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Abstract

We prove the convergence of an incremental projection numerical scheme for the time-dependent incompressible
Navier—Stokes equations, without any regularity assumption on the weak solution. The velocity and the pressure
are discretised in conforming spaces, whose the compatibility is ensured by the existence of an interpolator for
regular functions which preserves approximate divergence free properties. Owing to a priori estimates, we get
the existence and uniqueness of the discrete approximation. Compactness properties are then proved, relying on
a Lions-like lemma for time translate estimates. It is then possible to show the convergence of the approximate
solution to a weak solution of the problem. The construction of the interpolator is detailed in the case of the
lowest degree Taylor-Hood finite element.

1 Introduction

The Navier—Stokes equations for a homogeneous incompressible fluid can be written in a strong form as:

du+ (u-V)u—Au+Vp= fin (0,7) x Q, (la)
divee = 0 in (0,T) x Q, (1b)

where the density and the viscosity are set to one for the sake of simplicity, and where

T > 0, and € is a connected, open and bounded subset of R?, d € {2,3}, 2)
with a Lipschitz boundary 0f).

The variables u and p are respectively the velocity and the pressure of the fluid, and ({a)) and (D)
respectively model the momentum conservation and the mass conservation of an incompressible fluid.
This system is supplemented with the homogeneous Dirichlet boundary condition

u=0on (0,7) x 99, (3)
and the initial condition
u(0) = up in Q. (4)

The function ug is the initial datum for the velocity and the function f is the source term.
While this system of equations is coupling the velocity and the pressure, projection numerical schemes,
introduced in [3] and [23], enable the successive resolution of decoupled elliptic equations for the velocity
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and the pressure. This leads to cheaper and smaller computations than those issued from a coupled
approximation, and these methods are widely used (see [1], [11], [12], [18], [24]). Let us present the
principle of the “incremental projection method” for the approximation of (Il) by a continuous-in-space
discrete-in-time scheme (see [10]):

e Prediction step : Find a function @" "' € H} ()%, which is therefore regular in space and respects
the boundary conditions but is not divergence-free, such that the following linearized momentum
equation holds in the homogeneous Dirichlet weak sense:

@ —u™) + (u" - V)@t — Aa"T 4Vt = £ in Q, (5a)
"t — 0 on OQ. (5b)

|~

=31

This step involves d decoupled resolution of elliptic problems for each of the components of the
velocity, in the case of the Stokes problem (neglecting the term (u” - V)'&"+1 in the small velocities
approximation). In the Navier-Stokes problem, it leads to the resolution of an elliptic problem
coupling all the components of the velocity.

e Correction step : Find the new pressure field p" ™' € H'(Q) N L3(Q) (denoting by L3(£2) the space
of functions of L?(Q) with null average on 2), and a corrected velocity u"** € V(Q) (denoting by
V(2) the space of L?-divergence-free functions and null normal trace, precisely defined by (I0))
therefore with a lower regularity in space and a weaker boundary condition, such that, in the
homogeneous Neumann weak sense for the unknown p"*! — p™ € H1(Q) N L(Q),

%(u’”rl —a" )+ V(" —p") =0in Q, (6a)
divu™™ =0 in Q. (6b)

This step involves the resolution of an elliptic problem for finding the new pressure.

Scheme ([@)-(@) is called an “incremental projection scheme”, since it is obtained by introducing the
previous pressure gradient in the prediction step and by solving the increment of the pressure in the
correction step, which is a projection step of the predicted velocity on the divergence-free functions. Such
a scheme seems to be much more efficient from a computational point of view than other projection
schemes and has been the object of several error analysis, under some regularity assumptions on the
solution of the continuous problem in the semi-discrete setting, see [14] and references therein. The non
incremental schemes have been the object of some analyses in the fully discrete setting.

Some recent papers [19, 9] propose convergence proofs for fully discrete projection schemes. In [9], the
incremental projection scheme is considered without any assumption of regularity assumptions on the
exact solution. The proof of its convergence is done both for the semi-discrete scheme and for a fully
discrete scheme using the Marker-And-Cell scheme (introduced in the seminal paper [I7]). In this paper,
we extend such a proof to the case where the spatial discretisation is done using conforming methods
(in most of the cases, finite element methods or spectral methods). We refer to [16], [I5], [13] using
conforming finite element methods.

We consider, for any integer N > 1 defining the time step by &y = T/N, approximation spaces Xy C
HE(Q)¢ for the predicted velocity, My C H'(Q) N L2(Q2) for the approximate pressure. Then the space
Vi, defined as the space of functions which are L2-orthogonal to the gradient of the elements of My
(it is therefore not a subset of V'(Q2)) is used for the approximation of the corrected velocity. The fully
discrete incremental projection scheme is given in Section 2] and is shown to have a unique solution
(ﬁ%,p}{,,u}{,)nzl)mw S (XN x My x VN)N.

In order to prove the convergence of the incremental projection scheme, we need to prove the compactness
of the sequence of the approximate velocities in L?. The main difficulty relies in the time translate
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estimates; this difficulty is solved in the coupled case by the famous Lions’ Lemma [2T], Lemme 5.1 p.58],
bounding the norm in L? by a combination of the norm in H' and of a semi-norm similar to a H~!
norm. In the case of the incremental projection method, the difficulty relies in the fact that there are two
different approximations for the velocities. We handle this difficulty in Section [3.3] by closely following
the method first introduced in [9]. We can then conclude the convergence proof to a solution, considered
in the weak sense given below, in Section B.4]

It is noticeable that, for this existence and uniqueness result, no compatibility condition between My
and Xy is required. This is no longer the case in Section Bl where the convergence of the method is
proved. The compatibility condition is expressed through the existence of an interpolator Iy : W —
X nNVyNL*®(Q)?4, whose purpose is to build approximate values in the discrete velocity spaces of some
regular functions. This interpolator replaces in this paper a Fortin interpolator (see [22] 6] [7, [§] for more
properties on such operator). In the present paper, the resquested properties are slightly different (see

Section B.TI):
e The set W is a dense subset of the set H3(Q)¢ N V(Q) for the H(2)? norm (see (IT)).

e For any o € W, the convergence of Il to ¢ is assumed to hold in H}(92)¢, while the L> norm
of Iy ¢ remains bounded (see (22))).

So the hypotheses which are done on the space discretisation in this paper are not shown to be equivalent
to an inf-sup property. In Section M we consider the example of the lowest degree Taylor-Hood finite
element. In this section we provide all the calculations that prove the convergence property which is
requested on Ily, since the properties which are studied in the literature are generally different. We
show that constructing IIy and checking its properties is much simplified by the fact that we only
need to apply it on regular divergence free functions with compact support. It is in some way simpler
than the verification of the inf-sup condition for these spaces. Note that the study done in this paper
also applies to the semi-discrete scheme, since one can let Xy = H} ()% for the predicted velocity,
My = H*(Q) N L3(Q) for the approximate pressure (which yields Viy = V for the corrected velocity),
defining W = C°(Q)¢ NV (Q) and Iy = Id.

Throughout the paper, we shall assume that the data f and ug satisfy

feL?((0,T) x Q)¢ and ug € L*(Q)4. (7)

We denote in the whole paper

Vo, w € L3(Q)?, (v,w) := /Qv(cc) cw(x) de. (8)

We recall that we denote by L3(£2) the space of L? functions with null average on 2, which can be defined
by

LE(Q) = {q € L*(Q) such that /Qq(w) dx = 0}, (9)
and by V(Q) the space of L?-divergence-free functions, which can be defined by
V() = {u € L*(Q)¢ such that (u, VE) = 0 for any & € H'(Q)}. (10)
Recall that we can write as well [2| Definition IV.3.2 p. 248]
V(Q) = {u € Hgiv(92) such that dive = 0 and v, u = 0},

denoting by 7, the normal trace of w on 9Q. Then H(2)?NV (Q) is the subset of H} ()% of divergence-
free functions. Let us define the weak solutions of Problem (II)-(@) in the sense of Leray [20].
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Definition 1.1 (Weak solution): Under the assumptions () and (7)), a function w € L?(0,T; H}(Q)¢ N
V() N L>(0,T; L?(2)?) is a weak solution of the problem (I))-(@) if

T T T
- / (u, 0yv) dt—l—/ (u- V)u,v) dt—l—/ Vu : Vo de dt
0 0 0o Jo

T
— (w00, ) + [ (Fr0) dt (1)
0
for any v € C(2 x [0,T))4, such that dive = 0 a.e. in Q x (0,7), where

2 The projection scheme using a conforming method

2.1 Space and time discretizations

We consider a partition of the time interval [0, 7], which we suppose uniform to alleviate the notations,
so that the assumptions read (omitting in the whole paper to recall that N is assumed to be an integer):

t =ndy for n € [0, N]. (12)

We consider a sequence of velocity-pressure approximations in H} ()% and H'(2) N LZ(2) respectively.
For the approximation of the predicted velocity, let

(XN)Nn>1 be a sequence of

closed subspaces of H}(2)%. (13)
For the approximation of the pressure, let
(My)n>1 be a sequence of (14)

closed subspaces of H*(Q2) N L3(9).

For the approximation of the corrected velocity we define the space of weakly divergence free functions
by
Vv = {v € L*(Q)? such that (v,Vq) = 0 for any ¢ € My}. (15)

We denote by Py, : L?(2)% — Vy the orthogonal projection in L?(£2)? onto the space Vy. We denote
by Py (a) : L2(2)? = V(€2) the orthogonal projection in L?*(€2)¢ onto the space V().

Remark 2.1: The choice Xy = Hg(Q)?, My = H'(Q) N L3(2) (which implies Viy = V(Q)) yields the

continuous-in-space discrete-in-time scheme.

2.2 The projection scheme
Let a : H} ()4 x HY(Q)? — R be the coercive bilinear form and let b : H3 ()% x H} ()4 x H}(Q)¢ — R
be the “skew-symmetric” trilinear form defined by

a(u,v) = / Vu: Vv de,
Q

b(u,v,'w)z/(u-V)v-wdw—i—%/divu(v-'w) de
Q Q

:%/Q((u-V)v-w—(u-V)w-v) dz.
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Using the above definitions, the first order time semi-discrete incremental projection scheme described in
the introduction of this paper reads:

Initialization:

Let ul, = Py, uo, @y = 0 and p% = 0. 17a
N N N N

Solve for 0 <n< N —1:

Prediction step:

1
e X, = @y 0) = (ke v) + blag, @y ) (17b)
N

+a(ay™, v) + (Vo v) = (fy 5 v), for any v € X,

Correction step:

(VO3 = pk). Va) = = (g divay™), for any g € My (179
Pt € My, (17d)
up't = ayt - 5tNV(p§iz+1 - PR)- (17e)
The term fn'' € L2(Q)? is given by fu''(z) = — ft" ) dt, for a.e. x € Q.
Remark 2.2: Note that w7 is an element of Viy. In particular we have @/t = uw/y™ +&nV(p' — %)

which provides a discrete Helmholtz-Leray decomposition for u"“.

2.3 Existence of a solution to the projection scheme

The following existence result allows to define the approximate solutions obtained by the projection

scheme (7).

Lemma 2.1 (Approximate solutions): Under Assumptions ), @), (I2), [@3), @), for any N > 1, there
exists a unique sequence (@, uR, PR )nepi,ny € Xn X Vv x My satisfying (7). We then define the
functions uy : (0,7) = Vi and @y : (0,T) = Xy by

N—-1
H=>" Ly iy (DU, Z L iy (DR, (18)
n=0

PRrOOF. For given functions p¥, € My, uy € Xy and u, € Vi, Problem (m) is under the form:
aytt € Xy, Yo € Xy, af(un™, v) = by(v),
where, owing to the property b(-,v,v) = 0, the continuous bilinear form a?%, is such that
Yo € Xy, ay(v,v) = ||'U||%I(1)(Q)d'

Hence the existence and uniqueness of the solution '&"+1 € Xy is given by the Lax-Milgram theorem.
For given functions p% € My, u%"' € Xy, Problem (EI:EI) is under the form:

Pt € My, Yq € My, (Vpi,Vq) = en(q).

Hence the existence and uniqueness of the solution p?,ﬂ € My is given by the fact that the bilinear form
(p,q) — (Vp,Vq) is coercive on H1(Q) N L3(Q). O
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3 Convergence study

3.1 Convergence assumptions

The following assumptions are done on the sequences (Xy)ny>1 and (My)ny>1 in order to prove the
convergence of the projection scheme as N — oco. These assumptions, provided in terms of the existence
of a family of interpolators on some spaces (IIy)n>1, replace the standard uniform inf-sup hypothesis.

We assume that
W is a dense subset of V(Q) N H}(Q)4

for the norm of H}(Q)%. (19)

We define
VN >1, Exy=XnyNVyNL®Q)4, (20)
VN >1, Vu € En, ||u|lg = HVUHL2(Q)dXd + ||u||Loo(Q)d. (21)

We assume that

For any N > 1 there exists a mapping Iy : W — E such that,
for any ¢ € W, (Ily)n>1 converges to o in Hi(Q)? (22)
and the sequence (||IInp||g)n>1 is bounded.

The sequence (My)n>1 is assumed to be such that

(Pary (p))n>1 converges to p in HY(Q),

for any p € H*(Q) N L3(), )

where we denote by Pasy : HY(Q) N LE(Q) — My the orthogonal projection in H*(2) N L3(£2) onto the
space My.
Remark 3.1: Note that (23) is equivalent to the fact that

. . . _ 1 2
NLHEOO qg]{;N lp — gl () = 0 for any p € H () N Lg(©2),

Note that the sequence (Vy)n>1 is an approximation of V' (€2).

Remark 3.2: If, for all N > 1, we consider the semi-discrete case X xy = Hg(Q)?, My = HY(Q) N L3(2)
(recall that this yields Viy = V(2)), we let W = V(Q)NC(Q)? and Iy = Id. Then all the assumptions
of this section are satisfied.

Remark 3.3: We provide in Section [4] the construction of IIy in the case of the lowest degree Taylor-Hood
finite element. We show in Lemma [ T4 that it satisfies the assumptions given in this section, for a regular
family of meshes in the standard sense.

3.2 Space estimate
Lemma 3.1: Under Assumptions @), (@), (I2)), @3), {I4), for any N > 1, the following relation holds for

n € [0, N —1]:
1 n n &N n n
s (R e = 3oy ) + 55 (1995 200 = V0K 2010)

1 ~n+1 n (|2 ~n+1/2 n+1l ~n+1
‘F%”“NJr —uy |72 + Uy I3 e = (PN cayth). (24)
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Consequently, there exists C; depending only on |Q|, on the L?-norm of ug and on the L?-norm of f
such that the functions @y and uy defined by ([I8) satisfy:

lanllL20,rm20) < G and  [Jun|lLe©r:2)) < g (25)

lun — Nz rr2@)e) < Gy and  flux — @n|lL20,7;02(0)2) < GV aN. (26)
PrOOF. We take @™ in ([TH) and we obtain for n € [0, N — 1]

1

n+1 ~n+1
o N e = 5 I Q>d+2& iyt

U%H%z(ﬂ)d

a ~n n+l ~n
o Vpy - +1 dx + HUNHH%Ig(Q)d = (fN+ 7uN+1)' (27)

Squaring the relation 'y Ty AnVpR = u"Jrl o VpN , integrating over 2, and owing to u"Jrl € Vy,
we get that for n € [0, N — 1]]

1
28N

n n 1,
[|u +1HL2 (Q)d "’ ||Vp +1HL2(Q) 28N I H“U(Q)d

Lo - n
HVPNHL2 ()C (uNJrlvaN)'

Summing the latter relation with (27) yields 24) for n € [0, N — 1]]. We then get Relations (25]) by
summing over the time steps, using the Cauchy-Schwarz and Poincaré inequalities. [J

Lemma 3.2: Under Assumptions (2), (I3)), (I4), @3, 22), 23), let (vn)n>1 be a sequence of functions
of L*(2)¢ such that (vy)n>1 converges to v in L?(Q)%. Then the sequence (Py(a)vn)nN>1 converges

to Pv(gl)v in L2 (Q)d

PROOF. Using the fact that (vy)n>1 is bounded in L?(Q2)¢ we obtain that the sequence (Py () Vn)N>1
is bounded in L?(€2)?. Hence there exists a subsequence still denoted by (Py-, (o)vn)n>1 that converges
to a function ¥ weakly in L?(Q)9. Let £ € HY(Q) N LZ(2). Using the fact that for any N > 1 we have
Pvy@)vn € Vy and Py § € My we obtain

(Pvy@)vn, VPuy§) =0, for any N > 1.

Using the weak convergence of the sequence (Py, (o)vn)N>1 in L?(2)% and the strong convergence of
the sequence (Pary&)n>1 in H1(2) and passing to the limit in the previous identity gives

(0,VE) =0, for any £ € H(Q).

We then obtain that © € V(£2). Let ¢ € W be given. Using the fact that [Iy¢ € Vi for any N > 1, we
obtain

(vn,dye) = (PVN(Q)'UN,HNCP), for any N > 1.
Using the convergence to ¢ of the sequence (IIyp)n>1 in H} ()4, the weak convergence of the sequence
(Pyy(@)vn)n>1 in L2(Q)? and passing to the limit in the previous identity gives

(v,0) = (9, p) for amy @ € W.

We then obtain that © = Pyv and the sequence (Py, (o)Un)n>1 converges to Py (o) weakly in L(Q)<.
We can write
|‘PVN Q)UN||L2 @ = (vN,PVN(gl ’UN) for any N > 1.
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Using the convergence of the sequence (vy)n>1 to v in L?(9)? and the weak convergence of the sequence
(Pvy(@)vN)n>1 to Py v in L2(2)% we obtain

Nl—i>r-Ii-loo [Pvy@on 17200 = (0, Pvi)v) = [[Pve)vllizq-

The weak convergence of the sequence (Py )vn)N>1 t0 Py (qyv in L2(2)¢ and the convergence of the
sequence ([|[Py, @ Vnllr2)e)n>1 to [Pyl r2(o)e give the expected result. O

Lemma 3.3: Under Assumptions @), (@), (2), @3), @), @3), there exists u € L>(0,T;L*(2)?) N
L2(0,T; HY(Q)2NV(2)) such that, up to the extraction of a subsequence, the sequence (uy)n>1 weakly
converges to w in L2(0,T; Hi(Q)?) and (@y)n>1 weakly converges to u in L°°(0, T; L2(Q)4) for the weak
star topology.

PrROOF.  Owing to (28), we get the existence of @ € L2(0,7;Hg(Q)?) such that, up to the ex-
traction of a subsequence, the sequence (@y)n>1 weakly converges to @ in L2(0,T; HE(Q)4), and of
u € L°>(0,T; L*(Q)9) such that (uy)n>1 weakly converges to w in L>(0,T; L?(2)?) for the weak star
topology. Let & € HY(Q) N L3(Q) and ¢ € C=°(]0,T[) be given.

Using the fact that (IZd) provides, for any N > 1, that

T
/ (un, VPuy&)p(t) dt =0, for any N > 1,
0

Using the convergence of the sequence (Ppry€)n>1 in H'(2), the weak convergence of the sequence
(un)n>1 in L2((0,T) x )% and passing to the limit in the previous identity gives

T
/ (u, VE)p(t) dt = 0, for any ¢ € H'(Q).
0

We then obtain that uw € L2(0,T; H3(Q)4 N V(Q)). Using ([Z6), we get that @ = u, which concludes the
proof. O

3.3 Time estimates

The weak convergence property given by Lemma [3.3]is not sufficient for passing to the limit in the scheme,
owing to the presence of the nonlinear convection term. Hence we need some stronger compactness
property on one of the subsequences (uy)n>1 or (4n)n>1. We will prove this compactness property in
L2 on (’lNI,N)NZL

We introduce the semi-norm | - |, x defined for any w € L?(2)? by

lw|« v = sup{(w,v), v e Ey, [lv|e <1} (28)

Recall that En and ||v|| g are defined by 20))-(21]) and that the above definition remains meaningful even
if Ey = {0}.

Lemma 3.4 (A first estimate on the time translates): Under Assumptions (@), @), (I2), @3), @), there
exists Cz only depending on [, ||ug| p2(q)« and || f]|L2(0,7)xq)e such that for any N > 1 and for any
7€ (0,T),

T—1
/O (¢ +7) — G (B)2y dt < G (7 + o).
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PrROOF. Let N > 2 and 7 € (0,7) (for N = 1 the quantity we have to estimate is zero). Let
(XN .+ )nefr,N—1] be the family of measurable functions defined for n € [1, N — 1] and t € R by xR}, ,(t) =

Lien —rem)(t), then

an(t+71)—an(t ayt™t —ak), for any t € (0,7 — 7). (29)

HMZ

Hence, owing to (I7h), we have for any v € Xy and for any ¢ € (0,7 — 7) the following identity

(un(t+7) —an(t),v) = _&NZXN L@y, v)
—dy ZX%,T(t)b(ﬂ" ayt, v) — dy ZXN OV (2% — Py 1), v)
N—-1
+ N Y X (O ).
n=1

Let v € Ey, and define A(t) = (an(t + 7) — un(t), v). Using the previous identity we obtain
A(t) = Aa(t) + Ac(t) + Ap(1) + Af (1),

with

N-1
=3 xR Vayt! : Vo dz,
n=1 Q
N—-1
X 7- &Nb ’U,N,~X,+1,'U),
n=1

N—-1
A1) = 3" a0 /Q (2% — p)divo da,
n=1

Using (2I) we have

) < lvlle Z XN (0N [Nz e (30)
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Using (2I) and using the estimates (25)-(28) we have

N-1
X (0 (@) —uy ) - V)ay™, v)

n=1
N-1
— 3 N O (- V)R v)

1 n L n n
D) Z XN, (1) 8N /Q divay (ay" —uy) v de

X - ()N /Q divay uly - v de

<y Z XA (00 lar™ | 2 e + 183 | 2 ) vl (31)

We get from En C Vi that A,(¢) = 0. Next, we note that

N-1

Ar) < Mol Y xR O@ I F 2 @) (32)
n=1
Summing Equations 30), @B, (32]), we obtain
N-1
A(t) < Cllolle Y xR O (lay™ @ + @kl @ + 15 1n20)e)
n=1

where C' = 2 + 3(j. This implies
[un(t+7) —an(t)n <C Z X (O8N (a8 | a)e + @Rl 2@ + 1A z2@))-

Since Zf:’;ll X, (#)dty < 7+ dn for any t € (0,7 — 7) we then obtain

N—
[an(t+7) —an(t)F y <3C*(r +dn) Z (t)atn (] |~n+1”Hé(Q)d + [lu NHH1 o+l N T2 )
Noting that fo N (t) dt <7 for any n € [1, N — 1] yields

T—1
/ |fLN(t+7')—'l~l,N(t) i,N dt
0

T—7
<3C*(7 + dn) Z dn (|| ~n+1||Hg(Q)d + ||fLN||§{g(Q)d + ||f17\1/+1||2L2(Q)d)/0 XN, (t) dt

< 3C%(7 + &N)T(2”’&’N”%2(07T;Hé(ﬂ)d) 1 F I 20,7y xye) < Gar (7 + )
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which gives the expected result. [J
Note that this is only an intermediate result since we seek an estimate on the time translates of the
predicted velocity in the L?(L?) norm.

Lemma 3.5 (Lions-like): Under Assumptions @), ([3), (), (9 @2), 23), we have

Ve >0, 3C. >0, AN. > 1, YN > N., Yw € Xx
[Pvywl2)ya < el|lwll g oye + Celwln.  (33)

PROOF. Let us assume that (B3] does not hold. This means that there exists & > 0 such that

VO >1, VM >1, 3N > M, 3w € Xy
[Pvywllr2)a > ellwl gy + Clwls,n. (34)

Let us set v(0) = 0, and let us build the infinite set Z = {v(n),n € N*} C N* and the sequence (wx)nez
by induction. For n € N*, we select C =n and M = v(n—1)+1 in (34). We get the existence of a given
N > M and of a given w € X y(2) such that

[PvywllL2ya > el|lwl| g @ye + nlw|s N

We then define v(n) = N and wy = w/||Pvyw| 12(q)e. Let us denote Z = {v(n) such that n € N*} C N*.
We denote by v~! the reciprocal function of v : N* — Z. Since the mapping v is strictly increasing, we
then indeed get that Z is infinite. We can then write, for any N € Z,

1> EHwNHH%(Q)d + u_l(N)|wN|*7N, for any N € 7.

It then follows from the latter inequality that the sequence (wx)yer is bounded in H}(2)? and that
lwnleny — 0 as N — oo with N € Z. Hence there exists an infinite set J C Z such that (wy)nes
converges in L2(Q)? to a function w € H}(Q)? while |wy|«ny — 0 as N — oo with N € J. We notice
that HPVN'IDNHLz(Q)d =1forall Ne J.

Using Lemmal[3.2lwe have Py, wy — Py )w in L?(Q)? as N — oo with N € J, which therefore implies
[Pvw|L2)a = 1.

Let ¢ € W be given. For any N € J, by definition of |w x|+« N, we have

(wn, IIng) < oyl N|[TINne| &

Using the fact that, for any N € J, lIyp € Vi, we then obtain

(wy,ye) = (Pvywn, lIng) < oyl n|[Hyel .

Since |IIyep||g remains bounded by assumption 22), letting N — oo with N € J in this inequality
yields that
(Pyw, ) =0, for any ¢ € W.

The density of C(2)2NV(Q) in V(Q) for the L2(2)? norm is proved in particular in [2, Lemma IV.3.5
p. 249]. Since the density of W in HZ(2)¢NV (Q2) enables to approximate any element of C2°(Q)¢NV (2)
as closely as desired for the L?(£2)? norm, we get that W is dense as well in V' (Q) for the L?(Q)? norm.
We can therefore let ¢ — Py (ow in L*(Q)%. This yields

HPV(Q)w||2L2(Q)d =0,

which contradicts ||Py(qyw/|| 2oy = 1. O

Our aim is now to use Lemma [3.4] on the time translates of (@y)n>1 for the L2(] - |, v) semi-norm and
[33) in the above lemma, in order to obtain an estimate on the time translates for the L2(0,T; L2(2))
norm, as stated by the next lemma.
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Lemma 3.6 (L? estimate on the time translates): Under Assumptions @), (@), (2), (@3), @), @), @2),
([23), the sequence (@n)n>1 satisfies

T—7
lan(t+7)—ay (t)”%z(ﬂ)d dt — 0 as 7 — 0, uniformly with respect to N, (35)
0
and is therefore relatively compact in L2(0, T; L2(2)%).

PROOF. Let us show that Ay (1) — 0 as 7 — 0 uniformly with respect to N, where we define for any
7€ (0,T)

An(7T) == /OTT lan(t +7) —an(t)|3 dt.
For any w € L?(Q)¢ and v € Vy, we have
w = w — Py, (w) + Py (W) = w — v — Py, (w — v) + Py, (w).
Using the fact that Py, is an orthogonal projection, we have
|[w —v = Py (w —v)| L2 < [[w = v L2q)a,

which leads to
|wllz2(0ye < [|lw = vlp2@)ya + [Py (W)l L2(0)a
giving
vw € LX(Q)Y, Yo € Viv, |wl|72iq)a < 2[w = v|72(9)a + 2/Pya (w)l|72(qa-

We apply the preceding inequality, letting w = an(t + 7) — an(t) and v = un(t + 7) — un(t) and we
integrate on ¢t € (0,T — 7). Setting

T—1
Bn(7) = /O I(an —wn)(t+7) = (ay —uy)(®)]3 dt

we obtain

T—1
An(r) < 2By (r) +2 / 1Py (e (t 4+ 7) — o (1) 2y . (36)

Let ¢ > 0 be given.

From (26), we have By(7) < 4CD2](5tN. Let Ng > 1 be such that 4CD2:|(5tN < ( for all N > Np. Since
By(t) = 0as 1t — 0 for N = 1,...,Np, we can choose 75 such that, for any 0 < 7 < 75 and
N =1,...,Npg, we have By(7) < (.

This yields By(7) < forall N > 1 and any 0 < 7 < 75.

Our aim is now to use ([B3) in Lemma 3.5 which implies

Ve >0, 3C. >0, AN, > 1, VN > N, Yw € Xy
1Pva (W)l 20 < 26*[wliF 0y + 202 w2

letting w = ay(t +7) — an(t).
From (28)), we have

T—7
| T ) = a0y e e < 4G 37)

We then select € such that
2240 = ¢. (38)
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Then there exists C¢ > 0 and N¢ such that for any N > N and for any 7 € (0,7) and for any
te (0,7 —7),

[Py (@n (t+7) = an ()72 < 26*[an (t +7) = @n (b7 0 + CZlan(t +7) — an(t)]Z v

Integrating the previous relation provides, using [B37) and (38),

T—T1 T—7
| 1P 7) =~ an @)y dt <262 [ fante+ ) - an (Ol v d.
0 0

Thus, owing to lemma [3.6] we have for any N > N, and for any 7 € (0,T)

T—7
/ [Pvy (@n (t +7) = an(t)l|720pa dt < ¢+ 2CEGgr(T + dy),
0

and therefore, for any N > N, and for any 7 € (0,T), using (36
An(1) < 2BN(T) + 2¢ + 4C2Ggr (T + G ).

We now choose 7¢ > 0, such that, for any 0 < 7 < 7¢, 4C¢Cpr(t +T) < (.
We then get, for any N > N and 0 < 7 < min(7g, 7¢),

An(T) £20+2¢+ ¢ = 5¢.

Since Ax(7) - 0as 7™ — 0 for N = 1,..., N¢, we can choose 7p such that, for any 0 < 7 < 7p and
N=1,...,N¢, we have An(T) < 5(.

We then obtain that Ax(7) < 5¢ for any 7 € [0, min(7g, 7¢, 7p)] and N > 1. The proof of (B5) is thus
complete. [

3.4 Convergence of the projection scheme to a weak solution

By Lemma[3.3] up to a subsequence, the sequence (@ x)n>1 converges to some limit @ in L2(0,T; L?(2)%),
and owing to (28], so does the sequence (un)n>1. There remains to check that @ is a weak solution to
(@ in the sense of Definition [[1]

Lemma 3.7: Under Assumptions @), (@), (@2), @3), @4), @), @2), @3], there exist subsequences still
denoted by (x)n>1 and (un)n>1 such that (@y)n>1 converges to u strongly in L%(Q)? and (an)n>1
converges to u strongly in L?(2)¢. Moreover the function @ is a weak solution to (I]) in the sense of
Definition [[1]

PROOF. We proceed in several steps.

o Step 1: compactness and convergence in L?. Using Lemma there exist subsequences, still
denoted (un)n>1 and (@n)nN>1, that converge to w in L2(0,T; L2(Q)%).

o Step 2: convergence towards a weak solution. There remains to show that @ is a weak solution in
the sense of Definition [[1] and in particular that @ satisfies (III). Let ¢» € C2°([0,T")) and ¢ € W.
Let v be the function defined by v(t,x) = ¥ (t)e(x) for any (t,x) € [0,T) x Q. Let N > 1. Let
(VR )nego,ny be the sequence of functions of Xy defined by v}, = ¥ (t%)IIne for any n € [0, N].
Let vy : (0,7) — H3(Q)% and fy : (0,T) — L*(Q)¢ be defined by

N-1 N-1
un(t) = Z ]l(t;{,,tg,“](t)”?zﬂa Fn@) = Z ]l(t;@\,,ty\,“](t)frzirﬂ'
n=0

n=0
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We remark that we have

lon = vll Lo 0,18 (2)7) < ENIY L0, TNl B
+ 1¥llze 0, 1) [ne — @l g (qye, for any N > 1. (39)

Using ([22)) we obtain that the sequence (vy)n>1 converges to v in L>(0,T; H}(2)?). We have the
sequence (f y)n>1 converges to f in L2((0,T) x Q). Multiplying (I7H) by &Nv"+1 using the fact

that (a%"', o) = (g™, v'5) for any n € [0, N — 1] and summing over n € [[1 N —1] yields
N-1 N-1
Do (i —u o)+t 3 bla, ay oRt)
n=0 n=0

T T
—I—/ / Vay : Voy dz dt = / (fnspn) dt. (40)
0o Ja 0

Using the fact that ¢ =0 in Q the first term of the left hand side reads

N-1 N-1
STt — kot = = 3 (i ot — o) — (0%
n=0 n=0

T
- /0 () (£), Tg) dt — (0)(Pryy o, o)

Since the sequence (ux)y>1 converges to @ in L2(0,T; L?(Q2)%), the sequence (I (¢))n>1 con-

verges to ¢ in L%(Q)¢ and the sequence (Py, ug)n>1 converges to ug in L2(Q)?, we obtain
N-1 T
tin Y (= w0l = - [ (@000) de - (un,v(0,). (41)
N—+4o00 s 0

Using the fact that the initial predicted velocity is zero the second term in the left hand-side reads

N—1
&y Z b(ag, uptt o) = dn Y b(ag, ayt Myei™)

n=1

T
. /& (an(t — &x) - V)i, vy) d

T
+/ (dinLN(t—&N)’fl,N,vN) dt
&N

The convergence of the sequence () n>1 in L2(0,T; L*(Q)?), the weak convergence of the sequence
(an)n>1 in L2(0,T; HE(Q)?), the convergence of the sequence (vy)n>1 in L°(0, T; L4(Q)9) give

T
lim &NZ (@, 4 v n+1)_/0 (@ V)a,v) dt. (42)

N ——+4oc0o

The weak convergence of the sequence (Vi )y>1 in L2(0,T; L3(Q)9) and the convergence of the
sequence (Voy)n>1 in L2(0,T; L?(Q)?) give

T T
lim Vauay : Voy de dt = / Vu: Vv dz dt. (43)
N=o+oo Jo Jo 0o Jo
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The convergence of the sequence (f)n>1 in L2(0,T; L?(Q2)?) and the convergence of the sequence
('UN)NZI in L2 (0, T; L2(Q)d) give

T T
im [ (Fy,on) dt = / (£, v) dt. (44)
N—+o0 [ 0
Using (#I)-(#4) and passing to the limit in ([@0) gives the weak sense ([Il) with v as test function.
We get that () holds for all test functions by density of the set of linear combinations of such
functions.

O

4 Lowest-order Taylor-Hood finite element approximation

In this section, we show that the lowest-order Taylor-Hood element (continuous piecewise quadratic func-
tions for the approximation of the velocity and continuous piecewise affine functions for the approximation
of the pressure) satisfy the properties given in Section This pair is of particular interest, since it is
the lowest-order conforming stable element that ensures the same approximation order for velocity and
pressure functions. Let us assume that the computational domain Q) is polygonal (d = 2) or polyhedral
(d = 3). We define an interpolator II;, with approximation properties and a divergence correcting linear
operator IIp to define the operator II as

H:HL+HDO(Id—HL).

The properties of II; are completely standard. We recall them by giving very short proofs. On the
contrary, those of IIp are much less known (see [0]), and the fact that we limit the application of
II to compact support functions enables to avoid difficult properties which must be shown on Fortin
interpolators at the boundary. For this reason, we provide here the full computations concerning I1p.

4.1 Regular simplicial mesh

We define a simplex in dimension d > 1 as the interior of the convex hull of a given set of d 4+ 1 points
(called its vertices) which are not all contained in the same hyperplane (a simplex is a triangle if d = 2
and a tetrahedron if d = 3).

We consider a regular simplicial mesh 7 of €2 in the usual sense of the finite element literature [4], which
means that:

e The family containing all the vertices of the elements of the mesh is denoted by (y,):cn- The set
N is partitioned into N' = Nipy U Next, where (y,)iens,, is the set of exterior nodes and (y,)ieni,,
is the set of interior nodes.

e For any K € T, the family of the vertices of K is denoted by (y;)icnr With Nk C A contains
d + 1 elements. For any K € T, we denote by |K| the measure in R? of K, by hx the diameter of
K and by px the diameter of the largest ball included in K. Then, we define the mesh size At and
the mesh regularity 6+ by

hk
hr = h 01 = —.
T %12';(’ K T II??%(— PK

e For any K € T, the set of the faces of K is denoted by Tx. For any F' € Fg, the family of the

vertices of the simplex F' is denoted by (y,)icn» (then Np C Nk contains d elements).



4 Lowest-order Taylor-Hood finite element approximation 16

e The set & of the edges of the elements contains all pairs {4, j} such that there exists K € T with
{i,j} € Nk. For any o = {i,j} € £, we denote by y, = 5(y; +y,). For all K € T, we denote by
Ek the subset of £ containing all the edges of K.

For i € N (resp. {i,j} € &), we define T; (resp. T;;) as the set of all K € T such that i € N (resp.

{i,7} € €k ) and we denote by
w; = Ufandwij: U K.
KeT; KeTi;

In the whole section [ we denote by C;, with ¢ € N, non negative real values which may depend on d
and on €, and increasingly on #7. The following lemma is a direct consequence of the definition of 6.

Lemma 4.1: There exists C's such that
card7;; < O3
L4 d
VK € Tij, %hK < wij| < CEhKu
VK € 7;]‘, diam(wij) < CEhK' (45)

4.2 Discrete spaces and bases

We introduce the set P*(K) of the polynomials over K € T of degree less than or equal to k, regardless
of the space dimension. We define

P*(T) = {p € C(Q,R) such that pr € P*(K) for any K € T}.
We denote by (;)ien the nodal basis of PL(T), that is, for any i € N, the element ; of P*(T) such

that ¢;(y;) = 1 and p;(y;) = 0 for all j € N\ {i}.
Using the properties of the family (¢;);car we have

{z € Q such that p;(x) #0} = w; for any i € N. (46)

Then the nodal basis of P?(T) is given by the family ((goi(2goi —1))ien (4g0ig0j){i1j}€g). Denoting this

family by (¢:)ienue, for any i € NUE, we have that ¢;(y;) = 1 and ¢;(y;) =0 for all j € (NUE)\ {i}.
Using 6] and using [7, Proposition 11.6] we can state the following lemma.

Lemma 4.2: There exists C4 such that

Y
VK €T, max Vil oo (wiye < T (47)
which leads that there exists Ch
VK €T, Ve e K, Viec NgUEg, |V¢i(m)|§}f—ﬁ. (48)
K

The spaces of approximation for the velocity and the pressure are defined by

X =PX(T)4nHI()? and M(Q)=PYT)NL(Q). (49)



4 Lowest-order Taylor-Hood finite element approximation 17

4.3 The P*(T) Lagrange interpolator
The Lagrange interpolator, denoted by Iy, : C°()? — X, is defined by

Vo = (U )k=1,..a € CZ(Q, o) = > only)éi k=1,....d. (50)
iENUE

Lemma 4.3: There exists Cg such that for any v € C2°(Q)9, we have

T v oo )e < Ggll V| Loo (yaxa- (51)

PROOF. Let z,,T; € R such that, for any & = (21,...,24) € Q, z; <21 < Ty. Writing, for k=1,...,d,

(yi)l
o(ys) = / Bnvk(s, (9e)0)e—z...a)ds,

=1

we get
[oe(y)| < (1 — 1) | V|| oo ()axa-

Since |¢;(x)] < 1 for all € Q, and using that the maximum number of i € AU & such that ¢;(x) # 0
is (d+1)(d + 2)/2, we get from (B0) that

(d+1)(d+2)
2

log ()] < (1 _il)HV”HLw(Q)dXd,

hence concluding the proof. [J
We have the following results.

Lemma 4.4: There exists C7 such that for any v = (vi)g=1,...a € C°(Q)%, it holds, for any K € T,

[v =L Lo (ke < Gphi|[ V| Lo @)axa, (52)
[VILL V|| Lo (ryaxa < (gl VO Loo (@yaxa, (53)
v — Lol Lo (rye < b llvllwze (o), (54)
and
Vv — VIILv| oo (g)yaxe < Gphrcl|vllw2e(q)- (55)
PROOF. Let v = (vg)p=1,..a € C(Q)% For k = 1,...,d, the mean value theorem implies that there

exists x; belonging to the segment [y,, ] such that

ve(y;) —vk(x) = (y; — ) - Vo(z:),
which implies
vk (Ys) — vr(@)| < hic||[ Vo[ oo (@)axa
Noticing that, for any K € T and for all z € K, we have D ;. e, ¢i(x) =1, we get

M) —w@l =1 Y e~ w@onte)l < D g gu, e gpenn

IENKUEK
This yields (B2]) as well as
Vor(@) = Y (uly) —w(@)Vei(@) = Y (yi— @) Vou(z:)Vei().

1ENKUEK 1ENKUEK
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Applying [@8]), we conclude that (B3] holds. Writing, for ¥ = 1,...,d and any j € Nx U €k, the Taylor
expansion

1
vr(y;) = on(@) + (y; —2) - Vou(@) + 5(y; — @) Dave () (y; — @),
for some point z; in the segment [y, z], und using (B0) in addition to
> gi@=1land > ¢(x)(y; —x) =0,
JENKUEK JENKUEK
we obtain (B4). We deduce, from the preceding Taylor expansion, that
o wy)Vele)= Y w@Vei@) + Y (y;— @) Vo(@)Véi(@)
JENKUEK JENKUEK JENKUEK

+ > %(yj — )" Dyvi(z;)(y; — &) Vi(x).
JGNKUgK

We notice that, since the interpolation of first order polynomials is exact,
Z vp(2)Ve;(x) = 0 and Z (y; — ) - Vop(x)Vi(x) = Vug(z),
jENKUSK jENKUSK

and

1
> 5~ )’ Dovg(5)(y; — ) V()| < Cshillv]lwz (),
JENKUEK

which allows to conclude (B5). O

4.4 Divergence correcting operator
Using 6] we have

{x € Q such that g;(x)p;(x) # 0} = w;; for any {i,j} € €. (56)
We define the family of normalized tangential edge bubble function

d+2)! .
Va € Qa bz;](w) = (d'|w )| Sol(w)907 (w)(y] - yz) for any {7’73} €&
Wi

We observe that, for any {4,j} € £, we have b; ; € P?(T), and, in the case where the segment |y, y;[C Q,
we additionally have b, ; € X (this property holds even if {i,j} € Eext).
We define the divergence correcting operator Ilp : Wy ™ (Q)? — P2(T)? for any v € W, > (Q)¢ by

Vo € Q, Hpv(x) = Y Tpv(@) with IHpv(@) = Y (div(ew),¢;)b;(x). (57)
iEN JEN
{i,jre€

Using the fact that b; ; = —b;; for any {i,j} € £ we remark that this operator satisfies

Yo e Wy ()4, Ve e Q, Mpv(x) = Z (v, =iV, + ¢;Vei)b; i (x). (58)
{i,jree
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Lemma 4.5: For any v € W, ()% and for any x € Q, if Ipv(z) # 0, then there exists y € B(x x, (ghr)
such that v(y) # 0 (recall that (Jg) is introduced in Lemma EL.T)).

Proor. If lIpv(x) # 0, there exists {i,j} € & such that (v,—p;Vp; + ¢;Vi)b;i(x) # 0, which
implies & € w;;, which yields that there exists K € T;; such that @ € K. This also implies that

| iy >o

k)

Therefore there exists y € w;; such that v(y) # 0. Remarking that (45) implies that diam(w;;) < (g
Hence |z — y| < (ghr. O

Lemma 4.6: For any {7,j} € £ and for any k € N we have the following relation
(diVbi)j, gok) = 61');9 - 5]‘71@.
PRrROOF. Let {4,j} € £ and let k € N. Using (56) We have
(diVbiJ, gok) = / diVbiJng dx.

e The element k is not an element of Uxc7;, Nx. Using [{6) we have g (x) = 0 for any = € w;; and
hence the expression vanishes.

e The element k is an element of U7, Nx. We have

. (d+2)!
(divbij, ox) = = > / 0ip;(y; —y;) - Veor da
|w1;]| KGT

d—l— 2)!
dllwz)]l Z Z / @k‘/’l‘/’] yl) ‘ngp d"y(m)

KeTi; FEFK

For any K € T;; and F' € Fx we remark that (y, — y;) - nrp = 0 in the case {i,j} C Np and
@i(x)p;(x) =0 for any « € F in the case {i,j} ¢ Np.

We then obtain for any K € 7;; and for any F' € Fi

/‘Pk%‘%%pj( —y;) - np dy(z) =0

which gives the following identity

(divb, j, ¢r) =

Z /%sﬂg —¥;) - Vi de.

d'|w1 J | KET;;

For k ¢ {i, j} using ¢ (y;) = 0 and ¢ (y;) = 0 we obtain that the piecewise constant function Vi
is orthogonal to the edge vector (yj —y,) on each K € 7;;. Thus, the integrals vanishes and the
claim follows. For k € {3, j} using ¢%(y;) = 1 we obtain for any K € 7;; the following identity

-1, for k=1,

Vier) k- (y; —y;) =
1, for k=j.
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For k = ¢ we obtain

Z /Lngpj de =1,

KeTi;

divb; ;,
( v 2J <Pk d'|w1)7|

and for k = j we obtain

. (d+2)!
(divbij, o0) = = > / pipj dw = —
|w”| KET;;

which gives the expected result.

O
We can now prove that this operator preserves the divergence in the following sense.

Lemma 4.7: For any v € W™ (Q)? and any ¢ € P'(T) we have
(divIIpw, p) = (divy, p).

ProoF. Using Lemma 4.6 we have, for any k € N,

Vie N, (divIIp v, ) = Y (div(giv), ¢;)(J5k — 6ik).
JEN
{i,j}€&
Hence we get (divIIpv, pr) = T1 + Tz, with
=Y Y (div(piv), @0k and To ==Y > (div(piv), 9,0k
iEN jJEN 1IEN jEN
{i,j}e& {i,j}e&

Remarking that, for any quantity Q; ;,

DD Q= Y Qi+ Qu) =Y Y Qi

ieEN jeN {i,j}€& JEN PeN
{i,j}€€ {i,jte€
we obtain
Ti= > (div(em), 90 = (div( Y @iv),en).
JEN ieEN iEN
{i,j}e€& {i,k}e€
For any = € wy, we have
Y wil@) =1—pp(),
1EN
{i,k}e&

which leads to
Ty = (div((1 — pr)v), vr).

Next we have

Y JEN
{ijree (ahee

For any = € wy, we have
Y. wil@) =1-gi(@),
JEN
{k.jte€
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which implies, since (div(¢rv),1) =0 (recall that v vanishes on the boundary of Q),

Tz = —(div(prv), —pr) = (div(erv), @)

This yields
h+1Tx= (diV(’U), @k)v

which concludes the proof. [J
Lemma 4.8: There exists Cg such that
VK € T, V{l,]} S SK, ||bij||Loo(K)d < C@h}gd, (59)

and
VK € T, Wi, j} € €k, [[Vbijln=(xye < G- (60)

PROOF. We have, for {i,j} C Nk,
[pi(x)pj ()] <1

and
|w; ;| > Choh,

which leads to (B9) since |y; — y;| < hx. From [{T), we get
Vipigs) @) <273,

K

Combining with the preceding inequalities, we deduce (60). O

Lemma 4.9: There exists C1; such that, for any v € Wy">°(Q)4, we have

Mo oo (ya < Gillvll Loe (2)a-

Proor. Using (58) and the definition of the tangential bubble functions we have, for * € K with
KeT,

Mpv(x)| < D [(v,—0:iVe; + 9 V)b j(x)].
{i,5}€&€
If K C w;j, then there exists Cq2 such that w;; C B(:c,thK). Since m(w;;) > Ci3h$, we get the
existence of C4 such that the number of {i,j} € £ with b; j(x) # 0 is bounded by (frz Using (53) and
1), we obtain

Mpv(@)] < o]l 0y g 2

hi’
which concludes the proof. [J
Lemma 4.10: There exists C5 such that
V||
Yv € Wol’oo(ﬂ)d, ||VHD'U||L@0(Q)d><d < qmmax M. (61)

KeT hg

PROOF. Let us denote, for a given K € T,

v oo
Co = max 12E=00

62
KeT hg ( )
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Using (B]), we have, for € K,

Vipv(z) = Y (v,—@:iVe; +¢; Vi) Vb, ().
{i,5}e€

We remark that, using ([62)) and (7)) for K C w;; and z € K,

(@) (i) Vs (@) + ¢5(2) Vi (@))] < ||v||Lm<K>d2,f—§.

This yields
|(v, —piVp; + V)| < 2|wis|Cola
and therefore, using ([@0), we conclude (61I). O

4.5 The operator II

We let W = C°(Q)% N V(). We notice that, for any v € W, then Il v € Wy °(Q). One can then
consider the function Ilp (v — I v) € P?(T). We notice that this function is not necessarily null on the
boundary of the domain, and in this case, it is not an element of X.

We then define I1: W — Ex = Xx N Vy N L®(Q)4, for any v € W, by:

if Ip(v — I v) € Hy(Q), then v = v + Ip(v — ML) else Tlv = 0. (63)

Lemma 4.11: For any v € C°(Q)¢ N V(Q), we have
Vo € PH(T), (divIlv,¢) = 0. (64)
Proor. If lp(v — My v) € H}(), we get from Lemma ET]
(divIIp(v — Hpv), ) = (div(v — Hpv), p) = —(divII v, ),
which provides ([64). Otherwise, we get ([64) since IIv = 0. O
Lemma 4.12: There exists Ci¢ such that for any v € W, we have
[TIv][ oo () < Gl VOl Loe (c2yxa- (65)
and
[VIIv| Loe 0y < gl Vol Lo (@yaxa- (66)

PRrOOF. It suffices to consider the case Ip(v — Il v) € H}(Q) (otherwise the conclusion is straightfor-
ward). We apply Lemmas .3 and [£.9] We then get (65]).
Now applying Lemmas (52)) in Lemma [£4] and Lemma 10, we obtain (G6]). O

Lemma 4.13: There exists Cy7 such that, for any v € W such that Ip(v — Hpv) € H} (), then
1Mo — vl ys < Grgir [ollwe=ca- (67)
PROOF. We first remark that, from (B4) and (B5) in Lemma 4] we get
[Ty — vl @) < Cishr||lv|w2.=(q)-
Again applying (54) in the same Lemma, and using Lemma [L.T0] we get that
Mo (v — Hpv) [l < Gdghrllvlwe~ ).
which concludes the proof of ([G7). O
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Lemma 4.14: Let W = C°(Q) NV (Q). Let (Tn)n>1 be a sequence of simplicial meshes in the sense of
this section, such that (hr, )n>1 converges to zero while (67, )n>1 remains bounded. We then consider
the sequence (Xn, My, IIn)n>1 such that Xy and My are the spaces X and M defined by (@9), Iy is
defined by (63)), in the case where 7 = Ty.

Then the family (W, (XN, My, HN)Nzl) satisfies the convergence assumptions ([[9))-([23]) in Section Bl

PrOOF. The density of C(Q)1NV () in H}(Q)? NV (Q) for the H(2)? norm is proved in particular
in [2 Lemma IV.3.4 p. 249].

Let ¢ € W. Applying (G3]), we have that Iy € Ex.

Indeed, if TIp(v — MLv) € HF(Q), then Hp(v — L v) € Xn as well as [Iyv € Xy. In this case, the
application of Lemma [T yields (I9]).

Otherwise, if IIp (v — I v) ¢ HE(Q), then Iy = 0 € Ex and () is also satisfied.

Let v € C°(Q) NV (). Since the support of v is compact, there exists a > 0 such that, for any x € 012,
v = 0 on the ball B(z,a). Let Ng > 1 be such that, for all N > Ny, hr, < a/((g+2). Let N > Ny,
and let us consider II;, defined by (B0) in the case where T = Tx. Then, for any @ € 90Q, v — I v =0
on the ball B(x,a — hry).

We then deduce from Lemma that, for any « € Q with B(z, hp,) N 0Q # (), then v — I v = 0 on
the ball B(x, (g, ), which leads to Ilp (v — I v) € Hg(2) for all N > Np in the case where 7 = Ty .
Therefore, IIp(v — I v) € H}(Q) for all N > Ny in the case where 7 = Ty. This yields that, for any
N > Ny, the conclusion of Lemma LT3 holds. This proves [22]).

Finally, (23] is a consequence of the convergence of P! finite elements for the Neumann problem with
null average.

O
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