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ON ALMOST STABLE LINEAR WEINGARTEN
HYPERSURFACES

JULIEN ROTH AND ABHITOSH UPADHYAY

ABSTRACT. We prove that generalized linear Weingarten hypersurfaces of the
Euclidean space which are almost stable for the associated stability problem
are geodesic spheres.

1. INTRODUCTION

The stability of hypersurfaces for volume preserving variational problems has a
long history since the first result for the stability of constant mean curvature in the
Euclidean space by Barbosa and do Carmo [3]. Many authors have been interested
in stability problems in various contexts, like for other space forms and/or higher
order mean curvatures (see [II, [2, [, Bl [7, [8, @, [24] for instance). More recently,
Veldsquez, de Sousa and de Lima [26] defined the notion of (r, s)-stability which
arises from the second order variational problems for some generalized linear Wein-
garten hypersurfaces and it is the analogue of what is called the usual stability for
the constant mean curvature hypersurfaces or the r-stability for constant higher
order mean curvature hypersurfacs. They prove that the only closed (r, s)-stable
hypersurfaces in the sphere or the hyperbolic space are geodesic hyperspheres. This
result was later extended for hypersurfaces of the Euclidean space by da Silva, de
Lima and Velasquez [11].

On the other hand, during the last decade, an intensive interest has been brought
to the study of hypersurfaces of Euclidean spaces in an anisotropic setting. Many of
the classical characterizations of the geodesic hyperspheres have an analogue with
the Wulff Shape as characteristic hypersurface, like anisotropic Hopf or Alexandrov-
type theorems (see [14) [15] [16, 18| 19, 20, 23]).

In [I2], da Silva, de Lima and Veldsquez gave an anisotropic analogue to their re-
sults in [I1] and recover as particular cases the results of [6], [I5] and [20]. This
gives another characterization of the Wulff shape as the only hypersurface (up to
translations and homotheties) which have linearly related anisotropic mean curva-
tures, without assuming that X (M) is convex or embedded.

In the present note, we prove that the result of da Silva, de Lima and Veldsquez
in [I2] can be improved with a weaker assumption, namely with almost (r,s, F')-
stability. Precisely, we prove the following:
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2 J. ROTH AND A. UPADHYAY

Theorem 1.1. Let n,r,s be three integers so that 0 < r < s < n— 2. Suppose that
F :S™ — Ry is a smooth function satisfying the following convexity assumption

Ap = (VAF + Fld 7,g0), > 0,

for all x € S™ and let X : M™ — R"*! be a closed hypersurface with positive

anisotropic (s+1)-th mean curvature HE, . Assume that the quantity Z ajijjFJrl
j=r

is constant, where a,,--- ,as are some nonnegative constants (with at least one of

them non zero) and b; = (j + 1)(3‘11) for any j € {r,---,s}. Then there exists

g0 > 0 depending onn, v, s, a, min(HY\ ., 1), min(H), ||Spllec, F, R and V(M)

so that if X : M™ —s R""! s e-almost (r, s, F)-stable for e € [0,0], then up to
translations and homotheties, X (M) is the Wulff shape W, where R denotes the
extrinsic radius of the hypersurface and a = (a., - ,as).

The notion of (r, s, F')-stability and e-almost stability and will be defined in Section
See also for the defintion of HY, ., ;.

This results also extends the result of the first author and Scheuer about almost
r-stable hypersurfaces (see [22]) since one can recover it by taking F = 1 and r = s.
Note also that for ¢ = 0, we recover the result of [12].

2. PRELIMINARIES

2.1. Anisotropic mean curvatures. We recall the classical facts of anisotropic
mean curvatures. Let F': S® — R be a smooth function satisfying the following
convexity assumption

(1) Ap = (VdF + Fld7,50), > 0,

at any point z € S™, in the sense of quadratic forms and where VdF is the Hessian
of F. Now, we consider the following map

¢: S" — R
x +— F(x)x 4+ (gradg. F)s.

The image Wr = ¢(S™) which is a smooth hypersurface of R"* is called the Wulff
shape of F' and from the convexity condition , W is also convex. Note that if
F is a positive constant ¢, the Wulff shape is just the sphere of radius c.

Let (M™,g) be a closed, connected, oriented Riemannian manifold isometrically
immersed into R"*! by X and denote by v its Gauss map. Let X7 = X — (X, v)v
be the projection of the position vector X on the tangent bundle of X (M).

The (real-valued) second fundamental form B of the immersion is defined by

B(Y,2) = (Vyv, Z),

for any Y, Z € T'(TM), where (-,-) and V are respectively the Riemannian metric
and the Riemannian connection of R™*!. We also denote by S the Weingarten
operator, which is the (1, 1)-tensor associated with B via the metric g.

We consider Ngp = ¢(v) : M — Wpg, the anisotropic Gauss map of M. We
set Sp = —dNp = —Ap odv = Ap o S which is the anisotropic shape operator,
also called F'-Weingarten operator and its eigenvalues k1, - - - , kK, are the anisotropic
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principal curvatures. Now we recall the definition of the anisotropic mean curvature
HY and higher order mean curvatures H!". First, at a point € M, we consider

an orthonormal frame {e1,--- ,e,} of T, M. For all k € {1,--- ,n}, we set
_ i1y F F
or = Z e( J >Si1j1"'5i7-jr’
1<i17“'7i7’<n
1<j17"' ,jrgn

where 55 are the coefficients of the F-Weingarten operator. The symbols

e< ;1;T ) are the usual permutation symbols which are zero if the sets
L

{i1,--,i-} and {j1,---,jr} are different or if there exist distinct p and ¢ with
. i1 iy

Jidr

( et > Equivalently, we have

Ji-ccdr
Or = E fiilfiiQ "'Hir-
1< <t < <<

= i4. For all other cases, €

ip ) is the signature of the permutation

The r-th anisotropic mean curvature of the immersion is defined by

-1
n
Hf:(r) .

We denote simply the anisotropic mean curvature Hf by H¥. Moreover, for con-
venience, we set HI' = 1 and HY +1 = 0 by convention. Note that for the Wulff

shape, k1 = kg = -+ = K,, are constants so all the anisotropic mean curvatures H?"
are also constants. For r € {1,--- ,n}, the symmetric (1, 1)-tensor associated with
HF is
1 111
Br= > e(jjllmj’;)Sijl---Sffj,rve;f@ej.
1<, iy, iy <n
1 gjvjlv"' 7jr <n

We have these classical facts about the anisotropic mean curvatures (see [I3] for
instance).

Lemma 2.1. For any r € {1,--- ,n}, we have

(1) P, is divergence-free,
(2) tr(Py) = (n—r)o,,
(3) tr(P:Sr) = (r+ 1)or41,
(4) tr(P.S%) = 010,41 — Orto.
Lemma 2.2. Letr € {1,---n—1}. If H.41 > 0, then for all j € {1,--- ,r},

(1) Hf >0,
(2) (Hf)Q —H;1H; 1 20,

(3) HFHE, —HF,, > 0.

Moreover, for inequalities (2) and (3), equality occurs at a point if and only if
all the anisotropic principal curvatures are equal at that point. Hence, equality



4 J. ROTH AND A. UPADHYAY

occurs everywhere if and only if M s the Wulff shape Wg, up to translations and
homotheties.

We also recall the anisotropic analogue of the classical Hsiung-Minkowski formulas
[I7]. The proof can be found in [I3] and it uses in particular the fact that P, is
divergence-free.

Lemma 2.3. Letr € {0,---n —1}. Then, we have

/M (F(V)Hf +HE (X, y>)dvg —0.

Finally, we recall two useful results in the case of embedded hypersurfaces and so,
bound some domains in R"*!. First, we have the classical identity obtained directly
by the divergence formula

@) | xowyio, = Vi)

where V(Q) is the volume of the domain ©Q bounded by M and v is the outer
normal unit vector field. Secondly, we have the anisotropic analogue of the well-
known Heintze-Karcher inequality (see [13]).

Lemma 2.4. If M is embedded (so bounds a domain Q) and HY is everywhere
positive, then the following inequality holds

F
/ I;I;‘)dvg 2 / <X’V>dvg = (TL+1)V(Q),
M M
with equality iff M is the Wulff shape Wg (up to translations and homotheties).

2.2. The variational problem. In this section, we describe the stability problem
which we will consider in this note. First, we introduce the anisotropic r-area
functionals

(3) A p = ( y F(u)ordvg> )

for » € {0,...,n — 1} and where dv, denotes the Riemannian volume form on M.
Now we consider a variation of the immersion X. Precisely, suppose € > 0 and
(4) X: (—e,6) x M — R

such that for all t € (—¢,¢), X, := X(t,-) is an immersion of M into R"*! and
X(0,-) = X. We denote by o,(t) the corresponding curvature functions, A, p(t)
the r-area of X}, g; the metric on M induced by AX; and finally we set

) fi= (%),

where v; is the unit normal to M induced by X;. Now, the first variation formula
for A, r is given by

(6) () = b /M ST, (t)dv,,.

where b1 = (r+1) (Til) (see [15]). We also consider the volume functional

(1) V(t) = /[O s
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It is easy to see ([4, Lemma 2.1]) that V satisfies

(8) V(1) = /M fudu,.

Therefore, X preserves the volume if and only if

/ fthgt = 0, v t.
M

Moreover, according to [4, Lemma 2.2], for any function fy : M — R such that
fodvg = 0, there exists a variation of X preserving the volume and with normal

pg{"t given by fy.

Now, let 7 and s be two integers satisfying 0 <r < s<n—-2anda;, j=7,---,5
some nonnegative real numbers with at least of them one non zero. We consider
the following anisotropic (r, s, F')-area functional B, ; p defined by

(9) Br,s,F = Z ajAj,F.
j=r

These area functionals appear naturally when one considers hypersurfaces with
linearly related higher order anisotropic mean curvatures. Indeed, we consider
variations of M that preserve the balanced volume. The Jacobi functionals which
are associated with this anisotropic (r, s)-area is given by

Trsp @ (6,6) — R
t o B p(t)+AV(2),

where A is a constant to be determined. From @ and , we have

jr/,s,F(t) = /M *Zajijfll +A | frdv,.
Jj=r

S
Hence, we have, like in the isotropic context, that Zajijﬁ_l is constant if
j=r
and only if X it is a critical point of the functional J; s r, or equivalently, if and
only if X is a critical point of B, ; r for variations that preserve the balanced volume.

At that point we want to point out that the choice of the linear combina-
tion in the statement Z;zr ajb;H JF * 1 comes from this choice of variational problem
Brsr = Z;:T a;Aj r. The coeeficient b; appear naturally when computing the
first variation of this functional.

Now, we give the definition of the anisotropic (r,s)-stability that we call
(r, s, F')-stability.

Definition 2.5. Let n,r, s be three integers so that 0 < r < s < n — 2 and suppose
that F' : S* — R is a smooth function satisfying the convezity assumption and
X : M™ — R™! s q closed hypersurface satisfying Z;:T ajijJ]-":_1 = constant.
Then, X is said to be (r,s,F)-stable if B;”&F(O) > 0 for all volume-preserving
variations of X.
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We consider the Jacobi operator J, p(0) defined on the set F of smooth

functions on M with / fdvg = 0. From the above definition, we have clearly

M
B!, p(0) = J, p(0)[f] where f € F defines the variation X. Therefore,

r,s,F

the (r, s, F')-stability corresponds to the non-negativity of the Jacobi operator.

Now, we can define the notion of e-almost (r, s, F')-stability for € > 0 by
(10) T O > 2 [ fiau,,
M

for any smooth function / fdvg = 0.
M
Now, we give the second variation formula for this variational problem.

Lemma 2.6. For any variation X of X preserving the balanced volume, the second
variation formula of By s att =0 is given by

S

" r(0) =T p(O)[f1 ==+ Day /M (Ljf + (T} o dv, dl’)f) fdug,
J=r
where f € F is the normal part of the variation X, T; = Pj o Ap and
L; = ~div(T,V()).

Proof: The proof comes directly from the second variation formula for each
functional A; p. Indeed, from [I5], we have

(e ==+ 1) [ (L + (T o dvido)f) i,

Then, we have just to multiply by a; and sum from r to s to get the result. [

2.3. Some lemmas. We define the following operators by fixing some notations.
For any f € C*, we set

Ij’F[f] = LJf + <Tj o dv, dV>f

and
S

Resr = Y (G + DI plf).

Obviously from this definition and Lemma 2.6, we have

o OU) == [ 1Ry rlfldn,
Now, we recall the lemma due to He and Li [T5].

Lemma 2.7. For any j € {r,---,s}, we have

(1) L, p[{X,v)] = —(grad o1, XT) = (j + 1)oj41,
(2) Ij’F[F(l/)] = 7<grad 0j+1, (gradgnF) o I/> + 010541 — (] + 2)0j+2'

The proof of this lemma follows the idea of [2I] and uses Lemma Now, we
mention the symmetry of R, ; p with respect to La-scalar product by the following
lemma.
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Lemma 2.8. For any two smooth functions f and h over M, we have

/ WRywplfldvg = | fRrs rlhldvy.
M M

Proof: The proof is fairly standard. First, we compute

/ hL; fdv,
M

/ hdiv (T;V f)dvy = — / (TyV f,Vhdv,
M M

- / (T;Vh,V f)dv, = / fdiv (T;Vh)dv, = / FL;hdv,,
M M M

where we have used the symmetry of T; and the divergence theorem.
Hence, from the definition of I; r and the above identity, we get

/ hI; plfldv, = / FI; ph]dv,.
M M

Finally, multiplying by a;b; and taking the sum over j from r to s, we get

/ WRys vy = / R s r[H]dv.
M M

This concludes the proof. ([l

3. PrROOF OF THEOREM [I.1]

We have divided the proof of in four parts. First, using the almost stability
assumption, we show that some specific quantities expressed in terms of higher
order mean curvatures are closed for the L'-norm. From this, we will deduce that
the hypersurface is almost anisotropically umbilical, which implies, by a result of
de Rosa and Gioffre, that the hypersurface is close to a Wulff shape and embedded.
Finally, we conclude by showing that the generalized linear Weingarten relation
for the hypersurface along with the fact that it is embedded implies that the
hypersurface is a Wulff shape.

Step 1: Smallness of H'H!,, — HE,.

Suppose X : M™ — R"! is e-almost (r, s, F')-stable. By definition, we have
Tlor O > =< [ fav,
for any function f € F. We choose the particular test function f defined by
f=aF{)+B{X,v),

/ Zajb F(v dv,
with a = s and 8 = Zaj +1 We have to show
Fv)

M
that f € F. It is to observe that § is a constant by assumption. Moreover, using
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the anisotropic Hsiung-Minkowski formulas (Lemma we have

[ sy = [ @F@)+ 50X ) du,
~ /M V)dv, + / (ZaJ +1xy>) dv,
= o Fw dvg—é—ZaJ [ R,
— o PO, - Zaj | P,

= a/M v)dv, — /(Zaij )dvg

= a/MF(V)dvg—a/MF(l/)dvg:O.

Hence, the integral of f vanishes and f is eligible as a test function. We have

T O] = — /M FRoysr[fldvy > 0

Now, we compute R, s p[f]. Therefore,

Resrlf] = Z(j+1)ajfj,F[f]:Z(jﬂ)ajfj,F[QF(uHmX, V)]
= Y20+ Vay (o p [FW)] + 816 (X, 1)),

From Lemma [2.7} we have

S

Rr,&F[f] = Z(.] + 1)0’] [a( - (grad Oj+1, (gradS"F) o V> + 010541 — (] + 2)0j+2>

Jj=r

_|_5( —(grad o1, XT) — (4 + 1)Uj+1) )

S
Since Z(] +1)ajoi1 = Zaj +1 = constant, we get
j=r

S

Z(j +1)a;

j=r

= Zajb [ ( HFHﬁrl (n_j—l)Hf+2>—5(j+1)Hf+11~

Rr,s,F[f]

a<010j+1 - (] + 2)Uj+2) - ﬂ(] + 1)Jj+11
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Using Lemma [2.8] we get
Tor O == [ fRecslfldsy, = = [ (aF@)+B0X0))RerlFlde,
M M
(1) - / (@F ()R s (] + BF Ry (X, )] )y
M

The first term of the integral in is expressed as

aF(W)Rrsrlf] = Z a;bF(v)

a? (nHFHf+1 —(n—j— 1)Hf+2) —aB( + 1)H]F+1]

= Zajb iF(v

o’(n—j—1)(H"H, — H}\,) + (i + 1)H HF,,

(12) —af(j + 1)Hf+1].

Similarly, using Lemma and the fact that Z a;b; +1 is constant, the second
j=r
term in is,
S
BIRws pl(X. )] = BFY (G + Dasljp[(X,v)]

j=r

= pBf Z(j + 1)ay ( — (gradoj1, X") — (j + 1)0’j+1>

= —BFY a;(G+ 1oy =v—BfY asbi(j+1HS,

(13) = =Y b+ DE(aF () + B0 Hf .

Now, plugging and in (13)), we get

Tl rOf] = = ajbj(n—j—1)a /MF(V (H"Hf, — HI,,) d,
= abi(j+1)a? /M F(w)H"HE  dv,
+ Z 2a;b;(j + 1)aB /M F(v)HI, dv,

(14) Zaj ]+1ﬂ2/ HE (X, v)dv,.

Using the anisotropic Hsmng—Mmkowskl formulas again, we have

Z?aj G+1) 52/ J+1 (X, v)dvy = 22% ]+1)52/ F(v )Hfdvg.

] T
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Therefore, becomes

TorOU] = =S abyn—i =10 [ P)(H 0~ 1) do,
j=r

(15) =Y aibi(i+1) /M F(v) (HFHfHaQ —2H] 0f + Hff32>d”9'
j=r

Now, at a point x in M, we consider the following second order polynomial
Pira(z) = F) (HT B, 22 = 20, B2 + HE B2).
The discriminant of P; r, is
A = 432 F (v)? ((15(;.?)2 - HFHJFHHJF) — 482F(v)*HF (HE,, — HHT),
Since, by assumption, HSFJr1 > 0, from Lemma we have HJF+1 > 0 and H§+1 -

HFH} > 0. Hence, A is nonnegative, the term of degree 2 is F(v)H*Hf\, > 0
and then P; p,(z) > 0 for any z € R. In particular, for z = o, we obtain

HY"HJ\ ,o® —2H[, 0+ HI 8% > 0.

Reporting this in (L5)), we get
T r O] <= abi(n—j—1)a? /M F(v) (H"Hj\y — Hj ) dv,.
j=r

Since a; and b; are nonnegative constants, H Hf\, — Hf\, > 0 by Lemma
and F(v) > 0, we get

T r(0)[f] <0.
Moreover, by the e-almost (r, s, F')-stability assumption, we have

ﬂwwm>%&ﬂm,

so we deduce that
0 < Zajbj(n e l)a2/ F(v) (HFH , — HE ) dvg < E/ fPdo,.
° M ’ M
j=r

Since all the a;’s, b;’s and F(v) (HFHﬁ_1 — Hﬁ_Q) are nonnegative, we deduce that
for any j between r and s

0 < ajbj(n—j—1)a? /M F(v) (HFHS\, — Hf ) dvg < e/M fPdv,.

In particular, for j = s — 1, we have

(16) 0<as—1bs—1(n— s)aZ/ F(v)(HFHE — HE,) dv, < 5/ fPdv,.
M M
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On the other hand, we have
2
/ fPdv, = / (aF(y) + B(X, I/>> dvg
M M
_ / (0?F@)? + 82X, 0)? + 20BF (1) (X, ») ) duy
M

(17)

N

(a?IFIZ + B2R2 + 20| Fllo R) V(M).

Moreover, from the defintion of «, we have

/M ZajbjF(V)HJF dug .
j=r .
(18)  a = < Y aiblISelll = O,
Jj=r

Lo

where C is a constant depending on n, r, s, @ and ||SF|/c. Similarly, we have

(19) Bo= D bl <Y aibillSelTT = O
Jj=r Jj=r

where C5 is a constant depending on n, 7, s, a and ||SF||so-

Using and in , we get
@) [ Py < (CFIE + CER + 20, G FIL R)V(M) = GV (a),
M

where Cj is a constant depending on n, 7, s, a, ||SF|le, F and R.
Therefore, we have

/ ZajbjF(V)HJF dvg / ZajbjF(Z/)(HsF)% dvy
M M\

- | Fw)

21) > > ajbymin(H,)?
Jj=r

i
s

= 04,

where Cy is a constant depending on n, r, s, a and min(Hy).
Hence, from , we deduce with and that
C3V(M)
22 HYHE, | — HE,,) dv, < s = CsV(M
( ) /M ( j+1 J+2) Vg a571b871(n — S)C4 mll’l(F) 5 ( )6’

where Cj is a constant depending on n, r, s, a, min(Hy), ||SF|lec, F and R.

Step 2: Almost anisotropic umbilicity.
Now, we give the lemma which is independant of the almost (r,s,F')-stability
assumption.

Lemma 3.1. There exists a positive constant K depending onn, s, mA/iIn(Hilm’l),

miny (HE) and ||Sk||eo so that ||7r||? < Kl(HFHf — HSFH).
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Proof: From Lemma [2.2] we have for any k € {1,--- s},

(H{)? = Hiy HYy > 0.
We have a more precise estimate of the positivity of this term. Namely,
(23) (Hlf)z - H15‘+1Hlf;1 > Cn”T”z(Hlerl;n,l)Qv

where ¢,, is a constant depending only on n and

OHF 1
(24) Hf = . 55@ = @ Z K Kip

<< <9 <N
Zla '7Zl7éiaj

where k1,---,Kk, are the anisotropic principal curvatures. The proof for the
anisotropic case is almost similar to the isotropic case discussed in [25]. Since we as-
sume that Hf;l > 0, then all the functions H{ are also positive for k € {1,--- ,s}.
Thus, dividing by HF HE |, becomes

HF HF n 2
) T
k—1 k-1
By summing for k from 1 to s, we get
)2
s k+1 n, 1
(26) HY — “ > el :
S Z HFH]f‘ 1
and so
s HF ) 2
) HPHE ~ HE > el (Z ernal) e
k=1 kTk—1

Moreover, we have Hf HF | < ||SF||g<(;k71). In addition, since HI,, is positive,
then all the function H ,f are also positive, and also, as proved by Scheuer in [25],
the functions H ,fnl are positive. Here again, the proof of Scheuer of this fact is not
specific to the isotropic case. It is also valid for the anisotropic mean curvatures. In
addition, since they are the normalized symmetric polynomial evaluated for ko, - - -,
Kn—1, they also satisfy the Mac Laurin inequality, up to a normalization constant,
that

1 1
(Hlfnl) " > ank (Hlf+1;n,1) M

where a,, 1, is a positive constant depending only on n and &, and so

1 _1
(Hlf:n,l) k=2 = bn,k,s (Hf+1;n,1) o ’

where b, 1, s is a positive constant depending only on n, k and s. Note that the
exponents come from the fact that H ,fnl is the symmetric polynomial of degree

k — 2. Thus gives

_ 2(k—1)
s 2(k—1) F -1

k41, (Herl;n,l)
(28) HFHFS—Hé_i_l Cn||7—||2 Z . SS 2k—1 Hf
= SR
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and so H'HI — HE | > C||7r||?, with

Cn mj\}{n(Hf) 121]325 (bif’;;}?s) m]ViIn(Hﬁ_l:nyl) 2kt
= Sl [Srl
Hence, we deduce that
I7I1* < Ky (HFHE - Hfﬂ)v
where K; = Ciﬁ is a constant depending on n, s, m]\/i[n(Hile’l), rrjl\/lln(Hf) and
15F oo O

Step 3: Embeddedness. By the Cauchy-Schwarz inequality, we have
2
2(n+1) 1 1
el = (g [ Il e, )

<y ([ retnan,) ([ trelias,).

From this, we deduce immediately that

1
2(n+1 n
(29) el < paplisel ([ relias,).
and thus by Lemma (3.1

2(n+1) K F oy F F
@) el < s Isel ([ (rar - mfa)a).
Moreover, using (22)), we get

(31) e 12505 < K1 Cs||Sk||2re = Koe,

with K is a constant depending on n, 7, s, a mA/iIn(Hil;n,l)7 mA}n(Hf), I1SF|lso, F

and R.
Now, we recall the following proposition due to de Rosa and Gioffre (see [10]).

Proposition 3.2. Letn > 2, p > n and M a closed hypersurface of R"t1. We
assume that there exist a constant co > 0 such that |Srll, < co and V(M) =
V(Wg). Then, for every n > 0 sufficiently small, there exists a constant 6 > 0
depending on 1, n, p, ¢o and Wg such that if |7p||, < §, then M admits an
anisotropic radial parametrization

Y:Wp — M, ¢(z) =z +u(l@)vw(z), with |ulcz <.

there exists

In particular, this proposition implies that for sufficiently small 1 < %

0 so that if ||7r||, < 6 then M is embedded.
Now, we take p = n+ 1, fix n < % and consider ¢ given by Proposition We
§2FD
Ky
that M is embedded.
Note that ep is choosen small enough depending on n, r, s, a mA}n(Hme’l),

m&n(HF), I1SFlleo, F, R and V(M). This dependence comes from K> and an

S

additional dependence on V(M) appears from Proposition Indeed, in this

choose € < g = so that gives ||77|ln+1 < 0. Therefore, we conclude
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proposition, by scaling, we can remove the hypothesis V(M) = V(Wr) and in this
case 0 depends also on V(M).

Step 4: Conclusion. Since the embededness of the hypersurface M is proven, we
will be able to conclude the final result with the help of this last proposition.

Proposition 3.3. Let k € {1,--- ,n— 1}, and M a closed embedded hypersurface
of R™"1 with H,f > 0. Assume that there exists a positive constant ag and some
nonnegative constants by, --- , by with at least one non-vanishing such that

k
ag = ZbJHJF
j=1
Then, up to translations and homotheties, M is the Wulff shape Wp.

Proof: We have

k k
ao/ (X,z/>dvg:/ ijHjF<Xy>dvg:/ > b HI F(v)dv,
M M= L

k F
H; Fv)
< /M;bj}; F(v)dvy = ag /M 7 dvg < ag /M<X7 v)duvg,

where we have used successively the Weingarten relation, the Hsiung-Minkowski
formulas twice, the fact that HH;_; < H; and finally the Heintze-Karcher
inequality. Thus, all the inequalities in this sequence are equalities. In particular,
we have equality in the Heintze-Karcher inequality which implies that M is the
Wulff shape Wg, up to translations and homotheties. ([

The proof of Theorem is complete.
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