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Abstract

If Y is a random vector in R%. we denote by Py its probability distribution. Con-
sider a random variable X and a d-dimensional random vector Y. Inspired by [14],
we develop a multidimensional Stein-Malliavin calculus which allows to measure
the Wasserstein distance between the law P x y) and the probability distribution
P; ® Py, where Z is a Gaussian random variable. That is, we give estimates, in
terms of the Malliavin operators, for the distance between the law of the random
vector (X, Y) and the law of the vector (Z,Y), where Z is Gaussian and independent
of Y. Then we focus on the particular case of random vectors in Wiener chaos and
we give an asymptotic version of this result. In this situation, this variant of the
Stein-Malliavin calculus has strong and unexpected consequences. Let (Xy,k > 1)
be a sequence of random variables in the pth Wiener chaos (p > 2), which converges
in law, as k — 0o, to the Gaussian distribution N(0,0?). Also consider (Y, k > 1)
a d-dimensional random sequence converging in distribution, as k — oo, to an arbi-
trary random vector U in R? and assume that the two sequences are asymptotically
uncorrelated. We prove that, under very light assumptions on Yy, we have the joint
convergence of ((Xy,Yx),k > 1) to (Z,U) where Z ~ N(0,0?) is independent of U.
These assumptions are automatically satisfied when the components of the vector
Y belong to a finite sum of Wiener chaoses or when Y =Y for every k > 1, where
Y belongs to the Sobolev-Malliavin space D2,
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1 Introduction

The Stein’s method constitutes a collection of mathematical techniques that allow to give
quantitative bounds for the distance between the probability distributions of random
variables. It has been initially introduced in the paper [17] and then developed by many
authors. We refer, among many others to the monographs and surveys [3], [15], [16], [18]
for a detailed description of this method. Of particular interest is the situation when
one random variable is Gaussian, but the cases of other target distributions have been
analyzed in the literature.

A more recent theory is the so-called Stein-Malliavin calculus which combines
the Stein’s method with the techniques of the Malliavin calculus. The first work in
this direction is [6] (see [7] for a more detailed exposition) and since, numerous authors
extended, refined or applied this theory. In this theory, the bounds obtained for the
distance between the law of an arbitrary random variable and the target distribution are
given in terms of the Malliavin operators.

The starting point of the Stein’s method for normal approximation is the follow-
ing observation: Z ~ N(0,0?) with o > 0 if and only if

F?Ef(Z) -EZf(Z)=0

for every absolutely continuous function f : R — R such that E|f’(Z)| < oco. Then,
one can think that if a random variable X has the property that o?Ef'(X) — EX f(X)
is close to zero for a large class of functions f, then the probability distribution of X
should be close to N(0,02). From this observation, the whole Stein’s theory has been
constructed, leading to various bounds for the distance between the probability law of
the random variable X and the normal distribution N (0, c?).

In this work, we deal with a variant of this method recently developed in the
reference [14] that allows to measure the distance between the components of a random
vector (X1, X3), where X; ~ N(0,0%) and X, has an arbitrary distribution. The nice
observation made in [14] is that X; ~ N(0,0?) and X is independent of X5 if and only
if

0*Edy, f(X1, X)) — EX 1 f(X1,X2) =0

for a large class of differentiable functions f : R? — R. We denoted by 0,,f the
partial derivative of f with respect to its first variable. As in the standard Stein’s
method, one follows the intuition that if some random vector (X, Xs) satisfies that
02E8x1f(X1,X2) — EX1f(X1,X5) is close to zero, then X; should be close in law to
Z ~ N(0,02) and P(x, x,) should be close to Pz ® Px,. By combining this idea with
Malliavin calculus, in [14] one gives bounds for the Wasserstein distance between Pix, xs)
and Px, ® Px, in terms of the Malliavin operators.

Our purpose is, in a first step, to generalize the above idea by considering
random vectors of arbitrary dimension. This extension of the Stein’s method com-



bined with Malliavin calculus allows to obtain the following estimate: if X € D2 and
Y = (Y1,...,Yy) is such that Y; € DY? for all j = 1,...,d, then (we denote by dy the
Wasserstein distance and Z ~ N(0,02))

d
dw (Pixy), Pz ® Py) <C |E|o® — (D(-=L)"'X,DX) | + EZ (D(-L)'X,DY;)u|| .

j=1
1)
with C' > 0. We denoted by D, L the Malliavin derivative and the Ornstein-Uhlenbeck
operator with respect to an isonormal process (W (h),h € H), where (H, (-,-)m) is a real
and separable Hilbert space.

Then, we focus on the particular case of sequences of random variables belonging
to a Wiener chaos and we give asymptotic-type results. We will here show that the
convergence of a sequence of multiple stochastic integrals to the Gaussian law has other
strong and unexpected consequences. Let H be an Hilbert space and let I, denote the
multiple integral of order p > 1 with respect to an isonormal process (W (h),h € H).
Assume that p > 2 is an integer number and for every k > 1, X}, = I,(f;) where
fi € H®P are symmetric functions. Suppose that

Xy =P 7~ N(0,0%),

k—o0

where o > 0 and 7 —(4 ” stands for the convergence in distribution. Then the following
facts hold true:

o If Y = (V3,....Yy) is a d-dimensional random vector with components in the
Malliavin-Sobolev space D'2 and Xy, Y are asymptotically uncorrelated (i.e. EX, kY koo
0 for every j =1, ...,d), then
(X0, Y) =2 (2,Y),

k—00
with Z' ~ N(0,0?) independent of Y.

o Let (Yr, = (Yik,...,Yar), k> 1) be a sequence of random vectors such that each
component belongs to a finite sum of Wiener chaoses and Yy —(@ U (U is an
arbitrary random vector). Then, if X, Y, are asymptotically uncorrelated (i.e.
for every j =1,....d, EX}Y}r — k00 0), then

d
(X, Yi) =\ (2, 0),

k—o0

where Z’ ~ N(0,0?) and Z’,U are independent.

o Let (Yr, = (Y1ik,....Yar), k> 1) be a sequence of random vectors such that each
component belongs to D2 and satisfies an additional (pretty natural) condition



(assumption (19) in Theorem 3). Suppose that Y, —(@ U, with U is an arbitrary
d-dimensional random vector, and Xj, Y are asymptotically uncorrelated. Then

(X3, Yy) =9 (70,

k—o0
where Z’ ~ N(0,0?) and Z’,U are independent.

These findings may have direct consequences to statistics and limit theorems since many
estimators can be expressed as multiple stochastic integrals (see e.g. [21]). The main
idea of the proof consists in combining the Fourth Moment Theorem with the Stein-
Malliavin bound (1). Let us emphasize that the assumption p > 2 is crucial. When
p = 1, we cannot expect to have results as those listed above. Indeed, take X = I;(h)
with h € H,||h|| = 1, s0 X ~ N(0,1). Then Y = I1(h)? — 1 = I5(h®?) is an element of
the second Wiener chaos, but X and Y are not independent (see e.g. the independence
criterion in [22]).

We organized the paper as follows. In Section 2, we develop in a multidimensional
context the variant of the Stein-Malliavin calculus introduced in [14]. Section 3 contains
the statement of our main result concerning the asymptotic independence on Wiener
chaos and a short discussion around it and its consequences. Section 4 contains the
proof of the main result, which is detailed into several steps. In Section 5 we included
several applications of our theory, while Section 6 is the the appendix where we present
the basic tools needed throughout our work.

2 Multidimensional Stein method

In this paragraph, we generalize the variant of the Stein’s method introduced in Section 5
of [14] to any dimension d > 1. Then, we combine it with the techniques of the Malliavin
calculus in order to obtain the estimate (1).

2.1 The method

The basis of the Stein’s method consists in the definition of the Stein’s operator and of
the Stein’s equation. For the normal approximation, the standard operator is

Lf(x)=0"f'(x) —af(z), xR,

which acts on suitable differentiable functions f : R — R. This operator satisfies
ELf(Z) = 0 for every f : R — R differentiable with E|f'(Z)| < oo if and only if
Z ~ N(0,0?%). The corresponding Stein’s equation is

Lf(z) =Eh(z) —Eh(Z), z€eR,



where h : R — R is a given function such that E|h(Z)| < oco. The idea of the Stein’s
method is to find a solution fj to the Stein’s equation with nice properties and to use it
in order to obtain estimates for Eh(X) — Eh(Z) for an arbitrary random variable X.

We follow the same line in a multidimensional context. Now, the purpose is
not the normal approximation but to quantify the distance between the probability
distribution of a random vector (X,Y) and the random vector (Z,Y) where Z is a
centered Gaussian random variable with variance ¢ and it is independent of Y.

Let us consider the operator A/ given by

Nf(x,y)2028xf(x,y)—xf(x,y), xER,yERd, (2)

where 0., f denotes the partial derivative of f with respect to its first variable. The
operator N acts on the set of differentiable functions f : R4t — R.

Recall that if Y is a random vector, we denote by Py its probability distribution.
The following two lemmas show that the operator (2) characterizes the law of X and the
independence of X and Y. The material from this section is inspired from Section 5 in
[14].

Lemma 1 Assume X ~ N(0,02) and X is independent of the random vector Y. Then
ENf(X,Y) =0 for all f : R — R differentiable with E|0,f(X,Y)| < co.

Proof: By the standard Stein method, for all y € R¢,
o*Ed, f(X,y) = EXf(X,y)

or

02/Raxf(a:,y)dPX(a:) :/Ra:f(a:,y)dPX(a:).

Let us integrate with respect to the probability measure Py. We have (the use of Fubini’s
theorem is based on Lemma 2.1 in [16])

[ ([ ousteyiars)) aray
_ 2 /]R Ol (@, y)dPx (2) @ dPy(y)

= & [ S @ ¥R (oY) = AL (X.Y),

where we used the independence of X and Y for the first equality on the above line.



Similarly,

/Rd </R xf(w,.V)dPx(x)> dPy(y)

_ / £f (. y)dPx () ® Py(y) = / 2 (2,y)dPix v (2, y)
Rd+1 Rd+1

= EXf(X,Y).
|
We also have a lemma in the converse direction. By || - ||~ we denote the infinity
norm on R+,
Lemma 2 Consider a random vector (X,Y) with E|X| < oco. Assume that
ENf(X,Y)=0 (3)

for all differentiable functions f : R — R with |0, f|lo < 00. Then X ~ N(0,02) and
X is independent of Y.

Proof: Let ¢ be the characteristic function of the vector (X,Y), i.e.
90()\1, )\) - E (ei()qX-l-)\Y)) ’
for Ay € R and A € R%. By applying (3) for the real and imaginary parts of o, we get

O e(M\,A) =B ( Xei(A1X+W))

= i0’E (8xei()‘1X+)‘Y)> = —Mo(M, ).

By noticing that for every A € R%, (0, A) = ¢y(X) (the characteristic function of the
vector Y), we obtain

Uzk%
90(/\17 A) = @Y(A)E_Tv
and this implies X ~ N(0,0?) and X independent of Y. |

Let us now introduce the multidimensional Stein’s equation
Nf(z,y) = h(z,y) —Eh(Z,y), =cRyeR (4)

where Z ~ N(0,02). In (4), h : R¥™! — R is given and we assume that h is continuously
differentiable with bounded partial derivatives. Let us show that (4) admits a solution
with suitable properties.



Proposition 1 Let h : R — R be continuously differentiable with bounded partial
derivatives. Then (4) admits a unique bounded solution which is given by

I 1
ry)=—— | ———E|Zh(Viz+V1—-tZ,y)|dt. 5
fula,y) 02/02\/m[ ( y)] (5)
Moreover, we have the following bounds:
1.
[flloe < 10z, Alloo- (6)
2.
1 /2
< —3 /= .
ERANEENEITN ¢
3. Forj=1,...d, ify = (y1,.--,Yd),
1 /n
100 allo < /3100 ®

Proof: By using the dominated convergence theorem, we get, by taking the derivative
with respect to x in (5),

amfh(a:,y):_%/ol N%E [Zawh (ﬁwmz,y)}. 9)

Now, we apply the standard Stein identity to the function g(z) = h (\/53: +v1—tz, y)
and we obtain

E [Z@wh (x/% Vys yﬂ
= EJ(Z)=0*VI—IE [amh (ﬁx +VI—tZ, y)} . (10)

By plugging (10) into (5), the function f; can be written as

1
Fula,y) = —/0 2L\/EE [8xh (\/%x—l—\/l —tz,y)} dt. (11)
By (9) and (11), we can write
a:cfh(xay) _‘Tfh(x7y)

_ /OIE[<_2\/12——15+2L\/%>8xh<\/Zx+mz’y>]
_ E/O1 %h (\/Zg;+ \/mZ,y) dt = h(z,y) — Eh(Z.y).

7



Consequently, fj, given by (5) is a solution to (4). To prove (6), we use (11) to get

1
1
megéiﬁ@mMSWmm

The bound (7) follows from (9) since

EZ _1 /2
fosile < Zj0ble < o 2000
(2 s

To prove (8), we differentiate with respect to y;,j =1,...,d in (5),

I 1
ayjfh(fl}',y) = —;/0 ﬁ\/li_t)E |:Zayjh(\/%x+ \/1_tZ,y>:| dt

and

E|Z| ! 1

100l < B0y e | 5t = ¢]@mm
To finish the proof, we notice that for any other solution gy to (4), one has
2

0 (5 (o)~ an(oy)) ) =0

x2
so gp(z,y) = frn(z,y) + €e2:2¢(y) so gy is bounded if and only if ¢(y) = 0. [ |

By Proposition 1, if f3, is the solution (5) to the Stein’s equation (4), we have

Uzaxfh(x7Y) - ‘Tfh(x7y) = h(xvy) - Eh(Z7y)

for any A differentiable with bounded partial derivatives. Let X,Y be random vectors
with E[X| < co. Let us integrate with respect to 6 := Px y) in the above identity. We
have

/[Rd+1 h(z,y)df(z,y) = Eh(X,Y)

and

/ Eh(Z,y)df(z,y)
Rd+1

_ /R < /R h(z,y)dPZ(Z)> do ()
_ /Rd (/R h(z,y)dPZ(z)> dPy(y)

_ / h(a:,y)dPZ®Py(y)=/ h(x,y)dn(z,y),
Rd+1 Rd+1

8



with

n= Pz ® Py.
Therefore
o?Ed, fr(X,Y) — EX f,(X,Y) = Eh(X,Y) — ER(Z',Y)
= / h(z,y)do(z,y) / (z,y)dn(z,y) (12)
Ra+1 R+

where Z’ has the same law as Z ~ N(0,0?) and Z' is independent of Y.

2.2 Stein method and Malliavin calculus

Let
A={h:R" — R, his Lipschitz continuous with ||h|/z;, < 1}

and let F,G be two n-dimensional random vectors such that h(F),h(G) € L'(Q) for
every h € A. Then the Wasserstein distance between the probability distributions of F
and G is defined by

dw (Pr, Pg) = sup [EA(F) — ER(G)]. (13)

We denoted by ||h||1i, the Lipschitz norm of h given by

h(z) — h(y
Il = sup &R
z,yER™ x#y H$ - yHR”

with || - ||z the Euclidean norm in R™. The operators D, L,d below are defined with
respect to an isonormal process (W(h),h € H), see the Appendix. By (-, ) we denote
the scalar product in the Hilbert space H.

We use the ideas of the Stein method for normal approximation (see [7]) to prove
the following result.

Theorem 1 Let X be a centered random variable in D2 and let Y = (Y1, ..., Yy) be such
that Y; € DY2 for all j = 1,...,d. Let 0 = Pix,yy and n = Pz ® Py, where Z ~ N(0,02).
Then

d
dw(6,n) < C [ E|o® = (D(-L)"'X,DX)|+ Y E[(D(-L)"'X,DY})| | . (14)
j=1

Proof: Let h: R4 — R be continuously differentiable wth bounded derivatives and let
frn be the corresponding solution to the Stein’s equation (4). By using the well-known



formula X = 6D(—L)~'X in (12), we obtain, by integrating by parts

/ h(x,y)do(z,y) — / h(x,y)dn(z,y)
Rd+1 Rd+1

= 0’E0,fn(X,Y) —ESD(—L) ' X f(X,Y)
U2Ea:cfh(X7 Y) - E<D(_L)_1X7 th(X7 Y)>
= Eaxfh(Xv Y) (02 - <D(_L)_1X7 DX>)

d
—E Z 8xjfh(X7 Y)<D(_L)_1X7 D}/}>
j=1

Hence, by using inequalities (7) and (8) in Proposition 1,

/Rd+1 h(z,y)df(x,y) — /Rd+1 h(x,y)dn(a:,y)‘

d
<C|E|o®—(D(-L)"'X,DX)|+ ) E[(D(-L)"'X,DY})| | . (15)
j=1

To finish the proof, we borrow again an argument from [14] (proof of Lemma 9 in this
reference) to approximate a Lipschitz function by continuously differentiable functions
with bounded derivatives. Indeed, if h € A and € > 0, then consider

he(z,y1..-,yq) = Eh (x + VeN,y1 + VeN1, ...,ya + VeNg)

where N, Ny, ..., Ny are independent standard normal random variables. Then h. is
differentiable and it safisfies

Hha - hHoo —e—0 0, ”8xhe€HOO < ”heiHLip < Hh”LZP <1
and

.H%axd”ayjha”oo < |lhellzip < 1BllLip < 1.

=1l,...

Therefore, by (15),

/Rdﬂ Mz, y)db(z,y) = /RdH h(w,Y)dn(:v’y)‘

d+1

< 2Hhe—huoo+‘ [ vy - | ha<x,y>dn<x,y>\
Re+1 R

d
< 2|he — hllos + C | E|o® = (D(-L)' X, DX)| + Y "E|[(D(-L)~' X, DY;)]
j=1

10



and we conclude by letting ¢ — 0. |

The corollary below is used to deal with random vectors with components in
Wiener chaos.

Corollary 1 With the notation from Theorem 1, if X,Yi...,Yy € Db, then

[NIES

dw (0.1) < C | (Blo® ~ (D(~L)"'X, DX>|2>é +

d
Jj=

1 (B[(D(-1)7'X, DY;)[")
(16)

Proof: The proof follows from Theorem 1, by using Cauchy-Schwarz’s inequality in the
right-hand side of (14) and by noticing that (D(—L)~'X, DY;) belongs to L?(Q2) when
X,Y; € DM for j =1,2,...,d. [ ]

Remark 1 As a particular case of relation (14) in Theorem 1, it follows that if X; ~
N(0,02) and (DX1,DX5) = 0 almost surely, then X1 is independent of Xo. In partic-
ular, this means that, if X1 = I1(h) and Xo = >, <o In(gn) (with h € H, g, € H®™ for
everyn > 1), then h®1 g, = 0 almost everywhere on H®"~! implies the independence of
X1 and Xo. This is related to the independence criterion for multiple stochastic integrals
in [22], which states that two random variables I,(f) and I,(q) (with f € H*P,g € H®)
are independent if and only if f @1 g vanishes almost everywhere on H®PT1=2,

3 Asymptotic independence on Wiener chaos

The variant of the Stein’s method presented in Section 2 lead to some strong consequences
when it is applied to sequences of multiple stochastic integrals. Here we describe and
discuss our main findings in the case of the Wiener chaos. The proofs will be detailed in
the next section.

3.1 Preliminary tools

Let us start with some auxiliary results that will be used several times in the sequel.
Recall that H is a real and separable Hilbert space and W = (W (h),h € H) is an isonor-
mal process on the probability space (£2,G, P), where G is the sigma-algebra generated
by W. The operators D, L and the multiple stochastic integral I,,p > 1 are all with
respect to W.

This our first auxiliary result. The contraction of two kernels has been defined
in the appendix (see (87)).

11



Lemma 3 Let fi,f3 € H®? and fo, fy € H®? with p,q > 1. Then, for every r =
0,....,pANq,

(f1 ®r fo, f3 ®r fa) gov+a—2r = (f1 @p_r f3, f2 Dg—r f1) go2r.

Proof: This is e.g. Lemma 4.4 in [20]. |

The following well-known result allows to express the L?-norm of (D(—L)~'X, DY)
when X and Y are multiple stochastic integrals.

Lemma 4 Let X = I,(f) and Y = I,(g) with p,q>1 and f € H°P,g € H®?. Then

PAq
E(D(—L)"' X, DY)} = (E(XY))*Ly—q + Y c(r, p-a)l| F@rgll3repso-ar,

r=1
where ¢(r,p,q) are strictly positive combinatorial contants forr =1,...(p Aq) — 1 and

0, ifp=gq

c(pNq,p,q) = {> 0.if p £ q.

Proof: See e.g. [7], Lemma 6.2.1. |

We will also need the celebrated Fourth Moment Theorem proven in [12]. See
also [11] for point 4. below.

Theorem 2 ([12] and [7]) Fiz an integer n > 1. Consider a sequence (Fy, = I,(fx), k >
1) of square integrable random variables in the nth Wiener chaos. Assume that

lim E[F?] = i ! 2 . =1 1
Jim [Fy] kggonllkaHo (17)

Then, the following statements are equivalent.

1. The sequence of random variables (Fy, = I,(fx),k > 1) converges to the standard
normal law in distribution as k — oo.

2. limy_,oo E[F}] = 3.
3. limg o0 || fre @1 frll gozm-n =0 forl=1,2,...,n—1.

4. IDFg||% converges to n in L*(Q) as k — oc.

12



3.2 Main result

In this paragraph, we state our main findings and we discuss some consequences. The
main result of this work states as follows. The notation dy below stands for the Wasser-
stein distance, see (13).

Theorem 3 Let us consider the integer numbers p > 2, d > 1. Let (Xy,k > 1) be a
sequence of random variables such that for every k > 1, Xy = L,(fr) with fi, € H®P.
Assume that

X -\ 7~ N(0,0%). (18)
Let (Yi,k > 1) = (Yig,.... Yar), k> 1) be a sequence of random wvectors such that,
for every j = 1,....d, the random variable Y} ;. belongs to D2, and it admits the chaos
expansion

Yie = In(g")) with g} € HO

n=0
and
o
sup Z 1| g k|| 3ren — M—so0 O (19)
= |

Suppose that there exists a random vector U in R® such that

Y, @ U (20)

Then, if
EXLYjr — koo 0 for every j =1,....d (21)

we have

(Xp, Vi) =2 (Z,0),

k—o00

where Z' ~ N(0,0?) and Z' is independent by the random vector U. Moreover, for every
k>1,

dw (P(x,v,) Pz © Py) (22)
d

< C |E|o® - (D(-L)' X3, DXp)| + >  E[(D(~L) "' Xy, DY, )| | + dw (Y, U).
j=1

Let us make some comment around Theorem 3.

e Condition (19) is automatically verified when X ;, belongs to a finite sum of Wiener
chaoses or when Yj; = Yj for every k > 1 (this is stated in Corollary 2). On the
other hand, this case (when the components of Yy are in a finite sum of Wiener
chaoses) will be proven before the main result, as a step of the proof of Theorem
3.

13



e The assumption (19) also appears in the paper [4], in the context of the normal
approximation of Wiener space (see also Theorem 6.3.1 in [7]).

e The quantitative bound (22) is a direct consequence of the results in Section 2. It
will be actually used inside the proof of the main result (Theorem 3).

e The uncorrelation condition (20) is obviously crucial for the joint convergence of
(Xk, Yy) in Theorem 3. Another interesting question is what happens if we assume,
instead of (21), that

EXYj 1 — ko0 Cjs
with ¢; # 0 for j =1,...,d. Can we deduce the joint convergence of (X}, Yy) to a
random vector with marginals Z and U? In the case when U follows a Gaussian
distribution, the answer is given by the main result in [13]. In order to give a
complete answer, we need to know how to characterize the law of the vector (Z,U)
when Z ~ N(0,0?) is not independent of U and the law of U is not Gaussian.

Let us state the following corollary of the above theorem.

Corollary 2 Consider the sequence (Xi,k > 1) as in Theorem 8 and Y = (Y1,...,Yy)
be a random vector in R:. Assume that for every j =1,...,d, Y; € D2 . Also assume

EXYj =k 0. (23)

Then
(X5, Y) =9 (Z,Y) (24)

with Z' ~ N(0,02) independent of Y and for k > 1,

dw (Pix, vy, Pz ©® Py) (25)

d
< C |E|o® —(D(~L) ' X, DXi)| + Y E[(D(~L)"' Xy, DY;) || -
j=1

Proof: It is an immediate consequence of Theorem 3, since (19) is obviously satisfied.
|

Remark 2 Corollary 2 actually says that any sequence in the pth Wiener chaos with
p > 2 is asymptotically independent of any (regular enough) d-dimensional random vector
in L?(Q, G, P) (with components in D2 ) if the uncorrelation assumption (23) is satisfied.

Let us give a possible explanation of this phenomenon. Since (Xy, k > 1) satisfies
(18), it follows from Theorem 2 that, for r =1,...p — 1,

Il fx @r fill poze—2r —k—o0 0.

14



Let h € H. Then, by Lemma 3 and Cauchy-Schwarz’ inequality,

| fr ®1 h||gor-1 = (fr @1 h, fr ®1 h) ger—
= (fr ®p1 i, h @ hYgree < || fx @p—1 frllgez||hF — koo O

This intuitively means, taking into account the independence criterion of two multiple
integrals proven in [22], that Xy = I,(fx) and W(h) = I;(h) are asymptotically inde-
pendent for any h € H. Then Xj is asymptotically independent by any functional of W
and by density by any random variable in L?(2, G, P) (recall that G is the sigma-algebra
generated by W ).

4 Proof of the main result

The proof of the main result will be done into several steps. We start with an (intriguing)
technical lemma (Lemma 5 below) which plays a crucial role in our proofs. Then we
prove the result in the case when the components of Y belong each of them to a Wiener
chaos of fixed order, we continue with the case when these components are in a finite
sum of Wiener chaos and finally we conclude the proof of Theorem 3. Our arguments
use intensively the auxiliary tools recalled in Section 3.1, the Lemma 5 and the Stein-
Malliavin bounds (14), (16) obtained in Section 2.

4.1 A key lemma

As mentioned, the below lemma is a central point in our approach.

Lemma 5 Let p > 2 and q¢ > 1 be two integer numbers. Let (Xy,k > 1) be that such
for every k > 1, X, = I,(fx) with fi, € HOP. Assume

X =\ 7~ N(0,0?). (26)

k—o0

Then, for every g € H®Y,

r=1,..,pANqifp#q

| fe @r gll pp+a—2r =00 O for every .
r=1,..,(pANq)—1ifp=q.

Proof: Without loss of generality, we can assume that H = L?(T,B,v), where v is a
sigma-finite measure without atoms.

Let p > ¢. Then the conclusion follows easily from Lemma 3 and point 3. in the
Fourth Moment Theorem (Theorem 2). Indeed, for every 1 < r < ¢ < p,

||fk Q0 g”?{@pﬂrw = <fk Qr g, fk R 9>H®P+‘1*2T' = (fk ®p—r fky.g ®q—r 9>H®2T'
< | fe ®p—r frllaeerlg ®q—r gl greer (27)
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and || fi @p—k fillmzr —k—o0o 0 by Theorem 2 since 1 < p —r < p — 1. We employ the
same argument holds when p=qand 1 <r <p—1.

Assume now p < ¢. If 1 <7 < p—1, then the above argument still holds, due to
the inequality

| fr @ 9||§{®p+q72r < | fx Qp—r Tl o2 llg Kg—r 9ll go2r

and of the fact that 1 <p—r <p—1.
It remains to prove that, for 2 < p < g,

| fx ®p gllL2(1a—») = k00 O (28)
To prove (28), we will proceed into two steps.
Step 1. We show that for every hi,...,h, € H = L*(T), we have

1 ©p (h1® """ ®hq) HLZ(qup) —k—o0 0.
We have

where S, is the set of permutations of {1, ..., ¢}. Then, via the definition of the contraction
(87),

(fr @p (M@ ®h)) (trseees tg—p)

1
= a Z /Tp fk(ub ...,’LLp) (ha(l) &...Q hg(q)) (ul, ey Up,y T1, ...,tq_p)dul...dup
" oS,

1
- q Z (hU(p+1) Q... ® hcr(q—p)) (t1, - tg—p)
0€Sy

X i fk(ul, ...,’LLp) (ho(l) &...Q ho(p)) (ul, ...,up)dul...dup
P

1
- a Z (hg(p+1) ®...Q hg(q_p)) (751, ...,tq_p)
0€Sy

X / ) </ fr(u, ...,up)ha(l)(ul)dm) (ha(2) ®... Q& ha(p)) (ug, ...,’LLp)dUQ...d’LLp
Tr— T

1
- a Z (hg(p+1) ® ... hg(q_p)) (751, ...,tq_p)
0€Sy

X /T l(fk &1 hg(l))(’LLg, . ’LLp) (ha(2) ®...Q ha(p)) (’LLQ, . up)d’LLg...d’LLp
e

1
= a Z (ho-(p-i-l) ®...Q ho-(q—p)) (tl, ceny tq-p)(fk &1 ha(l)7 ho‘(2) X ... X ho—(p)>L2(Tp71)
0ESy
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Therefore,

1k ®p (hl® ----- ®hq) ||L2(qup)

1
< i > Mot Iz ho@ 2 [(Fe @1 hoys ho@) @ - ® hog)) r2(ro-1)]
T oeS,
1
S > Mo 2@y Mo 21 fr @1 ho@y 2 o1 1ho2) @ - @ Bl z2¢re-1)
T oS,
1
< i > Hhcr(l)||L2(T)""||ho(q)||L2(T)\/ka ®p-1 frllL2(12)
T oS,

where we used Lemma 3 and Cauchy-Schwarz’s inequality. We obtained

and this goes to zero as k — oo by point 3. in Theorem 2.

Step 2.  We prove the claim (28) for g € L%(T%) (the set of symmetric functions in
L?(T9)). Consider the sequence (g™, M > 1) given by

M M
gM = Z <g, hjl®“"hjq>L2(Tq)hj1®""®hjq = Z <g, hj1®""hjq>L2(T‘1)hj1®""®hjq
J1seesdq=1 J1seesdq=1

where (h;,i > 1) is an orthonormal basis of H = L?(T). Then g™ are symmetric
functions and ||g™ — 9ll2(ray =Moo 0. We write

fe®pg=Fe®@p g™ + [ ®pg— fr @p g™
and
1.fx ®p gllz2(ra-ry < 1fx @p 9™ I z2(ra-r) + 1f5 @p 9 = fr @p 9" 22 (100 (29)
Now, for every M > 1,
1fi ®p g = fr @p 9 I r2(ra-ry = 1fx @p (9 — ™)l 2 (a-r)
< |frll2(zellg = 9M|’L2(Tq) <Cllg— gMHLZ(Tq)' (30)

We used the fact that, by (26), q!||fk\|%2(Tp) — koo 02 50 the sequence (fy,k > 1) is
bounded in L?(T?).
Let € > 0. By (30), there exists My > 1 such that for any M > M,

17



€
1f5 ®p g — fr @p gV | L2ra-»y < 3 (31)
Take M > Mj,. Then
M
fk ®p gM = Z (g, hjl (039 ""hjq>L2(Tq) (fk ®p (hj1®----®hjq)) .
jlv"'vjq:l
By Step 1,
| fx ®p QMHLZ(TQ*IJ) koo 0,
so for k large enough,
€
/5 @p g™ | 2(7a-ry < 3 (32)
By plugging (31) and (32) into (29), we get the claim (28). |

4.2 The proof of the main result when the components of Y, belongs
to a Wiener chaos

Let us make a first step to prove the main result, by dealing with the case when the
random vector Y, from the statement of Theorem 3 has components that belong each
of them in a Wiener chaos of fixed (but possibly different) order.

Proposition 2 Let p > 2 and let qq,...,.qq > 1 be integer numbers. Assume that
(X, k > 1) is such that X, = L,(fx), fr € H®P and (18) holds true. Let (Yj,k >
1) = (Yigs -, Yar), k> 1) be a sequence of random wvectors such that for every k >
1L,j=1,..d,

Yj,k = Iq‘(gj,k) with 9k € H®%

J
Suppose (20) and (21). Then

(X, Yi) 2 (Z,0), (33)

k—o00

where Z' ~ N(0,02) and Z' is independent by U. Moreover, we have the estimate (22).

Proof: = We first notice that (22) is a direct consequence of (16) of the triangle’s
inequality. Indeed, for every k > 1,

dw (Pix, v,), Pz © Py) dw (P(x,v,), Pz ® Py,) + dw (Pz © Py, Pz ® Py)

<
< dw (Px,v,), Pz ® Py,) + dw (Py,, Pu),

and then we use (16). For the rest of the proof, we will again proceed into several steps.

18



Step 1. We prove that for every j =1,...,d,

E(D(—L)"' X}, DY} 1)* =00 0. (34)
By Lemma 4, we have, for every k> 1 and j =1, ...,d,
PAG;
-1 2 _ 2 = 2
E(D(—L) "' X, DY;1)* = (EX3Y; 1) Lp=g, + Y ¢(r,0, @) | /@0l y0may—20s  (35)
r=1

where ¢(r,p, gj) are as in Lemma 4. In particular, recall that c(p A g;,p, ¢;) = 0 if p # g;.
By Lemma 5,

/5 @0 g5kl 3 @pra;—20 < |1Fk @ G kll20pta;—2r — k00 0 (36)

for every r =1,...,pAg; (if p#¢q;) and r =1,....,(p Agj) — 1 (if p = ¢;). The relation
(36) and the assumption (21) imply the conclusion (34) of this step.

Step 2. Let us use the notation

Ok = Pix, vy, e =Pz @ Py, n=PFPz® Py. (37)
In this step, we prove that
dw (O, M) —>k—00 0. (38)
We know from (16) that
R :
dw (0, m) < C | (B ((D(~L) 7' Xp, DX) = 0%)°) " + 3 (BD(~L)7' X, DY 1)?)®

j=1
(39)
The assumption (18) and the Fourth Moment Theorem implies that (see Section 5 in

[7D),
E ((D(=L) "Xy, DXi) — 0%)” =400 0.

This fact, together with Step 1, implies (38).

Step 3: We deduce the convergence (33). Let f : R — R be a continuous and
bounded function. By using the triangle’s inequality, we have

2)df( / f(@)dn(x
Rd+1

x)dOy(x / J(z)dng(x
Rd+1

The first summand in the right-hand side converges to zero as k — oo by Step 2. The
second summand in the right-hand side also goes to zero as k tends to infinity due to
the assumption (20). Then, the conclusion is obtained. [ |

<

f@in@) - [ f@yina).

Rd+1
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Remark 3 [t is possible to write a quantitative bound for dw (6k,n) in terms of the
norms of the contractions of the kernels fi, and g; i (with the notation from Proposition
2). Indeed, assume d =1 and q1 = q. Then, by using (22), Lemma 4 and the inequality
(27), we can write

p-1 (pAg)—1
dw (O, m) < C [ (BXeYe)lpg + > fi @ filfroomwoe + Y 1fs @pr fill oo
r=1 r=1

1
+fk ®q frllgrer-alpsq + 1 fx ©p gkl Fra-rlp<q] -

Taking into account point 3. in Theorem 2,we can also write, for k large enough,

p—1 2
dw (0r,1) < C | (Frs 9k) Fron Ip=q + O 1k @ frll gozo—2r + | fe @p gkl g lp<q| - (40)

r=1

The above bound may be not optimal in some cases (see Remark 5 in Section 5.3).

4.3 The components of Y, belong to a finite sum of Wiener chaoses

We make a further step to get the main result by extending the result in Proposition 2.

Proposition 3 Assume that the sequence (Xi,k > 1) is as in Proposition 2 and let

Yi = (Y1, Yar) be such that for every j =1,...,d and for every k > 1,
No ]
Yjr = an(gfii),
n=0
with Ng > 1, gijL € HO" forn >0,k >1and =1,...,d. Assume (20) and (21). Then

(X, Yi) = (Z,0) (41)

k—00

where Z ~ N(0,02) and Z',U are independent. Moreover, the estimate (22) holds true.

Proof: Recall the notation (37). Again, the Stein-Malliavin bound (22) follows directly
from (16). By using this estimate (16),

d
dw (O, ) < C | E|o® = (D(~L) ' Xy, DXp)m| + > _E[(D(~L) ' Xy, DYjs)n] | -
j=1
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We also have, for every j =1,...,d and k > 1,

E[(D(—L)"', Xy, DY;)u| = E |

L)1 Xy, Z DI, ( gn 1)
No No . 2\ 2
< ZE‘(D(_ ) Xy, DI, ( g k H‘ < <E‘ 1Xk,D[n(g£Z?€)>H‘ >
n=0 =0
We notice that (21) and the isometry of multiple stochastic integrals (84) implies that

EXiln(97)) —hoc 0, (42)

for every j = 1,...,d and for every n = 0, ..., Ng. We use Lemma 4 to express the quantity

, 2
E |(D(-L)"' Xy, D[n(ggL» , and then by using (42) and Lemma 5, we deduce that

E|(D(~L) ™ X DIn(gS3 ) ar| —koe 0,

‘2
for every j =1,...,d and n — 0,1, ...Ny. Thus
E [(D(=L)™", X3, DY 1) i | = k00 O,
for every 7 =1, ...,d and this implies
dw (Ok, M) —k—00 0

To deduce (41), we proceed as in Step 3 of the proof of Proposition 2. [ |

4.4 Proof of the main result (Theorem 3)
Let € > 0. For M > 1, let us define,

M
YN =3 L4,
n=0
and consider the random vector in R%
v =MLY, k> (43)

Clearly, for every k > 1,
EHY;CV[ — Yk”%d — M—o00 0.
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Recall that by ||-||ga and (-, -)ga We denote the Euclidean norm and the Euclidean scalar
product in R%. By (21) and the orthogonality of multiple stochastic integrals of different
orders (84), for every j =1,...,d and for every M > 1,

EXpYY —5ooc 0. (44)
Now, for any A; € R and X € R?,

‘EeiAIXk"‘“}\va%Rd . EeiAlZ,E€i<A’U>Rd

< ‘EeiAle—l—i()\,Yk)Rd  ReM Xk ALY )

I ‘Eei,\lxkﬂo\,ygf)Rd _ EeMZ Bt MY )

+ ‘EeiA1Z’E6i<A7Y]1€w>Rd o EeiAlZ,E€i<A’U>Rd

= ami+bui+ vk (45)
Let us estimate separately the three summands from above.

Estimation of apry. By the mean value theorem,

apmr < ‘Eew"y’ﬂ)ﬂ%d—Eew"Yi]ﬂV)Rd < E|YY - Y||pa
& u 2 DS Gy
< (B Vi) =\ (2 X ol
j=1 j=1n=M+1
d 00 )
< s ST alllgd)l%en (46)
j=1F21n=pr1

and the last quantity goes to zero as M — oo due to (19). So, for M > M large,
ap kg < €.

Estimation of byr. Basically, the convergence of this term follows from Proposition 3,
since the components of Y]kw belong to a finite sum of Wiener chaoses. For M > M, we
have

dw (P(kayﬁ/[)’PZl ®PY£4)
d
< C|E|o® —(D(—L) ' X4, DXp)u| + Y _E|o® — (D(—L)"' X4, DY) 1|
j=1

Using (44), as in Proposition 3, the both summands in the right-hand above converge to
zero as k — oo. So, for k large, by < €.

Estimation of cpr . First notice that
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crn < ‘Eeuwmd B A5

Let € > 0. We show that for M, k large enough,

‘Eei<>"YkM>Rd _ EeiAUka| < ¢ (47)

We have

Eei<A7Y]kVI>Rd _ Eei<A’U>Rd

IN

‘ Eei<A7Y£/I>Rd _ Eei<A7Yk>Rd

4 ‘Eei(x,m)Rd Rl AU)ga

< CE|YY — Yj|lpa + (Eeiww R A

. (48)

We use the estimate (46)

d [e's)
EYY — Yilga < 4| Y sup Y nllg¥) 12
=1 k=1,

and the last quantity goes to zero as M — oo due to (19). By using this inequality and
(20) in (48), we get (47). Therefore, for k, M large, cyrp < €.
Consequently, the left-hand side of (45) goes to zero as k — co. |

5 Applications

We illustrate our results by four examples. In the first example, we deduce from Propo-
sition 2 the joint convergence of the Hermite variations of d + 1 correlated fractional
Brownian motions. The second example constitutes an application of Theorem 3, by
considering a random variable with infinite chaos expansion. In the third example, we
treat a two -dimensional sequence in Wiener chaos, one component being asymptotically
Gaussian and the second component satisfying a non-central limit theorem. Such es-
timates are new in the literature and they cannot be obtained via the standard Stein
method. Finally, in the last example, to evaluate the dependence structure between the
solution a stochastic differential equation and the random noise.

5.1 Hermite variations of correlated fractional Brownian motions

Let (Wi, t > 0) be a Wiener process and for H € (0,1),¢t > 0 consider the kernel

fun(s) = d(H) ((t _gia <—s>f—%> seR
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where d(H) is a normalizing constsnt that ensures that [ frm(s)?ds = t*H . Let Ho, Hy, ..., Hy €
(0,1) and define, for i = 0,1, ..., d,

Bl = / fom (s)dWs, > 0. (49)
R

Then , for i =0,1,...,d, (BHi,t > 0) are d 4+ 1 (correlated) fractional Brownian motions
with Hurst parameters H;. We write, for any integer number k£ > 0,

Blf—lil - Bllfql = Il(Lk7Hi)7 i=0,1,..4d,

where I, stands for the multiple stochastic integral of order ¢ > 1 with respect to the
Wiener process W and for k > 0,

Ly m, = fot1,m, — fr,H;- (50)

For N > 1 integer, we set

1
Xn == 3 b (L) = BUw) (51)
k=0
and for j =1,...,d,
N-1
Y, = NoO-H)=1 > 1 (ij‘gj) — I, (gn,)- (52)
k=0
We used the notation
;] V-1 N-1
(1 —H.)— QXq;
In="7 > Lty and gy = NOOHIZU N Tp 00 (53)
k=0 k=0

From the classical Breuer -Major theorem (see [1]) we know the limit behavior in distri-
bution of the sequence (51) while the Non-Central limit theorem (see e.g. [19]) gives the
limit behavior of (52). More precisely, we have the following.

Theorem 4 Consider the sequences (Xny, N > 1) and (Yn j, N > 1) given by (51), (52),
respectively. Then

1. If Hy € (0,1 - %)
Xy = N(0,02 ).

N—oo p,
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2. IfHj e (1— %1) forj=1,...d,

qu,Hj R’ij
where R’ is a Hermite random variable with Hurst parameter v; = 1+ q(H — 1).
The explicit expression of the constants op my,cq; m; > 0 can be found in e.g. [1],

[19].

Recall that the Hermite random variable has a non-Gaussian law (it actually lives in gth
Wiener chaos) and it represents the value at time ¢ = 1 of a Hermite process. For more
details on Hermite processes, see e.g. [21].
Let
Yn=Yn1,---»YNa), N>1

The purpose is to show the joint convergence of the two-dimensional random sequence
((Xn,Yn),N > 1). Let us recall some facts. For every integers k,I > 1 and for
i,7=0,1,...,d (see [5]),
E(Bk.H - Bk )(BH_Jl - Bz J) = <Lk,Hi7Ll,Hj>L2(R) = D(Hi,Hj)pHﬁrHj (k - l),
2
where D(H;, Hj) is a constant depending on H;, H; and for v € Z,

(Jo+ 12" + Jv — 1] — 2Jo|*H) . (54)

DO | =

pH(v) =
For v sufficiently large, one has
lpr(v)] < Cpv®P =2 (55)

We have the following result.

Proposition 4 Let p > 1,q1,....,qq4 > 2 be two integer numbers and assume that for
ji=1,..,d,
1 1
0<H<l——andl——< H; <1 56
1 2p an 2q J ( )

Consider the sequences (Xn, N > 1) and (Yn,N > 1) given by (51) and (52), respec-
tively. Then

—00

(XN7YN) _>§\Cfl) (Z7 CQj,HjR¥j7j = 17 '-'7d)7

where Z ~ N (0, U;%,Ho) and sz stands for a Hermite random variable (with Hurst index
7;) independent of Z. The constants op n, and cq; p; are those from Theorem 4.
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Proof: First, we notice that, as N — oo,
Y =D (e R, oy Cqp. i, BTY). (57)

The above claim can be argued in the following way: for every ¢ > 0, we have the scaling
property
(Bgﬂ B> 0) = (cHlBtHl, cflapta ¢ > 0) ,

where 7 =@ 7 means the equivalence of finite dimensional distributions. This is a

consequence of (49) and of the scaling property of the Wiener process W. Then, for all
N > 1, we have the equality in law

(YN1, oy Yivg) =@ Y1 Yia)

where, for every j =1,...,d,

N-1
- H; H;
Y](f,j = q;!N%¥ ! E :Hq]‘ <Bk4i1 _Bkj>
o N N

with H, the Hermite polynomial of degree ¢q. On the other hand, for every j =1, ...,d,
the sequence (Y3 ;, N > 1) converges in L?(Q), as N — oo, to cqﬁHjR;j (see e.g. [7]).
This implies (57).

In order to apply Proposition 2, we just need to check (21). Obviouly, this holds
for p # g, since in this situation EXxYy ; = 0 for all N > 1 and for all j =1,...,d. We
calculate EXyYy ; for p = ¢. We have, by the isometry formula (84),

N—1
EXNYNJ' = p!Np(l_Hj)_% Z <Lk,H07Ll,Hj>I£2(R)
k,1=0
N-1
= p\D(Ho, Hy)P NP 072 37 g, (k= 1P,
k,1=0 2

and for N large enough, by (55),

N
[EXNYvn,| < c(Ho, Hj,p)NP-H)=3 <1 +> (N - k)k«’(HOJrHj_z)p)
k=1

N
< ¢(Hy, Hj,p)NP(~Hi)=3 <1 +Nzk(Ho+Hj—2)p> .
k=1

Assume (Ho+ Hj—2)p < —1. In this case, the series » ; f(Ho+H;=2)p converges
and we get
1
[EXNYn | < c(Ho, Hy,p) NP H) 72 -y, 0 0
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: . _ 1
since H; > 1 TR

Assume (Hy + Hj —2)p > —1. Then the sequence Z]kvzl k(Ho+H;=2)p hehaves as
NHo+H;=2)p+1 for N large and thus

EXNnYN,;| < C(Ho,vap)Np(l_Hj)_% <1 +N(H°+Hj_2)p+1>

3

= c(Ho, Hj,p) (Np(l—Hj)—§ 4 N—PO—Ho)+

1

2> —7N—oo 07

sinceH0<1—%ande>1—%.

If (Hy+ Hj —2)p = —1, then Z]kvzl EHo+H;=2)p hehaves as log(N) and
[EXNYn| < e(Ho, Hy,p) NPAH)72 log(N) = y_y0 0.
We obtained
NPO=H)) =3 if (Hy + H; — 2)p < —1
[EXNYn | < e(Ho, Hj,p) § NPAH)=3 log(N), if (Ho + H; — 2)p = —1
NPO-Hj) =5 4 N~PO-Ho)+3 if (Hy 4+ H; — 2)p > —1.

In particular EXnYn j —N—00 0 and (21) holds. The conclusion follows by Proposition
2. [ ]

Remark 4 1. A quantitative bound in Proposition 4 can be obtained via (22) or (40).

2. Let the above notation prevail. It is also possible to apply Proposition 4 to the
estimation of the Hurst parameter (Hy, Hy, ..., Hg) from the discrete observations

<BHj i=0,1,..,N,j =0, 1,...,d>. Denote, for j = 0,1, ...,d,

ERE

N

1N—l = = 2
SN, =— BY, —B.7| .

Then
_ log(Sn,;)
2log(N)’

are consitent estimators for the Hurst index H; and (see e.g. Section 5.5 in [21])

Hy, = =0,1,....d

ZW(ﬁN’O — Ho) =Xy + RN,O
and for j =1,....d,

ON*2Hi (Hy ; — Hj) = Y, + Ry,
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where Ry j,j = 01,...,d converge almost surely to zero as N — co. From Proposi-
tion 4, we get the joint convergence in law, as N — oo, of

(2\/N(ﬁjv,o — Hy), 2N*" 1 (Hy ;- Hj))

to 2H:—1
(Z,cZHle I 1,...,d),

Z ~ N(0,0 pHo) and Z is independent of R%Hrl,j =1,...d.

5.2 Infinite chaos expansion

Let (W (h),h € H) be an isonormal process and let (h;,7 > 1) be a family of elements of
H such that for every i,7 > 1

(hishj)ym = pu(i— ),

where pp is the auto-correlation function of the fractional noise given by (54). Consider
the sequence (Viy, N > 1) given by

N
— N L(h5P). (58)
O

and let 1
Y — W (h1) _ - h®n
M=) il (59)

Obviously (V, N > 1) has the same finite-dimensional distribution as (51) (when H =

Hp). Assume

1
H<1-——.
0<H< 5 (60)

By Theorem 4, if (60) holds true, then (Vy, N > 1) converges in law, as N — oo, to
Z ~ N(0, 0'12)7 7). Moreover, we have the following estimate for the Wasserstein distance
(see [6]): if N is large,

n~2, if H € (0,3]

dw(Vn, Z) < C{nf=1 i H e (3, 3255) (61)
nPHPEs if [ e (223, 221,

We check the joint convergence in law of the couple (Xy,Y) when N — oo and
we evaluate the Wasserstein distance associated to it.

28



Proposition 5 Let Vi, Y be given by (58), (59), respectively. Then
(Vi Y) =@ (Z,Y)

where Z ~ N(O,O’;H) is independent of Y. Moreover, for N large

n %, if H € (0, 3]
dW(P(VN,Y)7PZ ®PY) <C TL ZfH S [27 4) (62)
nfl=1 +an Pta ifH € [%,2’;—;1).

Proof: In order to get the joint convergence of ((Vn,Y), N > 1), we need to check (23).
We have

N N
1 ® 1 ®py 1 ®
E(VyY) = e—— EL(hRP)Y =+/e— EL(h;P)=I,(h?
(N) \/_\/NkZ:l p(k) \/_\/NkZ:l P(k)plp(l)
1 & 1 &
= Ve— hi, h1)p = Ve—= k—1)P.
By isolating the term with £ = 1, we have
E(WWY) = ei 1+ (k- 1)EH=2r | < oL
f>2 VN
since the series D ;- kCH=2)P is convergent due to (60). Then, by Theorem 3,
(V. Y) =3 (2Y), (63)

where Z ~ N (0, 0'12)7 ;) and Z,Y are independent random variables.
Let us evaluate the rate of convergence under the Wasserstein distance for (63).
We compute the quantity E(D(—L)~'Vy, DY)%. We have

N
1 _
D(_L)_lvN = \/—N E Ip_1(h§p 1)hk, DY =Yh

and

N
1
(D(~L) "V, DY)y \/—_E LAY (hye b )
k=1



N
1 _ _
B(D(—L)" "WV, DY) = 5 > Lt (7 ) ot (7)Y 2 (i ), by
k=1
1 N p—1
= ¥ 2 2 NG ) Ely o (h?p‘l®Th?p‘1)Y2<hk,h1>H<hz,h1>H
k,l=1r=0

where we applied the product formula (86). Since

2n

h n

Y2 =2Wh) — ¢ E —n!In(h? )
n>0

we have, for r =0,....,p — 1,

Ely-o-2 (hg" " @ b7 ) ¥

22p—27’—2

= emE[zp—zr—z (hfp—l R h(lgp—1> 12p_2r_2(h?2r—2r—2)

o -1z —1 2p—2r—2
_ 622]3 2r 2<(h§10 h®10 h® p—2r >H®2P —_—

= 22722 (g, hy) g (g, B Yo (g Yo

p—1
E(D(-L)"'Vy, DY)y = e> rl(Cp_1)*2% > T(r,p,N)
r=0
with

N
T(rpN) = 3 G bl e )y (b )y

N
= % Y ok =D pr(k =17 oy (1 - 1) (64)

We now evaluate T'(r,p, N) for r =0,1,...,p — 1. We write

N N
1 1 . .
T(rpN) = D pu(k—1)"" tN, Z p(k — 1P pp(l— 1)P
k=1 I=1;k

= Tl(rvpv N) + TQ(Tvpv N)



Let us first treat the term Ty (r,p, N) with r = 0,1,..,p — 1. One has

1
Ti(rp,N) = + (1 +> ok — 1)2(’”)) (1 + 3k — 1)RH-2) - 2r))

k>2 k>2

IN

1 _ 1 _
C+ <1+Zk2H 2) <Oy (LN

k>1

IN

C(N~'4 N2=2)

For Ty(r,p, N), we can write

N
Ty(r,p,N) = 21 Z pua(k—=0"pp(k—1)P""pg(l —1)P~

E=1;k>1
1 (X

< Y _ NCH=2)r (1. _ 1\CH=2)(p—7) (] _ 1\(2H-2)(p—7)

= Oy gzng(k‘ ) +k>§l>2(k‘ ) (k—1) (—1)

By (60), Z]kVZQ pu(k —1)P < oo and so

2
1 1
< _ . (2H-2)p < -
T5(0,p,N) < CN (1 + (kg>2(k‘ 1) ) ) <C

and for r =1,...,p — 1, since (k — 1)(2H_2)(p_7) < (k- l)(2H—2)(117—7‘)7

Ty(r,p, N) < (1—1— Z )2H=2)p (11)(21{2)(19?))

k>1>2

N
1 2H—2 (2H—2)
< Cy (1+l§;(z1) > kP

k>1

< C% (L+ N1 < O(NT! 4 N2H72),

From the above computations, we deduce that for NV sufficiently large,
E(D(-L)'Vy,DY)?, < C(N~! 4+ N2H=2), (65)

By combining (61) and (65), we get (62).
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5.3 Quantitative bounds in a central-noncentral limit theorem

Our approach allows to give qualitative bounds for the multidimensional sequences of
multiple stochastic integral when only one of these sequences converges to a normal
distribution. Here we illustrate the method by treating a two -dimensional sequence in
Wiener chaos, one component

being asymptotically Gaussian and the second component satisfying a non-central limit
theorem. Such estimates are new in the literature and they cannot be obtained via the
standard Stein method. Let (B/ff,t+ > 0) be a fractional Brownian motion with Hurst
index H € (0,1). For N > 1, define

N-—
= \/L_Z (B, — B}, (66)
k=0

where H, is the Hermite polynomial of degree ¢q. Then, the Breuer-Major theorem (see
[1] or Theorem 4) states that, if H € (O 1- > the sequence (Vy, N > 1) converges to

a Gaussian random variable Z ~ N (0,0 20, Where the variance 0q7  1s explicily known.
On the other hand, the sequence (Uy, N > 1) given by

N-1
Uy =2N'"2" 3" H, (B, - Bf!), N>1, (67)
k=0

converges in distribution, for H € (%, 1), to co, g REH-1) where RZ7-1) is a Rosenblatt
random variable with Hurst parameter 2 —1 and again the constant cp i > 0 is known.

Moreover, the random sequence (Vy,Upy) converges in law, as N — oo, to
(Z, c27HR(2H_1)), with Z independent of RZ#~1)_ This can be obtained from the main
findings in [8] or [9] but it also follows from our Theorem 3. The purpose is to find
the rate of convergence, under the Wasserstein distance, for this two-dimensional limit
theorem.

We have the following result.

Proposition 6 Let Vy,Uy be given by (66, (67), respectively. Then Assume
3 1
H -1 - — > 3.
€<4, 2q>=>q_3 (68)

Then
(VN, UN) —>(d) (Z, 627HR(2H_1))

N—o0

where Z ~ N (0, 0§7H) and Z is independent from the Rosenblatt random variable RZH =1
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Moreover

2(¢—1)
NH-Da+3 | N3-2H for <1_ 1 q_1

NH-1 —I—N%_2H for H € 3,1 — L

dw ((Vis Un), (Z,c2a R?D)) < g ( )

20¢-1)°"  2q)°
(69)

Proof: By Theorem 3, we have

dw (P(VN7UN)7 Pz ® PCQ,HR(QH*U)

< C [(E (0% — (DVy, D(—L)—1VN>)2)5 +dw (Poy, P, , gen-) + \/E ((DVy, DUN>)2] .

We know the rate of convergence to their limits for each of the sequences (Viy, N >
1) and (Un, N > 1). If one assumes (68), then (see Theorem 4.1 in [6])

NV i e (3,35

D=

(E G <DVN’D(_L)_1VN>)2) < Chg NeH=a+5 if [ é fgg_—%’ 2%_;1) : (70)
Moreover, for any H satisfying (68) (see [2] or [7], relation (7.4.13))
dw (Un, e g REH-D) < CyN3—2H, (71)
In particular, if ¢ = 3, it follows from (70) and (71) that
dw (Viv, Z) + dw (Un, e, s R270) < Oy (572 4 NH-5)
3_op .
<cn{ N e ™

Let us estimate the quantity \/ E ((DVy, DUx))?. Denote by H the canonical Hilbert
space associated to the fractional Brownian motion, defined as the closure of the set of
step functions on the positive real line with respect to the scalar product

1
(Ljo41, Ljo.5)w = EBI' B = 5('52H + Mt — 5.

We can write, if [, is the multiple stochastic integral with respect to the isonormal
process generated by B,

N
. 1
Vi = I,(fn) with fy = N § :hfq
k=1
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and

N
Uy = IQ(gN) with gy = NI12H Z h(lg2,

=1
where hy, = 1y 1) for k =1,...; N. In particular [|hx|[ =1 and
(hie, iyw = pr(k — 1) (73)
with pg from (54). Thus
N
(DVy,DUN) = 2qN2721 5" 1y (02 1 () (e, )
k=1

N
= 2gNF N (0 @ ) + (0= Do (0 @1 h0)| (i )

=

= 2qNE Z[ (7 @ h) + (g = V-2 () (s )| (s ),

where we applied the product formula (86). Consequently,

E(DVN,DUN>2

< N Z (AU &n; WPV ER) (h, hy) (i, ht) + (hay b2 (B, Bg)? (g, )2
1,5,k 0=1

N N
< egNYTHELS T (b b T gy ) (s ) (g ) Y (i i) 2 iy g, ) (i ) (R, B

Z7]7 7l 1 Z7]7 7l 1

N
+ > (b ha) Ry hy)? (e, ) | = an + agy + az v
igikl=1

We used Lemma 4.5 in [21] in order to expres the scalar product (h?(q_l) ®h;, hf(q_l)@)hﬁ.
Using the inequality

(i s s ) P i ) < 5 (s ) G )2 + (B s )

we get az v < a3 n so we have to estimate a; y and az y. Now, by (73),

N
asgN = ch1_4H Z pm (i — k)q_2pH(z’ — j)sz(k; — 1)2

i kl=1

N N 2
< e S - (3 )

i,k=1 a=—N
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N4H—3

By using the bound ZQV:_N pr(a)? <cy we obtain

N
azN < cquN*TP Z pr(i — k)12 < ¢y N4 Z E(2H=2)(q—2)

ik=1 =

i 1

1, if H<1- D) 1

< Cq,HN4H_4 log(N)if H=1— =)

2H—2)(g—2)+1 : . .

NEH=2@24 it e (1- 5ly1- 4).

For ¢ = 3, we have for H € (%, %)7

az,N < ey NOH=5 (74)

Let us deal with
N
an = cquN"M " pu(i— k) pu i — §)pu(k = Dpu (G —1).
i,5,k, =1

This summand is the most complicated. Similar quantities (but not exactly the same!)
have been treated in e.g. [6], proof of Theorem 4.1. We decompose the sum over
(i,4,k,1) € {1,..., N}* upon the following cases:

L (i=j=k=1),
2. (i=j=kl#i)(i=j=Lk#i),(i=k=1j#0),=k=1i#})),
3. ((i=jk=ULk#i)(i=hkj=1j#0)(i=1j=kj#i),

(=g k#i kA LL£D), =k #6,)ALEAD, =Lk #£ik# 755 #1),
G=hhk#ik#LI#0),(G=Lk#ik#Lj#i),(k=Lk#ik#jj#0).

5. 1,7, k,1 are all different.

We denote by agj;])\,,j =1,2,3,4,5 the sum of all the terms from the groups 1.-5. defined

above. The first of these terms can be easily estimated since

)

N

al'y = cquNTNT py(0)9+2 = ¢y y N2 (75)
i=1

For, the first sum from point 2.
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N N
cq,HN1_4H Z pr(i — )% < cq,HN2_4H ZZ-4H—4 < Cq7HN2—4HN4H—3 _ cq,HN_l
il=1 i=1

while the second from point 2.
N
Cq,HN1_4H Z pu(i— k)T < quHN2_4H ZPH(k)q < quHN2_4H'
i k=1 keZ

So, by symmetry,
asy < cqu(N 71+ N2 < ¢ N1 (76)

The sums from group 3. are similar to the those from group 2. and we get
ai’y < cquN 1. (77)
Let us with the summands corresponding to point 4. The first one in this set reads

CquN"H N o (i — k) o (k= Dpu (i — 1)
i#kAl#i

N N
< NN Jpul(a =0T oul(a)lpn|(0) < NN pul(a = b)" |pul(a)

a,b=—N a,b=—N
N 2N
2—4H 4H—4 2H—2)(q—1
< cquN > lal > [p|GHRE,
a=—N b=—2N

It follows that this term is less than

N7HiE H <1 gty
-1 . _ 1
Cq,H N lOgN lfH—l—m

NEH2ED2 4 e (1- 5l L),

Regarding the second summant in 4., we can bound as follows

NN pu(i = pu(i = Dpu(j —1)

i Al
< NLAH pr3 p6H 6 1 [ A A AT A
= Gt N3 Z N N N
i At
om—2 1 A A AT A 2H—2
= cquN e Z N N N < cquN )
i At
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i\ 2H=2 (g \2H=2 o\ 2H-2 )
since the quantity N3 El#]## ( ) <T> <T> is a Riemann sum

that converges to f[o 1 |z — y|?7 2|y — 2|?72|2 — 2|?H~2dzdydz < co. We have similar
bounds for the other terms and we get

a\'y < cquNH12. (78)

Notice that the estimation of the dominant term, the second in this group is sharp.
For the only summand in group 5., we separate its analysis uopon all the possible

orders: i > j>k>0Li>j>1>k, ... The first summand is treated as follows
cgN'H N o (i = k)T pu (i — G)pa (k= D (5 — 1)
1>5>k>1
< Cq HN1—4H Z |2H )(q— 1)| j|2H_2|k‘ _ l|2H_2|j o l|2H_2
i>5>k>1
< CqHNl —4H Z k:| (2H-2)(q— 1| J|2H 2|k l|4H—4
i>5>k>1
< Cq7HN1_4H Z ‘i_k’@H )(g—1) ’2H 2 Z ’”4H 4
i>5>k I=—N
< cquuNT? Y fi— KPR e
1>j>k
< Cq,HN 22‘2 k‘ (2H-2)(q—1) Z ’j‘2H 2<C N2H 32‘2 k’(2H 2)(¢—1)
i>k j=—N i>k
< ¢ N2 =2 Z L(2H=2)(g-1)
k=1

With analogous estimates for the other cases of point 5., we obtain

N2H=2if 0 < 1—@

N2H_2 log Nif =1-— ﬁ (79)
2H—2)g+1 e

N@H-2) 1fHe(1 e l- %)

<c

(5
ay

)
N q,H

So, by (75), (76), (77), (78) and (79)

— . 3 1
N2H 21fH6 <Z,1—m)

_ . 1 1
N(2H 2)g+1 if H c (1 - _2(q_1)71 - 2_(1) .

a1 N < CgH
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Thus
N2 e (3,1 5ky)

NEH-Dat i e (1 b1 - 4

E(DVy,DUN)? < ¢y ) , (80)

the bound on the first branch being immaterial for ¢ = 3,4. If ¢ = 3, then
E(DVy, DUy)? < cgNSH=5, (81)

We then obtain (69).

Remark 5 1. For g =3, we have from (72), (74) and (81),

N2 r e (3
N33 ifH e [4

)
).

dw ((VN, UN), (Z, CQ,HR@H_I))) <Cpyg { (82)

SAFNSTR)
ENCRSTS

1
2. It follows from the above calculation that the quantity (E(DVN,DUN>2)§, which
somehow measures the correlation between Vy and Uy has the same size, for N
large, as dyw (Vn,Z) (compare (70) and (80)).

3. A quantitative bound for the above limit theorem can be also obtained by using the
estimate (40) in Remark 3. Notice that (40)gives

E(DVy,DUy)? < CHE (|| fx ®1 fnll + | fnv ®2 ful]) -

By using the calculations in the proof of Theorem 4.1 in [6] and since EGy < Cg
(with Cg > 0 not depending on N ), we get

E(DVy, DUy)? < Cy (N—% v NH-L Nl—qU—H)) ,
which is in general less good than (69). For instance, if ¢ = 3, we have
E(DVy, DUy)? < Ci (N—% 4+ NH-T 4 N3H—2) ,
and leads, for H € (%,%), to
dw (Vi UN), (Z, e n R0 ) < Oy N,

which clearly is less optimal than (82).
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5.4 The evolution of the solution to a semilinear stochastic equation

The theory developed in Section 2 can also be applied to quantify the evolution of a
stochastic system defined by a stochastic differential equation. We present here a very
simple example (a more complex situation, in the KPZ context, has been treated in [14]).
Let A € R and consider the stochastic equation

t
X} = Xo+ )\/ b(XN)ds + Wy, t>0 (83)
0

where (W, t > 0) is a Wiener process. We assume that the drift b : R — R is differ-
entiable and satisfies |V/(x)| < M for every € R. Then (83) admits a unique solution
which is Malliavin differentiable and (see e.g. Exercice 2.2.1 in [10]) for a < ¢,

D X} = o ' (X2)ds

The solution to (83) is a Gaussian process for A = 0 and for A # 0, its law is non-Gaussian
if b is nonlinear. Theorem 1 allows to quantify the dependence structure between the
components of the vector (X}, X?) at each time ¢ > 0. Indeed, by Theorem 1,

t
dw <P(X5\,X?)’PX5\®PX?> §C/O DaXtAda

t t
< C/ efatb,(X?)dea < C/ AM(t=X) _ i(eM)\t —1) == g(\).
- 0 - 0 M

The function ¢ provides a quantitative estimate for the dependence between X* and X
for any A, at any time. This function converges to a constant when A — 0 and to infinity
as A — 0o. When X tends to —oo, g(\) converges to zero, i.e. the drift forces the solution
to (83) to be independent of the noise at each time.

6 Appendix: Wiener-Chaos and Malliavin derivatives

Here we describe the elements from stochastic analysis that we will need in the paper.
Consider H a real separable Hilbert space and (W (h),h € H) an isonormal Gaussian
process on a probability space (£2,.A, P), which is a centered Gaussian family of random
variables such that E[W (o)W (¢)] = (p,¥)g. Denote by I, the multiple stochastic
integral with respect to B (see [10]). This mapping I,, is actually an isometry between the
Hilbert space H®"(symmetric tensor product) equipped with the scaled norm ﬁ |-l gon
and the Wiener chaos of order n which is defined as the closed linear span of the random
variables H,, (W (h)) where h € H,||h||z = 1 and H,, is the Hermite polynomial of degree

n €N 1) ) )
-1)" x?\ d" T
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The isometry of multiple integrals can be written as follows: for m,n positive integers,

E(I,(f)Im(9)) = 0 ifm#n. (84)

It also holds that .
In(f) = I, (f)

where f denotes the symmetrization of f defined by the formula

~ 1
f(xlu"' 7‘TTL) - m Z f(xo(l)w” 7x0(n))‘

’ UGSTL

We recall that any square integrable random variable which is measurable with respect
to the o-algebra generated by W can be expanded into an orthogonal sum of multiple
stochastic integrals

F=> I(fa) (85)
n=0

where f,, € H®™ are (uniquely determined) symmetric functions and Iy(fo) = E [F].
Let L be the Ornstein-Uhlenbeck operator

LF ==Y nl,(fn)

n>0

if F'is given by (85) and it is such that > >" | n*n!|| f, |36, < oo.

For p > 1 and a € R we introduce the Sobolev-Watanabe space D®P as the closure
of the set of polynomial random variables with respect to the norm

1l = (1 = L)% Fll ooy

where I represents the identity. We denote by D the Malliavin derivative operator that
acts on smooth functions of the form F' = g(W(h1),...,W(hy,)) (g is a smooth function
with compact support and h; € H)

DF = Z; gfj (W(hy), ..., W(ha))h.

The operator D is continuous from D*? into D17 (H). The adjoint of D is the diver-
gence integral, denoted by §. It acts from DY 1P (H) onto D¥P.
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We will intensively use the product formula for multiple integrals. It is well-
known that for f € H®" and g € HO™

(Phele) = S (2) (0 ) tmnar o0 (36)

T T
r=0

where f ®, g means the r-contraction of f and g (see e.g. Section 1.1.2 in [10]). This
contraction is defined, when H = L?(T,B,v) (where v is a sigma-finite measure without
atoms)

(f®7’g)(t17 ey tn+m—2r> = f(ula weey Up, tla CEE) tn—r)g(uh ey Up, tn—r-‘,—l: (RS tn+m—2r)du1-'-
T

(87)
forr =1,...,nAm and f ® g = f ® g, the tensor product. It holds that f ®, g €
HEntm=2r — [2(Tn+m=2r) In general, the contraction f ®, g is not symmetric and we
denote by f®,g its symmetrization.
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