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Abstract

Optimal Transport has sparked vivid interest in recent years, in particular thanks to the
Wasserstein distance, which provides a geometrically sensible and intuitive way of comparing
probability measures. For computational reasons, the Sliced Wasserstein (SW) distance was in-
troduced as an alternative to the Wasserstein distance, and has seen uses for training generative
Neural Networks (NNs). While convergence of Stochastic Gradient Descent (SGD) has been ob-
served practically in such a setting, there is to our knowledge no theoretical guarantee for this
observation. Leveraging recent works on convergence of SGD on non-smooth and non-convex
functions by ( ), we aim to bridge that knowledge gap, and provide a realistic
context under which fixed-step SGD trajectories for the SW loss on NN parameters converge.
More precisely, we show that the trajectories approach the set of (sub)-gradient flow equations as
the step decreases. Under stricter assumptions, we show a much stronger convergence result for
noised and projected SGD schemes, namely that the long-run limits of the trajectories approach
a set of generalised critical points of the loss function.
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1 Introduction

1.1 Optimal Transport in Machine Learning

Optimal Transport (OT) allows the comparison of measures on a metric space by generalising the
use of the ground metric. Typical applications use the so-called 2-Wasserstein distance, defined as

Wy € Po®Y), Wixy) = it [ o=yl (@), (W2)
€l(xy) JRd xRd

where P2(R%) is the set of probability measures on R? admitting a second-order moment and where

TI(x,y) is the set of measures of Py(R? x R?) of first marginal X and second marginal y. One may

find a thorough presentation of its properties in classical monographs such as ( );

(2015); Villani (2009)

The ability to compare probability measures is useful in probability density fitting problems, which are
a sub-genre of generation tasks. In this formalism, one considers a probability measure parametrised
by a vector u which is designed to approach a target data distribution y (typically the real-world
dataset). In order to determine suitable parameters, one may choose any probability discrepancy
(Kullback-Leibler, Ciszar divergences, f-divergences or Maximum Mean Discrepancy ( ,

)), or in our case, the Wasserstein distance. In the case of Generative Adversarial Networks, the
optimisation problem which trains the "Wasserstein GAN" ( , ) stems from the
Kantorovitch-Rubinstein dual expression of the 1-Wasserstein distance.

1.2 The Sliced Wasserstein Distance as an Alternative

The Wasserstein distance suffers from the curse of dimensionality, in the sense that the sample
complexity for n samples in dimension d is of the order @(n!/4) ( , ). Due to this practical
limitation and to the computational cost of the Wasserstein distance, the study of cheaper alternatives
has become a prominent field of research. A prominent example is the Sinkhorn Divergence introduced
by ( ), which adds an entropic regularisation term, advantageously making the problem
strongly convex. Sample complexity bounds have been derived by ( ), showing a
convergence in O(y/n) with a constant depending on the regularisation factor.

Another alternative is the Sliced Wasserstein (SW) Distance introduced by ( )
which consists in computing the 1D Wasserstein distances between projections of input measures,
and averaging over the projections. The aforementioned projection of a measure X on R? is done by
the push-forward operation by the map Py :  — 0 . Formally, Py#X is the measure on R such that
for any Borel set B C R, Py#xX(B) = x(P, ' (B)). Once the measures are projected onto a line Rf, the
computation of the Wasserstein distance becomes substantially simpler numerically. We illustrate this
fact in the discrete case, which arises in practical optimisation settings. Let two discrete measures on
R = %Zk R %Zk ye With supports X = (z1,--+ ,2,) and Y = (y1,--+ ,y,) € R™4.
Their push-forwards by Py are simply computed by the formula Py# x = %Zk Py(xy), and the
2-Wasserstein distance between their projections can be computed by sorting their supports: let o
a permutation sorting (6" zq,---,0"2,), and 7 a permutation sorting (§"y1,---,0"y,), one has the
simple expression

S|

W3(Po# x. Podt v) =—=> (0 2,0 — 0 ). (1)
k=1

The SW distance is the expectation of this quantity with respect to # ~ | i.e. uniform on the sphere:
SW3( x, v) = Eg [WE(Po# x,Py# y)]. The 2-SW distance is also defined more generally be-
tween two measures X,y € Po(R?):

SWE(x.y) := / W2(Pytix, Poty)d (0). (SW)

feSd—1
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In addition to its computational accessibility, the SW distance enjoys a dimension-free sample com-

plexity ( , ). Additional statistical, computational and robustness properties of SW
have been explored by ( ). Moreover, central-limit results have been shown by
( ) for 1-SW and the 1-max-SW distance (a variant of SW introduced by
( )), and related work by ( ) shows the convergence of the sliced

error process 0 — \/n (Wg(Pg# X, Po#t v) — WhH(Pa#X, Pg#y)), where the samples X ~ x®" and

Y ~ y®" are drawn for each 6. Another salient field of research for SW is its metric properties, and
while it has been shown to be weaker than the Wasserstein distance in general by ( )
and metric comparisons with Wasserstein and max-SW have been undergone by

( ) and ( ).

1.3 Related Works

Our subject of interest is the theoretical properties of SW as a loss for implicit generative modelling,
which leads to minimising SW%(TU#X, y) in the parameters u, where y is the target distribution, and
T, #x is the image by the NN! of X, a low-dimensional input distribution (often chosen as Gaussian
or uniform noise). In order to train a NN in this manner, at each iteration one draws n samples from
x and y (denoted x and 1y as discrete measures with n points), as well as a projection 6 (or a batch
of projections) and performs an SGD step on the sample loss

1 n
Z (07 Tu(To() — 0 yr (). (2)

L(u) = SW3(Pp#Tu# x.Po# v)

3 \

Taking the expectation of this loss over the samples yields the minibatch Sliced-Wasserstein discrep-
ancy, a member of the minibatch variants of the OT distances, introduced formally by Fatras et
al. ( ). The framework (2) fits several Machine Learning applications, for instance,

( ) trains GANs and auto-encoders with this method, and ( )
consider related dual formulations. Other examples within this formalism include the synthesis of
images by minimising the SW distance between features of the optimised image and a target image,
as done by ( ) for textures with neural features, and by ( ) with
wavelet features (amongst other methods).

The general study of convergence of SGD in the context of non-smooth, non-convex functions (as
is the case of £ from (2)) is an active field of research: ( ) and
( ) show the convergence of diminishing-step SGD under regularity constraints, while

( ) leverage conservative field theory to show convergence results for training with back-
propagation. Finally, the recent work by ( ) shows the convergence of fixed-step
SGD schemes on a general function F' under weaker regularity assumptions.

More specifically, the study of convergence for OT-based generative NNs has been tackled by

( ), who prove strong convergence results for minibatch variants of classical OT distances,
namely the Wasserstein distance, the Sinkhorn Divergence and the Gromov Wasserstein distance
(another OT variant introduced by ( )). A related study on GANs by ( )
derive optimisation properties for one layer and one dimensional Wasserstein-GANs and generalise
to higher dimensions by turning to SW-GANs. Another work by ( ) focuses
on the theoretical properties of linear NNs trained with the Bures-Wasserstein loss (introduced by

( ); see also ( ) ) for reference on this metric). Finally, the regularity
and optimisation properties of the simpler energy SW%( X, v) have been studied by

(2023).

In practice, it has been observed that SGD in such settings always converges (in the loose numerical
sense, see ( , ), Section 5, or ( , ), Figure 3), yet this property
is not known theoretically. The aim of this work is to bridge the gap between theory and practical

!Similarly to the 1D case, T, #X is the push-forward measure of X by Ty, i.e. the law of T}, (z) when z ~ X.
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observation by proving convergence results for SGD on (minibatch) Sliced Wasserstein generative
losses of the form F(u) = EXNX®n7YNy®nSWg(Tu# X, Y)-

1.4 Contributions

Convergence of Interpolated SGD Under Practical Assumptions Under practically real-
istic assumptions, we prove in Theorem 1 that piecewise affine interpolations (defined in Equation
(10)) of constant-step SGD schemes on u — F(u) (formalised in Equation (7)) converge towards
the set of sub-gradient flow solutions (see Equation (9)) as the gradient step decreases. This results
signifies that with very small learning rates, SGD trajectories will be close to sub-gradient flows,
which themselves converge to critical points of F' (omitting serious technicalities).

The assumptions for this result are practically reasonable: the input measure X and the true data
measure Y are assumed to be compactly supported. As for the network (u, z) — T'(u, x), we assume
that for a fixed datum z, T(-,x) is piecewise C2-smooth and that it is Lipschitz jointly in both
variables. We require additional assumptions on 7" which are more costly, but are verified as long as
T is a NN composed of typical activations and linear units, with the constraint that the parameters
u and data x stay both stay within a fixed bounded domains. We discuss a class of neural networks
that satisfy all of the assumptions of the paper in the Appendix (Section D). Furthermore, this result
can be extended to other orders p # 2 of SW: we present the tools for this generalisation in Section E.

Stronger Convergence Under Stricter Assumptions In order to obtain a stronger convergence
result, we consider a variant of SGD where each iteration receives an additive noise (scaled by the
learning rate) which allows for better space exploration, and where each iteration is projected on
a ball B(0,7) in order to ensure boundedness. This alternative SGD scheme remains within the
realm of practical applications, and we show in Theorem 2 that long-run limits of such trajectories
converge towards a set of generalised critical points of F', as the gradient step approaches 0. This
result is substantially stronger, and can serve as an explanation of the convergence of practical SGD
trajectories, specifically towards a set of critical points which amounts to the stationary points of the
energy (barring theoretical technicalities).

Unfortunately, we require additional assumptions in order to obtain this stronger convergence result,
the most important of which is that the input data measure x and the dataset measure y are discrete.
For the latter, this is always the case in practice, however the former assumption is more problematic,
since it is common to envision generative NNs as taking an argument from a continuous space (the
input is often Gaussian of Uniform noise), thus a discrete setting is a substantial theoretical drawback.
For practical concerns, one may argue that the discrete X can have an arbitrary fixed amount of points,
and leverage strong sample complexity results to ascertain that the discretisation is not costly if the
number of samples is large enough.

2 Stochastic Gradient Descent with SW as Loss

Training Sliced-Wasserstein generative models consists in training a neural network

R x R — R
T: { (u,x) — Ty(x) =T (u,x) (3)

by minimising the SW minibatch loss u — Ex, xen yyen [SW%(TU# X, y)] through Stochastic

Gradient Descent (as described in Algorithm 1). The probability distribution x € Py(R%) is the law
of the input of the generator T'(u,-). The distribution y € Po(R%) is the data distribution, which
T aims to simulate. Finally, will denote the uniform measure on the unit sphere of R% denoted
by S%~1. Given a list of points X = (z1,---,2,) € R"™%  denote the associated discrete uniform
measure x = -, .. By abuse of notation, we write T,(X) := (Tu(z1), -+, Tu(zn)) € R,
The reader may find a summary of this paper’s notations in Table 1.
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Algorithm 1: Training a NN on the SW loss with Stochastic Gradient Descent
Data: Learning rate a > 0, probability distributions X € P2(R%) and y € Py(R%).
1 Initialisation: Draw u(®) € R%;
2 for t € [0, Tynax — 1] do
3 Draw 0+ ~ | x(+1D) o x®n y(+1) | y®n  SGD update:

0
u(t+1) — u(t) — o G—UW%(PG(HU#TU# X(t+1),P9(t+1)# y<t+1))

u=u(®)
4 end

In the following, we will apply results from ( , ), and we pave the way to the
application of these results by presenting their theoretical framework. Consider a sample loss function
f : R% x Z —» R that is locally Lipschitz in the first variable, and z a probability measure
on Z C R? which is the law of the samples drawn at each SGD iteration. Consider ¢ : R% x
Z — R% an almost-everywhere gradient of f, which is to say that for almost every (u,z) €
R x Z, p(u,z) = Ouf(u,z) (since each f(-,2) is locally Lipschitz, it is differentiable almost-
everywhere by Rademacher’s theorem). The complete loss function is the expectation of the sample
loss, F':= u — [ f(u,z)dz(z). An SGD trajectory of step a > 0 for F is a sequence (u®) € (Rd=)N
of the form:

D) — 4, ® oup(u(t), z(t+1))’ (U(O)’ (Z(t))teN) ~ U @ 2%,
where Ug is the distribution of the initial position «(?). Within this framework, we define an SGD
scheme described by Algorithm 1, with z := x®*" @ y*"* @ and the minibatch SW sample loss

/ Rou x RnXda s RXdy ¢ §dy—1 R% (4)
= (u, X,Y,0) — W3(Po# T # x,Po#t v)

With this definition for f, we have
F(u) = Eix v~z [f(u, X, Y, 0)] = E(x y)x@ngyen {SW%(TU# X, Y)} , (5)

thus the population loss compares the "true" data y with the model’s generation T, #X using (mini-
batch) SW. We now wish to define an almost-everywhere gradient of f. To this end, notice that
one may write f(u, X,Y,0) = wy(T(u, X),Y), where for X,Y € R™% and 6 € S&!, wy(X,Y) :=
W2(Py# x,Py# y). The differentiability properties of wy(-,Y) are already known ( ,

: ) ), in particular one has the following almost-everywhere gradient of wy(-,Y") :

dwg 2 7 nxd
SR XY) = (nee (k. — yag(,y(kQ) € R,
ke[1,n]
where the permutatlon 09 Ye6,is ¥ o (1%)71, with 7¥- € &,, being a sorting permutation of the
list (§Ty1,---,0"y,). The sorting permutations are chosen arbitrarily when there is ambiguity. To

define an almost—everywhere gradient, we must differentiate f(-, X,Y,0) = u — wy(T(u, X),Y) for
which we need regularity assumptions on T': this is the goal of Assumption 1. In the following, A
denotes the topological closure of a set A, A its boundary, and pa, denotes the Lebesgue measure
of R%,

Assumption 1. For every x € Rdﬂ”, there exists a family of dzsyomt connected open sets (U;(x )>]€J(x
such that ¥j € J(x), T(z) € C2Uy(x),RY), |J Uj(w) = R™ and g, ( U o (z) ) = 0.
jeJ(x) jeJ(z

Note that for measure-theoretic reasons, the sets J(z) are assumed countable. One may understand
this assumption broadly as the neural networks T" being piecewise smooth with respect to the param-
eters u, where the pieces depend on the input data x. In practice, Assumption 1 is an assumption
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on the activation functions of the neural network. For instance, it is of course satisfied in the case of
smooth activations, or in the common case of piecewise polynomial activations. We detail suitable
neural networks in the Appendix (Section D).

Assumption 1 implies that given XY, 6 fixed, f(-, X,Y,0) is differentiable almost-everywhere, and
that one may define the following almost-everywhere gradient (6).

Rd“ % Rnxdx % Rnxdy % de—l Rd“
T
n 9 (9T . :
(uv Xa K 9) — kz::l E (au(ua :Ek:)) 00 (T(u7 l’k) - yaeT(“’X>’Y(k))
(6)

oT
where for € R% 6—(u, r) € R%W*d: denotes the matrix of the differential of u — T'(u, x), which is
u

defined for almost-every u. Given u € 0U;(x) (a point of potential non-differentiability), take instead
0. (Any choice at such points would still define an a.e. gradient, and will make no difference).

Given a step a > 0, and an initial position u(®)

fixed-step SGD scheme for F":

~ Ug, we may now define formally the following

wtD) = 4 _ qp(u®, XDy D) gDy

(7)
(w, (XD )ien (VD)ien (0)ien) ~uo @ X @y e N,
An important technicality that we must verify in order to apply ( )’s results is
that u — f(u, X,Y,0) and F are locally Lipschitz. Before proving those claims, we reproduce a
useful Property from ( , ). In the following, || X||oc2 denotes lcnf[?x]] |xkll2 given
ell,n

X = (z1, -+ ,2,) € R"*% and By (x,r) for N a norm on R% z € R% and r > 0 shall denote the
open ball of R% of centre z and radius r for the norm N (if A is omitted, then B is an euclidean
ball).

Proposition 1. The (wo(-,Y))pesay—1 are uniformly locally Lipschitz ( , ) Prop.
2.2.1.

Let Ky(r, X,Y) == 4n(r + || X|loo2 + |V lcc2), for X, Y € R™% and r > 0. Then wy(-,Y) is
Ky (r, X, Y)-Lipschitz in the neighbourhood By, ,(X,r):

\V/Y,,YH S BH”<>O2 (X, ’I“), Vo € de_l, |w9(Y',Y) - ’LUQ(Y”,Y” < Kw(’l“, X, Y)HY’ — Y”HOO’Q.

In order to deduce regularity results on f and F' from Proposition 1, we will make the assumption
that T is globally Lipschitz in (u,x). In practice, this is the case when both parameters are enforced
to stay within a fixed bounded domain, for instance by multiplying a typical NN with the indicator
of such a set. We present this in detail in the Appendix (Section D).

Assumption 2. There exists L > 0 such that

V(u1,ug, 1, x2) € (R™)? x (R™)%, | T(ur, 1) = T(uz, @2)||2 < L (|lur — uzl2 + [lz1 — z2|2)
Proposition 2. Under Assumption 2, for e >0, ug € R%, X € R™*% Y € R"*% gnd § € S,
let K¢(e,up, X,Y) := 4Ln(eL + ||T(up, X)|oo,2 + |Y|loo,2). Then f(-,X,Y,0) is K¢(e,up, X,Y)-
Lipschitz in B(ug,¢€):

Vu, u' € B(U075)7 |f(u7 Xv}/ae) - f(U/,X,Y, 9)| < Kf(g’UO)Xa Y)H’LL - UIH2'

Proof. Let ¢ > 0, ug € R%, X € R"*% Y ¢ R"*% and § € S%~!. Let u,u’ € B(ug,c). Using
Assumption 2, we have T'(u, X), T'(«', X) € By ,(T'(uo, X),r), with r := eL.



Convergence of SGD for Learning with Wasserstein Losses E. Tanguy

Denoting L := LE(uo ) B0uan [ Xlloo2)? W€ apply successively Proposition 1 (first inequality), then
<)y RAzx > oo,

Assumption 2 (second inequality):
|f(’LL,X, Y,G) - f(uleaxe)’ = |’LU9(T(U,X),Y) - ZU@(T(U’,X),Y”
< Kw(T’T(uﬂvX)vy)HT(qu) - T(UI’X)HOOQ
< An(eL + [T (uo, X)lloo2 + 1Y loo,2) Lllu — o2

O

Proposition 2 shows that f is locally Lipschitz in u. We now assume some conditions on the measures X
and y in order to prove that F'is also locally Lipschitz. Specifically, we require that the data measures
x and y be supported on bounded domains, which imposes little restriction in practice.

Assumption 3. X and y are Radon probability measures on R% and R% respectively, supported by
the compacts X and ) respectively. Denote R, := sup |lz||2 and R, := sup ||y||2.
zeX yey

Proposition 3. Assume Assumption 2 and Assumption 3. For e > 0, ug € R%, let Cy(ug) :=
[0, ) o2 () and Gy = [ Yty (V).
XTL yn

Let Kp(g,up) :=4Ln(eL+ Ci(ug) + C3). We have Vu,u’ € B(ug,e), |F(u)— F(u')| < Kp(e,ug)||u—
U/HQ.

Proof. Let € > 0, ug € R%™ and u, v’ € B(ug,e). We have
P - F)l < [ (X, Y,0) — F(u, X, Y,0)[dx®(X)dy*" (V)d (0)
X xYn xSty —1

< [ Epleun XY= o a0y (Y)
Xnxyn

< [ ALl T (0 X o+ Y o) o o (X)),
XnxYyn

Now by Assumption 2, X — ||T(ug, X)||co,2 is continuous on the compact X", thus upper-bounded
by a certain M(up) > 0. We can define Cj(ug) := / 1T (ug, X) || oo 2dX®™(X), which verifies
Ci(up) < M(ug)X(X)™. Since X is compact and X is a Rad)g;l probability measure by Assumption 3,
X(&X) is well-defined and finite, thus C(up) is finite. Likewise, let Cy := / [V 00,2dy®™(Y) < +o0.

yn

Finally, |F(u) — F(u")| < 4Ln(eL + C1(up) + C2)|lu — /|2 O

Having shown that our losses are locally Lipschitz, we can now turn to convergence results. These
conclusions are placed in the context of non-smooth and non-convex optimisation, thus will be tied
to the Clarke sub-differential of F', which we denote dcF'. The set of Clarke sub-gradients at a point
u is the convex hull of the limits of gradients of F':

— du . (t) N. () (*)

aCF(U) = conv {U eR . El(u ) S (DF) U m u and VF(U ) m ’U} y (8)
where Dp is the set of differentiability of F'. At points u where F' is differentiable, 0c F'(u) = {VF(u)},
and if F' is convex in a neighbourhood of u, then the Clarke differential at u is the set of its convex
sub-gradients. The interested reader may turn to Section C for further context on non-smooth and
non-convex optimisation.
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3 Convergence of Interpolated SGD Trajectories on F

In general, the idea behind SGD is a discretisation of the gradient flow equation u(s) = —VF(u(s)).
In our non-smooth setting, the underlying continuous-time problem is instead the Clarke differential
inclusion u(s) € —0cF(u(s)). Our objective is to show that in a certain sense, the SGD trajectories
approach the set of solutions of this inclusion problem, as the step size decreases. We consider
solutions that are absolutely continuous (we will write u(-) € Caps(R4, R%)) and start within K C
R% | a fixed compact set. We can now define the solution set formally as

S—acF(IC) = {u € Cabs(RJr:Rdu) | Vs € Ry, u(s) € —80F(u(8)); U(O) S IC}? (9>

where we write YV for "almost every". In order to compare the discrete SGD trajectories to this set
of continuous-time trajectories, we interpolate the discrete points in an affine manner: Equation
(10) defines the piecewise-affine interpolated SGD trajectory associated to a discrete SGD trajectory

(ug))teN of learning rate .
ta(s) = u® + (Z _ t) (WD — D), Vs € [ta, (t+1)a], VEeN. (10)

In order to compare our interpolated trajectories with the solutions, we consider the metric of uniform
convergence on all segments

de(u,u’) == Z 21kmin (1, max [Ju(s) — u’(s)||2> . (11)

hEN* s€[0,k]

In order to prove a convergence result on the interpolated trajectories, we will leverage the work of
( ) which hinges on three conditions on the loss F' that we reproduce and verify
successively. Firstly, Condition 1 assumes mild regularity on the sample loss function f.

Condition 1.

i) There exists r : R%™ x Z — R measurable such that each k(u,-) is z-integrable, and:

Je > 0, Vu,u' € B(“ng)v VzeZ, ‘f(u? Z) - f(ulaz)| < /{(UOVZ)HU - u/||2'

ii) There exists u € R% such that f(u,-) is z-integrable.

Our regularity result on f Proposition 2 allows us to verify Condition 1, by letting € := 1 and
k(ug,z) == Ky(l,up, X,Y). Condition 1 ii) is immediate since for all u € R%, (X,Y,0) —
wy(T(u, X),Y) is continuous in each variable separately, thanks to the regularity of T' provided by
Assumption 2, and to the regularities of w. This continuity implies that all f(u,-) are z-integrable,
since z = x®" @ y®" ® is a compactly supported probability measure under Assumption 3. Sec-
ondly, Condition 2 concerns the local Lipschitz constant s introduced in Condition 1: it is assumed
to increase slowly with respect to the network parameters u.

Condition 2. The function x of Condition 1 verifies:

i) There exists ¢ > 0 such that Yu € R%, / k(u, 2)dz(z) < c(1+ [Jull2)-
z

ii) For every compact K C R% sup / K (u, 2)2dz(2) < 400,
uwekl JZ
Condition 2.ii) is verified by & given its regularity. However, Condition 2.i) requires that T'(u,x)

increase slowly as ||ul|2 increases, which is more costly.

Assumption 4. There exists an X-integrable function g : R% — R such that Yu € R%, Vz €
R%, |T(u,2)]2 < g(2)(1 + [Jull2)-
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Assumption 4 is satisfied in particular as soon as T'(-, z) is bounded (which is the case for a neural
network with bounded activation functions), or if T is of the form T'(u,z) = T(u, 7)1 r)(u),
i.e. limiting the network parameters v to be bounded. This second case does not yield substantial
restrictions in practice (see Section D for a class of NNs that satisfy all of the assumptions), yet
vastly simplifies theory. Under Assumption 4, we have for any v € R%, with s (u, z) = K F(Lu, X)Y)
from Proposition 2 and Cy from Proposition 3,

/ Ky(1,u, X,Y)dx®"(X)dy®*™(Y)d (0) <4Ln|eL+ (1+ ||u]2)/ max_ g(x)dx®"(X) + Oy
X xYynxsty—1 an ke[L,n]
< (1 A+ [Jull2).

As a consequence, Condition 2 holds under our assumptions. We now consider the Markov kernel
associated to the SGD schemes:
R x B(R%) — [0,1]
P u, B — / 1p(u — ap(u, 2))dz(2)
z

Given u € R%, P,(u,-) is a probability measure on R% which dictates the law of the positions of
the next SGD iteration u**1 conditionally to u® = u. With rd. denoting the Lebesgue measure
on R% let T := {a € ]0,+00[ | VU € gau, UPy < ga, }. T is the set of learning rates o for which
the kernel P, maps any absolutely continuous probability measure U to another such measure. We
will verify the following condition, which can be interpreted as the SGD trajectories continuing to
explore the entire space for a small enough learning rate a:

Condition 3. The closure of I' contains 0.

In order to satisfy Condition 3, we require an additional regularity condition on the neural network
T which we formulate in Assumption 5.

Assumption 5. There ezists a constant M > 0, such that (with the notations of Assumption 1 and
Assumption 3) Yz € X, Vj € J(x), Yu € Uj(z), V(i1,i2,13,i4) € [1,du]* x [1,dy]?,
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The upper bounds in Assumption 5 bear strong consequences on the behaviour of T' for |[ul|2 > 1, and
are only practical for networks of the form T'(u, r) = T'(u, x)1p (g g)(u, z), similarly to Assumption 4.
We detail the technicalities of verifying this assumption along with the others in the Appendix

(Section D).

Proposition 4. Under Assumption 1, Assumption 8 and Assumption 5, for the SGD trajectories
-1
(7), T' contains ]0, o[, where ag = ((aly2 + 2Ry)duM> .

We postpone the proof to Section B. Now that we have verified Condition 1, Condition 2 and
Condition 3, we can apply ( , ), Theorem 2 to F', showing a convergence result on
interpolated SGD trajectories.

Theorem 1. Consider a neural network T and measures X, Y satisfying Assumption 1, Assumption 2,
Assumption 3, Assumption 4 and Assumption 5. Let oy < aq (see Proposition 4).

Let (ug)),a €]0,a1],t € N a collection of SGD trajectories associated to (7). Consider (u,) their
associated interpolations. For any compact K C R%* and any n > 0, we have:
lim U @ XN @ y*N o N (d.(uy, S_o.r(K)) > 1) = 0. (12)

o—
a€ 10,a1)
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The distance d. is defined in (11). As the learning rate decreases, the interpolated trajectories
approach the trajectory set S_p,r, which is essentially a solution of the gradient flow equation
u(s) = =V F(u(s)) (ignoring the set of non-differentiability, which is ga,-null). To get a tangible
idea of the concepts at play, if F was C? and had a finite amount of critical points, then one would
have the convergence of a solution u(s) to a critical point of F', as s —» +00. These results have
implicit consequences on the value of the parameters at the "end" of training for low learning rates,
which is why we will consider a variant of SGD for which we can say more precise results on the
convergence of the parameters.

4 Convergence of Noised Projected SGD Schemes on F

In practice, it is seldom desirable for the parameters of a neural network to reach extremely large
values during training. Weight clipping is a common (although contentious) method of enforcing
that T'(u,-) stay Lipschitz, which is desirable for theoretical reasons. For instance the 1-Wasserstein
duality in Wasserstein GANs ( , ) requires Lipschitz networks, and similarly,
Sliced-Wasserstein GANs ( , ) use weight clipping and enforce their networks to
be Lipschitz.

Given a radius 7 > 0, we consider SGD schemes that are restricted to uw € B(0,r) =: B,, by
performing projected SGD. At each step t, we also add a noise ae®* | where e(t*1) is an additive
noise of law < gu, which is often taken as standard Gaussian in practice. These additions yield
the following SGD scheme:

wttD) = o (u(t) _ aso(u(t),X(tJrl)’Y(tJrl)’9(t+1)) + aas(t+1)> ’

13
(u(O)a (X(t))tGN (Y(t))tENa (e(t))tEN> (g(t))tGN) ~ Uy ® X®N & y®N ® o ® ®N7 ( )
where 7, : R* — B, denotes the orthogonal projection on the ball B, := B(0,r). Thanks to
Condition 1, Condition 2 and the additional noise, we can verify the assumptions for ( ,
) Theorem 4, yielding the same result as Theorem 1 for the noised projected scheme (13). In fact,
under additional assumptions, we shall prove a stronger mode of convergence for the aforementioned
trajectories. The natural context in which to perform gradient descent is on functions that admit
a chain rule, which is formalised in the case of almost-everywhere differentiability by the notion of
path differentiability, as studied thoroughly in ( , ). We also provide a brief
presentation in the Appendix (Section C.1).

Condition 4. F is path differentiable, which is to say that for any u € Caps(Ry, R%), for almost all
5>0, Yo € dcF(u(s)), viu(s) = (Fou)(s).

Remark 1. There are alternate equivalent formulations for Condition 4. Indeed, as presented in
further detail in Section C.1, F is path differentiable if and only if Oc F is a conservative field for F
if and only if F' has a chain rule for Oc (the latter is the formulation chosen above in Condition /).

In order to satisfy Condition 4, we need to make the assumption that the NN input measure X and
the data measure y are discrete measures, which is the case for y in the case of generative neural
networks, but is less realistic for X in practice. We define ¥,, the n-simplex: its elements are the
a€R"st. Vie[l,n], a;>0and >, a; = 1.

Ny Ty

Assumption 6. One may write X = Z ag g, ondy = Z by, y,., with the coefficient vectors a €
k=1 k=1

Snayb € Spy, X ={21, ,2n, } CR* and Y ={y1, -+ ,yn,} C R%.

There is little practical reason to consider non-uniform measures, however the generalisation to any
discrete measure makes no theoretical difference. Note that Assumption 3 is clearly implied by
Assumption 6.

10
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In order to show that F' is path differentiable, we require the natural assumption that each T'(-, ) be
path differentiable. Since T'(-, x) is a vector-valued function, we need to extend the notion of path-
differentiability. Thankfully, ( ) define conservative mappings for vector-valued
locally Lipschitz functions (Definition 4), which allows us to define naturally path differentiability of
a vector-valued function as the path-differentiability of all of its coordinate functions. See Section C.2
for a detailed presentation.

Assumption 7. For any x € R% T(-,x) is path differentiable.

Assumption 7 holds as soon as each the neural network has the typical structure of compositions of
linear units and typical activations, as was proved by ( ), Corollary 5.11 and

( ), Section 6.2. We provide a more specific class of NNs that are path differentiable
and satisfy all our other assumptions in Section D.

Proposition 5. Under Assumption 2, Assumption 6 and Assumption 7, F is path differentiable.

Proof. We shall use repeatedly the property that the composition of path differentiable functions

remains path differentiable, which is proved in ( , ), Lemma 6.
R™¥dy x RP¥dy R, .
Let £ : Y.y’ s SW2( s y) By ( , ), Proposition 2.4.3, each

E(+,Y) is semi-concave and thus is path differentiable (by ( , ), Proposition 4.3.3).

Thanks to Assumption 6, x®” and y®" are discrete measures on R™ % and R™ % respectively,
allowing one to write X" = 37, ax x, and y®" =37, by y;. Then F = ur— Y apbi&(T (u, X}.), Y1)

is path differentiable as a sum (( , ), Corollary 4) of compositions ((
, ), Lemma 6) of path differentiable functions. O
We have now satisfied all the assumptions to apply ( , ), Theorem 6, showing that

trajectories of (13) converge towards to a set of generalised critical points? C, defined as

{0} if lu|l2 <7
Cr:= {u e R™ | 0 € —OcF(u) —/\/}(u)}, No(u) =< {sul|s>0}if |ulla=7 (14)
if |ull2 >

where A,.(u) refers to the normal cone of the ball B(0,r) at z. The term N,.(u) in (14) only makes
a difference in the pathological case ||ul|2 = 7, which never happens in practice since the idea behind
projecting is to do so on a very large ball, in order to avoid gradient explosion, to limit the Lipschitz
constant and to satisfy theoretical assumptions. Omitting the NV,.(u) term, and denoting D the points
where F is differentiable, (14) simplifies to C,ND = {u € D | VF(u) = 0}, i.e. the critical points of F’
for the usual differential. Like in Theorem 1, we let a; < «g, where «y is defined in Proposition 4. We
have met the conditions to apply ( ), Theorem 6, showing a long-run convergence
results on the SGD trajectories (13).

Theorem 2. Consider a neural network T and measures X, Y satisfying Assumption 1, Assumption 2,
Assumption 4, Assumption 5, Assumption 6 and Assumption 7. Let (ug))teN be SGD trajectories

defined by (13) for r > 0 and a €]0, a1]. One has

T ®N QN QN QN (t)
VT] > 0, tgr}/‘rloo Up ® X ® y X ® (d(ua ,an) > 77) ﬁ) 0.
a€]0,a1]
The distance d above is the usual euclidean distance. Theorem 2 shows essentially that as the learning
rate approaches 0, the long-run limits of the SGD trajectories approach the set of C,. in probability.

Omitting the points of non-differentiability and the pathological case ||u|ls = 7, the general idea is

“Typically referred to as the set of Karush-Kahn-Tucker points of the differential inclusion u(s) € —dcF(u(s)) —
N (u(s))-

11
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that ul™® — {u : VF(u) =0}, which is the convergence that would be achieved by the gradient
a—

flow of F, in the simpler case of C? smoothness.

5 Conclusion and Outlook

Under reasonable assumptions, we have shown that SGD trajectories of parameters of generative
NNs with a minibatch SW loss converge towards the desired sub-gradient flow solutions, implying in
a weak sense the convergence of said trajectories. Under stronger assumptions, we have shown that
trajectories of a mildly modified SGD scheme converge towards a set of generalised critical points of
the loss, which provides a missing convergence result for such optimisation problems.

The core limitation of this theoretical work is the assumption that the input data measure X is discrete
(Assumption 6), which we required in order to prove that the loss F' is path differentiable. In order to
generalise to a non-discrete measure, one would need to apply or show a result on the stability of path
differentiability through integration: in our case, we want to show that [, £(T(u, X),Y)dx®"(X)
is path differentiable, knowing that v —— E(T'(u, X),Y") is path differentiable by composition (see
the proof of Proposition 5 for the justification). Unfortunately, in general if each g(-,z) is path
differentiable, it is not always the case that [ g(-,z)dz is path differentiable (at the very least, there
is no theorem stating this, even in the simpler case of another sub-class of path differentiable functions,
see ( , ), Section 6.1). However, there is such a theorem (specifically ( , ),
Theorem 2.7.2 with Remark 2.3.5) for Clarke regular functions (see Section C.3 for a presentation of
this regularity class), sadly the composition of Clarke regular functions is not always Clarke regular,
it is only known to be the case in excessively restrictive cases (see ( ) ), Theorems 2.3.9
and 2.3.10). Similarly to the continuous case, the simpler generalisation in which x has a countable
support adds substantial difficulty, since all of the typical tools (path differentiability itself, Clarke
regularity or even definability (see ( ) ) Section 4.1 for a first introduction) do
not have readily applicable results for infinite operations, to our knowledge. As a result, we leave
the generalisation to a non-discrete input measure x for future work.

Our studies focus on the 2-SW distance, but our results from Section 3 can be extended to p €
[1,+00], as presented in the appendix (Section E). However, as also discussed in the Appendix,
the generalisation of Section 4 is still an open problem, since it has not yet be proven that X ——
SWE( x, v) is path differentiable for p # 2.

This paper studies the use of the average SW distance as a loss, and an extension to related distances
would be worth considering. The average SW distance aggregates the projected distances through
an expectation, while the closely-related max-Sliced Wasserstein distance introduced by

( ) aggregates the projections via a maximisation on the axis # € S%!. The training
paradigm presented in ( , ) differs strongly from our formalism since it applies
to GANSs, however one could consider an extension of our formalism in which the optimal projection
f becomes a learned parameter of the neural network. A related extension is the Subspace-Robust
Wasserstein distance ( , ), which can take the following formulation

Stiy) = max  WH(Q!2x, Q12 4y),
trace(Q)=k

for which one could consider a similar extension where the positive semi-definite {2 becomes a learned
parameter of T'.

Another avenue for future study would be to tie the flow approximation result from Theorem 1
to Sliced Wasserstein Flows ( , ; , ). The difficulty in seeing the
differential inclusion (9) as a flow of F lies in the non-differentiable nature of the functions at play, as
well as the presence of the composition between SW and the neural network 7', which bodes poorly
with Clarke sub-differentials.

12
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A Table of Notations

Table 1: List of Notations

Symbol Explanation
X Given X = (x1,--- ,x,) € R™7, X:%Zz‘ i
X (x1,--- ,x,) € R™% an input data sample of law x®"
X input data probability measure on R% , supported on X
Y (y1,--- ,Yn) € R™% a target data sample of law y="
y target data probability measure on R% supported on )
0 direction in S%~!
uniform measure on S% 1
z:=(X,Y,0) sample in X,Y and ¢
Z:=x" Ry ® probability measure for the samples z, supported on Z := X™ x Y" x S%~1
U neural network parameters in R%
T(u, X) neural network function defined in (3)
flu, X,Y,0) sample loss function defined in (4)
F(u) population loss function defined in (5)
wy(Y,Y) discrete and projected 2-Wasserstein distance W3(Pp# v, Py# y+)
o(u, X,Y,0) almost-everywhere gradient of f(-, X,Y,0) defined in (6)
Ky, K¢, Kp local Lipschitz constants of w, f, F' respectively (see Propositions 1, 2, 3)
a;a SGD learning rate; noise level
Rrd; P K Rd Lebesgue measure on R%; a measure p absolutely continuous w.r.t. ga
Jco Clarke differential, defined in (8)
Ug probability measure of SGD initialisation u(®)
e® additive noise in R% at SGD step t
additive noise probability measure on R%
By.(z, R), B (z, R) open (resp. closed) ball of centre z and radius R for the norm || - ||

B Postponed Proofs

Proof of Proposition 4

Proof. Let u < and B € B(R%) such that (B) = 0. We have, with o := 2a/n, 2z := (X,Y,0), z :=
X @y®" @  and Z = X" x Y x St

-
uP,(B) :/ 1p |lu—« Z ( (u, g > QGT(T(U,wk) — yUT(u,X),Y(k))] du(u
RuxZ ¢ TEG

where I(z) := / 15 (¢r,2(w)) du(u), with ¢, , == u — o/
Relu

n

-
( (u, z) > 00" (T (u, xy) — Yr(k))-

¢r,z:=
Let 7 € G, and (X,Y,0) € Z. Using Assumption 1, separate I, (z) = Z / 1p (u— s . (u)) du(u),
jeJ U;(X)
where the differentiability structure (U;(X));es(x) is obtained using the respective differentiability

structures: for each k € [1,n], Assumption 1 yields a structure (U;, (zx));, ey (zy) Of u— T'(u, z1),
which depends on xj, hence the k indices.

To be precise, define for j = (j1, -+ ,Jn) € J1(z1) X -+ - X Jp(xn), U; ﬂ i (1), and J(X) :=
ke

{G1y - o dn) € Ji(x1) X - X Jp(@y) | U;j(X) # @}. In particular, for any k € [1,n], T(-,zg) is C

16



Convergence of SGD for Learning with Wasserstein Losses E. Tanguy

on U;(X). Notice that the derivatives are not necessarily defined on the border dof;(X), which is of
Lebesgue measure 0 by Assumption 1, thus the values of the derivatives on the border do not change
the value of the integrals (the integrals may have the value 400, depending on the behaviour of ¢,
but we shall see that they are all finite when « is small enough).

We drop the z, 7 index in the notation, and focus on the properties of ¢ and v as functions of u. Our
first objective is to determine a constant K > 0, independent of u, z, 7, such that v is K-Lipschitz
on Uj(X).

UJ(X) — R
First, let x := " . ZT(U’ ) i 00T T(u, ) The function Yy is of class C', there-
u
fore we determine its Lipschitz constant by upper-bounding the || - [|2-induced operator norm of its
differential, denoted by || 2X(u)||| . Noti tht()—la(QTT( ))2
ifferential, denoted by ||| = ~(u 2. otice that x(u) = 5 u, k) ) -
0? 2 0? 2
T T : :

Now W(Q T(u,xk)) 2 < d“(z‘l,i;)nea[[fdu]ﬁ m(@ T (u, :L‘k)) , using Assumption 5 and
82(f)TT(u xk)>2 < Y o0 82([T(u ))is [T, 2]y ) | < dy*M
8ui18ui2 ’ - s 8ui16ui2 ’ '3 ’ A '

(13714)6[[17dy]]2
We obtain that y is %dudyQM -Lipschitz.
oT T T 1 ) Ow
Second, let w : u € U;(X) — a—(u,xk) 00 yr(), also of class C*. We re-write a—(u) =
u u o
i1,ia
T T o*’T .. . . . .
yT(k)GG E (u, 1), and conclude similarly by Assumption 5 that w is ||y (x)|l2duM-Lipschitz.
i1 i

n
Finally, ¢ = Z(Xk —wg), and is therefore K := (%dy2 + Ry)d,nM-Lipschitz, with R, from Assump-

tion 3. We have proven that < K for any u € U;(X), and that K does not depend on

2

oY
‘8u@0

X,Y, 0,5 or u.

We now suppose that o < %, which is to say a < 5. Under this condition, ¢ : U;(X) — R% is
injective. Indeed, if ¢(u1) = ¢(uz), then ||[ug — ug|l2 = || (u1) — P (uz)lle < ' Kljus — usl|2, thus
¢ oY oY

uy = up. Furthermore, for any u € U;(X), a—(u) = Idga, — o/a—(u), with o/a—(u) < 1, thus
u u u

2

the matrix ;(u) is invertible (using the Neumann series method). By the global inverse function
u
theorem, ¢ : U;(X) — ¢(U;(X)) is a C'-diffeomorphism.

Using the change-of-variables formula, we have / 1p(o(u))du(u) = / 1p(u")do#u(u’) =
U;(X) U; (X)

##u(B), we have now shown that ¢ is a C!-diffeomorphism, thus since U < , ¢#U < . (a < B

denoting that « is absolutely continuous with respect to ). Since (B) = 0, it follows that the

integral is 0, then by sum over j, I;(z) = 0 and finally uP,(B) = 0 by integration over z and sum

over T. O
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C Background on Non-Smooth and Non-Convex Analysis

This work is placed within the context of non-smooth optimisation, a field of study in part introduced
by Clarke with the so-called Clarke differential, which we introduced in Equation (8) (see ( ,

) for a general reference on this object). The purpose of this appendix is to present several
adjacent objects that can be useful to the application of our results, even though we do not need
them in order to prove our theorems.

C.1 Conservative Fields

The Clarke differential d¢ of a locally Lipschitz function g : R? — R (defined in Equation (8)) is an
example of a set-valued map. Such a map is a function D : RP = RY from the subsets of R? to the
subsets of RY, for instance in the case of the Clarke differential, we have the signature dcg : R = R<,
A set-valued map D is graph closed if its graph {(u,v) | u € RP, v € D(u)} is a closed set of RPT4. A
set-valued map D is said to be a conservative field, when it is graph closed, has non-empty compact
values and for any absolutely continuous loop € Caps([0, 1], RP) with v(0) = (1), we have

1

max (y(s),v)ds = 0.
/0 veD(y(s)) Gile).v)

Similarly to primitive functions in calculus, one may define a function g : R — R using a conser-

vative field D : R = R? up to an additive constant through following expression:

1
g(u) = g(0) +/ max (¥(s),v)ds, Vv € Caps([0, 1], R”) such that y(0) =1 and v(1) = u. (15)
o veD(y(s

In this case, we say that g is a potential function for the field D. This notion allows us to define
a new regularity class: a function g : R — R is called path differentiable when there exists a
conservative field of which it is a potential. A standard result in non-smooth optimisation is the
following equivalence between different notions of regularity:

Proposition 6. ( ), Corollary 2. Let g : R* — R locally Lipschitz. We have
the equivalence between the following statements:

e g is path differentiable
e Jcg is a conservative field

e g has a chain rule for the Clarke differential O¢:
Vu € Caps (R4, RY), ¥s > 0, Vo € dog(u(s)), v i(s) = (gou)(s). (16)

This equivalence justifies the terminology used in Condition 4. The reader seeking a complete pre-
sentation of conservative field theory may refer to ( , ).

C.2 Conservative Mappings

The notion of conservative fields for real-valued locally Lipschitz functions g : R — R can be
generalised to conservative mappings for vector-valued locally Lipschitz functions g : RP — RY,

which one may see as a generalised Jacobian matrix (see ( , ), Section 3.3 for
further details). A set-valued map J : RP = R7*P is a conservative mapping for such a g if
Vu € Caps(Ry,RP), Vs >0, (gou)(s) = Mu(t), VM € J(u(s)). (17)

In this case, we shall say that g is path differentiable. Note that if each coordinate function g; is the
potential of a conservative field D;, then the set-valued map

+
U1

J(u) = : : Vie[l,q], vi € Di(u)
T

Yq

18
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is a conservative mapping for g (although not all conservative mappings for g can be written in this
manner). As a consequence, one could interpret (simplistically) vector-valued path differentiability
as coordinate-wise path differentiability.

C.3 Clarke Regularity

Another notion of regularity for locally Lipschitz functions is that of Clarke regularity. Let g : RP —
R? and u € RP, g is said to be Clarke regular at u if the two quantities

) — g + tv) —
9°(u; v) izlimsupgm L ICOR g'(u;v) It ) —9(w)

W —u t t\0 t
0

exist and are equal for all v € RP. Note that this notion implies path differentiability by (
, ), Proposition 2. Clarke regularity is the central concept of Clarke’s monograph

( , 1990).
C.4 Semi-Algebraic Functions

In non-smooth analysis, one of the simplest regularity cases is the class of semi-algebraic functions,
which are essentially piecewise polynomial functions defined on polynomial pieces. To be precise, a
set A C R? is semi-algebraic if it can be written under the form

:Qﬁ{UER 5i(w) <0, Qi,j(u)zo}v

where the P; ; and @); ; are real multivariate polynomials. A function g : R? — R? is semi-algebraic
if its graph G := {(u, g(u)) | u € RP} is semi-algebraic.

A locally Lipschitz real-valued semi-algebraic function is path differentiable (see for instance (

, ), Proposition 2), and in the light of ( , ), Lemma 3, this is also
the case in the vector-valued case. Another useful property of semi-algebraic functions is that their
class is stable by composition and product. The interested reader may consult ( , )
for additional properties of semi-algebraic objects, or ( , ; , ),

for a presentation of o-minimal structures, a generalisation of this concept.

D Suitable Neural Networks

In this section, we detail our claim that typical NN structures satisfy our conditions. To this end, we
define a class of practical neural networks whose properties are sufficient (not all NNs that satisfy
our assumptions are within this framework). Consider 7 the set of NNs 7" of the form

T R x Rds  —s R4
' (u, ) — T(u,x)lEB(O’Ru)(u)l%(QRz)(m) ’

with Ry, R, > 0 and ¢ > 0. The function 183(0’ R) is a smoothed version of the usual indicator
function 1p(g g): it is any function that has value 1 in B(0, R —¢), 0 outside B(0, R+ ¢) and is C*-
smooth (see Remark 2 for a possible construction). Given that one may take arbitrarily large radii,
these indicators are added for theoretical purposes and impose no realistic constraints in practice.
Additionally, T= hn, the N-th layer of a recursive NN structure defined by

R x Rde  — Rdn
. o n—1
h(](u,l') =, Vn € [[LNﬂa hn = (U,$) s ap <Z Anﬂ,(U)hl(U, JJ) + Bnu> )
=0

where:
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« All functions a, : R — R are C2-smooth, or all locally Lipschitz semi-algebraic activation
functions (applied entry-wise). The former condition is satisfied by the common sigmoid,
hyperbolic tangent or softplus activations. The latter condition applies to the non-differentiable
ReLU activation, its "Leaky ReLU" extension, and continuous piecewise polynomial activations.
Note that other non-linearities such as softmax can also be considered under the same regularity
restrictions, but we limit ourselves to entry-wise non-linearities for notational consistency.

« Each dimension d,, is a positive integer, with obviously dy = d,, the output dimension.

e Each A, ; is a linear map: R — RInxdi which maps a parameter vector u to a d, X d;
matrix. Since the entire parameter vector u is given at each layer, this allows the architecture
to only use certain parameters at each layer (as is more typical in practice). One may see this
map as a 3-tensor of shape (d,, d;,d,), as specified in the formulation

di duy

Vu € R, Wh e R%, A, (u)h = (Z 3 A‘gj‘;;;jghﬁuh) € R, (18)
j2:1 j3:1 jle[[l,dnﬂ

o The matrix B,, € R%*% determines the intercept from the full parameter vector .

In this model, each layer depends on all the previous layers, allowing for residual inputs for instance.
Overall, all typical networks fit this description, once bounded using the indicator functions, with
only a technicality on the regularities of the activations which need to be all C?>-smooth, or all semi-
algebraic. One could extend this class of NNs to those with definable activations within the same
o-minimal structure (similarly to ( ) and ( ))-

Remark 2. We mention that we may construct a C*°-smooth laB(o,R) in RY explicitly as follows:

d
RPN ) FE IR (NS R r B A
U weo Ty en T (R

Before proving the properties of NNs from the class 7, we require a technical result on path differ-
entiable functions.

Proposition 7. Let f : RY — R path differentiable, and g : R — R of class C'. Then their
product fg is path differentiable.

Proof. Our objective is to apply ( , ) Corollary 2 (stated in Proposition 6), which
is to say that h := fg admits a chain rule for dch). First, we apply the definition of the Clarke
differential and compute

Vu € R, dc f(u) = f(u)Vg(u) + g(u)dc f(u) = {f(u)Vg(u) + g(u)v | v € e f(u)}.

Note that we used the smoothness of g. We now consider an absolutely continuous curve u €
Cabs(R4,RY). By ( ) Lemma 2, since f is path differentiable, f o u is dif-
ferentiable almost everywhere. Let D the associated set of differentiability, then let s € D and
v € dch(u(s)), writing v = f(u(s))Vg(u(s))+g(u(s))w with w € de f(u(s)). We compute (hou)'(s) =
(fou) (s)g(u(s))+ f(u(s))(gou)'(s). Now since f is path differentiable and w € d¢ f(u(s)), by Propo-
sition 6 item 3, we have (f ou)'(s) = (w,u(s)). On the other hand, (gow)'(s) = (Vg(u(s)),u(s))
since g is C!. Finally by definition of v and bilinearity of (-, -),

(hou)(s) = (w,u(s))g(u(s)) + f(u(s))(Vg(u(s)), u(s)) = (v, u(s)).
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We now have all the tools to prove that the class of NNs 7T satisfies all of the assumptions of our
paper.

Proposition 8. All networks of the class T wverify Assumption 1, Assumption 2, Assumption 4,
Assumption 5 and Assumption 7.

Proof. Let T € T, and T its associated underlying network. We begin with regularity considerations.

Verifying Assumptions 1 and 7 in the C? Case In the case where the activations are C?-smooth,
then each T'(-,z) is also of class C?. Furthermore, the smooth indicator 153(O Ru) is C*°-smooth, thus

we can conclude that T'(-,r) is C2-smooth, and thus satisfies Assumption 1 trivially. In particular,
T(-, ) is path differentiable for any x € R% thus T also satisfies Assumption 7.

Verifying Assumptions 1 and 7 in the Semi-Algebraic Case In the case where the activations
are locally Lipschitz and semi-algebraic, it follows that each T (-,x) is semi-algebraic, which yields
naturally a differentiability structure associated to the polynomial pieces, satisfying Assumption 1.
Furthermore, this regularity yields path differentiability by ( , ), Proposition 2.
By product with the smooth indicator function, T" is path differentiable by Proposition 7, therefore
it satisfies Assumption 7 .

Verifying Assumption 2 in the C?> Case In the case where the activations are C>-smooth, it is
clear that by composition and product (u,x) — T(u, ) is jointly C2-smooth. As a consequence, it
is Lipschitz jointly in (u, ) on any compact of R% x R%, and by product with the smooth indicators,
so is T. Since T is zero outside B(0, R, +¢) x B(0, R, + ¢€), we conclude that it is globally Lipschitz
in (u,z).

Verifying Assumption 2 in the Semi-Algebraic Case In the case of locally Lipschitz and semi-
algebraic activations, we prove that T is jointly Lipschitz on any compact I by strong induction on
n € [1, N]. Let K = K1 x K3 a product compact of R% x R%_ and P, : "3L,, > 0: h, is L,-Lipschitz
on K". The initialisation Py is trivial, since z(u,z) = z. Let n € [1, N] and assume P; to hold true
for i € [0,n — 1]. In particular, the h; are jointly continuous in (u,z), allowing the definition of

M := max
(u,x)EK

z_: (u,z) + Bpul.
=0

Since a,, is locally Lipschitz, a covering argument shows that there exists L,, > 0 such that a,, is
L, -Lipschitz on [—M, M]. Now let (u1,us) € K2 and (21, z2) € K3. We have

n—1
1 (w1, 21) = B (ug, 22) |2 < La, || Y Anyi(ur)hi(ur, 21) + Bnug — Z Ani(u2)hi(ug, 2) — Bruz
= n—1 ?
< Lq, (lanHOp [ur — uszll2 + Z [ Ani(ur)hi(ur, 21) — An,i(u2)hz‘(u27ﬂ72)llz> :
- (19)
where ||-[|,, denotes the || - [[2-induced operator norm. Let i € [0,n — 1], we separate the norm:

| Ani(u1)hi(ur, 1) — Api(ug)hi(uz, £2) o < |[Ani(ur)hi(ur, £1) — Apg(uz)hi(ur, 21) ||y =: A
+ | Ani(u2)hi(ur, z1) — Api(u2)hi(uz, z2)l, =: Az (20)
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For Ay, use the tensor form (18) and the inequality ||z||2 < Vd||z| s for z € R?, then |ulloo < [Jull2:

Ay < Vdy, (Z Z AJZL]Z; o, 1), (u 51) —ug)))
Jr€[ldn] | o

J2=173=1
< max [A{" ma, hi(u, x Ul — u
Vi max AT L1 e 2) o o = el
< La, flur — ualfo. (21)

For As, we leverage P; and obtain

Az < max [|Ai(u)lloy [[7i(ur, z1) = hi(uz, z2)|[2 < max [|Ai(uw)llo, Li (llur — uzll2 + [lz1 — z2f|2) -
ueky u€ely
(22)

Combining (19) (20) (21) and (22) shows P, and concludes the induction, which in turn shows that
T is jointly Lipschitz on any compact. Like in the smooth case, we conclude that T is globally
Lipschitz, and thus that Assumption 2 holds.

Verifying Assumption 4 Under both cases of regularity for the activations,

g:=x — _Imax Hf(ua x)“Ql%(O,Rz)(x)
u€B(0,Ru+¢)

is measurable and bounded. Furthermore, observe that for u,z € R% x R%  ||T(u,z)|s < g(x). As
a consequence, Assumption 4 holds.

Verifying Assumption 5 in the C? case If all activations are C2-smooth, both T and its
coordinate-wise products T; x T} are C2%-smooth jointly in (u,z). As a result, one may bound these
terms on (u,z) € B(0, R,+¢)x B(0, R;+¢) by a constant M, independent of u, z, and the assumption
is verified.

Verifying Assumption 5 in the semi-algebraic case In the semi-algebraic case, there exists
a structure (U;);jes of open sets of R% x R% whose closures cover the entire space, such that T
is polynomial in (u,z) on each U;, with J finite (this is possible since T is jointly semi-algebraic).
The NN can be written T'(u, z) = T(u, a:)leB(O’Ru)(u)lEB(O’Rz)(a:), and is therefore C?-smooth on each
U;. Furthermore, its restriction to U is extendable C2-smoothly to U, (we shall not introduce a
different notation to these extensions, for legibility). As a result, one may introduce the following
bounds on the derivatives of the coordinate functions on the intersection of the compact K :=
B(0, Ry + ¢€) x B(0, R, + ) and U;: there exists an M; > 0 such that

82

m([T(u,x)]ig [T(u,x)]u) T

V(u,2) € K N Uj, By, O,

(u, )| < Mj.

2

< M; and ‘

Since J is finite and the (U;);cs cover K, we deduce that this bound holds for (u,z) € K for a
common constant M > 0. Moreover, since T' is the zero function outside of I, this bounds also holds
for any (u,z) € R% x R% . Finally, this shows that Assumption 5 holds. O

E Generalisation to Other Sliced Wasserstein Orders

In this section, we shall discuss how some of our results can be extended by replacing the 2-SW term
SW3 with SW2 for p € [1, +ool.
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Determining Lipschitz Constants The first difficulty lies in showing that the functions wép ) =

(X,Y) — WP(Pp# x, Py# v) still have a locally Lipschitz regularity similar to Proposition 1 (this
proposition is only shown for p = 2 in ( , )). We generalise their result in the
following proposition.

Proposition 9. Let K& (r, X, V) := 2pn(r + | X|loo2 + |V loc.2)P~L, for X,V € R™% and r > 0.
Then w(p)(-, Y) is KP (r, X, Y)-Lipschitz in the neighbourhood By ,(X,7):

VYY" € By, (X, 1), V0 € SBTL wg (YY) —wp(Y", V)| < KP (r, X, V)Y = V" ||os 2.

Proof. Let X,Y € R™% r >0 and Y',Y" € By ,(X,7). By ( , ) Lemma 2.2.1,
we have |wép) (Y'") — wé,p)(Y”)\ < 2||C" = C"||F, where || - || denotes the Frobenius norm, and C’ is a
n x n matrix of entries C} ; = [0y}, — 0"y |P, with similarly C}, = [0y}l — 0T y;|P. Now consider the
function 7 7
| R — R
9y, ‘= { y — |9Ty—9Tyz\p )

which satisfies C,’CJ = g,,(y,), and is differentiable almost-everywhere, with Vg, (y) = p|0Ty —
0T 4[P~10. For almost every y € B(z,r), we have

-1 -1 - -
Y9y (w)ll2 < ply=wills " = plly—zrter—ulls " < p(ly — zxllo + llzrlle + [ell2)P ™" < pr+1X oo Y loo2)? ™

As aresult, gy, is p(r+ || X [|oc2 + |V [lco,2)?~!-Lipschitz in B(xy,r). Now since Y', 4" € By, (X,7),
we have y;,y) € B(z,r), thus

[Ck = [C"Tal = 19y, (W) = 90 W] < P+ [ X [loo,2 + Y lloo2)P Ik — i ll2-

Then [|[C" = C"||F = \/Zk,l Okt = [C"kal? < 1p(r + 1 X [loo,2 + 1Y o0,2)” MY = ¥ [loc2- L

Our results regarding the local Lipschitz property of f and F' adapt immediately using the same

method with the different constant K. (r,X,Y), we obtain the following constant for f (with L
from Assumption 2):

KP(e,u0, X,Y) = 2pnL (L + | T (g, X)lloe.2 + 1Y oo2)” "

then the following constant for F':

K (e, up) = 2pnL /X o ELHIT 0 X focz + 1Y [loo2)” 1 dx®™ (X)dy®" (V).
’ﬂ>< n

In order to satisfy Condition 2 item i) in the case p # 2, one needs to modify Assumption 4 to require
1T (u, 2) |2 < g(2)Y®P=D(1 + |lul|2)"/ P, which in realistic cases is not much more expensive than
asking for T" to be bounded, which is a property of the class of NNs that we present in Section D.

Almost-Everywhere Gradient A second difficulty lies in defining an almost-everywhere gradient

f, since in our main text we rely on the formulation of an almost-everywhere gradient of w((f)(-, Y)
which was derived only for p = 2 by ( ) and ( ). In fact, for

0,Y fixed wép ) (X,Y) is piecewise smooth, like wé2)(-, Y') is piecewise quadratic. As a result, one may

show that the following is an almost-everywhere gradient of w(gp )(~, Y):

oy’ P (T
5X (X,Y) = —sign <9 xp — 0 yag(,y(k))

T T
0 Tk -0 yag(,Y(k)

—1
' 9) e R™*%,
kel,n]

The chain rule now yields the following almost-everywhere gradient for f:

n

_ p . T T T T
o(u, X,Y,0) = kgl 581gn (0 T(u,xy) — 0 y%T(u,x),y(k)> ‘0 T(u,x) — 0 y%T(u,X),y(k)

=1 9T
%(u,xk)&
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Adapting Proposition 4 Moving on to adapting Proposition 4, the general case p # 2 makes
things substantially more technical, but one may still show that the 1 functions are Lipschitz using
restrictions on 7' its first and second-order derivatives (which can be formulated in a more technical
version of Assumption 5). In conclusion, Proposition 4 can be adapted to apply to p € [1,+o0o[, and
it follows that Theorem 1 also generalises to this case.

Path Differentiability Regarding the results from Section 4, the only substantial difference lies
in showing that 7T'(-, x) is path differentiable. The only missing link in the composition chain is the
path differentiability of £P) := X — [y, , wi (X, Y)d (§). In the case p = 2, the difficulty of the
integral can be circumvented by noticing that £ is semi-concave ( , ), Proposition
2.4.3, which implies path differentiability. This argument does not generalise to p € [1, +oo[ naturally,
hence our Theorem 2 only generalises to p € [1,4+o00[ under the conjecture that £ (P) is indeed path
differentiable.
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