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We investigate the effect on survival and coexistence of introducing for-
est fire epidemics to a certain two-species competition model. The model
is an extension of the one introduced by Durrett and Remenik (Ann. Appl.
Probab. 19 (2009) 1656-1685), who studied a discrete time particle system
running on a random 3-regular graph where occupied sites grow until they
become sufficiently dense so that an epidemic wipes out large clusters. In our
extension we let two species affected by independent epidemics compete for
space, and we allow the epidemic to attack not only giant clusters, but also
clusters of smaller order. Our main results show that there are explicit pa-
rameter regions where either one species dominates or there is coexistence;
this contrasts with the behavior of the model without epidemics, where the
fitter species always dominates. We also discuss the survival and extinction
regimes for the model with a single species. In both cases we prove con-
vergence to explicit dynamical systems; simulations suggest that their orbits
present chaotic behavior.

1. Introduction and main results. In the mathematical biology literature, resource
competition between n species is widely modeled through Lotka—Volterra type ODEs of the
form

dx;(t)
dt

n
=xi(t) [ai =Y bijx;0) |, i=1,....n,
=1

or suitable difference equation versions of them if time is taken to be discrete, where
x; € [0, 1] represents the density of the ith species and the a;’s and b;;’s are parameters.
The term inside the parentheses determines the effect of inter-specific and intra-specific com-
petition, and has the advantage of being simple enough for an easy interpretation of its co-
efficients while, at the same time, allowing the system to exhibit a rich asymptotic behavior,
including fixed points, limit cycles and attractors. However, despite its ubiquitousness, the
classical model seems inadequate to explain diverse and complex ecosystems, as conditions
for stability become more restrictive for larger values of n; the same seems to be true regard-
ing conditions for coexistence (see, e.g., [2, 11]), implying that, unless the parameters have
been finely tuned, most species will be driven to extinction as a result of competition.

Even though it has been argued that natural selection alone may be able to tune the rele-
vant parameters to yield a coexistence regime [1], a considerable amount of effort has been
directed towards extending models such as Lotka—Volterra in ways that promote biodiversity,
for example through the addition of predators [12, 16, 20], of random fluctuations in the en-
vironment [15, 25] and of diseases [13, 19]. Another way of extending the model is based
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on questioning the linear form of the inter-specific and intra-specific competition terms; in-
deed, for large population densities the intra-specific competition of a species has an increas-
ingly important nonlinear component, known as the crowding effect, which is overlooked in
the original equations. The crowding effect is capable of effectively outbalancing the inter-
specific competition effect for a significantly larger set of parameters, permiting coexistence
even when n is large [9, 10, 21].

One important source for the crowding effect is the fact that at high population densities the
connectedness between individuals tends to be high, making it easier for an infectious disease
to spread through the population and giving rise to epidemic outbreaks. To the best of our
knowledge, the effect that this phenomenon may have on coexistence has not been explored
in the setting of competing spatial population models. This provides the main motivation for
our paper.

1.1. The multi-type moth model on a random 3-regular graph. The model which we
will study is a multi-type version of a particle system introduced by Durrett and Remenik
[7]. Their model is inspired by the gypsy moth, whose populations grow until they become
sufficiently dense for the nuclear polyhedrosis virus, which strikes at larval stage and spreads
between nearby hosts, to reduce them to a low level; we will refer to it as the moth model
(MM). The MM is a discrete time particle system which alternates between a growth stage
akin to a discrete time contact process and a forest fire stage where an epidemic randomly
destroys entire clusters of occupied sites. Forest fire models, which were first introduced
in [5], have received much interest as a prime example of a system showing self-organized
criticality, see for example, [18], but this is not the focus of our paper. [7] was devoted mostly
to the study of the evolution of the density of occupied sites in the limit as the size of the
system goes to infinity; its main result showed that the system converges to a discrete time
dynamical system which, as a result of the forest fire epidemic mechanism, presents chaotic
behavior.

The extension of the MM which we will be interested in, and which we call the multi-
type moth model (MMM), is defined as follows. Let (Gy)n>1 be a random connected 3-
regular graph of size N, that is, a random graph chosen uniformly among all connected graphs
with N vertices, all of which have degree 3 (we condition on the graph being connected for
simplicity, it is known that a random 3-regular graph is connected with probability tending to
1as N — oo [14]). Fix also m € N, which will be the number of species (we will be interested
mainly in m = 1 and m = 2). For each N € N the MMM is a discrete time Markov chain
(n,iv)k>0 taking values in {0, ..., m}OV; each site x € Gy can be occupied by an individual

of typei e {l,...,m} (n,ﬁv(x) =1i) or be vacant (n,lcv(x) = 0). The process depends on two
sets of parameters, B = (B(1),..., B(m)) € RY and ay = (ay(1),...,ay(m)) € [0, 1]™.
The dynamics of the process at each time step is divided into two consecutive stages, growth
and epidemic:

Growth: An individual of type i at site x € Gy sends a Poisson[#(i)] number of descen-
dants to sites chosen uniformly at random in G y. If a site receives more than one individual,
the type of the site is chosen uniformly among the individuals it receives. We will use the no-
tation 7, ! to refer to the configuration after the kth growth stage but before the subsequent
epidemics.

Epidemic: Each site x occupied by an individual of type i after the growth stage is attacked
by an epidemic with probability « (i), independently across sites. The individual at x then
dies along with its entire connected component of sites occupied by individuals of type i.
This happens independently fori =1, ..., m.

The MMM can be defined naturally running on any sequence of (random or deterministic)
graphs G y. In this paper we choose to work on random 3-regular graphs mostly because they
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look locally like a regular tree, which leads to explicit formulas for certain percolation prob-
abilities which will appear in the epidemic stage. Our results should hold for other choices of
graphs which have this property, but for simplicity we will not pursue this here. Likewise, it
is possible to work with more general offspring distributions, as done in [7], but we stick to
Poisson in order to simplify the presentation and proofs.

Observe that the growth stage in our model is of mean-field type. This is a simplifying
assumption, but is not totally unrealistic: in terms of the one-year life cycle of the gypsy moth,
one may think of the individuals as performing independent random walks in G between
each time step of the process (i.e., during the moth stage coming from larvae surviving the
epidemic), so that the population will have mixed by the time new individuals are born and
then the growth stage will be, effectively, approximately mean-field. One could generalize
the model by sending particles born at x € G in the growth step to a site chosen uniformly
from some given neighborhood Ay (x) of x. We believe that most of our results remain true
in the spread-out case corresponding to Ny (x) = B(x, ry) (the ball of radius ry around x in
the natural graph distance) with appropriate growth conditions on ry, but it is not clear to us
whether our arguments can be extended to that setting.

Note on the other hand that while the growth parameters (i) are fixed, we have allowed
the epidemic parameters ay (i) to depend on N. For each species we are interested in two
basic possibilities: either oy (i) — a(i) € (0, 1) for all i, or (i) —> 0O slower than loga-
rithmically. In the second case, which we will refer to as the weak epidemic regime, a fixed
site is hit by the epidemic with negligible probability, but it will typically be infected when
it belongs to a macroscopic (giant) cluster of occupied sites, and in this case the infection
will typically come from a site which is most at logarithmic distance (see Section 2.1). In
the first case, the strong epidemic regime, and on top of infections coming from other sites
in a connected cluster, each occupied site is hit by the epidemic with probability bounded
away from 0; as we will see, the behavior of the system as N — oo is different in the two
cases. The condition on infections arriving typically from neighbors at most at a logarithmic
distance, which comes from the decay condition we imposed on «y (i), is technical; it will
allow us to approximate neighborhoods in Gy at relevant scales by a tree. In principle one
could consider weaker epidemic regimes, where «y (i) — 0 faster than logarithmically and
infections typically come from far away neighbors, but this situation seems to go beyond the
methods in our paper (in particular, it is not clear what the N — oo limit of the evolution of
the densities of occupied sites would be in this case).

In order to incorporate both regimes in the notation, we will assume throughout most of
the paper that there are fixed parameters « (1), ..., a(m) € [0, 1) so that

(D) any(@) — a(i) and oayn(i)]log(N) — o0 asN —oo0,i=1,...,m

(note that we exclude the trivial case « (i) = 1; note also that the second condition is trivial if
a(i) > 0). We remark that, while the MM studied in [7] corresponds to the m = 1 case of our
MMM, that paper worked only in the weak epidemic regime, so some of our results extend
theirs even in the single-type case. This extension, which is natural from the biological point
of view as it incorporates into the model the effect of diseases with a fixed incidence rate, has
a major impact on the system; see Sections 2.1 and 2.3.

For later use we introduce the sequence (o} ), of density vectors obtained from (), . .
defined as

. 1
) o= (P (1), o ) with o (D = D vy

xeGy
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1.2. Coexistence and domination for the two-type MMM. 1If one suppresses the epidemic
stage then the MMM turns into a multi-type contact process, for which it is relatively easy
to prove that the fittest species (i.e., the one with the largest growth parameter B8(i)) will
outcompete and drive to extinction all the other ones (this has been proved for the contact
process in continuous time with other choices of Gy (see, e.g., the result of [17]), and it
would not be hard to extend to the current setting). Our main result, which we state and prove
in the case m = 2, shows that the introduction of forest fire dynamics changes this picture:
there are choices of parameters for which there is coexistence even when one species has
a larger offspring parameter. The intuition behind this is simple: if we introduce forest fire
epidemics into the system then the fitter species, which achieves higher densities, will be
more susceptible to the destruction of large occupied clusters, which will have the effect of
periodically clearing space for the growth of the weaker species, giving it a chance to survive.

In order to state our result we need to explain first what we mean by coexistence. Let

ty=inf{k>1:nY(x)#iVx € Gy} =inf{k > 1:p (i) =0}

denote the extinction time of type i, for i = 1, 2. Note that the MMM is a Markov chain on
a finite state space with the all-empty configuration as its unique absorbing state, which will
be reached eventually starting from any initial condition, so it makes no sense to ask any of
the species to survive for all times. We follow instead the usual approach (see, e.g., [4, 6])
where one characterizes the different phases of the system in terms of the behavior of the
extinction times as a function of the network size N. Roughly, given a timescale sp such that
sn/log(N) — oo, we will say that:

e Species i dominates species j if there is a ¢ > 0 so that rK, <clogN and r};, > sy with
probability tending to 1 as N — oo.
e The two species coexist if rll,, r,%, > sy with probability tending to 1 as N — oo.

Define the fitness of species i as

3) ¢i = (1 —a@®)B(),

which corresponds to the effective birth rate of individuals after considering the probability
that a newly born particle does not survive the epidemic stage due to an infection arising in
its location. We are only interested in the regime ¢, ¢» > 1, since when ¢; < 1 species i
dies out even when ignoring the other species and epidemics coming from other sites. For
concreteness we will assume that type 2 is the fitter species.

THEOREM 1.1. Consider the two-species MMM on a random 3-regular graph satis-
fing (1) and 1 < ¢1 < ¢ and let apy = min{an(1),an(2)}. Then there are constants
ci, C2, c’l, c’2 > 0 such that the following holds: For any fixed 0 <1y <uy <1 and 0 <l <
up < 1 there is a C > 0 such that

(4) P(TI%/ > 12N 10g(N)) > 1 — Ce 29N 10g(N)’

for all N and any ,0(1)\'(1) € [l1,url, ,oév(2) € [l, us] (i.e., the stronger species survives),
while:

(1) (Coexistence) If ¢, is sufficiently large then there is a ¢ € (1, ¢2) depending only on
&2 and a(2) such that for all ¢ € (¢, 2),

®) Ip)(.[[{/ > ¢C19N log(N)) > 1 — Ce 29N log(N).

(i) (Domination) For any ¢ there is a ¢ € (1, ¢p) and depending only on ¢, and a(2)
such that if 1 € (1, ¢),

(6) P(ty <c}logN) > 1 —log(N)e~enlog@),
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A couple of remarks are in order.

REMARK 1.

(1) In order for the result to provide a dichotomy between domination and survival, and fit
the notions introduced above, one needs to have « ), log(N)/log(log(N)) — oo as N — 0.
Note that this assumption also ensures that the right-hand side of (6) goes to 1.

(i) Under the assumption o log(N)/log(log(N)) —> oo one can prove that all the
factors oy log(N) appearing in the exponents in (4)—(6) can be replaced by a log(N) Vv
log(N Y2 thus strengthening the dichotomy whenever log(log(N))/log(N)lay x
Ilog(N)~!/2. See Remark 4 after the proof of Theorem 2.2.

(>iii) The timescale difference which we obtain is probably not optimal, but in any case it
is quite strong: for example, if we take oy (i) —> (i) € (0, 1) for each i then the dichotomy
for species 1 corresponds roughly to the difference between dying out in time log(N) and
surviving for a time of order N¢ for some ¢ > 0.

REMARK 2. Theorem 1.1 is a slightly simplified and condensed version of the results
we will prove in later sections, which together provide finer information about the phase
diagram of the process and of the dynamical system which describes it in the N — oo limit,
see Theorems 2.6 and 4.3. Those results imply in particular (see the discussion following the
statement of Theorem 2.6) that, under the assumptions of Theorem 1.1:

(i) There exist ¢ < @] < ¢ such that type 2 dominates over type 1 in the MMM asso-
ciated to (¢1, ¢2), while there is coexistence in the MMM associated to (4], ¢2). This can be
achieved, moreover, when a (1) = «(2) = 0.

(i) For any small y > 0 we can choose ¢ and ¢, large but with relative fitness % =y
such that both species coexist.

(iii) In particular, given any small y > 0 one can choose two different sets of parameters
with the same relative fitness y so that in one case type 1 is driven to extinction while in
the other case there is coexistence. Hence, and in contrast to models such as the multi-type
contact process, relative fitness by itself is not enough to predict the qualitative behavior of
the system.

Figure 3 contains a sketch of the regions of the phase diagram of the process which have
been probed in Theorem 2.6, which in particular makes these four facts apparent.

Note that in our model we are assuming that epidemics affect each species independently.
This is natural when considering epidemics lacking cross-species transmission due to genetic
distance, but is not a very realistic assumption if one thinks about the competition of different
species of trees and takes the forest fire metaphor literally. It seems, nevertheless, that this
assumption is important for coexistence to arise in our setting. This qualitative difference
between epidemics with and without cross-species transmission is somewhat similar to the
one found in the literature for predators, where the addition of a “specialist” predator to
Lotka—Volterra systems can be more effective in promoting coexistence than the addition of
a “generalist” one (see [20]).

A related model was studied by Chan and Durrett [3], who proved coexistence for the two-
type, continuous time contact processes in Z> with the addition of a different type of forest
fires, which act by killing all individuals (regardless of their type, and regardless of whether
they are connected) within blocks of a certain size. They showed that if the weaker competitor
has a larger dispersal range then it is possible for the two species to coexist in the model with
forest fires; this contrasts with Neuhauser’s result [17] for the model without forest fires for
which such coexistence is impossible. Our context is different, since we work on a random
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graph with forest fires which travel only along neighbors of the same type and which have
an unbounded range, and since all species use the same (mean-field) dispersal neigborhoods.
The techniques we use are also different, and the results we obtain are of a slightly different
nature. But the motivation is similar, and our results complement nicely with theirs.

The strategy we will use to prove Theorem 1.1 proceeds in three steps which can be de-
scribed roughly as follows: first we approximate the evolution of the densities of sites occu-
pied by each type as N — oo by an explicit deterministic dynamical system, then we study
the phase diagram of this dynamical system to find regions for coexistence and survival, and
finally we argue that on those regions the behavior of our process tracks that of the limiting
dynamical system. The main challenge in implementing this strategy comes from the slow
convergence of the empirical densities to the limiting dynamical system. This is intrinsic in
the very nature of our model: as we will explain in Section 2.3, and just as in the single-type
case, due to the forest fire epidemics the two-type dynamical system presents a very compli-
cated behavior which, from simulations, appears to be chaotic; this makes it hard to obtain a
fine control on the distance between the finite system and its limit, for which it is essentially
impossible to predict its evolution. As a consequence, in the coexistence regime we are not
able to show that the extinction times of both species grow exponentially in N even in the
case of mean-field growth, as one would expect.

Our proof of coexistence relies on showing that a certain quantity, ¢o, is larger than
1, where o is defined in (36) and represents the average competition effect that the strong
species has on the weaker one when the latter is close to extinction. A similar argument could
be used to show that if an analogous quantity ¢10 is smaller than one (with o defined by
changing inf’s by sup’s in (35) and (36)), then the weaker species decreases to extinction as
soon as it reaches sufficiently small densities. It is not unreasonable to conjecture that in fact
the condition ¢10 < 1 implies domination, and furthermore that o and o should coincide,
which would characterize a complete dichotomy for the qualitative behavior of the system,
but pursuing this is outside the scope of this paper.

2. The limiting dynamical system. Throughout the paper we will use the notation
DS(h) to denote the dynamical system (A" (p)) defined from the iterates A" of a given
map h : R" — R™.

n>0

2.1. Derivation of the limit. The starting point of our arguments is an approximation
of the evolution of the MMM densities by a deterministic dynamical system. We begin by
explaining where this limit comes from. Since it makes no difference, we work here in the
case of general m > 1.

Recall that the epidemic parameters satisfy oy (i) —> a(i) € [0, 1) as N — oo. Since the
MMM dynamics is defined in two stages, it is natural to look for maps fg, g« : R" — R"
describing respectively the limiting densities after the growth and epidemic stages and then
expect the limiting dynamical system to be given by DS(gy o f3).

Recalling the Poisson assumption on the offspring distribution, and since in the process
we let each site choose its type uniformly at random from the particles it receives, a simple
computation shows that the expected density of sites occupied by type i after the growth stage
is given by

Gy —ym gy PP
(N fg (p)i=(1—e == i

g ( ) L1 BG)pi
This is our candidate function for the growth part. The function g,, on the other hand, will
depend on our particular choice of a random 3-regular connected graph for G y. In this case
the graph looks locally like a 3-regular tree, so in order to guess a candidate for g, we can
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pretend that the epidemic stage acts on the infinite 3-tree 7. Let us also assume for a moment
that m = 1. We need to analyze the effect of the epidemic when attacking a configuration of
particles distributed as independent (thanks to the mean-field assumption) site percolation on
T with a given density ¢ (whose distribution, i.e., a product measure on {0, 1}7 where each
vertex is occupied with probability ¢, we denote as P ). Note that if C, denotes the connected
component of occupied sites containing r then, conditionally on C,, the probability that r
survives is given by (1 — aN)|C’|Il{|cr|>0}.

As a consequence, we should expect the limiting probability that a given site is occupied,
after the epidemic stage attacks a configuration with a fraction ¢ of occupied sites, to be given
by

8a(q) :=P,(r is occupied, r survives the epidemic) = E, ((1 — oz)'c’|]l{|cr|>0})

(here r is any vertex of 7). The right-hand side can be computed explicitly.

PROPOSITION 2.1. Forany g € [0,1] and o € (0, 1),

(1- VT340 —ag(I —9))’
8(1 —01)26]2

d) ga(q) =

while go(q) = limy_, o+ g« (q), which equals g~>(1 — q)3 for ¢ > 1/2 and q for g < 1/2.

The formula for gg coincides with the function appearing in [7]; the fact that go(g) = g for
g < 1/2 reflects that in the weak epidemic regime oy — 0 the epidemic can only hit a giant
cluster, which for site percolation on the 3-regular tree is seen only for ¢ > 1/2. In contrast,
when o > 0 the epidemic also attacks small clusters and the density of the population does
not have to be above the critical percolation parameter of the network for it to kick in, so we
observe its effects at all times.

Going back to the general case m > 1, since the epidemic attacks each species indepen-
dently and without cross-transmission, we deduce that the density of sites occupied by type i
after the epidemic stage acts on a population with initial densities g € [0, 1] should be given
by
) 84 (@) = ga(i @)

In view of the above computations we define the candidate limiting dynamical system as
DS(h) where, given p € [0, 11", pr+ p2+ -+ pu < 1, h(p) = (h;(p), ..., h,(p)) is
defined as

(10) hi () = gatiy © £ (P)

(we omit the dependence of & on the parameters for simplicity).

2.2. Approximation result. Recall the definition of the density process (p,iv )i>0 associ-
ated to the MMM. A straightforward consequence of the following result (stated as Corol-
lary 2.3 below) is that the density process converges indeed to the dynamical system DS(%).
The result, however, goes much further, providing a quantitative estimate on the speed of
convergence, which will be crucial in the proof of Theorem 1.1.

THEOREM 2.2. Consider the MMM with m types and assume that (1) holds. Then given
8 > 0 and k € N there is a constant C > 0, depending only on § and k, such that for all N € N
and any initial condition név we have (with oy = minfay (1), ..., ay(m)})

an B (1o — (o) o > 8) < Cemeions,

where ||x||ooc = Max;e(1,2,....m} |Xi| for a vector x € R (£oo norm in R™).
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The bound on the right-hand side is certainly not sharp but, as we explained in Remark 1(i),
it is strong enough for the purpose of deriving a dichotomy between domination and coex-
istence, as established in Theorem 1.1. That the bound gets better as ), gets larger is not
surprising: the main contribution to the variability of the trajectory comes from the epidemic
stage, which typically affects connected clusters with sizes of order 1/« ;. The main ingre-
dient in the proof of this result is Lemma 3.2, which uses a comparison with a branching
process to estimate the difference between g and the expectation of the density obtained after
the epidemic stage on a percolated 3-tree.

COROLLARY 2.3. Suppose that (1) holds and that pév converges to some p such that
p1+p2+---+pm <1,thenas N — oo, the density process (p,iv)k>0 associated to the MMM
converges in distribution (on compact time intervals) to the deterministic orbit, starting at p,
of the dynamical system DS(h).

In the case with m = 1 and (1) = 0, this is Theorem 2 of [7].

2.3. Phase diagrams. Our goal here is to determine parameter regions for the two-type
DS (k) where domination and coexistence hold. In this context we say that (here hf.‘ denotes
the ith coordinate of the kth iterate of &):

e Species i dominates species j if liminf_, hf (p) > 0 while limg_, oo hlj‘-(ﬁ) =0.
e There is coexistence if liminfj_, oo hf.‘(ﬁ) >0fori=1,2.

In order to investigate the behavior in the two-type case it is instructive to first review the
behavior of the limiting dynamical system for single-type MM, for which a very complete
picture is available.

2.3.1. The one-type system and bifurcation cascades. Consider the case m = 1. For sim-
plicity, in this case we omit the subscripts from the parameters defining the process. In the
weak epidemic regime for the MM, ay —> 0 (which corresponds to @ = 0 in DS(h)), we
are back in the case studied in [7]. In that situation one has the following:

e If B < 1 then for every p € [0, 1] the sequence h*(p) decreases to 0 as k — oo, 0 being
the unique fixed point of fz (and h).

e The epidemic is only seen when the system attains densities larger than 1/2. Since the
unique fixed point p* of fg is in (0, 1/2) for all B € (1,2log(2)], for such B the orbit
of h¥(p) eventually gets trapped inside the interval [0, %], where there are no epidemic
outbreaks (h = fg). Inside this interval, hk( p) converges to p*.

e If B > 2log?2 then the orbit of hk( p) is trapped inside the interval [/ ( %), %]. In this case the
fixed point of fg is larger than %, so the successive growth stages drive the density above
this value, at which time the epidemic kicks in and forces a relatively large jump back to
[h(%), %]. In this case DS(#) is chaotic (see [7], Theorem 1).

Thus the case B < 1 corresponds to the extinction regime (at least for the limiting dy-
namical system), while for all 8 > 1 we have liminfj_, o hk( p) > 0 (for all p > 0), which
corresponds to survival. In [7] the authors also prove versions of these results (including the
convergence to the corresponding dynamical system) for the process running on the discrete
torus.

For the dynamical system DS(#) with general o € [0, 1] we have the following proposition.

PROPOSITION 2.4. Leta €[0,1] and B8 > 0.
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F1G. 1. Left: Bifurcation diagram in B for DS(h) with o = 0.1, showing the orbits of the system between it-
erations 900 and 1000 in the vertical direction for different values of . Our simulations suggest that cascades
appear for all a € (0, 1). Right: Simulation of the evolution of the MM for o = 0.1 and different values of B, from
iteration 900 to 1000. Here N € {20,000, 40,000, 100,000} (depending on B).

(1) (Extinction) If (1 — a)B <1 then limg_, o hk (p) =0forall p €[0,1].
(ii) (Survival) If (1 — @)B > 1 then liminfy_, oo K% (p) > 0 for all p € (0, 1).

This result follows relatively easily from showing that, as a fixed point of DS(k), O is
attractive in case (i) and repulsive in case (ii), so we omit the proof.

The remaining question in the case of general « is to investigate the existence of a chaotic
phase. While a rigorous analysis appears to be much more difficult in this case due to the
complicated algebraic structure of /, numerical simulations of the orbits of DS(/) suggest
that the system presents bifurcation cascades. These are sequences of period doubling bifur-
cations that occur as the parameter f is increased (for fixed « > 0), and which accumulate at
a certain finite value of 8 (the prototypical example of this behavior is the dynamical system
defined by the quadratic map x — rx (1 — x), which has a first period doubling bifurcation
occurring at » = 3 and then subsequent ones which continue up to » & 3.56, where a chaotic
regime arises; this phenomenon presents an intriguing form of universality [8, 23]; see [24]
for a good recent account). The bifurcation cascades appearing for o > O contrast with the
behavior in the case o = 0, where the system proceeds directly from a stable fixed point to a
chaotic phase, without passing through period-doubling bifurcations (see the discussion pre-
ceding [7], Prop. 1.1 there); the parameter « has thus the effect of modulating the appearance
of these cascades. The left side of Figure 1 shows bifurcation diagrams for DS(#) which
clearly suggest the occurence of this phenomenon in our system, while the right side shows a
simulation of the evolution of the MM for finite N and different values of §; note how some
of the period doubling bifurcation behavior of the limiting system are still apparent in these
simulations.

Figure 2 presents a schematic summary, partly based on simulations, of the behavior of the
orbits of DS(4) as a function of o and .

REMARK 3. The above discussion refers only to the behavior of the limiting dynamical
system, and it is natural to wonder also about the dichotomy between extinction and survival
at the level of the single-type particle system for finite N. The phase diagram of the system
in this case is much simpler than in the two-type setting of Theorem 1.1, and one expects
that if (1 — any)B —> ¢ then the extinction time T of the process should have a qualita-
tively different behavior in the cases ¢ < 1 and ¢ > 1. In fact,! a simple comparison with a

ISee https://arxiv.org/abs/1811.12468v3, Sections 1.3 and 4.
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FI1G. 2. Approximate phase diagram of DS(h). The transition between extinction and survival is justified by
Proposition 2.4, while the one governing the appearance of bifurcation cascades (dashed line) is based on simu-
lations.

branching process shows that, for ¢ < 1 (the extinction phase) E(ty) < Cjlog(N), while a
separate, relatively simple argument, shows that for ¢ > 1 (the survival phase) E(ty) > Co N
(for some fixed constants C1, C» > 0). We believe that in the survival phase the expected
extinction time actually grows exponentially, that is, that there are constants ¢, C > 0 such
that E(ty) > CeV.

2.3.2. The two type dynamical system. We come back now to the case m = 2. In this
case a full description of the phase diagram as in Proposition 2.4 becomes extremely difficult
to obtain due to the complicated explicit function £ arising from the competition between
species. In the following result we find instead some partial conditions which ensure either
domination or coexistence. In view of Proposition 2.4, we will restrict the discussion to the
case when the fitnesses of both species (defined in (3)) satisfy ¢; > 1. For concreteness we
will also assume that type 2 is fitter than type 1, that is, ¢» > ¢1, and in order to ease notation,
in everything that follows we denote, for a given initial condition p € [0, 11> with p; +ps <1
and any i € {1, 2},

pf = hi(p).
THEOREM 2.5. Consider the two-type dynamical system DS(h) with an arbitrary initial
condition p € (0, 1)> with p1 + pa < 1. Then for any 1 < ¢1 < ¢»
liminf p5 > 0,
k— 00
that is, the stronger species survives, while there are continuous functions F1, F> : [0, 1] x
R — R such that:
(i) (Coexistence) If ¢ > 2log2 and ¢1 > F1(x(2), ¢2), then
liminf p§ > 0.
k— 00
(ii) (Domination) If ¢1 < F2(a(2), ¢2) then
lim p¥=o0.
k— 00
The functions F1 and F> satisfy:

(1) For fixed o, Fi(a, @) is increasing as a function of ¢ and satisfies Fi(a, ) =
OV ¢ log(p)) for large ¢. In particular, for large ¢ we have Fi(a, ¢) < ¢.
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FI1G. 3.  Summary of the domination and coexistence regimes for the MMM, for a(1) = a(2) = 0 on the left and
a(1) = a(2) = 0.1 on the right. The white (resp. black) dashed regions represent the domination regime of type
1 over type 2 (resp. type 2 over type 1), and the solid gray regions correspond roughly to the coexistence regime

(plotted based on their asymptotic behavior: as ¢y — 00, P¢1 grows as /¢, 1og(¢)).

2) Fo(a, ¢) > 1 and for fixed o, Fo(eo, ) =14+ (1 + 0(1))%6_37(# for large ¢. On the
other hand, for fixed ¢, F>(a, @) is decreasing as a function of «.

We believe that the condition ¢» > 21log?2 is not fundamental for coexistence and could
be relaxed by carefully modifying our proofs. The (rather complicated) definitions of the
functions F7 and JF; are given in (45) and (51), for which the properties described in the
theorem can be proved analytically but whose numerical plots reveal additional features such
as concavity of F7 and that / has a single critical point. An approximate phase diagram
is given in Figure 3, where it can be appreciated that as the «(i)’s increase the inequalities,
the conditions become more restrictive and hence the regions given by the theorem shrink;
this is a consequence of the chaotic behavior introduced by the epidemic stage, which re-
duces our control over the system, and which increases with the «(i)’s. Bifurcation diagrams
corresponding to domination and coexistence regimes are shown in Figure 4.

The intuition behind our coexistence result is the following. If the trajectory of the weaker
type 1 species remains close to zero, its effect on the trajectory of the type 2 species becomes
negligible, meaning that type 2 evolves essentially as if it were alone, so that the evolution
of p’lc can be approximated taking that of p’z‘ as given. Condition ¢ > Fj(x(2), ¢2) ensures
that in this situation the type 1 species grows in average, thus moving away from low density
values. In the case of domination, the idea will be that starting from any initial condition
the orbit of the dynamical system eventually gets stuck in a set B where the condition ¢ <
Fr(a(2), ¢p) ensures that p’f decays (exponentially fast) to 0.

2.4. Connection with the particle system. We are finally ready to state the precise version
of our main result (stated above as Theorem 1.1), which extends the behavior derived in last
section for the dynamical system DS(%) to the particle system.

THEOREM 2.6. Let F| and F, be as in Theorem 2.5. For the two-species MMM on
a random 3-regular graph, and under the assumptions of Theorem 1.1, we have: (1) If
¢ > 2log2 and ¢1 > F1(x(2), ¢2), then the coexistence statement (5)/(4) holds. (ii) If
o1 < Fo(a(2), ¢), then the domination statement (6)/(4) holds.
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FI1G. 4. Bifurcation diagrams for type 1 (blue) and type 2 (black), with o (1) = 0.01 and «(2) = 0.2. On the
left, with B1 = 1.9910g(2), type 1 goes from a stable fixed point to extinction as By increases. On the right, with
B1 =2, there is coexistence for large Bo; note how the chaotic behavior of the type 2 species is reflected on type
1 as well.

Theorem 1.1 follows directly from this result when taking ¢ = F|(«(2), ¢») and ¢ =
Fo(x(2), ¢p2), since the former is smaller than ¢, for all sufﬁcieﬁtly large ¢», and the latter
is always larger than 1. Observe that the properties of | and F, give the behavior stated in
Remark 2. Indeed, for the first item we can fix a large ¢» and then take ¢; close to ¢ so
that there is coexistence for the pair (¢>i, ¢2), while at the same time taking ¢ close to 1 so
that there is domination for the pair (¢, ¢2). For the second and third items of Remark 2
we can fix a large ¢, and ¢ close to 1 so that the system exhibits domination while having
relative fitness ¢—; =y as small as wanted. By taking ¢ even larger we can choose ¢/ close to

(but larger than) ¢, which is ©( ¢§ log(%)), so that the process exhibits coexistence while

having relative fitness z—i =y.

The proof of Theoreni 2.6 is based on a stronger version of the coexistence and domination
for the dynamical system (see Theorem 4.3), which we can then translate to the particle
system by means of Theorem 2.2. It follows that any improvement on our knowledge of
DS(h) directly improves Theorem 2.6, and that the same ideas could be applied in principle
to the system with m > 2, as soon as the dynamical system is well understood.

3. Proof of the approximation result. The goal of this section is to prove Theorem 2.2.
As afirst step we derive the explicit formula (8) for the expected density g, after the epidemic
stage on a percolated 3-tree. Recall that 7 denotes an infinite 3-tree, P, denotes the site
percolation measure on 7 with density p, and C, denotes the percolation cluster containing
a given vertex r.

PROOF OF PROPOSITION 2.1. We have

(12) E,((1— )0 120) = D (1 — )P, (IC/| = n).

n=1

Let A, be the number of possible connected components of size n in a 3-tree rooted at r,
so that P,(|C;| =n) = A, p"(1 — p)" 2 (notice that n + 2 is the number of vacant sites
surrounding a cluster C, of size n). Noting that a 3-tree is a root connected to three binary
trees and recalling that the analog of A, for a binary tree is given by the Catalan numbers
Cp,weget Ag=land A,y 1 =37, Z’};g CiC;Cy_i_j. Defining the generating functions
A(x) = Y% Apx™ and C(x) = Y22, C,x", the above equation gives A(x) = xC(x)> +1 =
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%x‘z(l — /1 —4x)3 +1, where we have used the explicit formula for C(x) (see [22]). From
this we conclude that the left-hand side of (12) equals

o0

Y (=) p"(1 = p)" 24, = (1 — p)*(A((1 =) p(1 = p)) — 1)

n=1

(1= yT—dT —apd —p)’
N 8(1 — )2 p? ‘ O

The remainder of this section is based on a quantitative version of the arguments in [7].

Assume that (1) holds. The function 4 has been defined in terms of the behavior of the
system when Gy is replaced with an infinite 3-regular tree, so in our approximation it will be
convenient to focus on the vertices whose neighborhoods look locally like a tree. With this in
mind define

Hy ={x € Gy : Gy N B(x, Ly) is a finite 3-regular tree}
with Ly =1log,(N)/5. From the proof of Lemma 3.2 in [7] we get that

1
(13) EGN \ Hy) = CN733

for some C > 0; in particular, the expected density of sites in Hy goes to 1. We will use this
to control the process locally in balls of radius L y; in fact, as the next result shows, infections
commg from further away have a vanishing effect on the system. Let 1 771 be defined similar to

’71 , with the difference that for x ¢ Hy we set 7, N(x) =0 and for x € Hy the epldemlc stage
ignores infections comlng to x from vertices outside B(x, Ly). We also let /01 the vector of

densities (,0l (D), ..., 0 N (m)).

LEMMA 3.1. For any ¢ > O there exists Ng such that for all N > Ng and ,oév one has

~ . N 1
(14) [E(51 (NIGN) —hj(pg)| <&+ 7 1Gn \ Hyl

for each species j. Moreover, for all ,oév ,
N ~N —an(i
(15) B (|t | = )| ) < e,
h N,(j) d . N _
where 1, enotes the set of vertices x such that ;' (x) = j.

PROOF. Pick a vertex » € Gy uniformly at random and use the definition of ﬁ{v to ex-
press E(5] (j)|Gy) as

=N . . —an (NG NBELN)I
E@ (DIGN) =P ()= jIGN) =B, vy, (= v () Gy),

where C; is the connected component of type j containing  at time 1/2. The event r € Hy
implies that B(r, Ly) is a 3-regular tree, and by the mean-field assumption for the growth
stage, at time 1/2 each vertex is occupied by a type j individual independently with proba-
bility g = f ) (,06v ). As a consequence, |Cj N B(r, Ly)| is the size of the cluster containing
r in the percolated 3-regular tree, which we represent as the total amount of individuals of a
Galton—Watson process Zo, Z1, ..., Z1, . More precisely since a 3-regular tree can be seen
as a vertex connected to the root of three binary trees, we set the offspring distribution of the
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first generation of the Galton—Watson process to be a Binomial[3, ¢] and of all subsequent
generations to be a Binomial[2, g], with Zg =1 reg 0y giving the expression
172

E(5Y (DIGN) =E(Lyremy) Zo(1 —ay ())HA1H v |G y)
(16)
= E(Lyremy) IGME(Zo(1 — ay ()70 21+ 2Ly,
where the second equality comes from the fact that given the event r € Hy, the variables
Zo,Z1, ..., Zr, do not depend on the particular realization of G . For the expression on

the right we have the following result concerning Galton—Watson processes, whose proof is
postponed to the Appendix.

LEMMA 3.2. Take o € (0, 1) and a Galton—-Watson process Zy, Z1, ... as above. Then,
there is a C' > 0 independent of o such that for all N and all g € [0, 1],

(17) ‘E(Zo(l _ a)Zo—i-Zl—i-...—i—ZLN) N ga(q)\ < Cle—LN

Using (17) and the fact that g, (j) converges uniformly to g, ), and since the constant C’
in Lemma 3.2 does not depend on ¢, we deduce that for large enough N

(5 (DIGN) = h;(pg)] <& +P(r ¢ HyIGn)
whence (14) follows.

Now we prove (15). Notice that ,5fv (j) — % |niv’(j 'NH ~| corresponds by definition to the

fraction of vertices x that belong to Hy and which at time % are occupied by an individual of
type j that survives the restricted epidemic but not the unrestricted one. In particular, for any
such vertex there must be an open path to the boundary of B(x, L) used by the unrestricted
infection to kill x, so we deduce

1 : 0 / . _ .
E( ﬁ}’?i\’v(/) NHy|— ,Ofv(])’) <(1 _aN(]))LN <e NIy, -

PROOF OF THEOREM 2.2. Observe first that, since § > 0 is arbitrary and from the uni-
form continuity of 4, we only need to prove the statement of the theorem for k = 1. Even

further, it is enough to show that for any fixed j € {1,...,m} and § > O we can find C > 0 as
in the statement such that
(18) P (o)’ () — h;(p))] > 8) < Cem DL,

Define Hy and ﬁ{v as before. The left-hand side of (18) is bounded by
(
N, Ny L O
+P |,01 (J) —hj(,oo )| > 5 )
and hence the result will follow after showing that each term on the right-hand side is bounded
by Ce=*VWLEN for some C, independently of p(l)v . For the first term on the right-hand side of
(19) we use Markov’s inequality to get
1 ~ )
N N.(j)
P( pr () = Im ! ﬂHN\‘ > 5)

<§E(
)

< CN3/3 < Ce*a(j)LN,

L, N 8 L NG 5V ()| > 2
o' () = < g mHN|‘ > —) +P<‘_"7jlv’(j) N Hy| _p{V(J)’ ” _>
(19) N ’ ! 3

1 ; 3
N N.(j)

- — N H, < —E(G H
pr () N\Th N’D_Né (Gn \ Hn)
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for some C > 0, where we have used (13). The second term is similarly bounded by
<| N |nN 2Nl N| — ), for which the estimate follows from (15) in Lemma 3.1.

We turn now to the third term on the right-hand side of (19). It will be convenient to
condition on the realization of Gy: introducing the notation Pg, = P(:|Gy) and Eg, =
E(-|Gn) we may estimate this term as

]P’<|/3fv(1) (o)) > )

Fy
(20) SE(IP’GN(Iﬁ{V(j) —Eg, (57 ()| > g))

1)
+E (o, ([Eay 3 ()~ ;e > ¢ ) ).

From (14) in Lemma 3.1 with ¢ = §/12 we can estimate the second term for large N as

) ) 1
P(!EGN@NU)) h o] > )<P(—|GN\HN|>E) —E( |GN\HN|),

which is bounded by Ce=*¥()LN a5 above. So what remains is to bound the first term on the

right-hand side of (20). We focus on the inner conditional probability, which is bounded by
36 N, ~N )2
SE6y (5 () —Eay (' (1)))°).

Setting r;(x) = Eg, (nN W) (x)), we write

Eay ((5Y ) —EGY (7))°)

=N_2EGN( > @y =1 DA {V-(j)}_rj()’)))-

x,yeG N

Since the events {x € ﬁ{v’(j)} and {y € ﬁ{v’(j)} are independent for x, y € Hy with d(x, y) >
2Ly, we may bound the right-hand side by

N~2Eg, ({(x,y) € Hy x Hy,d(x,y) <2Ly}|) + N *Eg,(IGy x Gy \ Hy x Hyl);

the first term is bounded by N *Eg (X ,cq, |B(x,2LN))) = N"23N - N*/°) =3N3/5,
while the second one is bounded by 2N —2Eg v(UGnN \ Hyl). Taking expectation, we see that
the first term on the right-hand side of (20) is bounded by

IN73P L 2N2E(|Gy \ Hy|) < Ce NN
as needed, finishing the proof. [J

4. Proof of the main result.

4.1. Interior-recurrent sets. As discussed at the end of Section 2.4, our approach to prove
Theorem 2.6 consists in using Theorem 2.2 to show that the particle system tracks the behav-
ior observed for the dynamical system in Theorem 2.5. However, if Theorem 2.2 is applied
directly to try to handle the stochastic system for a number of steps which depends on N, one
loses control on the constant C appearing in the estimate (and in fact we expect it to grow fast
with N due to the chaotic behavior of the dynamical system). In order to fix this problem we
introduce the notion of interior-recurrent sets, which are in essence subsets of the state space
that are visited by the dynamical system repeatedly in a bounded number of steps, and which
we will use to divide the trajectories of the stochastic system into excursions between hitting
times, so that Theorem 2.2 can be used on each individual excursion.
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DEFINITION 4.1.  We say that a set A C [0, 112 is interior-recurrent for DS(h) if there
are 0 < 8 < § and k € N such that:

(i) Vpe A,d(p, A°) > 8 = d(h(p), A°) > &/, .
(i) Vp e A, d(p, A°) <8 = d(h*(p), A®) = &' for some k < k.

In words, a set A is interior-recurrent if the dynamical system cannot exit its interior using
jumps larger than a certain size § and if every time it gets to a distance smaller than § to
the boundary, it takes a bounded number of steps for it to go back to a certain subset of A
which is bounded away from its boundary. The next proposition shows that, thanks to the
approximation result Theorem 2.2, the control on DS(#) furnished by interior-recurrent sets
can be transferred to the particle system.

PROPOSITION 4.2. Let (ﬂ;lcv)keN be the MMM with parameters satisfying the conditions
in Theorem 2.2, and assume that its initial condition p(l)v lies within an interior-recurrent set
A with parameters 8, 8" and k. Then there is a C > 0 depending only on §' and k, such that

1) P(p,i\’¢A,Vke{1,2,...,1€})5Ce*@N1°g2(N>/5.

PROOF. From Theorem 2.2 there is a C > 0 as in the statement such that for any k < k
and pév , we have

P <||,0kN — (o) > 8/) < Cemanlona(N)/5

Now we use the interior-recurrence of A. If d (,0(])\' ,A¢) > § then d(h (,oév ), AS) > &, so the
left-hand side of (21) is bounded by

Pl ¢ A) <P(lo) — h(pd)| > 8') < Ce~en108M)/5,

Otherwise, if d(pl’, A°) <8, then there is a k < k such that d(h*(p}'), A) > &', and the
same argument shows that the left-hand side of (21) is bounded by the required amount. [

With the concept of interior-recurrent sets in hand, we can now state the more precise
version of Theorem 2.5, which gives stronger versions of coexistence and domination for
DS(#) and which, together with Proposition 4.2, will yield Theorem 2.6. In order to state it
we define u € [0, 1] as the vector of maximum possible densities achieved after the epidemic
stage, that is,

(22) Ui = sup gu(i)(x).
x€[0,1]

THEOREM 4.3. Let F1 and F> be as in Theorem 2.5 and consider the dynamical system
DS(h) with 1 < ¢1 < ¢».

(1) (Survival) There are ¢ and ¢ > 0 such that for any 0 < ¢ < ¢ the set [0, 1] X [c, uy + ]
is interior-recurrent.

(ii) (Coexistence) Assume that ¢1 > F1(x(2),¢2) and ¢ > 2log2. Then there are
c1,¢2 > 0 and €1, &3 > 0 such that for any c; < ¢y and ¢y < ¢, the set A =[cy,u; + ¢&1] X
[ca, up + &3] is interior-recurrent.

(i) (Domination) Assume that ¢1 < Fo(x(2), ¢2). Then, there are vy, y2 € (0, 1) and an
interior-recurrent set B with parameter k = 1 such that for all p € B

(23) A —aW)f5(p) <nip1 and 2 < pa.

Furthermore, for any ly > 0 there is a k' € N such that for any p° satisfying I < P(z)’ there is
k <k’ for which h*(p®) is an interior point of B.



4020 L. FREDES, A. LINKER AND D. REMENIK

Before turning to the proofs of Theorems 2.6 and 4.3, we show how the existence of
the recurring sets described above implies the coexistence and domination behaviors of the
system as given in Theorem 2.5:

PROOF OF THEOREM 2.5. Since after one iteration the dynamical system is upper
bounded by u we will assume that p° also satisfies this bound. Under the coexistence assump-
tions, Theorem 4.3 states that there is a compact interior-recurrent set A < (0, 1)2 containing
pO, and by definition this implies that the orbit of DS(h) is contained in Aj := Uf:o hl(A),
which is also compact. Since Aj C (0, 1)? (otherwise it would contain an orbit that never
returns to A) we deduce that liminfy_, o hf( p) > 0 for i = 1,2. The same argument with
[0, 1] x [c, 1] instead of A gives survival of type 2.

Under the domination assumptions, Theorem 4.3 states that the orbit of DS(%) eventu-
ally reaches an interior-recurrent set B with parameter k = 1, which satisfies (23) for some
v1, Y2 € (0, 1), and since k=1 the system never leaves the set B. Since y, < p, for p € B, we
deduce that liminfk_mohé(p) > y2 > 0; similarly, since 2, (p) < (1 — a(l))ffgl)(pl) <y1p1
for p € B (the first inequality follows from comparing with a system where we let the epi-
demic attack but not spread), we deduce that limk_moh’f (p) = 0. This shows that type 2
dominates. []

PROOF OF THEOREM 2.6. Consider the two-type MMM under the conditions of Theo-
rem 1.1 and observe that the hypothesis /] < ,0(1)\/(1) <uiandlr < p(l)v(l) < up imply that

I <hi(pd)<u and 1) <hy(pd) <um

for some /| and I} depending on /1, [>, u1, and u>. In particular, using Theorem 2.2 we can
safely assume that li < ,oév <uj + &1 and li < ,oév < up + & for sufficiently small ; and
&2. Assume first that the parameters of the model satisfy the coexistence conditions of The-
orem 4.3. As in the previous proof, these conditions ensure that the set [c1, u;] X [c2, uz]
is interior-recurrent for sufficiently small ¢; and c¢;. In particular we can choose ¢; < [; and
¢y < [ and hence it contains any initial condition ,0(])\’ . Let 0, denote the nth return time of the
dynamical system to A. By Proposition 4.2 we have P(oq > k) < Ce™en1022(M/5 for some
C > 0 which is independent of the initial condition. By the strong Markov property we get

P(o) <k, 00 —01<k,...,00 —0y_1 <k) = (1 — Ce 2N 1082(N)/5yn

The event on the left-hand side implies in particular that 0, < 0o a.s., but since o, > n it
follows that p,ﬁv € [c1, u1] X [e2, uz] for some k > n. Since both species have to be alive to lie
within this set, on this event both rl{, and tl%, must be larger than n, so (5) follows by choosing
n = <128 102N) for some ¢ < % For the general case ¢ < ¢, we can use the same argument
with [0, 1] x [c, 1] replacing [c1, ui] X [c2, uz], giving (4).

Suppose now that the parameters satisfy the domination conditions of Theorem 4.3 so that
there is an interior-recurrent set B with parameter k = 1 which satisfies (23). Assume first
that ,o(])v lies in the interior of B. We will explain later how to treat the case in which the initial
condition is not in the interior of B.

Since k = 1, Definition 4.1 implies that regardless of the value of d (,oév , B€) we have
d(h(,o(l)v), B¢) > §’, so Theorem 2.2 gives some C > 0 depending only on B such that IP)(,O{V ¢

B) <P (8/ <o} - h(pé\’)“) < Ce~an1082(N)/5 Since the bound is uniform over p}’ € B,
an application of the strong Markov property gives that, for any n € N,

(24) P(p) € B Vk <n) > (1 — Ce~@n1on®)/5yn,
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Noticing that y» < p; for all p € B we deduce that the event on the left-hand side implies
t]%, > n, so (4) follows by choosing n = €12~ 102V) for some ¢ < % as in the coexistence
scenario.

To deduce (6) observe that under the assumption pév € B the number of type 1 individuals
at time 1 is dominated by a Poisson random variable with parameter (1 — ay (1)) fﬁ( 1)(,0(1)\' ),
which is less than y; ,oév . From this one sees that on the event &, = {,oliv € B Vk < n}, the
process (N, p,ﬁv )k<n 18 stochastically dominated by a subcritical Galton—Watson process start-
ing with ,0(1)\’ N individuals and with offspring distribution Poisson[y]. By (24) and standard
branching processes results we get

(25) P(tyzn) <P(&N {1y >n)) +PE < p Nyl + 1= (1 = Cemev a3y

and then (6) follows by taking n = ¢ log N for some small ¢} > 0.

Suppose now that pév is not an interior point of B and observe that under the conditions
of Theorem 1.1 there is some /> such that [, < ,oév (2) and hence from Theorem 4.3 there is
some k’ € N depending only on /5 such that ¥ (p(l)v ) is an interior point of B for some k < k’.
Observing that the set [0, 1] x [l2, u2] is compact and the function h¥ is continuous for all
k < k' there is & such that d(h*(pg), B€) > ¢ for any k <k’ and pg € [0, 1] x [[2, u>]. Using
Theorem 2.2 there is a C depending on k' and ¢ such that, for the particular value of k such
that i*(p}') € B,

(26) P(oy ¢ B) <P(|pf — 1 (pg)] > &/2) < Cem@nlontr3,

so the general proof of (6) and (4) follows from restricting to the event on the left-hand side
above and restarting the process at time k. [J

The rest of this section is devoted to the proof of Theorem 4.3, which is rather long and
technical, so we divide it into three parts. In Section 4.2 we present some preliminary notation
and functions which will be used to facilitate the analysis of the trajectories of DS(#), as well
as some technical results about them. Using these results we prove the coexistence part of the
theorem in Section 4.3, and the domination part in Section 4.5.

4.2. Preliminaries. We begin this section by decomposing the function g,, @ € [0, 1), as

1—JVT=40 —a)x(1—x)
2(1 —a)x ’

(27) ga(¥) = (1 —)xGy(x)®  with G4 (x) =

LEMMA 4.4. The function G, : [0, 1] — [0, 1] satisfies the following:

(1) Fora =0itis given as Go(x) =1 for x <1/2 and lx;x ifx >1/2.

(2) It is decreasing as a function of both o and x, with G4(0) = 1 and G4 (1) =0 for all
ae€0,1).

(3) As o — 1, it converges monotonically to G1(x) :==1 — x.

We omit the simple proof of this result. Recall that u € [0, 1]*> was defined as

Ui = Sup gu()(x).
xel0.1]
By (2) of the last lemma g, < (1 — @)go, from which it follows that u; < =¢© By

definition, except maybe for the initial value p?, the orbit of DS(h) lies within [0, u]; the next
result provides control on the behavior of g, on that interval.
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PROPOSITION 4.5. g, attains its global maximum at a single value xo € [0, 1/2]. This
value is characterized as the solution of G4 (xg) = xo + % and satisfies:
(1) If o > 0, xq is the only critical point of gy in [0, 1].

2) If p; <2log?2, then for any p with p; < u; we have féi)(p) < x9. In particular, g(’x(i) o

£57(p) > 0 for all p €0, u1] x [0, us].

Even though g, is not monotone, the last result still yields enough information about the
growth of /.

PROPOSITION 4.6. For each i = 1,2 define [; : [0, 11> — Rt as [;(p) = h;(p)/pi.
Then:

(1) The function fél) (p) is increasing in p1 and decreasing in p;.

(2) The function l1(p) is decreasing in p.

(3) If ¢1 < 2log2, then h|(p) is increasing in p| and decreasing in p;. In particular, in
this case 1 is also decreasing in p;.

We are interested in /; because, since h;(p) = I;(p) p;, it is enough to bound /; in order to
get exponential growth or decay of the density of a species. This is what we do in the next
result.

PROPOSITION 4.7. Assume that ¢» > ¢1 > 1. For small ¢ > 0 define k. as the unique
solution of

ga( (1 —e PV = (1 — o)
in (0,1). There are ¢, €, &' > 0 small such that for all ¢ < c:
(1) Forall 0 < p1 < k¢ it holds that
(28) p2e(0,¢c) = bhip)>1+¢,
(29) pre(c,u) = hy(p)>1A+¢€)c.

(2) Under the additional assumption ¢ > 210og 2, the property in (1) holds for all p; > 0.
) If p1 <2log?2, then:

(30) pre0,k) = hi(p) <1 —ek.
(€19 preke,u) = hL(p)<l-¢.

Properties (1) and (2) state that when the stronger species starts at a low density, it grows
exponentially until it reaches a certain threshold value ¢, which becomes a lower bound for
its density from that time onwards. Property (3), on the other hand, states that if the fitness
of the weaker species is below 21og?2, then its density decays exponentially until it reaches a
trapping set [0, k¢ ].

The proofs of the last three propositions are mostly calculus, so we defer them to the
Appendix.

4.3. Proof of Theorem 4.3(ii). As we just discussed, Proposition 4.7 already provides a
good control on the behavior of the stronger species, so our main focus will be on the weaker
one. Assuming that the coexistence conditions of Theorem 4.3 are satisfied, our approach
consists in analyzing the dynamical system when the density of the weaker species is at low
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values. In that situation we will approximate 4 by a simpler function /, and show that for this
particular dynamical system the density p; tends to grow on average.

The approximating map / : R x [0, 1] — R x [0, 1] which we will use is the linearization
of A in its first component,

11O, ) 3hl ©. ) 1 — e BQp2

T ) + Y )

hi(p) = ( 100, p2) + p1 op, P2 ) _ |91 5215
h,(0, p2) h,(0, p2)

The next result states that this approximation is good uniformly in ps:

Ry (p)

PROPOSITION 4.8.  For any fixed k € N we have lim,, )
1

[0, 1].

= 1 uniformly in p, €

The following function will be used in the proof of the proposition and in later results:

l1—e*

(32) Y(x) =

PROOF OF PROPOSITION 4.8. Let Zi(p) = B(DAK(p) + BQ)HE(p) and Ti(p) =
B (2)ﬁ’§( p). Using these values and the definition of 4 and hitis fairly simple to see that

i) _ 1 () ¥ (Bt (p))
i(p) 1 (p) ¥ (Br-1(p)
The function v is uniformly continuous and bounded away from O for x € [0, 1]. Noticing

that X (p) and T (p) converge to the same value as p; — 0 and in view of (2) of Lemma 4.4,
the last two factors on the right-hand side of (33) converge to 1 uniformly, so h’l‘( p)/ h’l‘( p)

(33) (Ga) o £ o ™ (p).

converges to 1 uniformly if fz’f_l(p)/hlf_l(p) does. Since }_z(l)(p) = h(l)(p) = p1, the result
follows by repeating the argument & times. []

Thanks to this proposition we can approximate & by & whenever p; is small enough,
independently of the value of p;. The resulting dynamical system (qk)keN can be realized
by first running the one-dimensional MM for type 2 by itself, and then using its trajectory to
compute the values of g/’ as

n—1
n
at =) [] 019 (Ba5) =4 (#19" (aD))

k=0
34
(34) . 1/n
with ¢"(0) = | [Tw(B@h50.0) | .

k=0
where ¥ (x) is given in (32). This suggests that it will be useful to study
(35) @(x) :=1£n&£gf¢”(x).

In view of (34), 19 (q?) can be interpreted as the average growth of type 1 when taking into
account the effect of type 2. In order to control this growth we define o to be the smallest
possible value of ¥, that is,

36) o= inf @(x),

x€[0,u] —
where the infimum is taken over [0, uy] since by (22) after one iteration of the system the

process gets trapped in [0, uz]. The following result shows that a good control on o allows us
to make q{‘ as large as we want.
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LEMMA 4.9. If ¢p10 > 1, then for all M > O there exists k € N satisfying the following
property: for all qg € [0, u], there is a 0 < k < k such that
k—1

37) [T#1v(82)q3) > M.

j=0

PROOF. From the hypothesis we know that there exists § > 0 such that ¢; = H('IJ. Tak-
ing € > 0 small enough such that (1 — ¢)(1 +2§) > 146, for each qg we can find £ € N such
that for all k > k

$19°(a3) > (1 = ©)p19(q3) = (1 — e)p10 > 1 +3,
where the first inequality follows from the definition of . Using the definition of oF we
P\ 1/k
obtain ¢ (]_[l;;i (B (2)q£)) / > 14§ for all kK > k. In particular we find that for each qg

there is some k > k such that 1—[/;;(1) o1 (B (2)qg ) > M. For k fixed call Oy thei set of all qg
satisfying the last inequality for that given value of k. From the continuity of 4 and i each
Oy, is open, and from the previous argument each qg belongs to some Oy, so (Ok)keN 1S an

open cover of [0, up], which necessarily contains a finite subcover. Taking k to be the largest
index of the subcover yields the result. [

The next result shows that if ¢10 > 1 then after the species 1 density gets above a certain
threshold parameter c, it cannot stay below ¢ for more than k consecutive steps afterwards.
The idea is simple: as long as the trajectory of p’l‘ stays small then the system is well ap-

proximated by DS(/), but the last proposition says that the first component of this system
gets large, which hints at a contradiction. This will be helpful below in showing (ii) in the
definition of interior-recurrence for a suitable set.

PROPOSITION 4.10.  Suppose that ¢10 > 1. There is a ¢ > 0 satisfying the following: for
all ¢ < ¢ we can find k € N such that for alln e N

- 3
(38) c<pi<u = 3Jk<k suchthat p"+k > 5¢
r
with r =inf, <, l1(p).
PROOF. Let M = 2/r?, choose k as in Lemma 4.9 for that value of M and use the
uniform convergence proved in Proposition 4.8 to choose §p > 0 such that
(39) pr<8 = it (p)/h (p) <4/3 Vprel0,1,Vk=1,... k.
Define now ¢ = 23@ We prove (38) by contradiction as follows. Choose ¢ < ¢ and suppose
that for some n € N we have p} > ¢ > p'f“ and that there is no k < k such that p”+k

3c/(2r). From our choice of ¢ we know each p1 * is smaller than 80, so from (39), for each
k <k we have

-8
(40) P’]H_k hk(p ) > hk(p )_ d n+1 1—[ ¢1(1 e qz)
j=0 ,3(2)q2

However, for the specific value of k given in Lemma 4.9 with initial condition p'”'1 we can
bound the right-hand side in (40) from below by 3 p”+l / (2r?). This is a contradiction with

our assumption p’f+k < 3¢/ (2r) because
3 3 3
(41) P> St = Sh il = S re= e
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where the last inequality follows from the definition of » and the assumption p} >c¢. [

Using the tools developed so far we can now prove the coexistence statement of Theo-
rem 4.3.

PROOF OF THEOREM 4.3(11). Fix r = inf,<,/1(p) and take ¢; = ¢ as in Proposi-
tion 4.10 so that (38) holds for all ¢; < c¢;. Next, observe that from the assumption ¢, >
2log2 we can take ¢, small so that the statement of Proposition 4.7 holds for all ¢; < c5.
To see that the set is interior-recurrent, notice that from (29) in Proposition 4.7, for any
P2 € (c2, u2) we have h,(p2) > (1 + ¢)cp independently of pi, so P, never goes below c;.
In particular both requirements for interior-recurrent are satisfied with k = 1 in the second
component. To deduce the same for the first component notice that from the definition of r,

we have that p; > Cr—l implies that p} > c1, and from Proposition 4.10 there is k such that

671 > p1 > c; implies that there is a k < k such that pll‘ > %cl, so both requirements for
interior-recurrence are satisfied in this component as well. Observe that we have shown that
[c1,ur] X [c2, up] is interior-recurrent, but since all the functions involved are continuous and
the set is compact we can extend this property to [c1, u; + €1] X [c2, Uz + &2] (maintaining

the same k) provided e; and &, are small enough. [J

In order to finish the proof of Theorem 4.3(ii) we need to introduce the function F; explic-
itly and explain how the condition ¢; > F1(x(2), ¢») is sufficient to conclude that ¢1o > 1.
To do so, define P, Py € (0, 1) as the only critical point and the only positive fixed point of
h(0, -), respectively. The fact that 4(0, -) has a unique critical point (which is a maximum of
the function) follows from Proposition 4.5 and the fact that x — 1 — e "2~ is increasing,
while the existence of a unique positive fixed point can be proved analogously to the exis-
tence and uniqueness of «, in Proposition 4.7 since ¢» > 1. Using once again Proposition 4.5,
P. and Py satisfy

3
42) Gl —e PPy =2 — PO and guo)(1 = PP = Py

The two points are related to o in the following way:

e Suppose first that Py < P., which is equivalent to 4 (0, P;) < P.. In this case, starting from
any initial condition p9 € (0, 1) we have pi = h(0, pd) < h(0, P;) < P, where in the first
inequality we have used that P, is a global maximum for 4 (0, -). It follows that the whole
orbit (except maybe for the initial value) of pg is contained in (0, P.], where the function
is increasing. From the definition of P and the monotonicity of the function we have

0<pd<Pr = p<h(0,pd <h(,Ps) =Py

and hence for 0 < P(z) < Py the sequence p’z‘ converges to Py. Similarly, for Py < P(z) < P,
the sequence p’z‘ decreases towards Py, and hence we conclude that for any pg € (0, 1) the
sequence converges to Py, so

(43) o=y (B(2)Py).

e Suppose now that P. < Py, which is equivalent to 4(0, P.) > P.. Let P,, = h(0, P.) and
observe that since P, is a global maximum for 4 (0, -), the orbit plz‘ is contained in [0, Py, ]
for any pg . To control o in this scenario observe that 4 (0, -) is decreasing in [Py, Py,] so

Y<Pn = h(,p))<h, P =Py
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meaning that at least half of the points in the orbit of pg lie within [0, Pr]. Using that ¥ (x)
is decreasing together with the previous observation, we conclude that

(44) o = JU(BQPHY(B2)Pa).

Finally, define xo as the only critical point of gy(2), which depends only on «(2), and

observe that using (42) the condition 4 (0, P.) < P, is equivalent to ¢ xo(xg + %)3 +log(1 —
—log(1—xp)
x0(x0+1/2)

x0) < 0. Solving for ¢, we obtain a condition of the form ¢ < z(x(2)) := and

hence letting

1
R — if ¢ < 2((2)),
2)P
(45) Fi@@), ¢y = VPO ,
if ¢ > 2(c(2),
JYBQPHY(BQR)Py)

we get oy > 1 if ¢ > F1(x(2), ¢2). This finishes the proof of Theorem 2.5(ii). In the next
proposition we recap the properties of F; that were stated in Theorem 2.5, and whose proof
we defer to the Appendix.

PROPOSITION 4.11. Let F| be as in (45). Then, for fixed o, F1(, @) is increasing as a

function of ¢ and satisfies Fi(«, p) = O (/P log(¢p)) for large ¢. In particular, for large ¢
we have Fi(a, ¢) < ¢.

4.4. Proof of Theorem 4.3(i). Our goal here is to prove that under the general assumption
@1 < ¢ there are some c, ¢ > 0 such that for any 0 < ¢ < ¢ the set [0, 1] X [c,u; + €] is
interior-recurrent. If ¢ > 21log?2 we are in the setting of Proposition 4.7(2), and taking c as
in that statement yields the result (since we can extend it to all p, € (c, up + &2) by continuity,

provided ¢ is sufficiently small). Suppose then that ¢» < 21og?2. One can check that xq, which
—log(1—x0) -
xo(xo+172)
decreasing for xg € [0, 1/2], so z(«) is increasing with z(0) = 21og2. In particular, we get

1 < ¢2 <2log2 < z(a(1))

lives in [0, 1/2], is decreasing as a function of «, while the function x¢ —

and hence

1
Fila(),¢1) = ————=¢1Ga(1 —e PV <) < ¢
Y (B()Py) “h
(here Py is the fixed point from &, (P, 0) = Py). Hence the same argument as the one used
for coexistence (with reversed indexes) can be used to conclude that there are ¢ and & small
such that [0, 1] x [c, u; + €] is interior-recurrent for any 0 < ¢ < c.

4.5. Proof of Theorem 4.3(iii). Our goal here is to prove that there is an interior-recurrent
set B where the stronger species survives while the density of the weaker one decays expo-
nentially. We begin by fixing ¢, ¢, ¢’ and k. as in Proposition 4.7. Using these parameters we
introduce an auxiliary set By, which we will refine until obtaining the desired set B, as

B ={p €0,k x e, wl, li(p) < 1},

where 0 < ¢ < ¢ is a small parameter to be fixed later and u; is as in (22). Recalling that
li(p) = hy(p)/p,, it follows that By corresponds to a set of points whose first coordinate
decreases after one iteration of /. The cornerstone of this section is the following result.
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LEMMA 4.12. Let a(x) be the solution of ai(x) = x(1 — e~ ™)) and assume that ¢
and ¢, satisfy

¢
(46) ar(gn) < 1_"’—;(2) min [ guca) (1 — ¢~ %), gy (1 — 1 @),
Then
7 sup ljoh(p) <1 and inf bL(p)>1.
peB; li(p)=1

In words, the first statement of (47) implies that when starting from B1, after one iteration
of the dynamical system the key feature /(p) < 1 is preserved, while the second one says
that whenever the first coordinate increases, that is, /1(p) > 1, the second component of p
increases by a constant factor, which will be used to show that the system eventually reaches
B;.

PROOF. We begin by observing that, under (46), ¢1 < 2log2. To see this, since ¢ < ¢»
we only need to worry about the case ¢» > 2log2, where condition (46) gives

3¢2

¢ ¢
@) < 2 gy (1 - F) <8ga(1 e e

o (2)
where we have used that G (2)(x) < 2(1 — x); the function on the right-hand side is decreas-

ing in (2log2, 00), s0 a;(¢;) < 16log2(1 — o= T3y 3log2 log2, and thus ¢; < 2log2,
using the definition and monotonicity of a;(x). Thanks to this bound on ¢, Proposition 4.6
states that /1 is decreasing in both p and p;, while &, is increasing in p; and decreasing in
p2.

From the monotonicity of /; we deduce that the level set {{{(p) = 1} defines a strictly
decreasing function p; = s(p1), for which there are values a and b such that /;(a,c) =
[1(0, b) =1, where c is as in the definition of Bj. Using these values we can easily character-
ize B as a set bounded by the curves

b2
C3
Ci:={(p1,0),a < p1 <«k¢},
Cy = {(ke, p2), ¢ < p2 <wp}, Cy B Cy
C3:={(p1,u2),0 < p1 <k¢}, b -
Cs :=1{(0, p2),b < p2 <up}, .l Ci
Cs :={(p1,s(p1)),0<p1 <a}. T ~ D1
a Ke

We will make use of the following lemma, whose proof we postpone.

LEMMA 4.13.

48 sup [{joh = max [{oh(p).
(48) pegll (p) el el (p)

Thus in order to prove the first statement in (47) we need to bound the maximum of /{ o &
on each set Cy, C4 and Cs separately.

Consider first C1, where p = (p1, ¢) with p; € [a, k.]. From Proposition 4.6 we know that
l1(-, 0) is strictly decreasing and, since ¢ < 2log?2, the same proposition states that (-, 0)
is strictly increasing. Therefore, since h(p1, 0) = (h,(p1,0), 0) we deduce that the mapping
p1—> l1(h;(p1,0),0) is strictly decreasing with its derivative bounded away from zero.
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Since all the functions involved in the argument are smooth, if ¢ is sufficiently small we also
get that %ll o h is negative and bounded away from zero on Cy, so /] o h is maximized
at the point (a, c), and we need to prove that it is smaller than 1 there. Indeed, using the
definition of @ we obtain & (a, ¢) = a, and since a < k. we can use Proposition 4.7 to deduce
that 71,(a, c) > ¢, so we deduce that i(a,c) > (a,c) (with strict inequality in the second
component). Using this inequality and the monotonicity of /; we finally conclude that [ o
h(a,c) <li(a,c)=1.

Next consider C4. Here we have p; = 0, which greatly simplifies the analysis since

| — =By
h©0,p2) =0,  hy0,p) =gay(1 —e D7) Loh=¢1———,
where h, = h,(0, p2). Indeed, from the particular form of /; o 4 we have
1 — e BDhy | _ p—ar(dD)
<
B(2)h, ai(¢1)

where we have used the definition of a;(¢1) on the right-hand side. Now, since the function
1—e™*
X

(49) Lioh(O,p) <1 < ai($) <BQhy=BR)ga)(l —e PP,

lioh<l <+—

is decreasing we obtain

Observe now that /1 is decreasing, so it is maximized at the points where £, attains its min-
imum. Since gq(2) has a single local maximum it follows that /,(0, -) is minimized either
where p; is maximal or minimal. From this we conclude that the maximum of /; on Cy4 is
either /1 o h(0, up) or [ o h(0, b). Now from (49) we see that for /{ o £(0, ur) < 1 to hold it is
enough that

a1(@1) < B ga@) (1 — e PPR) < B(2) gy (1 — e PP92/2),

which follows from our assumption (46). To deal with /{(0, b) we observe that a;(¢;) =
B(2)b, so (49) shows that I; o h(0,b) < 1 if and only if aj(¢1) < B(2)gu@)(1 — e~ @),
which follows directly from (46).

Finally, for Cs, where /1 (p1, p2) = 1, it will be enough to show that

(50) (602G 0 57 — 1GE 0 £5](p) > 0.

inf
peCs
‘—gf”, with 3, = B(1)p1 +
B(2) p2, gives I(p) > 11 (p) = 1, and this implies py < h,(p), which in turn implies /1 (h) =
l1(p1, hy) < l1(p) = 1. To prove (50) recall that s(p1) is a decreasing function, which means

Indeed, if (50) is satisfied then multiplying the inequality by

that fé”(pl ,s(p1)) is increasing and féz) (p1,s(p1)) is decreasing. It follows that on Cs the
function in (50) is increasing on p1, so the infimum is positive if the inequality holds at (0, b),
which in this case follows from assumption (46).

To complete the proof we need to show that inf},;, (»)>1/2(p) > 1, but I, is decreasing in
p2 and the maximal values of p, within the region given by /1 <1 are found at /; = 1. This
way, it is enough to show that inf;, (,)—1 /2(p) > 1, and this is analogous to the proof of (50).

O

It remains to prove Lemma 4.13, which follows from similar monotonicity arguments.

PROOF OF LEMMA 4.13. Observe that, since féz) is increasing in p and decreasing
in p1, the level sets { f| /3(2) (p) = y} define strictly increasing functions p; =r, (p1). On these
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level sets h, is clearly constant and £ is increasing in pj; this last statement follows from the
monotonicity of gq(1) (proved in Proposition 4.5) and from ffgl)(pl, ry(p)) +y = (fﬂ(l) +
féz))(pl .1y (p1) =1—exp(=B)p1 — B(2)ry(p;)), which implies that fﬂ(l) increases in pj.
Since [ is decreasing in both arguments, at each level set /1 (k) attains its maximum at points
of minimal values of p;. Our claim then is a result of the fact that each point p € A belongs

to a level set fﬁ(z) = y which attains a minimal value of p; at C; UC4 UCs5. [

Observe that the condition aj (¢1) < B(2)gx2)(1 —e™% @) appearing in (46) is equivalent
to W < ¢. The left-hand side of this inequality defines an increasing function
a@)\ T

of ¢1 and «(2), from Proposition 4.5 and the fact that aj (¢1) is increasing with ¢1, so the last

inequality is equivalent to ¢ < F2.1(«@(2), ¢2) for some implicit increasing function 3 ;.
¢

Similarly, the condition a;(¢1) < B(2)gu2)(1 — e_Tz) appearing in (46) is equivalent to

o1 < Fao(x(2), ¢) for some F» 2. We then define the function F; appearing in the statement

of Theorem 2.5 as

(5D Fa(a(2), ¢2) = min{F7 1 («x(2), $p2), F22(a(2), $2)}.

The rest of the proof of Theorem 4.3(ii) consists in modifying Bp until obtaining the
interior-recurrent set B required in the result. As a first step, observe that from Lemma 4.12
there is some y € (0, 1) such that sup ,c g, /1 o h(p) = y. We will build an interior-recurrent
set By by modifying slightly the definition of B. Define

By ={p €[0,k:] x [c,u2],]1(p) < 7}

for some 7 € (y, 1). We claim that this set is interior-recurrent with parameter k = 1. Indeed,
for any p € B», from our choice of parameters we have:

e From Proposition 4.7(3) we have ,(p) < (1 — &)«,.
e Since p; < k¢, from Proposition 4.7(1) we have &, (p) > (14 ¢')c.
e From Lemma 4.12 we have sup ,c g, [1 o h(p) <sup,cp lioh(p)=y <y.

Hence there is some § > 0 such that d(h(p), B5) > & uniformly on p € B, which proves the
claim. Now that we have shown that Bj is interior-recurrent, we would like to show that there
are y; and y» such that for any p € B»,

(I—a)f5)(p)<yip1 and ys < po.

Taking y» = c¢ the second inequality is trivially satisfied. The main problem is that in B,
the decay we get is of the form /,(p) < y p1, which is not as strong as the one we need.
However, once inside B, we have p’f — 0, so in particular it is easy to see that for each 4§,
the set Bs C B, given by

Bs:={p €[0,8] x [c,u], i (p) < 7}

is also interior-recurrent and satisfies the desired property. Indeed, for any ¢’ > 0 we can take
¢ sufficiently small, so that for any p; < § we have Gz(l) o fﬂ(l)(p) > 1 — ¢’. Choosing &’

sufficiently small, we use the inequality above to conclude that (1 — (1)) fél) (p) < 1175/ D1,

and the result then follows taking y; = 11/ -

It only remains to show that the dynamical system reaches Bs in a bounded number of
steps. But, as claimed before, within B we have sup,cp /1 o h(p) = y and hence the dy-
namical system reaches Bs before logy (8) iterations. Thus it suffices to show that DS(h)

reaches B; before k iterations for some fixed k € N. Fix an initial condition p°. If p(l) > K,
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then by (3) in Proposition 4.7 we have pl1 <(-¢) p?, and we may repeat the argument
until the trajectory reaches [0, ;] x [0, u2], where it remains forever. Since this procedure
takes at most log; _,/ (k) iterations, we may assume p? < k¢. Assume now that [ < pg <c
so we can use (1) in Proposition 4.7 to obtain p% > pg (1 + ¢’), and then repeat the argument
to show that the sequence reaches [0, k] x [c, Uz] in at most log;,./(c/[2) steps, remaining
there forever. Hence we may assume that the initial condition p° lies within this last set, and
all we need to do is show that there is some bounded n such that /1 (p") < 1. To do so observe
from Lemma 4.12 that there is some fixed ¢ > 0 such that for any p" with [{(p") > 1, we
necessarily have [>(p,) > 1 + €. It follows that if /;(p") > 1 for the first no =log;,.(1/c)

iterations of the dynamical system, then pSOH > 1, which is impossible. We conclude that
there must be some n < ng with /1 (p") < 1 and hence the dynamical system reaches Bj in a
bounded number of iterations.

Finally, and as in the proof of Theorem 4.3(iii), we recap the properties of F, that were
stated in Theorem 2.5, in the following proposition, whose proof we defer to the Appendix.

PROPOSITION 4.14. Let F> be asin (51). Then F>(«, ¢) > 1 and for fixed o, F>(ct, ) =

1+0+ 0(1))%6_374) for large ¢. On the other hand, for fixed ¢, F>(«, @) is decreasing as a
function of .

APPENDIX: TECHNICAL PROOFS

PROOF OF LEMMA 3.2. Assume that (1) holds and recall that Ly =log,(N)/5. Since
Zy is a Bernoulli random variable with parameter g, we clearly have (with the obvious nota-
tion)

E(Zo(1 — a)?0 T2n) = g(1 — a)E((1 — )1 71w
=q(l - oz)E((l — )% (Eq(1 — a)Zz+»-~+zLN)zl)

=q(1—a)r((1 —)W; ),

where r(x) = (gx+1— q)3 is the probability generating function of a Binomial[3, ¢] random
variable and for k > 2 we let

Wk — ]El((l _ O[)ZZ+"'+ZI<)1/2’

with [ standing for the law of the Galton—Watson process with Z; = 1. To obtain an ex-
pression for Wy ,, we study the sequence (Wy)x>2 which, using the same reasoning as above,
satisfies the quadratic recurrence equation

(52) Wiri=q(l—a)W2+1—g¢

with initial condition W, = (1 — @)g + 1 — g. This recurrence equation has two fixed points,

1+/1-49(1-q)(1~0a) ,
2q(1—a) ’

a minus is attractive, so all orbits starting in [0, 1] converge to the latter, which we call W.
_ _ 3
We then have r((1 — @) W~) = [q(l —Wo - q] — W, and observing that gq(q) =

the one with a plus is repulsive and larger than one while the one with

q(l— a)W3, we deduce that (17) is equivalent to

g1 —@|r((1 =W} ) = (1 = )W) < CeEr.
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And since (1 —«) < 1 and |r(a) —r(b)| <3la —b| forall a, b € [0, 1], it is enough to show
that |[Wp, —W|<C e~ LN To this end we notice that, from the definition of W,
— =2
oy W ~W|=lg(l —)WZ +1-¢] = [q(1 =)W’ +1—¢]|
=q(l —a)|Wx — W[(We + W) <q(1 —a)|Wx — W|(1+ W),

but it can be easily shown that ¢(1 + W) < 1, so |[Wis+1 — W| < (1 — )| Wy — W| for all
k > 2. In particular we get

(54) [Wey — W] <2(1 —a)"V ! < Cem@tn,

where C > 0 is independent of ¢, and . [

REMARK 4. Assume that oy is a sequence in [0, 1] such that «y — 0 and
(55) ay log(N)/log(log(N)) — oo.

We will explain how to improve the bound of Lemma 3.2 in this case. One consequence of
this is that in Theorem 1.1 all the factors o, log(N) appearing in the exponents in (5)—(4)
can be replaced by oy log(N) Vv log(N )!/2. This follows by noting that all other bounds in
the proof of Theorem 1.1 are of smaller order.

Fix N large and use (54) to bound the distance between the LTNth term of the sequence and
W, leading to

an(Ly—2)

Wiyp—W|<2e 2 <Ce21ogloe) — C(log(N)) ™2 < C(an)?

for some C independent of g, where in the second inequality we used (55) and in the third
one we used ay log(N) — oo. Noticing that Wy converges monotonically to W, the above
bound is valid for all W}, with k > LTN, so we can restart the sequence at the L2N th term to
improve the bound in (53) to

[Wig1 — W|=q(1 —an) Wi — W[(Wi + W) < g(1 — an)|Wi — W|(Clan)® +2W).

But 2g(1 —an)W=1—/T—4qg(1 —q)(T —ayn) <1 — Jay so we have Wy — W| <
(Wi — WI[1 = Jan + C(ay)?] for all k > LTN In particular, since ay — 0,

N JoN logN
Wiy = W <2[1 - Jay + Clan)? ] <Ce™7 < cem Ve,
where we used that oy log N — oo as N — oo.
We turn now to the remaining proofs from Section 4.2.
PROOF OF PROPOSITION 4.5. We prove only the case o > 0; the case o = 0 is similar
but much easier to handle. Observe first that G (x) satisfies
(56) Go(X)V1 —4(1 —a)x(1 —x) = —Gg(x) +2 — 2x,

Gy(x)—1 B Gy(x)—1
xVT =40 —o)x (I —x) x[1 =21 —a)xGe(x®)]

(57) Go(x) =

To find the maximum of g, we solve the first order condition 0 = g/,(x) = ng (x) x

[% + 350:"(%)]. The factor ng (x) equals 0 only at 0 and 1, so g/,(x) =0 inside (0, 1) only if

the factor in brackets vanishes which, from the above identities, means that G4 (x) = x + 1/2.
We conclude, since G, < 1, that every critical point of g, must lie in [0, 1/2]. The first
part of the proposition will follow if we show that at every such critical point xo we
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have g (xg) < 0 (so every critical point is a maximum, and hence there can only be one).

Now g/, (x0) = go(x0) [3(?&“(%0)) — %J so it suffices to prove that G, (xo) < 0. Using (56)

Go(x)—112(1— 2Gy(x)+xGl,
and (57) we find Gj(x) = [FOgRERT A xCaln

as 2Gy(x0) + xG,, (xg) > 0 since G4 < 1. By (56) and (57) again, this is equivalent to
3 —4x > G4(x0), which is satisfied because thanks to the condition xg € [0, 1/2].
To prove the second part of the proposition write ¥, = (1) p1 + B(2) p2 so that

, which is nonpositive as soon

—-%p

0 =""pgip.

P

11—

Since x — " is decreasing, it follows that f(’)(p) <1—ePOPi <] PD8iX0) g0 jt

will be enough to prove that 1 — e A8 (0) < x\. Since x( is characterized by Gy (x0) =
xo+1/2, itis enough to show that V (x¢) := ¢,~x0(% +x0)3 +log(1—xp) < 0. But in fact, V is
nonpositive on the entire interval (0, 1/2]. Indeed, V(0) =0 and V (1/2) = % —log2, which

is negative from our assumption ¢; < 2log2, soitis enough to prove that the 1nequahty holds
at the critical points of V' this follows from V'(x) = ¢; (2 +x)? (2 +4x) — ,Vix) =

¢l(2 +x)(3 4+ 12x) — )2, so whenever V/(x;) =0 we have (1 — x1)V”(x1) = ¢i(x1 +

1/2)[ 16x1 + 13x1/2 —|— 11/4], which is positive in [0, 1/2], giving that x; iS a minimum.
O

PROOF OF PROPOSITION 4.6. We keep the notation X, used in the previous proof. For

the dependence of fﬁ( D on p1 we write the function as (1 — e_zp)%)pp1 which, for fixed p»,

is the product of two increasing functions. For the dependence of fy D on D2, on the other

1— e

hand, we write f 5 as ,B (1) p1; the factor on the left is decreasing in p> while the one

on the right is constant. Th1s gives (1). Next observe that [ (p) = ¢ 1 gp a(l) o fﬁ(l)(p)
and the same analysis shows that fél) is increasing and G, is decreasing, giving (2).

If ¢1 < 2log?2, then from Proposition 4.5 we know that g&(l.) o éi)(p) > 0, so h; satisfies
the same monotonicity as fﬂ(l) on each argument. Since /1 (p) = %
with respect to p». This gives (3). U

, it must behave as i,

PROOF OF PROPOSITION 4.7. We keep again the definition of X, used in the proof of
Proposition 4.5. Let us show first that the equation

gay(1 — e PWkey = (1 — g)ic,

has indeed a unique positive solution. To see this define y = 1 — e "#(D% and observe that «,
is a positive solution of the above equation if and only if y is a solution of

—(I —¢)log(l —y)
. .

$1Gl () =

However, Gi (1)(y) is a decreasing function with Gi(l)(O) =1, while —w is increasing
and tends to 1 as y — 0. Since ¢ > 1 > 1 — ¢, this implies that there is exactly one positive

solution y > 0. Furthermore, taking k., = 1 — «(1) we obtain
(1—e ™G (l—e)<1—¢

provided ¢ is sufficiently small, since both terms on the left are smaller than 1 for ¢ > 1.
We thus deduce that x, < 1. To prove (28) we take ¢ small (to be fixed later) and suppose



COEXISTENCE FOR A POPULATION MODEL WITH FOREST FIRE EPIDEMICS 4033

that p» < c. Observing that f (2)( p) = ﬂ(2) p2 we deduce that if ¢ small enough,
—e—BMpy

(1 &)B()p1
obtain

BR2)p2 < fé )(p) < B2)p2 for ¢ small, so from the monotonicity of G, we

. féZ)(p) 2) — e Fm 3
(58  h(p)=(01-a@) G0 f2(p) = mGa@(ﬁ(zm

Since the fraction is decreasmg in p1 we obtain a lower bound by taking p; = . and using
G2 ) (B2)0)
¢ Gy (1—e=FDre)
as ¢ — 0 we have G4 (2)(B(2)c) — 1, so taking first € small and then ¢ sufficiently small, the
right-hand side is larger than 1 + &’ for some &’.
For (29), Proposition 4.5 gives that g4 (2) has a single critical point which is a maximum, so

its definition to obtain [, > . Recalling that % > 1 we have G42) <1 and

hy = ga2) © f[gz) is minimized either when féz) is minimized or maximized. Remembering

that fg ) decreases with p1 and increases with p,, we conclude that the minimum of %, over
1—a(2)

the set [0, x.] X [c, up] is obtained either at (O, ) or at (k., c). We already saw that at
p = (kg, ¢) we have h,(p) =L (p)p> > (1 + ¢’)c, meaning that we need only to control h, at
O, 1_+(2)), where it equals g4 2)(1 — e~%2/2), so the result follows by taking ¢ small enough
so that gy2)(1 — e ?/2) > (1 +¢&')c.

To get (2) in the proposition we need to extend the above properties to general values
of p1. We proceed as before, but when computing (58) we use the additional information
¢2 > 2log?2 to improve the lower bound without imposing any restriction on p;. Indeed,
since ¢ < ¢ we deduce that S(1)p; < % s0, from monotonicity of l_xi

— e Bp1

1 _
L(p) > ¢2W a(z)(ﬂ(Z)c) >2(1 — e 92/2)G3 22 (B2)o),

but 2(1 — e~%2/2) > 1 from the assumption on ¢, so taking ¢ sufficiently small we conclude
again that I, (p) > 1 + &’ for some ¢’ small. The proof of the second property is exactly the
same as in (29).

We turn finally to (30) and (31). Notice that, since ¢ < 21log?2, from Proposition 4.6 we
know that /1, is increasing in p; and decreasing in p», so using the definition of x, we deduce

pr<ike = hi(p) <h(ke,0) = gay(1 — e PDFe) = (1 —g)ue,

which proves (30). To prove (31) we use a similar argument with /;, which we know is
decreasing in both arguments, so that

a()(1 — e PRy
Ke

ke <pr = L(p) =<li(ke,0)= =(1-e),
and the result follows. [

PROOF OF PROPOSITION 4.11. Recall the definition (45) of Fi(«(2), ¢2):

1
VTTZIY Y if ¢ < z(a(2)),
v(B(2)Pr)
Fr(a2), ¢2) = 1 ,
if ¢ > z((2)),

JEBQPHY(BQ)PY)
where ¥ (x) = % and where, taking xo as the only critical point of g4(2) (as seen in
Proposition 4.5), the values z(«(2)) and P, are defined as

—log(1 — xo)

2@2)=—2"T0 and Py = gagy (o)

x0(5 + x0)3
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(and hence do not depend on ¢,) while Py is the only positive solution of gy 2)(1 —
e PDPs ) = Py. To show that F;(a(2), ¢2) is increasing as a function of ¢, define xy =
1 — e P@Pr which, by the definition of Py, satisfies

log(1 —x¢)
(59) pr=——s—1
Xf Ga(z) (xr)

But the function x — —122U=0) jg strictly increasing, and x — G (2)(x) is strictly decreasing,

so x ¢ increases as a function of ¢». In particular, since
1 —log(l —x f)
Vv(BQ2)P f) Xf
we deduce that up to z(«(2)) the function F1(«(2), -) is increasing. At ¢ = z(«(2)) we have
(by definition of z(x(2)))

—log(l —x¢) gy = —log(1 — xq) . —log(1 — x¢)
xf Gy (f) 2 +x03 2065 (x0)

where the last equality follows from G (2)(x0) = % + xo, which was shown in Proposition 4.5.
—log(1—x)

xG;(z)( x)

P = 80(2)(X0) = 8a2)(X 1) = ga2y(1 — e PPFrYy = h(0, Py) = Py,

Since the function x — is strictly increasing we deduce that xo = x 7, but then

and hence
1 B 1
VEQP) [y B PV ED P

so F1(x(2), ¢o) is continuous at z(«(2)). It remains to show that for ¢» > z(«(2)) the func-
tion is also increasing, but we already saw that WZ)PH satisfies this property, so the function

will be increasing as soon as m is increasing as well. Now, P, is independent of ¢»
. . . 1 . . .
and v is a decreasing function so TBOP) = 1//(¢21 L. must be indeed increasing.

For the asymptotic analysis we deduce from (59) that limg, o0 X7 (¢2) = 1, and since
lim, 1 —log(xﬁ =1 and lim,_,{ G"i(f);x) = 1, taking sufficiently large C and small & we
have

o ¢—1/3 e <1-— xXf <C¢ 1/3+£‘
From this analysis we deduce that
1 —log(l —x¢)
= = O(log(¢2))
Y (B(Q2)Pr) Xf
¢ o

. 1 T-a(®) — i
while for the factor TR recall that 7B (2) Py = ot 1_Pf£2)) = O(¢») since P, does
not depend on ¢,. We deduce that

1
= O(/¢p2log(¢2))
JUBQPHY(BQ)P)

as claimed. [

PROOF OF PROPOSITION 4.14. Recall that F,(x(2), ¢2) was defined in (51) as

F2(a(2), ¢2) = min{F2 1 (2(2), ¢2), F22(a(2), ¢2)},
where for «(2) fixed:
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X
Gy (1= 1)’

2' FZ,Z(a(z)’ ¢2) = al_l (%ga(z)(l — e_¢2/2))

1. F21(x(2), ) is the inverse function of x —

and where aj(x) is defined for x > 1 as the only positive solution of aj(x) = x(1 — e~ a1 X)),
We begin the proof by studying the asymptotic behavior of F;(x(2), ¢2). Observe that as
¢ — 0o we have

(o) —n)2 -3
1 — e %2/2y = (1 1 2/ 2,
I —a() ga@) (1 —e %) = (1 4 o(1)) e
where the term ¢ze_3¢2/ 2 converges to zero as ¢ — o0. It follows from the definition of a;
that

(1 + 0(1))ppe™32/2
1 — e—(to(D)goe 30272

(60) Fora(x(2), o) = =141+ 0(1))%@‘3¢2/2,

thus showing the asymptotic behavior of F>. To prove that F>(x(2), ¢») > 1 we must show
that both /> 1(x(2), ¢2) > 1 and Fr2(x(2), ¢2) > 1. For the inequality involving F> 1 ob-

serve that

X
lim — =00
x—>00 (§ (2)(] — e—al(x))

o

and that /5 1(x(2), -) is continuous so the statement J> 1 (x(2), ¢2) > 1 fails if and only if
we can find some ¢, > 1 such that /> 1(«(2), ¢2) = 1. This equation implies that such a ¢»
must satisfy

1
Gl = 1)’

b=

where a;(1) is defined by continuity as a;(1) = limy_,1 a;(x) = 0. It follows that the de-
nominator is equal to Gg(z) (0) =1 and hence ¢» = 1, contradicting our hypothesis ¢ > 1
so we conclude that 75 1 («(2), ¢2) > 1. The inequality F22(x(2), ¢2) > 1 follows directly
from (60) since F,, is of the form l_ye — for some positive y. Finally, for ¢, fixed take
a(2) < a(2) and notice that since

F21(a(2), ¢2) _
Gz(2) (1 — e~a1(F21(a(2).¢2)))

(033

and that G () (x) is decreasing we deduce

F21(@(2). ¢2) - = F2.1(a(2), ¢2)
Gi(Z)/(l — e~ a1(F21(@).02))) Gia)/(l — e~ (F21(@(2),¢2)))

and hence, from monotonicity we conclude F 1 («(2), ¢2) < Fo.1(a(2), ¢2). Similarly, ob-
serving that

Faa(@@),d2) =a;" (a1 — 92 G 0, (1 — e72/%))

and that al_l is increasing and the argument is decreasing with «(2) we conclude that the
function /> 2((2), ¢») is decreasing on this parameter. [

Acknowledgments. The authors would like to thank the referees and Editors for their
constructive comments, which helped improve considerably this manuscript. LF also thanks
J.F. Marckert for the assistance, discussions and comments that improved this article.

This project began as part of LF’s Master thesis and was part of AL’s Ph.D. thesis, both at
Universidad de Chile.



4036 L. FREDES, A. LINKER AND D. REMENIK

Funding. LF acknowledges support from LaBRI and from a CONICYT Master Schol-
arship. AL acknowledges support by the CONICYT-PCHA/Doctorado nacional/2014-
21141160 scholarship. DR was supported by Fondecyt Grants 1160174 and 1201914. All
three authors were also supported by Centro de Modelamiento Matematico (CMM) Basal
Funds ACE210010 and FB210005 from ANID-Chile, and by Programa Iniciativa Cientifica
Milenio grant number NC120062 through Nucleus Millenium Stochastic Models of Complex
and Disordered Systems.

REFERENCES

[1] ACKLAND, G. J. and GALLAGHER, 1. D. (2004). Stabilization of large generalized Lotka-Volterra food-
webs by evolutionary feedback. Phys. Rev. Lett. 93 158701. https://doi.org/10.1103/PhysRevLett.93.
158701

[2] BARABAS, G., MICHALSKA-SMITH, M. J. and ALLESINA, S. (2016). The effect of intra- and interspecific
competition on coexistence in multispecies communities. Amer. Nat. 188 E1-E12.

[3] CHAN, B. and DURRETT, R. (2006). A new coexistence result for competing contact processes. Ann. Appl.
Probab. 16 1155-1165. MR2260060 https://doi.org/10.1214/105051606000000132

[4] Cox, J. T. (1989). Coalescing random walks and voter model consensus times on the torus in 74 . Ann.
Probab. 17 1333-1366. MR1048930

[5] DROSSEL, B. and SCHWABL, F. (1992). Self-organized critical forest-fire model. Phys. Rev. Lett. 69 1629—
1632. https://doi.org/10.1103/PhysRevLett.69.1629

[6] DURRETT, R. and LI1u, X. F. (1988). The contact process on a finite set. Ann. Probab. 16 1158-1173.
MR0942760

[7]1 DURRETT, R. and REMENIK, D. (2009). Chaos in a spatial epidemic model. Ann. Appl. Probab. 19 1656—
1685. MR2538084 https://doi.org/10.1214/08- AAP581

[8] FEIGENBAUM, M. J. (1978). Quantitative universality for a class of nonlinear transformations. J. Stat. Phys.
19 25-52. MR0501179 https://doi.org/10.1007/BF01020332

[9] GAVINA, M. K. A., TAHARA, T., ICHI TAINAKA, K., ITO, H., MORITA, S., ICHINOSE, G., OKABE, T.,
ToGASHI, T., NAGATANI, T. et al. (2018). Multi-species coexistence in Lotka—Volterra competitive
systems with crowding effects. Sci. Rep.

[10] HARTLEY, S. and SHORROCKS, B. (2002). A general framework for the aggregation model of coexistence.
J. Anim. Ecol. 71 651-662.

[11] HOFBAUER, J., HUTSON, V. and JANSEN, W. (1987). Coexistence for systems governed by difference
equations of Lotka—Volterra type. J. Math. Biol. 25 553-570. MR0915090 https://doi.org/10.1007/
BF00276199

[12] HOFBAUER, J. and SIGMUND, K. (1989). On the stabilizing effect of predators and competitors on ecolog-
ical communities. J. Math. Biol. 27 537-548. MR1015011 https://doi.org/10.1007/BF00288433

[13] HoLT, R. D. and PICKERING, J. (1985). Infectious disease and species coexistence: A model of Lotka—
Volterra form. Amer. Nat. 126 196-211.

[14] JANSON, S., LuczAKk, T. and RUCINSKI, A. (2000). Random Graphs. Wiley-Interscience Series in Discrete
Mathematics and Optimization. Wiley Interscience, New York. MR1782847 https://doi.org/10.1002/
9781118032718

[15] MAoO, X., MARION, G. and RENSHAW, E. (2002). Environmental Brownian noise suppresses explosions
in population dynamics. Stochastic Process. Appl. 97 95-110. MR1870962 https://doi.org/10.1016/
S0304-4149(01)00126-0

[16] MIMURA, M. and KAN-ON, Y. (1986). Predation-mediated coexistence and segregation structures. In Pat-
terns and Waves (T. Nishida, M. Mimura and H. Fujii, eds.). Stud. Math. Appl. 18 129-155. North-
Holland, Amsterdam. MR0882378 https://doi.org/10.1016/S0168-2024(08)70130-9

[17] NEUHAUSER, C. (1992). Ergodic theorems for the multitype contact process. Probab. Theory Related Fields
91 467-506. MR1151806 https://doi.org/10.1007/BF01192067

[18] RATH, B. and TOTH, B. (2009). Erd6s—Rényi random graphs + forest fires = self-organized criticality.
Electron. J. Probab. 14 1290-1327. MR2511285 https://doi.org/10.1214/EJP.v14-653

[19] SAENZ, R. A. and HETHCOTE, H. W. (2006). Competing species models with an infectious disease. Math.
Biosci. Eng. 3 219-235. MR2192136 https://doi.org/10.3934/mbe.2006.3.219

[20] SCHREIBER, S. J. (1997). Generalist and specialist predators that mediate permanence in ecological com-
munities. J. Math. Biol. 36 133-148. MR1601772 https://doi.org/10.1007/s002850050094

[21] SEVENSTER, J. G. (1996). Aggregation and coexistence. I. Theory and analysis. J. Anim. Ecol. 65 297-307.

[22] SLOANE, N. (2010). The On-Line Encyclopedia of Integer Sequences, Sequence A000108. Available at
https://oeis.org/A000108.


https://doi.org/10.1103/PhysRevLett.93.158701
http://www.ams.org/mathscinet-getitem?mr=2260060
https://doi.org/10.1214/105051606000000132
http://www.ams.org/mathscinet-getitem?mr=1048930
https://doi.org/10.1103/PhysRevLett.69.1629
http://www.ams.org/mathscinet-getitem?mr=0942760
http://www.ams.org/mathscinet-getitem?mr=2538084
https://doi.org/10.1214/08-AAP581
http://www.ams.org/mathscinet-getitem?mr=0501179
https://doi.org/10.1007/BF01020332
http://www.ams.org/mathscinet-getitem?mr=0915090
https://doi.org/10.1007/BF00276199
http://www.ams.org/mathscinet-getitem?mr=1015011
https://doi.org/10.1007/BF00288433
http://www.ams.org/mathscinet-getitem?mr=1782847
https://doi.org/10.1002/9781118032718
http://www.ams.org/mathscinet-getitem?mr=1870962
https://doi.org/10.1016/S0304-4149(01)00126-0
http://www.ams.org/mathscinet-getitem?mr=0882378
https://doi.org/10.1016/S0168-2024(08)70130-9
http://www.ams.org/mathscinet-getitem?mr=1151806
https://doi.org/10.1007/BF01192067
http://www.ams.org/mathscinet-getitem?mr=2511285
https://doi.org/10.1214/EJP.v14-653
http://www.ams.org/mathscinet-getitem?mr=2192136
https://doi.org/10.3934/mbe.2006.3.219
http://www.ams.org/mathscinet-getitem?mr=1601772
https://doi.org/10.1007/s002850050094
https://oeis.org/A000108
https://doi.org/10.1103/PhysRevLett.93.158701
https://doi.org/10.1007/BF00276199
https://doi.org/10.1002/9781118032718
https://doi.org/10.1016/S0304-4149(01)00126-0

COEXISTENCE FOR A POPULATION MODEL WITH FOREST FIRE EPIDEMICS 4037

[23] TRESSER, C. and COULLET, P. (1978). Itérations d’endomorphismes et groupe de renormalisation. C. R.
Acad. Sci. Paris, Sér. A-B 287 A577-A580. MR0512110

[24] TRESSER, C., COULLET, P. and DE FARIA, E. (2014). Period doubling. Scholarpedia 9 3958.

[25] ZHU, C. and YIN, G. (2009). On competitive Lotka—Volterra model in random environments. J. Math. Anal.
Appl. 357 154-170. MR2526815 https://doi.org/10.1016/j.jmaa.2009.03.066


http://www.ams.org/mathscinet-getitem?mr=0512110
http://www.ams.org/mathscinet-getitem?mr=2526815
https://doi.org/10.1016/j.jmaa.2009.03.066

	Introduction and main results
	The multi-type moth model on a random 3-regular graph
	Coexistence and domination for the two-type MMM

	The limiting dynamical system
	Derivation of the limit
	Approximation result
	Phase diagrams
	The one-type system and bifurcation cascades
	The two type dynamical system

	Connection with the particle system

	Proof of the approximation result
	Proof of the main result
	Interior-recurrent sets
	Preliminaries
	Proof of Theorem 4.3(ii)
	Proof of Theorem 4.3(i)
	Proof of Theorem 4.3(iii)

	Appendix: Technical proofs
	Acknowledgments
	Funding
	References

