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A METRIC THAT SATISFIES THE GRAVITATIONAL MONOPOLE EQUATIONS-III

We showed the existence of a Gravitational metric that necessarily satisfies generalised Calabi inequalities.

Introduction

The following solutions of the Gravitational Monopole Equations behave as if the scalar curvature is zero (but they are non-zero and strictly negative). The Einstein-Maxwell equations are used to achieve this goal [cf.3], [cf.4]. This is the main difference between our previous works [cf.1] and [cf.2]. Actually, the idea came into authors mind when he encountered for the first came time Edward's work [cf.3], later the work of LeBrun's work simplified much of the effort [cf.4]. We showed the existence of a Gravitational metric that necessarily satisfies generalised Calabi inequalities.

The Einstein-Maxwell equations

Let X be a 4-manifold and L be a line-bundle (possibly trivial) over X. Let A be an affine U (1)-connection and F := F A is the corresponding curvature, then the Einstein-Maxwell equations with the cosmological constant are given as follows [cf.4] dF = 0,

d * F = 0, [R + F • F ] 0 = 0, with (F • F ) jk = F l j F lk (2.1)
are the Euler-Lagrange equations of the functional

(2.2) (g, F ) → M (s g + |F | 2 g )dµ g .
When n = 4 that the Einstein-Maxwell equations imply that the scalar curvature s of g is constant. The 

(2.3) C = [ω] ∈ H 2 (M, R) : [ω] 2 > 0 For any [ω] ∈ C, let G [ω] ⊂ G is a Fréchet submanifold of finite codimension b ( M ). G [ω] ̸ = ∅ forall [ω]

4 ]

 4 following observation is due to Yamabe as acknowledged by LeBrun in a work of his [cf.Proposition 1. A Riemannian metric has constant scalar curvature if and only if it is a critical point of the restriction of the Einstein-Hilbert action sdµ to the space of volume-V metrics in a fixed conformal class. Therefore, when n = 4, the conformal invariance of |F | 2 dµ implies that critical points of the functional (2.2) have constant scalar curvature [cf.4]. Thus [cf.4], Proposition 2. Einstein-Maxwell equations on a 4-manifold imply that the scalar curvature is constant. The following is true [cf.4] Proposition 3. Any constant-scalar curvature Kähler metric on a 4-manifold may be interpreted as a solution of the Einstein-Maxwell equations. Proposition 4. A Gravitational Monopole always satisfies c 1 • [ω] < 0. Proposition 5. Any constant strictly negative scalar curvature Kähler metric on a 4-manifold can be interpreted as a solution of the Einstein-Maxwell Gravitational Monopole equations. Remark 2.1. A Gravitational Monopole can not be rational or ruled, as there will always be Kähler classes for which c 1 • [ω] > 0. The following proposition is due to Donaldson [cf.6] and Gay-Kirby [cf.5]. Proposition 6. Let M be any smooth compact 4-manifold with b + (M ) ̸ = 0. Let

  in an open-dense subset of C.Theorem 2.2. A Kähler Gravitational Monopole (M 4 , ω, g, J) with g ∈ G [ω] necessarily satisfies generalised Calabi inequalities M s 2 dµ g > 32π 2 (c 1 • [ω]) 2 [ω]2 , Proof. A Gravitational Monopole always satisfies c 1 •[ω] < 0. For the rest of the proof one consults [cf.4]. □
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