € [0,T], we define m; : C([0,7],R%) — R? by
a — 7i(a) = o and we define

Lip € Pp(C([O,T],Rd)) — u(p) = (po 7Tt_1)te[0,T] = (Kt)teo,1) € C([O,T],’Pp(Rd)).

Lemma 5.2. The application v is well-defined.

The proof of Lemma is postponed in Appendix For the functional convex order result for the

18



Euler scheme, like in Section [ we have the following proposition.

Proposition 5.1. Let Xo.as, Yo.ar, flo:ar, Vo:ar be respectively random variables and probability distribu-
tions defined by (21) and (Z2). Under Assumption[ll and[Il, for any function

G : (zo.0r,M0:0r) € (RHMHL (Pp(Rd))MJrl — G(zo.ar,m0:0r) € R

satisfying the following conditions (i), (it) and (iii)

(1) G is convex in xo:n,
(i3) G is non-decreasing in pio.ns with respect to the convex order in the sense that

Vo € (RYMT and Yo ar, vons € (Pp(Rd))MJrl St g Sew Vi, 0< 1< M,

é(iﬂo:M,Mo:M) < é(ﬂﬁo;M, Vo:M )

(i4i) G has a p-polynomial growth in the sense that

IC € Ry s.t. ¥ (woar, ponr) € (ROMHL x (P, (R M,
CNT‘(:EO:M; ,U/O:]\/I) S C [1 + sup |$m|p + sup Wg (,U,m, 60)} ) (59)
0<m<M 0<m<M
we have } )
EG(Xo, .., Xm, 20y fing) SEGYo, ..o, Yo, Doy ooy Uai). (5.10)

The proof of Proposition [5.1]is quite similar to that of Proposition Il We just need to replace the
definition of ®,,, and ¥, in (@&I1)), (@I2) and @I4) by the following &/, , ¥’ : (RY)™+1x (73},(Rd))]wrl —
R, m=0,...,M, defined by

¥ (T0ms par) € (R 5 (Pp(R1) ",
(I)/M(-TO:M s o:M) = é(-TO:]M; Ho:n1),
! (20w 5 po:vr) = (Qum1 Pt (Tosms = 3 110:00)) (T Ly T (T, 1)),
Uy (o:ns 5 posnr) = G(@o:n, o:n)

‘I’;n(ﬂﬁo:m 3 MO:M) = (Qm-{-l\I];nJrl(xO:m; C S MO:M)) (-Tma Moy em(-rma Mm)) .

The key step to prove Theorem [Ib) starting from (EI0) is how to define the “interpolator” of the
marginal distributions (fit)iefo,r) and (7¢)sepo,r)- Let A € [0,1]. For any two random variables X1, X
with respective probability distributions pq, pe € ’Pp(Rd), we define the linear combination of 1, uso,
denoted by Ay 4 (1 — Nz, by

v A € B(RY), (A1 + (1= ANp2) (A) = Apa(A) + (1 — Np2(A). (5.11)
In fact, Apg + (1 — Az is the distribution of the random variable
Ly X1 + LipsayXo, (5.12)

where U is a random variable with probability distribution ¢([0,1]), independent of (X7, X2). Then it
is obvious that Aug + (1 — Nuz € Pp(R?). Moreover, with the help of the random variable (5.I12), one
proves that the application A € [0,1] — Aug + (1 — A)uz € Pp(R?) is continuous with respect to W, for

a fixed (p1,u2) € (Pp(Rd))z.

From (B.IT]), we can extend the definition of the interpolator iys (respectively Ipr) on the probability
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distribution space (Pp(Rd))M+1 (resp. C([0,T], Pp(RY)) ) as follows

Vm=0,...,M—1,Yte [tM M ]

m "m+11
M+1 , M
Y poar € (Pp(RY)) 7, it (ko )(t) = = (1 = b+ (= 3] i ]
V (Mt)t€[07T] S C([O, T],Pp(Rd))a IM((:u’t)tG[O,T]) = ZM (/’[/té\/l’ te ?/’[’tﬁ)'
We consider now XM = (XtM)te[O m, YM = (vM )te (0,r] defined by [2.3) and (Z4) with respec-
tive probability distributions M, 7™ € P, ( ([0,7T],R ) (see @3)). Let (a")icpr = ¢(i™) and

(M) ieo,r) = v(#™). We define now for every t € [0,T], ' = IM((ﬂi”)te[o,T])t- By the same idea as
[EI2), for every t € [tA, 2 1], @M is the probability d1str1bution of the random variable

XM =1 XM 41 xM
t {U < (t%ﬂrl t)} tm+ {Um> (%+1 t)} tm41”

T

where (Uy, ..., Uns) is independent to the Brownian motion (Bt):ejo,7) in (L3), (L4) and then to (Zo, ..., Z)
in @1, €.

Now we prove that (ﬁy)te[oﬂ converges to the weak solution (it )sepo,r) of (L3) with respect to the
distance d¢ defined in (LI4]). We know from Proposition 2I}H(c) that for any p > 2

sup Wy, ') — 0 as M — +oo. (5.13)
t€[0,T]

It follows that

Vme{0,...,M},Vte[tM M ]

m "m+11

~ p
wr(E i) < B XM - X

v M M M
i ]l{U (tf\fﬂ D) }Xtm B ]l{U >M(tﬁf+1*‘) }Xt’"“
m< T m

T

<E|XM - XM[+E XM - XM

tont1

We derive from Proposition 2.1}(b) that

Vs, te [t M ] s<t, E])_(tM—X;”}pg(m/t—s)ng#’(%)%—>0, as M — +o0.

m "m+11

Thus, we have sup; (o 71 WE (i)', i) — 0 as M — +oo. Hence,

dC((ﬁi\/[)tE[O,T]a(Mt)tG[O,T]) = sup Wg(ﬂta/jt ) < sup W (Mt s Ht) + sup Wp(,uiwa/jéw)
t€[0,T] t€[0,T) t€[0,T]

— 0 as M — +o0. (5.14)

Proof of Theorem [1-(b). We define for every (zo.ar,m0.07) € (RY)MF1 x (Pp(Rd))MJrl, G (o, Mo ) =
G (inr(wo:nr), ine(no:ar)). For every fixed M € N*, we have

EG(IM( ) ( )tE[O T]) EG(IM(XM)aIM((ﬂy)te[o,T]))
=EG(in(Xe, . XM il i) =EGa (XM, XM mt )

SEGM( to YM 17,50,...,17%[) (by Proposition [5.1))

tar

:EG(iM( tf,”a---,ﬁﬁf)aw(ﬁffa-- VtM)) EG(IM(YM) (ZM)te[o,T])-
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Using the continuity assumption on G (see Theorem [IH()-(#i4)) and the convergence in (5.14) imply weak
convergence of both sequences of random variables. Then using that G has at most p-polynomial growth
in both space and measure arguments, on concludes like for claim (a) that E G(In (X)), (1) tepo,m) —
EG (X ) (Ht)te[o,T]) (idem for Y). Combining these two properties, we finally obtain (LI7) by letting

M — 4. O

Acknowledgement. The authors thank both the anonymous reviewer and the associate editor for
their careful reading of the paper. They are grateful for their constructive and insightful comments and
suggestions. The first author would like to thank Dr. Julien Claisse for his helpful advice.

References

ACJ19a] Aurélien Alfonsi, Jacopo Corbetta, and Benjamin Jourdain. Sampling of one-dimensional
g
probability measures in the convex order and computation of robust option price bounds.
International Journal of Theoretical and Applied Finance (IJTAF), 22(03):1-41, May 2019.

[ACJ19b] Aurélien Alfonsi, Jacopo Corbetta, and Benjamin Jourdain. Sampling of probability measures
in the convex order by Wasserstein projection. Annales de I’'IHP - Probabilités et Statistiques,
2019.

[AKHO02] Fabio Antonelli and Arturo Kohatsu-Higa. Rate of convergence of a particle method to the
solution of the McKean-Vlasov equation. Ann. Appl. Probab., 12(2):423-476, 2002.

[BDL11] Rainer Buckdahn, Boualem Djehiche, and Juan Li. A general stochastic maximum principle
for SDEs of mean-field type. Appl. Math. Optim., 64(2):197-216, 2011.

[BFFT12] Javier Baladron, Diego Fasoli, Olivier Faugeras, and Jonathan Touboul. Mean-field description
and propagation of chaos in networks of Hodgkin-Huxley and FitzHugh-Nagumo neurons. J.
Math. Neurosci., 2:Art. 10, 50, 2012.

[BFT15] Mireille Bossy, Olivier Faugeras, and Denis Talay. Clarification and complement to “Mean-field
description and propagation of chaos in networks of Hodgkin-Huxley and FitzHugh-Nagumo
neurons”. J. Math. Neurosci., 5:Art. 19, 23, 2015.

[Bol0g] Frangois Bolley. Separability and completeness for the Wasserstein distance. In Séminaire de
probabilités XLI, pages 371-377. Springer, 2008.

[BT97] Mireille Bossy and Denis Talay. A stochastic particle method for the McKean-Vlasov and the
Burgers equation. Math. Comp., 66(217):157-192, 1997.

[CD13]  René Carmona and Frangois Delarue. Probabilistic analysis of mean-field games. STAM J.
Control Optim., 51(4):2705-2734, 2013.

[CD15]  René Carmona and Francois Delarue. Forward-backward stochastic differential equations and
controlled McKean-Vlasov dynamics. Ann. Probab., 43(5):2647-2700, 2015.

[CD18a] René Carmona and Frangois Delarue. Probabilistic theory of mean field games with applica-
tions. I, volume 83 of Probability Theory and Stochastic Modelling. Springer, Cham, 2018.
Mean field FBSDEs, control, and games.

[CD18b] René Carmona and Frangois Delarue. Probabilistic theory of mean field games with applica-
tions. II, volume 84 of Probability Theory and Stochastic Modelling. Springer, Cham, 2018.
Mean field games with common noise and master equations.

[CDL13] René Carmona, Frangois Delarue, and Aimé Lachapelle. Control of McKean-Vlasov dynamics
versus mean field games. Math. Financ. Econ., 7(2):131-166, 2013.

21



[CL18]

[Fad19]

[Gas19]

[Haj85]

[HR12]

[JP19]

[Kel72]

[Lac18]

[Liu19]

[LP21]

[Luc06]

[MAO1]

[McK67]

[Pag16]

[Pagl8]

[RY99]

[Str65]

[Yonl13]

Pierre Cardaliaguet and Charles-Albert Lehalle. Mean field game of controls and an application
to trade crowding. Mathematics and Financial Economics, 12(3):335-363, 2018.

Ahmed Fadili. Ordre convexe pour les diffusions multidimensionnelles. Application aux
modeles a volatilité locale. Ph.D thesis, In progress, 2019.

Pierre Gasnier. Mean Field Game Theory for Gas Storage Valuation. Technical report, Sor-
bonne university & Ecole Polytechnique, September 2019.

Bruce Hajek. Mean stochastic comparison of diffusions. Z. Wahrsch. Verw. Gebiete, 68(3):315—
329, 1985.

Francis Hirsch and Bernard Roynette. A new proof of Kellerer’s theorem. ESAIM Probab.
Stat., 16:48-60, 2012.

Benjamin Jourdain and Gilles Pages. Convex order, quantization and monotone approxima-
tions of ARCH models. arXiv preprint arXiv:1910.00799, 2019.

Hans G. Kellerer. Markov-Komposition und eine Anwendung auf Martingale. Math. Ann.,
198:99-122, 1972.

Daniel Lacker. Mean field games and interacting particle systems. Preprint, 2018.

Yating Liu. Optimal Quantization: Limit Theorems, Clustering and Simulation of the
McKean-Viasov Equation. Theses, Sorbonne Université; Laboratoire de Probabilites, Statis-
tique et Modelisation (LPSM), December 2019.

Yating Liu and Gilles Pages. Monotone convex order for the Mckean-Vlasov processes. arXiv
preprint arXiw:2104.10421, 2021.

Roberto Lucchetti. Convexity and well-posed problems, volume 22 of CMS Books in Mathe-
matics/Ouvrages de Mathématiques de la SMC, pages xiv+305. Springer, New York, 2006.

Nicolas Martzel and Claude Aslangul. Mean-field treatment of the many-body Fokker—Planck
equation. Journal of Physics A: Mathematical and General, 34(50):11225, 2001.

Henry P McKean. Propagation of chaos for a class of non-linear parabolic equations. Stochastic
Differential Equations (Lecture Series in Differential Equations, Session 7, Catholic Univ.,
1967), pages 41-57, 1967.

Gilles Pages. Convex order for path-dependent derivatives: a dynamic programming approach.
In Séminaire de Probabilités XLVIII, volume 2168 of Lecture Notes in Math., pages 33-96.
Springer, Cham, 2016.

Gilles Pages. Numerical probability, An introduction with applications to finance, pages
xxi+579. Universitext. Springer, Cham, 2018.

Daniel Revuz and Marc Yor. Continuous martingales and Brownian motion, volume 293 of
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical
Sciences/]. Springer-Verlag, Berlin, third edition, 1999.

Volker Strassen. The existence of probability measures with given marginals. Ann. Math.
Statist., 36:423-439, 1965.

Jiongmin Yong. Linear-quadratic optimal control problems for mean-field stochastic differen-
tial equations. STAM J. Control Optim., 51(4):2809-2838, 2013.

22



Appendix A Convergence rate of the Euler scheme for the McKean-
Vlasov equation

We prove Proposition 2] in this section. Under Assumption [ the functions b and o have a linear
growth in = and in g in the sense that there exists a constant Cj », 1,7 depending on b,0, L and T' such
that for any (t,z,u) € [0,7] x R? x P,(R%),

(8, )|V lllo (8 2, wlll < Coo,n,7(1 + [2] + W, (11, 00)), (A1)
since for any x € R? and for any p € P,(R?), we have for every ¢ € (0,7,
[b(t, 2z, )] < [b(t,0,00)] + L( || + Wp(, 60)) < ([b(t, 0, 80)| V L) (1 + || + Wy (n, o))

and [|o(t,z, )| < (lo(t,0,00)[| V L)1 + |z| + Wy(u,60)) by applying (L8)) so that one can take e.g.
Ch,o,L,1 = SUPseo, 1] |0(2, 0, 0)| V sup,e (o 7y [l (£, 0, d0) || V L.

Moreover, the definition of continuous time Euler scheme (Z3) implies that X = (X;)iep,7] is a
C([0,T],R%)-valued stochastic process. Let i denote the probability distribution of X and for every
t € (0,77, let fi; denote the marginal distribution of X;. Then (X¢):eqo, 1) is the solution of

{dXt = (L XL’ ﬂﬁ)dt + O—(L 725 ﬂﬁ)dBta (A 2)

where for every t € [tim, tm+1), £ = tm.

Now we recall a variant of Gronwall’s Lemma (see Lemma 7.3 in [Pag18] for a proof) and two important
technical tools used throughout the proof: the generalized Minkowski Inequality and the Burkolder-Davis-
Gundy Inequality. We refer to [Pagl8| Section 7.8] and [RY99, Chapter IV - Section 4] for proofs (among
many others).

Lemma A.1 (“A la Gronwall” Lemma). Let f : [0,7] — Ry be a Borel, locally bounded, non-negative
and non-decreasing function and let ¢ : [0,T] — R4 be a non-negative non-decreasing function satisfying

t t 3
Viel0,T], f(t) < A/ f(s)ds + B (/ f2(8)d8> + (1),
0 0
where A, B are two positive real constants. Then, for any t € [0,T],
F(t) < 2e@ATEI (1),

Proposition A.1 (The Generalized Minkowski Inequality). For any (bi-measurable) process X = (Xy)i>o,
for every p € [1,00) and for every T € [0, +00],

T
' [
0
p

Theorem 3 (Burkdlder-Davis-Gundy Inequality (continuous time)). For every p € (0,400), there exists
two real constants CEDG > CEDG > 0 such that, for every continuous local martingale (X¢)¢ejo,r) null at
0 with sharp bracket process ((X):)

T
< [ 1%, at (A.3)
0

tel0,T]’

V], <

sup | X|
tefo.7]

< opoe |V,
p

In particular, if (By) is an (F;)-standard Brownian motion and (H¢):>o is an (F3)-progressively mea-
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surable process having values in Mgy 4(R) such that fOT |H,||” dt < +00 P —a.s., then the d-dimensional

local martingale [, HydB; satisfies
¢ T
sup / H,dB,||| <CPbe / (| Hy || dt
0 0

t€[0,T]

(A.4)

p p

where sz?G only depends on p, d.

Proof of Proposition[2Z1-(a). (a) If X is the unique strong solution of (L3]), then its probability distribu-
tion y is the unique weak solution. We define two new coefficient functions depending on ¢() = (14t )eeo, 1)
by

b(t,x) =b(t,z,pt) and &(t, ) = o(t,x, ).
Now we discuss the continuity in ¢ of b and 6. In fact,

b(t,z) — b(s,z)| < |b(t,z, pue) — b(s, x, ps)|

b(taza,u’t) - b(S,SC,Mt)| + |b(s,z,ut) - b(S,SC,MSN
b(ta x, :U/t) - b(S,.T,Mt)| + Wp(lu’ta IU’S)’ (AS)

IN A

and we have a similar inequality for 6. Moreover, we know from Assumption[[lthat b and o are continuous
in ¢ and from Lemma that o(u) = (ue)eepo,r) € C([0,T], Pp(R?)). Hence, b and & are continuous in
t. Moreover, it is obvious that b and & are still Lipschitz continuous in z. Consequently, X is also the
unique strong solution of the following stochastic differential equation

dX; = l;(t,Xt)dt +5(t, X:)dB:, X same as in (L3).

Hence, the inequality

sup [ Xy

< Cpboe 0ot (1+ ]| Xoll,)
u€(0,t]

can be obtained by the usual method for the regular stochastic differential equation for which we refer
to [Pagl8, Proposition 7.2 and (7.12)] among many other references.

Next, we prove the inequality for HSUpue[o,t] })_(é””‘ )
P
We go back to the discrete Euler scheme
XM = XM b bt XM M) + VRO (b, XM M) Zing

We write X;,, instead of )_(% in the following. By Minkowski’s inequality, we have
1 erlly = 1%l 2 (s K )+ VIl Ko e | Zimsa |

As Z,,41 is independent of the o—algebra generated by Xy,,..., X;
result in (A.J) and obtain

one can apply the linear growth

m?

Xt ll, = (1Kol + Coopin (b eph2) (14 | Xe,, |, + W (G0, e, ),

where Cy » 1,7 and ¢, are two real constants. As Wy(do, fit,,) < HXtm ||p, there exists constants C; and
(5 such that

HXtm+1 Hp <Gy HXtm » T Cy,
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which in turn implies by induction that max HXtm
m=

.....

< 400 since

For every t € [ty tm+1), it follows from the definition (23] that

I < 1ol + = ) [ Ko ), + [, Ko )

p 5],

We write X; instead of XM in the following when there is no ambiguity.

As By — By, is independent to o(Fs, s < t,,), it follows that

1Xe]l, < 1 Xenll, + Coorr (14 (| Xt ||, + Wo(G0, t,n)) (B + Caplt — tm)'/?)
< Cr||Xe,. |, + O,

where C7 and Cs are two constants. Finally, for a fixed M > 1,

sup HXt H < +o00.
te[0,T)

Consequently,
sup | XM|
u€[0,t] »
t _ u B
SHXOHp—i- /}b(s,XQ,ﬂi)}ds + || sup /0(3, s+ s )dBs
0 » uel0,t] 1J0 »

(by Minkowski’s Inequality)

t
§||X0||p+/0 1665, Ko )] ds + C2PC

[ ot %ol as

t
< [ Xoll, + / Cho .t |1+ | Xa| + W (s 60)]| ds
0

P

(by Lemma [AT] and (A4])

BDG
+ Cd,p,L

(by (41D)

p

t
/0 114 | K]+ W (e, 60) 2ds

t
< |1 Xoll, + / Chorr(1+2 | X, )ds
0

t
+Cplf /0 4(1+ | X * + W2(jas, 60)) ds

p

t
< [1Xoll, + / Chorr(1+2 [ X, )ds
0

t t
Lorog || afiy /0 X ds + /0 W2(jia, 60)ds]

p

t
< |1 Xoll, + / Chor(1+2 | X, )ds
0

BDG
dpL

t t
Vit + /|Xﬁ|2ds+ /Wg(ﬂéﬁo)ds
0 0
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t
< [IXoll, + / Coo,r(1+2|| X, | )ds
0

BDG
dpL

Vi+

t
/ X[ ds|| +
0 P

t
/ Wﬁ(ﬂsﬁo)dS]
0
t —
< [ Xoll, + / Chorr(1+2|| X, )ds
0
¢ S 12
/ X2 ds|| +
’ 5

t
< |1 Xoll, + / Chorr(1+2 | X, )ds
0

Vi | /H]Xy H ds% /W Ms,(so)dsﬂ

(by Lemma [AT] since ]—2) >1).

W=

+CPPE |V +

([ o)

BDG
dpL

It follows from H}X } H E’X ’2 H }% = H _§H2 and

p
t
{ /O W2 (jis, 00)ds

W=

t 3
| WGt as| - <

t
[ 1]
0

that

sup ’XM’
u€(0,t

t
<1 Xoll, + / Chorr (142 | X, )ds
P

N[

t
oprg (Viy UO H)_(QHE ds} . (A7)

Hence, (AZ7) implies that, for every M > 1, one has HSUPue[O,T] }XMH < +0o by applying (A.6]).
P

In order to establish the uniformity in M, we come back to (A1). As HXéHp < H
follows that

sup }Xiw} < ||X0||p + Cb,a,L,T(t + Cf,ff'\/%).
w€|[0,t] »
t ~ , t 1
+Chon.T {/ sup }Xu} ‘ ds+Cf£f {/ ] } .
0 ""uelo,s] p 0 "wugl0,s]
Hence,
s?p] | XM||| < 2e2Ce r+ofpg” (1 Xoll, + Coonr(t+ CEEEVE),
u€e(0,t
p

by applying Lemma [A.Tl Thus one concludes the proof by taking

Cp.apo = (2ChoL,1 + C’fﬁflz) V2Chorr(T+ Cfgf\/f) V2
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Next, it follows from |X; — X;| = ’f; b(u, Xu, fy)du + f; o (u, Xu, i)

t t
1= X, < | [ b Xl + | [ ot X n)aB

+
p

p
1
2

/ 15(2ts Xus i), dus + CEPC / oty X, i) |[2 s
5

(by Lemma [AJ] and Lemma [3])

t
< [ Chanar[14 1l + Wyl G0, |

¢ 2
[ Coasar[14 1l + Wy S0), | ] (by @)

P
2

N

t
/CbULT{l‘i‘QHX Il }du+4C§3DG Cvo,,7 / [1+||Xu||;+W§(Mp,50)]dU

(NS

t
S/ Cb,a,L,T{lJrQ”X I, [du

ol

t t ’
+4CBDG CbaLT[t_s)+ /|Xu|2du + /Wz(ﬂuﬁo)du
/CbULT 1+21Xul, ]d“

1
2

t 3
+4C££G'Cb,a,L,T Vit—s+ {/ H|X“|2Hvdu +
S 2

t
S/ Cho,L,T {1 +2 } du
s p

t t
+4CPD6. ObULT{\/t—er /IlXullfadqu /”Wp(ﬂu"so)”id“}

e

sup
we[0,T]

< Chor,T {1 +2| sup } (t—3s)
u€[0,T]
+4C’53DG CbgLT{\/terQ\/ts sup }
u€[0,T]

IN

{Crowr[t+2] sup X, |VT
w€[0,T]

+4CCJIBDG ChoL T{l +2|| S}lp ] | X Hp} }\/t — 5.
u€e(0,T

Owing to the result in (a), || sup,e(o7) [ Xul ||p < CpapoeCrarat(1+ [ Xoll,, ), then one can conclude by
setting

k= CLbo || X0l pd.T = CooLT {1 +2Cpapoertr (14 ||X0||p)} VT

+ 4C,ffc - Ch.o,L,T [1 +2C, ,d,b,aec”'d'b’“t(l + ([ Xoll,, ) } g

Proof of Proposition [Z1+(b). We write X; and fi; instead of X and i to simplify the notation in this
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proof. For every s € [0,T7], set

€s = Xs — Xg = / [b(u;Xuvﬂu) —b(u, 7@ ﬂg)]dqu/ [U(U;Xuvﬂu) —o(u, ng ﬂg)} dBy,
0 0

and let
0= | s el = | s |-
s€[0,t] » s€(0,t »
It follows from Proposition 21} (a) that X = (X, elo,1] € C([O 7, Rd)(Q F,P). Consequently, i €
Pp(C([0,T],RY)) and ¢(p) = (11¢)eepo,r) € C([0,T],Pp ) by applying Lemma 52l Hence,
f(@) = | sup |X,— X,
s€[0,t] »
t B s B
}b(S,XS, ,US) - b(§, ED) ﬂg)} ds+ sup / (U(u’ Xuvﬂu) - U(% us ﬂg))dBu
0 sefo,¢] 1Jo »
t
< [ s o) 0 Kl s+ CEP | [ Moo X = s Ko 1)
0
P

t
:/O ||b(S,Xs,/j/s)—b(S, _gaﬂé)deS-i-CdBipDG

/ |H0‘S Xs)ué - §a zaﬁz)H}QdS

1
2
ds

P
2

t
< [ bt X ) = bl K )], ds + CEP V (s, X 1) = o5 X )|
0

= p

: .
:/O ||b(5;X57Ms)*b(§a §vﬂ§)”pd5+C£}?G {/ |||HUSXS’.US —o(s, svﬂS)mHQdS}

t t
< [ b X ) = b Xl s [l Xeos) = s Koo
0 0

+Ciy ¢ { /O o Xer12) = (s, X )l + s X2 — (s, B uguufds} , (A8)
where the last term of (A.8) can be upper-bounded by
Ciy© M llo(s, X, 1) = o (s, Xy )| + [lo(s, X 1) = o (s, X ,@)st} :
< cpva { [ ot e = oo Xl + (s Xev ) = (s, Ko )| prds}
< V2C5D6 Ut [llo(s, Xs, ps) — o (s, Xs,us)lllHidsr

1
2

CBDG {/ I|[lo(s, X, ps) — _i,ui)mHids} . (A.9)

It follows that

N|=

t t
2
1805 X = b X s+ VECED { [ e X = ot Xl s

< /Ot H(s — 8)PL(1 + | Xs| + Wp(ps, 60)) des
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+ ﬁCffG {/0 [ (s — §)pi(1 + | Xs| + Wyp(ps, 60)) Hids} (by Assumption [I)

1
2

< hPTL(1 +2 | sup |X H + \/_h”LCBDG { (2+4] sup |X Hi)}
SE[OaT] SE[O,T]

< hPTL(1 +2 | sup |X H + \/_h”LCBDG {\/ﬁ—i— 2\/T|| sup | X || } (A.10)
s€[0,T] s€[0,7] p
and
t t B 3
10t X = s s VBCEE | [l Yoo ot e

< /O IE(1X0 = Xa] + Wy (s, )|, ds

+ \/_CBDG {/t HL( }Xs — Xg} + Wp(/’l/salu’ﬁ))HidS:| 2
/ 2L | X, - X, ds + V2CZDC VW HXs—Xin,dsr
g/o 2L [|| X, = X, + [|1Xe = Xe|, ] ds

1
2

+ V20508 Vot A [| X, — X, + |1 X - K| ] ds}

W=

t t
< / 2L [svh+ || X, — X| | ds + V2C D¢ U L% [kVh + || X, - X§||p]2 ds}
0 0
(by applying Proposition 21} a))

<2Ltm/_+4CBDGL\/¥f<a\/_+2L/ f(s ds+\/_CBDG4L{/tf(s)2ds} (A.11)
0

Let (T, || Xoll,) = Cp,ap, geCranat(] 4 [ Xoll,), which is the right hand side of results in Proposition 2.T}
(a). A combination of (A), (A9), (AI10) and (A17) leads to

@) = | sup |X,— X,

s€[0,t]

P

< RPTL+2]| sup [X[|) + V2R LCEPC {\/ﬁ—i—Z\/TH sup | X Hp}
s€[0,7) s€[0,T)

+2me+\fchG2fL\/an+2L/ f(s)ds + V20PPC4L th(s)%lsr
0

Ml»—l

< hz"

+2L/ f(s)ds + V2CPPC4L V F(s)%ds 2
0

where

W(T) =T°~#"5 [TL(1+ 2R(T, || Xol|,)) + V2LCFLC (V2T + 2VTR(T, || Xo||,)) ]
+ T2 20Tk + 4CT PO LVTE] .

Then it follows from lemma [Al that f(t) < 2e(4LH16CE T LT (T peAs | Then we can conclude the
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proof by letting C' = 2e( (L+1607 29" L2)T Y(T). O

The proof of Proposition 2XT}H(b) directly derives the following result.

Corollary A.1. Let X = (Xt)te[O,T] denote the process defined by the continuous time Euler scheme (2.3)
with step h = % and let X = (X¢)ieo,1) denote the unique solution of the McKean-Viasov equation (L3).
Then under Assumption[l, one has

< C'h%/\ﬂ7 (A.12)
p

Wp(XvX)S sup }Xt Xt|

te[0,T

where C'is the same as in Proposition [Z1-(a).

Appendix B Proof of Proposition 2.2

Lemma B.1. Let i, v€ P1(RY). We have u = o, v if and only if the application t € [0,1] = (1 —t)u+tv
is non-decreasing w.r.t. the conver order.

Proof of LemmalBdl Let f : R? — R be convex function with linear growth and let ¢ € [0,1]. Then if

b [ touta <=0 [ oua e [ feva < [ v

Then one can conclude that u <., (1 —t)u + tv <., v for every t € [0,1]. Now let 0 < s < t. It follows
from what precedes that

(I=—s)p+sv=01-Hu+2((1—t)p+tr) Ze (L —t)p+tv.
The proof for the converse direction is trivial. [l
Proof of Proposition[22. (a) The direct sense follows from Lemma [B] since p <., (1 —&)pu + ev for
g€ [0,1].

For the converse, we proceed as follows. Let u <., v. , note that ¢ — (I)(/L +e(v— u)) is continuous since
e p+e(v—p) from [0,1] to (P2(R%),Ws) is continuous. Consequently B(e) := P(p+elv—p) -
®(p) —e(®(v) — ®(p)) is also continuous and satisfies ®(0) = ®(1) = 0. Hence, ® attains its maximum
at some gp € [0,1). This in turn implies that

D(e) — @
0> limimfM
e—eot+ E—E€p

_ 1;%51_‘1;’ (I)(M + EO(V - M) + 77(’/ nﬂ)) - (I)(M + EO(V - M)) o (@(V) o (p(M))

Then set & = p + eo(v — p) and ¥ = v. One has ;1 <., ¥ owing to Lemma [B] and note that v — g =
(1 —e0)(v — ). Consequently, u+eo(v — p) +n(v — p) = fi + === (v — i). Applying the assumption
made on ® to iz and v implies

limin St e =) + 0 —p)) — B(n+eo(v — p))
n—0+ "

> 0.

Finally, this yields ®(v) > ®(u).
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(b) Let u, v€ P2(RY) such that p <., v. Then, for every e€ [0,1), =y (1 — &) + v so that, as @ is
linearly functionally differentiable,

(L= ) +ev) -
g

d(p) [ [ 0D
- / / (L= +t((1 = ) +ev)) (w)dly — p(z)dt
- / / ;5—@«1 = et)u+ etv) (z)d[v — p(w)dt.
0 Jra OM

The function u — (1 — u)p + uv, u € [0,1], being Ws-continuous, it follows from the definition of the
linear functional derivative, that

5@ 5P .
%((1 —u)p+ uwv)(z) — %(,u)(x) as u—0 forevery xz€R"

Moreover, K = {(1 — u)p + uv, u€ [0, 1]} being clearly Wh-bounded, one has, still by this definition,

VeeRY,  sup
u€[0,1]

< Cr(L+al?)

2 (1~ ()

for some real constant Cx. Consequently, Lebesgue’s dominated convergence applied with both p ® dt
and v ® dt implies

0P

/0 dt /Rd g—i((l —te)u + tev)(x)dly — pl(z) — 9 %(,u)(ac)d[u —pl(x) as e—0.

This shows that the function & € [0,1] — ®(pu + (v — p)) is right differentiable at € = 0 with

0P

F00u e =)o = [ S @y — (o)

Then the equivalence between (i) and (i¢) is a direct consequence of the characterization (a).

(¢) This claim is a straightforward consequence of (b). O

Appendix C Proof of Lemma and Lemma 4.3

The proof of Lemma relies on the following lemma.
Lemma C.1. (see [IP19, Lemma 3.2] and [Fadl9] ) Let Z ~ N(0,1;). If u1,us € Mgyxq with uq < ug,
then u1Z < ¢y UaZ.

Proof of Lemma[C1l (ﬁ) We define M; == w1 Z and My = M; + /ugu} — uju} Z, where VA denotes
the square root of a positive semi-definite matrix A and Z ~ N (0,1;), Z is independent to Z. Hence the
probability distribution of M is N (0, ugub), which is the distribution of usZ.

For any convex function ¢, we have, owing to the conditional Jensen inequality,
E [@(Mg)} =F [cp(Ml + uguiy — ugui - Z)]

[IE [o(My + \/usus — wui - Z) | Z] }

[@(E [Ml + \ugui — ugui - 7 | Z]) }

E
>E
:E{ga(MlnLE[ uzug—ulu’{Z])} =E o(My). (C.1)

5This proof is reproduced from [JP19] for convenience.
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Hence, u1 Z <., u2Z owing to the equivalence of convex order of the random variable and its probability
distribution. O

Proof of Lemma[£.3 (i) Let (QL¢)(-,-) == (Qm®) (-, 1, -) to simplify the notation. For every (z1,u1), (z2,u2) €
R? x Mgy, and A € [0, 1],
QL) (M1, ur) + (1 = ) (22, u2))
= [(bn1 (w1 + (1= Nz, ) + O + (1= Nuz) Zin )|
=E [ (A1 (@1, 1) + (L= Nbou1 (w2, 2) + Mr Zy + (1= NaZ )|
(as by, is affine in z, see Assumption [[Tg;z+(5))

S AE [So(bm—l(-rla/j/) + UIZm)] + (1 - )\)E I:SD(bm_l(.’L'l,/J/) + UQZm)]
(by the convexity of ¢ and the linearity of the expectation)

= M@he) (@1, ur) + (1 = N(Qpp) (22, uz).
Hence, (Qme)(+, 1, ) is convex.
(i) If we fix (@, u) € R? x P1(RY), then for any u € Myyy,

(Quip) (. 1,4) = B[ p(by1 (1, 1) + uZy) |
(IE [brm—1(x, 1) + uZmD
(bm—l(xau) + 0d><1) = (Qm‘P)(xaMadeq)-

.
P

(iii) For every fixed (z, ) € R? x P1(R?), it is obvious that ¢(bp—1(z, 1) + - ) is also a convex function.
Thus, Lemma [C.1] directly implies that if u; < us, then

E‘P(bmfl(xv w) +urZy,) < E@(bmfl(z; 1) + u2Zy,),
which is equivalent to Qmo(x, u, u1) < Qmep(x, 1, uz). O

Proof of Lemma[f-3 Let x,y € R and A € [0,1]. For every m = 0,..., M — 1, we have

E [@(bm()\x + (1= Ny, ) + om(Az + (1= Ny, M)Zm+1)]
<E[o(Mbm(@, 1) + (1= Nbin (9, 1) + X0 (2, 1) Zumg1 + (1= N) (Y, 1) Zunt )|
(by Assumption (), @Z) and Lemma J)
<AE [0 (b, 1) + 0 (21 Zms) | + (1= N E [ (b5, 1) + 0, 1) Zons) |

(by the convexity of ¢ and the linearity of the expectation).

The function x E[gﬁ (b (2, 1) + o (e, [,L)Zm+1):| obviously has a linear growth since Assumption [
implies that b,, and ¢, have a linear growth (see (A.T])). O

Appendix D Proof of Lemma

Proof of Lemma[EZ. For any p € P,(C([0,T],RY)), there exists X : (2, F,P) — C([0,T],R?) such that
Px = p and E[X|[,, < +oo so that sup,cpo ) E[X:|” < +oo. Hence, for any ¢ € [0,7], we have
e € Pp(Rd)
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For a fixed t € [0,7T], choose (t,)nen+ € [0,T]N such that ¢, — t. Then, for P-almost any w € Q,
X:, (w) = Xi(w) since X (w) has P-a.s. continuous paths. Moreover,

sup [ Xe, 1, v 1 Xell, < < 400,
n

sup | X
0<s<T

Hence, || X, — X¢[|, — 0 owing to the dominated convergence theorem, which implies that Wy (ue,, . pue) —
0 as n — +oo. Hence, t — i is a continuous application i.e. (1) = (11)iepo,r] € C([0,T], Pp(RY)). O
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