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Abstract

In this paper, we investigate the large-time behavior of bounded solutions of the
Cauchy problem for a reaction-diffusion equation in RV with bistable reaction term.
We consider initial conditions that are chiefly indicator functions of bounded Borel
sets. We examine how geometric transformations of the supports of these initial
conditions affect the propagation or extinction of the solutions at large time. We
also consider two fragmentation indices defined in the set of bounded Borel sets and
we establish some propagation or extinction results when the initial supports are
weakly or highly fragmented. Lastly, we show that the large-time dynamics of the
solutions is not monotone with respect to the considered fragmentation indices, even
for equimeasurable sets.

Keywords: Reaction-diffusion equations; invasion; extinction; fragmentation.

1 Introduction

This paper is concerned with the large-time behavior of solutions to the Cauchy problem
for the bistable reaction-diffusion equation

%:Au—i—f(u), t>0, v € RY,

u(0,7) = up(z), z€RY,

(1.1)

in any dimension N > 1, where A stands for the Laplacian with respect to the spatial
variables z € RY. The function f : [0,1] — R is assumed to be of class C' and of the
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bistable type with positive mass, that is,

F(0) = F1) =0, F(0) <0, fi(1)<0, / £(s)ds >0,
30 € (0,1), f<0in (0,0), f>01in (0,1), f(0) > 0.

(1.2)

The initial conditions uy : R — [0,1] are assumed to be Lebesgue-measurable and
compactly supported. The Cauchy problem (1.1)) is well posed and, for each such ug, the
solution u : [0, 4+00) x RY — [0, 1] exists and is unique, it is classical in (0, +00) x RY
and u(t,-) — ug as t — 0% in L'(RY). Furthermore, from the strong parabolic maximum
principle, one has 0 < u(t,z) < 1forall (t,z) € (0, +00) xR provided that |lug||z1 &~y > 0.
In biological or ecological models, the quantity u stands for the normalized concentration
of a species, subject to local dispersion on the one hand, and on growth and death processes
taking into account a strong Allee effect on the other hand, meaning that the per capita
growth rate f(u)/u (hence f(u) itself) is negative at low densities.

Some notations
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Throughout the paper, “|| ||»”, “| |” and “-” denote respectively the maximum norm, the
Euclidean norm and the Euclidean inner product in RY, B.(z) := {y e RN : |y — 2| < r}
denotes the open Euclidean ball of center z € RN and radius r > 0, and B, := B,(0). We
call

B:={B.(z) :z € RY, r>0}.

We denote X\ the Lebesgue measure in RY, and wy := A(B;). For x € RY and a Borel
subset E of RY, we define the essential distance between z and E as

dist(z, E) := essinf(y € E— |z —y|) =sup {r > 0: A(B,(z) N E) =0}

(hence dist(z, F) = 400 if A(F) = 0, and the supremum is a maximum if A(£) > 0). The
function x +— dist(x, E) is then Lipschitz continuous in RY. The d;-distance between two
bounded Borel subsets E and F of RY is given by the Lebesgue measure of the symmetric
difference FAF', that is,

di(E,F) = M(EUF)\ (ENF)) = NEUF) - \ENF), (1.3)

which is also the L' norm of the difference between the indicator functions of the sets E
and F'. The essential Hausdorff distance between two bounded Borel subsets £ and F
of RV is given by

dy(E, F) := max (” dist(-, F)”L"Q(E)v | dist(-, E)HL"O(F)>7 (1.4)

with the conventions dy(E, F) = dy(F, E) = +o00 if A(E) > 0= A(F), and dy(E,F) =0
if \(E) = AM(F) = 0. Throughout the paper, for two Borel subsets £ and F of RY, we
also say that F is included in F' up to a negligible set, or equivalently F' contains £ up
to a negligible set, if A\(E'\ F') = 0. We say that £ and F' are equal up to a negligible set
if £ C F up to a negligible set and F' C E up to a negligible set, that is, the indicator
functions of the sets F and F are equal almost everywhere in RY. In other words, for any
two bounded Borel subsets E and F of RV, di(E, F) = 0 if and only if E and F are equal
up to a negligible set. Lastly, for a bounded Borel set £ C R and for r > 0, we call

B, (E) := {F bounded Borel subsets of R : di(E, F) < r}. (1.5)
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Some results of the literature

The main goal of the paper is to understand the role of the fragmentation, in a sense to
be made precise, of the initial condition ug on the large-time dynamics of the solution w.
But before presenting various notions of fragmentation and their properties and effects on
the dynamics of , let us recall some important known results of the literature.

First of all, it turns out that, for each given compactly supported initial condition
ug : RY — [0, 1], u can have only three types of asymptotic behaviors as ¢ — +o0c. Namely,
it follows from [33] that either u(t,-) — 0 as t — +oo uniformly in RY (the extinction case),
or u(t,-) — 1 ast — +oo locally uniformly in RY (the invasion case), or u(t,-) — ®(-+z)
as t — +oo uniformly in RY for some zy € RY, where ® : RV — (0,1) is the unique
stationary solution of converging to 0 at infinity and such that maxgpy ® = ®(0) (the
function @ is actually radially symmetric and decreasing with respect to the origin). We
point out that, if f satisfies but with a nonpositive integral over [0, 1], then only the
extinction case is possible. Under the full assumption (1.2)), when u(t,-) — 1 as t — +oo
locally uniformly in RY, then it is also known from [10] (in dimension N = 1) and from [45]
(in any dimension N > 1) that

liminf( min u(t,x)) — 1 and limsup( max u(t,x)) — 0,
t—+o0 |x|§ct7% Int—A A—+00 t——+o00 \x|zct7¥ Int+A A—+o0

where ¢ > 0 is the unique speed of a traveling front ¢(x — ct) solving in dimen-
sion N = 1 and connecting 1 to 0, that is, with ¢ : R — (0,1) such that ¢(—o00) = 1
and ¢(4+00) = 0. In other words, the levels sets of u with a given level p € (0,1)
spread with speed ¢ in all directions as ¢ — oo (this spreading result was originally
proved in [3]) and are even located at bounded Hausdorff distance from spheres of radii
ct — ((N —1)/c)Int. As a matter of fact, the level sets become asymptotically locally
planar as t — 400, since sups 4 >4 Vu(t, 2)/|Vu(t, z)| + z/|x| — 0 as A — 400 by [1§]
(see [16] 7] for a study of further flattening properties), but they nevertheless do not
necessarily converge to families of spheres, see [40), 41], 43]. For further spreading prop-
erties and estimates of the location of the level sets for various types of functions f,
we refer to e.g. [7, [9 I3 37] in the case of compactly supported initial conditions, and
to [0, 111, 14, 20, 22, B2, 36, 44] for initial conditions with unbounded initial support in
dimension N =1 and [15, [16} 17, 24 25, 35| 38, 39] in any dimension.

Moreover, if for the problem — one considers a family [0, +00) 3 o — uf of
compactly supported initial conditions, which is continuous and increasing in the L'(R™)
sense and which is such that u) = 0, there is a unique threshold o* € (0, +00] such that the
solutions u” of with initial conditions uf satisfy: 1) u?(t,-) — 0 as t — 400 uniformly
in RV if 0 < o < 0%, 2) u?(t,") — 1 as t = +oo locally uniformly in RV if 0* < 400
and 0 > 0%, 3) u? (t,) — ®(- + xp) as t — +oo uniformly in RY for some zo € RY if
o* < +00, see [33]. In particular, for any given a € (6, 1], since the solutions u®% of

with initial conditions
wR " a if |z| < R,
Uy = =
0 b 0 if |z| > R,

converge to 1 as t — +oo locally uniformly in RY provided R > 0 is large enough (see



e.g. [3, §), there is then from [30] or [33] a unique R,, € (0, +00) such that

u®f — 0 as t = +oo uniformly in RY if 0 < R<R,,
u™f — 1 as t — +o0 locally uniformly in RY if R > R,, (1.6)
u™f — & as t — +oo uniformly in RY if R = R,.

The asymptotic behavior of R, as a0 was estimated in [1]. The first sharp threshold
results of that type were obtained in dimension N = 1, in [46] with initial conditions that
are indicator functions of bounded intervals, and then in [6] for more general initial condi-
tions. In both papers [0, 46], more general functions f can be considered (such as ignition
nonlinearities for which there is 6 € (0, 1) such that f = 01in [0,0]U{1}, f > 01in (A, 1) and
f is non-decreasing in a neighborhood of ). We point out that reference [6] also contains a
general convergence result for the bounded nonnegative solutions of with compactly
supported initial conditions in dimension N = 1 under the sole assumption f(0) = O:
namely such solutions converge as t — +oco locally in R to a stationary solution, which
is either constant or even and decreasing with respect to a point. Other sharp threshold
results were obtained in [20], [33] for bistable-type autonomous or non-autonomous equa-
tions in R or RY with initial conditions converging to 0 at infinity, and in [29, B0] for
more general functions f and radially symmetric non-increasing initial conditions in L?*(R)
and L?(RY). Earlier references [3, 19, 23] also established non-sharp extinction/invasion
results with respect to the size or the amplitude of the initial condition v in R for various
reaction terms f. We refer to [0, &, 26, 27, 34] for further results on the convergence to a
stationary solution or the convergence to the set of stationary solutions (quasiconvergence)
for various equations of the type (L.1)). Extinction and invasion results have also been de-
rived for equations of the type in general unbounded domains €2, see [4, 42]. We lastly
mention [2, 28, 31] some results on the optimization of [, u(T,-) (or other integral quan-
tities) with respect to the initial condition under some pointwise and integral constraints,
for some reaction-diffusion equations set in bounded domains €2 with Neumann boundary
conditions on 0f2.

Main goal and outline of the paper

In this paper, we consider the Cauchy problem ([1.1) with a bistable function f of the
type (1.2)), and with initial conditions which are mostly indicator functions of bounded
Borel sets F, that is,
1 ifz ek,

to(z) = Lp(z) := { 0 itz € RV\E. (1.7)
Our goal is to understand the effect of the fragmentation of the initial set £ on the
large-time dynamics of the solution of with initial condition . Unlike the afore-
mentioned sharp threshold results obtained for monotone families of initial conditions, that
would correspond in to monotone (with respect to the inclusion) families of sets E,
we typically consider here some Borel sets E having the same Lebesgue measure (hence
being in general not comparable with respect to the inclusion) and we look for some prop-
erties of these sets which guarantee the extinction or the invasion of the solutions u. As we
will see, the large-time dynamics will strongly depend on the fragmentation of the sets E.
Two fragmentation indices are considered and their properties are discussed in Section
The main results on the role of the fragmentation of E on the large-time dynamics of the



solutions of (L.1) and (1.7) are stated in Section [3] We especially show that there is no
monotonicity of the large-time dynamics with respect to the fragmentation indices in the
class of equimeasurable sets. The main proofs are given in Section [4]

2 Fragmentation indices and their properties

For the solutions u of problem — with initial conditions of the type with
E = Bg, there is a unique R; € (0, +00) such that extinction holds as t — 400 if R < R;
while invasion happens if R > R, as recalled in Section , see . Now, for a set E with
Lebesgue measure \(E) larger than A(Bg, ), can one provide some conditions guaranteeing
the extinction or the invasion? The invasion obviously holds if F itself is a ball or if £
contains a ball of radius larger than R;, from the maximum principle. But the invasion
does not hold in general. For instance, in dimension N = 1, it follows from [12 Theorem 2]
that, if
D,:=(—a—r,—a)U(a,a+r)

with a given r € (0,2R;), then the solutions u® of with initial conditions 1p, go to
extinction as t — +oo for all a > 0 large enough, while A(D,) = 2r > 2R, = A\(Bg,) if r
is chosen such that » > R;.

In order to quantify how a bounded non-negligible Borel set E deviates from the set of
balls having the same measure as E, we consider in this paper two different fragmentation
indices. We then list their main properties and compare them. For such a set F/, we define

Rp = (%f)y/zv _ (;(ﬁ)))w

which is nothing but the radius of all equimeasurable balls. We then denote pg the smallest
radius of a ball containing E up to a negligible set, which can also be expressed as

pp = min (e, )=o) (2.1)
Notice that diam(E)
iam
PE = — (2.2)

for any N > 1, with equality when N = 1, where
diam(E) := || (z,y) = [z — y[ [|z=(Exp)

is the essential diameter of £. There is actually a unique zp such that £ C B,,(zg) up
to a negligible set. Lastly,
Rg < pE

and the equality holds if and only if £ is a ball, up to a negligible set.

The fragmentation index ¢,

The first considered fragmentation index of a bounded non-negligible Borel set £ C R¥ is,
up to the multiplicative factor 1/2, the Fraenkel asymmetry. It is based on the L' distance
between E and the equimeasurable balls:

115 — 1g| 1@~
0 (E) = inf
1(E) BeB, Al(%):A(E) 20(E)
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Since |[1p — 1|/ p1myy = M(BAE) = 2X\(E) — 2X\(E N Bg,(z)) = 2A(E\ Bg,(x)) for every
ball B = Bg,(z) (namely, such that A(B) = A(E)), it follows from the continuity of the
maps = — A(E\ Bg, (7)) and x — A(E N Bg,(x)) in RY that

— min AENBrg(2))  _ min AE) = AM(E N By (2))
ME) =T ) SN s
EnN BRE x ’
=TT m
In particular,
' 0<§(FE) <1,

and 0(E) = 0 if and only if E is a ball, up to a negligible set. Furthermore, the constant 1
in the inequality §;(E) < 1 is optimal: for instance, the non-negligible Borel sets

x
E.—= Bl/nz<ﬁ), n>1, (2.4)

zeZNN(0,n)N

which are all included into the cube (0,1)Y, are highly fragmented for the index §; as
n — 400, in the sense that
0n(E,) — 1 asn — +oc. (2.5)

Lastly, for any v € (0, 1), consider the non-negligible Borel sets

e U GG ]= U bebss) ] e eo

x€ZNNBy, ye(ZN/n)NBy

which are all included into the ball By, /5. Actually, counting the number A,, of points

x € ZY N B,, corresponds to the N—dimensional extension of Gauss circle problem. It
is a difficult issue, but some estimates can be obtained when n is large. In particu-
lar, A, = nVwy + O(n"') as n — +oo, see [21, Chapter 4] for sharper estimates.
Thus, \(F,) = A, (v/n)Y — vNwy as n — +oo. The same arguments imply that
MF,NB,) = v*Nwy as n — +00, so that

61(F,) = 1 —vN asn — +oo.

The fragmentation index dy

The second considered fragmentation index of a bounded non-negligible Borel set £ C RY
is based on the essential Hausdorff distance between E and the equimeasurable balls:

dy(E, B)

og(E) = .
n(E) BeB,\N(B)=AE) pg + Rg

From the continuity of the map x +— dy(FE, Br, (7)) in RY, one can also write

. du(E, Bg,(z))
og(E) = £ .
u(E) = min — =

(2.7)

Furthermore, for the unique zp € RY such that F C B, (zg) up to a negli-
gible set, one has | dist(:, Br,(zg))|t~m < peg — Re < pg + Rg. Moreover,
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| dist(+, )|z (Bn, () < pE + Rp (indeed, otherwise, since the map dist(-, £) is continu-

ous in RY, there would exist a point yg € Bgr,(zg) such that dist(yg, £) > pr + Rg,
hence £ C RY \ B, . r,(yr) up to a negligible set, and then £ C RN \ B, (zp)
up to a negligible set from the triangle inequality, a contradiction with the positivity
of A(£) and the inclusion £ C B,,(zg) up to a negligible set). Finally, the inequality
| dist (-, )|z (Bg, (z5)) < P&+ RE has been proved, hence dy(E, Br, (7)) < pp+ Rp and

As for the index 47, a bounded non-negligible Borel E satisfies 0y (E) = 0 if and only if £
is a ball, up to a negligible set. Furthermore, the constant 1 in the inequality 05 (F) < 1
is optimal: for instance, the sets E, defined in satisfy oy (E,) — 1 as n — +oo.
Similarly, taking two points x # y in RY, the non-negligible Borel sets

Gy = Bujul) UByaly), n> 1, (2.8)

which are all included in the ball Bj,_y241((z + y)/2), are highly fragmented for the
index 0y as n — +o00, in the sense that

ou(G,) =1 asn — +oo.

Observe on the other hand that these sets are not highly fragmented for the index 47, since
01(Gp) — 1/2 as n — 4o00. Lastly, for v € (0, 1), the sets F,, defined by ({2.6) are such
that

1_
o (F,
H( )—>1—|—1/

In dimension N = 1, for a bounded non-negligible Borel set E, calling

as n — +00.

mpg = essinf E and Mg := esssup F,

one has mp < Mg € R, 2 = (mg + Mg)/2, and diam(E) = Mg — mg = 2pg > 2Rg.
Moreover, | dist(-,(x — Rg, + REg))||1~m) = pe — Rp for every x € R, with equa-
lity if and only if @ = xpg, while || dist(-, E)| roc@p—Rrpentrs) < pe — Rp (otherwise,
there would be yg € [rg — Rg,xg + Rg] such that d := dist(yg, F) > pr — Rg
and F C (g — pg,2g + pr) \ (Yyg — d,yrg + d) up to a negligible set, a contradiction
with |yg — zg| < Rp and AM(E) = 2Rg). Finally, dy(E, (x — Rg,x + Rg)) > pg — Rg for
each z € R, with equality if and only if z = xg, hence

on(E) = ps— Re in dimension N = 1.
pE + RE
Furthermore, in any dimension N > 1, (2.1) implies that ||d(x,-)||L~z) > pg for any
z € RN, hence dy(E, B, () > ||d(-, Br,(2))| 1= > pr — Rp and

- R
ou(E) > ZZ%——RE in any dimension N > 1, (2.9)

by . Notice that, unlike the case N = 1, the inequality is in general strict in
dimensions N > 2. For instance, with N > 2, pick any a > 0 and consider the spherical
shell

E = B(aN+1)1/N \Ba.
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For this set, one has Ry = 1, pp = (a”¥ + 1)V, and, since a > (a” + 1)/ — 1 (because
N > 2), it follows that
min dy(F, By(z)) = dg(FE,B;) = a > (a™ + )Y —1 = pp — Rp,

zeRN

hence dy(E) = a/(pp + Re) > (pg — Re)/(pe + RE).

An important consequence of is that dy(E) — 1 if pg/Rg — +oo, as for
the sets F, and G, defined in and (2.8), for which pg,/Rp, ~ nv/N /2 and
PG,/ Ra, ~nle —y| /27N as n — +oo.

Some properties of these indices

Let us now list some further properties satisfied by the fragmentation indices §; and 0.
First of all, they are clearly invariant by rigid motion. They are also invariant by contrac-
tion or dilation, that is,

for every bounded non-negligible Borel set £ and for every p > 0.

Furthermore, the comparisons between ¢; and g, respectively between 1—4¢; and 1—dp,
are summarized in the following proposition. In short, weakly fragmented sets for the
index 0y are also weakly fragmented for d;, and highly fragmented sets for the index d;
are also highly fragmented for d, whereas the reverse comparisons are false.

Proposition 2.1. (i) There is a constant v > 0 such that
0<61(F) <~dog(F) (2.10)
for every bounded non-negligible Borel set E. In particular, 6;(E) — 0 as dy(E) — 0.

(ii) On the other hand,
ou(E) 40 asé6;(E) — 0.

(i1i) There is a constant n > 0 such that
0<1—0g(E)<n(l—d6(E)N (2.11)
for every bounded non-negligible Borel set E. In particular, 6g(FE) — 1 as §;(E) — 1.

(iv) On the other hand,
1—51(E) 7L> 0 asl —(SH(E) — 0.

Part (iv) is immediate since the sets G,, defined in (2.8)) are such that dy(G,) — 1
as n — +oo and 0,(G,) — 1/2 # 1 as n — +oo. For (ii), consider a point z € RY
with |z| > 1 and the sets H, := By U By/,(x) for n > 1. There holds d;(H,) — 0
and 0y (H,) — (|z] —1)/(Jz| +3) > 0 as n — +o00, yielding the desired conclusion. The
proofs of parts (i) and (iii) are not as immediate, and are done in Subsection [4.1]



3 Influence of initial fragmentation on the large-time
behavior

Let us come back to the Cauchy problem (1.1)) with initial conditions ug = 1 as in (L.7),
where £ C RY always stands for a bounded non-negligible Borel set and f is a bistable-
type function satisfying (1.2). Remember that 0 < u(t,z) < 1 for all (¢,z) € (0, +o00) x RY
for any such set E, and let us denote

T :={FE:u(t,-) = 1 as t — 400 locally uniformly in RV},
E = {E cu(t,) — 0 as t — +oo uniformly in ]RN},
T = {E :Ja € RN, u(t,:) = ®(- +a) as t — +oo uniformly in RN},

where ® : RY — (0,1) is the unique radially symmetric stationary solution of such
that ®(z) — 0 as |z| — +oo. From the results of [33] recalled in Section [I} any bounded
non-negligible Borel set E belongs to Z U & U T. The calligraphic letters Z, £ and T
respectively stand for invasion, extinction and threshold.

Our goal in this section is to determine sufficient conditions for E to belong to Z
or £, and to compare them. Notice at once from the comparison principle that if £ C F
and if ' € £ (resp. if £ € 7), then E € &£ (resp. F € Z). Actually, for monotone
(for the inclusion) continuously increasing (for the Lebesgue measure) families of sets E,
these sets belong to either Z U & up to at most one threshold value, from [33], and this
is why we mainly focus on the conditions for which ¥ € 7 or £ € £. We however do
not consider here monotone families of sets F and we rather look for some conditions
involving the fragmentation indices d;(E) and 0y (FE), for constant values of the Lebesgue
measure A\(E).

First of all, it turns out that the sets Z and £ are open for the topology generated
by the balls B, (E) defined in (L.5), as stated in the following proposition (whose proof is
given in Subsection [4.2)).

Proposition 3.1. For every E € I, there is r > 0 such that B.(E) C Z, under the
notation (1.5)). Similarly, for every E € &, there is s > 0 such that B4(E) C £.

Secondly, it is easy to see that
Je>0, (ME)<e)= (E€f), (3.1)

and this implication is independent of the fragmentation indices §;(E) and 05 (F). Indeed,
calling

M= n[f(l)aﬁlfﬂ (3.2)

and ¢ := e M (4m)N/20/2 > 0, with 6 € (0,1) as in (1.2)), and assuming that A\(E) < ¢, one
has
eM 2 eMNE) 6
0<u(lz) < ——r [ el /Agy < — 20 < 2
w10 < oy [ VS T <3

for all z € RN from the maximum principle, hence [[u(Z, )| zo®yx) — 0 as t = 400 since
f(0)=0and f <0in (0,0).

Thirdly, highly contracted sets of a given set lead to extinction, and highly dilated sets
of a given set lead to invasion, as stated in the following proposition.
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Proposition 3.2. For any bounded non-negligible Borel E C RY, there are some real
numbers 0 < Ky < iy such that

{(O<N<HE) = (uE€é), (3:3)

(> 7g) = (uE €1).

Furthermore, the sets {,u >0:pl e 5} and {,u >0:pl e I} are open, and
{n>0:pEeT}#0. (3.4)

As a matter of fact, (3.1)) implies that y := (g/ AME))YN > 0 satisfies the first assertion

of (3.3). If E has a non-empty interior E, that is, if there are 2o € RY and r > 0 such that
E D B,(xo), then pE D By, (puxo) and pF € T as soon as ur > Ry, with By > 0 as in (L.6)),
from the comparison principle and the invariance of with respect to translations. The
end of the proof of the second assertion of , with the remaining case E= 0, as well
as the last part of Proposition are done in Subsection . Having in hand and
Proposition [3.2} it is tempting to conjecture that, for any bounded non-negligible Borel
E C RY, the set { > 0 : uE € T} would be a singleton, that is, p, = fip if p,
and [y respectively denote the largest and the smallest real numbers satisfying . This
property is true if E is further assumed to be star-shaped with respect to a point, say o,
as follows from [33], since then the initial condition 1,_,,) are pointwise nondecreasing
with respect to 4 > 0 and increasing in L!'(R”Y), and since for each p > 0 the sets pu(E — )
and puF belong to the same set £, 7 or Z. The proof of the uniqueness of the element
of {u > 0 : pE € T} is however still open in the general case of sets E that are not
star-shaped.

All remaining results are concerned with the role of the fragmentation indices d;(F)
and 0y (E) on the membership of E in Z or €. The first such result asserts that equimea-
surable and highly fragmented sets for the index d; belong to the extinction set £.

Proposition 3.3. For each given m > 0, there is €, > 0 such that any bounded Borel
set E satisfying A(E) = m and 6,(E) > 1 — g, belongs to £.

Two comments are in order on this result, which is proved in Subsection |4.2] First of
all, the conclusion does not hold without the hypothesis that the sets have a given Lebesgue
measure m, because of Proposition [3.2] and the invariance of §; with respect to dilations.
More explicitly, for instance, the sets Rn?E,,, with n > 2, F, as in and R > Ry, all
belong to Z from and the comparison principle, whereas §;(Rn*E,) = 6,(E,) — 1 as
n — +00.

We also point out that a similar statement as Proposition [3.3] would be false if d;
were replaced by dy. For instance, consider R > Ry and E/ := Bpr U Bi(z,), with
R+1 < |x,| = +00 as n — +00. Then, for every n € N, one has A\(E) = wy(RY + 1)
and E! € 7 from the comparison principle, whereas dy(E!) — 1 as n — 400. On the other
hand, the extinction is nevertheless possible for highly fragmented sets for the index dy
with fixed Lebesgue measure, even if they are not highly fragmented for the index ;. For
instance, for any r € (0,2R;), the sets D, := (—a — r,—a) U (a,a + r), given in the first
paragraph of Section [2| with measure 2r, belong to &€ for all a > 0 large enough, while
du(D,) — 1 and 6;(D,) — 1/2 as a — +oo (this follows from [12], and a similar property
holds immediately in any dimension N > 1).

After dealing with highly fragmented sets, let us now consider weakly fragmented sets,
in the following proposition and an immediate corollary.

10



Proposition 3.4. For each given m > N(Bg,) = wnxRY, with Ry given in (1.6)), there is
Nm > 0 such that any bounded Borel set E satisfying A\(E) = m and §;(E) < n,, belongs
to L.

Proposition is proved in Subsection . Together with Proposition (i), the
following corollary immediately holds.

Corollary 3.5. For each given m > \(Bpg,) = wyRY, any bounded Borel set E satisfying
ME) =m and 6y (E) < nn/v belongs to I, where 1, > 0 is given in Proposition [3.4] and
v >0 n (2.10).

As for Proposition 3.3, the conclusions of Proposition [3.4]and Corollary 3.5 immediately
do not hold without the hypothesis that the sets have a given Lebesgue measure m. For
instance, the balls B, with 0 < r < R; belong to £ by , but nevertheless have
fragmentation indices 6, (B,) and dy(B,) equal to 0.

Finally, after the previous results about highly or weakly fragmented sets with given
Lebesgue measure, we investigate the following question: if two bounded Borel sets E
and Fs have the same Lebesgue measure, is it possible to decide about their membership
of £ or Z according to the comparison of the values of 0,(E;) and 0;(FE2), or dg(E)
and dy(FE5)? In other words, is there a kind of monotonicity of the large-time dynamics of
the solutions of and with respect to the fragmentation indices d; or oy of the
initial set E7

Actually, the answer to this question is easily seen to be false for the index dy. Let us
explain why in this paragraph. Corollary says that, for a given m > A\(Bg, ), the weakly
fragmented bounded Borel sets E for the index dy (namely, 65 (E) < n,,/v) with Lebesgue
measure equal to m belong to the invasion set Z. Now, call R := (m/wy)YY > R, pick
any e € RV \ {0} and define the bounded Borel sets

On = U BR/nl/N<k€).
k=1

One has A(O,,) = m for all n € N large enough, and §;(0,,) — 1 as n — +oo (and also
61 (On) — 1 as n — +oo by Proposition [2.1)). Using Proposition [3.3] there is ng > 2 large
enough such that \(O,,) = m and O,, € £. Pick now any R’ € (Ry, R) and call v > 0
such that wyr’™ = m —wyR™. Choose any sequence (z,),ey in RY such that |z,| — +oo
as p — +o0o. The bounded Borel sets

Qp = Brp U B (l'p)

satisfy A(Q,) = m for all p large enough, and they belong to Z since they contain the
ball Bg with R’ > R;. Furthermore, lim, , . 0p(Q,) =1 > 6y (Oy,) > 0 (the inequality
31 (Opy) > 0 holds since ng > 2 and thus O, is not a ball up to a negligible set). Therefore,
there is py € N large enough such that A\(Q,,) = m and 05 (Qp,) > 6 (Oy,) > 0, while
Qp, € Z. As a conclusion, the sets Bg, O,, and (), are equimeasurable,

0=0u(Br) < 0u(0ny) < 01(Qpy),

while

BreZ, Op, €& and @, €I.

11



In other words, there is no monotonicity of the large-time dynamics of the solutions of
and with respect to g (FE) in the class of equimeasurable sets.

As far as the fragmentation index 47 is concerned, the answer to the same monotonicity
question is not that clear. For a given m > A(Bpg,), we know from Proposition that
the weakly fragmented bounded Borel sets E for the index ¢; (namely, 6;(E) < n,,) with
Lebesgue measure equal to m belong to the invasion set Z, while the highly fragmented ones
(namely, 0;(E) > 1 — &,,) belong to the extinction set &, from Proposition [3.3] However,
what happens for intermediate values of §;(FE) is not as clear as with the fragmentation
index dy(E). The last main result of the paper actually shows that there is in general no
monotonicity of the large-time dynamics of the solutions of and with respect
to 61(F) in the class of equimeasurable sets.

Theorem 3.6. There are some bounded non-negligible Borel sets Ey and Es such that
)\(El) = )\(Eg), 0< 51(E2) < (Sl(El), while 1 € T and By € £.

With the notations of Theorem|[3.6|and Proposition [3.3] calling m := A(E) = A(E) > 0,
one has 0 < 01(F2) < 01(F1) < 1 —¢,,. Consider now the sets E,, defined in ({2.4)) (for
n > 3, to avoid the confusion with the above sets E; and E») and satisfying (2.5)). There
is ng > 3 such that §,(E,,) > 1 —¢,. Call F := pE,,, with g = (m/\(Ey))"N > 0,
hence A\(F) = m, 6;(F) = 61(E,,) > 1 — &, and F € € by Proposition 3.3l The bounded

non-negligible Borel sets Fy, E; and F' are equimeasurable and satisfy
01(Es) < 61(Ey) < 61(F),

while
EQGS, Eo e, and F € €.

Theorem , sustained by numerical simulations (see Figure [1f), is proved in Sub-
section We provide a proof based on some homogenization results, holding in any
dimension N > 1. We also give another proof, holding in dimensions N > 2, based on
completely different geometric arguments and the construction of suitable initial sets as
intersections of balls with cubes. The first proof, based on homogenization techniques, ap-
pears to highlight an intrinsically positive effect of fragmentation on invasibility, as shown
in Fig. [[ The second proof, which is more geometric, is instead based on the lack of the
01 index to capture certain types of fragmentation, rather than on an intrinsic effect of
fragmentation. Therefore, we believe that the arguments of the first proof, hence the non-
monotonicity of the large-time dynamics of the solutions of and with respect to
the fragmentation of E in the class of equimeasurable sets, should remain valid for a large
class of fragmentation indices (unlike the arguments of the second proof, which should no
longer hold for indices that capture the distance between the connected components of £
more finely, see Fig. [2| in Subsection . Other indices could be based, for example, on
the Wasserstein distance between the measures 1z and 1 Bry(2)-

4 Proofs of the main results

4.1 Comparisons between the indices J; and dy: proof of Propo-
sition [2.1]

Proof of Proposition 2.1 As already underlined in Section [2] after the statement of Propo-
sition only parts (i) and (iii) remain to be proved. For the proof of (i), one can restrict

12
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Figure 1: Evolution of the numerical solution wu(t,z) of (l.1), with N = 1,
f(s) = s(1 —s)(s —0), and 0 = 0.4, starting with an initial condition ug(z) = 1g(x)
with (left) E = Ey := (~L/2,L/2) and (right) E = Ey := U, e [- n (—2%, 22)]
The curves correspond to the solution for t = 0, ¢ = 0.05 and for ¢ ranging from 4 to
80 with a step size of 4. The gradient color goes from blue for the earliest times to
red for the latest times. In the left panel, A\(E;) = L = 4.55 and §;(E;) = 0; in the
right panel a = 3/4, z = 2.16, k = 6, A\(E2) = 4.52 and 6,(F2) = 0.23. We observe
here that, though z is not that large and A(FE3) is even smaller than A\(E;), fragmen-
tation (right panel) improves invasion success. We also note that u(t,z) ~ alp, with
R=k/z+ a/(2z) when t < 1. The Matlab code used for the computations is available
at http://doi.org/10.17605/0SF.I0/ZM479.

without loss of generality to the class of bounded Borel sets E such that pgp = 1, since the
indices 6; and dy are invariant by dilation or contraction of the sets. Consider any such
set E. Assume first that

1
5H(E) < Z
From (2.7) and 0 < Rg < pg = 1, there is then a point yz € RY such that
1
dir(E, Bry(yp)) = 0u(E) (pp + Rp) < 20n(E) < 5,

hence £ C Bgr,+1/2(yE) up to a negligible set. It follows that Rg +1/2 > pg = 1, that is,
Rg > 1/2. On the other hand,

5(E) < AMENBry(ye)) - wy(Rp + du(E, Br, (yp)))" — wy R
)\(E) wNRg
(Rp + 205 (E))Y — RY
< RY
Since 1/2 < Rg < R + 20y(E) < 3/2, one infers from the mean value theorem that
61(F) <2VN(3/2)N1 x (20 (F)) = AN3N"164(E).
If now 0y (E) > 1/4, then 6;(F) < 1 < 46y (E). Finally, §;(E) < 4N3V¥"1§5(E) for
every bounded non-negligible Borel set F, that is, holds with v := 4N3N¥-1 > 0.

For the proof of (iii), one can restrict without loss of generality to the class of bounded
Borel sets E such that Rg = v/N /2. Consider any such set E. Assume first that

1
<6—N.

0<1—-6.(F)
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Then

1 X ( ! — 1) —1> 1 X ! > §
2 (1 —0,(E))VUN 4 (1=6/(E)YN = 2
and there is an integer mg > 2 such that
1 1 1 1
- - —1). 4.1
1 A —a (BN S e ((1 o (BN ) (4.1)

Now, since any cube with sides of unit length is included into a ball of radius Ry = VN /2,
one has in particular

.- MEN (k+(0,1)M)) < o M E N Bg,(x))

kezZN AE) z€RN AE)

=1-0,(F),

where the last equality follows from (2.3). On the other hand, since A(E) > 0 and the
cubes k + (0, 1) cover RY up to a negligible set as k describes ZY | there is kx € Z" such
that

0 <maxA(EN(k+0,1)M) = NEN (kg + (0,1)M) < (1 =6,(E)) \E).

kezN

Thus,

AEN U Gk (0.0Y) < @mp+1)Y x (1-6(E) AE).

keZN ||kl cc<mp

Since A(E) > 0 and (2mg+1)Y(1—6,(F)) < 1 from the right inequality in (4.1)), it follows
that
A(Eﬂ (RN\ g (k:E+k+(O,1)N))> >0,

KEZN, ||kllco <mp
hence there is kf, € ZY with ||kllee > mp (that is, ||k}llee > mg + 1) such that
ME N (kg + Ky + (0,1)")) > 0. Remembering that A\(E N (kg + (0,1)Y)) > 0, one
gets that diam(E) > mg, hence

S diam(E) S mE 1
PE= Ty =T T 81— 6 (E)N

by using (2.2)) and the left inequality in (4.1)). Together with (2.9) and the normalization
Rg =+ N/2, one infers that

2Rp 2Rp
1—6y(E) < < < 8VN (1 = 6;(E)YN.
H()_pE+RE_pE_ ( 1(E))

If now 1 — §(E) > 1/6Y, then 1 — §y(E) < 1 < 6(1 — §(E))YN. Finally,
1 —60x(E) < 8/N (1 — 6,(E))YN for every bounded non-negligible Borel set F, that
is, ([2.11)) holds with 1 := 8v/N. The proof of Proposition is thereby complete. ]
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4.2 Extinction vs. invasion for dilated and highly or weakly frag-
mented sets

This subsection is devoted to the proofs of Propositions|3.1H3.4] on the large-time dynamics
of solutions of (|1.1)) for close, dilated, highly fragmented, or weakly fragmented indicator
sets £ in ([1.7)).

Proof of Proposition [3.1]. Let us first consider E in Z and let us show that F' € T for
any bounded Borel set F' such that d;(E, F') is small enough. Let ug and ur denote the
solutions of with initial conditions 1 and 1z respectively. Pick any o € (60,1)
with 8 € (0,1) as in ([1.2)), remember the definition of R, > 0 in (L.6), and pick
any R € (Ry, +00). As ug(t,-) — 1 as t — +oo locally uniformly in R, there is T > 0
such that ming-ug(T, ) > a. Since

’
€MT

|up(T,-) — up(T, )| Lo @ny < ATV X |[1g = 1pllL, @y (4.2)

from the maximum principle, with M’ = maxpy |f/| as in (3.2), there is then r > 0
such that ming_—up(7T,-) > a if di\(E, F) = |[|[1g — 1¢||p,@vy) < 7. Therefore, for every
F € B,(E), there holds 1 > up(T,-) > alp, in RY, hence up(t,") — 1 as t — 400
locally uniformly in RY, from the comparison principle and again. In other
words, B.(F) C Z.

Let us now assume that £ € £. Therefore, there is T' > 0 such that 0 < ug(T,-) < 0/3
in RY. From (4.2)), there is then s > 0 such that up(T,-) < 6/2 in RY for every bounded
Borel set F' satisfying di(F,F) < s, and then the nonnegative function up converges
to 0 as t — 400 uniformly in RY, from and the comparison principle. In other
words, Bs(E) C £. O

Proof of Proposition[3.2. As already underlined in Section [3 after the statement of Propo-
sition for the proof of (3.3), only the case of dilated sets uF with large p and E = ()
remains to be dealt with. Let E be such a set. Since A(E) > 0 and since

—_— 1p(y)dy — 1g(x) as =0 for almost every z € RN
A(By(x)) /Br(m)

by Lebesgue’s differentiation theorem, there is o € RY such that A\(ENB,(x¢)) ~ A(B,(z0))

as r = 0. Since (1.1)) is invariant by translation, one can assume without loss of generality
that o = 0. Pick any R > Ry, with Ry defined in (1.6 with & = 1 (hence, Br € 7). Since

AN(Br) > MuE N Bg) = pNAN(E N Bgy,) e 1N N(Bry,) = N Br),
it follows that dy(Bg,uE N Br) — 0 as u + oo. Therefore, uFE N Bg € Z for all p > 0
large enough, from Proposition 3.1} Finally, uF € Z for all u > 0 large enough, from the
comparison principle.
Let us now turn to the proof of the openness of the sets {u > 0 : uE € £} and
{u > 0:puE € I}. In the case when the bounded Borel set £ C RY has a negligible
boundary for the N-dimensional Lebesgue measure A, that is, if A(OF) = 0, then, for
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any fio > 0, A(O(uoE)) = 0 and

BB gE) = [ (o) = Lyp(a)|do
RN

K=o

= [ @)~ @l [ 1s(0) ~ L@l de 0
Ko 1o

from Lebesgue’s dominated convergence theorem. Therefore, in this case, the openness of
the sets {y > 0: pE € £} and {u > 0: pE € T} follows from Proposition [3.1]
Consider now the case of a general bounded Borel set £ C RY. Assume first that py > 0
is such that
mwk e 1.

For p > 0, let u, denote here the solution of with initial condition 1,r. As in the
proof of Proposition 3.1} pick any a € (6,1) and any R > R’ > R,, with R, > 0 as in (L.6).
By hypothesis, there holds u,,(t,-) — 1 as t — +o0 locally uniformly in RY. There is then
T > 0 such that ming_u,,(T,-) > a. On the other hand, for every p > 0, the function

2

p
t,x) = v,(t,r) =u (—t, —3:)
(t,2) = vu(t, ) == wy, 20
ranges in [0, 1] and satisfies
v, 1
= Av,+ = flv,), t>0, z€RY
ot oottt

with initial condition v,(0,-) = 1,5 = u,,(0,-). Therefore, the function w, = v, — uy,,
vanishes at time ¢ = 0 and satisfies

ow,,

ot

9 2
< A+ f(0) = F ) + M| = 1] < D+ M| + M| 5 =1
0 0

in (0,400) x RY, with M := maxj|f| and M’ = maxp ) |f’|. It then follows from the
maximum principle that
M | p?

w,(t,x) SM — — 1| x (eM,t—l) for all t > 0 and x € RV,
Ho

By arguing similarly with u,, —v,,, one gets the same bound from above for |v, —u,,|. In
particular, at time ¢ = 7', by rewriting v,, in terms of v, and changing x into (p/p)z, one
infers that

2
M

‘u“('u—2T, ac) — Uy, (T, @x> ’ < -
Ho H M

2
Pl x (€M7 =1) forallz e RV, (4.3)
Ho

As a consequence, remembering that ming-wu,,(T,:) > « and that R > R', there is
e € (0, up) such that, if |u — ug| < €, then

2
min u, <#—T, ) >,

2
Bpy Ho

hence 1 > u,((¢*/p3)T,-) > alp,, in RY. Since R’ > R,, one concludes from ([.6)
and the maximum principle that u,(t,-) — 1 as ¢ — 400 locally uniformly in R for
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each € (uo—e, o +¢€), that is, uE € Z for any such pu. From the arbitrariness of p such
that poE € Z, the openness of {y > 0: uE € Z} has been shown.
Let now pp > 0 be such that
pok € €,

and let 7 > 0 be such that 0 < u,,(7,-) < 6/3 in RY. The inequality (4.3), which holds
independently of the hypothesis poFE € £, provides the existence of € € (0, ug) such that, if
|1 — 0| < e, then u, ((1?/pd)T,-) < 0/2 in RN, hence u,(t, ) — 0 as t — +oo uniformly in
RV, from and the comparison principle. Finally, uFE € & for all p € (o — €, o + €),
and the set {y > 0: puE € £} is open.

Lastly, property immediately follows from and the openness of the
sets {u>0:puE €&} and {u>0: puFE € I}, together with the fact that u£ € EUT UZ
for every g > 0. The proof of Proposition |3.2] is thereby complete. O

Proof of Proposition[3.3] Let m > 0 be given, define

1 1/N
§:=—— X (ﬁ) > 0,

\/W WN

and observe that any cube of measure (2s)" is included into a ball of measure m. Con-
sider now any bounded Borel set F with A\(E) = m, and let u be the solution of
with initial condition ((1.7). Formula and the previous observations then imply
that A(Q N E) < m (1 — 6,(E)) for every cube Q of measure (2s5)". Therefore, remem-
bering the definition M’ = max | f’|, it follows from the comparison principle that, for
every v € RV,

GM/ 2
0 < u(l,z) < ——= X / e~lTul /4y
E

(4m)N/2
eM’ y / _|x_y|2/4d
(477)]\]/2 kezZN ENn(z+2ks+(—s,s)V)
e — max(2||k|oo—1;0)2s2 /4
< WXmX(l—él(E))XZB ’ s

kezZN
where the above two series converge. Since the right-hand side of the last inequality
does not depend on x, there is then &, > 0 such that 0 < u(1,:) < 6/2 in RY as soon

as 61(E) > 1 — &, hence u(t,) — 0 as t — +oo uniformly in RY. In other words, every
bounded Borel set E such that A(F) = m and 6;(F) > 1 — &, belongs to £. O

Proof of Proposition[3.4. Fix any m > \(Bg,) = wyRY. Define a = (0 +1)/2 € (6,1)

and R = R, + 1, with 6 € (0,1) and R, given in (1.2]) and ([1.6]). Let v denote the solution

of (L) with initial condition 15 . .. Since (m/wn)YN > R, by assumption, it follows
m LL}N

from (1.6]) that v(¢,-) — 1 as t — +oo locally uniformly in RY, hence there is 7' > 0 such
that ming_v(7),-) > a. Consider now any bounded Borel set E such that A\(E) = m and,
from (2.3)), let 2 € RY be such that

||]1E - ]lB(m/wN)l/N(ZE)HLl(RN) == 2/\(E \ B(m/wN)l/N (ZE)) = 2)\(E)(51(E) = 2m51(E)

As in (4.2)), the solution ug of (|1.1]) with initial condition 15 satisfies
M'T

|up(T, ) — (T, — zg)|| L@y < W

X |1g — ]lB<m/wN>l/N(zE)||L1(]RN)7

17



hence [lup(T,- + z5) — (T, )| peo@ny < 2eMT(4xT)™N2m x 6;(E). Observing that o
and T only depend on f and m (and on the dimension N), and remembering
that ming_v(T,-) > a, there is then 7,, > 0 such that ming-ug(T, - + 2r) > a as soon as
01(E) < np. For any such E, one then has ug(7, -+ zg) > alp,, hence ug(t,-) — 1 as
t — +oo locally uniformly in RY, by and the definition R = R, + 1. Therefore, any
bounded Borel set E such that A(F) = m and 6, (F) < n,, belongs to Z. O

4.3 Proof of Theorem (3.6

We provide two different proofs of Theorem [3.6l The first one holds in any dimension
N > 1 and is based on homogenization techniques, and the constructed sets E; and Ej
have similarities with the sets F;, defined in . The alternate proof holds in dimensions
N > 2, and the constructed sets involve cubes and their intersections with balls.

Proof of Theorem [3.0] in any dimension N > 1. Consider any « € (0, 1), with 6 € (0,1) as
in ((1.2). Fix then some real numbers R and R', close enough to R,, such that

N

R
0<R <R,<R o“R<R, and 0<aRN —aR" <min (2—}V,a?RN), (4.4)

with R, > 0 and R; > 0 as in . Owing to the definition of R, the solution v of
with initial condition a 15, converges to 0 as t — +oo uniformly in RY, thus thereis 7" > 0
such that v(T,-) < 0/3 in RN. For 8 € (a, 1], let v be the solution of with initial
condition B15,,. Since 0 < V(T,-) — 0(T,-) < eMT(4nT)N?||B1p,, — alp,, | @)
from the maximum principle, with M’ = maxo ;| f’| as in (3.2)), one can choose 8 € («, 1),
close enough to a, so that 0 < 9°(T,-) < /2 in RY hence

?°(t,+) = 0 as t — +oo uniformly in RY (4.5)
by (1.2) and the maximum principle. Even if it means decreasing 5 in («, 1), one can also
assume without loss of generality that

N RY
0<aRY—-BR" <min (2—]{[,a2RN). (4.6)
Consider the following bounded Borel sets

1N /N

e U [ (5050 |

and

o= U [+ ()]

2n ' 2n
2€(ZN/n)NB g

for n > 1. The sets F), and G,, are such that (see (2.6) and below)

lim A(F,) = awyRY > BuyR™Y = lim \G,) (4.7)
n—-+o0o n——+o0o
and
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Together with (4.6)), there is then n; € N such that

N

0 < MGy < A(Fy) and A(FL) — A(G) < min (w a wNRN) (4.9)

2N’

for all n > n;.

Let then u,, v,, u and v = 0” be the solutions of with respective initial conditions
1r,, 1g,, alp, and f1p,,. Let similarly U,, V,,, U and V be the solutions of the heat
equation % = Az with respective initial conditions 1p,, 1¢,, alp, and S1p,,. We
point out that these 8 functions are nonnegative, and that w,, v,, v and v range in [0, 1].
Since ||alp, — (o —¢e)lp,__||r1@y) — 0 as e — 0, and since u(t,-) — 1 as t — 400 locally
uniformly in RY by (1.6 - (since R > R,), it follows as in the proof of Proposition E 3.1| that

there is e; € (0, R) such that the solution ' of (1.1)) with initial condition
ugt = (o — 51)133_51
converges to 1 as t — +oo locally uniformly in RY. Notice also that U(t,-) — « ast — 0
locally uniformly in Bg. As a consequence, there is ¢; > 0 small enough such that
€1

U(tl,‘) > (CK— g)ﬂBR o in RN.

Even if it means decreasing t; > 0, one can assume without loss of generality
that (a —e1/2)e ™ > o — ;. Now, owing to the definition of F),, it follows by homo-
genization that

1 :
_ 3 ~le—yl?/(at1)
0 < Upltr,z) = (e / eleu/a0) g

2€(ZNn)nBy ¥ #H (et N/ (2n), al/N/ (2n)) N

1
/ ae” TP/ gy — U (4, )
Br

_> —
oo (dmty)N/2

uniformly with respect to # € RY. Thus, there is ny > n; such that
€
Un(ty,-) > (a — 51>]13R ., in RY for all n > n..

Since 1 > uy,(t,-) > e MUU,(ty,-) in RY from the maximum principle, one infers
that 1 > w,(t,:) > (o — 81)]1BR—51 = ug' in RY for all n > ny, hence u,(t,-) — 1
as t — +oo locally uniformly in RY. In other words,

F, € T for all n > n,. (4.10)

Consider now the solution v = ¥” of (1.1)) with initial condition 51 B~ By (4.5)), there
is 7" > 0 such that 0 < v(7”,-) < 0/3 in RY. For ¢ € (0,1 — f3), let v° be the solution
of (1.1) with initial condition

= (5 + 5) ]lBR/+E + € ]IRN\BR/+€

Since

€M T ) , ) )
OSUE(T/,.T)—’U<T/,I‘>SW[/ 867|w*y| /(4T)dy +/ (ﬂ‘i‘E) €7|Iiy| /(4T )dy
B

Bpi4\Bg

n / e e-lo—?/(T) gy
]RN\BR/_,'_5

R/
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for all z € RY| one infers that v*(7",-) — v(T",-) uniformly in RY as ¢ — 0. Thus, there

is g5 € (0,1 — ) such that 0 < v*2(T",-) < 6/2 in R, hence v*2(t,) — 0 as t — 400

uniformly in RY. On the other hand, supp,, v(t,") = B and supgw\p,, _v(t,-) = 0 as
€9 €2

t — 0, while V(t,-) < eM*y(t,-) in RN for all + > 0, from the maximum principle. As a

consequence, there is to > 0 (independent of n) small enough such that

9 €9
v<t27 ) S (5 + §>]1BR/+62 + g]lRN\BR/

Even if it means decreasing t, > 0, one can also assume without loss of generality
that (3 4 £2/2)eM*2 < B4 &5 and (£5/2)eM'*2 < &5, Now, owing to the definition of G,,,
there holds that V,,(t2,-) — V(t,-) uniformly in R" as n — +o00 by homogenization, as
for U,(t1,-) and U(ty,-) above. Therefore, there is n3 > ny such that

+e9o ’

g .
Vi(ts, ) < (ﬁ n )11BR, + 2 e, i RY for all n > ng.

As 0 < wu(ty,)) < MV, (ty,-) in RY from the maximum principle, one infers
that 0 < vy (t2,) < (B +€2)lp,, ., +e2lpvp,, =0 in RY for all n > ns, hence
0 <wv,(ty +t,+) <0v*(t,-) in RY for all £ > 0 and n > ng (4.11)

by the maximum principle. In particular, v,(t,-) — 0 as t — +oo uniformly in RY, that
is, G,, € &, for all n > nj.
Remember (4.9) and define

0<pyp = (A(Fn)C:N)\(Gn)Y/N < % (4.12)

for n > ny. Consider finally a sequence of points (,,)n>n, in RY such that B, (x,)NG, = 0
for every n > ny, and |z,| = 400 as n — +00. The bounded Borel sets

H, :=G,UB,, (x,)

satisfy
ANH,) = MNF,) >0 forall n > n;. (4.13)

Since p, < Ry/2, all the balls B, (z,) belong to £, by definition of Rj.

For the Cauchy problem (1.1)) with the initial condition 14, , the two components 1,
and 1p, (z,) act as almost independent initial conditions for n large enough and then H,
will belong to £ for every n large enough (as in the example of the sets D, given in
the first paragraph of Section . More precisely, to show this fact, fix first p > 0 such
that G, C B, and p, < p for all n > n;. Denote w, w,, and z,, the solutions of
with initial conditions 1 Br, /2 1B, (z,), and 1g,, respectively. From — and
limy oo [[U°2(2, <) || oo (rv) = O, together with the definition of Ry, there is 7 > 0 such that

0 0
0 <wy(r,-) < 3 and 0 < wy,(7,-) <w(r, - —xz,) < 3 in RY, for allm >ns.  (4.14)
Furthermore, since H,, = G, U B,, (2,,), the maximum principle yields
0 < on(7,2) < 2a(1,7) < va(T,7) + a / —la—gl?/(a7) g
Un(7,2) < zp(1,2) < vp(T,2) + ——5 e

- (ArT)N2 [ (0 y

< vn(7,7) + et / —le—zn—y|2/(47) g

Un\T, T —s e "
- (xr)V Jp, ’
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and

eM/T 2
0<w, <z, < w, - —lz—=yl*/(47) 4
< () < 2r2) € wnlr0) + g | e y
< e ~feyf2/(47) g
P

for all z € RY and n > n;. Let ¢ > 0 be such that

!
eMT

0
- —|é—y|?/(47) v
(4rr)N/2 /B ¢ dy < ¢ foralllg| 2 0.

Together with ([4.14)), it follows that 0 < z,(7,z) < 6/2 for all n > ng and for all x € R”
such that either |z — z,| > o or |x| > 0. Since |z,| — +00 as n — 400, there is ngy > ng
such that 0 < z,(7,2) < 0/2 for all n > ny and z € RV, and then z,(¢,-) — 0 as t — 400
uniformly in RY. In other words,

H, € & for all n > ny. (4.15)

Let us finally estimate d,(H,) for large n. Since 0 < A(H,) = A(F},) — awnRY as
n — +oo by (4.7, one has

0< Ry, »a’"R< R asn— +oo, (4.16)

where the inequality a/V R < R’ holds by (#4). From this, G, C B,, |z, — 400 and
pn < R1/2, there is then ns > ny such that, for every n > ns and y € RY, one has either
Gn N Bry, (y) =0 or B, (zn) N Bry, (y) = 0. Consequently,

max A(H, N Bg,, (y)) = max (max MGy N By, (y)), max \(B,, (x,) N By, (y)))

yeERN yERN yeRN

for all n > ng. But A(B,, (z,)) = MF,) — MG,) < c?wyRY < afwyRY for all n > ny
by ([.9), while A(G,, N Bg,, ) = BwyaRY as n — +oo by (4.16)) and the definition of G,,.
Therefore, there is ng > ns such that

max )\(Hn N BRH” (y)) = max A(Gn N BRHn (y>)

yeRN yERN
for all n > ng, and then

lim max A(H, N Bg, (y)) = lim A(G, N Bg, )= afuyR".

n—+o00 yeRN n——+o00

Therefore,
aBwy RN

awy RN
From (4.8)), there is then n; > ng such that

0n(H,) —1 =1—p asn— +oo.
01(F,) > 61(H,) > 0 for all n > ns.

Together with (4.10), (4.13)) and (4.15]), one concludes that, for each n > n;, the sets
E, := F, and E, := H, satisfy the desired properties of Theorem [3.6] completing its
proof. O
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Alternate proof of Theorem [3.6] in dimensions N > 2. We assume here that N > 2. For

a >0, let
a a\N
@i=(-53)

be the cube of RY centered at the origin and with sides of length a. For the solutions of (1.1

with the initial condition 1, it follows from [33] that there is a unique threshold a* > 0
between extinction and invasion, that is,

Quefif0<a<a*y Qun€T, and Q, € Zif a > a*. (4.17)

For a > 0 and r > 0, define
Ca,r = Qa N Br-

For each fixed a > 0, the family C,, is continuously increasing in L'(R") with respect
to r € (0,av/N /2], while, for each fixed r > 0, the family C,, is continuously increasing
in L*(RY) with respect to a € (0,2r]. Consider

a=a" +e,

with ¢ > 0. For 7 > av/N/2 = (a* + €)v/N /2, one has C,, = Q,, hence by the
solution of with initial condition 1¢,, converges to 1 as t — +oo locally uniformly
in RY. On the other hand, for 7 > 0 small enough, one has Co, = B, and extinction
occurs, that is, C,, € £. Thus, by [33] again, there is a threshold value

(o) e (0.298) = (o, (VA

such that
Cor €0 <r <r*(e), Copee) €T, and C,, € Tifr >1r*(e).

When ¢ — 0, we observe that 7*(¢) — a*V/N/2. Indeed, on the one hand,
r*(e) < (a* 4+ &)V/N/2 for each ¢ > 0, hence limsup,_,q oo 7*(¢) < a*V/N/2. On the
other hand, for each r € (0,a*v/N/2), one has Cpe, C Qg and AN(Qu- \ Cyer) > 0,
hence Cy-» € € by [33] and then Cys4., € & for all € > 0 small enough by Proposition
Finally, for each r € (0,a*v/N/2), one has r < r*(¢) for all £ > 0 small enough, hence
liminf. o .o 7*() > a*v/N /2, and therefore

lim r*(e) = (4.18)

a*v/N
e—0, e>0 2 '
When ¢ > 0 is large enough, so that Qu«1. D Bg, with Ry > 0 as in (L.6), then r*(g) = R;.
As the family C,-4., is nondecreasing with respect to ¢ > 0, the function € — r*(¢) is
nonincreasing in (0, +00). This map is also continuous in (0, +00), with similar arguments
as above and by using Proposition again. Notice also that wy = A(B;) > (2/vVN)V
(because Bi D @y and AN(B1 \ @y, /x) > 0, the assumption N > 2 is used here!). One

/N :
can then choose o € (1/wy™, v/ N/2) sufficiently close to v/N /2 so that

wNa*N
2N

0 < MQur) — AMClarpar) <
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Figure 2: The two sets E; (in red) and Es (in blue) have the same Lebesgue measure
A(E1) = A(Eg). Invasion occurs for with initial condition 1z, but not with 1g,. To
understand why 0 < §1(F2) < 1(Eq) for all |z| large enough, observe that the value of
maxpep, \(B)=A(E1) M1 N B) corresponds in dimension N = 2 to the measure A\(E1 N E) of
the intersection between F; and the disk B inside the dashed circle. For |z| large enough, the
value of maxpep \(B)y=A(E,) A(F2 N B) simply corresponds to the measure of A(E2 N E), and is

higher than A(E1 N B) = maxpgep, A(B)=A(E;) A(F1 N B), hence §1(E2) < §1(F1). The details are
provided below.

As 0 < 0 < VN/2, it follows from (4.18)) and the above continuity and monotonicity
properties of the map € — r*(¢), that there is a unique * > 0 such that

r*(e*) = o (a" +¢€").

Fix now § € (0,1) small enough so that

WNCL*N
0 < )\(Qa*+[jg*> — )\<Ca*+ﬂs*,a(a*+ﬁs*)) < 2N 5 (419)
define JE
a* + Be* . o (a" 4 Be)VN
O<T<r::a(a + pe*) < 5 (4.20)
Wy
and choose 1 € (0, 5) close enough to 3 so that
WNCL*N
0< )‘(Qa*+na*) - )‘(Ca*—i-,é’a*,r) < 2—N’ (421)
and * * * *
a* + Pe a* +ne (4.22)

> o/

(such a choice is possible because of (#.19)) and because wy < 2V, due to the assumption
N > 2). Define
E1 = Qa*+n5* and E2 = Ca*+ﬁa*7r @) Qx,

where Q* denotes the cube of measure A(Q”) := AM(Qg+4ner) — A(Car4pe+ ) > 0 and centered
at x with |z| large enough so that Cysy g, NQ” = 0. Let us check that the bounded Borel
sets £y and Es fulfill the desired conclusions of Theorem [3.6] provided |z| is large enough

(see Figure [2).
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First of all, by definition of a* in (4.17)), invasion occurs for the solution of (|1.1)) with
the initial condition 1g,, that is, Ey € Z. By definition of r*(¢*), extinction occurs for the
solution of (1.1]) with the initial condition 1¢,. . , as

r—o(a"+ fet) < o a* + %) = (") < 1 (Be"),
that is, Cy=4 e » € €. Additionally,
N

wya* .
0< )‘(Qx) = A(Qa*-ﬁ-na*) - A(Ca*-i-ﬁa*,r) < ]\;N <a N (423)

by and wy < 2V. As a consequence, by definition of a* in and the invariance
of by translation, extinction occurs for the solutions of with the initial condi-
tions 1= (that is, Q* € &) for all |z| large enough. As for H, in in the first proof
of Theorem for the Cauchy problem with the initial condition 1g,, extinction
occurs (that is, Ey € £) for all |z| large enough.

Now, observe that A\(E;) = A\(E3) > 0 for all |z| large enough, and

)‘(Ca“r e*, R )
S(E) =1 — 2 Za e e/
a g L a ne a g
T < RE = N N (424)
w w

N N
where the first inequality above holds because of (4.22)). Lastly, for |z| large enough such

that Cysiges» N Q" = (), one has

* N * *\N
. WNa wy(a* + Be*)
Q) < SN < SN (4.25)

by (4.23). On the other hand, Rg < r by (4.20) and (4.24)), and then
wy(a* + Be*)N
)\(Ca*—i—ﬁa*,r m BRE) — )\(Oa*"rﬁE*,RE) > ( 2N )
since Rp > (a* + 3¢*)/2 by (4.24)). For every |z| large enough, and for every y € R, one
has either Cysiger N Br,(y) = 0 or Q° N Br,(y) = 0. Hence

;2[%)15 )\<E2 N BRE (Z/)) = max (;Iel]%?\f( )\(CCL*+5€*,T' N BRE (y>) ) ?52]%}]5 A(Qm N BRE (y))>
for all |z| large enough. Since A(Q%) < wy(a* + Be*)V /2V < AN(Cy+1per» N Bg,,) for all |z]
large enough by (4.25))-(4.26]), one infers that

max )\(Eg N Br, (y)) = ;rel]%}]g )\(Ca*_i'_ﬂg*m N Bry (y))

(4.26)

yERN
and then max,cgn )\(Eg N Bg,, (y)) = MCariperr N Bry) = MCo4pex ry ). Therefore,
/\(Oa*+66* R )
01(Ey) =1 — ————F2
1( 2) )\(E1> > ()

for all |z| large enough (notice that 6;(F2) > 0 because Fs is not a ball up to a
negligible set). Finally, since a* + ne* < a* + fe* < 2Rp by ({.24), it follows
that A(Coryne rp) < AM(Cartge+ Ry ), hence

0 < 61(Ey) < 61(Ey),

for all |x| large enough. The alternate proof of Theorem [3.6/in dimension N > 2 is thereby
complete. O
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