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Abstract

This work deals with the asymptotic properties of maximum likelihood estimators
for semi-Markov processes with parametric sojourn time distributions. It is motivated
by the comparison, via a two-sample test procedure, of the distribution of two panels of
qualitative trajectories modeled by semi-Markov processes and observed over a random
number of transitions. Considering first one panel of growing size, we derive, under
classical conditions, the convergence in probability of the estimators of the transition
probabilities and the parameters of the sojourn time distributions as well as their
asymptotic normality. We then consider panels of semi-Markov processes drawn from
two different populations and study two-sample tests based on likelihood ratio. We
also introduce a two-sample Wald type test. The finite sample performances of the

proposed two-sample tests are evaluated with a brief simulation study.

Keywords: Likelihood ratio test; Panels of qualitative trajectories; Two-sample

tests; Wald type test.

1 Introduction

This work is motivated by statistical experiments in sensory analysis in which the evolution
of sensations over time can be modelled as trajectories of a qualitative stochastic process
(see Lecuelle et al. (2018) for a detailed presentation of the experimental framework, see also
Cardot et al. (2019)). In that context, Semi-Markov processes are shown to be relevant and
parsimonious models, when considering a parametric characterization for the distribution
of the sojourn times, to fit such kind of data. More generally, semi-Markov chains and semi-
Markov processes, which allow to consider more flexible models for the distribution of the
sojourn times than Markov chains, can provide interesting ways of modelling qualitative
trajectories in many fields of science (see Barbu and Limnios (2008) and Limnios and

Oprisan (2001) for general references). Estimators are based on the maximum likelihood



principle and our aim in this work is to derive the asymptotic properties of such estimators,
with a particular focus on two-sample tests which are of great interest in food science and
sensory analysis to compare two different products or two panels of subjects on the same
product. Note that in that sensory analysis context, there is no censoring but the number
of observed transitions can be considered as random and is not necessarily independent of
the past of the trajectory.

A seminal work has been made by Billingsley (1961) to develop estimation procedures
and to derive the asymptotic distribution of test statistics based on the likelihood ratio
when the data are i.i.d. copies of a homogeneous Markov chain. However, considering
Markov chains for qualitative trajectories imposes strong assumptions on the distribution
of the sojourn times which may not be realistic in many applications, and particularly in
sensory analysis. Asymptotic results for maximum likelihood estimators of semi-Markov
processes are derived in Moore and Pyke (1968) based on long time behavior of a single
trajectory and under conditions of irreducibility and recurrence. Considering two sam-
ples of hidden Markov models, Dannemann and Holzmann (2008) proved that, when the
observation time tends to infinity, the asymptotic distribution of the likelihood ratio test
statistic is a x? law under the null hypothesis of equality of the distributions. As far as
panels of semi-Markov chains are concerned, convergence results have been obtained for
discrete time in Trevezas and Limnios (2011) in which the observation time is almost surely
finite. In continuous time and under random censoring, Pons (2006) introduces non para-
metric approaches for the estimation of the distribution of the sojourn times and derives
the asymptotic normality of the estimators. Almost sure consistency results are obtained
in Barbu et al. (2017), for parametric sojourn time distributions which are closed under
extrema (such as exponential, Weibull or Pareto distributions).

In this context of semi-Markov processes with parametric specifications for the dis-
tribution of the sojourn times, an empirical study has been performed in Frascolla et al.
(2022) to evaluate the finite sample effectiveness of two samples testing procedures based
on likelihood ratio statistics for sequences observed over random periods of time and drawn
from two distinct populations. It has been noted that the likelihood ratio statistics is ap-
proximately distributed as a x? law when the number of states is not too large and the
sample size as well as the mean number of observed transitions are large enough.

The present work aims at deriving, in the same parametric framework, the asymptotic
distribution of two-sample tests under the null hypothesis under general conditions on the
sojourn time distributions. For that purpose, it is first needed to prove the asymptotic
convergence of maximum likelihood estimators for the sojourn time distributions (Section
3). One novelty comes from the fact that there is a random number of observations used
to build the estimators and the proofs are based on properties of the expected likelihood

considering stopping times (see Gut (2009)) as well as more classical asymptotic tools (see



Newey and McFadden (1994) and Ferguson (1996)). Then, in Section 4, we consider two-
sample tests of equality of distribution, and show under classic conditions that likelihood
ratio statistics are asymptotically distributed as a x? under the null hypothesis of equality,
even if the observation protocols, described by stopping times, are not the same for the two
panels. We also introduce a Wald type test of equality based on the asymptotic normality of
the estimators and prove that under general conditions it is also asymptotically distributed
as a x? law under the null hypothesis of equality. Finally, a small simulation study is
carried out in Section 5 to evaluate and compare these two approaches for finite samples.

Concluding remarks are given in Section 6. All proofs are gathered in an Appendix.

2 Definitions, observed trajectories and likelihood

Notations are borrowed from Limnios and Oprigan (2001). We consider a stochastic process
Z = (Zi)ier,, taking values in a finite state space E = {1,...,D} with D < 4o00. We
denote by J = (Ji)ken the successive visited states by Z and by T' = (T} )xen the successive
time points corresponding to a change of state. We also define X = (X )gen+ with Xj =
Ty —T}y—1 the successive sojourn times in the visited states. We assume that Z = (Z;)er L 18

a semi-Markov process (SMP) associated to (J,T'), that is to say, Vj € E and t € [0, +00),
P(Jyy1 =53, D1 — Tk <t | Joy- ooy Je; D0y - -y Tk) = P(Jkr1 = 5, T — T < t | Jx) (1)

We define N(t) = max{k € N|T < t},t € Ry the counting process of the number of
jumps in the time interval (0,¢]. All along this work we assume that the SMP is regular,
that is P(N(t) < co) = 1 for all £ > 0. We have Z; = Jy, for t > 0 and Jy = Z7, for
k=1,2,....

The law of the semi-Markov process Z is characterized by its initial distribution o =

(a1,...,ap) with oy =P(Jy = j), j =1,..., D and its semi-Markov kernel,
Qij(t) =P(Jy = J, Xj, <t | Jp—1 = 1) (2)

with the convention Xy =T = 0.

We denote by P the transition matrix of the embedded homogeneous Markov chain
(Jk)k>1, with generic elements p;; = P(J, = j | Jy—1 = i), for i # j € E x E. Note that
by definition of the semi-Markov process, p;; = 0, for all ¢ € E. We finally introduce, for

i # j € EF X E, the sojourn time cumulative distribution functions,
Wii(t) =P(Xp <t| Jyp—1 =1,Jr=7), t>0.

We have Q;;(t) = pijWij(t) as well as P(Jy = j) = > .cp aipg?), where pgf) is the generic
element of matrix P¥, that is to say, pl(-?) = [Pk]ij, (i,j) € ExE. We adopt the convention
that P? is the identity matrix, so that P(Jo = j) =Y, aipg-)) = qj.

3



We consider in this work parametric sojourn time distribution functions and we denote
by f(t,6;;) the densities (resp. the probabilities) if time is continuous (resp. if time is
discrete), depending on the vector of parameters 6;; € R?, with i # j € E x E. We define
0 = (05,1 # j € E x E) the set of parameters related to the sojourn time distributions.

The distribution of Z is thus characterized by the vector of parameters (ayg, Py, 0p).
Taking account of the constraints that naturally arise, Z?Zl aj =1, ijzl pij = land p;; =
0fori=1,...,D, the total number of unknown parameters is equal to D —1+D(D —2)+
dD(D —1) when there is no absorbing state. If there is an absorbing state and if we suppose
that ap = 0, the number of unknown parameters is equal to D—2+(D—1)(D—2)+d(D—1)?

since Ppp = 1 and Pp; = 0 for all j # D, with no associated sojourn time distribution.

2.1 Observation protocol and likelihood

With real experiments, we do not observe sequences having an infinite number of transi-
tions, and, as in sensory analysis experiments, we can suppose that for each sequence the
number of observed transitions is random and not necessarily independent to the past of
the trajectory, but without any censoring for the sojourn times. The observation process
is thus stopped after a random number of M transitions which occur almost surely in a

finite time. Given that M = m, for a strictly positive integer m, we have access to the

observation of S = {jo, 1, j1,- -+, Jm—1,Tm, jm}, Whose likelihood is equal to
L(S,0,P,0) = ajo [ [ pi_sif (@h: 0515 - (3)
k=1

The integer valued random variable M can be supposed to be independent of the
trajectory (Jk,Xk){kzo} or it can be supposed to be a stopping time with respect to the
increasing sequence of sub-c-algebra Fi, = o(Jy, Xo, ..., Jk, Xx). Realistic examples of

stopping times, in our context are

e M(t) is the number of visited states until time ¢, M (t) = inf{k € N| Z§:1 X; >t}
It is well known for renewal processes that if E(X) > 0 then M(t) is finite almost
surely. We also suppose that P[M(t) > 1] > 0 so that at least one transition can be

observed with non null probability.

e Mp is the number of visited states before absorption, defined as follows Mp =
inf{k € N|J, = D}, where we define the last state {D} to be the absorbing state. In
case, given that M = 7, the likelihood of a trajectory S = {jo, z1, 71, -, Jr—1, %+, D}

is equal to
7—1
L(S, a,P,0) = o [ H pjk—ljkf<xk’ ejk—ljk) pjrﬂDf(xTv ngle)' (4)
k=1



For Markov chains having one absorbing state (see Kemeny and Snell (1976), Chapter 3

for details), the transition matrix P can be decomposed as follows

_(Q R
P_<0 1) )

where Q is the (D — 1) x (D — 1) matrix giving the transition probabilities among the no
absorbing states, and R is the vector with generic elements py,,, ¢ € {1,...,D — 1}.

The matrix I — Q, with I the identity matrix, has an inverse (see Theorem 3.2.1 in
Kemeny and Snell (1976)), denoted by F = (I — Q)" and called the fundamental matrix.
The generic element [F};; is the expected number of times the chain is in state j given that
it started in state . We can deduce with Theorem 3.3.5 in Kemeny and Snell (1976) that
E[Mpl|Jo =i] = Y75 Fij < +oo and E [Mp] = Y2 E[MplJo = i] e,

We suppose now that we have a panel of n independent trajectories of Z, denoted by
S1,...,Sn. We define Q(a, P, 0) the average value, over the trajectories Si,..., Sy, of
the log-likelihood,

~ 1 &
Q(a,P,0) = EZInﬁ(Sg,a,P,B). (6)
/=1
When it exists, a maximum likelihood estimator of (a, P, 8) is denoted by (e, 13,5) and
satisfies @(a, f’,b\) > Cj(a, P, 0), for all possible set parameters (o, P, ).
We can remark that taking account of the particular multiplicative form of (3), criterion

(6) can be decomposed into three parts,

~

Q. P.0)= -3 1 (a0) + Qe (P) + Qo(6). (7
(=1

A direct consequence is that the maximum likelihood estimators of P and 6 can be

computed independently by looking separately for the maximum of @p(P) and @9(9).

2.2 Maximum likelihood estimators

The maximum likelihood estimator & = (@1, ...,ap) of the vector of initialization proba-

bilities avg = (o, , ..., 0, ) 18, in all the considered cases, given by

1L .
aj_nezgl{Jée>j}, j=1,...,D (8)

where 1 is the indicator function taking value 1 if the first visited state by sequence

19" =i}
Sy is {i} and zero else. The estimator @ is simply the maximum likelihood estimator
of the vector of parameters ag of a multinomial distribution and it is shown with clas-
sical arguments (see e.g. Anderson and Goodman (1957) or Agresti (2002)) that, under

assumption A given below, & is a consistent estimator of g when n tends to infinity



and that /n (& — ) converges in distribution to a centered Gaussian law with (singu-
lar) covariance matrix I'y, whose generic elements are [I'a)ij = —ag,a0; if i # j and
Talii = ao, (1 — ao,).

From now on, we focus on the estimation of the parameters related to the transition
probabilities Py and the set of parameters 8 characterizing the laws of the sojourn times.
For i € E, we denote by p; = (pij,j # i) € R(P=1) the vector of transition probabili-
ties from state {i} to the other states and by p; = (pi1,...,pip) its maximum likelihood
estimator. We denote by pg = (p1,--- ,pp) € RP(P~1 the vector obtained by the con-
catenation of p1,---,pp and by p its maximum likelihood estimator. In presence of an
absorbing state { D}, we only consider py = (p1,...,Pp—1) since pp = (0,...,0,1).

The elements of Oy are rearranged so that they form a D(D — 1)d dimensional vector,
with g = (612,...,61,p,...,0p.p—1), and we denote by 0 its maximum likelihood esti-
mator. In presence of an absorbing state, we only consider the (D — 1)(D — 1)d vector
0o=(012,....,01p,....0p_1.D).

For each trajectory Sg, we denote by m, the number of observed transitions. We define

my—1
NGO = kzzo Loy (9)
the number of times state {i} is reached in sequence S and by
me—1
Z l{J(z)_Z J]E/i)l it (10)

the number of observed transitions from {i} to {j}. When Ni(f) > 1, we denote for

E=1,... Z(]), by x( ") the sojourn time, at state {¢} and before moving to state {j},

during the kth visit of sequence Sy. We have

Ge(P) = 1Y zz[zw )| (11)

Z 1 | ieE j=1
JFi

and
<e)

ZZZIH( .0,)) (12)

{=11i,jeFE k=1
J#i

(Z

with the convention that Zk Y In (f( (f k), 97;]-)) = 0 when N(e) 0.
The maximum likelihood estimators of the elements p;; of the matrix of transition

probabilities P are obtained by solving the constrained optimization problem,
max Qp(P)

subject toZpij =1, ViekFE.
JjEE



Introducing Lagrange multipliers, we consider the Lagrangian,

Gp(P, ..., Ap) ZIZZ[)mm]+E&§)w4- (13)

(=1 | i€FE j=1 i€EE JEE
JF#i

The maximum likelihood estimators of the elements p;; of the matrix of transition
probabilities P are obtained by finding the roots of the gradient Vp@p(P,)q, .oy AD)
whose elements are for j # D and j # 4,

2 n )
aQP(P,/\l,...,)\D> 1 Nlj
a2\ TN 14
8@P(Pa )\17 ey )\D)
o =2 pij—1 (15)
jerE

The solutions are (see Anderson and Goodman (1957) or Billingsley (1961))

n 0 n
N
pij = Zil{@ it YN >1 (16)
21N =1

setting p;; = 01f Y, Ni(é) = 0.

Maximum likelihood estimators @ of @ are obtained by setting to zero the gradient
vgég(é) of @3(0), that is to say

(4)

VoQo (0 Z > Z Vo 111( ),91'3‘)) (17)

K li,jeF k=1
J#i

=0.

There is in general no explicit solution to such system of equations and a solution 0 to this

implicit equation is obtained by numerical iterative techniques.

3 Assumptions and convergence properties

The convergence results are based on properties of semi-Markov processes and classical
conditions on the distribution of the sojourn times that ensure uniqueness and consistency
of maximum likelihood estimators (see e.g Newey and McFadden (1994)) as well as the
Wald identity (recalled in Theorem 6.1 in the Appendix, see for example Theorem 5.3,
Chapter 1 in Gut (2009)) to deal with random sample sizes and stopping times. We
denote by |.|| the Euclidean norm for vectors in R? as well as the spectral norm for real
matrices. For a real valued function h(z,6) depending on 2 € R and a parameter § € RY,
we denote its gradient by Vyh(z,0) and by Vggh(x, ) the corresponding Hessian matrix
evaluated at #. We suppose that



A ag, >0, VjeE.

As: po,; >0, V(i,j#i)€ExXE.

As: 0o, € ©,V(i,j #1i) € E x E, where © is a compact set in R,
Ay f(.,0) # f(.,00) as far as 0 # 6y, with (0,6p) € O x ©.

As: In f(X,0) is continuous at each § € ® with probability one,
and Eg, [suppce |In f(X,0)|] < +oo.

Ag: We assume that V(i,j #1i) € E X E,

1 0p,; belongs to the interior of ©

ii f(X,6) is twice continuously differentiable and f(X,6) > 0 in a neighborhood
Nij of bo,;

iii [ supgen;, Vof(z,0)| dz < +oo

iv [ supgen;, Voo f (z,0)| dv < +o0

v Eg, [Vg In f(X,0) (Vgln f(X, 9))1 is a non singular matrix

vi Eg, [supgeMj Voo In f(X, 9)||} < +o00.

Assumption A, which also appears in Trevezas and Limnios (2011), simply ensures
that every state can be reached during the first jump and simplifies the presentation of
the results. Since ZjD:l ap; = 1, it also implies that ap, < 1, Vj € E. Assumption
A5 ensures that every state is accessible in one transition. It allows simpler calculations
and could be weakened at the expense of heavier notations. Assumption Aj is an usual
assumption of compactness for maximum likelihood estimators. It could be weakened
under additional concavity conditions of the likelihood (see Hjort and Pollard (2011)).
Hypothesis A4 is an identification condition which ensures uniqueness of the maximum of
the expected likelihood at the true value of the parameter. Conditions appearing in Ajs
allow to obtain a uniform result of convergence of the log likelihood function and to deduce
almost sure convergence of the maximum likelihood estimators for the parameters related
to the sojourn time distributions. The set of conditions appearing in Ag are classical for
getting the asymptotic normality of maximum likelihood estimators in an i.i.d context and
are similar to those given in Theorem 3.3 in Newey and McFadden (1994). Note that, to be
slightly more general, the conditions A5 and Ag could certainly be replaced by a quadratic
mean differentiability assumption (see e.g. Chapter 5 in van der Vaart (1998) or Chapter
12 in Lehmann and Romano (2005)) on the law of the sojourn times.

Note that in presence of an absorbing state {D}, assumptions A; and Ag only deal

with the unknown transition probabilities and should be understood as follows Aj: ag; >



0, Vje€ E\{D}and Ay: po,; >0, V(i,j#i) € E\{D} x E. The same restriction holds

on the indices (i, ) for assumptions Az and Ag.

Theorem 3.1. If hypotheses A1 to As hold and if individual sequences are observed during
M transitions with E[M] < +oo, then, as n — oo,

P Py almost surely,

0 — 6o  almost surely.

As far as the asymptotic distribution of 0 is concerned, the additional assumptions given
in Ag are classical assumptions in maximum likelihood theory which ensure asymptotic
normality of the estimators of each ;; based on independent copies of X;; (see for example

Theorem 3.3 in Newey and McFadden (1994)).

Theorem 3.2. If hypotheses A to Ag hold and if E[M] < 400, then asn tends to infinity,

((5)- (&) -ons

| O
with F%,Go = ( go I‘M> and I‘% and I‘gg are block diagonal matrices. If M = M(t)
0o
then
0 .0
M
Ioo = )
: 0 " 0
1
L
with (singular) matrices T'y,, for i =1,..., D, having diagonal elements [I'p,];; = poi;(1 —

poij) if § # i and [T'y,)k; = —poipoir if § # k. Matriz I‘é\(/)[ is also block diagonal, with

matrices on the diagonal

1 —
Fé\fj - W (_E [v(’z’j(’ij In (f(Xij; 9%‘))]) '

)

If M = Mp then I‘% and I‘g(/‘)[ have the same expression but are made of D — 1 matrices

on the diagonal, excluding the part corresponding to the absorbing state.

The proofs of these two theorems are given in the Appendix. Note that the asymptotic
distribution of p has already been derived in the simpler design in which we observe exactly
m transitions for each trajectory in Anderson and Goodman (1957) and for sequences S

censored at time ¢ in Trevezas and Limnios (2011).



Remark. As an anonymous referee pointed out, it could be possible to consider that we
observe a deterministic number M, of transitions for each trajectory, with M,, tending to
infinity as n tends to infinity. A closer look at Theorem 3.2 shows that the asymptotic
covariance matrix I‘% is a block diagonal matrix made of D covariance matrices which are
"normalized", for j =1,...,D, by 1/]E[NJM], the inverse of the expected number of times

a trajectory reaches state j. The same normalizing factors appear in I‘gg . We have

M,—1
E[N}"] = Z P[Jx, = j]
k=0
M,—1 .
= Z Z O‘ipz(j)'
i€E k=0

Under assumption Ag, we have that the embedded homogeneous Markov chain (Jg)k>0
is an irreducible positive recurrent Markov chain, which consequently admits an invariant
probability measure w = (m1,...,7p) satisfying

lim p(l?‘)

k—o0 ij =

By Cesaro’s mean theorem, and the fact that ), 5 o; = 1, we deduce that

S My _
dm g BN =
so that, when M, is large, IE[NJM”} ~ mjMy,. This means that, if (M,),>1 is a sequence of
integers tending to infinity, the \/n normalizing factor in Theorem 3.2 should be replaced
by v/nM,, and 1/IE[NJ-M} should be replaced by 1/m;.

4 Likelihood ratio and Wald type tests

Different strategies, which are more or less asymptotically equivalent, can be considered
for hypothesis testing in this maximum likelihood parametric context, as explained in
Newey and McFadden (1994). One advantage of the approach based on the likelihood
ratio is that it does not require to have at hand an explicit estimate of the variance of the
estimators, which may be a not so simple task in our setting, and it generally leads to a
simple asymptotic chi-square distribution under general conditions. A simple introduction
to likelihood ratio test is given in Ferguson (1996), Chapter 22.

Testing the equality of the initialization probabilities, that is to say the null hypothesis
Hy: o' = o2, with a likelihood ratio test approach follows directly from standard tools
which do not involve the dynamics of the trajectories and is thus not presented here (see
example 16.1 in van der Vaart (1998)). We focus in the following on testing hypotheses on
the transition probabilities and sojourn time distributions. Define the set R as the set of

all possible transition matrices satisfying assumption Ag. Consider Ry a subset of R and
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O a subset of © and suppose now we would like to test Hy : (p,0) € Ry X ©¢ against the
alternative Hj : (p,0) ¢ Ry x ©y.

We consider the likelihood ratio statistics defined as follows

SUD(p.0)e Rox O | Lr=1 L(Se: &, P, 0)
Sup(p.0ycrxo L [r=1 L(Se, o, p, 0)

Note that \,, does not depend on « because of the multiplicative structure of the log-

likelihood L (see equation 7).

4.1 Simple hypothesis testing

We want to test the simple null hypothesis Hy : (p,0) = (py, 8p), for some values p,, for

p and @ for 8 given in advance. We consider the following likelihood ratio,

)\n _ H[;l »C(Sfapm ?\0) (19)

[T £(Se,D,6)

whose asymptotic distribution is given, when Hj is true, in the theorem below.

Theorem 4.1. Suppose that the conditions of Theorem 3.2 are in force, if the null hypoth-
esis Hy : (p,0) = (pg, o) is true then, as n tends to infinity,

—2In A, ~ X%OF

where the degrees of freedom are equal to DoF = D(D — 2) + D(D — 1)d when there is no
absorbing state and DoF = (D — 1)(D — 2) + (D — 1)2d when there is an absorbing state.

Note that partial tests Hg : 0 =6y or Hy : p = p, dealing only with the transition
probabilities or the sojourn time distributions can be performed easily. It can be directly
deduced, thanks to the particular structure (7) of the log likelihood, that the test statistics
—21n )\, is asymptotically distributed as a x? with a degree of freedom equal to the number
of constraints imposed under the null hypothesis. If we consider the null hypothesis Hg :
0 = 0y, then —2In )\, ~ X2D(D—1)d, when there is no absorbing state and —2In A, ~
X?D_l)g 4 When the trajectories are observed until absorption. If we consider the null

hypothesis H) : p = py, then —2In ), ~ X%( ) when there is no absorbing state

D-2
and —21n A, ~ X%D—l)(D—Q) in presence of an absorbing state.

4.2 Two-sample tests

Suppose now we have two samples of respectively nqy and no trajectories, (S})g:h“’m
and (S?) ¢=1,...n, drawn from two distinct populations whose probability distributions are
characterized by the parameters (a',p',8') and (a?,p?,60%). We would like to test the
equality of the distributions, that is to say test the null hypothesis

Ho: (p',0") = (p*,67). (20)

11



4.2.1 A two-sample Wald-type test

A way of testing the equality of the distribution of two semi-Markov processes consists in
considering Wald testing approaches based on the asymptotic distribution of the estimators

under the null hypothesis. We first state the following Lemma.

Lemma 4.1. Suppose that the conditions of Theorem 3.2 are in force and n17fm — fe

(0,1) as n1,ny tend to infinity,

mna - (Y

ny + n2 5(1)

(2) _ (
(2)

-p
-0

p' — p?)
(0" -0

- N (0, rgﬂ)

| A0 ‘
P > with T) = fT0 4+ (1= f)T)2* and r) =i + (1 - frie.

where TS, =
ph (0 r/

Based on Lemma 4.1, we are now able to build a Wald-type test statistic to test the
hypothesis of equality (20). Consider

-
51 _ 5(2) 1 (50 5@
wpd = e 8(1) 8(2) (I‘fng) 1 8(1) f(g) (21)
e nitne \9 -6 " 9 —0
where
/\Ml ’\MQ
S r, 0 n1 r 0

o |+ N 22
ntna\ o0 T, ) mtn\ o T, )

and the estimators f‘;w " and f‘;\b (resp. f‘éwl and f‘éwz) are obtained by replacing in the
expression of the asymptotic covariance matrices the unknown values 6;; and p;; by their
maximum likelihood estimators @j and p;; computed under the null hypothesis and the
expected number of times state {i} is reached, E[N"'] (resp. E[N}"2]) by its empirical
counterpart ny ' Y 4L, Nil’e (resp. ny ' Y02, N;’e ). We recall that matrix f‘;\/[ is singular,

L o . . 0
thus we consider its generalized inverse in the computation of W}2:",,.

We can now state the following theorem.

Theorem 4.2. Suppose that the conditions of Theorem 3.2 are in force and mrfnz — fe

(0,1), as n1 and ny tend to infinity. If the null hypothesis Hy : (p',0') = (p?, 8?) is true
then

,0 2
Wn1 ;N2 ~* XDoF

where the degrees of freedom are equal to DoF = D(D — 2) + D(D — 1)d when there is no
absorbing state and DoF = (D — 1)(D — 2) + (D — 1)2d when there is an absorbing state.
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Note that this Wald type test strategy can also be easily employed for testing partial
equality hypotheses, dealing only with a subset of the parameters. The most natural partial
hypotheses that we can consider are HY : p; = p2 or Hg : 81 = 05. In that case, we can

introduce the following test statistics

-1
ning - N T ) oM ni M- R .
WP g = (p“) - p@)) ( L, + ——T, 2) (p(l) - p(Q)) (23)

ni + no ny + no ny + ng
1
nng  (~(1)  ~2)\ " ng ~M; ny Mo ~(1)  ~(2)
we = ( _ ) T T ( _ ) (24
N2 g 4 ng 0 4 ny+ng ? +n1—|—n2 0 o 9 (24)

If the hypotheses of Theorem 4.2 hold and H} : p; = p2 is true, then

D 2
Wnl,nz ~* XDoF

with DoF = D(D — 2) when there is no absorbing state and DoF = (D —1)(D — 2) when

there is an absorbing state. Similarly, if Hg 1 01 = 05 is true, then

0 2
Wnl,nz ~* XDoF

with DoF = D(D — 1)d when there is no absorbing state and DoF = (D — 1)2d when

there is an absorbing state.

4.2.2 Two-sample likelihood ratio tests

We consider another approach based on the following likelihood ratio,

W I £(S1B.O) T2, £(57.5.6) (25)
ni,nz — n 4 =1 n e 2
fil £(S%7p170 ) éil E(S§7p270 )

~1 Al ~9 2 . R .
where (p!,0 ) and (p?,0") are the maximum likelihood estimators of (p, @) based on the
first and second sample of trajectories and (f),a) are the maximum likelihood estimators
under Hy. The asymptotic distribution of the likelihood ratio is given in the theorem below

when the two samples of trajectories are drawn according to the same SMP.

Theorem 4.3. Suppose that the conditions of Theorem 3.2 are in force and nlrfm — fe

(0,1), as ny and no tend to infinity. If the null hypothesis Hy : (p',0%) = (p2, 0?%) is true
then

2
)‘n1,n2 ~ XDoF

where the degrees of freedom are equal to DoF = D(D — 2) + D(D — 1)d when there is no
absorbing state and DoF = (D — 1)(D — 2) + (D — 1)2d when there is an absorbing state.

The proof of Theorem 4.3, given in the Appendix, has many similarities to the proof
of Theorem 1 in Dannemann and Holzmann (2008), which studies likelihood ratio tests
for two samples of hidden Markov models. As in Dannemann and Holzmann (2008), it
is possible to consider a more general null hypothesis relying on a regular r» dimensional
restriction Hy : R(p', 8%, p?,0%) = 0, provided that the constrained maximum likelihood

estimator is consistent.
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5 A simulation study for two-sample tests

A small simulation study is conducted to evaluate and compare the effectiveness of the
two-sample Wald type test and likelihood ratio test under different scenarios, with varying

sample sizes and number of states.

5.1 Experimental protocol

To generate trajectories of an SMP, we must have its initial probability, its transition
matrix and the distribution of the sojourn times.

As in Lecuelle et al. (2018) and Cardot et al. (2019), we consider that the sojourn time
distribution only depends on the current state ¢, meaning that ¢;; = 0;, for j # . We also
suppose that the distribution for the sojourn times is a Gamma distribution. Indeed the
Gamma distribution provides realistic approximations to the sojourn time distributions
for sensory analysis data (see Frascolla et al. (2022) for a comparison of the fit of different
parametric distributions for sojourn times). Consequently, with these simplifications, the
vector of estimated parameters 6 is of dimension 2D and the block diagonal matrix I‘é\g is

of dimension 2D x 2D with diagonal terms I‘é\f’ , that can be expressed as follows,

1
M = (—E[Vae In(f(X,00))]) "
-1
B 1 trigamma(a;) —/\%
ol R

where a; > 0 and A; > 0 are the parameters characterizing the Gamma distribution, with
density function f(z,a,\) = W, for x > 0, where I'(a) is the Gamma function.
In our experiments, as in Frascolla et al. (2022), the values of a; and \; are given by the
estimated values on a real sensory analysis data set and the initial probabilities (resp. the
rows of the transition matrices) are obtained by normalizing by their sum D — 1 (resp.
D — 2) independent uniform random variables on [0, 1].

To evaluate the two-sample tests performances according to how distant are the distri-
butions of the two semi-Markov processes, we first define two transition matrices P; and
P, as well as two sets of parameters for the sojourn time distributions, 8; and 85. We
then define, for € € [0,1], P. = (1 — )P +eP3 and 0, = (1 — )01 + £0-.

We generate np trajectories of an SMP having parameters (P1,01) and ny trajectories
of an SMP with parameters (P, 0.), for different values of e. When ¢ = 0, the two
distributions are the same and the rejection level of the two-sample tests of equality should
be equal to the nominal level. As € increases, the two different distributions become more
and more distant and the power of the tests is expected to increase.

All the trajectories are observed over M = 5 transitions and we consider different
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sample sizes, ranging from n, = ng = 100 to n1 = no = 800 as well as different number of

states, D =4,7 or D = 10.

5.2 Simulation results

The nominal level of the tests is chosen to be equal to 0.05, so that the null hypothesis of
equality in distribution is rejected for the likelihood ratio test (respectively for the Wald
type test) when A, n, (resp. Wf,ffm) is larger than the quantile of order 0.95 of a x?
distribution with D(D — 2) 4+ 2D degrees of freedom. To get a good approximation to the

true level and power of the tests, each procedure is repeated 1000 times.

Number of states | D=4 | D =10
With n; = ng = 100 trajectories
LR test 5.1 15.3
Wald 5.5 8.9
With n; = ny = 200 trajectories
LR test 5.8 10.2
Wald 5.2 5.6
With n; = ng = 500 trajectories
LR test 4.5 5.4
Wald 4.7 4.8

Table 1: Empirical levels (when ¢ = 0), with a nominal rejection rate of 5%, for the two-
sample tests with D = 4 and D = 10 states and sample sizes n1 = ny = 100, n1 = ngy = 200,

ny =ng = 500.

We first study the distribution of the test statistics under the null hypothesis and
consider n; = ny = 200 trajectories and D = 4 states, n; = ne = 600 trajectories and
D = 7 states, n; = no = 800 trajectories and D = 10 states with M = 5 transitions.
The histograms obtained for the Wald type test are drawn in Figure 1 and those for the
likelihood ratio test in Figure 2. The x? distribution is represented in red in the two Figures.
The distribution of the p-values are also represented in these two Figures and compared
with the uniform distribution on [0, 1]. These Figures confirm that the distribution of the
two test statistics is well approximated by a x? distribution in the considered cases.

We present in Table 1 the empirical rejection rate, for an expected nominal level of
5% in the different scenarios. For small samples (n; = ng = 100), the two test have an
empirical rejection rate close to the expected one only when the number of states is small
(D =4). When D = 10, the LR test over reject the null hypothesis even if the sample size
gets larger (n; = ng = 200). As expected the two tests have similar empirical level when

n1 and no are large. Overall, the Wald approach seems to be more reliable under the null
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hypothesis.

Approximated rejection rates when the null hypothesis is not true, considering alter-
native hypothesis controlled by ¢, in are given in Figure 3. The Wald approach seems to
be slightly more powerful when the sample sizes are not large (ny = ng = 100) and the
number of states is small D = 4. When D = 10, the LR test which rejects two often the
null hypothesis under Hy cannot be reliable with sample sizes n; = no = 200. the number
of or when the number D of states is not small (D = 10). Finally, when the sample size is

large (n1 = ng = 500) the two testing procedures have similar performances.

6 Concluding remarks

We have studied in this work the asymptotic distribution of two-sample tests of equality
in law of semi-Markov processes with parametric sojourn time distributions based on the
likelihood ratio statistics and a Wald type procedure. It has been confirmed with a small
simulation study that when the sample sizes are sufficiently large both approaches are
effective, with similar performances. However, when the experiments do not correspond to
the asymptotic regime, that is to say when the sample sizes are too small or the number
D of states are large, it seems that the Wald type approach behaves better.

There are many directions that deserve further investigation. When D is large, it
would certainly be interesting to study the behavior of two-sample test statistics adopting
a sparse point of view. Several works have been made recently in that sparse context to
test equality of the law of categorical variables (see Dette and Ddérnemann (2020) for a
study the behavior of likelihood ratio tests and Plunkett and Park (2019) for new test
statistics). Another interesting direction would be to consider, in a two-sample framework,
a bayesian point of view (see Votsi et al. (2021) for a recent work in a general framework

of semi-Markov processes).
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Appendix

Before giving the proofs of the theorems, we recall some useful results.

Some useful results

We recall Wald’s identity which is often used in this work (see for example Gut (2009),
Theorem 5.3, Chapter 1 for a proof). Consider i.i.d random vectors (Vi, W),k > 1 and a
stopping time N, with respect to an increasing sequence of sub-c-algebras Fj, k > 1 such

that (Vi, W) is Fj measurable and independent of Fj_1.

Theorem 6.1. (Wald’s identity)
Suppose that E(V) = p, and E(N) < co. Then

N
>V
k=1
If (Vi,, Wi) have finite variance, and E(Wy) = py, then

() (&)

k=1

E = uE(N).

E = CO’U(Vl,Wl)E(N).

We also recall some basic properties of the moments of the counting processes.

Lemma 6.1. If Ay and Ay hold and E[M] < +oo then 0 < E [NM] < 400 and

+o0 m—1

B[] = 3 (3 S eupld) | Br=m)

m=1 \ k=0 jeF

E [Nijy] = po,; E [NZ'M] :

The following Lemma is a direct adaptation of Theorem 3.3.5 in Kemeny and Snell

(1976)).

Lemma 6.2. Fori#j€{l,...,D—1},

D—-1

E[Mp|Jo =i =) F;
=1

<

D—-1
Var[MplJo =i =2 FE[Mp|Jy = j] - E[Mpl|Jo = i] — (E[r|Jo = i])?
j=1
-1
FijOé()i
1

)

M
E [N}

Thus E [Mp] = Zi’;_ll E [Mp|Jo = i] ap,, as well as finite variance (see Corollary 3.3.6
in Kemeny and Snell (1976)).
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Proofs

Proof. of Theorem 3.1.

The transition probabilities. The almost sure consistency of P is a direct conse-
quence of the strong law of large numbers and Wald’s identity.
Define NiM = ]16\/1261 1¢5,—iy the number of visits of state i during the first M — 1
transitions and note that we can rewrite Ni];-/[ = 2/[:61 1¢ 7, =ig =5}, as follows
NM
M _ k
Ny =3 B,
k=1
where ij 1s a Bernoulli variable taking value one if after the kth wvisit of state i, the
next visited state is state j and zero else. By the Markov property of (Jx)g>o0, the vari-

ables (ij)kzl are independent with expected value ]P’(ij = 1) = po,. Furthermore
0<E (NZ»M) < E(M) < 400, so that we deduce with Wald’s identity that

)

E[Nzy] = pOijE [NM] ’ (26)

and IE[NZ»]JW] > 0 with assumption As. Since the trajectories are supposed to be independent,
the strong law of large numbers gives us that n=* >}, Ni(f) — E[Nl-]}/[] = po,i;E [NZ-M] and
n~t Py NZ.(Z) — E [NiM] > 0 almost surely, as n — oco. We get with the continuous
mapping theorem (see van der Vaart (1998), Theorem 2.3) that p;; converges almost surely
to E[N%]/E [NM] = po,, and the announced result. Note that when M = Mp, we have

with Theorem 3.3.5 in Kemeny and Snell (1976), E [NIMD] = Z]-D:_ll Fjia, .

The sojourn time parameters. By the renewal property of the semi-Markov process,
the sojourn times in state {i} when the next state is {j} form a sequence (Xikj)kzl of i.i.d

random variables, with density f(.,0o,;). We get with Wald’s identity,

Nj
EaoPooo | DI (f (ijﬁz‘j)) = Eao.Pobo [N | Eag.po.6y In(f(Xij,0i)))]
k=1

where X;j is a random variable with density f(.,0o,;). Define Qg,(0) to be the expectation

of @9(0), with respect to the distribution characterized by parameter 8y, we have

Qo (0) = Eag,Po,00 [@\9(0)}
= > Eaypps, [N} ] Eo, In(f(Xi5,6:))] - (27)
i,jeE
i
We deduce from Ay and As and the information inequality given in Lemma 2.2 in Newey
and McFadden (1994) that Eg, [In(f(Xij,0:5))] has a unique mazimum at 0;; = 0o,,. Since
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Eao.Po.00 {N-M} > 0 and by the additivity of Qe,(0) given in (27) we get that Qg,(0)

(2

attains its unique maximum at @ = 6y. We can note that Qg, is continuous since it is the
sum of continuous functions.

NM
By assumption As, Y ijcp Yy . In (f (ij’l,ﬂij)> is continuous at each 0 € © with
J#i
probability one, and we have

Ny Y
>3 m (1 (x5400))| < 3 X[ (1 (x50)))
i,j€E k=1 i,j€E k=1
J# JFi
ny
k,l
DIPWEH
z,]EE k=1

with g(X) defined as supgee |In f(X, 8)| which is reached as © is compact and the function
In f(X,0) is continuous in 0 (assumption As). We get with Wald’s identity that

NM
ij
k)l
Eao,Po,00 Z Zg(Xij )| = Z Eao,Po,00 [N’L]y] Eeao,Po.00 [g(XZJ)]
i EE k=1 i,jeE
J#i J#i
Thanks to assumption As, Eg, [g(X)] < oo and by hypothesis Eq, py,0, [Ni]}/[
N k,l
we have Bag po,0, |2 ijer o 9(X;;) | < oo.

Jj#i
The independence of the n trajectories, the additional compactness assumption As and

} < o0. Thus,

Lemma 2.4 in Newey and McFadden (199/4) allows to obtain a uniform law of large num-
bers,

sup ‘@9(9) — ng(e)‘ — 0 almost surely when n tends to infinity.
6co

We can finally deduce from Theorem 2.1 in Newey and McFadden (1994) that 0 converges
almost surely to Q.
O

Proof. of Theorem 3.2.

The case with an absorbing state {D} follows the same lines as the proof without any
absorbing state and is not given. First note that by the additive property of the average
likelihood criterion (7) the covariance between \/n(p—po) and /n(8 — 6y) is equal to zero.
We first derive the asymptotic normality of p.

The transition probabilities. The proof is similar to the proof of Lemma 4.2 in Trevezas
and Limnios (2011) and relies on the multivariate central limit theorem applied on the el-

ements of the empirical score, VPQP(P) which are 1.1.d, with expectation zero at p = pg-
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As n tends to infinity, we have

ViVpQp(pg) ~ N (0, Ap)

where the covariance terms are defined as follows

Apij,ab = an,Po,Oo [(pol] — NIM> <poab — Né\/[)] .
ij ab

=0 ifa # i so that A, is block diagonal. Further-

more, given NM | the vector with components NZ-]}/[ for j # i has a multinomial distribution,

Conditioning on NZM we get that A

Dij,ab

1
with probability of success po,;. We thus obtain that Ay, .. = < — 1) Eao,Po.00 [NZM]
' Poij

and for b # j, Apij,ib = —Eaq,,Py,00 [NiM] :
We have,

vpabpij Qp(p) =0

. 1 < NE
vpijpijQp(p) = - Z 2”'
"= P

Let HM (p) be Eqay po.6, [Vpp@\p(p)] Thanks to the weak law of large numbers and the
Continuous Mapping Theorem, we obtain that, as n — +o0, Vpp@p(ﬁ) — HM(p,) in

probability so that

SUJI\)/ vap@p<p> — HM(p)H — 0 in probability.
pe

Eao,Po,60 [NiM]
Po;;

As each term po,; > 0 (condition Asg), the matriz Hé” 18 non singular and its inverse is

Po;;

ao,Po,00 [N’LM]
We get by Theorem 3.1 in Newey and McFadden (1994) that

Let Hg/[ be HM (pg) which is a diagonal matriz composed of the terms —

diagonal and composed of the terms —

Vi (B = po) N (0, () A, () ).

-1

Simple calculations enable to obtain that (Hfo\/l) Ay (H;f,w)_1 1s equal to I‘%.

The sojourn time parameters. Consider the partial derivatives of @9(9) and denote

by Vo, @g (0) the gradient vector partial derivatives with respect to the components of 0;;:

A _ 8@0 a@e d
Vi, Qo(0) = <39ij,1"”’ 892-]-,[1) eR
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fori=1,....Dandj=1,...,D and j #i. We have

(5)
vew QG Z Z VGU In ( o 91']')) : (28)

Elkl

Taking the expectation, we get with Wald’s identity that

E [Voijée(@)} = an,Po,Go [ny] anPoﬂo [Veij In (f(XZ], 9 ))]

so that, when 0;; = 6o, and hypothesis Ag ((iv to vi) which allows to interchange the
order of integration and differentiation) is true, E |:V9i]. @90(0)} = 0. The variance and
covariance terms can be calculated by applying Wald’s identity for the covariance terms

(see Theorem 6.1 in the Appendiz). We get

N]\/I N}M T

Ag,; = Eog oo ZV% In (£(X5.60,)) ngu n (f(X5.0,))

= an,Poﬂo [Nz]y] Eampo,@o |:v9ij In (f(Xij’ eoij)) veij In (f(Xij7 eoij))T:| )

which is a full rank dxd matriz under assumption Ag (v) and since Eq, .0, [Nl-jy] =
90, Ecx,Po,00 [NM] > 0. It can be shown that the covariance terms, for (i,j) # (a,b)
are equal to zero by conditioning on Ng[ and Né\g and the fact that In (f(Xij,Hoij)) and

In (f(Xap, 0o,,)) are independent centered random variables,

an,Po,eo |:v9ij In (f(X’Lja 00“’)) veab In (f(Xaba eoab))T:| =0.

We thus get with the multivariate central limit theorem that

VnVeQo(60) ~ N (0, Ag,) (29)

where Ag, is a block diagonal matriz, with diagonal elements Ay, i = 1,...,D,j # i.
Each sub-matriz Ag,; being non singular, matric A admits an inverse, which is also a
block diagonal matrix, with diagonal elements (Agij)fl

Note now that condition Ag (iv to vi) which allows to interchange the order of integra-

tion and differentiation implies that (see Theorem 3.3 in Newey and McFadden (1994)),
T
an,Poﬁo |:v0ij In (f(Xij’ 001’]’)) vf)ij In (f(Xij7 Hoij)) } = _an,Poﬁo [veijeij In (f(Xi]" aoij))] .

We denote by Ve,,0,; @9 the Hessian matrix with generic elements,

82Qo(0)

T =1, d
wo 005,000 "

[veabeij @9 (0)]

It is clear from (28) that if (i,7) # (a,b) then Va0, Qo(0) = 0 so that the global Hessian
matrix Vgg@g(@) is block diagonal.
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Following the lines of the Proof of Theorem 3.3 in Newey and McFadden (1994) and
using now the set of first order conditions given in (17), we have with the mean value

theorem,

0= VoQo(60) + [Veeée(g)} (5 - 90) (30)

where each component of @ belongs to the segment defined by the corresponding components
of By and 0.
Defining the global neighborhood N of 8 as the Cartesian product of the neighborhoods

Nij of 0;, we get as n — 400,

sup HVgg@g(B) - HM(B)H — 0 in probability
0eN

where HM (9) = Eay,Po.00 [v%@e(e)} so that vgec}g(@) — HM(80) in probability. Com-
bining finally (29) and (30), we get with Slustky’s theorem

Vi (8- 00) — A7 (0. (Y (60)) ™ Ag, (1 (8) )

with HM (00) = — Ay, and thus I‘]\g = (—HM(OO))_l. This concludes the proof. O

Proof. of Theorem 4.1. The additive structure of the log likelihood and the fact that the
asymptotic variance matrix of the maximum likelihood estimators is block diagonal lead to

the following Taylor expansion of —21n A, about (ﬁ,@),

2\, = —n <(13 — o) Vpp0p(B) (B — po) + (5 - eo)T VeoOo(0) (5 - 00)> . (31)

We use also the fact that the mazimum likelihood estimators satisfy Vp@p(f)) = 0 and
vgég(ﬁ) = 0. The equality holds for some @ (resp. P) belonging elementwise to the
segment defined by 6 and 6, (resp. by p and py). The log-likelihood can be studied inde-

pendently for the sojourn times and the transition probabilities.

The sojourn time parameters. Let —2In\, g be the part of the test statistics corre-

sponding to the sojourn time parameters:
~ T ~ [~
—2InAng = —n (0 - 00) Voo (o (8) (e . 00) .

Thanks to the weak law of large numbers and the Continuous Mapping Theorem, we have
the convergence in probability —v%@@(é) — (]."(]9\(/‘)[)71 which means that —vggég(é) =
(I‘gg)_l + 0p(1) (see van der Vaart (1998) Section 2.2 for the definition of notations
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op(1) and Op(1)). If Hy holds and under the hypotheses of Theorem 3.2 we have that
NLD (@ - 90) ~ N (O,I‘gg). Then, we obtain the approrimation:

—2InAng = vn <§ - eo)T (T~ <§ - 00) +0,(1)

= (Vi E-00)) (vam ™ (@-0)) v

[NIES

1o
where \/n (I‘gg) 2 (0 - 00) ~ N (0,I) with I the identity matriz of size D(D — 1)d if
there is no absorbing state and (D — 1)%d else.

Finally, we obtain:

—2InApp ~ X2D(D—1)d

when there is no absorbing state and
—2In M, 9 ~ X%D_l)zd

else.

The transition probabilities. The idea of the proof is the same as the one for the
sojourn times but the difference is due to the fact that the matrix I‘% 1s singular.
Let —21In A, be the part of the test statistics corresponding to the transition probabili-

ties:

—2In\,p=-n(p— po)T Vpp@p(ﬁ) (P —Ppo) -

As for the sojourn times, thanks to the weak law of large numbers and the Continuous
Mapping Theorem, we have the convergence in probability Vppé)\p(ﬁ) — Héw which can be
written as Vpp@p(ﬁ) = HI])W + 0p(1). We have also under the hypotheses of Theorem 3.2
and if Hy holds that /n (p — py) ~ N (0,T)7).

Let \/pT)iT be the vector of size D — 1 defined as (\/}Til, ceos /POy - - .,\/m) with j # i
and let U; be the matriz I — \/IE\/IKT with I the identity matriz of size (D —1). Simple
calculations enable to show that (—Hé\/[)% I‘% (—Héw)% is a block diagonal matrix of size
D(D — 1) if there is no absorbing state and (D — 1) else with diagonal terms U;. It is
easy to see that I — mmzp is an orthogonal projection matriz of rank D — 2. Thus,
there exists O; an orthogonal matriz such that A; = O; (I — MMT) OZT with A; the

diagonal matriz with D — 2 values of 1 and one 0 for the diagonal. Thus, we have:
—2In\,p=-n(p- PO)T (—H;])w) (P —po) +0p(1)

:Qmpﬂf)@—moTG@FH%

=
[SIE

@—m0+%m
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1
with <\/ﬁ (—Héw) 2 (p— p0)> ~ N (0, OTAO) where O (respectively A) is the diagonal
block matriz composed of the terms O; (respectively A;).
Thus, we obtain that:

2
—2In )\n»P ~ Xrank(A)

where rank(A) = D(D — 2) when there is no absorbing state and (D — 1)(D — 2) else.

The test statistics. In conclusion, we have, thanks to the asymptotic normality and the

block diagonal structure of the asymptotic variance,
—2InA, = -2InX,, —2In A, 9
2 2 2
~ XD(D—2) T XD(D-1)d = XD(D—2)4+D(D-1)d

when there is no absorbing state and

—2In Ay ~» X%Dq)(sz) + X%D—l)Qd = X%D—l)(D—Q)-i-(D—l)Qd (32)

when there is an absorbing state and the sequence is observed until absorption.

Proof. of Lemma 4.1. This Lemma is a direct consequence of the asymptotic normality
stated in Theorem 3.2 for the maximum likelihood estimators computed from the two inde-

pendent samples of sequences (S%)gzlw,’m and (S?)gzlwm. We have

ning ﬁ(l)—Pl N o f F;‘{l 0
ni+ng \ g _ gt ’ 0 i

and

nineg p

=(2) 2 Mo
_p F2 0
b “N{o,a-p(r
T e B (R G rM))

and the announced result by taking the difference and the independence assumption of the

two samples. O

Proof. of Theorem 4.2. The proof of Theorem 4.2 is immediate with Lemma 4.1 and the
fact that with the continuous mapping theorem fﬁl@ converges in probability to I‘If’e, We

deduce that W, n, converges in distribution to a x* law with degrees of freedom equal to
f
the rank of I‘pﬂ. O
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Proof. of Theorem 4.3.
As in (7), we use the additive structure of the log-likelihood of the sequences (S%)gzlw,m
and (S?)g:h“,m and decompose the global log-likelihood under the alternative hypothesis

into four terms:

—2l10g(Anyny) =2 — (mQp, (") +n2Qp, (P2)>]
8°)) - (mQo, (6") +n2Qo, (6 )]

n1Qp, (B) + n2Qp, (B )) - (m@pl (P") + n2Qp, (p }

[ () 0 () - 0 0, 09)]

:Ap—i-Ag—Bp—Bg

A~ T~
3
=
Q)

2
/—\/—\/—\
\_5
+
3
(Y]
)
&)

(V]
—~

with A, = 2 [(lepl <p ) +n2Qp, ( )) (lepl D) 4+ 12Qp, (p 2))}’
A9 =2[(m@o, (8") +n2Go, (%)) — (s, (6) + 2o, (6%))],
szz[(m@pl( ) + n2Qp, (P )) (p!) +12Qp, (p ))} and

By =2 [(m@ol ( ) +n2Q02 ( )) - (nl@fh (6" +”2Q02 (02)”

e

We can note that the estimators (ﬁl,al) and (p? 9 ) satisfy the first order condi-
tions vplépl ®") = 0 and Vglé)\gl(Al) =0 and VPQQPQ ®*) = 0 and V92@92 (52) =0
whereas the estimators (P, ) satisfy n1Vp, Qpl( )—i—nszQ@pZ (p) =0 andn1 Ve, @91 (5)4—
n2Ve,Qp,(0) = 0.

We present only the proof corresponding to the part of the likelihood ratio related to the
sojourn times. The same calculus would lead to similar results for the transition matrices

and are not presented.

Study of Ayg. Using a Taylor expansion of the log-likelihood around 51 and 52, we get,
similarly to (31),

~1N T ~ ~1
(08 n1Ve,0,00,(0") 0 0 — 0
9= ~ — ~ 2 -
02— 8 0 n2Ve,0,00,(0°) ) | \62 — 8

~1\ T
6' -0

To find the asymptotic distribution of ( ) AQ) we make a Taylor expansion about
60°—0

(61,52) of the gradient of the log-likelihood evaluated at (8',0%). We have, for parameters
01 and 92,

~ ~ ~1
<n1v91Q01 (01)> — 0+ <n1v9191Q91 (01) 0 ) (01 -0 ) (33)
3 - ~ = 2
n2V92 Q92 (02) 0 n2V9292 Q92 (02) 6°— 6
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which enables us to obtain

~ T ~
Ay = — 1 (nlvengl (01)> <m+n2 v91(916291( ) 0 ) <n1V91 Q91(01)>
1+ ng n2Ve,Qo, (02) 0 n1+n2 v9292Q92( ) n2Ve,Qe, (02)
Thanks to the weak law of large numbers and the continuous mapping Theorem, we

PO -1 PO
have the convergence in probability —Ve,e,Qe,(61) — (I‘é\fl) and —Vg,0,Q0,(02) —

-1
(I‘gf) . We have from (29) in the proof of Theorem 3.2, that V"1+"2 91@91( R is
WVG)QQ%( )

bounded in probability. We obtain finally

Vo, Qo, (6 Vo, Qo, (01
gy (m 0, Qo ( 2)) rl, (nl 0:Q0, ( 2)) + 0,(1)
ny + ng n2V92Q92(0 ) ’ n2v02Q02(9 )

1 My
witnt] , = (T
01,02 0 1pMs |-
702

Study of By. The hypothesis Hy can be written using a differentiable map of dimension

r, with Hy : a (01, 02) = 0. We suppose that 0 is a reqular value of the map, thus we can
find an injective mapping ¢, which is C?, such as a(¢(z)) = 0 and z° is the only value that
checks ¢(x°) = (01, 92) of dimension 2k —r with k the dimension of @ which is the same
as the one of 82. Thus, k = D(D —1)d when there is no absorbing state and k = (D —1)%d

else.

We set @(01, 0?) = 711@91 (01) + n2@92(92). Then, By can be written as:

where ¢(X) = (g, §) and X is a consistent estimator of *°. We can note that the gradient

and the hessian matriz are:

Vo (Q00) @) = Vad(@) Vo QAo())
Vao (Q0 6(@)) = Vaz (6(2)) V(@) Q0()) + Vo b (@) Vg(a)o) Q(0() Vad(@)

Thanks to a Taylor expansion of @(qb(fv)), we obtain,

Bgz(azo—i)T[ M(rob( ))](w —X)

where X belongs elementwise to segment defined by ° and X. We make a Taylor expansion

of Vg (@ o qﬁ) in order to obtain the law of £° — X :
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Ve (@00) (@) = Ve (@0 6) (%) + Vau (@0 6) (®)(” - %).

Then, we have

and
By = [Va (200) )] [-Vae (@06) @] Ve (@00) =)

mVa,Qo, (64 SNl
n2522@22(02)> [—Vm (QO¢) (x)} 1

Vao(a?) (”N‘“@‘h("l))] |

n2Ve,Qa, (02)

V() (

As X is consistent and thanks to the continuous mapping theorem, we get the conver-
gence in probability,

1

n1 + no

[~Vew (@06) )] = [Vas(@®)] " T, 4, Vas(a®).

Finally, we have,

. T ~
1 n1V91Q91(01) 0 oONT1f N o\T n1V91Q91(91)
By = he Ve Ve T = - ~
TR <n2v92c292<02>> ) [Tl I, Tbla | Ttla®) (G i
+ op(1).

Study of the test statistics. We deduce from (29), the convergence in distribution

1 ( 7 )% (mveléel(el)

—_— ~ ~ N (0,1 :
/nl + nQ 91,02 TL2V02Q02 (02)> ( QkXQk’)

Thus, the test statistics (considering only the sojourn times) can be written as follows,

~ T ~
1 n1v91Q91 (01) f % f % n1v91Q91 (01) 1
Ag—Byp— < r M, (T ¢ —
N TE S <n2V92Q92(02) (Fh,0.)" 30 (T0,.) 15V, Op, (02) ) Vi1 + 2

+ 0p(1)

N

_% -1 _
with My = Do — (T, ,) * Vad(@®) [Vao(@®) T, Voo (@®)]  Vad(@®)T (T ,,)

Noting that My is an orthogonal projection matriz, the asymptotic distribution of Ag —

By is a x? law whose degrees of freedom is equal to the rank of My, which is equal to its
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trace,

Tr (My) = Tr (IQM ~(The) " Vad(a®) [Vab(@) T, Vai(a®)] Vas(@®)T (T),,

= Tr (Iypscar) — Tr <(1‘£1,92)2 Vi (@) [Vas(@®) T, ,, Vaola®)|  Vaoa®) (
= Tr (Iopscat) — Tr([vm(w"ﬁrgh%vmqb(w“)} [vw¢<w°>TF£1,92vm¢<w°)}_1>
=r.

Similarly to the case of the sojourn time parameters and the case of the transition
probabilities for one sample, we obtain for the part of the transition probabilities a matrixz

M, whose rank is equal to D(D—2) when there is no absorbing state and (D—1)(D—2) else.

In conclusion, we have, thanks to the asymptotic normality and the block diagonal
structure of the asymptotic variance that the test statistics has, under the null hypothesis,
a x? distribution whose degrees of freedom is the sum of the ranks of Mg and of M,,.

O
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