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CONVERGENCE OF IPDG FOR COUPLED TIME-DEPENDENT
NAVIER-STOKES AND DARCY EQUATIONS

NABIL CHAABANE, VIVETTE GIRAULT, CHARLES PUELZ, BEATRICE RIVIERE

ABSTRACT. A numerical method is proposed and analyzed for the coupled time-dependent Navier-
Stokes equations and Darcy equations. Existence and uniqueness of the solution is obtained under
a small data condition. A priori error estimates are derived. Numerical examples confirm the

theoretical convergence rates.

Keywords: multiphysics, error analysis, Beavers-Joseph-Saffman

1. INTRODUCTION

The coupling of free flow and porous media is an important model problem arising from several
fields, such as energy, environment and bio-medicine. While the case of coupled Stokes and Darcy
equations has been extensively studied mathematically and numerically (see a non-exhaustive list
in the introduction of [6]), the case of coupled Navier-Stokes and Darcy equations has been the
subject of very few publications. We refer to [15] for the steady-state coupling; both existence and
uniqueness of a weak solution are proved and a priori error estimates for a numerical error are
derived. Other related works are [13, 14, 2, 9, 10].

This article is dedicated to the numerical analysis for a discretization of the time-dependent
Navier-Stokes equations coupled with Darcy equations. The interface conditions are the Beavers-
Joseph-Saffman conditions. To our knowledge, the only previous publications on the time-dependent
coupling are [7, 8]; however the interface conditions in those two papers include inertial effects,
which makes the analysis easier both for the weak solution and the numerical solution. In a more
recent work, we showed existence and uniqueness of a weak solution to the coupled time-dependent
Navier-Stokes and Darcy problem [6]. The present work is a continuation of this analysis, in the
sense that we propose a discrete solution and we show optimal a priori error estimates between
the weak solution and the numerical solution. We choose to discretize the equations by locally
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mass conservative interior penalty discontinuous Galerkin methods, of arbitrary order. We remark
that the proof of existence and uniqueness of the discrete solution, which requires a small data
condition, is not straightforward and follows a technical and convoluted argument, which can be
traced back to [18]. The proof for the error estimates is also non-standard in the sense that one has
to carefully bound terms with the appropriate norms. To our knowledge, the current paper is the
first one to analyze convergence of a scheme for the time-dependent coupled case with the Beavers-
Joseph-Saffman equations. While the obtained theoretical results are what we would expect, one
important contribution of this paper is on the analysis itself. Our analysis is valid in 2D and 3D,
and allows for rough (non-smooth) interface.

An outline of the paper follows. Section 2 introduces the equations and the discrete spaces. The
following section describes the numerical method, and is followed by a section on useful inequalities.
Section 5 contains the proof for existence and uniqueness of the numerical solution. A priori error
estimates are derived next. They are confirmed by numerical tests in Section 7. Concluding remarks

follow.

2. MODEL PROBLEM

Let Q Cc RY, d = 2,3, be a bounded connected domain with a Lipschitz—continuous boundary,
partitioned into two disjoint subdomains, €y and 25, so that Q = Q; UQs. The free flow region
and the porous medium are §2; and €25 respectively. We assume that each subdomain €2; also has
a Lipschitz—continuous boundary. Let I';5 denote the interface between §2; and 2. The interface
I'12 may be a polygonal curve or surface and does not have to be smooth. Let T'; be the exterior
boundary of ;, i = 1,2. The boundary I'5 is partitioned into two disjoint open sets, I's = I'spUl'ay,
and we assume that |T'y| > 0 and |[T'yp| > 0, where | - | denotes the measure.

We denote by ng, the exterior unit vector normal to I'; and by n;2 the unit normal vector to
I'12 pointing from Q5 to 5. In the case d = 3, we choose a pair of orthonormal tangent vectors,
T{Q, j = 1,2, on the tangent plane to I'15. For two-dimensional domains, the vector 71, is the unit
tangent vector to I's.

We are interested in studying a fully discrete discontinuous Galerkin approximation to the fol-

lowing equations posed in each subdomain (the equalities below hold almost everywhere in the
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domains or on the boundaries, according to the context):

8
a*ltl V. (2uD(u) —pD) +u-Vu=1f, in Q x(0,7), (1)
V-u=0, in O x(0,7), (2)

-V -KVpy =fo, in Q9 x(0,7), (3)

with the symmetric gradient D(u) = 1(Vu+Vu”). Equations (1), (2) represent the incompressible
Navier-Stokes equations, where u and p; are the fluid velocity and pressure respectively in €2;. The
fluid viscosity is denoted by p > 0. Equation (3) represents the single phase flow equation in a
porous medium, where ps is the fluid pressure in Q5. The matrix K is the ratio of the permeability
matrix to the fluid viscosity. It is assumed to be symmetric positive definite, with eigenvalues
uniformly bounded above and bounded below away from zero. This system is complemented by

the boundary and the interface conditions below. First we prescribe standard conditions on I';:

u = 0, on I'yx(0,7), (4)
p2 = 0, on Tsp X (07 T)7 (5)
KVps-ng, = 0, on Ty x(0,7T). (6)

On the interface I'12, we prescribe the following interface conditions:

u-nj2 = —KVpy - nys, on 'y x (0,7), (7)
((—Q;J,D(ll) +plI)n12) ‘N3 = pa, on I'1y x (0,7), (8)
u- Ty = —2uG7 (D(u)niz) - 7}y, 1 < j <d—1, on Ty x (0,7), (9)
where
i pe

- (KT{277{2)1/2.
The interface conditions (7)—(9) have been discussed extensively in the literature for the steady-state
coupling of porous media and free flows [3, 21, 10, 12, 15]. The condition (9) is the Beavers-Joseph-
Saffman condition. We note that a > 0 is a given constant, usually obtained from experimental
data.

Finally, to simplify the discussion, we prescribe a zero initial condition:

u=0, in Q x{0} (10)



4 NABIL CHAABANE, VIVETTE GIRAULT, CHARLES PUELZ, BEATRICE RIVIERE

The relevant spaces for the exact solution (u,py, p2) are

X={veH' (M) v=00onT,}, (11)
My = L*(), (12)
My ={q€ H(Q); ¢=0o0nTyp}. (13)

For the discretization, we assume that the domain has a polygonal or polyhedral boundary, ac-
cording to the dimension, so that it can be entirely triangulated. This simplifies substantially the
numerical analysis. Let Eih be a regular family of conforming triangulations of ;, i = 1,2, with
maximum mesh size h, made of triangles or tetrahedra, according to the dimension, regular in the

sense of Ciarlet [11], i.e., there exists a constant n > 0, independent of h, such that
i he
VE € 8}17 - S 7, (14)
0E

where hg is the diameter of E and g is the diameter of ball inscribed in E. For the sake of brevity,
we only consider the case when the traces of c‘,’ih on the interface I'15 coincide; but the analysis below
extends easily to the case of non matching grids. We denote by F? the set of faces of 5{" interior to
Q;, for i = 1,2. For each interior face e we associate a fixed unit normal vector n.. For a boundary
face e € I'y UT'; the unit vector n. coincides with the outward normal vector. For a face in I'yo,
we set n, = njs, so that n. is the outward normal to 2;. If a normal vector n. points from the

element E' to the element E2, we define the jump and average of discontinuous functions as

1
o] = plEr — ¢le2, {p}= 3 (¢l + ¢lE2) -

By convention, for a face on the boundary I'y U 'y, the jump and average are defined to be equal
to the trace of the function on that face.

To define the finite element spaces, take two integers, k1 > 1 and ko > 1, and set
XM = {veL*()?% VEc&l, vlpeP,(E)}), (15)
Mlh = {q € L2(Ql); VE € 5{", qle € Pkl—l(E)}7 (16)

M} ={qe L*(Q); VE€&), qlpePy(E)}. (17)
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The discrete DG spaces X" and MJ are equipped with mesh dependent norms denoted respectively

by || [[x and || - [|az,,
1/2
Oe
vweX" viix=(2> IPDMIim+ D thH[VHI%z(e) ; (18)
Ecgh eerhur; ¢
1/2
Oe¢
Vge My, lglla, = | Y IKY*Valiem+ > ;H[Q]H%Z(e) ) (19)
Ec€l e€l}Ulap  ©

where h. denotes the diameter of e and o, denotes a positive parameter, possibly depending on e,

but independent of h, and bounded below and above,
0< Omin S o3 S Omax-
The norm on M} is the L? norm,

Vg e M{', gl = lallzan)- (20)

We end this section by introducing additional notation. We define the inner-product of two functions

f,g on a domain O C R%, d =2,3, as

(f,g)o:/Ofg-

This notation is extended to vector functions. The classical Sobolev spaces are denoted by W*™(0)
and by H*(O) if m = 2. Finally the usual Sobolev norms and semi-norms are denoted by || f| s+ (o)

and |f|g (o) respectively.

3. NUMERICAL SCHEME

The discretization of problem (1)—(10) makes use of the following discrete bilinear forms:
as(uv) =24 3 (D), DW)s—2u Y. ({Dwn.}, [v]).
Eecgh eelur,

t2aun > (D@ndfuhetp 3 ((ul )

eelfrury ecl'ury

(21)

bsvo) = — 3 @V-vie+ Y ({ah V] 0., (22)

Ecgh eelhul;
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ap(p.q) = > (KVp,Vo)e— Y, ({KVp-n.}[q)

Ec&l eel’hUl'ap

te > (KVend e+ 30 T (phla)e

CEFQUFQD EEF;QLUF2D

(23)

where the parameters €;, i = 1,2, take the value 1, 0, or —1, according to the choice of DG method:
non symmetric, incomplete, or symmetric. We use an upwind discretization of the nonlinear con-

vection term,
ens(z,w; v, w) = L (w; v, w) + np(z,u; v, w), (24)

where

lp(u;v,w) = Z(U'VV,W)E+% Z(V-u,v~w)E—% Z ([u] - ng, {v-w})e, (25)

Eegh Eegh eclhur,
nn(z,w v, w) = Y ([fu} g (v = v, W) op oy, (26)
Eegp

and OE_(z) denotes the portion of OE where flow enters E,
0E_(z) = {x € OF; {z} -ng < 0}, (27)

and the superscript int (respectively, ext) refers to the interior value to E (respectively, exterior
value to F) at any point x of OF). Finally, the time derivative is approximated by backward Euler
in time and the nonlinear term is linearized by time-lagging. Denote the time step by At > 0, and
let t; = ¢At, with 0 <4 < Ny, such that ty, =T

The numerical scheme is the following: Starting from u? = 0, find (uZ“7 p’f;[ L pg;[ e XM x

M} x M}, for all 0 < n < Ny such that

u?tt —
(" A7 b V)a, +as(upthv) +bs(v, pit) + ap (ot g) + ens(up, upsup T v)
=l ) .
+(pgh+1’v ‘ni2)r,, — (UZH ‘M2, q)ry, + Z (@(UZH “Ti2 V- Tio)Tos
j=1
= (f{Hrlvv)Ql Jr( ;L+l7q)927 V(v,q) € Xh X Mélv (28)
bs(up q) =0. Vg€ M. (29)

The discretization of the spatial operators in (1)—(3) by the DG forms ag, bs and ap has been
described in previous works on the steady-state coupling. Readers can refer for instance to [15].

The discretization of the time derivative by a first order finite difference is trivial.
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In view of (29), it is convenient to introduce the kernel
h={veX"; vgeM] bs(v,q) =0} (30)

4. USEFUL INEQUALITIES

In this section, we recall inequalities that will be used in the subsequent estimates. All constants
are independent of i and the functions. To simplify, the range of exponents related to Sobolev’s

inequalities are given in the case d = 3. First, we have the equivalence of norms,

1/2
g,
Wi € XM il <O Y IVlliam + X Tellivalliae | (31)
Eegh ecrhur; ¢
1/2
Wi e X (Y IValiEa) ' < Clivalx (32)

Eegh

This last inequality comes from Proposition 4.7 in [15], see also [4, 5]. Next, we have the trace

inequalities,
1/2
for2<r <4, Wi €X', [Vallerwn <O D IIVValiem + Z ValllZ2ce) ;
Ec&p ethurl
(33)
for2<r <4, Vg, € My, anller.n) < Cllanlase- (34)
Similarly, we have Sobolev’s imbeddings [1, 17],
1/2
0-(,
for2<r <6, Vi €X" Ivillern C | D IVVildom + heH[vh]HL2(°> :
Eeceh eelur,
(35)
for2<7 <6, Van €M, lanlliras) < Cllanls- (36)

When r = 2, the constant in (36) will be denoted by C;. By combining (32) with (35) or (33), we

also obtain,

for 2<r <6, Yv,eX", Vil r i) < Clivallx, (37)

for2<r< 4, Vv € )(h7 ||V}L||L’I‘(F12) < C”V;L”X. (38)

When r = 2, the constant in (37) will be denoted by Cs.
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Lastly, here are some inequalities satisfied by the discrete forms. The bilinear forms have the

following ellipticity properties [20],
Vv, € Xh, CS,UHVhHg( < as(Vh,Vh), (39)
Van € MY, Cullanll3s, < ap(an. an). (40)

provided the coefficients o, are chosen appropriately when ¢; = 0 or —1. Moreover, whatever the

coefficients o, the forms ap and ag are continuous in the discrete spaces,
Vi, wi € X" ag(vi, wi) < Cspllvax||wallx, (41)
Yph.an € MY, ap(pr.an) < Collpnllasllan | as- (42)

For the nonlinear form, instead of ellipticity, we have (see Lemma 4.11 in [15])

1
Vup, v, € X' ens(up, up vi, vi) > §(uh ‘D12, Vh - VA)Tyy- (43)
Using (38), we easily obtain, for a constant Cy:
1
Vv, wy € X", §(Vh D2, Wy - W)y, < C7l[vallxllwal%- (44)

We also have the following continuity with respect to the last three variables (see (4.23) in [15]):

Yuy, vi, Wi,z € X"+ X, ens(za, un v, wi) < Csllupllx [vallx Wl x. (45)

5. ANALYSIS OF THE DISCRETE PROBLEM

5.1. Preliminary results. Problem (28)-(29) may be reduced by eliminating pj;' as follows:

Starting from uy = 0, find (uZ+17p;l,j'1) € V" x M} such that
™ — g

n+1
( At

V)a, + ag(uZH,v) + aD(p;LiTla q) + cns(uy, upsuy ,V)

d—1
+(P;;T17V ‘Di2)ry, — (UZH ‘D12, q)r,, + Z (E(UZH “Ti9 YV Tio)r
j=1

= (f{H—l’V)Ql + ( 2n+17 q)sz V(Va q) € Vh X MEh’ (46)
In the above we used the notation:
f1n+1(') = fl(tn+17 ')7 f;l-‘rl() = f2(tn+17 )

We start with a useful property of the nonlinear term.
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Lemma 5.1. For all up, vy, wy, € X", we have
ens(up, upsap,uy — vy) — ens(Vi, Vi Vi, Up — Vi)
) (47)

> 5 (va-mo, (wp = va) - (W = vi))r,, — Collunllxllun = vall%,

lens(un, up; up, Wi) — ens(Vi, Vs Un, Wi )| < Crollun — vl x |wal x [[un || x (48)

with constants Cy and Cyg independent of h.

Proof. In order to obtain (47), we rewrite, using the notation w, = u, — vy
ens(up, upsup, uy — vi) — ens(Va, Vi Vi, Wh — Vi) = ens(Va, Vi Wi, Wa) 4 ens (W, Wi ug, W)

+ np(up, Vi up, Wi) — np(Va, Vi Up, Wi).

Using (43), (45), and Proposition 4.10 in [15], we obtain (47).

In order to obtain (48), we rewrite the difference as follows:
ens(wyuyu,w)—ens(v, viu, w) = G (wsu, w) — G (viu, w) + np(u,u — vyu,w)
+ np(u, v;u, w) —np (v, v;u, w)
=lp(u—v;u,w) +np(u,u—v;u,w) +np(u, v;u,w) —ng(v,v;u, w)
=cys(w,u—viu,w) +np(u, v;u, w) —ng(v, v;u, w).
The proof follows from the continuity of cyg (see (45)) and Proposition 4.10 in [15]. d
The next theorem, which is the most technical part of this work, proves an important bound for

the interaction term on the interface. It will be used in the existence proof of the discrete solution

for controlling the discrete time derivative after one time step, see Proposition 5.8.

Theorem 5.2. There is a constant Cy1, independent of h such that for all u, € V* and for all

qQ2n € M2h7

[(g2n; un - n12)r, | < Crallgen || a2 @y)- (49)

Proof. Observe that (49) follows immediately from Green’s formula when gop, is in H'({23) and
uy, in Hy(div, Q) with divuy, = 0. Although, Green’s formula cannot be applied here because the
discretization is nonconforming, this observation suggests to regularize the discrete functions in

order to use Green’s formula.
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First, we examine the local effect of Green’s formula on functions of M f . Let ¢, be a function
of Mlh and let u, be a function of X*. Using the definition of bg and Green’s formula in each

E € &}, we infer

(qinsup - mai2)ry, = —bs(up, qin) + Z (Vain, un)p — Z ([g1n], {un} - me)e.

Eecégf e€Th

If in addition uy, satisfies (29), then we have

(qinun - mi2)ry, = > (Vg un)s — Y (lgun] {un} - ne)e.

Eegl e€T}
Finally, by using an equivalence of norms, we easily obtain:
1/2

1
[(qunwn - i)l < Cllnllz@n | D2 1Vawnlae + Y- ol | - (50)
Ee&h eert ¢

Therefore, if we able to relate functions of MJ to suitable functions of M7, we should be able

to obtain (49). This is achieved in three steps: regularizing the functions of M}, extending the

regularized functions continuously to H*(£;), and discretizing the extended functions in M}.

1) The functions qgp, of M} are regularized by means of a Scott & Zhang interpolant [22], but since
the functions g9, are smooth in each E, averages can be replaced by pointwise values, as follows.
For a vertex a that does not belong to the interface I'12, we associate an element F, € 551 such
that a is a vertex of E, and choose for nodal value at a the value go| g, (a). For a vertex a € I'a,
we associate an element E, € £ such that E, has a face on I';o and a is a vertex of this face and
similarly choose for nodal value at a the value qop|g, (@). Then the interpolant Ry, (gon) € H'(Q2) is
the globally continuous function that is piecewise P; in each element E and takes the above nodal
values at the vertices a of £F. Note that its trace Ry,(gan)|r,, only depends on gap|r,,. The operator

Ry, is stable in the sense that there is a constant C' independent of h such that

Vaon € MY, ||Rn(g2n) |l s) < Cllaznlas- (51)

This uniform stability of Ry, is established in Lemma 5.3.

2) As Ry (qan) belongs to H(Qy), we apply the standard extension operator & : H(Q2) — H(Q)
to Rp(qan), so that E(Rx(qen)) € H(Q), coincides with Ry, (gon) in Qo,

1€ (Ri(g2n) | m1 () < CllRR(g2n) | 51 (02) (52)
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with a constant C' independent of h, and
E(Rn(q2n)) = Rn(qan), on Tz (53)

3) The extended function £(Ry,(gap)) is approximated in Q; by a function of M{ defined as follows.

For any ¢ in H'(Qy), for each element E € S{L that does not lie on the interface I'12, we choose

1
Sn(@)ls = \E/E‘“

for an element E € £} that has a face e on I'j5, we choose

Su(@)le = ﬁ/q

Note that in both cases, Sj, preserves the constant functions in each E, ie. if ¢/g = C, then

Si(q)|g = C. Now, we write

[(g2n,up - ni12)r,, | < |(g2n — Skg2n), up - ni2)ro, | + [ (Sh(g2n), up - mi2)ry, |, (54)

where, to simplify, Sp(qor) stands for Sy (E(Rpn(ger))). Let us start with the second term. As

Sh(qan) € M} is a piecewise constant, (50) reduces to

1/2
1
|(Sn(gan), wn - m12)r,,| < Cllunlzzy) | Y }TH[Sh(q%,)]Hi?(e)
eEF{‘ ¢
1/2
1
< Cllunllzzny | Y 7= lI[Sh(g2n) — E(Rn(g2m)lI7 e . (55)
e€Th €

We have for any face e C T'}:

1[Sh (g2n)—E (Rn(g2n)]ll 22¢e) < 1(Sh(g2n)—E(Rr(q2n)))E_lI2(e)+I1(Sh(g2n) —E (R (g21))) | 4 L2 (o)

where E_ and E, are elements of £} sharing the face e. Since S, preserves the piecewise constants

in each E, we have for any ¢ € H'(F), when passing to the reference element E

N € 1/2
1(S(a) = @l lle) < Clel* 1l ey < O 1'~:,||> P laln o).

This yields

1
7 (Sn(azn) — E(Bn(gzn)))le- 72(e) < CIVERR(g2n))Z2( )



12 NABIL CHAABANE, VIVETTE GIRAULT, CHARLES PUELZ, BEATRICE RIVIERE

with a similar bound for the term in E,, and thus we have

1/2

S Sk (an) — ERu@) i) | < CIVERM@n)] 2@

eEFT ¢
Then from (55) and the stability of £ (see (52)) and Ry, (see (51)), we conclude that
|(Sn(azn)s un - miz)ry, | < Cllunllzz) IVERR(a2n)) 2201y < Cllwnllzzo,) laznllan- — (56)

Next we insert Rp(gor) in the first term of (54),

[(g2n — Sk(q2n), up - m12)ry, | < [(g2n — Ri(gan), up - ni2)ry, | + |(Ri(g2n) — Sk(gan), up - mi2)r,,|.

By construction, on any face e C I';2, since S} preserves the constant functions on e, we have

g = Sh(@)llz2e) < Clel*?|dl e

for sufficiently smooth functions ¢q. Here ¢ is the trace on e of Rj(qen) € P1(E>), where Ej is the

element of £F adjacent to e. Therefore,

o — —

|Gler ) = |Rnla2n) | @) < ClRR(q2n) g )

Hence, we have on one hand

el

1/2
@) hE2|Rh(QO)\H1(E2).

| Rr(g2n) — Sn(gzn)llr2ce) < C(
On the other hand, denoting by F; the element of £ adjacent to e, we have

lef 1

/2
lun - nialL2(e) < C(|E1\) [anlz2(m,)-

By multiplying these two estimates, we obtain
|(Rn(g2n) — Sn(a2n) up - m12)e| < C|Ru(q2n)| a1 (5 unll 2 (m,)-

Therefore, denoting by D; the layer of elements of £ adjacent to T'12, i = 1,2, and applying (59)

below, we infer

|(Rn(g2n) — Sh(a2n), un - m12)r,, | < CRu(gon) i (pp)lanllizn,) < Cllgenllas unllzp,)-  (57)

It remains to evaluate (gap, — Rr(qgar), up - n12)r,,. For this, by proceeding exactly as in Lemma 5.3

below, we easily derive that

|(g2n — Ru(g2n), un - mi2)ry,| < Cllgenllas unllrz(n,)- (58)
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Then (49) follows from (54), (56)—(58). O

Lemma 5.3. The operator Ry, defined above, is stable in the following sense: There exists a

constant C', independent of h, such that
Vaon € MY, [|Rn(q2n) |l (9) < Cllganllas,- (59)
Proof. In each E of £}, we insert the standard Lagrange interpolant of g, L1, (qan) € P,

Ry (q2n) — @20 = Ru(q2n) — Lr(q2n) + Li(q2n) — q2n-

So
( Z IV (Rr(g2n) — fhh)”%?(E))l/Q <( Z IV (Rn(g2n) — Lh(QQh))H%?(E))l/Q
Ee&} Ee&l
+ ( Z IV(Ln(g2n) — QO)HQL?(E))I/Q'
Eegh

The classical Lagrange interpolation results, the regularity of the family of triangulations, and a

local inverse inequality yield

IV(Ln(g2n) — @20)ll22(p) < Chelan|me) < Clan|m (g)-

Similarly
[ Ln(q2n) — q2nll2(ey < Chelgen|m(B)-

Hence

(D IV (Ln(g2n) = g2l 720 "? + I Ln(a20) = donllzcn) < CCY_ [VaanllZam)'/?  (60)
Eegh Ee&h

To bound the term V(R (g2n) — Ln(gon)) in E, we write

d+1
(Rn(g2n) — Ln(q2n))le = > (Ru(q2n)(As) — Ln(g2n) (Ai))pi,

i=1
where A;, 1 <i < d+1, are the vertices of F and ; the corresponding nodal basis functions. Thus,

d+1
V(Rn(g2n) = L))l = Y (Rn(a2n)(A:) — a2n(A:) Vs

i=1

Since
) |E 1/2
Vil ege <€) EZ
OF
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where C(i) is a constant that depends only on the reference element E, we conclude that

|E|1/2 d+1

D [ Balaan) (Ai) — aon(43)]. (61)

i=1

IV (Rr(q2r) — Ln(gen)) | 2(m) < C

For a given vertex A; of E, there is a sequence of elements, say F1, Fs, ..., E,,, such that E = E,
A; is a vertex of all By, Ea, ..., B, Ri(qen)(A:) = qanlg,, (Ai) and each consecutive pair of elements
share an interior face (i.e. a face that belongs to I'}) denoted by ej, 2 < j < m. The regularity
assumption on the family of meshes imply that the integer m is bounded by a constant, say M,

that is independent of E and h. The difference g2, — Ri(gan) can be re-rewritten as follows:

q2n(As) — Ri(q2n)(As) = qon| B, (Ai) — qorl ., (Ad)

= q2h|E1 (Az) - QQh\E2(A7:) +-+ (I2h,|Em,1(Ai) - QQh\Em(Ai)-

Each difference in the above sum is bounded by Lemma 5.4 below,
= 1
lg2n(4:) = Ra(a2n)(40)] < CZQ o ize ez (62)
=

Therefore by substituting (62) into (61), using the regularity (14) of the family of triangulations,

and combining with (60), we have

(> IV (Rulgzn) = a2n)l72(2) " < Cllganllass- (63)
Eegh

The same argument gives

[ Rr(g2n) = q2nllz2(0.) < Chllgznllns,, (64)

and by a triangle inequality, this yields (59). a

The next lemma is written in the setting of MY, but it holds in a general situation.

Lemma 5.4. Let e be a face of T}, A a vertex of e and let Ey and E_ be the two elements adjacent

to e. There exists a constant C, independent of h such that

1
Vge My, |q(A)le, —q(A)s_| < Cw”[qmm(ey

Proof. Let us transform the union E, U EF_ by means of a continuous, piecewise affine mapping,

into the union of two reference unit tetrahedra E+ UE_. As usual, the composition is denoted by

a hat. We have

la(A)z, — a(Mle_| = ldlg, (A) = dl 5 (A)] = [dA)] < 1]l =e)-
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Then equivalence of norms yields

@)l &) < Clldlz2e) < Clel™*lllalll 22 e)-
O

5.2. Existence and uniqueness of the numerical solution. Although, at each time step, (46)
is a square linear system in finite dimension, proving the nonsingularity of its matrix without
restricting the time step is not straightforward. This is due to the fact that the nonlinear term, not
being antisymmetric (see (43) and (44)) cannot be eliminated on the interface. Let us start with
a first sufficient condition for uniqueness. To simplify the discussion, all proofs are written in the

case d = 3.

Lemma 5.5. Let 1 <n < Np — 1. If at step n, (uf,ph,) is given satisfying

1 Cs

gl < 2

then, if the solution (u)™', pitt) of (46) exists, then it is unique.

Proof. Assume that at step n+ 1, (46) has two solutions (u} ™, p%F) and (@}, p5;) for a given

(uy,p3,); then their difference (wi ™, 22:F1) solves

1 ,
E(Wﬁﬂvv)nl +as(withv) +ap(t @) + ens(ap, ups wi ™ v) 4+ (250 v mia)ry,

&

-1

1 ; 5
7(WZ+1 +1g2, Q)F12 + (EWZ-H 'Tj127v : 7-{2)1“12 =0, V(V, q) € V" x MZh (66)
1 J

J

By testing (66) with (v, q) = (wy™!, 205t and using (39), (40), (43), and (44), we obtain

d-1
1 1 ;
E”WZJHH%?(QI) + p Cal|wi |5+ Callzg Ry, + Z [ GI/QWZH 'T]12||2L2(1"12)
J=1 J
< Crlluplix w1
Then (65) implies wj ™' = 0 and 25 = 0. O

Checking (65) for arbitrary n is not easy because it consists in a bound for the maximum in
time in the norm || - || x, whereas the standard basic a priori estimate, written below, is a bound for
the maximum in time in the L? norm. It is an a priori estimate because it assumes existence of a

solution.
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Lemma 5.6. For 1 <n < Nr, define

C2 LR C2 L
H, = —2At £7|2 —L At 012 } 67
1 Cs ;H 2200 + 20, ;IIfQHLz(Qz) (67)

Let u% =0andletl <n< Np—1. If for all i, 0 <i <mn, (46) has a solution (u}b,pgh) satisfying

i nCs
gl x < 2C. (68)
then for alli, 1 <i<mn+1,
i )12z (0,) < Hi- (69)

Proof. The proof is sketched because it is standard. By testing (46) with (v,q) = (u}™!, pi;r') and

using (39), (40), (43), and (44), we derive

1
57 (1 a0 = IR lEaa,) + 05+ = whlEaca,) )+ Coll ™% + Callpiif 3,

d—1 1
1 i 12
+ZH 1/2uZ+ 'T{QHLz(Flz)
Jj=1 Gj

< Crllugllx o 1% + 17 22 @) g 2@ + 15 z2ow 950 2200)-

Then by applying the inequalities (37) and (36) with » = 2, and suitable Young’s inequalities to
the last two terms of the right-hand side, and using (68), we deduce

oz (5 a0 = 08 o) + ™ = ke, ) < 5 75 W6 o + o 157 e

The result follows by summing this inequality and using the fact that u9 = 0. Note that we can
also derive a bound for At Y7 [Jug |3 and At S P4y l132, by increasing H,,, but it does not

seem to be useful in the rest of the analysis. d

Experience shows that a bound for ||u}||x stems from a suitable bound for the discrete time

derivative, (see formula (3.112) Chapter 3 in [23] or [18]), as expressed in the next lemma. To

simplify, for a given sequence (¢");, we denote the difference and discrete time-derivative by

. . . 6g gti—g
sig=g" — ¢, 5tg:A7t:Tt' (70)
Lemma 5.7. Define
C? C?
G = Té||f1||%m(o,T;L2(sz])3): G = é'lfQH%OC(O,T;LZ(SZg))' (71)
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Letu) =0 and 0 <n < Ny — 1. If for all i, 0 < i < n, (46) has a solution (ui,ph,) satisfying

i uCs
K3 < 2
i lx < 4%, ™)
then
n 2 1/2 Go
o e < (oo + G+ 7).
(73)
2 G G
n+1
95 13, < (el ey + 5+ 52)-

Proof. Again, by testing (46) with (v,q) = (up™', pi;r') and using (39), (40), (43), and (44), we

obtain

qu\IU”“Hx+C4Hp"“||M2+ZH 1/2 wy Tl )

< [l6ew [l 2 1yl e u) + Crllug [ oy 1%

FE 2 a2 + 15 ez @ 1950 122 (0,)-
Next, by applying (37) and (36), and suitable Young’s inequalities to the last two terms of the
right-hand side, and using (72), we deduce

Go
*MC?,HU"HHX <l18ehll 2 0 2oy + G+ =
n n g g2
*C4Hp w3 <lSeuq |z lay e + = 3t 5
Then (73) follows by observing that (72) implies (69) and by substituting (69) into this inequality.

g

In order to derive a bound for §;u}, let us start with n = 0. As u% =0, 6tu2 reduces to ﬁu}l.

Proposition 5.8. Let G1 and Gy be defined by (71). We have,

Cll gl

600 [l L2,y <If1llzoeo,:z2(00)5) + Cl/g( +Ga)'/2,

1 CH Gi

12 2
A llusllx Sm(|‘f1‘|Lm(0,T;L2(Ql)3) te, (5 +g2)),

Proof. As ul) =0, (46) reduces to

1
E(U}UV)Ql + (ls(u,l” V) + aD(p%hv Q) + (p%ha A 1’112)1"12 - (u}L + 12, Q)Flz
d—1

1 . )
+ (Giufll ' T{Z’ v 7-]12)1—‘12 = (flla V)Ql + (f217 q)§22
=1 7
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The proof of (74) is not completely straightforward because the factor (At)~! can only be controlled
by canceling ||u} || L2(0,) on both sides of the above equation, and this entails the elimination of the
data in Q9. Therefore, (46) must be tested with (v,q) = (u,0). Then (39) leads to

d—1

1 .
Rl ot Calluble + 32 | —pul - ol
i=1

< Iz bl 2@y + [(P2ns ul - m2)r, |
< Hfll”LQ(SZ])Huilz,HLz(Ql) + Clal%hHM2Hufl7,||L2(Q1)7

where (49) is used to bound the last term. This leads to the intermediate bound
L 1 1
Agluellzz@n < Ifillzzen) + Cuallpanliaze- (76)

By applying Young’s inequality to the right-hand side of (76) so that the term &Huilliz(m is
eliminated, we also obtain

1

m(“fﬂ@zml) + Chlpanllas,)- (77)

1
Sl <

Finally, an easy variant of one step of the proof of Lemma 5.7 gives a bound for Hp%”ﬁww

1/ C3 7
Ip3alide, < o (5,6 1 1Eocen + g 11320 ) (78)
Then (74) follows by substituting (78) into (76) and (77). O

The following lemma treats the general case. Note that its sufficient condition (80) implies the

previous ones, (65), (68), and (72).

Lemma 5.9. Define the discrete time derivative of H,,

2 n ) 2 n .
Fp, = —2- At 81220y + ——At 8 i 2 0. 79
P ;H f1ll72000) 5C, ;ll tf2llT2(0) (79)

Let ug =0andletl <n< Np—1. If for all i, 0 <i <mn, (46) has a solution (u}b,péh) satisfying

i 1wCs
< 80
”uhHX = 4( ( )

Cr+ 3Cho)’

where Chg is the constant in (48), then

n 1
16003 17200y < 100031172 0, + 574 Cslldounlx + Fou- (81)
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Proof. Let 1 <n < Np —1 and let us take the difference of equation (46) at steps n+ 1 and n and

test it with v = d,,u;, and g = d,,p2p,. This leads to

(6pun — Sp—1up, 6pun)o, + L Cs||0nun X + Calldnpanllis, + cns(uf, upsup ™, 5,u,)

At
-1 _
—ens(up T up g, Guun) + ) =17z 0nan - Tollf, < (6af1, 60un)0, + (Onf2, np2n)a,-
j=1 J

To handle the nonlinear terms, we write

n—1

L+l n—1 .
ens(up,up;up™, d,up) —ens(uy ™ up Uy, 6pup)

n n, n n,,.n n—1 n—1,..n
= CNS(uhy uh7 5nUh,6nUh) + CNS(u}u uhy uhy 5nUh) - CNS(uh 7uh 7uh7 5nuh)7

and use (43), (44), and (48). This gives

1
At
< |(8nf1, Gnun), | + |60 f2, Gnpan)a.| + Crlluj | x |6, unll%

(6nuh — 6p—1up, 5nuh)ﬂl +p CSH(SnuhH2X + C4H5np2h‘|?\42

+Chollug{x[|0n—1anl x[|6nun | x - (82)

Then, proceeding as in Lemma 5.6, and applying suitably Young’s inequality, we infer

1 1 1
Kt(énuh_&nfluhaé‘nuh)Ql + 5,“1 03H6nuh||g{ - (5010 + C?)H“Z”XuénuhHg{
1 022 2 CV12 2 2
< (26,8 15, Crol[ w16, ).
< 5 (5 10tz + 5 10u el + Crolluf i [on-rualfy

As the assumption (80) permits to control both contributions of the nonlinear term, by summing

this inequality over n, we derive

1 1 n n
Sl + 5 Cs (o Idinle = D Idi-rwllk )
i=1 i=1

n

1 2 022 2 012 - 2
< Enéouh”y(m) + s ; [0:f1 11720,y + 20, ; 10 f2ll 72 (00
thus proving (81). O

The results of this section are finalized in the following theorem.
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Theorem 5.10. Assume that for 1 < n < Np — 1, the data satisfy

1 3 C g 1/2 g
7%.+1{ (HleLOC(OTLQ(Ql) 3) + 011/12( 1 +g2)1/2> +‘/T71L/2} + (Q1 + ZQ)l/Q

1 (83)

1
—(uCy)
(:u' 3) 4<C7+%CIO)

<

=A
Then, starting from u) = 0, (46) defines a unique solution (uy,pt,) for all n, 1 <mn < Np. This
solution is bounded uniformly with respect to n and h, the part u} satisfies (80) for all n and

15,01, satisfies a similar bound.

Proof. By substituting (74) into (81), we find

" 3 Ci1 ,Gi 1/2
||5tuh\|L2(Ql)S§(Hf1\|Loo(o,T;L2(Ql)3) 01/2( +Go) )Jrfrl/Q.

When substituted into (73), this bound gives, for 1 <n < Np — 1,

1/2

2
Juptx < E{Hiﬁ( (11l Los (0,7522(00)2) + 01/2 (g1 +Qz)1/2) +.F,i/2)

(g1 + 92)1/2}

When n = 1, we simply have
Go\ 1/2
ajllx < \/ (9+3) (85)

which of course is smaller than the right-hand side of (84). Then the condition on the data (83)

(84)

follows by prescribing that the right-hand side of (84) be smaller than the right-hand side of (80).
Note that (83) also implies that the right-hand side of (85) is smaller than that of (80). This gives a
uniform (in n and k) upper bound for ||u}||x for all n > 1. The same procedure leads to a uniform
upper bound for ||p%;, || ar,; for the sake of brevity, we do not specify the factors of this last bound.

Finally, as (80) implies (65), Lemma 5.5 guarantees existence and uniqueness of the solution of

(46) at each time step. O

From here on, we assume that the small data condition (83) holds, so that uj, satisfies (80) for

all n.

6. CONVERGENCE ESTIMATE FOR THE TIME-LAGGING SCHEME

Recall that the family of triangulations £ and £} are regular in the sense of (14).
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6.1. Interpolations and approximations. As is usual in discretizing incompressible fluids, we

need an approximation operator that preserves the discrete divergence.
Lemma 6.1. There is an approzimation operator Il € L(X,X") satisfying
bs(IIy(v) —v,q) =0, ¥YweX, VYqe M, (86)
and for all E in E}, for all v in X NW*T(E)?, 1 <r<oco, 1<s<k +1,
T, (v) = V)llLrm) < CR NV weragy,  IVIA(V) = V)|lLrmy < OV werap), (87)

with a constant C' independent of h and E, where Ag C 1 is a macro-element used in the con-

struction of Il (v) in E. We also have for all s, 1 < s <k; +1,
Vv e XNH(Q), [Hp(v)—vlx < Ch 7 V|ge(a,)- (88)
Proof. The proof proceeds by suitably correcting a standard approximation operator. Here the

correction is done by the Raviart-Thomas operator [19] acting on the Scott-Zhang operator [22].
Let S, € £(X,X"* N X) be the Scott-Zhang interpolation operator and set

I (v) =Sp(v) + en(v), VveX,

where ¢y, (v) belongs to the space RTj, —1(€1), which is the velocity space for the Raviart-Thomas
element of order k1 — 1. Let RT} be the Raviart-Thomas operator that maps functions into the

discrete space RTy, —1(€21). We choose
cr(v) = RT (v — Sp(v)).
By the properties of the Raviart-Thomas interpolant, we have
(qn, V- ch(v))n] = (qn, V- (v— Sh(v)))m7 Van € MP,

({gn}, [ch(v)] 'ne)e =0, Vee F}f url'y, Vgue Mlh

This implies (86). For the error estimates, we write

Ih(v) = v=8,(v) = v+ RT (v —8Sn(v)),
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use the local properties of the Raviart-Thomas interpolant, for any r, 1 <1 < oo,

VE €&, |RTw(v = Sh(V)llirm) < Chil|V(V = Su(v))llr(m),

VE €&, [IVRTw(v =Sl < CIVV = Sa(v)lz- (&),

and the quasi-local properties of the Scott-Zhang operator. This yields (87). For the bound (88),

we estimate the jumps of RT (v — Si(v)) and use trace inequalities. O

To interpolate the pressures, we use for p; a local L? projection mj, on Py, _; in each element
E of &}, and for py the continuous Lagrange interpolant Ly in Pj,. On one hand, the continuous
Lagrange interpolant has zero jump and preserves the zero boundary value on I'yp. On the other
hand, since k; —1 > 0, the local projection preserves the mean value. Thus we indeed have 7, (p1) in

M} and Ly (p2) in ME N M,. They satisfy the following approximation errors for all r, 1 < 7 < oo,

VE € Ef,VS € [0,k1],Vp1 € WST(E), |7n(p1) — p1

ey < Ch%|pilwsr(g), (89)

VE € g;,\V/S S [2,](52 + 1],£ =0,1,Vpy € I/VS’T(E')7 |Lh(p2) —p2|W13,r(E) < Chs_é‘pﬂws,r(E). (90)

This last bound also holds when s = 1 and r > d, the restriction on r arising from the continuity
required to define pointwise values.
Before proceeding, let us recall two more useful properties of the nonlinear term. They are

established by Proposition 4.1 in [16] in the case when d = 2, but the proof easily extends to d = 3.

Proposition 6.2. There exists a constant C, independent of h, such that for all u in (L°°(Ql) N
W1’3(Ql))d, for all vy, € VP, and all wy, and zp, in X",

lens(zn, visw, wi)| < C(lJull @) + [alwrs@n)) IVallzz @) llwallx - (91)
If in addition, u is in H3/?(Q,)?, then
lens(zn, visu — I (w), wy)| <C([lu— T, (0)|| L= ) + [u =L () lwrsq,) + [ulgaz,))
X [vallz2@)lwnll x-

When u is smoother, a positive power of h multiplies the last term in parentheses above, but

this is not required by the analysis below.
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Let u™, pT, py denote the exact solutions evaluated at time ¢”. We define the following errors:

X" =upy —Ip(u"), & =piy —mu(py), & =, — Ln(pz) (93)

¢"=u"—1Il(u"), nf =p! —mn(pt), m5 =p5 — Ln(py). (94)

6.2. Error estimates. The following theorem proves an upper bound for the error on u; and pap,.

The assumption on the triangulation is (14).

Theorem 6.3. Under the assumption (83), there is a constant C independent of h and At such
that for all 1 < m < Np, we have,

m m
™ = uf |0, + HC3AE Y [[u™ —up|% + CaAt Y [lp5 — P53,

n=1 n=1
m d—1 1 ]
+At Z Z Hﬁ(u" —up) Tl Rar,,) < C(h* + h?2 + At?).
n=1j=1

This bound is valid if the ezact solution satisfies the following regularity assumptions: u € L>=(0,T; HF71(Q)?),
9u ¢ L2(0, 75 L () )NL2(0, T3 H* (Q)%), T8 € L2((0,T)x ) andpy € L®(0,T; H*=+1(Qy)).

Proof. Recall the discrete derivative 0, defined in (70). The pointwise error equations of scheme
(28)—(29) are,

Vv € Xh, ((5tu2 - (5tu",v)Ql + ((5tu" - (g—?)n+l7v)ﬂl

+as(uit — u™ L v) +ap(PiF! — pitl o) + bs(v, piit — pith)
+ CNS(UZ, LIZ; u2+17 V) _ CNS(un+17 un+1; un.t,_l7 V)

+ (5 = p5 T v o), — (up ™ = u™) cnia, go)r,,

1 . .
+ (— wtl —uthy . v ) =0
;:1 G (uj, ) T2, 12) . 5

Vg € Mp', bg(up™ —u"t q) = 0.
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We rewrite the error equations by inserting the interpolants and using the property (86)

vveX"  (0x" V), +as(x"v) +ap(E ! @2) + bs(v, &)

+ ens(up, upuptt v) — eyg(u"th utha )
d—1 1 . .
+ ( §+17V : n12)l"12 - (XnJrl *1g2, qQ)Fm + Z (EX"+1 ' T]12,V ’ T{2)F12
2 (95)
ou\nt1
- <(E)n - 5tu”,V> +as(C"v) +ap(mst, g2) + bs(v,ni )
Q4
d—1 1 . .
+ (5tCn7V)Ql + (773H7V . n12)F12 - (CTLJrl . n127Q2)F12 + Z (EC”JFI ’ Ti?’ A 7-]12)1—‘127
j=1
Vg € MY, bs(x"T,q1) =0. (96)

Next we choose v = x"*', q; = £ and g = €5 in (95) and (96), apply coercivity of as and

ap to obtain.

-1
1 .

(@X"»Xnﬂ) + Gl % + Cullgs IRy +Z”f—%”“ '7']12||i2(r )

o 2 pt G 12

n+1 n+1)

n n, n+1 n+1, n+1 n+1
+CNS(uh7uhauh s X ,u ua » X )

—cns(u

< ((E)n —du”, x H)Ql +as(C"T X" +apy T T + bs (T 0t

+ (5t<n’ XnJrl)Ql + (77§L+17Xn+1 ! n12)F12 - (CTH_I +jg, £L+1)F12
d—1

1 , .
+1 J +1 J
+ (Gj ¢ T X" ’712)p12~
i=1

We rewrite the term involving c¢yg. Recall that c¢ys(z,u; v, w) is linear in u, v, and w. Further,
when v has zero jump across elemental interfaces, the nonlinear part n; of cys depending on z
vanishes for any z. For instance, because the exact solution has zero jump almost everywhere on

faces, we have the following equality:

ens(u™t = cys(u, u™tuntt ), (97)
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The linearity of the last three arguments of c¢yg imply

n+1,

+1 1 1
n n+ ) 7unJr 7X

n n, n+1
CNS(uhvuhvuh » X )

—cns(u u "“)

n+1)

=cys(up,up X" x +ens(ap, x™ O ("), x™ ™) — ens(up, ¢ (0™ ), x ™)

+ens(up,u — w0, X = ens(uf, ut P X0,
Using (43), (44), and (80), we then have

d—1
3 1 ;
Six"™, n+1) + 20 Call™ 2 + OyllEn Y2, + ntl d o2
() |+ Tl + Cales R, j}ﬂjn T Tl

< Jens(up, x™ I (@), x| + Jens(up, ¢ I (u™ ), x|

+ Jens(up, u — w' T (), x| fens (ag, wt T L x|

98)
8u n+1 n n n n n (
+ ()" o x| as(C ) +ap(p ) + bs (i)
1
+ (6tcnvxn+1)91 + (ng+1vxn+1 ! n12)F12 - (Cn+l ' n127f§b+1)1“12
d—1 1
n+1 j n j
+ > (ECH Tl X i 'TJ12)F12 =T+ + T
j=

The remainder of the proof is devoted to a brief derivation of bounds for each term T;, 1 < i < 12.
Many details are skipped because this derivation uses well-established techniques, see for instance
the analysis in [16, 15]. To avoid particular cases, the estimates are derived when d = 3. Since
the left-hand side of (98) does not contain the energy norm of x™, this term has to appear in the
upper-bound of the right-hand side of (98) in the L? norm, in order to be controlled by Gronwall’s
lemma.

1) The term 77 is split as follows

Tl = CNS(“Zan;Hh(un+l) ’ﬂ+1) + TL+1) ;C”H’l’

. 1
7X :CNS(u;lexnaun 7X _CNS(uZ7Xn Xn+ )

For the first term, we apply (91),

lens(up, x™;u" T x| < Clix™ ez IX™Hlx (0" Lo ) + 0" wsay)),
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and for the second we apply (92),
lews (up, x™; "L x| <ClX 2 I x (|u"+1|H3/2(91> + lu™ = T ()| e )

+ |un+1 _ Hh(un+1)‘wly3(91)) )

Then the stability properties of IT;, and a suitable application of Young’s inequality yield the bound

for T1, for any positive d;:

n C n
(T3] < oup Collx™ e + 5 I (99)

2) Now, we assume that u belongs to L>(0,T; H***1(Q;)?). A bound for the term T} is obtained

by using the continuity (45) of the form cyg,
To| = [ens(up, ¢ (w1, x™ 1) < CslI¢™ | [TTh (™) [1x 1™ x-

Then (88) and Young’s inequality imply, for any positive do:

n c?
ITo| < 6ap Csllx" 1% + mh%l|u\%°°(o,T;Hk1+1(nl)d)' (100)

3) Here we assume in addition that the time derivative % belongs to L2(0,T; L>=(;)?). As u

is divergence free and has no jumps, the term T3 simplifies to

Ty = CNS(UZ, uniun+1;1—[h(un+1)’ Xn+1) _ Z ((un 7 un+1) . Vl—[h(unJrl)7 Xn+1)E

Eegp
+ Z (|(un _ un+1) . nE|(Hh(un+1)int _ I—Ih(urhtl)ext)7 XnJrLint)aEi(u;:)\rlz'
Eegp
But
g+l
ou
u”—u"“:—/ —(s)ds.
Ot (s)

Therefore

fn+1

0
(=) It < [

; L2yl | oy In (™) s (),

and the stability of II, implies that

Ou
(0" —u"*) - VI, ("), x" ) [ < Ov At”aHLQ(Ex]t",t'"’*l[)||Xn+1||L6(E)|un+l|W1’3(AE)~
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By summing over FE, this yields for the interior part of T3,

‘ > ((r—u") VI (u ), x ") p| < CV Atll 5y ez @uxgem s lix xllall oo o0,0:w1.3 (0)4)-
Eegh
(101)

For the part on faces, since u”*! has zero jump, we write
1) — T ()| = ([T ()] = [T () — w7
Hence, for any element E € £
[(J(0" = u™h) - np (T, (") =TI, (w1 =), ") | < FH 2l im0 o))
x||[Ip (u™+) — 11n+1“|L2(e)HXn-*_l\EHB(e)7 Ve C OF.

By applying a trace inequality to the jump term and an equivalence of norms to [|x"**(|12(.), and

by summing over all elements E, we obtain
‘ Z (‘(un _ un+1) X nE|(Hh(un+1)int _ Hh(un+1)ext)’ Xn-',—l,int)6E7(u;:)\r‘12
h
Ecé&y (102)
<CvA H ||L2(t" 1 Loe () ) [|X

I x il o 0,711 (021)) -

Then (101), (102), and Young’s inequality imply a bound for T3, for any positive Js:
lens(up,u” —u “;Hh(u +1),X +1)\ < 31 Csl|x +1H§< + mA (E=ve a1 ||L2 ¢t L0 (Qg)4)
(103)
4) The bound for T} follows closely the bound for T3, but without the derivative in time. We skip
the details and state the result

2

(T3] = fenvs (a5 ¢ x| < dap Gl R+ 0% 5

(104)

5) Regarding T5, Taylor’s expansion yields for any function v of one variable ¢,

gt

1
§tvn — Ul(thrl) _ Kt/ (S _ tn)U”(S)dS.
tn

Therefore, assuming that 2% belongs to L2(Q; x (0,7))%, Ts has the bound, for any positive d5:

8t2

IT5| < CVAt||x HHXH 9 ”L?(le(t" iy < Fsp Cal|x"HI% + 55110 At” 92 HLZ(le(t" 1))

(105)
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6) For the interior linear terms T3, 77 and Ty, we easily derive for any positive dg, d7, g (see for

instance [20]):

(nC)?
56C o
2

C
|Tr| <67Call€5 T 13, + —=17*2, (106)
6704

02
0gpt C3

|Ts| <661 Csllx™ % +

|Ts| <0sp Csllx™ % + ——=h*"

assuming in addition that ps belongs to L>(0,T; H*2T1(Qy)).
7) For the interior term Ty that involves a discrete time derivative, we write, as for Tj,
1 "o
5¢" = A / &(Hh(u(s)) —u(s))ds.
Hence for any positive dg:

02
|T9| S 69“ C3||Xn+1||%( + 6 /1/0 At || at HLZ(tﬂ tnt+l. Hkl(ﬂl d)7 (107)

pr0v1ded 4 belongs to L2(0,T; H™ (Q1)4).
8) There remains to consider the face terms Thg, Th1 and Tha. As in the case of the face terms in
cns above, they are treated by trace inequalities and equivalence of norms. Thus, for any positive
010,011, 012
(ol o0 Calx™ % + s b
- X 5100 Cs ’
02
011Cy

11| <611 Cullés ™ |13g, + =1, (108)
2

C
T <5 C n+1(2 h2k:1.
|Th2| <6120 C3Ix" " |Ix + 5121 C

The rest of the argument is standard. We combine all the bounds above and choose suitably the
parameters &; for all 1 < i < 12, so that the contributions of x™*1||% and HE"'HHM2 are balanced
by the corresponding terms in the left-hand side of (98). We sum the equations from n = 0 to
n =m — 1, multiply by 2At, use the fact that x° = 0 and conclude with Gronwall’s lemma. g

We end this section with a brief discussion on the Navier-Stokes pressure error. We only consider
the case when ag is symmetric, as the non-symmetric formulation yields suboptimal convergence

rates. As usual, deriving an error estimate on the pressure py; is more delicate because it cannot
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be dissociated from the error on J;u}}; this can be seen by inspecting the error equation (95). An

estimate for d;x™, more precisely
m

ALY 16720
n=0

can be obtained by testing (95) with d;x™, multiplying by At and summing over n from 0 to m — 1,

for 1 < m < Np. Owing to the symmetry of ag, its contribution to the sum is

m—1 m—1
1
At as(x"™,6ix") = i(as(x"",xm) + ) as(x™ = xt Xt - x")).
n=0 n=0

Regarding the right-hand side, the factor §;x" must be bounded in the L? norm because this is
the only norm available in the left-hand side. When this is not possible, for instance in the case of
Atag(¢™™, 5,x™), we apply a summation by parts that transfers the discrete time derivative on
¢™, which can then be handled by supposing that the exact solution is sufficiently smooth in time.
For brevity, we skip the details. The only difficulty concerns the nonlinear term. Its contribution
can be split as

n_n, ntl n+1 n n ..n n, n+l n+1 n
CNS(uh7u 7uh —u aétx )+CNS(uh7uh7u 7uh —u 76tX )
Al Lt
+ ens(up,up —u"u" 6x") — ens(up, ou;u T ext).

Assuming that the exact solution is sufficiently smooth, the above terms are easily bounded except

the second term,
n n n, .n+1 n+1 n
ens(up,up —u;up™ —u" " o).

To see this, it suffices to consider one interior term; the terms on faces require a slightly more

technical treatment but lead to similar results. Thus, we consider
|((UZ - un)-v(uZH - u"“), 5tXn)E‘ < H(stXnHLQ(E)|uZ+1 - un+1‘W1v3(E)||uZ - un||L6(E)~

After summation over E and over n, we have

m—1
|At ZCNS(UZ7 L S L (5txn)’
n=0
m—1 1/3
<A 6ex e g —u e ( D0 g™t = s )
n=0 Eegp
m—1

1/3
< OAE S 10 2oy = ulx (D gt —w B ),
n=0 Ec&l
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after using (37) with » = 6 in the second factor. Since we have no bound for the last factor, we

break it into two terms by inserting the interpolant II; (u"*1!), applying an inverse inequality to

|uh —Hh(u"+l)\wl,3(E) = |Xn+1|‘/y1,3(E)7

and using the approximation properties of IIj, see (87), to bound the other part, \Cn+1|wl=3(E),
assuming that the exact solution is smooth enough. Now, since the inverse inequality brings the

factor |E\*1/6 ~ h;/Z, after applying Jensen’s inequality, this factor is bounded by,

L (5 ) s O e
mingcen vVhe minpeen Vhe

Ecé&y,

Summarizing, we have to deal with

C 5 n+1
b sy = Lo PR P PR Y

n=0
C? 1

20 mingegn hig 1<n<m 1

M\o]

Z 16:X" 17200y + 57 (Ix™ 1% ZAtHXn”X»

for some parameter § > 0 to be chosen further on. The factor ﬁ;lzh;; must be compensated by the
error bound on the velocity derived in Theorem 6.3. In the worst case, k; = ko = 1 (which is the

smallest degree), Theorem 6.3 states that

ALY fup — "% < C(R? + (A1),

n=1

In this case, we require that the mesh satisfies for some constant D > 0, independent of h and At,

to be chosen later,
h? + (At)?
L ) (109)
mingeen hp
which is more restrictive than (14), but milder than quasi uniformity in space. With this assumption,
after suitable applications of Young’s inequality and choices of the parameters, and supposing that

the solution is sufficiently smooth, the error equation yields the following inequality:

m—1
ALY 16X 1720,y + @2n Csllx™ (1% + 04304&2 €5 113,
n=0 n=1 (110)

< Ky (h® 4 h?2 4 (A1)?) 4+ KyD "3
< Ky (B + b2+ (A1)?) + Ko 19?31%71(”" %)
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where a1, as, az, K1 and K5 are constants that depend on the choice of the parameters, but are
independent of h and At. Let ng be an index where the maximum of ||x"||% is attained; (110) with

ng instead of m implies in particular that
azp Csllx™ |5 < K1 (B + 12 + (At)?) + K2 D||x™ %
Therefore, it suffices to choose for instance
Qo
D < —puC:
>~ 2K2 Hns,
to derive that

2K

ni2 < 1 h2k1 h2k2 ﬁt 2 )
1§n§211\7);71(||x 1) azuCg( (A1) )
Thus we have the following theorem; to simplify we do not specify the precise regularity of the

solution.

Theorem 6.4. Assume that in addition to (14), the mesh and time step satisfy (109). Then, if

€1 = —1, there is a constant C independent of h and At such that for all 1 < m < N, we have

m—1
ALY 6 (u" — up)l|Zeq,) < CH*F + A2 4+ AF?). (111)

n=0
Finally, the following error estimate on the pressure is easily derived from this result and the
inf-sup condition in Lemma 6.1: with the assumption (109), there is a constant C' independent of

h and At such that for all 1 < m < Nr,

m
ALYt = piuliis, < C(*M 4+ B2 + Af). (112)

n=1

7. NUMERICAL RESULTS

In this section, we verify the convergence results numerically. The computational domain 2 € R?
is subdivided into a Navier-Stokes region £; = (0,1)x (0, 1) and a Darcy region 22 = (0,1) x (—1,0).
The solution (u, p1,p2) is chosen to satisfy the model (1)—(6) and the interface jump conditions (7)—
(9). The initial velocity does not vanish, and our analysis above can be extended to this case. The

exact solutions are given as follows:
u(t,z,y) = ((y* — 2y + 2z — 493z — 3) cos(nt), (2* — 2 — 2y + y*) cos(nt)),

pi(t,z,y) = (—a®y + zy +y° — 4+ 8y®) cos(nt), pa(z,y) = (—2’y + xy + y*) cos(nt).
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First, we derive spatial rates of convergence by computing the solution on a sequence of uniformly
refined meshes. The scheme (28)—(29) is used with parameters €; = e = —1, which corresponds
to the symmetric formulations for ag and ap. The penalty parameter is chosen constant, o, = 40.
The time step is At = 10~* and Ny = 100. We vary the polynomial approximations. In the first
scenario, we use discontinuous linear polynomials for the Navier-Stokes velocity and Darcy pressure
and we use piecewise constants for the Navier-Stokes pressure. In other words, k1 = ky = 1.
Table 1 shows the numerical errors in the Navier-Stokes subdomain and Table 2 shows the errors in
the Darcy subdomain. The notation Vj, is used for the elementwise gradient operator, also called
broken gradient. We also report the convergence rates. We obtain optimal rates as predicted by our
theory. In addition, the results indicate that the errors for the Navier-Stokes velocity and Darcy

pressure converge optimally in the L? norm.

| n - williz@) Conv. |IVi(u—w)lliz@,) Conv. [lpn —pullz@,) Conv. |
1/2 2.0216e-01 1.5412e+00 2.6151e+4-00

1/4 5.4695e-02 1.89 8.6260e-01 0.84 2.4187e+00 0.11

1/8 1.6506e-02 1.73 4.5047e-01 0.94 1.9402e+00 0.32

1/16 4.8106e-03 1.78 2.2324e-01 1.01 1.2947e+00 0.58

1/32 1.3381e-03 1.85 1.0930e-01 1.03 7.5122e-01 0.79

TABLE 1. Spatial convergence rates for the Navier-Stokes velocity and pressure

with the choice k&1 = k2 =1 and €1 = €5 = —1.

H h |lp2 = panllrz,) Conv. ||Vi(p2 — pan)llr2(n,) Conv. H

1/2 6.0193e-02 4.5512¢-01

1/4 1.5648e-02 1.94 2.4628e-01 0.89
1/8 4.0403e-03 1.95 1.2674e-01 0.96
1/16 1.0346e-03 1.97 6.4049e-02 0.98
1/32 2.6144e-04 1.98 3.2157e-02 0.99

TABLE 2. Spatial convergence rates for the Darcy pressure with the choice k; =

kgzlandq:eg:*l.
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Next, we increase the polynomial degree and choose k1 = k; = 2. We repeat the experiments

and show the errors and rates in Table 3 and Table 4. They are optimal..

| n - wlle) Conv. [[Va(u— )l Conv. [lpr —punllz@,) Conv. |
1/2 2.6944e-02 4.3835e-01 4.9743e-01
1/4 4.3001e-03 2.65 1.1511e-01 1.93 1.6088e-01 1.63
1/8 5.8130e-04 2.89 2.8713e-02 2.00 4.6854e-02 1.78
/16 73852005 2.8 7.0518¢-03 203 1263602  1.89
1/32 1.0249e-05 2.85 1.7388e-03 2.02 3.2828e-03 1.94

TABLE 3. Spatial convergence rates for the Navier-Stokes velocity and pressure for

the choice k1 = ko =2 and €; = €5 = —1,

H h |lp2 = panlle2(,)  Conv. [|[Va(p2 — pan)llr2(,) Conv. H

1/2 3.1803e-03 5.4874e-02

1/4 4.9972e-04 2.67 1.4217e-02 1.95
1/8 6.8328e-05 2.87 3.6107e-03 1.98
1/16 8.8834e-06 2.94 9.0948e-04 1.99
1/32 1.1711e-06 2.92 2.2822¢-04 1.99

TABLE 4. Spatial convergence rates for the Darcy pressure for the choice k; =

ko =2 and € = e = —1.

In the following experiments, we choose the parameters €; = €2 = 1, which corresponds to
the non-symmetric formulations of ag and ap. We repeat the tests above by first considering
k1 = ko = 1 and then k1 = ko = 2. Tables 5, 6, 7, 8 show the numerical errors and their rates.
The rates in the broken gradient norm for the Navier-Stokes velocity and the Darcy pressure are
optimal, as predicted by our theory. The rates for the L? norm for the Navier-Stokes pressure are
also optimal. The proof remains an open question since the bound (112) is only valid for the case
€1 = —1. We also note that rates in L? for the Darcy pressure are suboptimal, which is consistent

with the classical theory for the non-symmetric interior penalty Galerkin method [20].
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H hflu—wll2,) Conv. [[Va(u—up)llr2@,) Conv. [[p1 —pinllr2e,) Conv. H
1/2 2.0771e-01 1.4522e+00 3.3226e+-00
1/4 9.5577e-02 1.12 8.2012e-01 0.82 1.4329e+00 1.21
1/8 3.8831e-02 1.30 4.4140e-01 0.89 5.2375e-01 1.45
1/16 1.1797e-02 1.72 2.1486e-01 1.04 2.5820e-01 1.02
1/32 3.1715e-03 1.90 1.0454e-01 1.04 1.2895e-01 1.00

TABLE 5. Spatial convergence rates for the Navier-Stokes velocity and pressure for

the choice k1 = ko =1 and ¢ = €5 = 1.

H h [|p2 7p2hHL2(QZ) Conv. ||Vi(p2 7p2h)HL2(Qz) Conv. H

1/2 8.1224e-02 4.8229¢-01

1/4 1.6212e-02 2.32 2.2337e-01 1.11
1/8 3.6515e-03 2.15 1.0779e-01 1.05
1/16 8.7554e-04 2.06 5.3084e-02 1.02
1/32 2.1485e-04 2.03 2.6360e-02 1.01

TABLE 6. Spatial convergence rates for the Darcy pressure for the choice k; =

ko=1land e =ex =1

| & - williz@) Conv. |IVi(u—w)lliz@,) Conv. [lpr —pullz@) Conv. |
1/2 5.4021e-02 4.6690e-01 7.9517e-01

1/4 1.2614e-02 2.10 1.5174e-01 1.62 1.9891e-01 2.00
1/8 2.1786e-03 2.53 4.2195e-02 1.85 5.1365e-02 1.95
1/16 3.2926e-04 2.73 1.1113e-02 1.92 1.2526e-02 2.04
1/32 4.8185e-05 2.77 2.8689e-03 1.95 3.2818e-03 1.93

TABLE 7. Spatial convergence rates for the Navier-Stokes velocity and pressure for

the choice k1 = ko =2 and € = 5 = 1.

To establish the temporal rates of convergence, we fix a fine mesh and we vary the time step
size. The errors are computed at the final time 1" = 1. The errors and rates are reported in Tables

9-10. We recover optimal first order convergence rates.
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H h |lp2 = panllez(,)  Conv. [[Va(p2 — pan)llr2(,) Conv. H

1/2 1.1081e-02 7.5663e-02

1/4 1.6310e-03 2.76 1.7015e-02 2.15
1/8 2.8895e-04 2.50 4.0381e-03 2.08
1/16 6.0262e-05 2.26 9.8285e-04 2.04
1/32 1.3846e-05 2.12 2.4252¢-04 2.02

TABLE 8. Spatial convergence rates for the Darcy pressure for the choice k; =

ko=2and e =ex =1

| At - wille) Conv. [[Va(u—wnllzzay Conv. [lps —punlliz@,) Conv. |

1/2 8.0870e-02 1.1961e+-00 3.7816e+-00

1/4 3.4933e-02 1.21 3.5960e-01 1.73 1.4666e+-00 1.37
1/8 1.6292e-02 1.10 1.1048e-01 1.70 6.4018e-01 1.20
1/16 8.0506e-03 1.02 4.3830e-02 1.33 3.1530e-01 1.02
1/32 4.0441e-03 0.99 2.2349¢-02 0.97 1.5985e-01 0.98

TABLE 9. Temporal convergence rates for the Navier-Stokes velocity and pressure.

| At b ponlliz@y Conv. [[Va(pe — pon)lliza,y Conv.

1/2 4.1680e-03 3.7806e-02

1/4 2.2823e-03 0.87 2.0532¢-02 0.88
1/8 1.1844e-03 0.95 1.0637e-02 0.95
1/16 5.9923e-04 0.98 5.4063e-03 0.98
1/32 3.0627¢e-04 0.97 2.8348e-03 0.93

TABLE 10. Temporal convergence rates for the Darcy pressure.
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8. CONCLUSIONS

We have obtained the numerical analysis of a discontinuous Galerkin method in space combined
with backward Euler in time for solving the time-dependent Navier-Stokes and Darcy equations.

The analysis presented here can be easily adapted for various finite-element discretizations.



CONVERGENCE OF IPDG FOR COUPLED TIME-DEPENDENT NAVIER-STOKES AND DARCY EQUATIONS37

(1

2

3

[4]

(5]

6

[7

s

9

(10]

(11]
(12]

(13]

(14]

(18]

(16]

(17]

REFERENCES

D.N. Arnold. An interior penalty finite element method with discontinuous elements. SIAM J. Numer. Anal.,
19:742-760, 1982.

L. Badea, M. Discacciati, and A. Quarteroni. Numerical analysis of the Navier—Stokes/Darcy coupling. Nu-
merische Mathematik, 115(2):195-227, 2010.

G.S. Beavers and D.D. Joseph. Boundary conditions at a naturally impermeable wall. J. Fluid. Mech, 30:197-207,
1967.

S. C. Brenner. Poincaré-Friedrichs inequalities for piecewise H! functions. STAM J. Numer. Anal., 41(1):306-324
(electronic), 2003.

S. C. Brenner. Korn’s inequalities for piecewise H! vector fields. Math. Comp., 73(247):1067-1087 (electronic),
2004.

A. Cesmelioglu, V. Girault, and B. Riviere. Time-dependent coupling of Navier—Stokes and Darcy flows. ESAIM:
Mathematical Modelling and Numerical Analysis, 47(2):539-554, 2013.

A. Cesmelioglu and B. Riviere. Analysis of time-dependent Navier-Stokes flow coupled with Darcy flow. Journal
of Numerical Mathematics, 16:249-280, 2008.

A. Cesmelioglu and B. Riviere. Primal discontinuous Galerkin methods for time-dependent coupled surface and
subsurface flow. Journal of Scientific Computing, 40:115-140, 2009.

P. Chidyagwai and B. Riviere. On the solution of the coupled Navier-Stokes and Darcy equations. Computer
Methods in Applied Mechanics and Engineering, 198:3806-3820, 2009.

P. Chidyagwai and B. Riviere. Numerical modelling of coupled surface and subsurface flow systems. Advances
in Water Resources, 33:92-105, 2010.

P. G. Ciarlet. The finite element method for elliptic problems. North-Holland, Amsterdam, 1978.

M. Discacciati, E. Miglio, and A. Quarteroni. Mathematical and numerical models for coupling surface and
groundwater flows. Appl. Numer. Math., 43:57-74, 2001.

M. Discacciati and A. Quarteroni. Analysis of a domain decomposition method for the coupling of Stokes and
Darcy equations. In Brezzi et al, editor, Numerical Analysis and Advanced Applications - ENUMATH 2001,
pages 3—-20. Springer, Milan, 2003.

M. Discacciati and A. Quarteroni. Navier-Stokes/Darcy coupling: modeling, analysis, and numerical approxi-
mation. Revista Matemdtica Complutense, 22(2):315-426, 2009.

V. Girault and B. Riviere. DG approximation of coupled Navier-Stokes and Darcy equations by Beaver-Joseph-
Saffman interface condition. SIAM Journal on Numerical Analysis, 47(3):2052-2089, 2009.

V. Girault, B. Riviere, and M.F. Wheeler. A splitting method using discontinuous Galerkin for the transient
incompressible Navier-Stokes equations. ESAIM: Mathematical Modelling and Numerical Analysis-Modélisation
Mathématique et Analyse Numérique, 39(6):1115-1147, 2005.

Vivette Girault, Béatrice Riviere, and Mary Wheeler. A discontinuous Galerkin method with nonoverlapping
domain decomposition for the Stokes and Navier-Stokes problems. Mathematics of Computation, 74(249):53-84,
2005.



38 NABIL CHAABANE, VIVETTE GIRAULT, CHARLES PUELZ, BEATRICE RIVIERE

[18] J. L. Lions. Equations différentielles opérationelles et problémes aux limites. Springer-Verlag, 1961.

[19] P.A. Raviart and J.M. Thomas. A mixed finite element method for 2nd order elliptic problems. In Mathematical
Aspects of the Finite Element Method, Lecture Notes in Mathematics, volume 606, pages 292-315. Springer-
Verlag, New York, 1977.

[20] B. Riviere. Discontinuous Galerkin Methods for Solving Elliptic and Parabolic Equations: Theory and Imple-
mentation. STAM, 2008.

[21] P. Saffman. On the boundary condition at the surface of a porous media. Stud. Appl. Math., 50:292-315, 1971.

[22] L.R. Scott and S. Zhang. Finite element interpolation of nonsmooth functions satisfying boundary conditions.
Mathematics of Computation, 54(190):483-493, 1990.

[23] R. Temam. Navier-Stokes equations: theory and numerical analysis, volume 343. American Mathematical Soc.,

2001.



