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Abstract

We establish a general existence and uniqueness of integrable adapted solutions to scalar backward
stochastic differential equations with integrable parameters, where the generator g has an iterated-
logarithmic uniform continuity in the second unknown variable z. The result improves our previous one

in [12].
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1. Introduction

Fix an integer d > 1 and a real T > 0. Let (2, F,P) be a complete probability space equipped with
augmented filtration (F).e[o,7) generated by a standard d-dimensional Brownian motion (B;)¢cjo,7], and

Fr = F. Consider the following scalar backward stochastic differential equation (BSDE in short):

T T
Y, =¢ —|—/ 9(s,Y,, Zs)ds — / ZsdBs, t€[0,T], (1.1)
¢ ¢

where ¢ is called the terminal condition, which is an Fp-measurable real-valued random variable, the

random field

g:Qx[0,T] x R xR 5 R

is called the generator, which is an (F;)-adapted process for each (y, z), and the pair of (F;)-adapted
processes (Y, Z¢)iejo,) is called a solution of (1.1), which takes its values in R x R4 such that P—a.s.,
t Y, is continuous, t — |g(t,Ys, Z;)| +|Z;|? is integrable, and satisfies (1.1). Denote by BSDE(E, g) the
BSDE with the terminal condition £ and the generator g, which are called the parameters of the BSDE.

Nonlinear BSDEs were initially introduced in [19], who established an existence and uniqueness

result on adapted solutions of multidimensional BSDEs with Lipschitz continuous generators and square
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integrable parameters. Since then, BSDEs have been extensively studied due to their deep connections
with various fields such as partial differential equations, mathematical finance, stochastic control and
so on. The reader is refereed to among others [6, 17, 14] for more details. In particular, much efforts
have been paid on the well-posedness of adapted solutions to BSDEs under various integrability on the
parameters and various growth and/or continuity of the generator ¢ in the unknown variables (y, z). For
instance, some classical results can be found in [18, 17, 2, 3, 5, 15, 16, 4, 9, 10, 11] and the references
therein.

With adapted solutions of BSDEs, Peng [20] introduced the notion of conditional g-expectation
of a square-integrable random variable, which is a nonlinear extension of the conventional conditional
expectation. Since the conventional conditional expectation is defined in the space of integrable random
variables, it is then asked that how to define the conditional g-expectation of an only integrable random
variable—which entails solution of BSDEs with only integrable parameters. It has been widely recognized
that it is more difficult to solve BSDEs with only integrable parameters than those with LP-integrable
parameters (p > 1). To the best of our knowledge, there are only few discussions on adapted solution
of BSDEs with integrable parameters. In particular, an existence and uniqueness result is available
in [1] in this direction for multidimensional BSDEs, where the generator g is Lipschitz continuous and
grows in z in a sublinear way (see for example (H2S), with @ € (0,1) in Section 2). Subsequently in
[13, 7, 8, 21], new growth and continuity of the generator g in z are given for the well-posedness of
the integrable adapted solutions, such as the uniform continuity and a sublinear growth, the Holder
continuity and the quasi-Holder continuity (see (H5S), with @ € (0,1) in Section 2). In the last few
years, with the test function method in [10] and the localization technique in [2], we proved in [12]
the existence of integrable solutions of scalar BSDEs with integrable parameters when the generator g
satisfies a logarithmic sublinear growth in z (see (HQ):; with n = 1 and A > 1/2 in Section 2), and
the uniqueness when further g has a logarithmic uniform continuity in z (see (H5)2 with n = 1 and
A > 1/2 in Section 2), which extend the above-mentioned growth and continuity (see (i) of Remark 2.5
in Section 2 for details).

The objective of the present paper is to study integrable solutions of scalar BSDEs with only integrable
parameters under finer assumptions on the generator g, as a continuation of our previous work [12]. The
main result is formulated in Theorem 2.2 in Section 2. It gives the existence of an L' solution of a BSDE
with integrable parameters when the generator g has an iterated-logarithmic sublinear growth in z (see
(H2);\l with n > 2 and A > 1/2 in Section 2), and the uniqueness of integrable solutions in a proper space
when the generator g further has an iterated-logarithmic uniform continuity in z (see (H5)2 with n > 2
and A > 1/2 in Section 2), which improves that of [12] (see (i) of Remark 2.3 in Section 2 for details).
In fact, it gives a sequence of weaker and weaker conditions on the generator g for the existence and
uniqueness of the integrable solution of BSDE(E, g) under only integrable parameters. For the existence,
we first establish a crucial inequality (see Proposition 3.2 in Section 3), and then find a proper test
function (see Proposition 3.4 in Section 3) to apply Itd’s formula to obtain an a priori bound on the
first component of adapted solutions to the approximating BSDEs (see Proposition 3.5 in Section 3), and

finally utilize the localization technique to obtain the desired solution. For the uniqueness, we establish a
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general comparison theorem for the integrable solutions to the BSDEs (see Proposition 2.4 in Section 2),
where the same a priori estimate technique as above and Theorem 2.1 of [7] play a key role.

Let us close the introduction by introducing some necessary notations and spaces used in this paper.
For a,b € R, we denote a A b := min{a,b}, at := max{a,0} and a~ := —min{a,0}, and sgn(z) :=
1,50—1;<0, where 14 is the indicator function of set A. Let S be the set of all continuous nondecreasing

function p(-) : [0, +00) — [0,400) with p(0) = 0. For each pair of nonnegative integer m > k > 0 and

“+o0

each real sequence {an}, 29,

we use the following convention:

k k
H a;:=1 and Z a; :=0.
i=m i=m

Furthermore, for each integer n > 1, by induction we denote the following function
Y (z):=Inz, 2> and In™(2):=m® VW (2)) =PIV (z)), z>e™,

where

e =¢ and ™ = ee<n71).

For each p > 0, let S” be the set of (F;)-adapted continuous real-valued processes (Y;)¢c(o,7] satisfying

%/\1
1Y ||sp := (E[ sup |Ytp]> < 400,
t€[0,T)

and MP the set of all (F;)-adapted R'*%-valued processes (Z;)ejo,r) satisfying

. p/2 %/\1
1Z|mr = E (/ Zt|2dt> < +oc.
0

Denote by Xp the set of all (F;)-stopping times 7 valued in [0,7]. For an (F;)-adapted real-valued

process (X¢)epo,r7, if the family {X; : 7 € X7} is uniformly integrable, then we say that it is of class
(D).

The rest of this paper is organized as follows. In section 2 we state the main result and introduce
several remarks and examples to illustrate our theoretical result, and in section 3 we give the proof.

2. Statement of the main result

We always suppose that n > 1 is a positive integer, a € (0,1), 8,A > 0 and ~,¢ > 0 are several

nonnegative constants, & is a terminal condition satisfying E[|£|] < +o00, and (f)e[o,7 is an (F)-adapted

E [ /OT ft

For an integer n > 1 and a real number A\ > 0, define the function

n—1 - A
TN (z) = H \V/In@ (e 4 ) <ln(")(e(") + z)) , x>0.
i=1

An equality or inequality between random variables are always understood in the sense of P — a.s.. Let

nonnegative process satisfying

< +00.

us introduce the following assumptions on the generator g.
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(H1) dP x dt — a.e., g(w,t,-,-) is continuous.

(H2)2 g has a one-sided linear growth in y and an iterated-logarithmic sublinear growth in z, i.e., dP x

dt — a.e., for each (y,2) € R x R1*4,

san(y)g(w, 9,2) < fulw) + Bly| + I;|(|||)

(H3) ¢ has a general growth in (y, z), i.e., there exists a function h(-) € S such that dP x dt — a.e.,

l9(w,t,y,2) < fo(w) + h(lyl) +cle?, V(y,2) € R x R

(H4) g satisfies an extended monotonicity condition in y, i.e., there exists a concave function p(-) € S

with p(u) > 0 for u > 0 and [, % = +o00 such that dP x dt — a.e.,
g(w,t,y1.2) = g(w,t,y2,2) < p(yr — y2), V(Y1 92,2) € R x R x RV with y; > yo.

(H5)2 g has an iterated-logarithmic uniform continuity in z, i.e., there is a linearly growing function

k() € S such that dP x dt — a.e.,

21 — 22
|Q(W,t,y,21)_g(UJ,t,y,ZQ)‘ <I€< | : | )>7 v(yvzlazQ)ERXRb(dXRle'

I3 (J21 — 2|
Remark 2.1. We have the following four assertions.

(i) Assumptions (H1), (H3) and (H4) are also required in [12]. And, assumptions (H2)1\ and (H5)i
with A € (1/2,1] are the assumptions (H2) and (H5) of [12], respectively. Assumption (HQ)(; is
exactly the one (H1) of [1], where g has a one-sided linear growth in y and a linear growth in z,

and (HS)(I) is exactly the uniform continuity assumption of g in z of [7, 11].

(ii) For each n >1 and X\ > 1/2, we have
ILy . (x) < KILy(x), x>0

with a constant K > 0 depending only on (n,\). Consequently, for any A > 1/2, both conditions

(HQ):‘L and (H5)2 become weak as the integer n increases.

(iii) The inequality In'™ (e(™) > Ine = 1 is true for each n > 1. Both conditions (HQ);\L and (H5):‘L

become weak as the parameter A decreases in the interval (%, 00).

(iv) For each n > 1 and k > €™, there is a constant K > 0 depending only on (n, k) such that

1 (n)
< WVErD) s
In(™ (e 4 z)

A

- and (H5)2 can be replaced with a larger number.

Consequently, the constant ™) appearing in (H2)
In addition, the three assumptions (H3), (H{) and (H5)2 yield (HZ)Q

Our main result is stated as the following existence and uniqueness theorem.
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Theorem 2.2. Let n > 2, A > 1/2 and the generator g satisfy assumptions (HI), (H2)2 and (H3).
Then BSDE(E, g) admits a solution (Yi, Zi)iejo,r) such that (Y,Z) € SP x MP with each p € (0,1), and
Y belongs to class (D). And, there exists a constant C > 0 depending only on (8,v,n,\,T) such that

T
€ + /0 fuds |7

t
V| < \Yt|+/ fsds < CE +C, te|0,T]. (2.1)
0

Moreover, if assumptions (Hj) and (H5);\L also hold for the generator g, then the solution (Y, Z) with Y
being of class (D) is unique.

Remark 2.3. With respect to Theorem 2.2, we make the following two remarks.

(i) In view of (i) and (i) of Remark 2.1, Theorem 2.2 improves [12, Theorem 1], since it gives a
sequence of weaker and weaker conditions on the generator g for the existence and uniqueness of
the integrable solution of BSDE(E, g) under only integrable parameters. In addition, the condition
of Z € MP for each p € (0,1) is not required for the uniqueness in Theorem 2.2 as in [12, Theorem
1], while it is assumed in [1, 13, 7].

(i) Both Theorem 1 of [12] and Theorem 2.2 show that under assumptions (H1) and (H3) on the
generator g, the condition (HQ)Q with n > 1 and X\ > 1/2 is sufficient to guarantee existence of

the integrable solution of BSDE(E, g) with integrable parameters. And, [16] showed that (H2)2 with

n =1 and A = 0 is not enough. Assertion (iii) of Remark 2.1 states that assumption (HZ)Q becomes

weak as the parameter A decreases. It is still open whether the condition (HZ):‘L with n > 1 and

A € (0,1/2] is sufficient for the existence of an integrable solution.

A general comparison result on the integrable solutions of BSDEs with integrable parameters is
established in the following proposition, which generalizes Proposition 2.5 in [12] by (i) and (ii) of

Remark 2.1, and naturally yields the uniqueness part in Theorem 2.2.

Proposition 2.4. Letn >2, A\ > 1/2, £ and &' be two terminal conditions, g and g’ be two generators,
and (Ys, Zt)iepo,r) and (Y{, Z{)icjo,1) be a solution of BSDE(, g) and BSDE({', '), respectively. Suppose
that g (resp. g') satisfies assumptions (H4) and (H5)2 and (Y —Y')" is of class (D). If € < ¢ and

1Yt>Yt' (g(tvnlﬂ Z;) - g/(t7Yz7 Zt/>) <0 (resp. 1Y1,>Yt' (g(t7Y;7 Zt) - gl(ta }/ta Zt)) <0 )7 (22)

then we have Yy <Y/ for each t € [0,T].

Let us further introduce the following assumptions on the generator g, which is closely related to
assumptions (H2)2 and (HB):‘L We would like to mention that some similar assumptions to the following
(H2S), and (H5S), have been used in [1] and [21], respectively. It will be shown in the following
Remark 2.5 that (H5)2 and (H5S),, are respectively equivalent to the following (H5’)2 and (H55),.

(H2S),, ¢ has a one-sided linear growth in y and a sublinear growth in z, i.e., dP x dt — a.e., for each
(y,2) € R x R4,
sen(y)g(w,t,9,2) < fulw) + Bly| + 712",
5



(159),

(H5'),

(H55'),

g satisfies a quasi-Holder continuity condition in z, i.e., there exists a function %(-) € S with linear

growth such that dP x dt — a.e., for each (y, 21, 20) € R x RX4 x R1*4,
|g(w,t,y,z1) - g(watvya22)| < R(|Zl - Z2|a) .

There exists a constant A > 0 and a function £(-) € S with linear growth such that dP x dt — a.e.,

for each (y, 21, 22) € R x RY*d x RI*d,

|g(w7tayazl)_g(watvy7’z2)| S"%(|Z1_’22|) (23)

and
A‘Zl — 22‘

Iﬁiﬁﬂzl py + A (2.4)

‘g(wvtvyazl) - g(watvy722)| S

There exists a constant A > 0 and a function £(-) € S with linear growth such that dP x dt — a.e.,
for each (y, 21, 22) € R x R4 x R4 (2.3) holds and

|9(Wat7y731) - g(wvtayVZQ)l < AIZl - Z2|a + A.

Remark 2.5. We have the following several remarks.

(i) For each o € (0,1), n > 1 and X\ > 0, there exists a constant K > 0 depending only on (a,n,\)

(ii)

such that

Klz|
~ 2 (Je])
which means that (H2S) = (HQ)?L and (H5S), = (H5);\1 In addition, the bigger the o, the weaker

the assumptions (H2S), and (H5S),. In fact, the assertion on (H2S), is obvious. And, it can be

|z[*

z €R,

easily proved that for each 0 < oo < & < 1, if the generator g satisfies (H5S),, with the function
(), then it has to satisfy (H5S), with the function

f(x) == K25 ) Lo<a<t + R(T)1os1.

1t holds that (H5)2 & (H5’)2 for each n > 1 and X\ > 0. In fact, since n (™) > 1 for each
n>1andi=1,---,n and the function k(-) in (H5):‘L is of linear growth, the statement of
(H5):‘L = (H5');\L is obvious. Conversely, suppose that (H5’)2 holds with a constant A > 0 and
a function R(-). Observe that for each n > 1 and X\ > 0, there exist two constants K1, Ko > 0

depending only on (n, \) such that
LN () < Ky, € 0,1]

and
KQCC

1< ,
T I (@)

It then follows from (2.3) and (2.4) that (H5)2 holds for the generator g with the function

z € (1,400).

I%(Kll')logmgl + R(K1)$11>1, if %(Kl) > (1 + KQ)A;
%R(le)lnggl + (1 + KQ)A$1Z>1, if I%(Kl) < (1 + KQ)A

6
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Similarly, it also holds that (H5S), < (H5S'),, for each a € (0,1). In particular, from the above
assertions we can deduce that if the generator g is uniformly continuous and has a bounded growth

in z, then it must satisfy (H5S), and then (H5)2 for each oo € (0,1), n > 1 and X\ > 0.
(#ii) In view of (i) and (iii) in Remark 2.1 and the above (i), the following assertions can be verified.

— If g1 and go satisfy respectively (H5)2 and (H5)§«: withn > 1 and 0 < X\ < X, then anyone of
their linear combinations must satisfy (HS);E

A
n

and (H5)i‘n with 1 <n <m, A\ > 1/2 and X > 0, then

Py
-

— If g1 and go satisfy respectively (H5)

anyone of their linear combinations must satisfy (H5)

— If the generators g1 and go satisfy respectively (H5S), and (H58), with 0 < a < & < 1, then

anyone of their linear combinations satisfy (H5S), and then (HS);\l for eachn >1 and X > 0.

Finally, let us give two examples to which Theorem 2.2 applies, but none of existing results could.

Example 2.6. For each (w,t,y,z) € Q x [0,T] x R x R4 define

|z| cos |z]

- — |z|?siny.
In(e® + |z|)(Inln(ed + |2])) 2

g(w,t,y, 2) := By(w) — e¥sin? | 2| +

It is not hard to check that this generator g satisfies assumptions (H1), (HZ);\Z and (H3) with
f=B+1, =0,vy=1,n=2, A=3/4, c=1 and h(u) =e".

Then, by Theorem 2.2 it can be concluded that BSDE(E,g) admits a solution (Y3, Zt)sepo,) Such that
(Y, Z) € 8P x MP with each p € (0,1), and Y is of class (D).

Example 2.7. For each (w,t,y,2) € Q x [0,T] x R x R4 define

|| E
In(e +|2])  \/In(e8 + [2])(Inln(ed + |2]))3

G(w,t,y,2) = y*Ly<o + U(|y]) + sin|z] + /J2] + |25 +

)

where
l(u) :==u|lnu|In|Inulocy<e + 1 (e)(u — () lyse, u € (0,+00)
with e > 0 being sufficiently small. Note that for each x1,x2 > 0, we have |F(x1) — F(x2)| < F(|Jz1 — x2|)

for any concave function F(-) € S. It can be verified that for each x1,x2 > 0,

d
[1(x1) — l(z2)] <I(|xy — x2|) with / qau _ +00,

o+ U(u)
|sinzy —sinxe| < |x1 — 22|, |sinz; —sinzg| < 2,
1 1 1
Va1 — Vel < |xy —wa|,  |2f —xd| <z — 2|3,

|71 — o
~ In(e + |z1 — z2|)

X1 _ i)
In(e+z1) In(e+ x2)

and
€2

Z1
| VIn(ed + z1)(Inln(ed + 351))% VIn(ed + z2)(Inln(ed + 3[;2))%
< |21 — @a|
~ /In(ed + |v1 — 2]) Inln(e® + |21 — z]))F
7




Based on these above observations, by virtue of Remark 2.5 we can easily prove that this generator g
satisfies assumptions (H1), (H2)2, (H3), (H4) and (H5)j‘l with p(u) = l(u), n =2 and X\ = 2/3. Then,
by Theorem 2.2 it can be concluded that BSDE(, g) admits a unique solution (Y3, Zt):ejo,1) such that
(Y,Z) € 8 x MP with each p € (0,1) and Y is of class (D).

3. Proof of the main result

First, we have the following crucial inequality.

Proposition 3.1. Letp > 1 and () : [0,400) — [1,+00) be a twice continuously differentiable function
such that for each x >0, ¢¥'(x) > 0, ¥"(x) <0,

v (@) < 3 A (1~ ;13)7 (3.1)
— 2 (Iny/(2)) < g (3.2)
and
Y(Vpry(x)) < /p(z). (3.3)
Then, we have
28y DT L2 ) € [0,00) X [0, 00). (3.4)

<
U(y) Y3 (x)
Proof. For (z,y) € [0,400) x [0,400), define the function

- . 2_2x7y px2 - oz 2 px2 _ 22
@y =y w<y>+w2<x>‘<y w<y>> RECRRED) 3.5)

Clearly, it suffices to prove that f(z,y) > 0 for each xz,y > 0. By (3.5) it is obvious for y > z. Hence,

we only need to prove that f(z,y) > 0 for each z € (0,+00) and y € [0, z].

Now, fix arbitrary = € (0, 4+oc) and let f(y) := f(z,y), y € [0,z]. Then we have

T 2a(y(y) —yd'(v)
) - P2 (y)

Fly) =29 - 2 (y L yelo (3.6)

Y(y)

and

)” oy OO - W W W) g

P O
fly=2-2 < $3(y)

U(y)
It follows from (3.1) and (3.2) that

2y(¢' (y))? — y(y)y" (y) < %w@)w'(y) + %d)(y)w’(y) = 2¢(y)Y' (y),

which together with (3.7) yields that f”(-) > 0, and then f(-) is a strictly convex function on [0, z].
Furthermore, note by (3.6) that f/(0) = —2z/¢(0) < 0 and

F(r) = 9 — 2z 222" (z) _ 2z’ (x)
Py =220t " Rey 2 P

> 0.

It follows that there exists a unique yo € (0, ) such that f’(y9) = 0 and

fla,y) = f(y) = flyo) = f(w,10), y € [0,2]. (3-8)
8



In the sequel, since the function y¥(y),y € [0, +00) is strictly increasing with its range being [0, +00),

we can conclude that there exists a unique real y; € (0,400) such that

x
" ) 59
Then, y; € (0,2) and it follows from (3.6), (3.9) and (3.1) that
- 20 2ay(y) 2 [(1 - ﬁ) b(y1) =19’ (1)
=2y — = — 0.
Pl =20 =560~ Ry <
Therefore, y; < yo and then by (3.8) and (3.5) we deduce that
f@y) > f(z )—( —$)2+ po @ prt o cl0,a].  (3.10)
N A e € R 3 B T €0 R (7D
Finally, it follows from (3.3) and (3.9) that
VP () 2 o (Vpy(yr)) = d(). (3.11)

Then, by (3.10) and (3.11) we obtain that f(z,y) > 0 for each x € (0,+00) and y € [0, z], which is the

desired conclusion. O
By virtue of Proposition 3.1, we can establish the following key inequality.

Proposition 3.2. Let n > 1, A\ > 0 and p > 1. Then, there exists a positive constant ky ., > e™

depending only on (n, A,p) such that for each k > ky, x p, we have

2 2
W P2 ay>o, (3.12)

1L 1 (y) (ﬂ:ﬁ,k(mﬁ

where and hereafter,
n—1 A

1) (@) = [ V@ (k + ) (1n<"> (k + g;))

i=1

Proof. Note that for each m > 2, the case of n = m and A = 0 is just the case of n = m—1and A =1/2,
and the case of n = 1 and A = 0 is evident from the basic ineuqality. It suffices to prove the case of

n > 1and XA > 0. Fix a sufficiently large k& > €™ and let

Y(z) =10 o(z) > 1, z € [0,+00).
We prove that for a sufficient large k, the function () satisfies (3.1)-(3.3). Observe that for each n > 1
and z > 0, we have

IV (k + 2)) 1
™ (k + 2 ’:( N
( ( ) "V (k4 2

~

n—1 . .
(k+z) [T mY(k+2)
j=1

For each n > 1 and = > 0, we can calculate that

n—1
1 .
ln(z) = 5 > Wk +z) + A (k + )
=1
9



and, in view of k being large enough,

n—1
x 1 1 A
S MOk +a) ) TPk +a) (3.13)
j=1 Jj=1 ’
n=1 4 3
i < 1 A(1— i),
Ink 4 /P

which means that the function v(-) satisfies (3.1).
Furthermore, it is not very difficult to verify that for each n > 1 and « > 0,
n—1 n—1 ) 2
ST mOk+2) ) + e | @)

i=1 \j=i+1

P(z) = (Iny(2)) v (@) = [

p—) >0
2k +z) [ Y (k 4 z)
j=1
and )
Inv'(z) = ey () + Inep(x) —n2— > WV (k + 2)
=0
with
n—1 n—1 23\ 2
= I (k > Looi + 1oso. 3.14
Yola) Zl H nk+a) +]n(")(k—|—$) ~ In(k+x) =t ez (3.14)
1= J=i+1
Note that for each n > 1 and x > 0, we have with i =1,--- ,n — 1,
n—1 n—1 !
o / o ro 4_2'“ l_H 1 In®(k + 2)
[ u@k+a)) = > w0k +2)| [ mOk+2)= "0 >0,
j=it+1 j=it+1 I=i+1 (k+2z) [] mP(k + z)
=1
and then
n—1 n—1 .
T Yk +a)
Jj=i+1l \I=j+1 2\
Yolz) =Y - - — .
T GO+ [ G+o) 0O+ ™+ 2)
=1 i=1
From (3.14) and (3.13), we deduce that for a sufficiently large k,
n—1
Vi (x 1 1
@) = =P ) 3 |
0 i=0 | T 9 (k + =)
j=1
< 04 Loy 2 Ny (i ol
- k+z \In(k+z) Ink+2x) k+x In(k + z)
1 n+ 2\ 3
< =1 <2
- :E< BTy )_2:1:’ z>0,

which yields that the function ¢ (-) satisfies (3.2).
In the sequel, we prove that the function v (-) also satisfies (3.3). In fact, fix n > 2 and A > 0, and

set § := p"—11+2A > 1. We pick k large enough such that for each xt > 0andi=1,--- ,n,

k+ pry(x) < ok + 2)(x) < (k+2)° and 6 (k +2) < (In® (k + 2))°. (3.15)
10



Then, for each i = 1,--- ,n, we have
I (k + /prp(z)) < 6D (k + ), = >0. (3.16)

The last inequality can be proved by induction. In fact, (3.16) is clear for i = 1 since it follows from
(3.15) that
W (k + /prp(z) <P [(k+2)°] =6V (k+2), z>0.

Now, assume that (3.16) holds for some ¢ = with [ € {1,--- ,n — 1}. Then, in view of (3.16) and (3.15)

we can deduce that

(k4 prp(@) = OOk + pr(@)] < OO (k+ o)) < D[k + )’
SOk +2)] =6V (k +2), z>0,

which means that (3.16) also holds for i = + 1. Hence, (3.16) is true for each i = 1,--- ,n, and then

W(Vpr(z)) = H VO (k4 e (a)) (10 (s + Vo))
< 5%“‘711:[ In®(k + z) (ln(")(k + x)))\ =./pyY(z), =>0.

Then, (3.3) is true for ¢(-). Up to now, we have proved that the function +(-) satisfies all conditions in
Proposition 3.1, by which the desired inequality (3.12) follows immediately. O

Remark 3.3. With respect to the above Proposition 3.2, we make the following remarks.
(i) The case of n =1 and X\ € [0,1] of Proposition 3.2 is Proposition 3.2 of [12].

(ii) Except from the case of n =1 and X\ = 0, the inequality (3.12) does not hold when p < 1. In fact,

letn>1,X\>0 and k > ™ be any constant. Assume that constants x,y > 0 satisfy

m <
Yy = e xZ.
ﬂ,k(y)

Then, in view of (3.5),

2x x? x? x?
Yy’ — Y4 = - <0,

Lo®)  (100,0) (@) (220.)

which immediately yields the desired assertion.

Now, let n > 2, A > 1/2 and k > e(") be sufficiently large and depends only on (n, A) such that the
inequality (3.12) with p = 2 in Proposition 3.2 holds. A C'2 function ¢ : [0,T] x [0, 4+00) — (0, +0o0)
will be called a test function, if ¢, > 0, ¢y > 0, ppr > 0, and

vl2|

1
2 () 20 o) 20,
n,k

7ﬂ¢m(57 IL‘)I - ¢m(57 :]C)
(3.17)

(s,2,2) € [0,T] x [0, +00) x R4,

11



Here and hereafter, ¢, is the first-order partial derivative of ¢ in the first variable, and ¢, and ¢, are

respectively the first- and second-order partial derivative of ¢ in the second variable. Since (in view of

(3.12) with p = 2)

B 72| 1 2 _ CYa(s,m) 2] 1 5
¢I(S’x)1£i;7k(|z|) + 2¢m;(s,x)|z| = Guu(s,T) < Gom (5, 2) Iﬁz,k(‘zD + 2|Z| )

ARACED)
Buals, 1) (00, (22229) )
a C12 function ¢(-,-) will be a test function if ¢ > 0,¢s > 0,¢, > 0, ¢z > 0, and moreover, for each
(s,z) €[0,T] x [0,400),

— Béa(s,2)z — paACL) - bu(s,2) > 0. (3.18)

0ua(s,2) (200 (32024))

In the sequel, we choose the following function

6(s,2) = (k + ) {1 (W (k4 ) HA] te (5,2) € [0,T] x [0, +00)

to explicitly solve (3.18), where ys : [0,7] — (0, +00) is a nondecreasing and continuously differentiable
function to be assigned. First of all, letting further the constant k& > ¢(™ depending only on (n, A\, ) be

large enough, by a simple computation we can obtain that for each (s,z) € [0,7] x [0, 4+00),

1 22 —1
Gu(s,2) = |1 — A—1 L= }
[Tk +2)
i=1

(0 s ) not

220 -1 22 —1 1
Gz (s,2) = 1-— — s >0

(kto) (22,@) | 1Ok +2) ({10 ) 2
i=1 i=1

and
1-2A
busa) = b0 [ 1= (W4 0) |0
which yields that for (s,z) € [0,T] x [0, 4+00),
1
iﬂs S qﬁm(s,x) S MS, (319)
2\~ D, (2~

5 < Gaa(s, ) < 55 (3.20)

20k + ) (T2} 1(x)) (k + o) (T2} ()

Ps(s,2) = %(k + @)k, (3.21)
and then
7¢$(57x) Y A 2
bun(siz) = 2=y T (@) 2+ (3.22)

Substituting (3.19)-(3.22) into the left hand side of (3.18), we have

12



72(153(5’ z)
A VP (s,T)
¢xm(s7x) (I‘C’ﬂ,k? (W))
Vs

2
CA=1)ps A

7ﬂ¢r(57 :L’)I’ -

5 + ¢s(s,x)

(k + @) p

N |

Z—ﬂ(k+$)us— +

2

> (k+ ) {— <5+2)\27_1>us+

1
2

,u’s] , (s,2) €[0,T] x [0, +00).

Thus, if we take

_ 29°
i |2 (54 51 )8 e

then (3.18) and then (3.17) holds.

Define the function for k£ > e("),

2

o(s,z) == (k + ) [1 (1n<n>(k+x))1_ﬂ exp [2 <ﬂ+ 237_1)9}, (s,2) € [0,T] x [0, +00). (3.23)

We have established the following proposition on the test function ¢.

Proposition 3.4. Letn >2, A\ > 1/2 and k > e(™) be a sufficiently large constant depending only on
(n,A,7) and such that the inequalities (3.12) (with p = 2) and (3.19)-(3.22) are all satisfied. Then, we
have for each (s,x,z) € [0,T] x [0, +00) x R1*4,

7|2|

1
— T 4 (s, 2) |22+ ws(s,2) > 0. (3.24)
) i (2) 2

- ﬁ@w(svx)x - 9093(8’1‘)

The following Proposition 3.5 gives an a priori estimate for the solution to a BSDE.

Proposition 3.5. Assume that n > 2, X\ > 1/2, the generator g satisfies assumption (HZ):‘L, and
(Ys, Zt)rejo,) is a solution of BSDE(, g). If the process (|Yi| + fot fsds)iejo,1) is of class (D), then there
exists a constant C > 0 depending only on (n,B,v,\,T) such that

T
€+ /0 Judt
A

Proof. In view of (iv) of Remark 2.1, we suppose that the generator g satisfies assumptions (H2), with

t
\YtlélYtlJr/ fods < CE Fi| +C, t€0,T). (3.25)
0

Iﬁz being replaced with IE;\L’k for a sufficiently large constant k& > (™ (as given in Proposition 3.4).
Define
t
Y, :=|Y|+ | fsds and Z;:=sgn(V;)Z;, tel0,T].
0

Using It6-Tanaka’s formula, we have

T T T
ﬁ:?T+/ (sgn(YS)g(s,Y;,Zs)—fs)ds—/ ZSdBS—/ dL,, tel0,T),
t t t

where L is the local time of Y at 0. Applying It6-Tanaka’s formula with the test function ¢ (see (3.23)

13



for the definition), and noting the assumption (H2)2 (but with Z£) being replaced with ZC;\I &), we have

d@(sv Ys) = (Pm(& ?9) (—Sgn(Ys)g(s, Y, Zs) + fs) ds + (Pa:(sa Y/s)stBs

_ 1 _ _
o (5, Yo)dLs + Saa(s, V)| Zs2ds + (s, Ys)ds

v

_ % 7 1 _ _
s, 72) (mm v m|<||2)> b S onals T)IZL + 0u(5,V2) | ds
n,k s

+.(5,Ys) ZdB,, s€0,T).
Then, since |Y,| < Y, we have from (3.24) in Proposition 3.4,
dp(s,Ys) > pa(s,Ys) Z,dB,, s€[0,T).

In the sequel, observe from (3.23) that

S0 +2) < pls,2) < Ralk+2), (5,2) € 0,7] x [0, +00),

2
k1 :=exp {2 <ﬂ+ 2/37_ 1) T] .

By a similar analysis as that in Proposition 3.4 of [12], we conclude that

with

%(k +Y3) < BE[(k+ V)| Rl teo,T],

which immediately yields the desired inequality (3.25). O

We now prove Theorem 2.2 and Proposition 2.4.

Proof of Theorem 2.2. Assume first that g satisfies assumptions (H1), (HZ);\l and (H3). With Propo-
sition 3.5 in hand, using the localization technique put forward initially in [2] and following closely
the proof of Theorem 2.1 in [12], we can construct a solution (Y%, Z;);cp0,r7 of BSDE(E, g) such that
(Y, Z) € §P x MP with each p € (0,1) and Y is of class (D). The details are omitted here. Furthermore,
suppose that g also satisfies assumptions (H4) and (H5);\l The uniqueness part of Theorem 2.2 is a direct

consequence of Proposition 2.4, whose proof will be given below. The proof is then complete. O

Proof of Proposition 2.4. Let A represent the linear-growth positive constant for the functions p(-) and
k(+) defined respectively in assumptions (H4) and (H5);\1 In view of (iv) of Remark 2.1, we can suppose
A

n

that the generator g satisfies (H5)” with a sufficiently large constant k > e instead of e(™, where
the constant k& depends only on (n,\, A) and can be similarly defined as in Proposition 3.4. In view of
assumptions (H4) and (H5):; with k instead of e(™), Proposition 3.4 and the proof of Proposition 3.5
together with Theorem 2.1 in [7], by a similar argument as that in Proposition 2.5 of [12] we have the

desired assertions. The details are omitted here. O
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