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Abstract

Let (X1, Xs,...,X,) be a random vector and denote by P(x, x,,... x,) its probability distribu-
tion on R™. Inspired by [I1], we develop a multidimensional Stein-Malliavin calculus which allows
to measure the Wasserstein distance between the law Py, x,... x,) and the probability distribu-
tion Pz ® Px,,... x,), Where Z is a Gaussian random variable. That is, we give estimates, in terms
of the Malliavin operators, for the distance between the law of the random vector (X4, ..., X,,) and
the law of the vector (Z, Xa, ..., X,,), where Z is Gaussian and independent of (Xs, ..., X,,). Then
we focus on the particular case of random vectors in Wiener chaos and we give an asymptotic
version of this result. In this case, if we consider a n-dimensional sequence with components in
Wiener chaos, such that the first component is asymptotically Gaussian and the rest of the vector
converges to an arbitrary limit, we are able to evaluate the distance between this vector and its
limit. To illustrate our method, we derive the rate of convergence for the Wasserstein distance
for a two-dimensional sequence of multiple stochastic integrals, the first converging to a normal
law and the second to a Rosenblatt distribution.

2010 AMS Classification Numbers: 60F05,60G15,60H05,60HO7.

Key words: Stein’s method, Malliavin calculus, multiple stochastic integrals, asymptotic inde-
pendence.

1 Introduction

The Stein’s method constitutes a collection of mathematical techniques that allow to give quantitative
bounds for the distance between the probability distributions of random variables. It has been
initially introduced in the paper [I3] and then developed by many authors. We refer, among many
others to the monographs and surveys [3], [12], [14] for a detailed description of this method. Of



particular interest is the situation when one random variable is Gaussian, but the cases of other
target distributions has been analyzed in the literature.

A more recent theory is the so-called Stein-Malliavin calculus which combines the Stein’s method
with the techniques of the Malliavin calculus. The first work in this direction is [4] (see [5] for a
more detailed exposition) and since, numerous authors extended, refined or applied this theory. In
this theory, the bounds obtained for the distance between the law of an arbitrary random variable
and the target distribution are given in terms of the Malliavin operators.

The starting point of the Stein’s method for normal approximation is the following observation:
Z ~ N(0,0?) with o > 0 if and only if

?Ef'(Z) - EZf(Z) =0

for every function f : R — R such that E|f’(Z)| < co. Then, one can think that if a random variable
X has the propery that o?Ef/(X) —EX f(X) is close to zero for a large class of functions f, then the
probability distribution of X should be close to N(0,0?). From this observation, the whole Stein’s
theory has been constructed, leading to various bounds for the distance between the probability law
of the random variable X and the normal distribution N(0,0?).

In this work, we deal with a variant of this method recently developed in the reference [11]
that allows to measure the distance between the components of a random vector (X1, X2), where
X1 ~ N(0,0%) and X3 has an arbitrary distribution. The nice observation made in [I1] is that
X1 ~ N(0,0?) and X7 is independent of X5 if and only if

0*Ed,, f(X1,X2) — EX1f(X1,X2) =0

for a large class of differentiable functions f : R> — R. We denoted by d,, f the partial derivative of
f with respect to its first variable. As in the standard Stein’s method, one follows the intuition that
if some random vector (X1, X») satisfies that 0?Ed,, f(X1, X2) — EX1 f(X1, X2) is close to zero, then
X should be close in law to N(0,0?) and Px, x,) should be close to Px, ® Px,, where Py, x,) is
the law of (X7, X2) while Px stands for the law of the random variable X. By combining this idea
with Malliavin calculus, in [I1] one gives bounds for the Wasserstein distance between Pix, x,) and
Px, ® Px, in terms of the Malliavin operators.

Our purpose is, in a first step, to generalize the above idea by considering random vectors of
arbitrary dimension. Then, we focus on the particular case of sequences of random variables belonging
to a Wiener chaos and we give asymptotic-type results. We consider a random sequence (X, k > 1)
that belongs to a Wiener chaos of fixed order which converges in law as k — oo to Z ~ N(0,0?) and
a multidimensional sequence (Y, k > 1) = (Y1 4,...., Yok, k > 1) also with components in Wiener
chaos which converges in law, as k — oo, to a random vector Y = (Y7, ...., Y, ) and we obtain explicit
quantitative estimates for the Wasserstein distance between P x, y;) and Pz ® Py for k large enough.
In particular, if X}, belongs to the gth Wiener chaos and Y} ;, belongs to the g;th Wiener chaos with
q; < qforall j =1,2,...,n then the sequences (X, k > 1) and (Y, k > 1) = (Y14, ...., Yo, k > 1) are
asymptotically independent, in the sense that their limits Z and (Y7,...,Y,,) are independent. This
fact is related to the main findings in [6] and [7]. As an application, we derive the rate of convergence
for the Wasserstein distance for a two-dimensional sequence of multiple stochastic integrals, the first
converging to a normal law and the second to a Rosenblatt distribution.



We organized our paper as follows. In Section 2 we introduce and analyze the main elements
of the multidimensional Stein method: the Stein operator, the Stein equation and its solution. In
Section 3 we combine the Stein method with the tools of Malliavin calculus in order to obtain
estimates for the Wasserstein distance between random vectors with the same marginals but with
different correlation structure between their components. In Section 4 we state and prove asymptotic
versions of the these results, by focusing on random vectors with components in Wiener chaos.
We illustate our method by an example treated in Section 5, by regarding the situation of a two-
dimensional random sequence whose first component converges to a Gaussian law and the second
component satisfies a non-central limit theorem. Section 6 is the Appendix where we included the
basic concepts of Wiener chaos and Malliavin calculus needed in our work.

2 Multidimensional Stein method

The basis of the Stein’s method consists in the definition of the Stein’s operator and of the Stein’s
equation. For the normal approximation, the standard operator is

Lf(x)=0f'(x) —af(z), zeR,

which acts on suitable differentiable functions f : R — R. This operator satisfies EL(Z) = 0 if and
only if Z ~ N(0,02). The corresponding Stein’s equation is

Lf(x) =Eh(z) — Eh(Z), z€R,

where h : R — R is a given function such that E|h(Z)| < oo. The idea of the Stein’s method is
to find a solution f; to the Stein’s equation with nice properties and to use it in order to obtain
estimates for Eh(X) — Eh(Z) for an arbitrary random variable X.

We follow the same line in a multidimensional context. Now, the purpose is not the normal
approximation but to quantify the distance between the probability distribution of a random vector
(X1, ..., X,) and the random vector (Z, Xo, ..., X;,) where Z is a centered Gaussian random variable
with variance o2 and it is independent of (Xa, ..., X,,).

Let us consider the operator A/ given by

Nf(xy,...,x,) = JQOzlf(:z;l, vy @) — 1 f (21, ey ), X1,y Ty € R, (1)

where 9, f denotes the partial derivative of f with respect to its first variable. The operator N acts
on the set of differentiable functions f : R? — R.

Recall that if X is a random variable, we denote by Py its probability distribution while for a
random vector (X7, ..., X,,), we use the notation Pix,,.. x,)- The following two lemmas show that the
operator characterizes the law of X; and the independence of X; and (Xj, ..., X,;). The material
from this section is inspired from Section 5 in [11].

Lemma 1. Assume X1 ~ N(0,0%) and X; is independent of the random vector (Xa, ..., Xy,). Then
EN(X1,...,X,) =0 for all f : R™ — R differentiable with E|0,, f(X1, ..., Xp)| < 00.

Proof: By the standard Stein method, for all zo, ..., x, € R,

O'QEaxlf(Xl,{L‘Q, ,:L‘n) = Ele(X1,$2, ,$n)



or

UQ/RQTIf(:cl,...,xn)dpxl(:cl):/xlf(xl,...,$n)dPX1(x1).

R
Let us integrate with respect to the probability measure Fx, . x,). We have

02/ 1 (/ 3x1f($1,‘--,$n)dpxl($1)) dP(xy,....X0) (T2, s Tn)
ro-1 \JR
_ 02/ Dry F (21, 000y @) APy, (1) @ APy x.) (@2, ooy )
Rn
= 02/ (9331']0(.271,...,$n)dP(X17__.7Xn)(£L'1,...,:L‘n):UQEaxlf(Xl,...,Xn),

where we used the independence of X; and (Xa, ..., X,,) for the first equality on the above line.
Similarly,

/ ) (/ mlf(acl, ...,xn)dPX1 (.%'1)) dP(le'an)(.%’Q, ,xn)
R R

= Ele(Xla ey Xn)

|
We also have a lemma in the converse direction. By || - || we denote the infinity norm on R™.
Lemma 2. Consider a random vector (Xi, ..., X,) with E|X;| < co. Assume that
EN(Xy,..,X,) =0 (2)

for all differentiable functions f with |0y, f||co < 00. Then X1 ~ N(0,0?) and X, is independent of
(X2, ...y Xp).

Proof: Let ¢ be the characteristic function of the vector (X, ..., X;,), i.e.
SO()\la tey )\n) =E (ei(A1X1+m.+)\an)) )
for A1, ..., \p € R. By applying for the real and imaginary parts of ¢, we get

On PN s An) = T (X Xbonidn X))

= ioc’E <8xlei()‘1X1+""+k”X")> = —)\102@()\1, vy Ap).

By noticing that for every g, ..., \p € R, ©(0, A2, ...; An) = ©(x5,..., x,) (A2, s An) (the characteristic
function of the vector (X, ..., X;,)), we obtain

(p()\lu seey A'fl) = SO(XQ,...,Xn)(A27 L) )\Tb)e 2,



and this implies X7 ~ N(0,02) and X; independent of (Xa, ..., X,,). [ |

Let us now introduce the multidimensional Stein’s equation
Nf(xy,..,xn) = h(xy,...,zn) — Bh(Z, 29, ..., 20), T1,...,2, € R, (3)

where Z ~ N(0,02). In (3), h : R® — R is given and we assume that h is continuously differentiable
with bounded partial derivatives. Let us show that admits a solution with suitable properties.

Proposition 1. Let h : R™ — R be continuously differentiable with bounded partial derivatives. Then
@ admits a unique bounded solution which is given by

Tr(x1, oy zn) = _% /01 2\/15(117_@]3 [Zh (\/le +V1—tZ, xs, ,xn>] dt. (4)

Moreover, we have the following bounds:

1.
[fnlloo < |0, hl|co- (5)

1 /2
Haahthooga\/;Hathoo- (6>

1 /m
oy il < 53102, g

Proof: By using the dominated convergence theorem, we get, by taking the derivative with respect

to xp in ,

3. Forj=2,...,n,

I |

Oy (1, oo ) = _02/0 N [Zamh (\fml VI =17, 2o, xn)} . (8)

Now, we apply the standard Stein identity to the function g(x) = h (\/fxl + V1 —tx, zo, ..., :cn) and
we obtain

E [Zaxlh (\/ixl VI i, 29, xn)}
— EJ(Z)=o*V1_I{E [8m1h (\fm + VI =12, 2, xnﬂ . 9)

By plugging @D into , the function f; can be written as

oz, yxy) = — /01 Q\I/%E [&clh (\/E:m +V1—tZ, zo, ,:Un)] dt. (10)



By and , we can write
6mlfh(l'1, ceey l'n) — xlfh(xl, veey xn)

_ /E [(_N% ; ;¢15> 00 (Vi + VT2 )}

1
d
- E/iﬁhﬁﬂn+ML%Zx%ﬂ%Jﬁ:h@hmw@—EMZx%mw@.
0

Consequently, f5, given by is a solution to (3)). To prove , we use to get

1
1
1 ulloo < /0 T 10ublc < 100h

The bound @ follows from since

E|Z 1 /2
100, e < E2 10, bl < 071 210

To prove , we differentiate with respect to xj,j = 2,...,n in ({4},

I 1
8xjfh(x1, ,.’L’n) = —0_2/0 WE [Z@x]h (\/El'l + V 1— tZ, 9, ,I’n>:| dt

and

E|Z]

1 1 1¢?
Op: Tnlloo < —=—||0s. R oo/ ———dt = — | = |0z, h||co-
10z, frll UQH | NEN T . 2H bl

To finish the proof, we notice that for any other solution gy to , one has

811 <€;'12 (fh(l'l, ,l’n) - gh($1, ’x“))> =0

22

80 gn(x1,.otn) = fr(x1, .oy n) + eﬁc(scg, wesy Tp) SO gp, is bounded if and only if ¢(zg,...,z,) =0. W
By Proposition [1} if f}, is the solution to the Stein’s equation (3), we have
0205, fr (@1, ooy ) — 21 fr (21, ooy ) = B(21, .oy ) — BR(Z, 29, ..., 21)

for any h differentiable with bounded partial derivatives. Let Xi, ..., X,, be random variables with
E|X;| < co. Let us integrate with respect to 6 := Pix,,.. x,) In the above identity. We have

/ h((l?l,...,$n)d9($1,...,xn) :Eh(Xl,...,Xn)



and

Eh(Z, zo, ..., zp)d0(x1, ..., Tp)

/.

_ /R </Rh(z7:c2,...,:z:n)dPZ(z)) b1, ... )
|
/

(/ h(z,acg, ...,xn)dPZ(z)> dP(XQ,.‘.,Xn)(an ...,{En)
R

h(z1,z2,...;2n)dPz ® P(X27.__7Xn)($2, ey Tp) = / h(z1, o, ...;xp)dn(z1, ..., Ty),
with

n=Pz® Px,,.. x,)-
Therefore

UQEaxlfh(Xl, o X)) —EX 1 fr(X1, ..., X)) = Bh(X1, ..., X)) — BER(X], Xo, ..., X))
= / h(z1,z2, ..., zn)d0(x1, ..., Tp) —/ h(z1, o, ...;xn)dn(zy, ..., ) (11)

where X has the same law as Z ~ N(0,0?) and X is independent of (Xa, ..., X;,).

3 Stein method and Malliavin calculus

We use the ideas of the Stein method for normal approximation (see [5]) to prove the following result.
Let

A={h:R" — R, h is Lipschitz continuous with ||h||z;p < 1}
and let F, G be two n-dimensional random vectors such that h(F), h(G) € LY(Q) for every h € A.
Then the Wasserstein distance between the probability distributions of F' and G is defined by

diw (Pr. P5) = sup [Bh(F) ~ BA(G)|. (12)

We denoted by ||h||1ip the Lipschitz norm of h given by

h(z) — h(y
T C 0]
z,yER™ x#y ||.’E - yH
with || - || the Euclidean norm in R™. The operators D, L,§ below are defined with respect to an
isonormal process (W (h),h € H), see the Appendix. By (-, ) we denote the scalar product in the
Hilbert space H.

Theorem 1. Let X1,..., X, be centered random variables in DY2. Let § = Pix,,..x,) and n =
Pz @ Px,,.. x,), where Z ~ N(0,0?%). Then

dw(0,m) < C | E|o® — (D(—L)"'X1,DX1)| + iE (D(—L)"'X1,DX;)| | - (13)
Jj=2



Proof: Let h : R®™ — R be continuously differentiable wth bounded derivatives and let f; be

the corresponding solution to the Stein’s equation . By using the well-known formula X; =
SD(—L)"'X; in , we obtain, by integrating by parts

/h(wl,wg,...,xn)dﬁ(xl,...,xn)—/ h(z1, 2, .oy Tp)dn(x1, ooy Tp)
= B0, fu(X1,..., Xp) —ESD(—L) ' X1 f1,(X1, ..., X0)
= 02Edy, fn(X1,..., Xn) — B(D(—L) "' X1, Dfp(Xy, ..., X))

= B0y, fu(X1,... Xn) =B 0y, fn(X1, .., Xn)(D(~L) "' X1, DX;)
j=1
= By, fu(X1,.., Xn) (07 = (D(=L)"' X1, DX1))

~BEY 0, fn(X1, .., Xn)(D(~L) "' X1, DX).
j=2

Hence, by using inequalities (@ and in Proposition

/h(:rl,:nz,...,xn)dH(:vl,...,xn)—/ h(x1, o, ...;xy)dn(x, ..., )

<C E\02—<D(—L)—1X1,DX1>\+§:E\<D(—L)—1X1,DX]->\ : (14)
j=2

To finish the proof, we borrow again an argument from [I1] (proof of Lemma 9 in this reference) to
approximate a Lipschitz function by continuously differentiable functions with bounded derivatives.
Indeed, if h € A and £ > 0, then consider

hs(xla 7xn) =Eh (:E + \/gNla ey T+ \/gNn) )

where Ny, ..., N, are independent standard normal random variables. Then h,. is differentiable and
it safisfies
l[he = hlloc =<0 0, max 102;helloo < [lhellLip < [Bl|Lip < 1.

Therefore, by ,

.....

. h(z1, o, ....xn)dO (1, ..., ) — - h(z1,z2, ..., xn)dn(z1, ..., Ty)
< 2||he — hl|oo + ‘/Rn he(x1, 9, ...ixy)dO (21, ..., Tp) — /n he(21, 2, ooy p)dn(X1, .oy Ty,
< 2[he — bl + C | E|o* — (D(~L) 7' X1, DX1)| + Zn:E [(D(=L)™' X1, DX;)]
j=2
and we conclude by letting ¢ — 0. |

The corollary below is used to deal with random vectors with components in Wiener chaos.



Corollary 1. With the notation from Theorem if X1,..., X, € DY, then

1
2

dy (8,7m) < C (E |02 — <D(—L)—1X1,DX1>\2)é +3 (E \(D(—L)—lxl,DXj>|2)
j=2

Proof: The proof follows from Theorem [I| by using Cauchy-Schwarz’s inequality in the right-hand
side of (13) and by noticing that (D(—L)~'X;, DX;) belongs to L?(Q2) when X;, X; € D', for
,j=1,2,...,n. |

Remark 1. As a particular case of relation m Theorem it follows that if X1 ~ N(0,02) and
(DX1,DX5) =0 almost surely, then X; is independent of Xo.

4 The case of multiple stochastic integrals

By applying the results in previous section to the case of multiple stochastic integrals, we find pretty

surprising results.
Let us recall the following facts. If F' = I,(f) and G = I,(g) with f € H®? and g € H®?, then
(see [9], Lemmas 5.2.4 and 6.2.1)

2 1 2
E ((D(-L)'F,DF) —EF*)" =E <q||DFH2 — EF2>

2q_1 12 r—1 4 | 5 2
= Y- DP(C}) a2 o

= CL(?“, Q)||f®7“f||§{®(24—2r)? (15)

with, forr=1,...,q — 1,
4
alrq) = ¢*(r = 1) (C;=1) (20— 2r)L (16)
Also, if ¢ > p,

2
E(D(-L)"'F,DG)* = E <(1](DF, DG>>
p—1
= (BFG) Lpmg + 7 3= D2 (1) () 0+ 0 = 200115 vl
r=1

2
—1 ~
020 = D2 (C0) (0 =PI Epg s o<
p—1

= (E(FG))2 Lp=q + Z c(r, p, Q)||f®7‘g”%—]®P+Q72'r + (P, p, q) Hf®pg||12g®<q—p) Lp<q

r=1
p
= (B(FG)* Lp=g + Y c(r,p, @)1 f &1l Frepra-2r (17)

r=1



where, for r =1,...,p — 1,

ctr.p.0) = w0~ 02 (01) (C5d) (g - 20! (18)
and )
c(p,p,q) =p*(p— 1" <C§Zf> (¢ —p)!p<q- (19)

The proof of the below lemma is contained in e.g. [5]. We prefer to state it since it plays an
important role in the sequel.

Lemma 3. Let F = I,(f) and G = I,(g) with f € H®? and g € H®P. Assume q¢ > p. Then
L Dy 2 EG? §
E(D(L)'F.DG)* < (B(FG)) Lymq + = - clrup a)lf Sy flen
’ r=1

with c(r,p, q) given by (18), (19).

Proof: We use the inequalities, for r=1,...,p—1

||f®1"g”§{®(p+q—2r) < |f ®g||?{®(p+q—2r) =(f®rg,f® 9>H®(p+q72r)
(f ©@q—r f,9 @p—r gyuoz < |f Oqr fllHezrllg ©p—r gllpezr

EG?
< gllFreallf ®q—r fllgoe = THf Rq—r fllgeer,

and for r = p,

A

1F@paliewn < I ®@glheu-—r < l9llzenllf @q—p fllmee

EG?
= p| ||f Qg—p f||H®2P'

By combining the above bound with , we get the conclusion. |

Leu us state the main result of this section. It gives the asymptotic independence between the
components of a random vector in Wiener chaos, which has only one components asymptotically
Gaussian.

Theorem 2. For j =1,2,...,n, let (Xj,k =1y, (fik) k> 1) be n sequences of multiples stochastics
integrals with fj € H% and q1 > max(q2, ..., qn). Assume

Xyp =D 7~ N(0,0?) (20)
and .
(Xoks ooy X)) =D (Usy ., Up), (21)
for some random variables Us, ....,U,. Also assume that
EX 11Xk — koo 0 for every j =2,...,n. (22)

10



Then, if Oy = Pix,,,..x and n = Pz @ Pu,,..v,), then

n,k)’

n

1 1
_ 2\ 2 _ 2\ 2
dw(On) < C|(Blo? = (D(-L) " Xp DX10[1) " + 3 (BUD(-L) ™ Xy, D[
=2
+dw (P(sz,...,Xn’k.)v P(Ug,...,Un)> : (23)
In particular,
(X1 Xoer ooor X)) =D (2 Uy oo, Uy), (24)
where Z' ~ N(0,02) and Z' is independent of (Us, ..., Uy).
Proof: Let us denote, for k£ > 1,
Mk =Pz @ Px, ... X, 1)
By Corollary [1], for every k > 1,
NG v 2\ 2
dy (B i) < C (E |02 — (D(—L)"" Xy 4, DX 1) ) + (E [(D(=L) "Xy 4, DX )| ) . (25)
=2
Also, by triangle’s inequality,
dw (Ok,m) < dw Ok, mk) + dw (MK, 1)
1 n 1
_ 2\ 2 _ 2\ 2
< | (Blo* ~ (D0 X0 DX 0P) + 3 (BID-1) Xk DX )
=2

+dw (P(XQ,k,...,Xn,k)v P(Uz,...,Un)>

by {) and the bound dw (nx,n) < dw (P(Xz,k,.--,Xn,kﬁP(U27--.,Un)>v which is an immediate conse-

quence of the definition of the Wasserstein distance . So is obtained.
Let us now show the limit theorem . The Fourth Moment Theorem (Theorem [3| point 4.)
implies that
_ 2
E|o? = (D(—L) "' X1, DX1k)|” =00 0

and (by point 3. in the same theorem), for every r =1,...,¢q1 — 1,
| f1.6 @ f1kll fr@2a-2r) = k00 O (26)
By , and Lemma for j =2,...,n,

— 2
E|[(D(~L) ' X1 4, DX )] SC[(EX17ka7k)21qj:ql
q;

+ Z o(r g5, )| f1.6 ®qy—r fl,k”H®2T] ko0 0.
r=1

11



Thus, by ,
dw (Ok; M) —>k—s00 0. (27)

To get we notice that for every f : R"™ — R continuous and bounded,

[ tan— [ pan
w| [ im~ [ ]

| savi— | san

The first summand in the right-hand side above goes to zero as k — oo due to while from the
assumptions of the theorem, the sequence (nx, k > 1) of probability measures on R" converges weakly
to n and therefore the second term also goes as k — co. |

<

Remark 2. o Condition @ can be replaced by EX12k —hosoo 02 and any of the assumptions
from points 2.-4. of Theorem @ On the other hand, condition (@ is clearly satisfied if
q1 > max(qa, ..., qn).

e From Theorem[d, we can deduce a result in [10] concerning the normal convergence of sequences
of vector-valued multiple stochastic integrals. That is, if (Ip(fx),k > 1) and (I4(gr),k >
1) are two sequences of multiple stochastic integrals that converges in law, as k — oo, to
Zy ~ N(0,0%) and Zy ~ N(0,03) respectively and EIL,(fi)I;(gr) —k—oo 0, then the vector
(Ip(fr), 14(gr), k > 1) converges in distribution, as k — oo, to the centered Gaussian vector
(Z1, Za) with independent components and EZ12 = 0%,EZ22 = 0’%. Moreover, the bound
corresponds to the estimate in Theorem 6.2.2 of [3].

e [t is also possible to give a quantitative bound for the distance between Oy = Pix,, . x, ,) and
n= Pz ® Pu,,. v, n terms of the contractions of the kernels f;x. Indeed, by , and

Lemma[3,
q1—1 n
dw(Or,n) < C | alr, )l fia@rfielfoee e + Y (BX16Xj4))? 1g=g,
r=1 j=2
" EXF & .
+2Tf’zc(r,p, @) f1re®q —r frillgee |
j=2 ' r=1

with a(r,q) defined by @ and c(r,p,q) by (@, (@ Howewver, this bound in not optimal (it
can be seen from the example treated in Section @, see Remark @

As a consequence of Theorem [2| we obtain that every random sequence in the gth Wiener chaos
is asymptotically independent of any random variable belonging to the sum of the first ¢ — 1 Wiener
chaoses.

Corollary 2. Let (Xi, k > 1) = (I;(fi),k > 1) with fr € H®? for every k > 1. Assume X, —>](;ZOO
Z ~ N(0,0%). Let G = Zg;é I, (gp) where g, € H?P for p=0,1,....,q — 1. Then

dw (Pix,.c), Pz ® Pg) < C [(E (02 - (D(—L)lejDX@)?)% + (E<D(—L)71Xk,DG>2)% :
(28)
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In particular,
(X5, @) = (Z.G)

— 00
where Z' ~ N(0,02) is independent of G.

Proof: The bound is a direct consequence of Corolarry 1} By the Fourth Moment Theorem
(Theorem |3 , O‘ — <D(—L)’1Xk, DXk))2 —k—oo 0. Now,

q—1
(D(=L)"' X}, DG) =Y (D(~L) ' Xy, DI,(gp))
p=1
and then, with ¢(r, p.q) from (19),
q
E(D(—L)"' Xy, DG)* < ¢4y B(D(=L)"' X}, DI (gp))*
p=1
=1 p
< Cq Zcrp, ka ®q pkaH@QT
p=1r=1

and again by the Fourth Moment Theorem (Theorem |3 point 3.), || fx ®¢—p fillge2r —k—oo O for
every r =1,...,p. |

5 Application: Quantitative bounds in a central-noncentral limit
theorem

Our approach allows to give qualitative bounds for the multidimensional sequences of multiple
stochastic integral when only one of these sequences converges to a normal distribution. Here we
illustrate the method by treating a two -dimensional sequence in Wiener chaos, one component be-
ing asymptotically Gaussian and the second component satisfying a non-central limit theorem. Such
estimates are new in the literature and they cannot be obtained via the standard Stein method. Let
(B"t > 0) be a fractional Brownian motion with Hurst index H € (0,1). For N > 1, define

N

1
=q¢'— > H, (B, - B, 29
q \/N ;} q ( k+1 k ) ( )
where H, is the Hermite polynomial of degree ¢q. Then, the Breuer-Major theorem (see [I]) states

that, if H € (0 1-— > the sequence (Viy, N > 1) converges to a Gaussian random variable Z ~

N(0, 037 1), Where the variance crg y is explicily known.

On the other hand, the sequénce (Un,N > 1) given by

N-1
Uy =2N'"2# 3" H, (Bf,, — Bfl), N >1, (30)
=0

13



converges in distribution, for H € (%, 1), to e, g R where RZH-1 is a Rosenblatt random
variable with Hurst parameter 2H — 1 and again the constant co i > 0 is known.

Moreover, the random sequence (Viv,Uy) converges in law, as N — oo, to (Z,co g RZHA=1),
with Z independent of R#~1_ This can be obtained from the main findings in [6] or [7] but it also
follows from our Theorem [2 The purpose is to find the rate of convergence, under the Wasserstein
distance, for this two-dimensional limit theorem.

Let us assume in the sequel

3 1
H -1 - = > 3. 1
6(4, Qq) and ¢ > 3 (31)

By Theorem [2| we have

dw (P(VN,UN)a Pz ® PCQyHR(QH_1)>

< C [(E (02 — <DVN,D(—L)_1VN>)2>; +dw(Puy, P, , gen-) + \/E (<DVN7DUN>)2] :

We known the rate of convergence to their limits for each of the sequences (Vy, N > 1) and
(Un, N >1). If one assumes (1)), then (see Theorem 4.1 in [4])

H-1 ; 3 2¢—3

N 1 it H € <Z7 h]

qH—q+% - 2g—3 2¢—1
N 2 if H € 2= 9g

(E (02 — <DVN,D(—L)_1VN))2>% < Chg ) | (32)

Moreover, for any H satisfying (see [2] or [5], relation (7.4.13))
dw (Un, cog R*H-D) < g N2—2H. (33)
In particular, if ¢ = 3, it follows from and that
dw (Viv, Z) + dw (U, e, s R270) < Oy (N372 4 N5 (34)
. {N3—2H if He (24

N33 it H e [4,3)

Let us estimate the quantity \/ E ((DVy, DUy))?. Denote by H the canonical Hilbert space asso-
ciated to the fractional Brownian motion, defined as the closure of the set of step functions on the
positive real line with respect to the scalar product

1
(Ljo.7, Lo, ) = EBI B = §(t2H + 57— |t — 5.

We can write, if I, is the multiple stochastic integral with respect to the isonormal process generated
by B,

N
. 1
Vy = Iq(FN) with fy = ﬁ Z h%q
k=1

14



and
Un = Iy(gn) with gy = N' 72/ Z h2,
=1
where hy = 11 1) for k =1,..., N. In particular |hgllz = 1 and

(v+ 1)2H 4 (v —1)2H — 2v2H) , v>1. (36)

(hi, i) = pr(k — 1) with py(v) = %

We also have py(0) =1 and we define py on Z by setting py(—v) = pg(v) if v < 0. Thus

N
(DVn,DUN) = 2qN3 205" 1y (02D 1 () (e, )
k=1

— 9N Z oY @ )+ (a = Do (0 @1 )| (s )
k=1
al 2

= 2gNF2 S (0 @ ) + (g = Do (BT s )| (s ),
k=1

where we applied the product formula . Consequently,
E(DVy, DUN>2

N
< egNYH ST Y @hy, TV @Ry (B, hy) (i Ba) + (B i)t g, g (B, B
z,],k,l:l
- .
< N Z (his hie) Ty ) (hie, B (hy, he) + Z (hiy b2 (R, hj) (g, Ty (R, ) (B, )
L&,k =1 i,k 1=1
N
+ Z (hiy i) (hiy hy)* (b, o)? | =t a1, N + ag,N + as N
ijiil=1

We used Lemma 4.5 in [I5] in order to expres the scalar product <hl®(q_1)®hj, hf(q_l)@éhl). Using
the inequality

(hiy hg) (hiy ha) (hiy ) (s ) < % (Chas hg)? (s ) + (hiy ) (i, )2

we get ag v < a3 N so we have to estimate a; y and az y. Now, by (36),

N
asn = NN pp(i— k)12 pp (i — §)pu(k — 1)

i,5,k,0=1

N N 2
< e S e (3 )

i,k=1 a=—N

15



By using the bound Zsz:—N pr(a)? < cg N3 we obtain
N
azny < cquNTP Z pr(i — k)12 < cq g N4 Z L (2H=2)(q—2)
i,k=1 E>1
: 1
1, if H<1- STOE)]
< cquNY¥t {log(N) it H =1~ g0l
NCH-2)(q-2)+1 if | ¢ (1 — ﬁ, 1— Qiq) .
For ¢ = 3, we have for H € (%, %),
az N < cy N6 =5 (37)

Let us deal with
N
an = cquN"THNT (i — k) pu (i = §)pu (k= pa(i—1).
i,5.k,1=1

This summand is the most complicated. Similar quantities (but not exactly the same!) have been
treated in e.g. [4], proof of Theorem 4.1. We decompose the sum over (4,4, k,1) € {1,..., N}* upon
the following cases:

L (i=j=k=1),
2. ((i=7=kil#90),0=7=Lk#1),(i=k=1j#1),(=k=11i#])),
3. (i=jk=Lk#i)(i=kj=1j#0),G=1]j=kj#i)

(=g k#i kA LI£D, =k j £, #LEk#D,((=Lk#ik+#jj#1),
G=kk#ik#LI#0,(G=Lk#ik#Lj#0),(k=Lk#ik#5j#1).

5. 1,7, k,l are all different.

We denote by agj])\,,j =1,2,3,4,5 the sum of all the terms from the groups 1.-5. defined above. The
first of these terms can be easily estimated since

)

N
al' X = NS oy (0)742 = ¢y NP (38)
=1

For, the first sum from point 2.

N N
quHN1—4H Z pr(i — l)2 < cq,HNQ_A‘H Zi4H_4 < Cq7HN2—4HN4H—3 _ cq7HN_1
il=1 i=1
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while the second from point 2.

N
Cq,HN1_4H Z pu(i— k)7 < Cq,HN2_4H ZPH(k)q < Cq,HN2_4H-
ik=1 keZ
So, by symmetry,
ag?])\, <cuu(NT'4H N2y <, pNTL (39)

The sums from group 3. are similar to the those from group 2. and we get

Let us with the summands corresponding to point 4. The first one in this set reads

CquN'"H N pp (i — k)T o (k — Dpu (i — 1)

i#kH#l#1
N N
< NS ogl(a— B pul(@)lpul () < (NS Joul(a — ) onl(a)?
a,b=—N a,b=—N
N 2N
ch,HN2_4H Z ’a|4H—4 Z ’b|(2H—2)(q—1)‘
a=—N b=—2N

It follows that this term is less than

NVifH <1— ﬁ
cr N M og N if H =1 — 5155
NEH-2)(@-D+2 if f ¢ (1 — sy 1 - i) .

Regarding the second summant in 4., we can bound as follows

NN o = §)pu(i = Dpr(j — 1)

(E )
< N174HN3N6H76 1 |7’ - ]| 2H=2 ’Z - l| =2 |j - l| 22
= CoH N3 Z N N N
i Al
_ N2H-2 1 i — 7 2 i — 1 =2 lj — 1 22 < N2H-2
i A

) L g \2H2 (i \2H 2 o\ 22 )
since the quantity 5 > Iy ( ~ ) (T) (T) is a Riemann sum that converges

to fig.p & — y[2H 2y — 222z -
and we get

2?1 =2dxdydz < co. We have similar bounds for the other terms

af‘])v < cq’HNQH_Q. (41)

Notice that the estimation of the dominant term, the second in this group is sharp.
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For the only summand in group 5., we separate its analysis uopon all the possible orders:

1>i>k>0Li>i>1>k ... The first summand is treated as follows
cgN'HN" o (i = k)T pu (i — §)pr(k — Dpm(j — 1)
i>j>k>1
< Cq,HNl —4H Z k“2H )(g— 1)|’L j|2H_2|k‘—”2H_2U—”2H_2
1>5>k>1
< CqHNl —4H Z ]{,“@H 2)(qg— 1)|Z ‘QH_Z‘]C—Z|4H_4
1>5>k>1
< CoH Nl —4H Z ‘Z k‘ (2H-2)(¢g—1) ‘ZH 2 Z ’”4H 4
i>j5>k
< cq,HN_Z Z |Z-_k|(2H—2)(q—1)’i_j|2H—2
i>5>k
< Cq,HN QZ‘Z k‘ (2H-2)(g—1) Z |j|2H 2<C N2H 32|Z k| (2H-2)(g—1)
>k j=—N >k
< CqHNQHfQZk@HfQ)(qfl).
k=1

With analogous estimates for the other cases of point 5., we obtain
T =]
ok < cqr { N 2log N if =1 - 2([1—11)
NEH2eif e (1- kg 1- 4.

So, by (38), (39, (7). (@1) and

2(g—1)

2H-2)g+1 + 1 1
NEH2eif e (1- kg 1- 4.

N2 H e (3,1 - 55)
aN < CqH

Thus

_9 . 3 1
N2H QIfHE (Z,l—m>

E(DVy, DUpx)? <
\DViv, DUND” < €y N@H=2)q+1 ifHG(l—

1 1 ’
M- L 271) )

the bound on the first branch being immaterial for ¢ = 3,4. If ¢ = 3, then
E(DVy, DUy)? < ¢y N5,
We obtain

NH-1 —i—N%_QH for He (2,1 — -1~
aw <<VN, Un), (2, cz,HR@H*”)) < cqn <4 20 1>>

2(g—1)” 2q

18
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For ¢ = 3, we have from ([34)), and ([44)),
N22Hif [ ¢ (
N3U=3 if H € |

)
).

1
Remark 3. It follows from the above calculation that the quantity (E(DVN, DUN>2)§, which some-
how measures the correlation between Vi and Uy has the same size, for N large, as dw(Vn,Z)

(compare (39) and {{3)).

)

dw ((VN, Un), (Z, CQ,HR(QH_l))) <cy {

SN
SIS

6 Appendix: Wiener-Chaos and Malliavin derivatives

Here we describe the elements from stochastic analysis that we will need in the paper. Consider H
a real separable Hilbert space and (W (h),h € H) an isonormal Gaussian process on a probability
space (€2, A, P), which is a centered Gaussian family of random variables such that E [W (@)W (¢)] =
(¢, ). Denote by I, the multiple stochastic integral with respect to B (see [8]). This mapping
I, is actually an isometry between the Hilbert space H®"(symmetric tensor product) equipped with
the scaled norm ﬁ” - ||gren and the Wiener chaos of order n which is defined as the closed linear

span of the random variables H, (W (h)) where h € H, ||h||p = 1 and H,, is the Hermite polynomial

of degree n € N
- (_1)71 IE2 dm 562
H,(z)= exp | o | oo | exp 5 , xeR.

The isometry of multiple integrals can be written as follows: for m,n positive integers,

E(Li(f)Im(g) = n{f, g gen ifm=n,
E(I(f)In(g) = 0 ifm#n, (45)

It also holds that .
In(f) =1 (f)

where f denotes the symmetrization of f defined by the formula

1
[z, . 2n) = o Z f(@o@)s - s Tam))-

’ O'GSn

We recall that any square integrable random variable which is measurable with respect to the o-
algebra generated by W can be expanded into an orthogonal sum of multiple stochastic integrals

o0
F =Y T(fn) (46)
n=0
where f, € H®™ are (uniquely determined) symmetric functions and Iy(fy) = E [F].

Let L be the Ornstein-Uhlenbeck operator
LF == nl,(fn)

n>0
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if F is given by and it is such that Y 7 ) n*n!|| f, |36, < 0.

For p > 1 and a € R we introduce the Sobolev-Watanabe space D*P as the closure of the set
of polynomial random variables with respect to the norm

1Fllap = (1 = L)% Fll oo

where I represents the identity. We denote by D the Malliavin derivative operator that acts on
smooth functions of the form F = g(W(hy),...,W(hy)) (g is a smooth function with compact
support and h; € H)

DF = z; gi (W(h), ..., W (ha))h.

The operator D is continuous from D®P into D1 (H) .
We will intensively use the product formula for multiple integrals. It is well-known that for
f€H® and g € HO™

(P lne) = S 1! (M) (") twsnstr 200 (47)

T T
r=0

where f ®, g means the r-contraction of f and g (see e.g. Section 1.1.2 in []]).
The Fourth Moment Theorem states as follows.

Theorem 3. ([9] and [5]) Fiz n € N. Consider a sequence (Fj, = In(fr))ken of square integrable
random variables in the n-th Wiener chaos. Assume that

lim E[F?] = lim 2 on =1. 48
P [F%] o 1 fellzre (48)
Then, the following statements are equivalent.

1. The sequence of random variables (Fi, = I,(fx))k>1 converges to the standard normal law in
distribution as k — 00.

2. limy_,00 E[F}] = 3.
3. limg o0 || f& @1 kaH@’Q("*l) =0forl=1,2,...,n—1.
4. ||DF||% converges to n in L*(Q) as k — occ.

We also need to introduce the Skorohod integral integral (or the divergence operator), denoted
by 9, which is the adjoint operator of D. Its domain is

Dom(8) = {u € L* (2 H) ,E|(DF.u)u| < C|| Fl2}
and we have the duality relationship

EFé(u) =E(DF,u)y, F €S8,uec Dom(0). (49)
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