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UNIQUENESS OF THE CAUCHY DATUM FOR THE
TEMPERED-IN-TIME RESPONSE AND CONDUCTIVITY
OPERATOR OF A PLASMA

OLIVIER LAFITTE!2 AND OMAR MAJ34

ABSTRACT. We study the linear Vlasov equation with a given electric field
E € S, where S is the space of Schwartz functions. The associated damped
partial differential equation has a unique tempered solution, which fixes the
needed Cauchy datum. This tempered solution then converges to the causal
solution of the linear Vlasov equation when the damping parameter goes to
zero. This result allows us to define the plasma conductivity operator o, which
gives the current density 5 = o(F) induced by the electric field E. We prove
that o is continuous from S to its dual §’. We can treat rigorously the case
of uniform non-magnetized non-relativistic plasma (linear Landau damping)
and the case of uniform magnetized relativistic plasma (cyclotron damping).
In both cases, we demonstrate that the main part of the conductivity operator
is a pseudo-differential operator and we give its expression rigorously. This
matches the formal results widely used in the theoretical physics community.
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1. INTRODUCTION

A plasma is a collection of a sufficiently large number of electrically charged
particles of various species (electrons, protons, and ions of different elements), sub-
ject to electromagnetic fields. In kinetic theory, the configuration of a plasma is
specified by a family of functions fs : R x R? x R?* — R, labeled by the index of
particle species s and defined so that fs(¢, x, p) gives the density of particles of the
species s at the time ¢, position z and relativistic momentum p.

The equations governing the evolution of the distribution functions {fs}s, to-
gether with the electric field E : R x R® — R? and the magnetic field B : R x R? —
R?2, are given by the relativistic Vlasov-Maxwell-Landau system, which writes

Oefs + vs - Vfs + qS(E + v X B/c) - Vpfs = Cs({fs' }s),
6tE — Cv X B = —47'('2(]5/ Us(p)fs(t,:r,p)dp,
s RR3

(].) 8tB = —cV X E,
V-B =0,

V-E=4 f.(t d
WZS:QS/RB s(t,z, p)dp,

where the relativistic velocity vs is defined by vs(p) = p/[ms7ys(p)], with vs(p) =
(14p?/m2c?) Y ?_ O, is the relativistic Landau collision operator [6 T3] and depends
on {fy }s¢, cis the speed of light, mg is the mass of particles of the species s, and gs
is their electric charge (c.g.s. units are used throughout the paper).

However, a variety of reduced models are also in use for modeling plasmas and
gases in special cases. For instance, at moderate energies the non-relativistic version
is used, which follows from by setting vs(p) = 1, so that vs(p) = p/ms, and by
replacing Cs with the non-relativistic Landau collision operator. When the collision
operator Cs can be neglected, one recovers the Vlasov-Maxwell system both in the
relativistic and non-relativistic versions. The Vlasov-Maxwell system can be further
reduced, when all effects of the magnetic field can be neglected; then Maxwell’s
equations are replaced by the Poisson equation for the electrostatic potential ¢,
E = —V¢, and the Vlasov-Maxwell system reduces to the Vlasov-Poisson system.
For electrically neutral particles (a gas), g = 0, the electromagnetic part of the
system can be dropped and the collision operator Cs is given by the Boltzmann
operator. This gives the Boltzmann equation [I6]. One can also replace the collision
operator by simpler models, such as the BGK (Bhatnagar, Gross and Krook [g])
operator, leading to the BGK kinetic model [16].

The cases mentioned above are just some of the most common kinetic models for
plasmas and gases but other “combinations” of self-consistent forces and collision
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operators are also considered. The literature on kinetic models is vast and has
many applications. We shall not attempt to give a review here.

In this paper we are particularly interested in applications to the study of high-
frequency electromagnetic waves in high-temperature plasmas. For such problems,
relativistic effects have to be accounted for (at least for the electrons), but collisions
can be neglected, i.e. Cs5 = 0, since the time scale of interest is much shorter than the
collision time. In addition, the wave is a small perturbation of the electromagnetic
fields of the plasma so that a formal linearization of the Vlasov equation can be
physically justified. As a result, the linearized relativistic Vlasov-Maxwell system is
the physically appropriate model for such applications. Simpler models such as the
linearized non-relativistic Vlasov-Maxwell or the linearized Vlasov-Poisson system,
even in reduced dimension d < 3, can be interesting as well, for fundamental plasma
theory.

It is however worth starting from an overview of the mathematical results for the
non-linear models, in order to understand the expected regularity of the distribution
functions and the electromagnetic field. The mathematical works on such a large
class of models focus in particular on the associated Cauchy problem [25] 21, 4]
and references therein].

1.1. Known results on existence and uniqueness. For the non-relativistic
Vlasov-Maxwell system, i.e. equation with v = 1 and Cs = 0, Wollman [56]
obtained a local existence and uniqueness result: for a single-species non-relativistic
plasma and with initial data in H®, s > 5, and with compactly supported initial
particle distribution, there is a time 7" > 0 depending on the initial conditions such
that a unique solution f € C([0,T], H*(R®)) N C* ([0, T], H*~'(R®)) exists. Later
Asano and Ukai [3], Degond [19], and Schaeffer [53] independently proved similar
results on the local existence and uniqueness of a solution (fs, E, B) with lifespan
independent of the speed of light ¢. The fact that the lifespan is independent of ¢
allowed them to take the limit ¢ — oo and to show convergence to a solution of the
Vlasov-Poisson system. E.g., Degond showed the local existence and uniqueness of
the solution in Sobolev spaces H® with s > 3; specifically, if the initial data are
in H?, and the initial distribution function is non-negative, f2 > 0, and compactly
supported in velocity, Degond has shown that there exist a time T' > 0, depending
on the initial data but not on the speed of light ¢, and a solution (fs,E,B) in
L>(0,T; H¥(R®) x H*(R®) x H3(R?)). Wollman [57] improved his earlier result:
again for a single-species non-relativistic plasma, he showed local existence of a C*
solution with initial data f® € C}(R®) and E°, B® € H?3(R?); specifically there is T >
0 depending on the initial condition such that there exists a solution f € C1([0, T x
R®) which is unique as an element of L'(0,T; H*(R®)) N C ([0, T], H*(R®)).

For the relativistic Vlasov-Maxwell system with multiple species Glassey and
Strauss [27] proved existence of a unique global solution in C*(R x R? x R?) with
initial data f0 € CE(R3 x R?), EY,B® € C?(R?) under the a priori assumption
that a solution fs is compactly supported in momenta and the radius of the sup-
port is bounded by a continuous function of time. A simpler proof was given by
Bouchut, Golse and Pallard [12], and a variant of this result has been proposed by
Klainerman and Staffilani [36]. Existence and uniqueness of a global C! solution
for t € [0,+0), (x,p) € R® has been shown by Glassey and Schaeffer [26] with
compactly supported initial data satisfying appropriate conditions that require, in
particular, the initial distribution function and electromagnetic fields to be small
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in C' and C? norms respectively. We note also the results on global existence with
small data for the relativistic Vlasov-Maxwell system obtained by Horst [32]. The
key observation is that the decay of ||[E(t)||2, + ||B(¢)]|2; for ¢ — +oo completely
determine the electromagnetic field, without initial conditions. Horst makes use of
a fixed-point argument to show global existence of solutions: given the electromag-
netic fields (E,B) in a suitable class of functions, he constructs the characteristic
flow for the kinetic equation, from which he computes the charge and electric current
densities that generate new electromagnetic fields (E’, B’). This defines an operator
Q : (E,B) — (E',B’) which is a contraction if the initial distribution f* and its
derivatives are small enough. In this construction, the field (E’,B’) is obtained as
the solution of Maxwell’s equations with the condition ||E(¢)||2, + ||B(¢)||2, — 0 for
t — 400, [32] definition 2.6 and 3.5].

Global existence of weak solution without small data assumption is due to
Di Perna and Lions [22]: for the non-relativistic case and with one particle species,
given initial data f® € L' N L?(R® x R?) and E°, B® € L?(IR?) with the conditions
f >0 and

/ |o|*fOdzdv < +o0,
R3xR3
they prove existence of
f e L>(0,+o0; L'(R* x R*)), E,B € L>(0,+00; L*(R?)),

that satisfy the non-relativistic Vlasov-Maxwell system in the sense of distributions.
The conditions on the data are the natural ones since f(¢, -, ) is a phase-space density
of particles (and thus must be non-negative and in L') and the quantity

EZ%m wmmm+§4wﬁﬁwmmy

R3xR3 n
is the total energy of the system. Di Perna and Lions have shown that for such global
weak solutions, one has £(t) < £(0), that is, they are finite-energy solutions. The
key idea of this proof is the use of renormalized solutions [21] [41], and this idea has
been applied to the Boltzmann equation [23] as well. More recently, the relativistic
version has been addressed by Rein [51], while time-periodic weak solutions in
bounded (in space) domains have been considered by Bostan [I1].

As for the Vlasov-Poisson system the study of the Cauchy problem developed
along the same lines, moving from local-in-time classical solutions up to global
weak solutions [26] 21, and references therein]|. Particularly, the works by Asano
and Ukai, Degond, and Schaeffer cited above give results on the existence and
uniqueness of local solutions the Vlasov-Poisson system. There are however earlier
results on local solutions [30], BI] and on global weak solutions [2] [33]. Existence of
a global C! solutions with small initial data has been established by Bardos and
Degond [5]. The first results on global classical solutions is due to Pfaffelmoser
[47], where “classical” here means that the characteristics system for the Vlasov
equation has a unique classical solution and f is constant along the characteristics.

All these results are for the fully nonlinear problem. In this work, however, we
address the linearized problem and we focus specifically on the associated linear
kinetic equation. Wollman [57, section 3] reports the classical results on the exis-
tence of C! solutions for such linear problems, the proof of which is based on the
standard method of characteristics. Specifically, if the electric and magnetic fields
E,B are in C([0,T]; H*(R?)) with H3-norm bounded uniformly in time, the linear
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non-relativistic equation with initial datum f° € C}(R? x R?) has a unique classical
solution f € C1([0,T] x R? x R?). Here T is the life-span of the fields and does not
depend on the initial distribution.

1.2. Framework of this paper. In this paper, we consider a given stationary
configuration {Fso(x,p)}s of the particle distribution functions, with zero electric
field Ey = 0, and a constant magnetic field By. Then we address the linearized
system around the stationary solution ({Fso}s, Eo, Bo). The associated unknowns
are the linear perturbations ({fs}s, F, B), where fs is the perturbed distribution
function for the particle species s, while E and B are the perturbations of electric
and magnetic field, respectively.

Since we consider a linearized problem, the solution for fs is not necessarily non-
negative, but Fso + fs > 0 (essentially, if F; o + fs fails to be non-negative, we no
longer are in the linear regime). We need to keep the assumption on the existence
of the velocity moments of fs and the L'-in-z behavior (or L{ _ in the idealized case
of a plasma with an infinite number of particles, e.g., a uniform plasma over the
whole space).

We could expect to need and to be able to consider given arbitrary initial data.
Our aim however is characterizing and determining what is referred to as the dielec-
tric response of the plasma in the physics literature [14] [54] 38, [10]. The underlying
physical idea is that the application of a small-amplitude electromagnetic perturba-
tion determines a small change in the distribution functions fs, which represents the
response of the plasma to the imposed electromagnetic disturbance. It is similar
to the construction of the operator @ in Horst’s fixed-point argument mentioned
above. In addition however, physical reasoning suggests that the response of the
plasma should be uniquely determined by and depend continuously on this imposed
perturbation, hence there should be no need to prescribe a Cauchy datum.

The evolution of a small perturbation fs induced by an externally imposed small
electric field disturbance E is governed by the linear relativistic Vlasov equation
[9, 14} 35, [54],

(2) at.]cs +vs- Vo fs + qS(US X BO/C) : fos = _QS(E + vs X B/C) : vaS,Oy

where the electric field E of the disturbance is given, e.g., E € [S(R?*)]3, and the
magnetic field depends linearly on the electric field via the Faraday law,

(3) B+ cV x E=0.

Since E is given, this is a system of partial differential equations for (fs, B) which
reads

atfs + vs - szs + QS(US X BO/C) : vpfs = _QS(E + vs X B/C) 'vas,Oa
3tB =—cV X E.

From this system, by introducing the new unknown gs = 0O;fs, one deduces the
decoupled system

(4) atgs + s - Vggs + QS(US X BO/C) : vpgs = _QS(atE —vs X V X E) : vas,Oa
('9,53 =—cVXxE.

The associated homogeneous equation for gs is

H(gs) = atgs + vs - vzgs + gs ('Us X BO/C) : vpgs =0.
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We shall see that if we impose a control of the growth at ¢ — 400, the modified
equation H(gs,) + vgs, = 0 for any v > 0 has the unique solution g5, = 0. This
is similar to scattering theory [39], in which the scattered field is determined by
conditions at infinity. The introduction of the damping term vgs, is analogous
to the limiting absorption principle [39, 24, [52] for elliptic equations of the form
Au = (A +ig)u+ f for e — 0% (resp. € — 07), where one constructs two resol-
vents for the elliptic operator A. A classical application of the limiting absorption
principle consists in selecting the unique outgoing-wave solution of the Helmholtz
equation. Other examples include the solution of elliptic equations, as well as the
extension of the resolvent of the operator —A+V [24] [45] [T5] and references therein].
Recently the idea of using scattering theory for the linearized Vlasov-Maxwell sys-
tem has been developed by Després in order to prove linear Landau damping for
inhomogeneous equilibrium distributions [20]. In this paper, however, we shall not
take advantage of scattering theory, but rather focus on the solution selected by
the growth conditions at infinity in time and the limiting absorption principle.

The main idea here is to apply the limiting absorption principle to either the
inhomogeneous problem (2) or (4). We shall see that for v > 0, there is a unique
tempered solution, which has a limit for ¥ — 0%, and the limit itself is a tempered
solution of either or without damping. We will find that the limit amounts
exactly to the solution which is referred to as the causal solution in the physics
literature and which describes the response of the plasma to the imposed E.

Finding the response of a system is classical. For example, in the modeling of
electric circuits with capacitance C' inductance L and resistance R, the electric
charge ¢ : t — ¢(t) satisfies the ordinary differential equation

LC{+ RCq+ q = CUycos(wt),
which leads to the response
Ceriwt }

) =Re[ s oo

even though one has infinitely many solutions (depending on Cauchy data).

Returning to the linearized Vlasov equation, one can also envisage the use of
other dissipation mechanisms such as the Fokker-Planck operator vV, - (V,f —vf)
or the collision operators mentioned above, but this is not addressed here.

Having identified the unique solution of the linearized Vlasov equation which
describes the response of the plasma to the imposed electric field disturbance, the
corresponding unique perturbation of the electric current density is defined by

(5) i)=Y g /}R o) ot ),

which requires that the solution fs is at least in L! (the relativistic velocity is
bounded by the speed of light, |vs(p)| < ¢). We shall generalize such integrals to
the case of distributional solutions and see that, since fs depends linearly on F, the
induced current density j is given by the action of a linear operator on the electric
field E, namely,

(6) j=o(E).
This is referred to as the linear constitutive relation of the plasma and the operator

o is the conductivity operator. Equation @ is also referred to as (generalized)
Ohm’s law.
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A precise mathematical analysis of the response of a plasma is important be-
cause it is the basis for the construction of constitutive relations for linear plasma
waves, the simplest of which being the Ohm’s law. Together with Maxwell’s equa-
tions, it determines the linear wave equation describing plasma waves [10]. The
same problem has been considered by Omnes for a bounded plasma [46]. More
recently, Cheverry and Fontaine [I8] [I7] have addressed the characteristic variety
(or dispersion relation) for the linearized Maxwell-Vlasov system using asymptotic
methods, but here we focus on the properties of the plasma constitutive relation as
an operator.

We carry out this ideas for the one-dimensional non-relativistic linearized Vlasov
equation without background magnetic field (non-magnetized) and for the three-
dimensional relativistic linearized Vlasov equation with uniform background and
with constant magnetic field.

1.3. Main results 1: the non-relativistic, one-dimensional case. We con-
sider first the case of a non-magnetized, non-relativistic plasma in one dimension in
space and velocity. We also restrict ourselves to the case of a single particle species
(and thus drop the index s). This last simplification does not imply any further
loss of generality as the current density is the sum of the currents carried by the
individual species. With background distribution Fy € S(R) depending on v € R

only, and E € S(R?), we consider the linear kinetic equation
(7) Lf=0,f+v0,f = —LEF/,

m
which is a reduced version of equation . The damped form is

(8) Lufu ::atfu‘FVfV‘F’Uax.fu:_%EFé-

If f is a generic distribution (not necessarily a solution of ) with finite first
velocity moment, i.e., with v + v f(¢,x,v) in L! for all (¢,x), we define the operator

(9) I(f)(t2) =q / of (t,2, v)dv,

R

which gives the associated current density, cf. equation , in the one-dimensional,
non-relativistic case.

Theorem 1.1. Let Fy € S(R) be given.
(i) If v > 0, for any E € S(R?) equation (§) has a solution f, € S(R®) which
is unique as an element of S'(R?), and j, = J(f,) € S(R?).
(ii) Forv — 0%, f, and j, have pointwise limits f € Cg°(R3) and j € Cg°(R?),
respectively; in addition, f, — f, and j, — j also in the topology of S’.
(iii) The limit f is a solution of equation (1) and j = I(f).

By the limiting absorption principle of theorem to each E € S(R?) we thus
can associate a unique f, and thus a unique current density j. The conductivity
operator is then defined as the map

(10) 0:S(R?) 3 E— jec CP(R?) c S'(R?).

For any x € C§°(R) with x = 1 in a neighborhood of zero, we also introduce the
following Fourier multiplier (cf. appendix [A] for definitions and notations)

(11) F(o1-(E))(w, k) = (1 — x(k))Gpn(w, k) E(w, k),



8 O. LAFITTE AND O. MAJ

where F denotes the Fourier transform and 4, is the physical conductivity tensor
(explicit formula given in equation )

Theorem 1.2. The map o defined by equation (@ 1s linear and continuous from
S(R?) — S'(R?) and for every x € C§°(R) with x = 1 near zero, 0(E) = 01— (E)
for all E satisfying E(w,k) =0 if k € supp x.

Remark 1.

(1) The limit f established in theorem |1.1| coincides with the causal solution
of , which is reviewed in appendix

(2) Expressions for the solutions f,, f, their Fourier transforms, the associated
currents, and the operators o, and ¢ are given in section

(3) The operator o, == g —0;_, is well defined and o, (E) = 0 when E(w, k) =
0 for k small. Expressions of both ¢ and o, are available (see proposi-
tion .

(4) Theorem can be straightforwardly generalized to the case of a non-
magnetized non-relativistic plasma with a spatially non-homogeneous equi-
librium distribution of the form Fy(z,v) = ng(z)Fy(v), for which the veloc-
ity distribution is the same at any point in space. For such equilibria, o1_y
is a pseudo-differential operator. The expression of the symbol is obtained
in section [3:2] remark [7]

1.4. Main results 2: relativistic, three-dimensional case. The second case
under consideration is the relativistic Vlasov equation with a uniform background
magnetic field, that is, By in equation is taken constant and non-zero. We choose
By = |Bole|| directed along the third axis of a Cartesian frame {e1,e2,e3 = ¢|}. It
is natural to normalize the relativistic momentum p to msc, and thus to introduce
normalized momentum variables

(12) u = p/(msc) uy = (u? + u%)l/?7 ) = ug.
We define the relativistic cyclotron frequency for the considered species,
1 QS‘BO| _

We,s
gn(gs) ) >0,
which has the sign of the charge ¢, and depends on u? through v(u) = (1 4 u?)'/2,
whereas the classical cyclotron frequency w.s = |¢sBo|/(msc) > 0 is a positive
constant.
The background distribution functions are taken uniform and gyrotropic, i.e.,
Fs is constant in time ¢ and space x and depends only on wu, v, namely,

(13) Oy(u) =

A (w) mee

n,
(14) Fs,O(t7x7p) = (mZﬁ)g Gs(u|\=uJ_)7
where nso > 0 is the constant background particle density and G is such that
u — Gs(us, (u? + u3)Y/?) belongs to S(R®). Such property is usually satisfied
by the background distribution functions of practical interest. The momentum
distribution Gs has unit norm in L'(R x R, 27wy duyduy ).

Instead of addressing equation directly, we consider the kinetic equation in
for gs = 0O fs, which amounts to

(15) Vsgs = 7(]s(atE —vs X V X E) : vas_’o,
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where

(16) Vs=0 +vs V, + sgn(qs)%(u xep):Vu,

with vs = p/(msys) = cu/v(u) being the relativistic velocity as a function of the
normalized momentum.

We add to equation a damping term, with the idea of applying the limit-
ing absorption principle. Because of the u-dependent relativistic factor w, s/ the
damping coefficient will be multiplied by v after Fourier transform in time and
space of equation . It is therefore convenient to allow the damping coefficient
vs to depend on the species s and on momentum u from the beginning, subject to
the conditions

ve € C(R?),

there exists vg > 0 : v(u)vs(u) > vy,

(U1 0y, — 20y, )Vs(u) =0,

and there exists m € R : [0%vs(u)| < Cu(1 +u*)™, Yu € R? Va € N3,

(17)

where C, € R are constants depending only on the order a of the derivatives. For
example, if vs € Cp°(R?) is a function of u? + u3 and ug only, then conditions
are fulfilled with m = 0. We shall see that the dissipation-less limit is independent
of the choice of this damping function.

For ¢ > 0 and for any function vs, satisfying conditions , we consider the
regularized equation

(18) Vs,sgs,s = 7QS(atE —v XV X E) . vasyo,

where Vs . = Vs + evs.
If g5 are generic distributions with finite first velocity moment, i.e., gs(¢,z,-) €
LY(R3) for every (t,z), we define

(19) K({ge})(t.2) = aslmso)® | wn(wlos(t. .

which gives the time-derivative of the current when gs = 0;fs. For this model,
the limiting absorption principle parallels theorem [1.2

Theorem 1.3. Let Fy € S(R?) be given uniform gyrotropic distribution functions
and let vs be any function satisfying conditions .
(i) If e > 0, for any E € [S(RY)]® equation (@ has a solution gs. € S(R7)
which is unique as an element of S'(R7), dj. = K({gsc}) € [S(RY)]?.
(i) Fore — 07", gs. and Oyj- have limits gs and ;j in S’, independent of vs.
(iii) The limit gs belongs to Cs°(R7) and is a classical solution of equation ;
in addition gs belongs to the domain of K and 0,j = K({gs}) € Cg°(R*).

Therefore we can define the map
(20) s [SRY]P 3 E s 05 € [S'(RY)]2.

We shall see that it can be represented by a Fourier multiplier if we exclude the
hyperplane w = 0 in Fourier space. For any cut-off function x € C§°(R) with y =1
in a neighborhood of zero, we define the Fourier multiplier ¢;_, by

(21) Fsi—x(E)(w, k) = (1 = x(@))(w, k) E(w, k),
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where ¢(w, k) is the limit established in proposition [5.10] An expression for ¢, is
given in equation , and proposition [5.10| establishes that ¢, is continuous for
w # 0 and C™ where w? # ¢?k? + n?w?2, for all n € Z and all species s.

Theorem 1.4. The map s defined in (@/ is continuous and for any x € C§°(R)
with x =1 in a neighborhood of zero, ¢(E) = ¢1_(E) ifE(oJ, k) =0 forw € supp x.

Remark 2.

(1) The hypothesis that vs is in the kernel of the operator uidy, — u20,, ex-
presses the fact that v must be gyrotropic.

(2) The solution gs is the unique causal solution of (defined in appendix|C)).

(3) We also have pointwise convergence of gs . — gs.

(4) Existence and uniqueness of the solution gs . is established via Fourier trans-
form, while the causal solution is obtained by integration along the charac-
teristics, cf. appendix [C] Hence the proof of theorem [1.3] (iii) establishes a
link between the formulations in Fourier and physical variables.

(5) An explicit expression of the linear operator ¢ valid without restriction of
the support of FE is given below in proposition

1.5. Concluding remarks and structure of the paper. Theorems[I.2]and
in particular show that the response of a uniform plasma to oscillatory electromag-
netic disturbances can be expressed by a Fourier multiplier. Although limited to
a simple plasma equilibrium, these results support the physics theories that rely
on the pseudo-differential form of the conductivity operator [37, [7, 44], [42] [43, [10].
More precisely, even though the response of a plasma is rigorously not a pseudo-
differential operator, it can be written as the sum of a pseudo-differential operator
plus a remainder which vanishes if the spectrum of the electric-field disturbance is
supported away from w = 0 (or k¥ = 0 in the simpler case of theorem ; this is
typically the case in the envisaged applications, since the frequency of the pertur-
bation is set by an external source and it is tuned to resonate with the cyclotron
motion of a particle species.

In order to illustrate these specific applications at least qualitatively, we return
to the linearized Vlasov-Maxwell system, that is,

Orfs +vs(p) - Va fs + gs(vs x Bo/c) - Vplfs = —qs(E +vs x Bc) - Viplso,
(22) atE —cV x B= —477qu/ Usfsdp7
S Rg

atB+CVXE:0,

for fs, E, and B. The two equations for the electromagnetic field (E, B) imply
(formally at least, by taking the time-derivative of the Ampere-Maxwell law)

OE 4V x (V x E) +4710,j = 0,

where 0;j = K({0:fs}). This equation depends on the time-derivative of the in-
duced current 0;j rather than on j alone, and the map give 0;j = ¢(F) when
E € S(R*). However, if the solution is highly oscillatory (high-frequency waves),
E (w,k) = 0 near w = 0 and we can replace ¢ by the Fourier multiplier with
the low-frequency cut-off, obtaining

. . a2 2 -
ty — tUx — U — - Y
(23) D(idy, —i0,)E = 2E + ¢V x (V x E) + 4161 (E) = 0
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which is a constant-coefficients pseudo-differential equation for the electric field
only. Theorem implies that the operator D(id;, —id,) : [S(R*)]® — [S'(RY)]?
is continuous and we have established regularity results for its symbol in proposi-
tion[5.10] The symbol, in particular, is polynomially bounded and thus the operator
extends to

D(iah 71836) : [H(s) (IR4)]3 - [H(s—m) (R4)]37 s € R,
where H(,)(R") is the space of w € S'(R*) such that (14 (£)% + (EY)240 €

w
L?(R*), with the normalization frequency chosen by & = maxs |w.s| and with
m = max{2M, 2} where the integer M being the degree of the polynomial bound
for ¢y established in proposition [5.10]in section [5.4]

The semi-classical methods commonly used to find approximate solutions of the
wave equation (cf. the work of Prater et al. [48] for an overview of com-
putational tools) are valid under strong assumptions on the symbol of the oper-
ator D. These assumptions are smoothness of the symbol and the fact that its
anti-Hermitian part is small in a certain sense (weakly non-Hermitian operators)
[37, [7, [44] [42], [43], 10]. In this paper we analyze the construction of the operator
in detail. Theorem shows that the full operator ¢ defined in has an addi-
tional contribution that accounts for the low-frequency response of the plasma. For
the high-frequency part (operator ), smoothness of the symbol is established
almost everywhere in Fourier space, cf. proposition As for the assumption of
weak anti-Hermitian part, this is always violated near cyclotron resonances and the
application of standard computational methods is justified by heuristic arguments
only. Propagation near a resonance has been addressed in the physics literature
[65, ] but a satisfactory theory is not available. Then the only rigorous approach
to the problem would be the direct numerical computation of the solution of the
linearized Vlasov-Maxwell system, which is computationally too expensive in real-
istic cases. The precise characterization of response operators may help to improve
the available methods toward including resonances.

In section 2] a simple case study is presented in order to illustrate the ideas. The
rest of the paper is dedicated to the proofs. In section[3|the case of a non-relativistic
isotropic plasma in one dimension is addressed, while section [§]is dedicated to rela-
tivistic uniform magnetized plasmas. An overview of notations and standard defini-
tions together with technical results can be found in the appendices. In appendix [C]
in particular a precise definition of causal solution is given for advection equations
associated to global-in-time flows.

2. CHARACTERIZATION OF THE RESPONSE OPERATOR: A SIMPLE CASE STUDY

In this section, we study a simple model which however contains the essential
elements of the full problem. The aim of these simple considerations is showing
how the limiting absorption principle determines the causal solution of a hyperbolic
equation. All proofs are straightforward and reported in appendix[B|for the reader’s
convenience.

Given v € S(R'*%), we consider the equation

Owu(t,z) = v(t,z), u(0,)=ugé€ CEO(IRd),

where C}° is the space of smooth bounded functions with bounded derivatives, cf.
appendix [A] for the precise definition.
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Proposition 2.1. Forv € S(R'*Y), there exists a unique solution u in CZ°(R+9)
of the equation Oyu = v such that lim;_, _ u(t,z) = 0 pointwise in x, and

t
u(t, x) :/ v(s, x)ds.

The map v — u is a continuous linear operator both from S(R'*9) — S'(R!'*9)

and from S(RY*9) — L>°(R!*).

If we think of u as the response to a localized perturbation v, causality requires
that u — 0 for t - —oo since the perturbation decreases faster than any polynomial
when ¢ — —oo. Hence, the solution given in proposition is referred to as the
causal solution. Since v € S(R!*?),

/OOO v(s,)ds

is finite. The causality principle selects a unique initial condition ug given by

0
ug(x) = / v(s, z)ds,
—0o0

thereby allowing us to define the linear continuous operator v — u, which we view
as the response of the operator 9; for a perturbation v. We also note that the limit
for t — 400 of the solution gives the time integral of the perturbation f]R v(s, z)ds.

The following simple result provides us with a characterization of the causal
solution, that is used in this paper for more general problems.

Proposition 2.2. The damped problem O,u” + vu’ = v in S'(R'*?) with v > 0
and v € S(R**?) has a unique solution u” € S'(R**?). It belongs to S(R**9) and
it is given by

t

u”(t,z) = / e V(! ) dt’.

—00
Furthermore, v — u in S'(R'*?) as v — 0%, where u is the causal solution
obtained in proposition |2.1)

Remark 3. The integral in the definition of u” is absolutely convergent as t —¢' > 0
on the domain of integration and v(-,x) € L'(R). The fact that u¥ € S(R'*9) is
proven by showing that the Fourier transform 4* is in S(R!*%).

Proposition establishes that the admissible solution u of the model without
dissipation (in the sense that u — 0 when ¢ — —o0) is the limit of the unique
solution u” in &’ of the model with dissipation.

3. UNIFORM ISOTROPIC PLASMAS IN ONE SPATIAL DIMENSION:
THE STANDARD LINEAR [LANDAU DAMPING

Here we consider in detail the case of a non-magnetized non-relativistic plasma
in one spatial dimension and for a single particle species. Coupled to the Poisson
equation this is the textbook example for linear Landau damping. Equation
reduces to

(24) atf(t,l',ﬂ) + 'Uamf(taxa ”U) = f(q/m)E(t,x)Fé(v),
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where Fy € S(R) is the equilibrium distribution function, and E € S(R?) is the
electric field perturbation. We drop the species index s since we consider one species
only. In this case the linearized Vlasov operator is the free-transport operator

E = 8t+v81.

Viewed as an operator from S'(RR?) into itself, £ has a non-trivial null space given
by all tempered distributions with partial Fourier transform in (¢, x) of the form
f = 2nk*(6@h) for h € S'(R?) and with & : (w, k,v) — (w—kv, k, v) being a volume-
preserving diffeomorphism of R?, and x* denotes the pull-back of distributions.
Usually, this is formally written as f(o.), k,v) = 2m0(w — kv)ﬂ(k,v), in the physics
literature. In particular, has infinitely many solutions in &'.

We consider a damped version of the advection operator and then pass to the
limit to recover a solution of the original problem (limiting absorption principle).
More precisely, for a given Fy € S(R), we first prove the existence and uniqueness
of the solution f, in &'(R®) of (8). We find that the unique solution f, € S'(R?)
is an element of S(R?) and we thus define a map from S(R?) to S(R?). We
first calculate the Fourier transform of f, in (¢,z) (proposition [3.I]), from which
we deduce the function itself. We obtain from this unique solution the damped
current j, (t,x) = [ vf,(t,z,v)dv through its Fourier transform, and the limits
when v — 07T, respectively in S’(R?) and in S’(R?) of f, (proposition and of
Jv (proposition . This shows that lim,_,q+ j, = o(F) where o is an operator
(called the conductivity operator), for which we give expressions. Indeed, equality
below gives its pointwise limit as a Fourier multiplier and its global expression
is described in proposition [3-5] which rewrites using the plasma physics language
as proposition |3.6| on the object called conductivity.

3.1. Solution of the linearized Vlasov equation. In this section we prove ex-
istence and uniqueness of the solution of the damped problem , which reads

Eufu = —(q/m)EFOI,

where £, = L+ v = 0; + v0,; + v. Let us also define the function

0
Jos(z,v) = —(q/m)Fé(v)/ " E(s,x +vs)ds,

— 00

the integral being absolutely convergent.

Proposition 3.1. For any v > 0, E € S(R?) and Fy € S(R), equation (@ has a

solution f, € S(R?), given by its Fourier transform
EF}
w—kv+iv

(25) fu = —i(g/m)

This is the unique solution in S'(R®) and the unique (classical) solution of the
Cauchy problem

Ly fu(t,z,v) = —(g¢/m)E(t, x) Fy(v), fo(0,z,v) = fu.(z,v),
with initial condition given att = 0.

Remark 4. In proposition we distinguish between the equation in S’ and the
equation stated for C*(IR?) functions.
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Proof. For Fy € S(R), E € S(R?) and v > 0, after partial Fourier transform in
(t,z) we observe that necessarily a solution in &’ of the considered equation is given
by . Since the function (w,k,v) — (w — kv + iv)~! belongs to C*° and has
polynomially bounded derivatives, from equation we check that f, € S(R?),
and thus f, € S(R?®). However the sequence {f,}, is not uniformly bounded in S.
The inverse partial Fourier transform gives
t

(26) folt,z,v) = —(q/m)Fé(v)/ e_”'(t_s)E(s7 z—v-(t—s))ds,

— 00

and we note that
X(s,t,z,v)=x—v-(t—s), V(s t,xz,v)=u0,

is the solution of the equations for the characteristic curves of £, integrated back-
ward in time from (¢, z,v). Therefore is the classical solution as claimed. [J

Remark 5. This result shows that the requirement f, € S’(IR?) leads to the selection
of a specific initial condition f, . for the Cauchy problem, thus uniquely determining
the solution. Conversely, the solution of the Cauchy problem with initial condition
fu« is an element of S and thus of S’.

As an alternative way to illustrate how the condition f, € S'(IR?) leads to the
selection of a specific Cauchy datum, one can consider for f, o € L?(R?) the initial
value problem in C! (R, L?(R?)),

O fu(t, ,v) + 0, fu (t, ,0) + v f, (t,2,0) = —(q/m)E(t, x) Fy(v),
(0, z,v) = f,o(z,v).

Performing the Fourier transform in space, we obtain an ordinary differential equa-
tion almost everywhere in the (k,v)-space,

{ath(t, kv) + ikvfy (t k,v) + v (t ko) = —(q/m)E(t, k) Fj(v),
fu(oaxav) = fu,()(kav)v

the solution of which is

t
Fo(t kyv) = e~ (vriko)t [f;o(k,v) — (¢/m)F}(v) / e<v+ikv>SE(s,k)ds].
0
We see that f,,f, € C® (IE{7 LQ(IRz)). The integral factor has a finite limit for
t — —o0,
t

fon(k,v) = (q/m)Fj(v) lim RS B(s k) ds

t——o0 0

0

——(afm)Fy) [ B, s,
— 00

and f%* € L%*(R?). We show that if fy,o #+ fu,*, then the solution f,, or equivalently

fu, is not tempered in time for any k,v fixed. With this aim we write

N , N _ F! t ) -
fu (ta kv U) = e_(u—Hkv)t [fIEO)(kv U) - fV,*(k7 U)] - a frfv) / 6_(U+lkv)(t_S)E(Sa k‘)dS,

— 00
and one observes that, for every k, v, the second term on the right-hand side belongs
to Cp°(R) and thus to S’(R). As for the the first term on the right-hand side, for
any k, v, and v > 0 the function ¢ — e~!+*%t is not tempered, since there exists
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a test function (t) = e~*VIHZ=ikvt in S(R) such that [ e "o (t)dt = +oo.
Hence the first term cannot be the partial Fourier transform of a distribution, which
was the hypotheses that allowed us to write the equation in Fourier space.

It follows that we have f, € & if and only if the initial condition satisfies

fy(o)(k,v) = f,j7*(l<:, v) almost everywhere, that is,

Fuo(k,v) = fuu(k,v) = —(a/m)Fy(v) /0 VIS E (s, k) ds.

— 00
The corresponding solution amounts to
t

£tk 0) = —(q/m)Fi(v) / eI B k) ds,
and this is the unique solution in &’(R3). Upon inserting the full Fourier transform
of E(t,z), one can check that this gives (26).

We apply now the limiting absorption principle, that is we consider the limit of
the distribution function f, for v — 0T.

Proposition 3.2. For any E € S(R?) and Fy € S(R), the solution f, defined
mn (@) has a pointwise limit for v — 0% given by
t

flt,z,v) = —(q/m)Fé(v)/ E(s,x—v~ (tfs))ds7

which is in Cg°(R?), with f(t,z,-) € S(R), and solves Lo f = —(q/m)EF.
Proof. We observe that for v > 0 and s < t the function

S e_”'(t_s)E(s,x —v-(t—ys)),
is bounded by

}E(s,x—w(t—s)) msup’(1+t2+m2)mE(t,x)|,
t,x

< G
~(1+s?)
for all m > 0. If we choose m > 1/2, then 1/(1 + s?)™ is integrable and by the
dominated convergence theorem, for any (¢,z,v) € R3,

t

fo(t,z,v) Ll flt,z,v) = —(q/m)Fé(v)/ E(s,z—v-(t—s))ds.

— 00
We observe that the pointwise limit is the causal solution of linear advection equa-
tion Lof = —(g/m)F}E in the sense of appendix [C|and the characteristic flow sat-
isfies the hypothesis of proposition Hence proposition gives f € Cp°(R?).
Since f(¢,x,v) is proportional to Fjj(v), we have f(t,z,-) € S(R). O

Remark 6. We can deduce other properties of the solution f. Since f(¢, z,-) is
rapidly decreasing, we also have f(t,z,-) € L'(R) as it should be (in view of its
meaning as particle density). Continuity implies that f(¢,-,-) is in L*(K x R) for
every compact K C R, and this is physically appropriate for such an idealized
model, which, being spatially uniform, has an infinite number of particles: only the
number of particles ||f(Z,-,-)||L1(xxr) in a compact spatial domain K has to be
finite.

The pointwise limit obtained in proposition [3.2]is referred to as the response of
the plasma to the perturbation F.
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3.2. Current density and conductivity operator. We can now compute the
electric current density via equation , namely,

(27) Ju(t,x) = q/]val,(t,x,v)dv,

and j, € S(R?). The map E + j, = 0, (E) defines a linear continuous operator
o, : S(R?) — S(R?) which is given by the Fourier multiplier

2 /
A . 2 . -4 vFy(v)
28 v(w, k) =0,(w,k)E(w, k), 6,(wk)=—1— [ ————
(28) G k) = Gl KW R, aulw k)= =it [
The continuity of o, in particular follows from the estimate

05050 (k)| < e [ 1o Ry,
for any non-negative integers «, 3, where the constant C' depends only on ¢*/m,
a, and 3. We observe that this estimate is not uniform in v as expected, since the
sequence f, is not uniformly bounded in S.

For the slightly more general case of non-homogeneous equilibria of the form
Fo(x,v) = no(x)Fo(v) with ng € C5°, one can define &, : S(R?) — S(R?) as the
Fourier multiplier with symbol

~ vF§(
29 5 0
(29) v (w, m/w—kv+zu v
and obtain the induced current
(30) jv(wv k) = gu(wa k)n/O\E‘(wv k)

In this case the conductivity operator is
Jju =0, (E) =d,(noE),

and it amounts to the pseudo-differential operator

(31)  Jult,z) = ﬁ/e_i“’(t_tl)+ik(m_$/)no(x’)gl,(w,kJ)E(t’,x’)dt’dw’dwdk,
where the integral is in the sense of oscillatory integrals and the symbol of the
operator is &, (z/,w, k) = no(z')&, (w, k).

By using the dominated convergence theorem we have that the limit of the
current density j, is equal to the current carried by the limit distribution function
f- Specifically we have

Proposition 3.3. With E € S(R?) and Fy € S(R), the function defined by

2
jlt,x) = 4 vF(v)E(s,z —v- (t — s))dsdv,
m D:
with Dy = (—o0, t] xR, belongs to C5°(R?), hence toS'. The map o : E — j = o(E)
is a linear continuous operator from S(R?) — S'(R?).

Proof. In the domain D; = (—o0,t] x R, we change variables to s’ =t — s, v/ = v

for (s,v) € Dy, and thus (s v') € [0,400) x R. Then

+oo
j(t,z) = / vEj(v)E(t — 8,2 — vs)dvds.
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The integrand E(t,x, s,v) = vF[(v)E(t — s,z — vs) is such that

[vF5(v)]
———||F .
(1 + (t — 8)2)m || Ha+,6’+2m

For any ¢t € R, this upper bound belongs to L!(R?). By the dominated convergence
theorem, we deduce that j € C°(R?) and |95025(t, )| < CoullEllatps+2m-

As Cp°(R?) € 8'(R?) and ||| 1o (r2) < C||E||2m, one has that the map E > j
from § — &' is continuous. O

DMOPE(t, x, 5,v) = vF(v)OFOPE(t — 5,2 — vs) <

Proposition 3.4. When v — 0%, the sequence j, defined in equation (@ con-
verges to j both pointwise in R? and in S'(R?).

Proof. With £(t,x,s,v) = vF}(v)E(s,z—v-(t—s)) as in the proof of proposition

we have
2
Gt z) —jt,z) = L (1- e_”(t_s))g(t,x, s, v)dsdv.
m D,

Since e (t=%) < 1 for (s,v) € Dy, we have

(- [ Foll2ma+2ll Ell2m,
(1—e )Etz,5,0)| < (1 + s2)mi(1 4 v2)me
and for m1, mg > 1/2 the bound is in L'. The dominated convergence theorem then
yields pointwise convergence: lim (j, (¢, ) — j(t,z)) = 0 for all (t,) € R® The
same estimate also gives convergence in S’(IR?): for any test function ¢ € S(R?),

2
(J, — 4, 0) = q—/ / (1 — efy(tfs))c‘:(t,z,s,v)dsdv o(t, x) dtdx,
m Jr2 Jp,

and the integrand is bounded by || Fo|l2my+2 | Ell2m, (1 +82) ™1 (1 4+ v2)~™2|p(t, 2)|
which is integrable. Again the dominated convergence theorem allows us to pass
to the limit in the integral and obtain (j, — j,¢) — 0. O

For an explicit calculation of the conductivity operator we consider the limit
v — 0% in Fourier space. As a tempered distribution, j, acts on ¥ € S(R?) by
E(w, k)p(w, k)

(32) <juvw> = _i(QZ/m) /]R2 RUFé(U)mdwdkdv.

We now want to pass to the limit for v — 07. We use the Hilbert transform
(appendix D).

Let G(v) = vF{(v)/no where ng > 0 is the uniform background plasma density
and let w, = \/4mg?>ny/m be the plasma frequency of the considered species. For
(w, k) € R, k #0, let

wp 1

(33) Gpn(w, k) = =i 2o [WH(G)(w/k) —inGw/k)],

where #H(G) is the Hilbert transform of G. The tensor &,y is the same as the one
obtained formally in the physics literature. We have 4miwopy (w, k) = w2H (w/k) for
k # 0, where the function H € C*°(R) is given by H(z) = z[7H(G)(z) — inG(z)].
Then we have

(34) lim &, = 6, pointwise in (w, k) € R?, k # 0,

v—0t
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since &V (w, k) = —i(w?/4m) A (w k), where A, is defined in append1x|§|7 and equa-
tion ) follows from lemma

Let us introduce A > 0, a cut- off function x € C§°(R), x(z) = 1 for |z] < 1/2 and
supp x C (—1,1), and let xx(k) = x(Ak). The real number A can be interpreted as
a scale-length in the frequency domain. Then we define two operators oy 1—y, 0y :
S(R?) — S’(R?) given by

(35) ox1—x(E) = ]—"*1((1 - X)\)a'phE)7 Oax(E) =0 — 01—y

We note that o 1y is continuous since it is the composition of continuous opera-
tions, and we have shown in proposition that o is continuous, therefore oy , is
continuous.

Proposition 3.5. The operators o and oy defined in proposition and equa-
tion , respectively, are such that

w2

(Foan(E)), ) = i2 /}R A RIG) [FH(BIC,R)) (ho) + i B (o, )| k.
G () {WH(EJJ(-, k) (kv) + im B (kv, k)} dkdv,

for all E,¢ € S(R?).

Proof. Let G(v) = vFj(v)/no, wi = 4m¢*ng/m, and for any ¢ € S(R?), let A, and
B, be the integrals defined in appendix [D] Let

w2 k
Ko (0) = —ige | (1= Xx(k))G(v)%dwdkdv

2

= —ige | (0 k) Ao K)o,

, W D(w, k
o) =—igt [ ) 2 ia

2

- —i%; [ 0 R)C)B Kk,

Since k # 0 in the support of 1—x3, the integrands have a pointwise limit as v — 0T
computed in lemma In addition, lemma shows that the integrands are
bounded by a function in L' uniformly in v. The dominated convergence theorem
applies and we can pass to the limit ¥ — 0 in the integrals, obtaining

w2
v P
I)\,l—x((rb) 7147_‘_ /

I{ (¢) = —isk /}R (k) G(v) [ — T H((-, k) (kv) — ime(kv, k)} dkedo.

(1= xa(k))o(w, k)% [W"H(G)(w/k) - in(w/k)] dwdk,

47
Particularly, I{ ;  (¢) = [ (1 — xa(k))Gpn(w, k)¢(w, k)dwdk. Then we have

~ v—07T 7

(o) =I5, X( z/3>+IAX<Ew> Y20 (Fora—x(E)), )

7r7-[(E1/;( k) (kv) + im B (kv, k)} dkdv.

*“\m
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On the other hand we know from proposition [3.4] that as v — 0%, j, — j = o(FE)
in &', hence

A 5 v=0T 7

(ur ) == (F(o(B)), ),
and by definition 0(E) = o 1-y(E) + 0y (E). Uniqueness of the limit gives the

claimed expression for oy .
The claimed expression for o(E) follows analogously on noting that

2

o) = 17(B) = =2 | G(0)By (v, Kk

where the function B, is now computed with ¢ = E, i.e.,

E(w, k)zﬁ(w,k) dw

B, (w, k) = -
(w, k) R w—kv+iv

As v — 0% the right-hand side converges to (]-'(U(E))Jﬁ}, while the limit of the
left-hand side is dealt with as in the case of I§ | . O

The operator oy, does not play any role when the electric field perturbation is
supported away from k = 0, i.e., for non-constant fields. More precisely we have
the following result, which expresses the usual Ohm’s law for a uniform plasma.

Corollary 3.6. If E € S(R?) is such that E(w,k) = 0 for |[k| < 1/\ , then
j € C*(R?) and j(w, k) = 6pn(w, k) E(w, k).

Proof. By hypothesis (k) E(w, k) = 0 for all (w, k) € R2, hence, oxx(E) = 0; this
follows directly from the expression given in proposition since, in particular,

xa(RYH (B, k) (kv) = H(x2 B (. k)) (kv). Then
.F(O’(E)) = .7:(O'>\71_X(E)) = (1 — X,\)&phE = &phE,

since (1 — XA)EA — E. The fact that j is in € follows from the properties of
the Hilbert transform summarized in proposition that imply in particular,
H(G) € H*(R). O

Remark 7. In the case of non-homogeneous equilibria of the form Fo(ac v) =
no(x )Fo( ), the statement of corollary [3 E remains true with G and E replaced
by vFO( ) and nOE respectively. Particularly, one has

Fori—x(E))(w, k) = (1 = xa(k))Fpn(w, k)no E(w, k),

where gph is obtained from in analogy with 6p,. Then, the operator
1 —iw(t—t")+ik(z—x’
ox1—(E)(t,z) = W/e (t—t")+ik( )
x [no(z") (1 — xA(k))Gpn(w, k) B, 2")dt' dz’ dwdk

is pseudo-differential with symbol ng(z’)(1—xa(k)) gph (w, k), recovering an expres-

sion similar to .
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3.3. Proof of the main results for the non-magnetized non-relativistic
one-dimensional case (section [1.3]). We collect at last the partial results of
this section and give the proofs of the two theorems stated in section [1.3

Proof of theorem[T.1]. (i) The fact that f, belongs to S(R?) and is the unique so-
lution of equatio in §’(R?) is proven in proposition The current density
7, and the operator ¢, are given in equation and ([28) and related comments.

(ii) and (iii) Pointwise convergence f,, — f is established in proposition and
an expression for the solution f is given there. In proposition [3.2] it is also proven
that f(t,z,-) € S(R) for every (t,z) € R2. As for the convergence of f, — f in the
topology of S, proposition establishes pointwise (but not uniform) convergence
fu — f with limit f € C¢°; in addition, for any integer m > 1/2, we have

_ , oo ds
| fo (2, 0)| < [lgFg/mllo - | Ell2m GETS

uniformly in v € [0, +00). Therefore for every ¢ € S(R?), the function (f, — f)¢
satisfies

|fo(t,@,0) = f(t,z,0)||e(t 2,0)| < Cle(t,z,v)|.
As || € LY, (f,—f)p satisfies the hypothesis of the dominated convergence theorem
and

(= f.0) = /Rg(fy — Pédtdedy — 0, for all ¢ € S(R?).

In proposition it is shown that j = J(f) € Cg°(R?), and proposition
establishes the limit j, — j both pointwise and in S’(R?). O

Proof of theorem[1.3 Proposition [3.3] also establishes the continuity of the oper-
ator o : F — j. The relation to the physical conductivity operator is proven in

corollary O

4. STUDY OF A PDE WITH PARAMETERS OF THE FORM
_(ulaHQ - u28u1)§0(97 u) - ia(ev u)@(ea u) = ¢(9, u)

In this section we establish existence and uniqueness results for a partial differ-
ential equation with parameters that arises in the study of the relativistic, linear
Vlasov equation with uniform magnetic field By, addressed below in section [
Specifically the equation is

(36) _<u18u2 - u28u1><p(07 u) - iO'(ev u)¢(97 u) = ¢(97 u)v

where a,7 € C®(R! x R?) are given complex-valued functions of v € R? and
depend on parameters § € R!. The operator —(u;9,, — u20,,) originates from the
Lorentz force term ¢(v x By) - V), with ¢ > 0 and By constant and directed along
the third axis. Eventually, the parameters € will be related to the Fourier variables
(1,€), and a to a. defined in equation (56| of sectionbelow. Therefore, we assume
that a satisfies a condition similar to , that is,

(37a) a € C®(R' x R*,C), (u10u, — u20y,)a(0,u) =0, |Ima(f,u)| >n >0,

for a given constant n > 0. As we need to control the growth of derivatives of the
solution at infinity, we shall also assume that

(37b) 1050%a(0,u))| < Cops(l+0>+u®)™, VaecN,), VBeN,
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uniformly in (6,u) € R! x R? for a given m € R and with constants Ch g > 0
depending on the multi-indices.
First we establish the uniqueness of the solution under rather general conditions.

Lemma 4.1. Let a € C®(R! x R3) satisfy condition , © C R! be an open
set, and let ¢ € L% (O x R?) be a function with weak derivatives Oy, p, Dy, €

loc

L2 (0 x R?) and such that
—(U1Ouy — U2y, )p —iap =0, a.e. in © x R3.
Then, ¢ =0 a.e. in © x R3.
Proof. For almost all (f,u3) € © x R, the function @(u,us) = @(0,u1,us, us)

belongs to H'(B,(0)) for every r > 0, where B,.(0) C R? is the open ball of radius
r and centered in zero in R2. From the equation we deduce

_(u18u2 - u28u1)|¢|2 + ZIm(a”@lQ =0.

The first term amounts to the divergence of the vector field (—uz,u;)|p|* which is
tangent to 0B,.(0), hence Gauss theorem for the divergence, which holds for H*
functions, gives

0= / (U100 — U200y, )| P> durdus = 2/ Im a |p|*duy dus,
B(0) B.(0)

for every radius r» > 0. We can now conclude upon accounting for hypotheses (37al).
If Ima >n > 0, we have

0< 17/ |@|2duydug < / Ima |@|2duidug = 0.
B,.(0) B.,.(0)
If instead —Ima >n > 0,
0< n/ |P|*durduy < 7/ Ima |@|?duydus = 0.
B(0) B..(0)

In both cases we deduce
|5[*duy dug = 0,
B:(0)
and thus ¢ = 0 a.e. in B,.(0) for all r and for almost all (6, u3) € © x R. It follows
that ¢ = 0 a.e. in © x R3. O

In the remaining part of this section, we first give an existence result for the
case in which the source term v is a polynomial in (u1,us2); this is based on an
algebraic argument. Then, we prove the existence of a smooth solution ¢ € C*
when ¢ € C'°° and of a solution ¢ € S when ¢ € §. The latter implies uniqueness
of the solution in §'.

4.1. Equation with a polynomial source term. Let the source term in equa-
tion be a polynomial of the form

(38) O, u) = D Ym0 uz)uluy, Vmn € C,

0<m+n<L

and let us consider for z € C\ Z the equation

(39) —(u10u, — u20u,) (250, u) — i20(2;0,u) = (0, u).
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We can search for solutions of the form
(40) P(z;0,u) = Z Xnon (230, ug)uuy,
0<m+n<L

that is, a polynomial with at most the same degree as the source term. Substitution

into yields
- Z Z(n + 1) X1 nprultul + Z Z(m + D)X 41 n—1ul uy

m=1n=0 m=0n=1
- m, n m, n
—1z g g X nuiugy = E g Vmnui Uy,
m=0n=0 m=0n=0

where the sums are all finite since m+n < L. We observe that only the coeflicients
X with m+n =0 for £ =0,1,2,... are coupled. For every integer 0 < ¢ < L,
we define
’ . ¢
v = (Xe—jj)jmor Yo = (=iVe—j;j)j=0s
then the linear equation for the coefficients splits into (¢ + 1)-dimensional blocks of
the form

(41) (A — 2)wg = yy, 0<¢<L,

where the matrix A, € C¢TDXE+D) g defined and given in appendix For each /,
equation (41)) has a unique solution when z is not an eigenvalue of the matrix A,.
Lemma hows that the spectrum of Ay is given by {2s — ¢ : s =0,1,...,¢}
and it is contained in the set of relative integers Z for any ¢. Hence, if z € C\ Z
equation has a unique solution for all £.

Lemma 4.2. If z € C\ Z and v is given by @, equation @) has a solution
which is of the form ({{0) with Xp (-0, u3) analytic in C\ Z, and Xpn(z;-) €
C>(R! x R).

Proof. Lemma|[E.I]establishes that the matrix A, is diagonalizable with eigenvalues
25 —/0,5=0,...,0. We denote by S and T' = S~ the matrices (explicitly given in
the proof of lemma such that T'A,S is diagonal. Then, for z € C\ Z, Ay — =
is invertible and equation has a unique solution ¢y = (X n)mtn=¢ given by

‘ Sj’I’T’I"S

XZ—j,j (Z§ 97 UB) = rgzjo myE—s,s(aa U3)a
which is analytic in z € C\ Z, and C* in (0, u3). O

We can now use ¢ to construct the unique solution of ([36)).

Proposition 4.3. Let a € C®°(R! x R3, C) satisfy the condition , ¥ be given
in the form (@, @ be the solution established in lemma and let

(0,u) = p(a(t, u); 0,u).
Then ¢ € C*(R! x R?) is the unique solution of (@

Proof. The fact that ¢ € C* is a solution follows by equation and assump-
tion (37a)) which in particular implies

—(u10u, — 204, )(0,u) = —(u10u, — u28u1)§5(z§97u)‘z:a(9,m-

Uniqueness has been proven in lemma [4.1 O
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4.2. Equation with source term in S and uniqueness in S’. If ¢ € C! is
a solution of and (u;,¢) € Ry x [0,27] are polar coordinates defined by
U1 = U, Cos ¢, us = —u_ sin ¢, then the functions

U(T7 ¢) = 90(93 U Cos ¢, —uy Sin¢a U3),

V(’f’, ¢) = ¢(97 U] COS (ba —U] sin ¢7 Ug),
with parameter r = (0, u ,us) satisfy
(42) pU(r, ¢) —ia(r)U(r,¢) =V(r,¢), U(r,0)=U(r,2m),
with

a’(T) = a(@, U CoS ¢a —uL Sin¢7 u3)a

which is independent of ¢ because of condition (37al).
Remark 8. The choice of the angle ¢, in the clockwise direction, is unusual for polar

coordinates. This is motivated by the fact that, with this definition, ¢ increases in
the direction of gyration of a positively charged particle under the Lorentz force.

For smooth solutions ¢ € C'*° of , we find that the derivatives 9502 ¢ with
the same order of differentiation in (u1, u2) are related to the solution of an ordinary
differential equation analogous to (42)). In fact, differentiating equation yields

9502 [~ (104, — 1204, )] = — (U100, — u20y, ) (9505 0)
— 1050571082190 1 3,059 1982190,

for any multi-index o € IN}, and B = (81, B2, 33) € IN3. This can be shown either
directly using the identities

0.0z (u1Duyp) = w002 o + BLOJ O,

0.0z (uadu, ) = w201 10020 + Bo0 T OR T,

or by induction over 8y and SB5. Therefore, the (£ + 1)-dimensional complex-vector-
valued function defined by

- o P 5 ¢
(43)  pape@u) = (95000(0.0), ,, _, = (950700,0%0(0.0)" .

satisfies the system of partial differential equations
(44) —(U18uy — w204, )Pap.0 — i@+ A)pa,pe = Vap.e,

where A, are the same matrices introduced in equation and studied in appen-
dix [E} and the right-hand side is the (¢ + 1)-dimensional-vector-valued function

o . « B a_a/ _n o/ ’ ¢
1) vnpe=(oto i X X (3)(5) @ o aw o)
« 6 7=0
o' <a pB'<p

with B = (Bhﬁ?aﬁii)a Bl =/ _.7 and 52 = j7 ] =0,... 76' For (u17u2) 7é (070>7 let

Ua,pe(r,¢) = pa,pe(0,ul cosp, —uy sin g, us),

Va,B,Z (7"7 ¢) = waﬂ,f(97 U] COSs (ba —Ul sin (ba U3).
Then, if ¢ € C*° is a solution of , necessarily it must hold that

{%ch,ﬁ,@(?ﬁ @) —i(a(r) +"Ae)Ua,pe(r, ¢) = Va,p.e(r, ¢),

46
( ) Ua,ﬁ’l(’l’, 0) = Ua,ﬁ,@(r, 2’/T)
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For ¢ = 0 the matrix A, reduces to Ay = 0, hence equation is a special case
of obtained for « = 8 = 0 and ¢ = 0. In general, equation is a system
of £+ 1 first-order ordinary differential equations on [0, 27r] with periodic boundary
conditions, for which we have the following result.

Proposition 4.4. For { € Ny, let My be a (£+1) x ({+1) diagonalizable, complex
matriz with eigenvalues A\p; € C\ Z, j = 0,1,...,¢. Then, for any function
V, € C=([0,27], C**Y) satisfying Vy(0) = Vi(27), there exists a unique solution
Uy € C>=([0,27], C*1) of

Ui(¢) — iMU(¢) = Vi(9),  Up(0) = U(2m),

given in Fourier series by

1 2
2T 0

Un(¢) = Y [i(Me —n)Vole™™, Vi, =
neZ

and if Im Ap ; # 0, the solution satisfies, for all ¢ € [0,27],

Vi(g)e™?dg,

Ky ’
U, < —— max |V, ,
Ue(¢)]o0 < Aem ¢/e[0,27r]| 1(9")|oo
where, for z = (20,21,...,20) € CFL, |2|o = max; |2;| is the L% norm in C*1,
Ke is a constant depending only on My, and Apm = min; [Im g ;|.

Proof. Since V; € C>([0,27], C**1), for any p € Ny, the Fourier coefficients satisfy
]| Vin]oo < maxg |04 Vi(¢')]oo, hence the corresponding Fourier series converges
in C*([0, 27], C**1) for every k € INy. Dini’s test implies that the sum of the Fourier
series is equal to Vy, that is, V4 can be represented by a Fourier series.
Analogously a function U, € C*([0,27], C**1) can be represented by a Fourier
series, with convergence in C*([0,27], C**1) and it is a solution if and only if the

Fourier coefficients ﬁgm satisfy
(Mé - n)Ul,n - iw,n~

As it was assumed that M, is diagonalizable, that is, there exists a non-singular
complex matrix Sy such that S[lMgSz = Ay, where Ay = diag(Ae,0, Ar1,-- ., Ao ) 18
the diagonal matrix of eigenvalues. Then My —n = Sy(A; —n)S; 'is non-singular
for all n € Z, if and only if A\, ; € Z. Since this is the case, the Fourier coeflicients
of the solution are uniquely determined and given by (A]g,n =i(M, — n)*lf/g,n. The
norm of the Fourier coefficients can be readily estimated by

A _ _ A K/e A
‘Ué,n|oo S |S£|oo : ‘(AZ - n) 1|oo : |Sg 1|c><> : |‘/Z,n|oo S Elw,nboa

where Ky = |Sy|o| S, ! is the condition number of the matrix S; and thus depends
only on My, while 6, = min; ,, |A;; —n| > 0 measures the distance of the eigenvalues
from Z. Since for n # 0, |‘7g7n|oo = O(|n|™*) for all i € Ny, the Fourier series of
Ue converges in C*([0,27], C**1) for every k € Ny, hence the sum U, belongs to
C*>([0,27], C**1) and it is the unique classical solution of the problem.

We obtain an equivalent representation of the classical solution. In fact U, must
necessarily satisfy

(e7™M0Un(9))" = eM Vi),



TEMPERED-IN-TIME RESPONSE OF A PLASMA 25

and the general solution of this equation, with arbitrary initial condition Uy(0), is

4 ¢ ,
e~ MU, (¢) = Uy(0) +/ e MY, (¢)do'
0

Then the periodic boundary condition Uy(0) = U,(27) amounts to

2m
(6—277ng _ 1)Ug(0) _ /0 e—iMe¢lw(¢/)d¢/.

The matrix on the left-hand side is diagonalizable with eigenvalues e~2™"Aei — 1;
for A¢; € C\ Z the eigenvalues are all non-zero, the matrix is invertible, and the
integration constant U, (0) is uniquely determined. At last one finds that there is a
unique periodic solution given by

) 27 ) , [ ) ,
(47) Ug(@) = [e~2mMe 1)) /O MY () dg) + /0 MY () dg

Equation shows that U, € C>([0,27], C*T!). The components of the vector
S[lUg are given by

1 2m ) ,
(48) (S[lUZ((b))j = m/o etTirei(¢—o )(Sgle(qb’))de

o ,
+/ e (ST () de.
0

Therefore,

_ _ 1 27 Im ) o ,
|(S€ 1Ug(¢))]| < HZ)E}XKSg 1V€(¢/))J| [‘W"”—l’\/o e ! s (¢ ¢)d¢

[
_|_/ elmke,]‘(¢¢’)d¢/]'
0

‘1 _ €_2ﬂi>\[’j’ > |1 _ |€—27ri)\gyj|’ — ’1 _ eQﬂIm)‘Z,j

For the factor in square brackets, we use

)

so that

1 1
‘ iXe, 'S 27 Im Ag '
67271'2 i — 1 ‘6 mImAg; 1|

For any ¢1 > 0 and y # 0 we have
e~ Y®

¢ —yé
/ ' e V0= gy = i(eyqﬁl —1) =
0 Yy |y‘

and the two needed integrals are obtained for ¢; = 27 and ¢; = ¢. Hence,

(87 Uu(9))

‘ey¢1 _1|,

1 e 7 1= e (57 i), |

If Im A¢; > 0, the term in square brackets is equal to one and we obtain

(49) |(S:U(9)) maxc (S Ve(9)) -

[P
IUT [ Tm A 4
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If Im Ay ; < 0, we consider (S, 1Ug(2ﬂ'—¢))j and upon changing integration variable

in we obtain

— 1 2 —i (H—a —
(S¢ ' Ue(2m = ), = _lez“"l/o em A0 (S Vi (2m — ¢))

J

¢ /
+/O e_zxgyj(¢—¢)(5[1w(27r—¢/))jd¢/

The factor in square brackets has the same form as the right-hand side of with
Ae; replaced by —Ag ; and now Im(—X ;) > 0. Hence we obtain

|(S; ' Ue(2m — max|( S V(¢ )) |

)’_|Im>\g |

Since ¢ is arbitrary, this is equivalent to (49) for Im Ay ; < 0. Since |Im A, ;| >
Aem > 0, taking the maximum over j in (49) yields

57100, < 5 — maxmae | (571 Vi(6),| = 5 — max|S; Vil

4m I ¢ £,m oo’
Then
\WMAWM$MM<§mmw|
which is the claimed estimate. O

As a corollary we obtain the solution of the problem stated in proposition [4.4]
with generic parameters r € O C R™, where O is an open set.

Corollary 4.5. Form € N, O C R™, and £ € Ny, let M, € C®°(O, R (E+1))
and Vy, € C®(0 x [0, 27], C**1) be such that

1) for any r € O, there is a non-singular matriz S¢(r) for which Ay(r) =
Se(r) " My(r)Se(r) is diagonal with eigenvalues Ao j(r) € C\ R satisfying
[Im A ;(r)| >n >0 for j=0,...4, r €O and for a given n > 0,

2) V(r,0) =V (r,2nw) for r € O, and

3) Se, Syt and Ay are of class C=(O).

Then, the problem
6¢U€(T7 ¢) - ZM@ (T‘)U[(?", (b) = W(rv ¢)’ UZ(T7 O) = Uf (’I", 27‘-)’
has a unique solution Uy € C=(O x [0,2x], C*TY), and, for all ¢ € [0, 27],

K
Ue(r, )| < L ]IVz(r ).
Proof. A function Uy is a solution if and only if, for any r € O, Uy(r,-) solves the
ordinary differential equation in proposition Assumptions 1) and 2) imply that
all the hypotheses of proposition are verified and we note that A\jm,(r) > 7
uniformly for r € O. Therefore, for any r € O, there is a unique solution Uy(r,-)
to the problem of corollary The fact that Uy is in C°(O x [0,2n]) follows
from the explicit formula and assumption 3) by using the classical results
of differentiation in the integral. The estimates follow from the ones proven in

proposition [£.4] O
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We can now give the general result for equation with right-hand side in C*°
and then in the Schwartz space, which will immediately imply uniqueness in S’.
Uniqueness of the C'* solution, in particular, is a special case of lemma but
here we give a different more explicit argument.

Proposition 4.6. Let a € C®(R! x R?) satisfy condition . Then for any
P € C°(R! x R?), equation (@) has a unique solution ¢ € C*®(R! x R3?).

Proof. Uniqueness of a C! solution. If ¢ € C'(R! x R?) is a solution of ,
evaluating the equations at (uq,us) = (0,0) yields
80(05 07 07 U3) = “,Z)(97 07 Oa u3)/a(97 07 07 u3)7
while for (u1,u2) # (0,0),
(0,u) =U(r, ),
where U is the unique solution of constructed in using corollary These

conditions completely define the value of a C! solution everywhere in R’ x R3.
Existence of a C'* solution. First we address the special case

(50) Y(0,u) = D uluE (0, ),

m+n=k

where z/;mn € C®(R! x R?®) and k > 2 is a given integer. Let us consider the
ordinary differential equation with source term V' determined by the ¢ given
in . This equation is a special cases of the problem addressed in corollary
with ¢ = 0; particularly, because of assumption (37a), My(r) = a(r) satisfies the
hypotheses of the corollary. Therefore, equation has a unique solution U €
C> (O x [0,27]). Due to the special choice of ¢ and the estimate in corollary
one deduces that for any given point (6, ug) and § > 0, there are constants cy g, ;.6
and cy,g,u4,6 > 0 for which

|U(r,0)| < ucvpuss, |V(rd)| <ulevous,

uniformly in u; € (0,0] and ¢ € [0, 27]. Let us construct the function

— U(Tv ¢)a for (u17u2) 7é (0,0)7
p(l,u) = {07 for (ur, 1) = (0,0).

Since polar coordinates in the region (u1,us) # (0,0) define a diffeomorphism
which maps the partial differential equation into the ordinary differential equa-
tion , the function ¢ is of class C*° and solves equation in the open set
{(0,u) € RY x R? : (uy,u2) # (0,0)}. We also have (0, u)| < cr.g.us.5](u1,u2)|",
and thus ¢ is continuous on whole domain R! x R3.

We now show that ¢ € C* 1(R! x R?®). We need to check the existence
of derivatives at (u1,u2) = (0,0) and their continuity. With this aim we col-
lect the derivatives of ¢ with the same order ¢ of differentiation in (uq,uz) into
the vector-valued functions ¢q ¢, as defined in ([(43); analogously let 14 5, be
given by . For (u1,us) # (0,0), ¢ is of class C> and solves equation ,
so that ¢, g¢ satisfies equation with source 1, g¢. In polar coordinates
those equations amount to ordinary differential equations for the vector-valued
functions given by Uy g.e(r, ¢) = ©a.8,e(0,u1 cos ¢, —u, sin¢,us) and with source
Va.p.e(r, @) = a,5,0(0,u1 cosp, —uy sinp,us). From lemma we know that the
matrices Ay, and thus Ay, are diagonalizable with integer eigenvalues. It follows
that the matrices My(r) = a(r) + A, in equation are diagonalizable and the
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imaginary part of the eigenvalues coincides with Im a. In view of assumption (37al),
we have |Ima| > 7 > 0, and the hypotheses of corollary are therefore satisfied.
We can conclude that

Ko
(51) }Ua,ﬁ,Z(ra ¢)|oo < ?Hbf}x|va,ﬁ,f(ra ¢/)|oo
We can use this estimate to show that, for (u1,us) # (0,0) we have

(52) 1950 ap(9 u)| < K500, U3) ! with ¢ = 81 + B9, and 0 < [(u1, uz)| < 6.

We prove this by induction over «, 83 and ¢ = 81 + 2. For a = 0, 83 = 0, and
¢ = 0 the claim follows directly from the estimate in corollary 4.5 and V = uk Vx.
For the induction step, let us assume that the claim holds for all o < «, 8% < s,
and ¢/ = 3] + 85 < £ = 1 + 2. Then from we deduce

’V 6.1, 9) } = |Ya,pe(0 u)] < cﬂfﬁ(e,ug)u’fé,
and from estimate we deduce that, if 81 + B2 = £,

’83 ga@u’<’<pa5g9u| ’Uﬁg ¢)’ <;C (9 ’U,g)ulj_ Z’

which is as claimed. Therefore,
|05 0 0 (6, )|

< K, 0 k—t-1 §, e o
[(u1,u2)]  — o,8(0, u3)|(u, ug)| , for B1 + B < 7

which implies that the derivatives 83‘85 ©(0,0,0,us) exist and are zero for f; + By <
k —1. Continuity of 9392 ¢ follows from inequality . Hence ¢ € CF1(R! x R3)
as claimed. Since k > 2, p € C1(R! x R?) and equation is satisfied also at
(u1,u2) = (0,0) since all terms vanish if vy = us = 0.

For the general case 1) € O (R! x R?), for any integer k > 2 we write

1/’ = wk—l + ¢r,ka
where 11 is the Taylor polynomial of degree k—1 in (u1, ug) centered at (uq,us) =
(0,0) and #, , is the remainder, which is of the form . Hence the above argument
applies to ¥y . Let ¢orp € CF71(R! x R?) be the unique solution obtained with
Yy as a source term. On the other hand proposition established the existence
of a unique solution ¢_; € C°(R! x R?) for the case with source term ;1. The
sum ¢ = @r_1 + ¢r i is of class C*~1 and it is the unique solution of . Since k
is arbitrary we conclude that ¢ € C°(R! x R?). O

Corollary 4.7. Let a € C®(R! x R®) satisfy both conditions and let m € R be
the constant in . Then the unique solution ¢ € C™(R! x R?) of equation @)
obtained in proposition [{.6 is such that:

(i) If there are mg € R and ng € Ny such that
05050 (0,u)] < CY 4(1+ 60 +u?)™,  |al+ 8] < no,
then
050500, u)| < CF, 5(1+6>+ )5, o] +8] < no,

where mg. g = mo if m <0, and mq g = mo + (|| + |8])m if m > 0.
(i) If ¢ € S(R! x R3), then p € S(R! x R3).
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Proof. (i) We proceed by induction as in the proof of (52). For « = 0 and 8 = 0, the
claim follows directly from the estimate in corollary since for u? 4+ u% > p% > 0,

‘(p(H,uM = ’U(r, ¢)‘ < %mq;ax’V(r, ¢)| < %Cg),o(l + 0% 4+ 2)mo

The constant is independent of the radius p, hence the claim. For the induction
step, if the claim is true for all multi-indices o/ < o and 8’ < 3, where « and (3 are
any multi-indices satisfying |a| + |3] < ng, then, again for u? +u3 > p? > 0, we

estimate |Va,g,0(r, @) ’ = [tpa,p,0(0 u)’ by
Vosnel.o <mox{fogotel + 50 3 () (510500 ol 05'0¢ o]
a'<a pB'<p
Smax{Ci (1+6%+u?)™ + Z Z Cf]‘f s 1+92—Hﬂ)"”””a',ﬁ’}7
a'<a pB'<B

where the maximum is computed over all (31, 52) such that 5, + B2 = ¢, holding «
and (33 fixed. We observe that, if m <0, then m+mqy g = m+mg < my = Mg, 8,
while if m > 0, m + mqr g0 = mo + (|| + |8/ + D)m < mg + (|| + |B])m = ma, 8.
In both cases we have

md?x |Va,[3,é (1"7 ¢)| < Cd)

¥ a1 67 ),

We can now apply inequality (51) and deduce

9595 (6 u)| < 701"

10,83, (1 + 6° + u2)ma'ﬁa

where ¢ = 31 + (2; this proves the clalm for @ and g satisfying || + |5 < no.
(ii) If 1 € S(R! x R?), then it satisfies the assumption of item (i) for all mg € R
and for all o, 3. For any u € R, a € N}, and 3 € IN3, let us apply the estimate

proven in item (i) with mg = p— (|| +|B8])m; we obtain |05:0 (6, u)| < Cy s+

62 + u?)*. Hence ¢ € S(R! x IR3) as claimed. O
The existence of a solution ¢ € S(R! x R?) of equation implies (by duality)

uniqueness in &’ (R! x R?) for the linear equation

(53) —(u10y, — u20y, )h — iah = s,

for s € S’(R! x R?) and a satisfying conditions .

Proposition 4.8. Ifa € C°(R! x R?) satisfies all conditions , equation
has at most one solution in S’.

Proof. We show that the only solution of the associate homogeneous equation is
the trivial solution h = 0. Explicitly, this means that if

(h, + (1104, — u28y, )x —iax) =0,

for all x € S(R! x R3), then h = 0.
Given an arbitrary test function ¢ € S(R! x R?) let us consider the equation
(U1 0yy — 20y, ) — iap = 1.
Since —a satisfies conditions (37)), we have established in corollary that this
equation has a unique solution ¢ € §. Then for any ¥ € S,

<h71/)> = <h7 +(ulau2 - U‘Qaul)(p - ia(p> =0,
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and thus h = 0 as a tempered distribution. ([

5. RESPONSE OF A UNIFORM MAGNETIZED PLASMA

In this section we address the case of a uniform magnetized plasma and prove the
results stated in section|1.4] With this aim we shall rely heavily on the preparatory
results of section [d] and on a stationary-phase argument postponed to section [6]

5.1. Notation. We shall make use of normalized momentum and for (uy,ug) #
(0,0) we define the two additional systems of cylindrical coordinates

(54) Uy = U COS P, Uy = Fu sin ¢, u3z = uy,

with u; € Ry and ¢ € [0,27]. We re-write the linearized Vlasov equation in one
of these two cylindrical coordinate systems depending on the electric charge of the
considered particle species: we choose the sign — (resp., +) for a positively (resp.,
negatively) charged particle species.

With normalized Fourier variables

(55) Ti=w/wes, &:=ck/wes, and with ks(u):=y(u)vs(u)/wes,
we define the quantities
w + iev — k3vs

ac(1,&,u) = W = vy(u)T — E3uz + ieks(u),

kv
Wes/
Written in terms of normalized variables, the functions ag := a.|.=0, b;, and ~y are

independent of the particle species.
With Gs defined in , the functions of u € R? defined by

1 G, 0Gs uy 0Gs

(56)
bi (g, u) =

=u, &, i=1,2.

57 y = — s s g = —_— s — , ,
(57)  Fs(w) L DL (wyp, ur) s(u) ou; (up, uL) wy L (w, ur)
belong S(R?) because of the assumptions on G.

Next we define the first-order partial differential operators
(58) Qs,j (T7 53 u, a’;:) = js(u)q)J (T7 fa u, a&) + gs(u)\I/J (T7 fa u, a&)a
where ®;, ¥, for j = 1,2, 3, are given in terms of the coefficients
(592) Lo(7, €, u) = 7y(u)etiErma—eem),
(59b) Dj(7, & u) = getiEra—tan), j=1,2,3
by

o, = :I:F0852, oy = :Froagl, ©3 = ZU||]-—‘0,
U, = :|:F38§2, Uy = $F38§1, Uy =iy F (1_‘1852 — ]_—‘2851),
The coefficients I'; all satisfy
|ag,§,urj (T, g, u)l < Ca(l + 72 + 52 + u2)1+|a\7

for all @ € N7, and thus multiplication by I'; is closed in S.
We also introduce the functions of b = (b, b1) given by

(60) A) = Y (D) Tk(ba) Je(b2),
kEZ: k+l=n
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where Ji are the Bessel’s functions of the first kind. If b = (b1,b2) = (0,0), the
only non-zero term in the series is the one for k = 0 and ¢ = 0, hence AX(0) = 1
for n = 0, and AF(0) = 0 for n # 0; if, on the other hand, b = (b1, b2) # (0,0) we

can write by = |b| cos @, ba = F|b|sin 6 and
(61) Az (0) = Ju(lphe™™?, b #0,
This identity follows from Jacobi-Anger expansions [Il, p.361]

eiz cosp _ Z " Jn(z)ei"d’, ezz sing __ Z J m¢7

nez nezZ
for z € C and ¢ € R, that imply
(62) e:i:i(bg cos ¢ptbr sing) _ Z Arﬂy: (b)ezn¢
nez

With by = |b| cos @ and by = F|b| sin§, one computes
Z A;I:L(b)eznd) _ ei|b\sin(¢>70) _ Z Jn(|b|)6in(¢70),
nez nez

which yields identity . At last let

+oo
rsi (,7_7 f; U) — / eiae (1,6 u)A—i(E1ur+E2uz) sin Ati(aur —E1usz) cos Ad)\
(63) ’

—imae (1,€,u)

_r_°€ +
" 2sin (mac(r, & w)) Fe(r. 6 u),

with
27

(64) PEi(T,g,’U/) ::/ ulg( L& u)A —i(§1u1+§2u2)sin)\:ti(§2u1—§1u2)cos)\dA.
0

The quantities defined in equations — are independent on the particle species.

Lemma 5.1. For e > 0 and for each choice of the sign, the equation
T (1 8yy — 0y, )rE — iaerE = eFilE2m—Gu2)

has a unique solution in C*°(R") given by (@) and for every o € Ny, 3 € IN3 there
are constants Co g, > 0 and mq g € R such that

0% 0%1%E (7, €,u)| < Ca e (1 + 72+ €2 + 1),
uniformly in (1,&,u).

Proof. For both choices of the sign, the equation for rgc is of the form with
right-hand side in C* and with 6 = (7,&). (For rJ in particular, one can multiply
the equation by —1 and set a = —a. and ¥ = —eii(f?ul_&“z).) For € > 0, the
function a. defined in is such that all conditions are true. Therefore
proposition ensures the existence a unique solution r= € C*°(R") for each
choice of the sign. For the claimed estimates it is enough to show that for any
ng € Ny the right-hand side of the equation satisfies the hypothesis of corollary
(i), and this is straightforward.

The integral expressions (63)) can be checked by direct substitution into the
equation. In fact if IF(7, &, u; \) denotes the integrand in , we have the identity

0

[F (w0 = u20u,) = e (7, § W (7,6 wi ) = = 2T (7, € wi M),
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and I*(1,&,u;0) = eF(&umi=&u2) - For the second form of rE

=-, we notice that,
following Qin et al. [49],

+
7"2: (7_7 f’ u) _ / > eiaE(T,f,u))\fi(glulJrfguz)Sin()\+27r):|:i(.£2u17£1u2) cos()\+27r)d>\’
0

and changing integration variable we have

+
’I"g: (7—753 U) _ 6727r7ia5(7',.£7u)/ > eiaE(T,{,u)/\fi(flulJrfqu)sin Ati(€aur —&ruz) cos )\d)\
27

_ e—QTrias(‘f-?g?u) |:’f‘g£ (7—7 6’ ’LL)

2
_ / eiag(‘r,g,u))\—i(flul +&2uz) sin Ati(€au1 —&ruz) cos /\d)\ ,
0

hence,

N —e—2miac(T.&u) 2T N . N
72 (T, 5; U) _ — 6_27”_(15(7-’5’“) /0 ezag(‘r,{,u) —i(&1ur+€2us2) sin i(€2u1 —E&1uz) cos dA,
from which the second expression for ¥ follows. O

5.2. The roots of ay — n and the distribution lim._,o+(1/sinwa.). From ex-
pression , one can see that the main issue in computing the limit for ¢ — 0% of
rE consists in the sets of points (7,£,u) € R x R? x R3 for which

aO(Tv 5; 'LL) = V(U)T - 53”3 eZ.

We note a few preliminary facts about such points.

g

Remark 9. The condition ag(7,§,u) =n € Z is equivalent to
w — ksvs = nQs(u), ne€Z,

which defines the cyclotron resonances: particles of the species s that satisfy this
condition along their orbit, for some integer n, resonate to a plane wave with
frequency and wave vector (w, k). For resonant particles, the Doppler-shifted wave
frequency w — kzvs matches a multiple (also referred to as a harmonic) of the
gyration frequency )5 of the particle’s orbit around the magnetic field.

For any given n € Z and (7,£) € R x R3, 7 # 0, let
(65) Ru(1,€) = {u € R® : ag(r, &, u) = n}.

Physically R, (7, &) is the set of normalized particle momenta u that resonate with
the n-th harmonic of the cyclotron frequency when the wave field is a plane wave
with frequency and wave vector are given by (7,£). Since ag is constant in (£1,&2),
the sets R, (7,€) for a fixed harmonic number n depend only on 7, and £5. In
addition it is enough to study them for 7 > 0 and &3 > 0, in view of the symmetries
of the function ag. (The hyperplane 7 = 0 will be excluded in our main results.) A
necessary condition for u € R, (7,&) is

(7'2 - §§)u§ + 7'2(1 + u% + u%) — 2nésuz —n? = 0.

which defines a family of surfaces of revolution obtained by the rotation of conics
around the uz-axis. Specifically we find ellipsoids for 72 > ¢2, a paraboloid for
72 = £2, and one branch of a hyperboloid for 72 < ¢3. We shall speak of elliptic,
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parabolic, and hyperbolic resonances, with reference these three conditions, respec-
tively. In the elliptic case, R,(7,&) is non-empty if and ounly if n7 > 0, that is
when, 7 and n are both non-zero and have the same sign; ellipsoids degenerate to
a point when 72 — ¢2 = n? > 0. In the hyperbolic case one can check that R, (7, ¢)
is non-empty for all integers n. The special case n = 0 is a particular hyperbolic
resonance, to be referred to as Landau resonance, for which Ro(7, &) is non empty
only if 72 < &2.
We shall study the limit in S'(R?) of functions of the form

]55(T,£,u)

(66) Te(T, 8 u) = m,

where P. is a family of functions parameterized by ¢ € [0,e0] for a fixed g9 > 0.
The choices of P. relevant to our analysis are P. = ie "% ®; P /2 and P. =
ie~"m W, PF /2, with notation of section With this aim, it will be sufficient to
consider a family of functions P. that satisfy the following conditions:

P. € C*®(R"), Ve € [0, 0],
(67) 0" Po(7,&,u)| < 6u(1+ 72 4+ €)M (1 +u?)™, Ve € [0,5], Y € N,
PE(T,f,U)—)P()(T,f,U) fOI'E—)O+, V(Tagvu) ER77

where the constants ¢, 7,7, € R are independent of € € [0,£0] and (7,&,u) € R”.

We state the main result for the limit of as € = 01. We shall see that it is
sufficient to consider the case ks = 1, or vs = ws/7; then a. is independent of the
particle species. This is a valid choice of the damping coefficient v, since it satisfies

conditions .

Proposition 5.2. Let g, 79 > 0, and let 7 be the family of functions defined for
e € (0,e0] in equation @ with P. satisfying condition (@, and with ks = 1.
Then, for every (1,€), T # 0, there is 7o(7,&,-) € S'(R?), such that

(i) in the limit e — 0T, 7.(7,&,-) — 7o(T, €, ) in S'(R3);

(ii) for every ¢ € S(R3) the function (7,&) w (7o(T,€,"), ¢) is continuous on
(R\ {0}) x R3, and C* near points (1,&) such that 7% # &3 +n? for all
integers n > 0;

(iii) for any ¢ € S(R3) there are reals Ko, M > 0, such that

‘<7Z6(T>€a ')a ¢>‘ < KO(l + 7—2 + 52)M)
for all (1,&) with |T| > 79 and € € [0, &g].

Remark 10 (Degenerate resonances). The varieties 72 = £2 + n? for n > 1 in the
Fourier space correspond to plane waves for which the elliptic resonance R, (7, &)
degenerates to a point. The special case n = 0, that is 72 — €2 = 0, corresponds
to the parabolic resonance which separates elliptic and hyperbolic resonances. The
function (7,&) — <Fo (1,€,-), ¢> is smooth away from such topological transitions,
where we can show continuity only.

For the proof of proposition[5.2] we need a few preparatory results. Let us choose
a cut-off function y € C§°(R) such that

Wl =

1
0<x(2) <1, x(z)=1, for |z| < T x(z) =0, for |z| >
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and for any n € Z, § € (0,1) let
th,n(T7 57 u) = X((GO(T7€7 U’) - ’I’L)/(S)

One can see that ys, € C*°(R7) but it is not necessarily compactly supported; in
fact, xs5..(7,&, ) is localized around R, (7, &) which is unbounded when 72 < £2.

Lemma 5.3. If (1,&,u) € supp(xs.n) for a certain n € Z then x5m(7,&,u) =0 for
all m #n.

Proof. The set supp Xs.» is given by the condition |ag — n| < §/3, so that
lao(7,&, u) —m| = |m —n| —|ao(T,§,u) —n| >1-0/3>4/3,

and thus x5 m (7, &, u) = 0. O
It follows from lemma that the sum
(68) X6 =D Xoms
nez

is locally finite and thus it defines a family of smooth functions xs for § € (0, 1).
Lemma 5.4. For every § € (0,1), the cut-off function xs in is such that

|cos (7TCL0(T,§,’LL))| > cos(md/3) > 0, for (1,&,u) € supp(xs),
|sin (7TCL0(T,€,U))| > sin(wd/4) > 0, for (1,&,u) € supp(1 — xs).
Proof. For every point (7,&,u) in the support of xs, there is an integer n such that
lap —n| < 6/3, | cos(mag)| = | cos (w(ag — n))| > cos(w/3) > 0.
Analogously, on the support of 1 — x4,
|ag — n| > 0/4, |sin(mag)| = | sin (7(ap — n))| > sin(wd/4) > 0,
for all integers n. [l

The cut-off function ys allows us to isolate the singularities of when € — 0F.
If s in equation is chosen so that ks = 1, for (7,£,u) € supp(xs) we can write

sin(rac) = cos(mag) | tan(mwag) cosh(me) + i sinh(me) |,
and
1 i
sin(ra.)  cos(mag)

Therefore, for any 1 € C§°(R?),

(69)

+oo
/ ei)\[tan(ﬂag) cosh(me)+isinh(me)] d\.
0

+oo
(70) <7:E (Ta 57 ')7 ¢> =—1 / e_A Slnh(ﬂs)zg,a (w)(T7 ga /\)d)‘ + Ig,s (’[r/))(T7 g)a
0
where we have defined the functions

(71a) Ve (7, &, u) == tan (mao(7, &, u)) cosh(me),

) T@)men = [ e Pg(T’E’“)“’(“))x(s(r,e,u)dm

RS cos (mao(7,&, u)

(7, &, u)yp(u)

I N e o e e R



TEMPERED-IN-TIME RESPONSE OF A PLASMA 35

‘We also define

(T1d)  Tgo(0)(rEA) = / A tan(ra () P““’f’“)‘”(”))x(s(r,g,u)dm

R3 cos (wao(T, & u)

(71e) o)) = | R &wble) (e )

R? sin (7Ta0(7', &, u))

The main step in the proof of proposition [5.2] consists of an application of the
stationary phase formula [29, Chapter 7] in order to prove that Z§ _(¢)(7,§,-) is
bounded in L' uniformly in . The real-valued phase is given by 9. and the pa-
rameter is A > 1. All technical results needed in the proof of proposition [5.2] are
collected in section [6] below.

Proof of proposition[5.4 We start from identity (70)),

+oo )
(Fe(T,6,-),0) = —i / e ASITITE (1) (7, €, NdA + T (V) (7, €),

for v € C§°(R?) and lemma [6.4] (i) shows that this is extended to ¢ € S(R?).
For every ¢ € (0,1), lemma (iii) and (v) allows us to define the functional

“+oo
(72) (Fro(ri6,),0) = —i / T2 0(6) (7, £ A + T30(9) (7€),

over S(R?) for every (7,&), 7 # 0.

In view of lemma (i), as € = 0F, we have Z§ _(¢)(7,§) — Z§ o(#)(7, ) and
3 (9)(1,€) — I3 o(9)(7,§) for all ¢ € S(R?). By the dominated convergence
theorem and lemma (iii) we deduce

+00 _ Foo
/0 e AT TE (8)(7, €, N)dA — /0 I50(0)(1,. &, A)dA,

for all ¢ € S(R?), hence 7<(7,&,-) — Ts0(7,&,-) in S'(R3). By uniqueness of the
limit, we have that 750(7, &, ) is the same tempered distribution for all 6 € (0,1)
which we denote by 7o(7,&,-). This proves (i).

As for the regularity of (7o(7,¢&,-), ¢) with respect to (7,€), lemma (i) show
in particular that Zj ,(¢) € C'°°, hence it is enough to address

+oo
(7507 £,),6) = {Fa0(1. &), 8) — Too(d)(r.€) = —i /0 T2 o(6)(r, €, A)dA.

In lemma (i) we have established that Zf ,(¢) is C*°, and the inequality in item
(iii) of the same lemma gives a function B., 5 € L'(R) such that

|Ig,0(¢) (7—7 f? )‘)| S 350’5()‘)7

uniformly in (7,£) € K where K is any compact where |7| > 0. Then the dominated
convergence theorem can be applied to show that (7§ (7,&, "), #) is continuous at
any point (7,&), where |7| > 0.

Concerning the derivatives of Z§ ,(¢) with respect to (7,£), let as fix a point
(7,€) such that |7| # 0 and 72 # &2 + n? for all n € INy. For a sufficiently small
radius p > 0 the closed ball K = {(7,&) : (1 — 7)? + (£ — £)? < p?} satisfies the
assumptions of lemma item (iv). Therefore, there is a value of § depending only
on K and an upper bound |02 Z§ (¢)(7,§,A)| < B (A, 7) with B (-, 74) € LY,

£0,0 €0,0
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where 7, = min || in K. Hence, (7§ ((7,&, ), ¢) is of class C> near any point where
|7] > 0 and 72 # £2 + n?, as claimed in (ii).
Again lemma [6.4] items (iii) and (v), imply

. st B
[(Fe(T,€,), )] < 1Beo,s (> To) |1y (14 7% + €)™ 2|8 2174410
+ K1+ 72+ 62009l o7, o140

uniformly in (7, §) where |7| > 79 > 0, where m;, m;, £y gand !7050 have been defined
in lemma and respectively. This estimate is uniform in e € [0,0]. Since
my > £y, we obtain claim (iii) with constant K depending in particular on 79, &g
and § and with M = my + 5/2. O

Remark 11. The estimate in proposition item (iii) could be replaced by

|(Fe(7,6,),0)| < Ko(r)(1+ 72+ €)M, 7 #0,
but Ko(7) is not bounded near 7 = 0. Hence our argument does not allow any
conclusion for 7 = 0 and we have excluded all frequencies in |7| < 79 with 79
arbitrarily small and fixed.

5.3. Solution of the linear Vlasov equation for the magnetized case. We
address equation for a given species s, and thus drop the subscript s for sim-
plicity. Particularly, we shall denote by @; the differential operator Q)s ; defined in
equation , which depends on the equilibrium distribution function and the sign
of the electric charge of the consider particle species.

We shall first address the existence of solutions of the linear Vlasov equation
for the time-derivative of the distribution function including a damping term and
address its dissipation-less limit. The result will then be used to compute the
time-derivative of the induced current .

Theorem 5.5. Let € > 0 and let v be any function satisfying conditions ,
Then equation (@ has a solution g. € S(R") which is unique as an element of
S'(R") and:

(i) The Fourier transform of the unique tempered solution ge is

3
el ko) = (5 D By, FQs( 6 0 (7,6,
j=1

where the sign + (resp. —) is chosen for ¢ > 0 (resp. ¢ <0).
(11) For (u17u2) 7é (070)7

3
~ . gno - Qj(T7€7u7 8§)Ariz(b) +ing
gg(w7k,u)—ZW;Ej(w7k)7§Z a. —n e )

where ¢ is defined in and b= (b1, bs) in (@)
Remark 12. The expression of the solution in item (i) in terms of the integral

r¥ defined in was first proposed by Qin et al. [49], cf. also the subsequent
discussion in the literature [40, [50].

Remark 13. The solution g. given in item (ii) is in agreement with the standard
expression obtained in the physics literature [9), 14, 54]. For ¢ — 07 it exposes a
countable number of poles for ag € Z where sin(mwag) = 0. These poles correspond
to cyclotron resonances briefly discussed in section [5.2
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Proof of theorem[5.5, We look for tempered solutions of equation and thus we
can equivalently consider the Fourier transform g. of the distribution function g..
If we define

(73) ila - eii(§2u1*61u2)§8,

where 7 = w/w,s, & = ck/w.s, and with sign + (resp. —) for ¢ > 0 (resp. ¢ < 0),
the Fourier transform of equation is equivalent to equation with source

3

n . N .
s+ = (l:]rlc)04 eFilfaui—&ruz) Z: E;Q;(r,&,u, 6€)eil(52u1—51u2)’
Jj=1
and with the sign chosen according to the electric charge ¢. (As in the proof of
proposition in the case ¢ < 0 we can multiply by —1 the equation for h. in order
recast it into the form of ; hence a = —a..) Under the hypotheses, s* belongs
to S(R7). Proposition gives a solution k. € S(R7), and thus §. € S(R7). This
is the unique solution in C'°°, as proven in proposition as well as in S'(R7), as
proven in proposition .8

(i) Substitution of the claimed expression g. into gives

w

~ A~

h (OJ k,‘ ’LL k Fi(Eaum— 51”2)@ (T 67“ 8{) (T,§7U)7

where 7 = w/wes, £ = ck/wgs, and we observe that the operator eii(Ezul*EluZ)Qj

commutes with w90, — u10,,. Then upon using lemma we have that h,

solves and thus g. is the solution of equation (|1
(ii) Upon using coordinates , for either ch01ce of the sign of the particle

charge the equation for h reduces to ) with a = a. and with source

qn ? u u 7 u u
V((b) — (mc(;4 etilour—&iug ZE Q eti(2ur—&ruz)

We evaluate the Fourier coefficients of the source, that is,

2 3
Vn: ano i/ Tre_inqbeii(qul—flu’.’)ZEijeii(éful_&l’lw)d(b

(mc)* 2w =~
2m
— qno eti(€our—&1ug) E E. / —ing ,ti({aur—&ruz) g
(mc)4 @iy 27 c e ¢,

and, in the second identity, we have used the fact that the coefficients of the operator
eii(gzul*glu?)Qj are independent of ¢, i.e., the exponential factor is canceled by the
corresponding factor in the definition of the coefficients in equations . It is now
sufficient to compute the Fourier coefficients of

eii(fzul—&uz) _ e:ti(bz cos by sin @)
)

and those are equal to AF(b) as we have shown in equation . Then

3
f/n = 4(5171(;4 eti(aur—&rusg) Z E’ijAﬁ_
j=1

The Fourier expansion in lemma then yields the claimed identity. [
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We shall now show that the solution g, for ¢ — 0T approaches the causal solution
of as computed by integration along the characteristics curves. This result in
addition clarifies the relation between the analytical expressions for the solution in
Fourier and physical spaces. In the position-momentum variables, the characteristic
curve t’ — (X(t';t,x,p),P(t’;t,x,p)) with terminal condition (z,p) at ¢/ =t is [9]

X1 (t';t,x,p) = 21 — nff;Q sin (Q- (t—1t)) — nij [cos (- (t—t)) —1],

Xo(t'st,x,p) = 20 + nf’;Q [cos (- (t—t)) —1] — rrf)’:Q sin (Q- (t—1t)),
(74) & Xa(t';t,2,p) = x3 —v3(t — 1),

Py(t'st,z,p) = picos (- (t —t')) —pasin (- (t —t')),

Py(t'st,x,p) = prsin (Q- (t—1t')) +pacos (Q- (¢t —t)),

P3(t'st,2,p) = ps,

where v and thus 2 are constants of motion. Under assumption v is con-
stant along the characteristics as well. The characteristic flow has the semi-group
property: for every ti,ts,t3 with t1 < t5 < t3 and (z,p),

X(tl;t%X(tQ;t?nxap)aP(t23t3ax7p)) = X(tl;t&xap),
P(tl;t27X(t2;t37x7p)7P(tQ;ti’n‘r?p)) = P(tl;t37.’17,p),
which can be verified directly from . For E and Fy at least in C!, let 5 =
—q(OE — v x V X E) - V,Fy for brevity, and Fy = noG as in (14). We shall

always imply the relation u = p/(mc) between normalized and physical momentum
variables.

(75)

Proposition 5.6. For every ¢ > 0, E € [S(RY)]?, Fy = ngG € S(R?), and
go. € S(RY), the Cauchy problem for equation with initial condition go. at
time t = to has a unique classical solution g. € C*(R") and it holds that:
(i) There is a unique Cauchy datum for which the solution g. € 8" and that is
given by

to
g*,s(x;u) ::/ eiey(t07t )s(tlaX(t/;t()vxap),P(t/;th‘T,p))dt/a

— 00

which belongs to S(RS).
(ii) For goe = gue the solution is

¢
ge(t,z,u) = / emev(t=tg (t', X (t';t,2,p), P(t';t,z,p))dt,

— 00

and §. is the same function defined in theorem (i).
(iii) For e — 0%, the function g. has a pointwise limit

¢
g(t,x,u):/ s(t', X(t';t,x,p), P(t';t,z,p))dt,

— 00
for every (t,z,u) € R”. The limit g belongs to C;°(R7), it is a classical
solution of equation (@, and it is independent of the choice of v.

Remark 14. The first part of this statement is essentially Wollman’s result on the
linear Vlasov equation [57, theorem 3.1], but for the case of a uniform plasma
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equilibrium and with somewhat relaxed hypotheses on the support of the initial
datum.

Proof. By hypothesis the damping function v is constant along the characteristics.
The application of the standard method of characteristics [34] gives the unique
classical solution of the Cauchy problem,

9e(t, w,u) = go o (X (to; t, @, p), Plto; t,x,p))e” =)
t
+/ e s(t, X (¢ t,w,p), P(t'5t 2, p))dl,

to

where X and P are given in equation , and g. € C* follows by Leibniz rule for
differentiation of integrals. This completes the first part of the proposition.
Since e=<¥(t=t) is integrable for #' € (—o0, ], the integral

t
H.(t,x,p) = / eev(t—t )s(t’,X(t’;t,x,p),P(t';t,x,p))dt’
is finite. If the electric field is given in Fourier transform, using
1 —swt+ik-x T
E(t,z) = W/ e E(w, k)dwdk,
and applying Fubini’s theorem, we get

H.(t,z,p) =

—iwt-‘rikwﬁ t k dwdk
ot e o0, K, p) o,

with, using Fy = noG,

w

H.(t,w, k,p) =

(w, k)Q; (7, €, u, 8¢ ) RE (1, w, K, p),

where ); are the operators defined in for the considered particle species, and

t
RE(t,w, k,p) = wc/ e—ev(t—t)tiw(t—t")—ikyv) (t=t)
7 S

eti(Ezu1—Eruz) cos(%E (t—1")) —i(§rua+Eauz) Sin(%(t*t'))dt/,

with sign chosen according to the particle charge q. The change of variable A =
£e(t — t') shows that RZ is actually independent of time ¢ and RE(t,w,k,p) =

7’2:(7'7 &, u) where rf has been defined in . Then, H. is also independent of time
and ﬁs(t, w, k,p) = §e(w, k,p) with g. the unique tempered solution established in
theorem (i). We have g. € S and thus H. is the inverse Fourier transform of
a Schwartz function, so that H. € S(R”). By definition g. .(z,p) = Hc(to,z,p) =
ge(to, z,p), hence g, € S and it is the Cauchy datum of the unique tempered
solution g. = H.. This proves (i) and item (ii) follows from the expression for H..
As for the pointwise limit of the solution, item (iii), we observe that the char-
acteristic flow and the source term s satisfy the hypothesis of proposition in
particular, the flow is of the form , while s is defined as the sum of the products
of a function in S(R*) in frequency and wave-vector and a function in S(R?) in
momentum, hence s € S(R”). The function g is then the causal solution of in
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the sense of appendix |C|and proposition gives g € C°(R7). For every m € N
one has the estimate

(1+5%)™|s(s, X (s5t,2,p), P(s; t,2,p))|
< (1484 X(s;t,2,p) + P(s;t,x,p)Q)m‘s(s, X (s;t,x,p), P(s; t,x,p))

which gives

b

[[5]l2m
(14 s2)m’
where || - ||, are the semi-norms defined in appendix Therefore, for every (¢, x, p)
and for m large enough, dominated convergence allows us to pass to the limit
€ — 07 in the integrand. O

|s(s, X (s;t,2,p), P(s;t,x,p))| <

5.4. Current density and conductivity operator. First we show that the func-
tions rsi in lemma have a limit in S’. For simplicity let

(76) CE (&, &, ur, un, A) = (§un + Eua) sin A F (Sour — &rus) cos A,

and we recall the definition of ag in equation and normalized Fourier vari-
ables .

Proposition 5.7. For every integer m > 2,

(i) the linear map

1
Y / / g0 (REWA—ICE (ELte a2 ) g (7. € u)drdédu
0

Jr
o / / R O i uL
1 Y(w)™
is continuous on S(R”) and thus defines a tempered distribution ry"™;
(ii) for e — 0%, v has a limit r¥ in S', and r¥ = rE™ for allm > 2. The
limit is independent of the choice of the function vs.

+,m
0

Proof. The two terms defining the linear map on 1 are bounded by the norms ||¢||s
and |||, 18, respectively, and this shows continuity in the topology of S(R”). Then
the map is a tempered distribution which is denoted by r(jf’m. Since
(_i)mameiag)\—i(i — placA—i¢™
pym)\m T - ’

after integration by parts in 7,
1
(r¥ ) = // eiafk_igid)\wdrdgdu
0

+oo ias)\fi(::t m
+im / [ / ¢ d/\} Y yrdedu,
1 )\m ,ym

and if m > 2 the integrand is uniformly bounded by an integrable function. We
can then pass to the limit in the integral and obtain

() 2D (™ ),

for every ¢ € S(R”) and every m > 2. Uniqueness of the limit implies that all
distributions roi’m for m > 2 are equal to the limit roi = lim._,o+ r¥. O
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This result is already sufficient to compute the limit of the time derivative of the
induced current density as a tempered distribution under fairly general assumptions.
In the following we define, for any s labeling a particle species,

rs,s(Taga ’LL) = T;E(T7€7 1/)7 Ts == TSE,
with sign + (resp. —) for gs > 0 (resp. ¢s < 0), with r* defined in equation ,
and with 7 being the distributional limit in lemma,
By definition, cf. equation , the current density associated to {gs .} is

atja = K({gsa}’)-

We recall that wy,s = +/4mg2nso/ms is the plasma frequency of the s-th species.
We also need the operator () ; defined in equation . Relations are also
implied.

Proposition 5.8. The function 0;j. belongs to [S(R*)]® and
(77a) Brje(w, k) = & (w, k) E(w, k),

where the tensor & is given component-wise by

(77b) és,ij(ka) = %uiQs,j(Ta§7u76§)rs,6(7’a§7u)du

R3 7Y

Proof. In theoremwe have shown that gs . € S(R”), hence for every I,m,n € Ny
and « € INJ,
(142 4 22)™ (14 u2)" |00 g (2, 0)| < gl 12 420

Since for n > 3/2, (1 + u?)™" is integrable, from equation we deduce that
Oje = K({gse}) is C*° and the same inequality implies that all derivatives are
rapidly decaying at infinity, that is, 9;j. € [S(R*)]3.

Then the Fourier transform of 9,j. exists in the classical sense and, by Fubini’s
theorem, we have

at]s w k qu ms /vs(u)gs’g(w,hu)du.

Upon using the expression for gs . in theorem (i), we arrive at equation . [

Remark 15. Convergence of the integral in (77b|) is ensured by the rapid decay in
w at infinity of the coefficients in the operators Qs ;.

We recall that Qs ; are first-order partial differential operators and we can define
the formal adjoint Q¢ ; by

| nmenQuar g wdrdin= [ xa(r& @ (e wrdedu

for every x1,x2 € S(R7). The adjoint Qs,; is again a first-order partial differential
operator and it is continuous from § — S. Therefore we can define the distribution

;j € [S'(RY)]® by

i = ST S )

for every vector test-function ¢ € [S(R*)]?.
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Proposition 5.9. As ¢ — 0%, 0,5. — 07 in [S'(RY)]? and the limit satisfies
9j =K({gs}) € [C=(BRY)]>.
Proof. Step 1: 0yj. — 0;j. For € > 0, one has

4 .2 3

a . We,sWp s p
<8tj5,¢>zz 4’7TC§’ Z(Tserw(L Ej)),

j=1

where the factor w} ¢~ comes for the chance of variable dwdk = (wi,/c®)drdé.
The result then follows from the convergence of rs . in S’ proven in proposition

Step 2: gs belongs to the domain of the operator K. Wee observe that the flow
(74) is polynomially bounded and thus satisfies the hypothesis of 1emma Then,
since [v(u)| = clu|/y(u) < ¢, for every n,l € Ng and o € N,

(78) (1 +w?)"o(u)9,07 g5 (t, 2, )| < e(1+u®)"[0;059s(t, 2, )| < C,

and upon choosing n > 3/2 we deduce that u — v(u)0!0%gs(t, z,u) is bounded by
an L'-function. For I = 0 and o = 0, this shows that gs has finite first velocity
moment. Iterated application of the dominated convergence theorem also shows
that K({gs}) € C;°(R?).

Step 3: 95 = K({gs}). Let 0rj = K({gs}). For every ¢ € [S(RY)]?,

(0cf = 0, @) = —(0eje — Oud, ) + (K({gs.e — g5}), 0)-
The first terms on the right-hand side converges to zero for ¢ — 0. The second
term is estimated by

(K({gse — 9s}) qu (msc) /]R4 /]Rs gse — 9s)(t, z,u)p(t, z) - v(u)dudtdz.

We know that gs . € S and upon using estimate (|78) with { = 0 and a = 0, we can
bound the integrand by an L!-function independent on € so thus pass to the limit
in the integrand. At last from proposition we have gs . — gs — 0. O

Proposition is sufficient to prove the continuity of ¢ : [S(R*)]? — [S'(R%)]3,
cf. equation (20)). However, we wish to understand under which conditions ¢ reduces
to a Fourier multiplier and, when this is the case, we wish to address the regularity
of its symbol.

Since the limit 9;j is independent of the choice of the damping function, we
choose vs such that ks = 1; one can check that this satisfies condition .

We start from equation which can be rewritten as

A~ UJ2 s U;
(79) &ijlw k)= 4% [/Rs ;@jrs,s(ﬂf,u)fs(u)du
S

+/le UG i o (7, €, 0)%. ()du}

Since a. depends on & through &3 only, we have

- —i‘n'as(I) _Pi - —iTraE\I/ _Pi
(80) Bjrge = IE Qp =0 =

2sin(may) 2sin(7a,)

with sign + (resp., —) for ¢s >0 (resp gs < 0).
We shall now apply proposition Wthh holds for generic functions of the
form ) with P. subject to condltlon , to the case of interest, which is given
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in equations (79) and (80). We choose a normalization time-scale common to all
particle species, that is, @ = maxs w, s.

Proposition 5.10. Under the same hypotheses as in theorem [5.5, for w # 0, the
tensor . (w, k) defined in , has a pointwise limit So(w, k), which can be computed,
cf. equation , and such that:
(i) The limit &y is contmuous on (R\{0}) x R? and it is C> where w # 0 and
w? # (ck3)? + n*w?, for all n € Z and species index s.
(ii) For any wo > 0, there is a constant K(wyg) for which

[ow, b)| < K(1+(£)* + ()Y,

uniformly for (w, k) € R4, |w| > wo, with exponent M independent of wy.
(ili) For all E € [S(R*)]? such that w # 0 in supp E we have 9;j = F~(SGE).

Proof. We start from equation ([79)) which reads
w?
. 1
ge,ij(wa k) = ES 47T [<(I) Ts, E(T 67 ')7 ,yuz</5> + <\I’jrs,e(77£a ')a ;uzgs>]a

where 7 = w/w.s and £ = ck/wc s, cf. equation (5

As observed in equatlonb , both ®;rs . and \I/ jT7s,e are special cases of (66| .
corresponding to P. = (i/2)e” "% ®; Pf and P. = (2/2) _“”ZE\I/ PZ, respectlvely
Lemma shows that in both cases P. satlsﬁes condition . Proposition
gives, for any (7,€) with 7 # 0, distributions r&;(7,¢,-),r SJ(T f ) e S'(R3) such
that

(I)jrs,s('ra 57 ) - T;I?j (Ta g, ')7 \IleS,E(Tv 5; ) - T;I,lj (Ta ga ')a
in the topology of S’(R?). In this case, let

B0 o) = X (), b + (18 0, L))

and we have ¢ ;;(w, k) = .45 (w, k) pointwise in Fourier space where w # 0.

(i) Proposition implies that ¢ ,; is continuous in (R \ {0}) x R® and C*°
where 7 # 0 and 72 # £2 + n? for all integers n, and for all particle species.

(if) We observe that for any s, @/w.s > 1, hence,

ck
14724 < —(1+( 2+ (5)?).
w2 @
Then proposition item (iii) implies that there are constants K, M > 0 indepen-
dent of € such that o
Clw b <K@Q+(£)+($)7)

uniformly in € € [0, eq].
(iii) We use the estimate proven in (ii), which implies

6w, k) = (e, b)| < 2K (14 (£)” +(£)) Y,
uniformly in € € [0, g0] and for |w| > wp. Since by hypothesis w # 0 and thus 7 # 0
in supp E, we can choose wy small enough that, for any ¢ € [S(R4)]?,

(6w, 7) = o, ) B(w, B)] - B(w, )| < 2K (14 (£)2 + (£)2) | E(

uniformly in € € [0,g0] and (w,k) € R?*, |w| > wo . Since E,p € [S(RY)]?, the
right-hand side of the above inequality belongs to L!'(R*) and we have already

wngowk‘
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established that ¢ (w, ) — $p(w, k) — 0 pointwise. Therefore the hypothesis of the
dominated convergence theorem are satisfied and we can conclude

/]R4 [(&(w,7) = So(w, k) E(w, k)] - p(w, k)dwdk — 0,

for all ¢ € [S(R*)]? which means that & E — goE in §'(R*). At last proposition
establishes that the &’-limit of & F is exactly D J. O

5.5. Proof of the results on the relativistic, three-dimensional case with
uniform magnetic field (section [1.4]). We can now collect the partial results
obtained in this section and give a proof of the main theorems stated in section[I.4]

Proof of theorem[I.3 (i) For each s and ¢, existence of a solution gs. € S (IR7) of
the Vlasov equation w1th damping and its uniqueness is established in theorem
We have shown that 8:\35 € [S(R*)]? in proposition

(ii) Propositionproves that gs . converges pointwise to gs € Cp° and the limit
is independent of the damping function v. Explicit expressions for gs . and gs are
given. Using the inequality, cf. the proof of proposition

(1+s*)"|s(s, X (s;t,2,p), P(sit, ,p))| < lIsll2m.
yields the bound
|gs.c(t, 2z, u)| < C,

uniformly in e and thus for any ¢ € S(R7),
|(gs,5(t,x,u) — gs(t,%u))go(t,x,uﬂ < 2C|<p(t,x,u)|,

and || is in L'. Hence the dominated convergence theorem yields

(gse — s, p) = / (gs,s(t,x,u) - gs(t,%u))cp(t,x,u)dtdxdu — 0,

for all ¢ € S(R”). This is equivalent to gs. — gs in S’. Existence of the &’-limit
of O;j. is proven in proposition in which we also show that the limit 0;j is
determined by gs only, hence it is independent of v.

(iii) The fact that the limit g5 is a classical solution of the linearized Vlasov
equation in Cp* is proven in proposition At last, the identity 0,5 = K({gs}) is
shown in proposition O

Proof of theorem[I4) After Fourier transform, the action of ¢(E) on a test function
is given in proposmlonﬂ Since rs is a tempered distribution and Q is continuous
from § — S, we have

(0 @) < Cllu- @E/|le,
and Leibniz rule for the derivative yields
(01 )| < Cll2llel £]le-
If £ € [S(RY)]?, then (1 — ( ))E’( , k) satisfies the hypothesis of proposition
which gives ¢(E) = F1((1 — x)o ) O
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6. STATIONARY AND NON-STATIONARY PHASE RESULTS FOR SOME INTEGRALS

This section is devoted to the proof of four lemmas, in which we study the phase
¥, = tan(mag) cosh(me) with the aim of evaluating integrals in u via stationary
phase results. It replaces the study of - — by the study of —— a O+OO M d )\
and exchanglng 1ntegratlon in A and » in mtegrals defining the current, cf. equa-
tions ) and in section [5) I In addition, in this section, as the dlstrlbutlon
p— acts on the functions P., we give results on the functions P. relevant to our
applications (lemma [6.5| on functions satisfying (67]) below). In this section, we let
ks = 1, cf. comments before proposition

We note basic facts about the stationary phase points, that are the same as the
critical points of ag, since tan(wag) behaves as w(ag—n). Because of the symmetries
of the function ag, it is sufficient to consider the case 7 > 0 and &3 > 0.

Lemma 6.1. Fore > 0, let ¥, be defined in equation and let 7 >0, £ € R3

(i) For 72 — €2 <0, 9:(7,&,-) has no critical points and
IVl (1, & u)| > (77/2)(1+u?) Y, for allu € R®.
(
= U,

(ii) For 72 —£3 >0, 9.(7,&, ") has an isolated non-degenerate critical point at
(1,6) = (0,0,&/(7% = €)'/?),
and at the critical point u = u. one has
| det 92 (7, €, uc)| > (w7)* (1 +u?) /2,
[(9Z(7, € ue) ™V, Vi) T| < ;(1 +ug)*/? max 9],
for all Y(7,&,u) of class C?, where 9" denotes the Hessian matriz of 9.
with respect to u, and (-,-) is the Euclidean product in R3.
Proof. A direct computation gives
V.- = 7(1 + tan?(rag)) cosh(me) Va0,

and thus V,9. = 0 if and only if V,a¢9 = 0. On the other hand the critical points
of ag for a given (7,&) are solution to

TU3
u1:u2=0, 7263.

V1+u3

For 7 # 0, this equation is satisfied only if £2/72 < 1. In that case the solution is
given by u. as claimed. The Hessian matrix

97 = 2 tan(mag) (1 + tan®(rag)) cosh(re)Vag ® Vag
+ m(1 + tan®(mag)) cosh(me)ay,
at the critical point reduces to

19/5/(7-’ 57 uc) = ﬂ-(l + tan2 (7Ta0 <T7 ga uc))) COSh(ﬂ-E)a’g(T7 6; uc)7

with
1 0 0
a{)’(T,f,uc) = aO(T,f,uc) 0 1 0
0 0 1-— f%/TQ
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being the Hessian matrix of ag(7,&, ) evaluated at u = u. and we have accounted
for the identity aq(7, &, ue) = (12 — £3)1/2.
Proof of the inequality in (i). We write
2 7 2 2 $ 7\ 2
|Vuao(r, & u)|” = m{ul +uy + (U3 -~ Vitu ) }7

and observe that for 7 > 0, &3 > 0, 72 — ¢2 < 0 and all u € R3?,
‘ug — 5—3\/1—|—u2‘ > /14 u3 — |usl,
T

therefore (1 + u?)|Vyao(7, & w)|? > 729 (us), with ¢(us) = (/14 u3 — \u?,\)Q. The
function uz — (1 + u2)y(u3) is even and for uz > 0, it decreases monotonically
starting from the value ¢(0) = 1, and approaching 1/4 as us — +oco. Hence
(1 + u2)(uz) > 1/4 for all ug € R. This yields the claimed inequality.

Estimates in (ii). We compute

det af) (1, &, ue) = (12 — €2)%/2 )72,

and, for every function YT € C2,

02X+ 020 + = 02, 7|

T2—£§
7(1 + tan?(mag)) cosh(me)) (72 — £2)1/2
372

< Y1
= T s

(92 (7,6, u0)) Vi, V) Y| =

since 72/(72—&3) > 1. At last it is enough noting that \/72 — &5 =7/y/1+u2. O

Remark 16 (Non-relativistic limits). In the non-relativistic and weakly relativistic
limits, one has

ao (T, g, u) ~ anr,O(Ta g, u) =7 — §3u3,
and
G/O(T> 6? U) ~ aWr,O(T7 é-a U) = T(l + U2/2) - 5311/3,

respectively. In the first case (the non-relativistic limit), there is no stationary
phase point if & # 0, but the phase reduces to a constant (in u) when &5 = 0;
particularly, when &; = 0, all values of u € R? are either in resonance if 7 € Z or
not in resonance if 7 € Z, that is, the set R(7, £)|¢;=0 is not a closed surface. On the
other hand, in the weakly non-relativistic limit there is a non-degenerate stationary
phase point u. = (0,0,&3/7) for 7 # 0. Then, u. € supp xs(7, &, ), where xs is the
cut-off function introduced in equation of section |5} only if there is an integer
n such that 7 — £3/(27) € [n — §/3,n + §/3]. The Hessian matrix of the phase at
the critical point in the weakly non-relativistic case amounts to

I o (1,6, ue) = 77 (1 + tan® (Taw,0)) cosh(me) T

wr,e

where [ is the identity matrix. In a sense, the relativistic Lorentz factor removes
the degeneracy of the case £&3 = 0. The stationary phase argument developed here
applies to both the relativistic and weakly relativistic cases.
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Lemma 6.2. For any o € N§, a # 0, and any integer n > 0, there are polynomials

Tas Tayj, J =1,...,]c], and i) of one real variable such that
(82) 02 Ve = o (tan(mag)) cosh(me) (Vs ea)?,

o ,
(83) e_i’\ﬁsaﬁ"gei’wf = Z (iX cosh(me))’ ma,; (tan(rao)) (Vreao)®, A€ R,

j=1
(84) [0 [0me™]| < 7PN +uB) T, wesuppxs(rE ), A0,
where x5 is the cut-off function defined in equation (6§ .

Proof. The key observatlon is that agp is a linear function of (7, ¢), hence 8’8 a0 =0
for || > 2. Identities and (83)) are true for |o| = 1 and can be extended to all
a with |a] > 1 by mductlon As for inequality ([84] . Leibniz formula applied to the
function G, (), z) = 2"¢** with A € R and z € C, gives for any positive integer /,

DG\, 2) = ™ Ze: (:1) (N (™).

m=0
Because of lemma for u € supp xs(7, €, ) and € < &,
[¥e] < |tan(mag) cosh(me)| + | sinh(me)| < cosh(meg)/ cos(md/3) + sinh(wey),
therefore, for A > 0,
G (A 92| < 7N,
where ﬁEn)()\) is a polynomial of degree ¢ in A and with positive real coefficients.
Since |V eao(r, &, u)| < (14 u?)/2, lemma and identity imply
|07 Ve (T, &, u)| < ca(l + w12 for e € ]0,e0], || > 1 and u € supp xs(7, &, ).

The Faa di Bruno’s formula for 8376[1926”\195] = 02 ¢[Grn(X, ¥c)] amounts to the sum
of terms of the form

0L (A, 0e) 02D - - 0240,
where the multi-indices a1, ..., ay in the ¢ factors are such that 07, = aal 8?2,
and in articular, |aq| + -+ |Ozg| = |a|. It follows that

|ao¢ 19” z/\19 &n)(}\)(1+u2)\a|/27

where m()tn) is a polynomials of degree |af in A, with positive real coeflicients. ([
Next, we establish estimates for the integrands in equations . (Let us recall
that [|¢|; denotes the Schwartz semi-norms of ¢ € S as defined in appendix [A])

Lemma 6.3. Let g9 > 0 and § € (0,1) be fized and let a- and x5 be defined in
equation (@) and @ For every ¢ € S(Rs) . satisfying condition @, a € INg,
p € N}, and integer m > 0, there are constants CQ and Cy, ,, dependent on €o,and
0 but independent of m, such that

1o X(SP ¢) c o 1ol
0 [78} ) < CC(L+72 4 g2)tort s ||¢||2(m+£a )+lal+ol

1 2\m
(147 cos(mag)

m| qa 17X lp
(1+?) 677585[%}% ST @)t B g

sin(mac)
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uniformly in (1,€,u) and € € [0, 0], with £y, = min{l € No : £>m,, Vu: |p| <
la| + |p|} and £y, =min{l € No: £>n,, Yu: || <|a|+ o}

Proof. For a = 0 and p = 0, both inequalities follows immediately from and
lemma 5.4} For the first inequality with |a| + [p| > 1, the Leibniz rule yields

1o p(vb A /
hl—= )Xa” < Ca,pmax |07 0/ (

X
& {cos(wao )| max

cos(mag) | .o’

07 (05 P°| max |02 g

where the max are on multi-indices 5 € IN¢ and p’ € IN3 such that 3; < «; for all
i=0,1,2,3 and p, < p; for all i = 1,2, 3, and with constant depending only of «, p.
The function ag is linear in (7,£), hence 8f ¢ao = 0 for all multi-indices 3 with

18] > 2, while |0, ¢ag| < (1 +u?)Y/2 and
|65a0| S (1 +7’2 +§2)1/27 |a7"§a,5a0‘ S Ep, for aH p = ]Ng : |p| Z 1,

where ¢, = max{1,sup,, [0/v1+ u?|}.

Because of lemma near any point (7,&,u) € suppys, there is a unique
integer n such that xs = x((ap — n)/§). One can estimate the derivatives of
x((ap — n)/8)/ cos(mag) by means of a multivariate version of the standard Faa di
Bruno’s formula [28]. However, we observe that each factor 82 gag’ ap grows at most
like either (14 72 4 ¢2)'/2 or (1 4+ u?)'/? regardless of the order of the derivative.
Therefore it is sufficient to estimate the term in the Faa di Bruno’s formula with
the highest number of factors, that is,

o’ o

T,£7U

L, dy (z—n)/d
[cosz(;ao)} = (Vrguo) LZ'N {X(cos(wz) )L—ao L

where p = (3,p') € INj, and N = |u| = |B8] + |p’|. All the derivative with respect
to z are bounded because of the support of y and its derivatives as in lemma
Hence, for all 8 < « and p’ < p,

L)” < Cap(d)(1 +u2)\a|/2(1 + 72 4 g2)lel/2,

B ap’
Ore? {cos(wao

T,£7U

Assumption then gives

e ey

Lol 7 || ’
| < O, (7 4 @) E ()t max (00

)

where /, , and EN(LP are smallest integers larger than all the exponents 72, and 7,
for |u| < |al + pl, respectively. Upon multiplying by (1 + u2)™, one obtains the
claimed inequality. The second inequality follows analogously. O

The functions defined in have the following properties.

Lemma 6.4. Let ¢g > 0 be fixed, a. and x5 be defined in equation @ and ,
Lo, and Za’p be the integers given in lemma and m; = min{{ € Ny : £ >
Co.p, lpl < 3}, My = min{€ € Ny : € > by, |p| < j}. If P, € € [0,0], satisfies
condition (@),
(i) for any & € (0,1), 5. (4), T3 (), T¢(w), and T3, () defined in (71) for
1 € C$° are defined and of class C* for any ¢ € S(R?);
(ii) for any § € (0,1) and ¢ € S(R?), Z§ (9) = L5 o (¢) and I3 (¢) — L5 4(9),
pointwise as € — 0%
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(ili) for any é € (0,1), there exists a function Be, s : Ry x (R\{0}) — R4 such
that By (-, 7) € LY(Ry), Bey,s(A, 1) < Bey s(A, 72) for |11| > | 72|, and

1750 (6) (7,6, M| < Beg, s\ 7)1 +72 + €)™ 2|62, 410,

for all ¢ € S(R?), (1,&,A) € (R\ {0}) x R® x Ry, and € € [0,&0];

(iv) for a € N3, |a| > 1, ¢ € S(R?), and for any connected, compact set K C
R* with non-empty interior, such that T # 0 and |72 —£2 —n?| > 6k > 0 for
all n € Ny, (1,€) € K, there are 6 € (0,1) depending on K and functions
B iRy x (R\{0}) = Ry, such that B (1) € L' (Ry), BLy(A\, 1) <

€0,0 ° €0,0
B s m) Jor [n| 2 [ma], and 02T5.(6)(7, 6, M| < B (N, 7);
(v) for any multi-index o € N3, there is K& > 0 dependent on g9 and § such
that

10225 () (1. )| < Ko(L+ 72+ €)1 0 |6llz 4 a1
uniformly for € € [0,e0], for all ¢ € S(R3).

Proof. (i) We shall show that, for any ¢ € S(R?), the integrands in equations (71b)-
and their derivatives with respect to (7,&,\) are uniformly bounded by an
integrable function of u € R3 for (7,€) and A in a bounded set and for € € [0, &].
Then it follows that all integrals in equations are finite also when ¢ € C§°(R?)
is replaced by ¢ € S(R?), and the dominated convergence theorem allows us to
differentiate in the integral.

For the case of Z§_ and Zj ;, the needed uniform upper bound follows directly
from the second inequality of lemma with m > 3/2 and p = 0.

As for Z§ _, if ¢ € S(R?),

o208 [ei/\mﬂ} :agg[(iﬁs)”eikﬂgﬂ}

cos(magp) cos(magp)
. « - i X6P£¢
=" e P [ner=198 {7}
;a (ﬁ> e 2 e | o tman)
For any R > 0, inequality in lemma gives
a— n_i la—81
07 [02e74]| < Mpoon (14 0%) "5

for u € supp xs ((7’, £, )) and |A| < R. Then the first inequality proven in 1emma
with p = 0 gives

o gg e 2850 ]| ¢ Mo

85 )
(%) cos(mag) 1+ u2)m ||¢||2(m+éa)+‘a|

uniformly for € € [0, 0], (7,&, A) in the ball 72 4+ ¢2 + A2 < R? for all R, and with
o = Maxg<, !7[370. For m > 3/2 the right-hand side is integrable over R>.

(ii) The integrands in equations (71b))- are continuous for € — 07 and
the inequalities proven in lemma [6.3| with m > 3/2, @ = 0, and p = 0 imply
upper bounds by L! functions uniformly in e € [0,0]. Then, the hypothesis of the
dominated convergence theorem are satisfied and one can pass to the limit in the
integral.
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(ili) Let us first address the case Z§ _(¢) for ¢ € C§°(R?). Since Z§ (¢)(,¢, )
is continuous, it is measurable and integrable on compact intervals. We write

+oo

+o0 1
/ ¢ ()€ )X = / ¢ ()(r & A + / ¢ () (7 £ )
0 0 1

The first integral on the right-hand side is bounded by
du

/ P4
R2 s (1+u2)m™’

cos(mag)
in view of the first inequality of lemma with &« =0, p =0, and m > 3/2.
For the second integral, we estimate the decay in A of Z§ _(1)(7,§, ) by means
of the stationary phase formula.
For 7 # 0 and 72 — €2 <0, lemma shows that there are no stationary phase
points, and we have a lower bound for the gradient of the phase. The standard
stationary phase lemma [29, Theorem 7.7.1] gives

[0 20 ] < 5 ()
RS cos(mag) N et uVe

for any integer ¢ > 0. The right-hand side is integrable in A € [1, +00) if £ > 2. We
choose ¢ = 2 and lemma [6.1] (i) gives, for |p| < ¢ =2,

1 (1 + u?)*= el 16
|Vu195|22_|l’| - (7r7'/2)4_|l7| — g274-1pl
and lemma [6.3| with m = 4 and « = 0 implies that, for |[p| < ¢ =2,
p|: X§P6¢ ])< 166’O
“Leos(magp)

Gl £ o1+ + €00 g7 [

p[ Xo Py H)

“Leos(magp)

(1+u?)?,

1

» Co.pH1ol/2)1 |-
= 71_27_4 lp |(1+ +£ ) 0-p H’lr/)||2£01p+|p|+8’

which in turns yields

’L)\’l9 X(;] Ew ‘ / 2 2\mo+1
<B A 1 + 2 7 .
’AS COS 7Ta()) du| < 60,6( 57—)( +T € ) ||1/}H2m2+10

where
].GCSP’Q C(():’p
B, s(A\T) = TZ\2 Z Aol Azl
[pl<2

Since by definition ma < my this proves the claim for 72 — £3 < 0.

For 72 — ¢2 > 0, there is an isolated non-degenerate stationary phase point
u = u.(7,€) as shown in lemma In this case, the stationary phase lemma [29]
Theorem 7.7.5] gives

l—1
‘/ ixo. X5 Py el (< | det(ADZ/2m)| "2 > AT |Ljr e ()]
R3 Jj=0

cos(mag)
/
c
sp,l o
+ 3\ E sup |0f
lo|<2¢

[ Xéps'd] ]"

cos(mag)

where the Hessian matrix 97 and L, ; ¢(1) are differential operators acting on
and evaluated at the stationary phase point u = u.(7,§). We seek an upper bound
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in L', hence it is sufficient to choose ¢ = 2, and we have

. Xépsw
Lo,r,g(d’) - W’

i Pt
Ll,‘r,§ (w) - 2 <(’l96) v“’ Vu> |:COS(7TGO)] ’

evaluated at (7,&,u) = (7,&,u.). Using the results of lemma (ii) together with
the first inequality of lemma [6.3] yields

|Lo.re(¥)] 1 5/4 Xs P
T, < 1 XoTeW
| det(9/)|t/2 — (71'7')3/2( ) COS(TFG())’

Co(L+ 72 + &)™ [[¥||2mo+4,

1
=~ (w7)3/2

|L1,T,E(’(/})| < 3/2 ‘(1_’_u )11/4aﬂ|: Xﬁﬁew H
)

|det(92)[1/2 = (m7)5/2 1812 cos(mag

3 m
S( /)6/202( +T2+§2) 2+1||¢H27712+87

and

cos(magp)

‘ < 04 1+T +§ )m4+2||¢||2m4+47

where C;j = max|,|<; CO p» J € No. Therefore,

Z)\’I9 X§ 9 2\t s
d ‘ < A, 1 4T3 - ,
‘ /Ra cos(mag) 06 AT+ 7745 19l 2mat8

with

2m\3/21  Cy 3 Cy 1 C

;,0’6()\77-) - (7) [(7‘(7’)3/2 + 2 (m7)5/2 A + )\7;1’ Az,

with the constant C} depending on § and &. At last we can combine the estimates
obtained in the three cases by defining Be, s = B., s+ B. s for A > 1 and extending
it to a constant for A € [0,1]. This gives the claimed estimate for ¢ € C§°(R3).
Then we observe that for any (7,£,A) with 7 # 0, the map ¢ — Z§_(¢)(7,§,\)
defines a linear functional on C§°(IR?), bounded by a Schwartz semi-norm. Since
C§°(R3) is dense in S(R3) the inequality remains true for ¢ € S(R3): given a
sequence ; € C§°, i € N, converging to ¢ € S(R?) in the topology of S, inequal-
ity with o = 0 and n = 0 shows that [Z§ _(v:)| = |Z§ .(¢)|, while by definition
of convergence we have ||1;||; — ||¢]|;; then we can pass to the limit ¢ — 400 on
both sides of the inequality.

(iv) First, let 1 € C§°(R?). From (i), we have that

a o (€7 a—PBT_ix0:.7 9B X6P5¢
8 5165( )(Tafv)‘)—l %(5) /]R3 aT,E [e ]87,5[008(7“10)}&”

We exploit the second identity in 1emma@for the factor 8(:25 e\ with the result
that

e

02T () (7,6, M) Z)\Jcosh () / eMeihs (7, €, u)du
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where 15 . ; are combinations of polynomials in tan(wag) and (7,&)-derivatives of
the function xsP.t/ cos(mag). The assumption states that (7,€) varies in a con-
nected, compact set K with non-empty interior, therefore the continuous function
(1,€) — 72 — €2 maps K into a closed interval [c1,ca] C R. The assumption with
n = 0 also implies that |72 — £3]| > Jk, hence zero is not in the interval, that is,
either ¢; < ¢3 < 0, or 0 < ¢; < . In the first case, 72 — fg’ < 0 and lemma
established that the phase 9. has no critical points. In the second case, let ng € INg
be the unique non-negative integer for which

ng+0x <70 =& < (no+1)? =k, (1,6) € K.

We have shown in the proof of lemma that ao(7, &, uc.) = /72 — £3 is the value
of ag at the stationary phase point u.(7, ). If n. € {ng,no+1} is the closest integer
to ao(7, &, uc), we find |ao(7,&, ue) — nc‘ > ¢(dx ), and for any n € Z,

’ao(Tagqu) - n| 2 ‘ao(T,f,Uc) - n(J’ Z C(6K)

We can now choose 6 sufficiently small that §/3 < ¢(dk ), which depends only on
the set K, and we obtain xs(7, £, u.) = 0: there are no critical points of the phase in
the support of xs for (7,£) € K. We can then apply the same argument as in (iii) in
order to show that each of the integrals on the right-hand side decreases like 1/\¢ for
all positive integers £ and since (7, £) varies in a compact set K we obtain the claimed
inequality with functions Bé?}a depending on sup{(1 + 72+ £2): (7,€) € K} and
the Schwartz semi-norms of 1. Then the inequality can be extended to ¢ € S(R?)
by choosing a sequence v, € C§°(R?) converging to ¢ in S(R?).

(v). The derivatives of Z§_(¢) for ¢ € S(R?) are estimated by the second
inequality in lemma with p =0, and m = 2. (]

We conclude this section with the proof that the functions defined in equa-
tion are of the form . The function in the following lemma are defined in
section Bl

Lemma 6.5. The functions e‘i’m“I)jPjE and e~ ™% ; P satisfy condition @)

€ €

Proof. The considered functions are all defined as integrals in A over a compact
interval and with smooth integrands, hence they are of class C*°. As for the
polynomial-growth estimate, the derivatives of any

F.e{e7™=®,P*: j=1,2,3}U{e ™ V,;PE: j=1,2,3}
are given by
OMF (1,6, u) = /027T HM(T,f,u,/\)ei()‘fﬁ)afiéd/\,
where C~(T7 & u,A) = (Srur +&oug) sin AF (§aur — &1uz)(cos A — 1) and 11, is a linear
combination of monomials of the form
Mt euP N (cos \) 2 (sin M)*3,

for m € Z, a, 3 € N3, ¢; € Ny. This can be checked directly for p =0 and |u| =1,
then extended to all u € INJ by induction. We also have that I1,, is independent of
e. For A € [0, 2] we readily have

g X (cos )2 (sim A)e| < (2m)% (147 + €2)(EH1aD/2(1 4 42)mH 18072,
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and (since we have chosen k = 1)
|ei(’\_”)af_i5| < €™, for A €0,2n],

hence
‘3#F8(7-’§7u)‘ S CF,Mewg(l + 7_2 + 52)7711?‘,4,(1 + u2)ﬁF’“,

with constant Cr,,, and exponents mp ,,r,, depending on the specific function F'.
This is the claimed inequality if € € [0, eg]. By means of the same identity one can
also check continuity of all derivatives for € — 0, since

27
’0“F5(7'7§,u) - a“Fo(T,g,u)‘ < / ’HM(T,E,u,)\)‘ . ‘e_(’\_”)s - 1’d)\
0

S OF7H(Ta€7u)‘eWE - 1|a
and thus, as e — 0%, O*F.(1, &, u) — O*Fy(7, €, u) pointwise. O

Remark 17. This induction argument has the advantage of avoiding lengthy calcu-
lations, but does not allows us to compute the exponents Mg, and fiF, explicitly.

APPENDIX A. NOTATION AND BASIC DEFINITIONS

Positive integers are denoted by N = {1,2,...} and natural numbers by Ny =
IN U {0} including zero. Integers including zero, reals and complex numbers are
denoted by Z, R, and C, respectively. Strictly positive real numbers are denoted
by Ry = {z € R: z > 0}. We use the standard multi-index notation, a multi-index
of dimension n € IN being an element & = (o, ..., ay) € INj. The length of a multi-
index is |a| =Y, a4, and for x = (x1,...,x,) € R", we write % = 7" --- 2% and
o2 =010

As usual C*(R™) denotes the space of k-times continuously differentiable func-
tions of n variables, C*°(R™) =, C*(R").

Definition 1. We denote by Cg°(R"™) the space of functions u € C*°(R"™) that
are bounded with all derivatives bounded, that is, for every o € INjj there are real
constants C, > 0 such that |0%u(z)| < C, uniformly.

We work with tempered distributions on R™. As usually we denote by S(R")
the Schwartz space of rapidly decreasing functions on R™. Those are functions
p € C°(R™) for which

sup ’x“&?gp(xﬂ < o0.

zcR”
Semi-norms in S are defined by

lol; = max sup [2°0%(@)], j e No.
| +IBI<) zeRrn

(With the condition |«| + |8] < j, instead of equality, these are actually norms.)
The countable set of semi-norms gives the Schwartz space the topology of a Fréchet
space and its topological dual §’'(R™) is the space of tempered distributions, namely,
the space of continuous linear functionals u : S(R™) — C; the action of u € §’ on a
test-function ¢ € S is equivalently denoted by (u, ¢) = u(p). In this case continuity
of a linear functional u means that there exists an integer j > 0 and a constant
C; > 0 such that |(u, )| = [u()] < Clll;-
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We also note that for any ¢ € S, for every m € R, and 8 € IN¢, there is a
constant Cy, g > 0 such that

(86) (1+2*)"[0p(2)] < Cinp

uniformly in z. For m < 0, this inequality follows from (1 + 22)™ < 1, while for
m > 0, one can observe that (1 + 22)™ < (1 + 22)! for any integer [ > m, and use
the multi-nomial formula.

The Fourier transform of a function ¢ € S(R™) is defined by

2 = [ o) an,

The Fourier transform F : ¢ — ¢ is continuous from § into itself and extends to
S’ by duality. Specifically, this means

() = u(P).
That 4 is a continuous linear functional follows from the continuity of u and of the
Fourier transform ¢ — ¢. For a function o(t,z) in S(R'*?) of physical time and
space (d = 3), we write

Pl k) = / o(t, 2)e R dtd,
]R1+d

where, w € R is the angular frequency and k € R? is the wave vector.

Definition 2 (Fourier multipliers). Let a € C(R™) and m,Cy € R, be such that
la(€)] < Co(14€])™. The Fourier multiplier with symbol a is the continuous linear
operator on S(R"™) defined by

1

Agla) = FH P () @) = o [ e Sale)a(epie,

where the inverse Fourier transform is an absolutely convergent integral, and the

integrand has partial derivatives in z of order k bounded by the L!-function & —
[€[*a(€)]|5(€); hence, A: S(R™) — Cp°(R") C S'(R").

If in addition, a € C*°(R™) with all derivatives bounded by
|0ga(§)] < Ca(1+ [ED™,

for all ¢ € R™ and o € INjj, with constants C,,m, € R depending only on «,
then for any ¢ € S(R"), ap € S(R"™) and the inverse Fourier transform gives
F~ap) € S(R™). Such operations are continuous on S. Hence, the corresponding
Fourier multiplier defined by a is a continuous linear operator form S(R™) — S(R"™).

Fourier multipliers are relevant to the case of a uniform plasma equilibrium.
Specifically, the high-frequency component of the current density induced in a uni-
form plasma by an electromagnetic disturbance is related to the electric field of the
disturbance by a Fourier multiplier.

APPENDIX B. PROOFS FOR THE CASE STUDY OF SECTION

Proof of proposition[2.1 With an initial condition uy in Cg°, the solution of this
problem is

u(t, x) = up(x) —|—/0 v(s,x)ds,
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and we have u € C®(R*9). In addition, u € C{°(R*9), thanks to v € S.
This follows upon considering the derivatives 9f9%u(t,z). For ¢ > 1 one has
oLocu(t,x) = 8 to%v(t,z) with v € S(R'TY), while for £ = 0 and for every
m > 1/2 we have
|05 u(t, )| < |0Sup(x)| + sup |(1 + 52)m8§‘v(s,x)| /+Oo L,
B seR —00 (1 + 82)m
with 0%ug bounded by hypothesis.
The initial condition

up(z) = /0 v(s, z)ds,

— 00

belongs to S(RY) and thus to Cf°(R%). The corresponding unique solution in

O (R1) is
u(t,z) = (/_OOO +/Ot)v(s,x)ds = /_too v(s, z)ds.

For every integers £ > 0 and ¢ € R, d{u(t, ) € S(R?) and u satisfies the condition
limy— oo u(t,z) = 0. As for the uniqueness, if u. € Cg°(R?) is another initial
condition such that the limit for ¢ — —oo of the corresponding solution vanishes,
then

0= u.(z)+ /0—00 v(s, z)ds = u. () — up(x),

which shows that u, = ug. Since, in particular, u € L>®(R!*%), it defines a tem-
pered distribution by integration,

() = [ ult)e(tadeds, o€ SR,
R1+d

The continuity of the map ¢ + (u, ) follows for m > (1 + d)/2 from

|1+ 3> 0(y)| @

< oo 77
[(u, )| < [lullL (Ri+d) SU rita (L+y2)m

p
yeRI+d
and, if m > 1/2 is an integer,

sup |(1+ %)™ 0)| < Cllellzm,

yERI+d
On the other hand,
—+oo
lu(t, z)| < sup |(1+ t*) v(t, z)| _ds w>1/2
T er T e (M s ’

and thus

+oo dS 9
| 00 < —_— su 1+t ou(t, x)|.
im0+ @)
Since, if we choose > 1/2 in N,

sup ’(1 + t2)“v(t,x)| < sup ‘(1 + 12 + 2?)F(t, x)‘ < Cullvlli2u,
(t,z)eRI+d (t,x)eR1+d

we have
lull g (ivay < Cullvllz,  and  [{u, @) < Ko pllvllzglielizm,
for m > (1+d)/2 and p > 1/2, both integers. O
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Proof of proposition[2.2 1If u is a solution in S’ of the damped equation, its Fourier
transform satisfies
—i(w + )i = 0.
For v > 0, this has one and only one solution
O0(w, k
0¥ (o, k) = K]
w+w
and we have ¥ € S(R!'*%) since (w + iv) ™™ is smooth and polynomially bounded
for w € R and for all integers n > 0. Hence, its inverse Fourier transform belongs
to S(R'*T4). We recall that
uy(_tv —,I) = (277)7(1+d)’&u(t7 CC),
so that, if (¢, z) = p(—t, —x),
(u”, ) = ((2m)" "+ Dar, g) = (@, (2m)~HD ).
Let us introduce, for any ¢ € S(R'*4), the function ¢) € S(R) given by
9w) = @m0 [ o, kg, k)

RA

wh = [ D,

w + v
However, the sequence {u”},cgr, is not bounded in S. In order to take the limit,

we use the identity
i too
i :/ ez(w—i—w)tdt’
W+ 0

and note that the function (¢,w) — @)%} (w) belongs to L' (R, x R) so that,
by Fubini’s theorem,

‘We deduce

(u”, ) = /O+OO e‘”t(/+oo et (w)dw)dt

— 00

+o0o
:27r/ e Vip(—t)dt.
0

Also the Fourier inversion theorem gives

I
b(t) = o e” "M (w)dw
1ot .
= — e_“"t/ d(w, k)(2m) " HD G (—w, —k)dkdw
27T — 0 R4

1 T it i(k t)
= W/_Oo e Ad Al+d€ 1 1 ’U(tl,xl)dtld{l}l

y / eJﬂ'(lmcsztz)sa(tz7 x9)dtodrodkdw
R1+d

+oo
= 2/ e_“"t/ e“mlv(thwl)dtl/ e W2 p(ty, 21 )dtodry dw
R1+d R

= — vt z1)p(t’ —t,z1)dt dxy,
21 JRi+a
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and this yields

o0
(u”, p) = / / e Vot x)p(t + 1, x)dt dedt”.
0 R+

By the change of variables t =t — s, t’ = s, one has

t
(u”, ) :/ / 67”('575)11(5,x)go(t,:c)dsdtdx,
Ri+d J oo

which shows that the distribution u” is regular and equal to the C*° function
t
u”(t, x) :/ e Vt=3)y (s, x)ds,
—0o0
as claimed. In addition, e=*®*=%) < 1 for s € (—o0,t], and with u defined in
proposition 2:1]

t
lim (u”, ¥) :/ / v(s, z)p(t, x)dsdtdx = /u(t,:c)cp(t,x)dtdx,
Ri+d J—co

v—0t
for every ¢ € S(R'*?), that is,
u’ —u, in S (RYY),

and the limit is the causal solution of proposition 2.1} O

APPENDIX C. CAUSAL SOLUTIONS OF LINEAR KINETIC EQUATIONS

Let Q be a domain in R? and ¢ € C®(R x Q). We denote ¢; = ¢(t,-) and
assume that
(i) ¢t : Q — Q for every t € R,
(ii) oo = Id is the identity map on €,
(iil) @rrs = @1 0 @5 for every t, s € R.
(iv) For any multi-index o € IN% there are constants C,m € R such that

|03 ¢u(@)] < C(L+8 + Jpu(2)*) ™
Remark 18. In condition (iv) the case @ = 0 is excluded because, for a = 0,
loe(2)] < (1+ 82+ |pi(2)]?) "2 for any map ¢, and the inequality in (iv) is trivially
verified.

As a consequence of properties (i)-(iii), {¢¢ : t € R} is a one-parameter Abelian
group of diffeomorphisms of Q. Particularly, ¢, L = ¢_,. We can associate to oy
the autonomous vector field X € C*(Q, R?) defined by

dpi(z)
X(z) = 2P0
(87) (2) 7|
and, with = = p;(x¢) for every zy € Q, we have
dps d der(z0)
X(@t(ﬂfo)) = ds(%(J?o))L_o = %th-"—s(mo) o =T a0

which shows that the orbit z(t) = ¢:(zo) of the group solves the Cauchy problem

dx
I = X(x), z(0) = xo,
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globally in time and for every initial point o € €. While conditions (i)-(iii) are
standard properties of flows of autonomous vector fields, condition (iv) is specific
to the application considered here. An example of flow satisfying condition (iv) is

(88) pr(x) = A(t)z,
where A(t) is a d X d matrix satisfying suitable conditions.

Proposition C.1. If the matriz-valued function A € C®(R,R4*%) is such that,
A(0) =1, A(t+s) = A(t)A(s) and, in the norm induced by the standard Euclidean
norm in RY,

[A@®)| < O+ )™,
for given constants C,m > 0, then the map satisfies conditions (i)-(iv) above
with Q = RY.

Proof. Condition (i) is true because of definition (88), while (ii) and (iii) follow
directly from the assumptions. As for condition (iv), since the flow is linear in x
the spatial derivative vanish for |a| > 2. For |a| = 1, condition (iv) is implied by
the polynomial growth of A. O

Remark 19. Both the characteristics flow of the kinetic equation considered in
section [3] and [B are of this form.

In this section we consider the linear advection equation
(89) Of+X -Vf=g, inRxQ,

with given source g € S(R'*?). By construction the orbits of the group are the
characteristics curves of and exist globally in time.
We define the function

(90) ft,x) = / g(&nptils(sc))ds, (t,z) e R x Q,

— 00

for which we prove the following.

Proposition C.2. Let ¢ be a map satisfying properties (i)-(iv) above. Then, for
any g € S(RYY) the function f defined in @) belongs to C°(R x Q) and is a
classical solution of the linear advection equation .

Proof. First we observe that, for every t € R the function s — (1+3s2)/(1+(t—s)?)
is in C*°(R), strictly positive, tends to 1 for s — +o00, and for ¢ # 0 has two critical
points at s = s1 = (t & (t> + 4)'/?)/2 that correspond to a local minimum and a
local maximum depending of the sign of t. The local maximum, in particular, is
also the global maximum and thus
(1+5%) <1+ (t—5)%),

uniformly in s. The constant C; is the value of the function at the maximum
which is C; = [4+ ¢ + [t|(4 + t2)V/2]/[4 + ¢* — |t|(4 + t*)/2]. The trivial case
t = 0 is included with C; = 1. The substitutions s — s/a and ¢ — t/a yield
(a® + s%) < Cya(a® + (t — 5)?), for all a # 0. Explicitly, Cy/, = (£ + [t])/(& — |t])
where £ = v/4a? + t2; this is a monotonically decreasing function of £ in the interval
[vV4 + t2, +00) corresponding to a > 1, and the maximum is exactly C;. Therefore,
for every a > 1,

(91) (a® 4+ 5%) < Cy(a® + (t — 5)?),
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uniformly in s € R and the constant is independent of a.
We now apply this inequality to the function . After the change of variable
s’ =t — s, we have

+oo
ft,x) = / ot — o', o5 (@) ds.

We shall show that all derivatives 079 [g(t — ', ' (z))] are uniformly bounded
by L'-functions of s. If this is the case, repeated use of the dominated convergence
theorem gives f € C°(R x Q) with all derivative bounded as claimed.

In the case a = 0, for any real k£ > 0 and for any integer n > 0, we have

0o 1 A+t + e @) ) [org(t — s, 05 (@)

|8t g(t S, Ps (17))| = (1+(f—s)2+ |<,0;1($)|2)k
U9+l @) 07 g(t — 5,07 (@)
- (14 (t—s)2)*

and since g € § inequality gives

c
|07 g(t = 5,07 (2))] < AT i—sDF

with constant C' independent on s and s +— (1 + (t — s)?) "% is in L! for k > 1/2.
With n = 0, this also shows that f(¢,z) is bounded.
Including spatial derivative requires condition (iv). In the case |a| =1,

0703 [g(t — s, 05 ()] = 00 (@) - (07 V) (t — 5,05 (x))
< d- 03 ¢—s(@)] - max (07 0z,9) (t — 5,05 ()]

Hypothesis (iv) and the estimate give, for every k > 0,
05 p—s(@)] < C(1+ 5" + | (@)™
< Ci(1+(t =)+l @)™

(L (= 92+ i ()
SR (s

Proceeding as before, we choose k > 1/2 and obtain that the first-order derivatives
are uniformly bounded by an L!-function.

The case of general « is complicated by the form of the chain rule. However, the
same argument can be applied to the explicit formula for the multi-variate chain
rule (Faa di Bruno formula) which is linear in the derivatives of g and polynomial
in the derivatives of .

The fact that f is a classical solution of can be checked by substitution. O

If the flow is polynomially bounded, we can deduce that f, viewed as a distribu-
tion on 2, has finite moments at all orders. This is a consequence of the following
result.

Lemma C.3. Let ¢ satisfy assumptions (i)-(iv) and g € S(R**?). In addition
let us assume the there are n € Wg and C > 0 such that |p(x)| < C(1 + 22)7,
uniformly in R x Q. Then, p-0t08f(t,-) € L>(2) for every polynomial p = p(z),
l € Ny and o € INg.
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Proof. 1t is enough to show that |z|*0L0% f(t, x) is in L>(Q). Since z = ¢, (@5 (),
jz]® < CF(1+ [og H(@)|)™ < CP(L+ (= 8)* + | (@)1,

and

+oo
kﬂﬂf@ﬂw\§<?klg (L (t - 9)° + |97 @) 2P 002 [g (t — 5,077 ()] ds

teo ds
<C m,x 71 /14 \9\
- “”A (+ (=2

where the derivatives of g are estimates as in proposition [C.2] 4

The function is referred to as the causal solution of equation .

APPENDIX D. THE HILBERT TRANSFORM AND ITS ACTION ON SYMBOLS

The Hilbert transform is defined by
1 ?(y)
H(o)(@) = p. [ 2
for a function ¢ € C§°. It has the following properties, which we state without
proof.

dy = —(pv.2) % 9(a),

Proposition D.1. The Hilbert transform H defined above is extended to functions
in S(R) through the equality

HO)@) =+ [ 5[0t =) — ol + w)]du

7 Jr 2u
Moreover, it extends to an isometry of Sobolev spaces H*(R) through the equality
H(u) = —isgn(€)a,  Yue H*(R),
for every non-negative integer k. Particularly if u € S(R), then H(u) € H>*(R).
With v > 0, G € S(R), and ¢ € S(R?) let us consider the integrals

— [ G — [ _owk)
Avlw, k) '_/Rw—k;v—kiudv’ Bu(v.k) = R W — kv +iv

that involve the same denominator as in .

i

Lemma D.2. Let G € S(R), ¢ € S(R?), and v > 0.
(i) There are constants Cy4 ;, j = 0,1, depending on G, such that for k # 0,
|4, (w, k)} <Cy0+Canr/lkl,

v—0t 1

Ay, K) 225 © [w?—l(G)(w/k) —inGw/k)].
(ii) For any integer m > 0 there exists a constant Cg, depending on ¢ and m,

such that
|B, (v, k)| < Cp(1+ k)™,

v—0t

By (v, k) =——— —nH(o(, k)) (kv) — imp(kv, k).
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Proof. Let G € S(R) and ¢ € S(R?). For k # 0, define the two functions Gy and
G1 by

GO(%?
w
k

UGl( )

u) =3 [G(f —u) +G(%
W) = 62 - 0) - 6(% +u).
Similarly, for all (w, k,v) € R? we define

do(kv, @, k) = =(¢(kv + @, k) + p(kv — w, k)),

w1 (kv, @, k) = [(;S(k:v Y, k) — blkv — @, k)} .

N = DN =

We observe that,
(92) Go(,w)| < MIGllo, 1+ &)™ |po(kv, @, k)| < [[]|2m-
The first inequality follows directly from the definition of Gy, and we have

(14 E*)™|¢o(kv, @, k)| < = [(1+ (kv + @) + k*)™|p(kv + =, k)|

+ (1 + (kv — @) + k*)"|¢(kv — @, k)|] < [|6]l2m-

N |

Moreover,
Gi(5, )| < NGl A+ K)o (kv, @, k)| < [0]l142m,

and this can be proven by Taylor’s formula and

|G1(%,u)

1
5/ |G/ (% + Au)|dA < sup |G (v)],

| =

(L+E*)™|¢1(kv, @, k)| < 2/ (1+ E*)"|0uo(kv + Ao, k) |dA
sup [(1 4 (kv + Aw)? +k2)m’3w¢(kv+)\w,k)|].

When |u| > 1 we also have, for any M € INo,

G < 3166 — ) + |GG + )
1

<5l
2 L2

1 1 2\M
—u)2)M + (1+(%+U)2)M] sup [(1 +v ) ‘G(’U)H,

and, analogously, when || > 1,

(1+ k2)7n|¢1(kv’w’k)‘ < %[(1+(kviw)2)M + (1+(kv£w)2)M]
x sup [(1+w?® + k)M g (w, k)]
Therefore,
(93) |G1(%,u)| < G5 (%), (14 k)™ ¢1(kv, @, k)| < ¢} (kv, @),
where
1Gl1, uf <1,

I(%au) = {1 1
2 [(1+(%_u)2)M + (1+( +u ]HGHQMa ‘U| > 1.
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and

* ¢ ms w S 1,
#1 (kv, @) 3:{” ez 1 1 il

1
5[(1+(ku—w)2)M + (1+(kv+w)2)M]||¢||2(M+m)v |w| > 1.

For M > 1, one has G}(%,), ¢} (kv,-) € L'(R) with

:CM,Gv

dt
A Oy
(1+t2)M M,m,¢

IGi(2. Mo < 216Gl + 1l |

(94)
163 kv, Mzt < 20 lsam + [6ll2arsm) /R

where Cj ¢ is a constant depending only on the Schwartz semi-norms of G and
the integer M and Cism,¢ depends only on M, m, and the Schwartz semi-norms
of ¢.

Then, one has the identities

Go(2 G+ (2
Ay (w, k) = / O(k»k)u++uwl(k’“)du,

(0, k) /¢Okvwk + wor (kv,w, k)
w + v

dw

As Gy, G; are even functions in u, and ¢g, ¢1 are even functions in w, one deduces

2,,2 w o w
kA, (w, k) :/ FuG(E,w) — ikvGo(fw) )
R

k2U2 + v2

2,2 w w
:/ k*u Gl(k7u)du_ik/ GO(k’Vt)dt,
R

k2u? + 12 k22 +1

/ @201 (kv, @, k) — ivey(kv, @, k)
(v, k) 5 5
we+v

/w2¢1kvwk /d)okvvtkz
w? + 12 241

dw

’ > are uniformly bounded by 1. Moreover, t —

We observe that k2u2+1/2 and wZFV
is in LY(R), and for k#0,t— belongs to L'(R), with the values

dt _
R =41 — 7 and f]R k2t2+1 =%

Then estimates ., and (94) give
kAL (w, k)| < IG1 (5, )Ier + 7lk][Gllo < Carg + 7kl Gllo,
(L + &)™ By (v, k)| < (197 (kv. )l + 70ll2m < Cortmog + 7] 6ll2m-

As for the limits of A, and B, as v — 0T, estimate and (93 with M > 1
imply that the integrands are bounded by an L! function uniformly in v. Then the
dominated convergence theorem allows us to conclude that, as v — 07,

1
t2+1 k2t2+1

kA, (w, k) — / Gl(%,u)du —inGo(Z,
R

k 0)7

B, (v, k) — / o1 (kv, @, k)dw — ingo(kv,0, k).
R
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Upon accounting for the definitions of Gy, G1 and ¢q, ¢1 that reads

kA, (w, k) = 7H(G)(w/k) — irGo(w/k,0),
B, (v, k) — 77r’H(¢(~, k))(kv) —ind(kv, k),

as claimed. O

APPENDIX E. A USEFUL LINEAR ALGEBRA RESULT

In this appendix we establish a linear algebra result which constitutes a key step
in the proof of the results in section [4

Lemma E.1. For any integer £ > 0, the matrices

0 ) 0 0
—il 0 21 0o ...
Ay = 0 —i(t-1) 0 3i .| g DX+

0 0 —i(t—2) 0

are diagonalizable with integer eigenvalues {(2s—¢) : s =0,1,...,¢}. Forz € C\Z,
Ay — z is invertible and

|(Ae = 2) "M < (£+1)%2°/6.,

where the norm | - |y is induced by the L*-norm on C**' and 6, = min{|z —m| :
m € Z}.

Proof. The map i; : C**! — C(T), T = R/(27IN), defined by

0
v U(9) = wr(cosd) (sing)",

r=0

is an linear embedding of C**! and becomes an isomorphism when restricted to its
range. Injectivity in particular holds since, if x € C**! is such that U = i;(z) = 0,
then for any R >0

¢
R'U(¢) = Z zoul"ul =0,
r=0

uniformly for (uy,us) = (Rcos ¢, Rsing) € R2. Since monomials u‘~"u} are lin-
early independent, we deduce x = 0 and thus ¢; is injective.
A second embedding is iy : C*T! — C°(T) with

¢
v V(p) = szei“_zs)qﬁ,
s=0

which is injective since the exponential are linearly independent.
We claim that iy,is have the same range i.e., V; = iy (CH1) = ip(CH1). In

fact, i1 (C*™!) is spanned by functions f,(¢) = ( cos gb)zfr(sin #)" while i (C**1) is
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spanned by g,(¢) = €(*-2)¢_ On the one hand, the binomial formula gives

1:0) = G (0 4 em9) 7 (0 — ooy’

2(
2Z m=0n=0 m " 7
and thus
¢ (—i)" C—r\(r
o=t =55 > cr( (),
5—0 (m,n)eX(r,s)

where the last sum is over the set of indices
X(r,s)={(m,n): m=0,....4—r, n=0,...,7, m+n=s}

On the other hand,
gs(¢) = tt=29)9 — (cos ¢ + isin gb)eis (cos¢ — ising) *

o [ [

m=0n=0
or

‘
omen(€—7T\ (T
gs(¢) - ZSTsz'(¢)7 Srs - Z 1 ( m ) <n>
r=0 (m,n)eX(s,r)
In summary, we have obtained that

¢ ¢
fr = ZTsrgs; gs = Zsrsfrv
s=0 r=0

hence for any ¢, {f.}¢_, and {gs}’_, span the same linear space V;. The matrices
(Ts,) and (Sg,) correspond to the linear operators
T=iy'oi :CT - O, S=ijtoiy: C — ¢
At last, let us introduce the differential operator
B = z% : C®(T) —» C(T),
for which a direct calculation shows that
¢

Bo Zl(it) = Z(Azx)rfr(¢)

r=0
This means that B can be restricted to operators from V; — V; and
(95) Ag =i oBoi.

On the other hand
¢

(96) Boi(v) =) (25 = 0)v,gs(0),

s=0

that is, the operator igl o B ois is diagonal with eigenvalues (2s — £).
For equation it follows that

Ay=i7'oBoiy=So(i 0oBoig)oT,
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which shows that A, is diagonalizable with eigenvalues a = (2s — ¢) for s =0, ...

Therefore if z € C\ Z, then Ay — z is invertible and
(A —2)"'=So(iyto(B—2)"toiy)oT,
hence
(97) (Ac =271 < ISh - liz o (B — 2) o ialy - [Ths.
We claim that

(98) iz o(B—2)"toish <67, Th<(E+1), ISk < ((+1)2.

65

If this is true, then inequality (97) becomes |(A; — 2)71|; < 2(¢+ 1)?/6., which is
the claimed estimate. Therefore, in order to complete the proof it is sufficient to

show that (98] holds.
From (96)), one deduces the expression for the inverse,

¢
—2)toi N U i(e—29)¢
(B —2)" " oiy(v) ;23—6—26 ,

and thus, in the L'-norm,

liz' o (B —2)"toiy(v Z 25 — |US|

The definition of 4, implies
|2s — ¢ — z| > 6, = min |z — m)|,
meEZ

so that
_1y m
—1 1 1
(99) lis o (B —2z)"" oig(v (57 E:O

or iyt o (B —2)"'oia|; < ;1. As for the linear operator 7,

1 S0 o=\ /r
|rgr|s2€n;)§( - )()

and for the last sum we can use the identity,

(a+b) = (a+b)(a+b)" ZZ( >(>emnbm+n

m=0n=0

which for a = b = 1 and together with the previous inequality implies |Ty.| < 1;

then

14 14 4 4
(Taly = 30| 3 T < 307 Tollo] < (€4 Dfah,

s=0 r=0 s=0r=0
or [Ty < (£ +1). Analogously for S,

S S e o I

m=0n=0

and |S]; < (£ +1)2°
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